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Abstract—The shape of nanoislands gives rise to a demagnetizing field that is primarily responsible for the orientation
of the magnetization along an axis. In the context of magnetization dynamics, the demagnetization field also determines
the resonant frequencies captured by Kittel's equations. Analytically, we require demagnetization (demag) factors that
can be obtained exactly for a few geometries, including ellipsoids and prisms. However, analytical expressions are not
available for other shapes, limiting the use of Kittel equation as a predictive model. Here, we present a method to obtain
the demag factors from micromagnetic simulations with good accuracy. Similar to experiments, we obtain ferromagnetic
resonance but we use orthogonal field conditions to fit Kittel equation unambiguously and obtain the demag factors with
good accuracy. This method will be useful to determine demag factors under the ellipsoidal approximation for stadium-
shaped nanoislands used in artificial spin ices (ASIs) and thus lead to better prediction in their ferromagnetic resonance

and band structures.

Index Terms— Magnetism in Solids, nanoislandics.

[. INTRODUCTION

Artificial spin ices (ASIs) are geometric arrays of nanoislands
that exhibit vastly degenerate states [Skjerve 2020]. As magnonic
crystals [Gliga 2020, Lendinez 2019], ASIs have been proposed as
reconfigurable metamaterials with tunable band structure [lacocca
2016], controllable FMR spectra [Jungfleisch 2016, Dion 2019,
Arroo 2019, Iacocca 2020, Gartside 2021, Negrello 2022], evidence
of topological bands [lacocca 2017], and application in unconven-
tional computing [Caravelli 2023, Caravelli 2022, Gartside 2022].
The potential use of ASIs relies on the dipolar coupling between
individual elements and its impact on the resulting FMR frequencies
and band structure. For this reason, it is of practical interest to
provide an accurate analytical determination of the FMR frequency.
For example, a recent approach [Alatteili 2023] is able to compute
FMR for generalized ASI geometries using a minimal analytical
model.

Because ASIs are typically studied with no or weak applied
fields, the FMR frequency is sensitive to the demagnetization field
of the individual magnetic nanoislands [Bahl 2021]. Because the
magnetic nanoislands are in a monodomain state, it is analytically
desirable to utilize the ellipsoidal approximation [Osborn 1945]
for the magnetometric demag factors [Chen 1991]. However, the
magnetic nanoislands are typically shaped as stadia, leading to
quantitative differences between experiments and simple application
of Kittel’s equation [Kittel 1948]. Therefore, the demag factors
must be adjusted to reproduce Kittel’s equation under the ellipsoidal
approximation, i.e., when the demag tensor is diagonal [Aharoni
2001].
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Here, we fit Kittel’s equation to determine effective demag factors
for stadium-shaped nanoislands and compare it with the analytical
demag factors for the general ellipsoid [Osborn 1945] and the rect-
angular prism [Aharoni 1998]. We use micromagnetic simulations
to obtain the FMR response of stadium-shaped nanoislands, but
the same method could be used for experimental data. However,
micromagnetic simulations allow to explore a range of nanoislands
sizes with ease and thus obtain formulas to predict the nonlinear
dependence of demag factors in order to explore the FMR response
of ASIs with a variety of nanoisland sizes and arrangements. In
other words, the goal of the method presented here is to obtain
demag factors that can be used to analytically predict features in
the FMR response of general ASIs based on the FMR response of
individual nanoislands. Both micromagnetic and processing scripts
are publicly available [OSF].

II. Methodology
A. Micromagnetic FMR response

FMR is traditionally obtained by detecting the absorption spec-
trum of a magnet when either an external field or a microwave field’s
frequency are varied. Numerically, this process is time consuming,
so alternatives are often sought [Wagner 2021, d’Aquino 2022].
Here, we used a pulsed excitation to determine the resonances
of nanoislands in a numerically efficient manner [lacocca 2016,
Tacocca 2017]. Micromagnetic simulations were performed using
the Mumax3 package [Vansteenkiste 2014]. We used a uniform
10 ps field pulse of magnitude 10 mT to tilt the magnetization
and record the magnetization’s average dynamic relaxation. This
technique has been previously used to compare with experiments
[Jungfleisch 2016, Lendinez 2023]. The simulation ran for 20 ns and
the data was saved every 6t = 2.5 ps. We also use zero-padding to
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Fig. 1. Mode profiles of a stadium-shaped nanoisland. The modes
were obtained by magnetizing nanoisland in the (a) easy axis, =
direction and (b) hard axis, z direction. In (a), we used an external
field of uoH, = 1.1 T. The bulk and edge mode are shown in the
top and bottom row, at 46.07 GHz and 42.67 GHz respectively . In (b),
we used an external field of uoH, = 1.2 T. The bulk and higher-order
mode are shown in the top and bottom row, at 7.85 GHz and 9.85 GHz
respectively. The scale bar in panel (b) is 15 nm.

reduce the frequency resolution to 4 MHz while keeping a maximum
resolved frequency of 200 GHz. It is important to apply the pulse
orthogonal to the saturating field, so that a net torque is applied to the
system without incurring in nonlinearities, i.e., parametric pumping.
This method excites all quantized modes in the nanoislands from
which the bulk mode more closely aligns with the FMR mode [Gliga
2013].

To determine the bulk mode, we first investigated the spatial
profile of the excited modes. For example, in Fig. 1 we show
the mode profiles for a stadium-shaped nanoisland of dimensions
125 nm x 50 nm x 5 nm. The stadium-shaped nanoislands are gen-
erated in Mumax3 by combining a rectangular section of dimension
75 nm x 50 nm x 10 nm and two circular regions with diameter
50 nm appended to the edges of the rectangular region, such that
the caps of the nanoislands are semicircles. For all simulations,
we used the material parameters for permalloy: My = 790 kA/m,
A =10 pJ/m and o =
was neglected. In panel (a), the nanoisland was magnetized along

0.01. The magnetocrystalline anisotropy

the easy x axis and external field of poH, = 1.1 T was used. The
mode profile in the top panel at f = 46.07 GHz is a bulk mode,
spanning most of the available volume. The mode profile in the
bottom panel at f = 42.67 GHz is an edge mode. In panel (b)
we show the mode profiles for the nanoisland magnetized along the
hard z axis with an external field of uoH, = 1.2 T. The bulk mode
is observed at f =
virtually all the available volume. The mode at f = 9.85 GHz is a

7.85 GHz, shown in the top row, occupying

higher-order mode. We use the bulk mode as an approximation of
FMR in nanoislands in the remainder of the paper.

B. Fitting procedure with Kittel's equation

we obtain the field-
dependent frequency of the bulk modes. Because we need to fit three

From the micromagnetic simulations,

quantities, N, NV, and NV, we need three simultaneous equations.
For this, we utilize the field-dependent frequency of the bulk modes
when an external field is applied along the easy and hard axes. We

then fit the system of equations

% = [H: + N, —No)M.] [H, + (N, — No)M](1a)
% = [H. + N, — No)MJ] [H. + (No — N2)M](1b)
1 = Mo+ N, + N, (1¢)

where Eq. (1c) is included in the fitting procedure to ensure that
the demag factors are uniquely determined. We used the Levenberg-
Marquardt algorithm to concurrently fit the data with nonlinear least-
squares and retrieve both the fitted value and the standard deviation,
o. Because the variables are strongly coupled, the standard deviation
is identical for all three demag factors. The standard deviation is
defined as 0 = y/diag{N(J'J)~1}, where N is the normalized
squared residual and J is the Jacobian, both computed during the
nonlinear least-square minimization.

Ill. Results
A. Ellipsoid

To test our method, we simulated an ellipsoid which can
be directly compared with the analytical results by J. A.
Osborn [Osborne 1945]. The ellipsoid had axes dimensions
200 nm x 100 nm x 20 nm discretized in cells of 1.56
nm X 1.56 nm x 1.25 nm. This small cell size is used to
minimize the errors due to the finite difference method employed
in Mumax3 [lacocca 2017]. In Fig. 2, we show the field-dependent
frequency obtained by Mumax3 with red circles when the ellipse
was magnetized in the (a) « axis and (b) z axis. From the fits, we
computed the field-dependent frequency by Kittel’s equation, shown
by solid black curves, displaying excellent agreement with the data.
In panels (c) and (d) we show the corresponding difference between
the frequencies calculated with Kittel equation using the fitted and
Osborn demag factors. We find a disagreement of ~ 1 GHz, which
is a relative error of under 0.1 %, but experimentally detectable.
The increase of error towards lower fields indicates a disagreement
between the numerical and theoretical magnetizing field and it is
the main source of error in the computation of demag factors.

The demag factors retrieved are: M, = 0.0574 &+ 0.0361, N, =
0.1503 +0.0361, and A, = 0.7924 £ 0.0361, to be compared with
the analytical solutions [Osborn 1945] A, o = 0.0873, Nyo =
0.1390, and N .0 = 0.7737. We find that our fitted parameters are
all within the standard deviation. Note that, as mentioned above, the
standard deviation is identical for all three factors, which reduces
the accuracy for the demag factor along the easy axis.

B. Stadium-shaped nanoislands

Having confirmed the validity of our method with ellipsoid
nanoislands, we move on to simulate stadium-shaped nanoislands.
This shape is created in Mumax3 by Boolean addition of a cuboid
and two shifted cylinders. To explore the dependence of the demag
factors, we varied the length and width of the nanoislands from
50 nm to 200 nm while keeping the thickness constant at 5 nm.
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Fig. 2. FMR from micromagnetic simulations (red circles) and fit-
ted Kittel's equations (black curves) for an ellipsoid of dimensions
200 nm x 100 nm x 20 nm. The external static field is applied along
the (a) z and (b) = axes. The corresponding frequency difference with
the prediction from Osborn [Osborn 1945] are shown in (c) and (d),
respectively.
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Fig. 3.  FMR from micromagnetic simulations (red circles) and fitted

Kittel's equations (black curves) for a stadium-shaped nanoisland of
dimensions 200 nm x 100 nm x 5 nm. The external static field is
applied along the (a) z and (b) = axes. The corresponding frequency
difference with the prediction from Osborn [Osborn 1945] and Aharoni
[Aharoni 1998] are shown in (c) and (d), respectively.

As a proof-of-concept, we show results for stadium-shaped
nanosilands of dimensions 200 nm X 100 nm X 5 nm in this
section. Because the nanoislands are thin, we only use one cell
across the thickness, so this is effectively a 2D simulation. The
field-dependent frequency and corresponding Kittel equation using
the fitted demag factors is shown in Fig. 3(a) and (b). The fitted
parameters are N, = 0.0045 + 0.0255, Ny = 0.1141 £ 0.0255,
and NV, = 0.8813 4 0.0255. Because of the geometry, we compare
with both the prediction from an ellipsoid and a rectangular prism.
The analytical values are N, o = 0.0218, N,.0 = 0.0347, and
Nz,o = 0.9434 for the ellipsoid [Osborn 1945] and NI,A =
0.0315, Ny 4 = 0.0647, and N, 4 = 0.9038 for the rectangular
prism [Aharoni 1998]. We observe that our fitted parameter indicate
a lower N, factor compared to both ellipsoid and the rectangular
prism. The frequency difference between the fits and analytical
predictions is shown in Fig. 3(c) and (d). We observe that Aharoni’s
prediction is better in the in-plane configuration while Osborn’s
prediction is better in the perpendicular configuration. Our fitted
parameters allow us to obtain a good prediction in both cases,
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Fig. 4. Empirical fits of the demag factors from 25-nm wide stadia

and varying length. The numerically estimated demag factors are show
by blue circles and the empirical fits from Egs. (2) are shown by solid
black curves.

especially for small fields that are relevant for artificial spin ices
[Dion 2023].

The method was repeated for nanoislands of varying dimensions,
with the fitted parameters reported in Table 1. For stadia converging
to a perfect circle, it is expected that A/, = 1 due to symmetry, and
were not numerically computed. However, to approach this value,
we computed an approximately circular magnet, from we we obtain
N, = 0.01829, NV, = 0.02795 and N, = 0.95375.

The method was applied to predict the demag factors for a
range of stadia dimensions as an example. These formulas can be
then implemented in semi-analytical calculations [Alatteili 2023] to
explore certain parameter spaces in the FMR of ASIs. We focused
here on stadia of 25 nm in width and varying the length [ between
50 nm and 140 nm, i.e., aspect ratios of ~ 0.36 to 0.5, a range in
which we find convergent fits relying in a few data points. Empirical
fits can be performed on this data with good accuracy. For the
aforementioned stadia, we find empirical fits using the equations

N. ~ 0.804e(~156TX1077 nmThE () 160, (~0.0245 nm b,
N, ~  0.456e(70:0631 nmTI)L g (737 ,(=0.000727 nm oy
Ny = 1 —_/\/’m —_/\/;7 (2¢)

shown in Fig. 4. In this case, A, and N, were used for the fits
because it was possible to fit their behavior with double exponential
functions. These equations are not general, but can be used to obtain
a fast and reliable calculation of demag factors within a certain range
of stadia dimensions.

V. CONCLUSION

We used a numerical method to extract the demag factors for a
stadium-shaped nanoisland with good accuracy. The method relies
on micromagnetic simulations to simulate FMR and a concurrent fit
of Kittel’s equations to determine the demag factors. We find demag
factors that allow us to accurately recover FMR when nanoislands
are subject to in-plane and out-of-plane external fields. This is
particularly important to predict FMR at low fields, which is of
technological interest in applications and, notably, for artificial spin
ices where FMR appears directly as a consequence of the stray fields
from nanoislandic arrays. While micromagnetic simulations must be
conducted, we show how empirical formulas can be constructed in
a range of stadium dimensions. The method is not constrained to
stadium-shaped nanoislands, and can in principle be used for any
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nanosized ferromagnet. The Mumax3 input file and Matlab script to
extract the data and fit the demag factors is available online [OSF].
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Table 1. Fitted demag factors for stadium-shaped nanoislands of different aspect ratios.
Length
Width | N vector 25 nm 50 nm 100 nm 150 nm 199 nm
25 nm N 0
Ny 0
N> 1
50 nm Nz 0.09156 + 0.0491 0
Ny 0.15480 + 0.0491 0
N2 0.75365 + 0.0491 1
100 nm Nz 0.07330 + 0.0665  0.08046 + 0.0547 0
Ny 0.13783 + 0.0665  0.05764 4+ 0.0547 0
N, 0.78888 + 0.0665 0.86191 + 0.0547 1
150 nm Nz 0.00130 £ 0.0362  0.00529 + 0.0243  0.01610 £ 0.0259 0
Ny 0.20720 £+ 0.0362  0.11980 £ 0.0243  0.06167 4 0.0259 0
N2 0.79645 + 0.0362  0.87491 4+ 0.0243  0.92223 + 0.0259 1
200 nm Nz 0.00151 #+ 0.0217  0.01107 4 0.0918  0.01161 £ 0.0415  0.02146 + 0.1139  0.01829 £ 0.2075
Ny 0.19894 + 0.0217  0.15779 4 0.0918  0.05767 £ 0.0415  0.03214 4+ 0.1139  0.02795 £ 0.2075
N 0.79955 + 0.0217  0.83114 £ 0.0918  0.93072 4+ 0.0415  0.94662 + 0.1139  0.95375 + 0.2075
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