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Meteoroid Orbit Determination from HPLLA Radar Data
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ARTICLE INFO ABSTRACT

Keywords: High-power large-aperture radars have revolutionized meteor science by allowing highly accu-
Meteors rate position and velocity estimates to be made from meteor head echoes. This paper describes a
Radar Observations new open-source software, MODA, for determining the heliocentric orbital parameters of these
Orbit Determination meteoroids. We compare MODA with other current methods, both analytical and numerical.

We describe our modelling of third-body perturbations and atmospheric drag, as well as solar
radiation pressure, which is not taken into account in other works. We verify MODA against
results from the literature and use it to compute the orbits for two small particles observed by
ALTAIR in 2008.

1. Introduction

Earth is constantly bombarded by a steady stream of dust and small particles; it is estimated that 100 billion mete-
oroids with mass greater than one microgram enter Earth’s atmosphere each day. Trigo-Rodriguez (2019) describes in
detail the chemical makeup and implications of this meteoroid flux, and Trigo-Rodriguez and Blum (2022) discusses
how we can use meteoroid flux information to infer physical characteristics of comets. A meteor is the observable
plasma formed by a meteoroid passing through the Earth’s atmosphere. One way scientists classify meteoroids is by
their orbit of origin. Many come from cometary orbits that stretch to the outer reaches of the solar system, while others
come from asteroidal orbits localized in the inner solar system. Baggaley et al. (2007), Meisel et al. (2002a,b), and
Weryk and Brown (2004) have even identified interstellar particles. However, as Hajdukova and Korno§ (2020) as-
sert, the orbital elements of meteoroids with higher heliocentric velocities are more sensitive to errors in the observed
entry velocity and radiant position. Hajdukova et al. (2020) studies this problem in detail for the case of identifying
interstellar meteoroids, as the error required to mischaracterize a near-parabolic orbit is not necessarily large. For
example, in their description of fireballs detected by the FRIPON automatic fireball detection network over western
Europa, Colas et al. (2020) determine that all the meteoroids with hyperbolic orbits have high errors and therefore
cannot be classified as interstellar. Recent efforts to determine meteoroid trajectories take uncertainties into account
at each algorithmic step. Jansen-Sturgeon et al. (2020) pass states and covariances from line-of-sight measurements
through a least-squares algorithm to find a best fit trajectory with covariances. Pefia-Asensio et al. (2021) describe the
Python 3D-FireTOC package that automates the process of inferring atmospheric trajectories and heliocentric orbits
from video recordings, quantifying the errors in each step.

While much of meteor science depends on optical measurements, radars have become valuable tools in observing
and estimating the properties of meteors and meteoroids. High-power large-aperture (HPLA) radars have especially
revolutionized the meteor science community, allowing for precise measurements of both the small, dense plasmas
that surround the meteoroid, referred to as head echoes, and the extended trails behind the meteoroid, referred to as
trails (Dyrud et al., 2005). The high sensitivity and precise range resolution of HPLAs yield highly accurate head
echo position and velocity measurements as described by Janches et al. (2008). What’s more, analysis of the scattering
caused by head echoes can yield estimates of the meteoroid’s physical parameters. Close et al. (2012), Drew et al.
(2004), and Marshall et al. (2017) describe techniques for calculating the mass, radius, and bulk density of very small
meteoroids from head echoes, which includes modeling the scattering characteristics of the dense plasma. Pecina
(2016) gives an full derivation of the scattering relations relevant to meteor plasma. Relating the scattering to the
ablation process that forms the plasma requires a model for determining the structure of meteoroids based on radar head
echoes (Campbell-Brown and Close, 2007). An important component for understanding head echoes is determining
the peak plasma density and plasma distribution, which can be used to extract meteoroid mass and density. Recent
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Meteoroid Orbit Determination from HPLA Radar Data

improvements in particle-in-cell (PIC) simulations include adding a background magnetic field (Sugar et al., 2018,
2019).

Various radar techniques have been developed to extract high quality signal-to-noise ratio (SNR) data from head
echoes and model the radar wave interaction with the plasma. Volz and Close (2012) showed how compressed sensing
can be used to reconstruct sparse signals of meteors and Marshall and Close (2015) created a finite difference time
domain model of meteor head echo scattering to estimate meteor size and density. Yet the radar specifications, including
frequency and polarization, will strongly influence the meteoroid population that can be observed at any one site.
Dyrud et al. (2008a,b) modelled the reflections of radar signals from various facilities off meteoroid head echoes
to understand what meteoroid populations will be easiest to observe from each radar. Vertatschitsch et al. (2011)
describe the polarization of radar head echo measurements to show that detectability is highly dependent on radar
polarization, and that most meteoroids are fragmenting as they fall through the atmosphere. Current studies focus
on head-trail interaction (Close et al., 2011), modeling the plasma turbulence present in the trails (Yee and Close,
2013) and extracting background ionospheric properties and neutral densities using head echo deceleration data (Li
and Close, 2015, 2016) and ablation behavior (Limonta et al., 2020).

One example of an HPLA radar used to study meteors is the ALTAIR complex on the Kwajalein Atoll of the
Marshall Islands. Brown et al. (2001) used ALTAIR data to identify new meteor showers as well as interstellar particles
(ISPs). Loveland et al. (2011) compared different methods for determining range rates from chirped pulses, showing
that the phase unwrapping method made possible by ALTAIR radar’s dual-frequency capabilities can significantly
reduce the uncertainty about the predicted range rates. Figure 1 shows an example of head echo and trail data as
observed by ALTAIR in 2007.

Range-Time Intensity Plot
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Figure 1: Range-time intensity plot of a nonspecular trail and head echo detected by ALTAIR in 2007.

When it comes to estimating the trajectory of a meteoroid through the atmosphere, and then determining its orbital
parameters, much of the literature focuses on triangulating positions from multiple observation locations. Ceplecha
(1987) developed a method that is used by most meteor and fireball groups to estimate orbital parameters from fish-eye
photographs taken at two or more stations. His method assumes the meteor approaches Earth on a hyperbolic trajec-
tory, analytically determining the asymptote according to two-body assumptions. He includes analytical adjustments
to zenith angle and velocity that account for the effect of Earth’s gravity and atmosphere on the meteoroid’s trajectory.
Zoladek (2011) created a multipurpose software tool in Python for the Polish Fireball Network and Langbroek (2004)
developed an Excel spreadsheet for calculating meteor orbits, both based on Ceplecha’s work. Jenniskens et al. (2011)
use Ceplecha’s method with some subtle corrections in their CAMS orbit software. The UFOOTrbit software used by
Kanamori (2009) to and the SPARVM software used by Christou and Atreya (2006) rely on input from the UFOCapture
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software and use a similar analytical approach. Kozak (2008) developed a vector method, targeting TV observations of
meteors, to determine the trajectory of a meteor in Earth’s atmosphere and its heliocentric orbit elements. The recent
work of Vida et al. (2020) gives details on the theory behind estimating meteor trajectories from optical measurements
and the analytical equations used for frame conversions and corrections. Pefia-Asensio et al. (2021) describe a com-
prehensive Python software package for performing meteor trace detection, trajectory reconstruction, and heliocentric
orbit computation from optical recordings. Granvik and Brown (2018) analytically compute the heliocentric orbits
for 25 meteorites and predict their escape routes from the main asteroid belt, while taking trajectory measurement
uncertainty into account. They mention that the uncertainty in the velocity correction term is not well understood or
documented in many published meteor studies, and could lead to significant differences in initial velocity.

More accurate analyses by Clark and Wiegert (2011) and Zuluaga et al. (2013) use numerical integration instead
of the analytical correction techniques. Andersson (2018) uses the Python package REBOUND to backward-integrate
meteoroids. The work of de la Fuente Marcos and de la Fuente Marcos (2013) uses backward integration with a
Hermite integration scheme over hundreds of thousands of years to predict the origin of the Chelyabinsk superbolide.
Dmitriev et al. (2015) added to their work by developing a numerical method that integrates a meteor orbit backward
from its observed point to a point five million kilometers away, taking perturbations from the Moon, Sun, and planets
into account. Their work resulted in a software tool for Windows called Meteor Toolkit that can compute a meteor’s
orbital parameters with standard deviations if given initial uncertainty measures on the observed initial state. Jansen-
Sturgeon et al. (2019) compare Dmitriev’s method of numerical integration and Ceplecha’s analytical method with a
novel numerical method that uses equinoctial orbital elements. They used the re-entry of the Hayabusa spacecraft, the
orbit of which was known previously to high accuracy, to compare methods, showing a slight improvement of their
method over Ceplecha’s and Dmitriev’s. Trigo-Rodriguez et al. (2015) computed the semi-major axis of the Annama
meteoroid using the Spanish Meteor Network Software and Meteor Toolkit, with results within 6% of each other.

In this paper, we describe a new open-source tool that we developed for meteoroid orbit determination using
MATLAB and JPL’s SPICE toolkit (Acton, 1996). The tool, Meteoroid Orbit Determination Application (MODA),
closely follows many of the same steps outlined in Dmitriev et al. (2015), but adds in the additional perturbation
of solar radiation pressure (SRP) and integrates backward for much longer. MATLAB can be used on Windows,
Linux, or Mac operating systems and offers flexibility in terms of loading in data. The code can be found at https:
//github.com/jared711/moda. As we will show later, the results from MODA agree well with the published results
of the Meteor Toolkit.

2. HPLA Radar Data

High-power large-aperture (HPLA) radars can detect meteors passing
through the beam at almost any angle with millisecond time resolution and spatial
resolution of a few dozen meters according to Pellinen-Wannberg et al. (2008).
The Advanced Research Projects Agency (ARPA) Long-Range Tracking and
Instrumentation Radar (ALTAIR) is an HPLA radar facility in the Kwajalein
Atoll with both UHF (422 MHz) and VHF (160 MHz) frequency capabilities. A
monopulse feed system, it is capable of 3D position measurements with average
accuracies of 11.2 mdeg for angles, 10 m for ranges, and 30 m/s for range rates
(Close et al., 2002). ALTAIR transmits right-circularly (RC) polarized signals
and receives both left-circular (LC) and right-circular polarization at receiver
horns offset from the focus of the main 46 meter dish. The differences of the LC
signal energies between receivers are used to measure the angle of arrival of the Figure 2: The ALTAIR radar on
return signal. ALTAIR, shown in Figure 2, is located at 9.40°N and 167.48°E at Kwajalein Atoll, originally built to
83.5 meters above sea level and has a peak power of 6 MW. track spacecraft launches and deep

In this work, we use data collected from ALTAIR in 2007-2008. A VHF Space satellite orbits, serves as an
linear frequency modulated (LEM) chirped pulse with 100 us pulse width and a  important tool for meteor scientists
UHF LFM chirped pulse with a 400 us pulse width were used. The bandwidths (Hall et al., 2012).
were 7 MHz and 5 MHz for the VHF and UHF frequencies, respectively. The
pulse repetition interval (PRI) was 8.7 ms for both frequencies (Loveland et al., 2011). Figure 3 shows a typical
distribution of meteor masses observed by ALTAIR during the 2007-2008 campaign, with a mean of about 10 ug
(Close et al. (2012)). Meteors of this size are classified as micrometeors and cannot be observed by the naked eye.
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Meisel et al. (2002a) found that most interstellar meteoroids are micron-sized. These tiny meteoroids are observed at
higher altitudes than their more massive counterparts and decelerate much more quickly due to atmospheric drag.

Meteoroid Masses
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Figure 3: Distribution of meteoroid masses for a sample set detected by ALTAIR in 2007.

2.1. Data Processing

ALTAIR measures meteor head echoes as streaks that pass through the radar beam. Figure 4 shows examples of
azimuth (relative to boresite) data obtained from ALTAIR along with fit lines and confidence intervals computed using
least squares analysis. Similar streak plots exist for elevation (relative to boresite) and range as well. A line of best fit
and the root mean squared error are computed for each streak. The rate terms 7, &, and /3 are assumed to be the slope
of the line of best fit, and we use the 95% confidence interval of the slope parameter to compute standard deviations
for the rate terms

0; = €:.959%/% M

where €, g5, is the width of the 95% confidence interval of the slope parameter. Similar expressions are used for the
04 and o terms.

3. Model

3.1. Spherical to Cartesian Coordinates

We begin with a radar measurement of the meteor in spherical coordinates: range r, azimuth «, and elevation f.
The velocity of the meteor is represented by the rates of change of the range, azimuth, and elevation represented as 7,
@, and f respectively. The full state in spherical coordinates is written as

Xgn = [ o B, i a f]T )

Once we have a measurement corresponding to the meteor’s state at the beginning of the streak, we convert from
spherical to Cartesian coordinates, which is a nonlinear transformation. We introduce xgyy; to represent the Cartesian
state vector (position and velocity) of the meteor relative to the radar in the East-North-Up (ENU) reference frame

r

_ |TENU
XENU = [

,.ENU] = [XgNus YENU> ZENUs XENU> YENUs ZENUT - (3)

The transformation from x,, to xgyy is
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(b) ALTAIR-4 observed January 2, 2008 at 18:22:35

Figure 4: Azimuth and elevation (relative to boresite) evolution for two example meteor streaks obtained by ALTAIR.
Black x's represent the actual data points while the red line is the line of best fit according to least-squares. Also shown
is the standard deviation of the data (dotted black line) and the 95% confidence interval of the fit (magenta). The orbital
elements of these meteoroids are found in Table 6.

Table 1
Frames of Reference
Acronym ‘ Name Type
ENU East/North/Up Rotating
ECEF Earth-Centered, Earth-Fixed | Rotating
ECI Earth-Centered Inertial Inertial
SCl Sun-Centered Inertial Inertial
rcos ffsina
rcos fi cos a
rsin f
xeny = 1 (Xoph) = j-cos fsina + racos fcos @ — rf sin fsina @
7cos fcosa — ricos fsina — rf sin f cos a
isin f + rf cos p

3.2. Linear Frame Conversions
‘We must convert the state vector to a Sun-Centered Inertial (SCI) frame by going through the intermediate Earth-
Centered, Earth-Fixed (ECEF) and Earth-Centered Inertial (ECI) frames shown in Figure 5 and Table 1.

3.2.1. ENU to ECEF
Since the ENU and ECEF frames are both fixed to the Earth, they rotate at the same rate, greatly simplifying the
conversion. To perform the conversion we first need to know the position of the radar in the ECEF frame, given by

(N + h)cos Acos ¢
,.Eig%rF =| (N + h)cos Asing ®
(N(1 —e)+ h)sin A
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ENU Frame ECI Frame

Figure 5: lllustration of position and velocity vectors representing the meteor state in each of four reference frames.

N=e__'® (©6)

1-e2 sin® A

where rg = 6,378.137 km is the equatorial radius of the Earth, eq, = 0.0818 is the eccentricity of the Earth ellipsoid, A
is the elevation of the radar above sea level, and ¢ and 4 are the geodetic latitude and longitude of the radar, respectively.
The frame conversion is written as

recer = Ro(w/2 + DR /2 = h)reny + rices @)
Fecer = R (n/2+ DR (7 /2 — )y, ®)

which can be rewritten as an affine transformation in terms of the state vectors xgcgp and XNy

R, (n/2+ MR (x/2 — ¢) 0 pradar
x = ' x + | ECEF| . 9
ECEF 0 R (n/2+ AR (x/2 - $)| "ENV 0 ©
Note that R, (-), R(-), and R_(-) are rotation matrices defined as
1 0 0 cos® O siné cosf® —sinf O
R, (0)=|0 cosf —sind|, R, (0) = 0 1 0o |1, R,(6) =|sind cosf O]. (10)
0 sinfd cosé —sinf® 0 cosé@ 0 0 1
The time derivatives of these rotation matrices R, (-), R,(-), and R_(-) are
0 0 0 —sind 0 cos® —sinf@ —cosf O
R.(0)=0|0 —sind —cosf|, R,(O)=0| 0 0 0 |, R,0)=0| cos® —sind O0f. (11)
0 cosf® —sinf —cosf O —sind 0 0 0

3.2.2. ECEF to ECI

To convert from the ECEF to the ECI frame, we need to know the Greenwich Mean Sidereal Time, ©®, at the
moment the measurement was taken. We can compute ® from the UTC date and time, and we will assume that it is
known exactly. The ECEF frame is rotating about the z axis at a rate @ = 7.292115 x 1075 rad/s with respect to the
ECI frame, so the conversion is written as

R_(® 0
Xgcp = [Ri@i Rz(®)] XECEF- (12)
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3.2.3. ECIto SCI

The final conversion from the ECI to SCI frame again requires us to know the time of the observation to determine

the state of the Sun with respect to the Earth in the ECI frame xlsau(‘:‘I, which we find using JPL DE430 ephemerides

(Acton, 1996). Assuming this is known exactly, our conversion becomes
R (—¢) 0 ] sun
X = X (x — X ), (1 3)
SCI [ 0 Rx(_‘c’) ECI ECI

where € &~ 23.44° is the angular offset of Earth’s orbit from the ecliptic plane.

3.3. Dynamics and Perturbations
We propagate the state backward in time using the fundamental orbital differential equation in each frame

3 GMg

Fecr = ——5— TEc (14)
"Ect

N GMg

Fscr = ——5—Tscrs 15)
"sc

3
where G ~ 6.6 x 10720 %g is the universal gravitational parameter, Mg ~ 1.989 x 10°° kg is the mass of the Sun,

and Mg ~ 5.972 x 10** kg is the mass of the Earth. Note that we use the convention rgc; = ||rgcqll. We integrate
from the initial observation back to one million km away from the Earth in the ECI frame to escape Earth’s sphere of
influence. Then we convert to SCI and integrate back to one billion kilometers from the Sun, which is farther than the
orbit of Jupiter. If the orbit is asteroidal and never reaches that distance, the user can select a final integration time.
We represent the evolution of the full state as a nonlinear ODE

0 1

Xso1 = [_GMe | Xscr- (16)
rSei

This is incomplete, as we need to include relevant orbital perturbations. We have included the option to add in pertur-

bation effects from third-body forces, including the Moon and all the planets. We can also include atmospheric drag

and solar radiation pressure if the mass and cross-sectional area of the meteoroid are known.

3.3.1. Third-Body Forces
The acceleration from third-body (TB) forces is
. GM,
Fp = ), ——Ti» (17)
i

r:
1

where M, is the mass of body i, and r; is the vector pointing from body i to the spacecraft. The integration is done
first in the ECI frame, during which time the Sun and Moon cause the dominant TB perturbations. After converting
to the SCI frame, the Earth and Jupiter cause the dominant TB perturbations. By propagating past the orbit of Jupiter,
we can rule out any gravity assist effects it may have had on the meteoroid in question. The effects of the other planets
are less important, but still available for the user to include.

3.3.2. Atmospheric Drag
The acceleration due to atmospheric drag is

. 1. A
rp = _ECD;pUrelvre] (18)

where Cp, is the coefficient of drag, A and m are the cross-sectional area and mass of the particle, and v, is the velocity
vector of the particle relative to the atmosphere. We choose Cp = 0.5 to approximate a sphere. The density of the
atmosphere, p, is assumed to follow an exponential model

>

p=ppe 7, (19)

where p, is the density of the atmosphere at sea level, A is the altitude of the particle, and H is the scale height. We
neglect the drag force once the meteoroid is above 180 km, therefore this perturbation is only included when integrating
in the ECI frame. Vida et al. (2018) demonstrated that the initial velocity is negligibly affected by atmospheric density
changes on the order of a factor of two, which justifies our use of the exponential density model.
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3.3.3. Solar Radiation Pressure

In most of the meteoroid orbit determination literature solar radiation pressure (SRP) is neglected. However, SRP
becomes a significant perturbation for smaller particles like those detected by ALTAIR. SRP would work to lower the
energy of any incoming interstellar particles, therefore it is an essential perturbation to consider when trying to identify
interstellar meteoroids. The acceleration due to solar radiation pressure is

L _ G AU 4
Fsrp = ——5—Csrp—Fscr. (20)
rscr "

where G, = 1360.8 W/m? is the solar flux measured at one AU (1.496 x 10'! km) from the Sun, ¢ = 2.9979 x 108
m/s is the speed of light, and Cgqgp is the coefficient of absorption and reflection. We select Cqgp = 1 to approximate
pure absorption with no reflection.

3.3.4. Full Perturbation
These accelerations are simply added to the right-hand side of the dynamics ODEs from Eqs. 14 and 15 as

. GMg L. .

Fgcp = — Fgcp +rp + I'sgp + F'1B 2D
FEcr

. GMg . .

Fscp = — rscr + I'srp + I'rB- (22)
Tscr

We use a Runge-Kutta-Fehlberg 7-8 integration scheme with variable step size to integrate the equations of motion.

3.4. Computing Orbital Elements
After performing the integration in Cartesian coordinates, we compute the total mechanical energy

1o GMg
250 s

E

(23)

A positive mechanical energy is indicative of a hyperbolic orbit with respect to the sun and therefore an interstellar
meteoroid. See Figure 6 for examples of elliptical and hyperbolic orbits. By characterizing the uncertainty around the
mechanical energy, we can define a confidence bound on the region £ > 1 and thereby define our confidence in the
interstellar classification.

Finally, we compute the orbital elements

=— 24
Y 24)
1 T . Mg . .
e=|e| (26)
h = rgcy X Fscr @7
j = = 28
i = arccos 7 (28)
n=[0 0 1]" xh (29)
Q = arccos e 30)
n
@ = arccos é7 Py, (€29

where a is the semi-major axis, e is the eccentricity, i is the inclination, € is the right ascension of the ascending
node, and w is the argument of periapsis. The eccentricity vector e, angular momentum vector h, and tilt vector n, are
intermediate objects used to compute the orbital elements.
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Figure 6: Some meteoroids come from asteroids or other bodies in the inner solar system and impact Earth from elliptical
orbits as shown in 6a. Others impact Earth from hyperbolic orbits as shown in 6b. This means that they must have
originated from outside the solar system unless they received a gravity assist from another planet.

4. Uncertainty Propagation

Following the work of Dmitriev et al. (2015), we use strict covariance transformations to estimate the uncertainties
in the orbital elements given the initial dispersions. We have compared this method against a "ground truth" Monte
Carlo model that samples 1000 measurements from the initial distribution and computes the distributions of the orbital
elements after backward propagation.

4.1. Prior

The ALTAIR data set contains prior information in spherical coordinates in ENU frame. We assume that the time,
radar location, and radar pointing direction are all known exactly. However, we have standard deviations in the other
quantities, so our initial covariance matrix can be written as

. 2 2 2 2 2 2
X, = diag(c;, o, Ops Op> O Gﬂ). (32)

4.2. Covariance Transforms
4.2.1. spherical to cartesian analytical expression

While the conversion from X, to xgyy is nonlinear, we can still transform our covariance matrix analytically by
using the Jacobian, J, of the transform f; from Eq. 4

2 =200 (33)
9

J; = fi (34)
axsph

The Jacobians of various nonlinear transformation used in the frame conversions are

_|Yu O
7 [le Jzz] 32
CpSq  ICpCq  —TSpSy
Jip=Jp =|cpc,  —reps,  —rspc, (36)
Sp 0 reg
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ACpCq = PSgSy  FCuCu — rACyS, — IfiSgC,  —FSgSy — rassC, — rhcss,
Jy = | —acys, — PsgCy  FepSe — racyC, +rfsps,  —iSpCy +rasgs, — rfcse, |, (37)
ﬂCﬂ 0 rCﬂ - rﬂSﬂ

where s, =sina and ¢ p = COS B. We next convert to the ECI frame. Since we assume to know the time, radar location,
and position of the sun exactly, the conversion leaves us with

%, = Ry R} (38)
R, = RZ(G) 0 Rz(”/z + )')Rx(”/z - ¢) 0 (39)
27 |R,(®) R,(®) 0 R, (n/2+ DR (x/2 - )|

We propagate our state through time according to the dynamics ODE in Eq. 21 and compute the state transition matrix
@(z,0) by propagating it along with the state according to the ODE

. 0 I
b = |obgey o | @. (40)

orgcr  Ofgcy

Note that 5 Fect and Z:ECI change depending on which perturbations are included (Montenbruck and Gill, 2012, Sec.
ECI

7.3). For the pure two- body case with no perturbations we write

oF
=0 (1)
OFgcy
2 2

oF 3Xger ~TEar SXECIVECI 3XEc1ZECl

Fgop  GMg 3 32 2 3 42
e S YECIXECT Yeer — Tear yECIZE(ZZI . 42)

ECI r

¢ ECI 3zgcrXEct 3zZgc1Vect 3ZECI ~Tecr

oF oF
When including perturbations, =E<L an nd rECI gam additional terms. The partial derivatives associated with drag are
TEC

or
OF ;.. v vl
1 Tl 43)
OFgcy 2 "m rel
o, —py - OF -6 0
we_ Lo Ay b TR0 T o e 0o ol (44)

The partial derivatives associated with SRP are

or
SRP ) (45)
OFscr
Obsgp G AU A 1 3
F) = s¢ CSRP_ 3—[ - S—I'il';r . (46)
Tsci ¢ ™\ Tsar Fscr

The partial derivatives associated with third-body forces are

or

JFFrg 3 7
— = Z ~GM, ( 1==nrf ). (48)

i l

=0 47)

where r; is the vector from body i to the spacecraft in the frame of integration. Once we have computed the state
transition matrix in the ECI frame, we can use it to update the covariance matrix from X, to X,
23 = O, 0 Sy @1, 0) Ly (49)
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Then we convert to SCI and update the covariance matrix as

%, = RZ3R} (50)
_[Ry(=e) 0
R = [ ¢ Rx(_e)]. (51)

We integrate in the SCI frame using equation 22. We compute the state transition matrix using Eq. 40, replacing rgqy
with rgcr, and use the computed state transition matrix to update the covariance matrix again
Zs = (1, 0)50 Ty D1, 0)i oy (52)

We then compute the mechanical energy of the meteor as shown in Eq. 23. We use the partial derivative of the
mechanical energy with respect to the final state to compute the variance of £

02 =JgZsJ) (53)
0€ GMg T T

Je = 3 = [ 52Ty rSCI] . (54)
xSCI SCI

We can compute the variances of each of the orbital elements using the matrix of partial derivatives of the orbital
elements with respect to the cartesian state vector as described by Montenbruck and Gill (2012)

T
[0'39 6@2’ 51'27 6522’ 0-2)] = Jo.e.ZS Joe. (33)
da,e,i,Q,w)
J,, = d@ei®o) (56)
0xscy

4.3. Computational Speed

When we use this covariance transform method, we can integrate the state transition matrix simultaneously with the
meteoroid orbit, which saves computational time. The Monte Carlo method doesn’t require as much computation per
sample, but requires many samples to provide an accurate estimate of the orbital element dispersions. We found that the
covariance transform method is about 30x faster than Monte Carlo with 1000 samples when neglecting perturbations.
Adding in perturbations slows down the Monte Carlo method even more and the covariance transform method runs
about 100x faster.

5. Results

We verified our computations by comparing them with the orbits of several fireballs registered by the Finnish
Fireball Network computed by Dmitriev et al. (2015) as well as the orbit of the Hayabusa spacecraft as described by
Jansen-Sturgeon et al. (2019). To compare orbits we use the similarity index created by Southworth and Hawkins
(1963)

. N)
D(A,B)2 = (eB —eA)2+ (qB —qA)2+ <2sin i 5 1A>

Qp—9,\° + Qn + —(Q, + 2
+siniAsiniB<2sin%> +<<eA2eB>QSin( B+ ®p) — (4 C"A)> '

2

A similarity index of D = 0 corresponds to identical orbits A and B. Similarity index values of 0 < D < le-5 are
considered negligible and can be caused by numerical error or small differences in constant values used, like the radius
or the angular rotation rate of the Earth. We saw good agreement between our results and those produced using the
Meteor Toolkit, as shown in Table 3. The standard deviations produced by MODA also showed good agreement with
those produced by the Meteor Toolkit as shown in Table 4.

All the results from Dmitriev et al. (2015) in Table 3 except Kosice were computed without drag or SRP effects
as the mass and cross-sectional area of meteoroids were not known. The Kosice fireball was originally described by
Borovicka et al. (2013) and included in Dmitriev’s analysis due to its well known mass and bulk density. The orbits
for the Kosice meteor and the Hayabusa spacecraft were computed with drag and SRP effects included. Drag is shown
to have a small effect, and the effect from SRP is almost non-existent.
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Table 2

Measured topocentric radiants of meteors used for verification. The symbols ¢,, 4,, and h, correspond to the geodetic
latitude, longitude, and altitude of the initial point of the fireball, while a,, ,, and v, correspond to the apparent azimuth,
elevation, and velocity. The standard deviations are found beneath each value, except for the Hayabusa Spacecraft, which
didn’t have standard deviation values available.

Name Date ¢, [deg] A, [deg] h, [km]  «, [deg] B, [deg] v, [km/s] A[m?’] m [kg]
Oijarvi 2010/12/26 64.78 26.91 77.00 156.20 25.80 13.80 - -
14:06:09.0 +0.02 +0.01 +1.00 +0.30 +0.30 +1.00 - -
Mikkeli 2013/09/13 61.46 26.90 82.10 238.94 55.06 14.98 - -
22:33:37.0 +0.01 +0.01 +0.50 +0.40 +0.20 +0.10 - -
Annama 2014/04/18 67.93 30.76 83.90 176.10 34.32 24.21 - -
22:14:09.3 +0.01 +0.01 +0.50 +0.50 +0.50 +0.50 - -
Haapavesi 2014/09/25 66.52 25.16 70.95 357.25 11.05 14.78 - -
03:12:15.0 +0.03 +0.02 +1.00 +0.30 +0.30 +0.30 - -
Kosice 2010/02/28 48.667 20.705 68.3 252.6 59.8 15.0 1.23 3500
22:24:47.0 +0.021 +0.011 +1.4 +4.0 +2.0 +0.3
Hayabusa 2010/06/13 -29.0243 131.1056 99.880 290.5220 10.0173 11.7251 2.15 415
Spacecraft 13:51:56.6

Table 3

Comparison of orbit computations made using the Meteor Toolkit and MODA. The similarity index D between our results
and those of the Meteor Toolkit show that any differences are likely numerical in nature or have to do with slight differences
in certain constants (e.g. radius of the Earth). When adding in third-body (TB) perturbations, the similarity index increases
by about two orders of magnitude.

Name Method a [AU] e i [deg] Q[deg] w [deg] D
Meteor Toolkit 246  0.601 2.80 94.5 353 -
Oijarvi MODA (no pert) 2.47 0.603 281 94.5 353 2.71e-06
MODA (TB) 2.47  0.604  2.80 94.6 350 8.90e-04
Meteor Toolkit 1.44  0.365 12.2 171 230 -
Mikkeli MODA (no pert) 1.44 0366 122 171 230 1.71e-06
MODA (TB) 142 0348 122 171 227 6.08e-04
Meteor Toolkit 2.00 0.683 14.6 28.6 265 -
Annama MODA (no pert) 2.00 0.683 14.6 28.6 265 1.24e-07
MODA (TB) 1.95 0.672 14.6 28.7 264 1.31e-04
Meteor Toolkit 253  0.604 9.24 182 175 -
Haapavesi MODA (no pert) 254 0.606 9.25 182 175 3.93e-06
MODA (TB) 2.54 0.606 9.22 182 172 6.24e-04
Meteor Toolkit 273 0.649 2.02 340 204 -
Kosice MODA (no pert) 276  0.654 1.95 340 204 3.28e-05
MODA (TB) 268 0.640 1.94 340 202 7.85e-04
MODA (TB + drag) 270 0.642 1.95 340 202 7.31e-04
MODA (TB + drag + SRP) 2.70 0.642 1.95 340 202 7.31e-04
Hayabusa Telemetry 1.32 0.257 1.68 82.5 147 -
MODA (no pert) 1.33 0.259 1.70 82.4 148 4.26e-06
MODA (TB) 134 0279 1.69 82.5 141 1.65e-03
MODA (TB + drag) 1.34 0279 1.69 82.5 141 1.65e-03
MODA (TB + drag + SRP) 1.34 0.279 1.69 82.5 141 1.65e-03

Once we had verified our computations against previously computed orbits, we used MODA to compute the orbits
of two meteors observed by ALTAIR in 2008, shown in Figures 7 and 8. These are the same meteors that produced the
measurements shown earlier in Figure 4. Tables 5 and 6 show the measured topocentric states and computed orbital
elements for these two meteors. They were observed 12 minutes apart at 113 km altitude, but ALTAIR-4 had a range
rate about 13% greater than that of ALTAIR-3. Both appear to originate from highly inclined orbits. As expected
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Table 4

Comparison of the standard deviations of the orbital elements computed using the Meteor Toolkit and this method show
good agreement, at least to an order of magnitude in most cases.

Name Method o, [AU] o, o, [deg] o, [deg] o, [deg]
Oitarvi Meteor Toolkit 0.512 0.0830 0.218  2.00e-04 0.276
) MODA (no pert) ~ 0.924  0.149 0457  0.0134  0.433
Mikkeli Meteor Toolkit 0.0114 5.30e-03  0.132  4.00e-04 0.304
MODA (no pert) 0.0111 5.30e-03  0.193  7.00e-04 0.410
Annama Meteor Toolkit 0.107 0.0180 0.504  5.00e-04 1.10
MODA (no pert)  0.121 0.0204 0.562  7.00e-04 1.05
Haapavesi Meteor Toolkit 0.111 0.0173 0.351  1.70e-03 0.313
P MODA (no pert)  0.161 0.0250 0.607  3.70e-03 0.226
Kosice Meteor Toolkit 0.225 0.0290 0.903 0.0310 1.58
MODA (no pert)  0.289 0.0346 0.661 0.0238 1.80
Table 5
Measured topocentric states in ENU frame for ALTAIR meteors with standard deviations beneath.
Name Time rlkm]  a[deg] p[deg] i [km/s] & [deg/s] g [deg/s] A/m [m?/kg]
January 02, 2008 113.079 77.1 73.9 -53.9 -23.7 -11.2 4
ALTAIR-3 18:10:25.316 0.012 0.6 0.15 0.3 4.8 1.0 -
January 02, 2008 113.661 76.6 73.9 -60.4 -14.2 8.2 4
ALTAIR-4 18:22:35.529 0.010 0.3 0.18 0.16 1.7 0.7 -
Table 6

Orbital elements for ALTAIR meteors computed by MODA with various perturbations. We also computed the standard
deviations of the orbital elements for the case with all three perturbations. Both the Monte Carlo and covariance transform
methods yielded approximately the same standard deviation values.

Name Perturbations a [AU] e i [deg] Q[deg] w [deg]
None 1.0 0.39 169.9 101.6 114.9
B 1.0 0.39 169.9 101.6 115.1
ALTAIR-3 TB + drag 1.1 0.39 170.3 101.6 96.2
TB + drag + SRP 1.1 0.39 170.3 101.6 95.6
+0.14 +0.076 +44 + 0.2 + 11.8
None 2.6 0.74 136.7 281.6 104.4
TB 2.6 0.75 136.7 281.6 104.3
ALTAIR-4 TB + drag 5.1 0.86 137.9 281.6 112.8
TB + drag + SRP 5.3 0.87 137.9 281.6 113.1
+22 +0059 +18 +0.0087 +19

from the lower range-rate, ALTAIR-3 has a smaller semi-major axis (¢ = 1.1 AU). Note that the semi-major axis
of ALTAIR-4 (a = 5.3 AU)) is highly dependent on the inclusion of drag forces in the integration, much more so
than ALTAIR-4. For both meteoroids, atmospheric drag is the most important perturbation to include. The oversized
effect of drag is attributed to the estimated area to mass ratio for these particles, which at A/m = 4 m?/kg is several
orders of magnitude larger than those of Kosice (A/m = 3.5e-04 m?/kg) and the Hayabusa spacecraft (A/m = 0.0052
m?/kg). The standard deviations of the orbital elements for the perturbed cases are generally small. The exceptions
are argument of periapsis (@) for ALTAIR-3 and semimajor axis (a) for ALTAIR-4.

6. Discussion

There is a general agreement of the MODA results with those of the Meteor Toolkit and the uncertainties computed
for the ALTAIR micrometeoroids are of roughly the same order of magnitude as those of the larger meteoroids. What’s
more, the standard deviations produced by the covariance transform method match those produced by the Monte Carlo
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(a) ALTAIR-3 orbit computed without any perturbations.
The Sun-centric semi-major axis and eccentricity are a =
1.0 AU and e = 0.39. The orbit has been propagated back-
wards for one year.
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(b) ALTAIR-3 orbit computed with drag, SRP, and third-
body effects from the Moon and Jupiter. The Sun-centric
semi-major axis and eccentricity are a = 1.1 AU and e =
0.39.

Figure 7: ALTAIR-3 orbit propagated backward in time from observation.
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(a) ALTAIR-4 orbit computed without any perturbations.
The Sun-centric semi-major axis and eccentricity are a =
2.6 AU and e = 0.74. The orbit has been propagated back-
wards for one year.
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(b) ALTAIR-4 orbit computed with drag, SRP, and third-
body effects from the Moon and Jupiter. The Sun-centric
semi-major axis and eccentricity are @ = 5.3 AU and e =
0.87.

Figure 8: ALTAIR-4 orbit propagated backward in time from observation.

method. This leads us to believe that MODA is a reasonably accurate tool that will be useful for HPLA radar data.
Atmospheric drag and SRP had a much larger effect on the orbital elements of the ALTAIR meteoroids than on

Kosice and the Hayabusa spacecraft, for which SRP effects were essentially non-existent. This is expected, as the

area to mass ratios of the ALTAIR meteoroids are orders of magnitude greater than those of Kosice and Hayabusa.
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Since atmospheric drag and SRP forces are proportional to the surface area to mass ratio, we are likely neglecting a
significant source of uncertainty by assuming that A/m is known exactly.

7. Conclusion

We have developed MODA, an open-source tool in MATLAB for computing meteoroid orbits. While our code
works for any type of meteoroid, it is designed with the small particles observable by HPLA radar in mind. We use
a numerical integration scheme, which has been shown to outperform the analytical approximations used frequently
in the literature. It also allows us to take drag, SRP, and third-body effects into account. We included SRP due to its
significance to very small particles. MODA computes the uncertainty of the orbital elements by using the covariance
transform method, which runs many times faster than Monte Carlo simulations.

We applied MODA to two meteoroids observed by the ALTAIR HPLA radar facility in 2008. Our results demon-
strated that the orbital element uncertainties for micrometeoroids observed with ALTAIR have roughly the same order
of magnitude as those for larger meteoroids. They also affirm that atmospheric drag and SRP effects are much more
pronounced on the small particles observed by HPLA radars.

Future work will include adding in prior probability distributions for the area to mass ratio of the meteor, atmo-
spheric density, and coefficient of drag. Also, we would like to determine whether other effects such as Lorentz forces,
Poynting-Robertson drag, and the Yarkovsky effect may have significant effects on the orbital elements of micromete-
oroids.
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