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A B S T R A C T   

Amorphous materials can exhibit varying degrees of nanoscale ductility depending on their atomic structure. 
Despite its critical importance for applications, the physical origin that controls ductility remains largely un-
known. Here, by using molecular dynamics simulations, we investigate the ductile-to-brittle transition of oxide 
glasses as a function of the connectivity of the atomic network. Interestingly, based on topological constraint 
theory, we show that the structural origin of the ductile-to-brittle transition is the rigidity transition caused by 
the percolation of stressed-rigid atomic clusters. Our further analysis of four-point correlation functions reveals 
that, similar to the case of supercooled liquids, the plastic dynamics of oxide glasses at room temperature are 
strongly correlated and spatially heterogeneous. Surprisingly, the dynamical length scale of plastic events 
significantly decreases when the stressed-rigid cluster percolates, resulting in a narrower transient plastic rear-
rangement region. These results provide physical insights into the relationship between the topological features 
of atomic structure, fracture behavior, and stress-induced dynamical heterogeneity of glasses.   

1. Introduction 

Under mechanical loading, glasses can break in quite different ways, 
namely, brittle fracture triggered by catastrophic propagation of cracks 
and ductile fracture dominated by the obvious plastic deformation. The 
ductile-to-brittle transition can be observed for various types of glasses 
depending on their structure in both experiments and simulations [1–5]. 
Understanding the relationship between structural features and fracture 
behavior of glasses is of critical importance for both condensed matter 
physics and materials science [6–8]. For crystalline materials, ductility 
is typically controlled by the motion of dislocations, which results in the 
formation of macroscopic shear bands [9–11]. This behavior is different 
from that of glasses due to their lack of long-range order, as the basic 
plastic event in glasses is usually identified as local rearrangement 
rather than dislocation [12]. To establish the structure-properties rela-
tionship, various types of structural features that can be correlated with 
plastic events in glasses have been proposed in recent years [4,13–16]. 
Although these structural predictors can capture the propensity for the 
rearrangement location, the structure-property relationship obtained 
from these approaches is local and hence, lacks the description of the 

rearrangements and corresponding interactions that occur at a larger 
length scale. 

Since glasses are out-of-equilibrium materials, the spatial heteroge-
neity of the local chemical and structural environment becomes prom-
inent due to the fluctuation [17,18]. As a result, nontrivial length scales 
emerge, which are believed to play an important role in the abnormal 
dynamical behavior of amorphous materials, including the dramatic 
increase of the relaxation time when approaching the glass transition 
[17,19] and jamming transitions [20,21]. However, the dynamical 
heterogeneity of plastic events in glasses driven by mechanical loading 
remains elusive [7]. 

Topological constraint theory (TCT), or rigidity theory, provides a 
path to understand the important role of atomic structure on the me-
chanical behavior of amorphous material. According to this theory, the 
complex atomic networks in glasses can be simplified as a network of 
constraints, in which the chemical interaction between atoms is treated 
as a mechanical truss [22–24]. Following Maxwell’s stability theory 
[25], the constraints network can be classified into three categories, 
namely, flexible, stressed-rigid, and isostatic. For the flexible state, the 
network has internal degrees of freedom that lead to floppy modes [26]. 

Abbreviations: TCT, Topological constraint theory; BO, Bridging oxygen; NBO, Non-bridging oxygen. 
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On the contrary, in the stressed-rigid state, the network is overcon-
strained and eigen-stress becomes prominent [27,28]. Between the 
above two states, the isostatic state is achieved when the network is rigid 
but free of eigen-stress. More importantly, recent work shows that 
various anomalous properties and dynamics of glasses emerge in the 
isostatic state [29–32]. Beyond this, TCT can be used to predict the 
mechanical properties of glasses [33,34] and has been successfully used 
to design a commercial cover glass, namely Corning® Gorilla® Glass 3 
[35–37]. However, most of the previous studies have focused on the 
macroscopic average number of constraints without carefully consid-
ering the effect of the heterogeneous nature of constraints [18]. 
Nevertheless, recent research suggests that, besides the average number 
of constraints, the spatial heterogeneity of topological constraints also 
plays an important role in crack propagation [38]. 

Here, we investigate the ductile-to-brittle transition in a series of 
aluminosilicate glasses with varying compositions based on molecular 
dynamics simulations. From the viewpoint of TCT, we find that a 
maximum resistance to fracture is achieved when the glass exhibits an 
optimal, isostatic spatial distribution of its network topology—featuring 
a percolation of rigid clusters, but a non-percolated distribution of 
stressed clusters. Combining the analysis of susceptibility and the four- 
point correlation function, we find an unexpected linkage between dy-
namic heterogeneity of plastic events and static network connectivity (i. 
e., before any load is applied). Based on these results, we establish the 
physical picture that the topology of their atomic networks governs the 
ductile-to-brittle transition of oxide glasses through the intensity of 
dynamical heterogeneity. 

2. Methods 

2.1. Preparing samples 

The aluminosilicate glass systems for fracture simulations contained 
around 35,000 atoms in a slab with dimensions of ~ 150 Å (x) ⅹ 110 Å 
(y) ⅹ 36 Å (z) (varied according to the composition). Periodic boundary 
conditions are applied in all directions. To construct these samples, a 
small cube (containing around 3000 atoms) is melted at 5000 K for 0.5 
ns to lose its initial memory and then cooled to 300 K with a cooling rate 
of 1012 K/s by using a Nosé-Hoover thermostat [39,40]. Afterward, the 
final simulation sample is constructed by replicating the small cube, 
following further relaxation at 300 K for 0.5 ns. To induce stress con-
centration, we create an initial ellipsoidal notch with a length of 5 nm by 
manually removing the atoms within the region (see Fig. 1e). The po-
sition of the ellipsoidal notch is slightly adjusted to ensure charge 
neutrality. During the above processes, the NPT ensemble with a fixed 
zero pressure is used. A constant time step of 1 fs is selected for all 
simulations. The interaction between atoms is described by the potential 
parameterized by Jakse et al. [41], which captures well the atomic 
structure of aluminosilicate glasses [42]. To obtain statistically mean-
ingful results, we prepare nine independent samples for each composi-
tion for the following simulations and analyses. All the simulations are 
performed by using LAMMPS package [43]. 

2.2. Fracture simulations 

The uniaxial tensile fracture simulation is performed by stretching 
the box in the y-direction at 300 K, while the box size is fixed in the other 

Fig. 1. Evidence of the brittle-to-ductile transition. (a) Stress-strain curves of selected aluminosilicate glass compositions. (b–d) Effect of the SiO2 fraction on the (b) 
fracture energy, (c) plastic energy, and (d) brittleness of the aluminosilicate glasses. The lines are guides the eye. (e) Contour plots of non-affine square displacement 
for the selected compositions at strains values of ε = 0.09 and ε = 0.14, respectively. 
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directions. The strain rate is fixed at 108 /s for all fracture simulations. 
The NVT ensemble is used during the simulations. The total fracture 
energy GF is obtained by integrating the stress-strain curve. Similarly, 
the estimated elastic energy GE is calculated by integrating the stress- 
strain curve before the peak stress is achieved [44]. Then, the brittle-
ness index B is defined as GE/ GF. The non-affine displacement is 
calculated based on the approach proposed in ref. [12]. In addition to 
the fracture simulation under 300 K, we also perform the athermal 
fracture simulation to investigate the influence of temperature fluctua-
tion (see supplementary materials for more details). 

2.3. Average number of constraints 

We calculate the average number of constraints per atom (nc) of the 
basic polytope units in the network, which consists of a cation (i.e., Si or 
Al) and its neighboring oxygen atoms (i.e., the oxygen atoms within the 
2 Å cutoff). In this study, two types of constraints are considered: (i) 
radial bond-stretching constraints created by Al–O and Si–O bonds 
(which maintain the distance between pairs of atoms fixed around their 
average value) and (ii) angular bond-bending constraints associated to 
Si–O–Si, O–Si–O, and Al–O–Si angles (which maintain the angles be-
tween triplets of atoms fixed around their average value). In detail, we 
first enumerate all the constraints associated with each basic unit. The 
number of constraints per atom nc can be calculated as: 

nc =
nBB + nBS + 0.5

(
nshared

BB + nshared
BS

)

N (1)  

where nBB and nBS represent the numbers of bond-bending and bond- 
stretching constraints within the polytope, nshared

BB , nshared
BS the corre-

sponding shared constraints (i.e., in between two neighboring poly-
topes, and N is the number of atoms in the basic unit. 

To analyze the topological heterogeneity of the atomic network, the 
spatially-connected basic units featuring the same nc value are identified 
as a cluster. A cluster is regarded as “rigid” when it includes both nc > 3 
and nc = 3 basic units (i.e., nc ≥ 3), while a cluster is defined as 
“stressed-rigid” if only contains stressed-rigid basic units (i.e., nc > 3). 

2.4. Dynamical heterogeneity analysis 

In the dynamical heterogeneity analysis, we follow the procedure 
used in refs. [20,45,46]. To understand the nature of microscopic rear-
rangements while filtering out any stress concentration effect, the 
analysis is conducted on notch-free samples. First, for each sample 
without the notch, we perform the uniaxial tensile deformation with the 
same strain rate as in the fracture simulations in the x-, y-, and z-di-
rections, respectively (i.e., 27 independent simulations are performed 
for each composition). Then, we calculate the square non-affine 
displacement D2

min(ε) for each atom as a function of strain ε [12]. For 
the calculation of the overlap function Q, the cutoff D0 is selected as 9Å2. 
Then, the susceptibility χ4 can be defined as, 

χ4(ε) =
V
N2

(〈
Q(ε)2〉−〈Q(ε)〉2)

where V is the volume of the system and N is the total number of atoms. 
Note that the temperature term is removed since the temperature re-
mains the same for all compositions. Here, we use the self-part of the 
four-point correlation function g4 since we only focus on the plastic 
events, 

g4(r, ε) =
1

Nρ

〈
∑

ij
δ
(
r− rj(0)+ ri(0)

)
w
(
D2

min
)
〉

−
〈

Q(ε)
N

〉2  

where ρ is the density. Thus, the four-point correlation length ξ4 can be 
obtained by fitting the envelope line of g4 [20,45,46], i.e., g4(r, εmax)∝ 
exp(− r /ξ4). 

3. Results 

3.1. Evidence of the brittle-to-ductile transition 

We focus on the brittle-to-ductile transition of aluminosilicate glasses 
(i.e., (SiO2)x(Al2O3)1-x) driven by composition. To this end, we perform 
uniaxial tensile simulations of these melt-quenched samples based on 
molecular dynamics simulations (see Method for details). Fig. 1a shows 
the stress-strain curves of selected compositions upon uniaxial tensile 
fracture. We observe that, for the pure silica glass, the stress-strain curve 
exhibits a sudden drop after reaching the peak stress, which indicates a 
brittle fracture behavior. In contrast, when a certain amount of Al2O3 is 
added (i.e., (SiO2)0.45(Al2O3)0.55), the stress-strain curve features a sig-
nificant “softening” stage (i.e., slow decay of stress after the crack ini-
tiates), which suggests a more ductile fracture behavior. We then further 
calculate the fracture energy and plastic energy to quantify the degree of 
ductility. To get a statistically reliable result, we perform nine inde-
pendent uniaxial tensile fracture simulations for each composition. As 
shown in Fig. 1b and c, for both the fracture energy and plastic energy, 
the maximum value is achieved at 45% SiO2 fraction (i.e., 
(SiO2)0.45(Al2O3)0.55). Meanwhile, the sudden drop of the fracture en-
ergy and plastic energy occurs when the SiO2 fraction is larger than 70%. 
It should be noted that this trend is consistent with the recent experi-
mental results, which suggest the highest crack resistance is reached at 
around 40% SiO2 fraction. However, for the Al2O3-rich compositions (i. 
e., SiO2 fraction less than 40%), no significant difference can be 
observed. 

To quantitatively identify the brittle-to-ductile transition, we 
compute the brittleness (i.e., the ratio between the elastic energy and 
fracture energy) for each composition, where a lower value of brittleness 
indicates higher ductility and vice versa. As shown in Fig. 1d, the brit-
tleness maintains at a low level (around 0.44) until the SiO2 fraction is 
larger than 40%. From 50% to 65% SiO2 fraction, we observe a slight 
increase of brittleness with SiO2 fraction. Then, the brittleness sharply 
increases when the SiO2 fraction is larger than 70% and reaches a value 
of 0.8 for pure silica. 

We then investigate the mechanism of the brittle-to-ductile transi-
tion that occurs at around 70% SiO2. To this end, we compute the atom’s 
non-affine square displacement, which has been widely used to identify 
the plastic events in amorphous materials [5,12,13,47]. Fig. 1e shows 
the contour plots of the non-affine square displacement at different 
strains. For pure silica, the plastic region is limited to the narrow band 
attached to the fracture surface. However, in the case of the 
(SiO2)0.45(Al2O3)0.55 composition, the width of the plastic region rea-
ches around 20 Å, which provides resistance to crack propagation at 
high strain. This result suggests that, for the studied oxide glasses, the 
toughening mechanism is related to the increase of the typical size of the 
plastic region that occurs during the whole fracture process. 

3.2. Rigidity transition 

Next, we attempt to unveil the structural origin of the brittle-to- 
ductile transition. To this end, we first calculate the average number 
of constraints nc (i.e., the number of rigid bonds and angles per atom) 
that is relevant to the fracture (see Method for details). The key idea of 
TCT is that we define the basic unit as the cation (i.e., Si and Al) con-
nected by the oxygen neighbors, which are marked as bridging oxygen 
(BO) or non-bridging oxygen (NBO) according to their local environ-
ment. Considering the fact that Al–O bonds are less directional than their 
Si–O counterparts, Al tetrahedra are less rigid than Si ones (see ref. [42] 
for more discussion) . As such, Al–O–Al and O–Al–O angles are consid-
ered floppy and do not contribute to the number of bond-bending con-
straints. As shown in Fig. 2a–c, the basic units are identified as flexible 
(nc < 3), isostatic (nc = 3), or stressed-rigid (nc > 3) according to the 
average number of constraints per atom in each unit. As a result, Al 
tetrahedra are considered as flexible basic units, while Si tetrahedra are 
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regarded as rigid basic units. 
Then we perform cluster analysis to distinguish two types of clusters. 

The cluster is constituted by the spatial connected basic units (i.e., a 
piece of the network) that have similar features defined as follows. One 
is defined as the rigid cluster that includes both isostatic and stressed- 
rigid (i.e., nc ≥ 3), while the other is defined as the stressed-rigid clus-
ter wherein the basic units are only stressed-rigid (i.e., nc > 3). Fig. 2d 
and e show the largest stressed-rigid cluster of the selected composi-
tions. A clear percolation of the stressed-rigid cluster can be observed for 
(SiO2)0.7(Al2O3)0.3, while the sample with a lower SiO2 fraction (i.e., 
(SiO2)0.25(Al2O3)0.75) only shows a small unpercolated stressed-rigid 
cluster. To quantitatively identify the percolation, we calculate the 
probability of percolation of the largest clusters as a function of 
composition. As shown in Fig. 2f, with the increase in the fraction of the 
stronger network former (i.e., SiO2), the sudden percolation of stressed- 
rigid occurs once the SiO2 fraction reaches 70%. For the rigid cluster, the 
results show a similar tendency but the percolation threshold is found at 
only around 40%, which is significantly lower than for the stressed-rigid 
one. This difference in percolation thresholds for rigid and stressed-rigid 
clusters agree with predictions from the self-organization model [28]. 
According to the observed percolation thresholds, we can divide the 
composition space into three regions, namely, flexible (SiO2 fraction <
40%), rigid (40% < SiO2 fraction < 70%), and stressed-rigid regions 
(SiO2 fraction > 70%), respectively. 

More importantly, we find that these three regions correspond to the 
three stages shown in Fig. 1b–c. In the flexible region, the fracture en-
ergy and plastic energy remain constant, while the brittleness index 
maintains a minimum value. The highest fracture energy and plastic 
energy values are obtained in the rigid region, where only the percola-
tion of the rigid cluster occurs. Interestingly, we also observe that the 
sudden drop of fracture energy and plastic energy, as well as the sudden 

increase of brittleness, all occur when the stressed-rigid clusters start to 
percolate. 

3.3. Evolution of the dynamical length scale 

To explore the dynamical origin of the brittle-to-ductile transition, 
we employ the concepts of susceptibility and four-point correlation 
function [48] as this allows us to quantify the intensity of dynamical 
heterogeneities. The following analysis is based on the notch-free sim-
ulations so as to avoid any spurious effect resulting from the localized 
stress concentration induced by a notch (see Method Section for more 
details). Note that, in this study, we only consider the dynamics that are 
associated with plastic events and we therefore rewrite the self-part of 
the overlap function as: Q(ε) =

∑N
i=1w(D2

min), where D2
min is non-affine 

square displacement. w(D2
min) is 1 when D2

min ≤ D0 and 0 when 
D2

min > D0. Q(ε) represents the number of atoms that experience signif-
icant rearrangement at the current strain ε. Fig. 3A shows the computed 
Q(ε) curve of the selected compositions. They all show a similar ten-
dency, starting with a minor decrease at a small strain (i.e., nucleation 
stage), but the Q value then rapidly drops at a specific point (i.e., rapid 
growth stage) and converges to a non-zero value (i.e., fully fractured 
stage). For the pure silica glass, the Q value converges at a relatively 
small strain of ~0.35, while the Q value of (SiO2)0.45(Al2O3)0.55 con-
verges at a much larger strain of ~0.5. It should be noted that the failure 
strain in this analysis is much smaller compared with that in Fig. 1a due 
to the relatively small system size. 

We then move to the susceptibility of Q (i.e., χ4), which reflects the 
number of atoms that rearrange together (see Method section for de-
tails). Interestingly, as shown in Fig. 3b, for all compositions, χ4 reaches 
the maximum values in the final fully fractured stage at ε = εmax, which 
indicates that the largest cooperative rearrangement occurs immediately 

Fig. 2. Composition-induced percolation of the stressed-rigid cluster. (a–c) Schematic illustrations of (a) flexible, (b) isostatic, and (c) stressed-rigid units. (d,e) Size of the 
largest stressed-rigid cluster in the (d) non-percolated and (e) percolated systems. (f) Probability of the percolation as the function of the composition. 
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before the crack propagates through the sample. Fig. 3c shows the 
maximum χ4 value (i.e., χ4(εmax)) plotted as a function of composition, 
revealing a similar tendency as that observed for fracture energy and 
plastic energy in Fig. 1b and 1c, respectively. That is, in the stressed- 
rigid region, χ4(εmax) drops significantly with SiO2 fraction, while the 
maximum value is observed in the rigid region. 

Furthermore, we identify the dynamical length ξ4 from the four-point 
correlation function g4 following a similar process as proposed in refs. 
[20,45,46]. That is, ξ4 is obtained by fitting the envelope line of g4 (see 
Method for details). Fig. 3d shows g4 as the function of the distance 
between two selected atoms. g4 decreases faster for pure silica as 
compared with (SiO2)0.45(Al2O3)0.55. Interestingly, we find that ξ4 
sharply decreases with the SiO2 fraction in the stressed-rigid region, 
while it obtains the maximum value in the rigid region (Fig. 3e). There is 
only a minor change of ξ4 in the flexible region. 

We then consider the evolution of the static length due to the change 
in the connectivity of the atomic network. To this end, we compute the 
coherent length ξcoh of SiO2 cluster, which is obtained from the width of 
the first sharp diffraction peak for Si-O for each composition. Fig. 3f 
shows the evolution of ξcoh as a function of composition. We find that the 
evolution of ξcoh follows a similar tendency as that of χ4, namely, ξcoh 
exhibits a minimum value for pure silica and increases with the fraction 
of Al2O3 until the maximum value is observed in the rigid region. It 
should be noted that the above conclusion is still valid under the athe-
rmal condition (see supplementary materials for more details). 

4. Discussion 

We first discuss the linkage between the fracture energy and atomic 
connectivity of the investigated aluminosilicate glasses. In general, the 
fracture energy of materials can be divided into contributions from 

cohesion and plastic events. Unlike the case in crystalline materials, the 
plasticity of aluminosilicate glasses manifests itself by some local re-
organizations, including coordination number changes and bond 
switching [49], bond breaking, and changes in the shape of ring struc-
tures [50,51]. In this study, the plastic events are solely identified based 
on the non-affine displacement field, which does not explicitly distin-
guish these different mechanisms. As a result, the rearrangement of 
groups of atoms can be regarded as the combination of several 
elementary plastic events. Due to the existence of a high concentration 
of floppy modes in the flexible system (i.e., 0–40% SiO2), the re-
organizations can be easily triggered under the applied stress, as evi-
denced by the lowest brittleness in this region (see the green region in 
Fig. 1d). However, when the rigid cluster is isolated, the crack can al-
ways find the path through the region where atoms are not effectively 
bonded, which results in a low cohesion. In addition, since the con-
nectivity of the atomic network is relatively low, stresses can not 
effectively be transferred to their neighbors to trigger successive re-
organizations (see the illustration in Fig. 4). As a result, even though it 
features the highest ductility, the dynamic heterogeneity of plastic 
events (i.e., χ4 and ξ4) in the flexible system is not as prominent as 
compared with the one in the rigid system. 

In contrast, for the stressed-rigid system, the atoms are overcon-
strained and need to overcome a much higher energy barrier to undergo 
rearrangement under a similar stress state. As a result, we observe the 
highest brittleness and lowest fracture energy in this region (see the red 
region in Fig. 1c and d) due to the relatively rare reorganization events 
during the fracture process. Although the local reorganization can 
effectively impact its neighbor atoms due to the high network connec-
tivity, the successive reorganizations can hardly be triggered due to the 
high energy barrier as illustrated in Fig. 4. Thus, the reorganizations are 
highly localized and result in the lowest values of χ4 and ξ4 (see the red 

Fig. 3. Dynamical length scale controlled by the rigidity transition. (a) Normalized overlap function Q and (b) susceptibility χ4 as the function of strain ε for selected 
compositions. (c) χ4 as a function of composition. (d) Four-point correlation function g4 curves at strain εmax, which results in the maximum χ4. The solid line 
represents the exponent fitting. (e) Extracted four-point correlation length ξ4 and (f) coherent length ξcoh as a function of composition. The solid lines in Figs. (c), (e), 
and (f) are used to guide the eye. 
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region in Fig. 3c and e), which finally results in a narrow plastic region 
(Fig. 1e). However, in the rigid region where only a rigid cluster per-
colates, the energy barriers caused by the bond constraints are not suf-
ficiently high to prevent a large number of rearrangements triggered by 
the applied stress. As illustrated in Fig. 4, the isolated low-plasticity 
regions can hardly prevent large-scale rearrangement and we there-
fore still observe high ductility in the rigid region (see the blue region in 
Fig. 1d). Meanwhile, the percolation of rigid clusters forces the crack to 
propagate through some of the high-cohesive regions, which results in a 
higher cohesion than that observed in the flexible system. Thus, we 
observe the highest fracture energy with substantial ductility in this 
optimal intermediate state. Moreover, the stress caused by the rear-
rangements can effectively be transferred into the neighboring regions 
through the connected constraints. As a result, the dynamical hetero-
geneity becomes more prominent (i.e., high χ4 and ξ4) due to the 
continuous spatial rearrangements. The network heterogeneity of oxide 
glass and its influence on the mechanical properties can also be 
described in terms of the ring statistics [52–54]. 

5. Conclusion 

In conclusion, we have investigated the underlying mechanism that 
controls the ductile-to-brittle transition in aluminosilicate glasses. From 
the viewpoint of TCT, we show that the percolation of the stressed-rigid 
cluster is responsible for the dramatic decrease of the fracture energy 
with composition, while rigid cluster percolation results in the fracture 
energy anomaly. We find that the observed ductile-to-brittle transition 
can be understood from the competition between the cohesion (i.e., 
increase in connectivity) and rearrangements (i.e., decrease in connec-
tivity). The optimized fracture energy can be obtained when the best 
compromise is achieved. The structural signature for this optimized 
situation is found in the compositional window where a rigid cluster 
starts to percolate the system before any stress-rigid cluster percolates. 
We envision that this finding could guide the design of novel oxide 
glasses with improved fracture resistance. Furthermore, through the 
susceptibility and four-point correlation function analyses, we have 
found that the percolation of the rigid atomic network governs the 
evolution of susceptibility and the dynamical length of plastic events. 
The most prominent dynamical heterogeneity can be achieved in the 
rigid system where the connectivity is low enough to allow for rear-
rangements and high enough to be able to transfer stresses to 

neighboring atoms. This result provides new insight into the link be-
tween macroscopic ductility, dynamical heterogeneity driven by me-
chanical stress, and network connectivity of glass. 
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