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Abstract. The era of Gravitational-Wave (GW) astronomy will grant the detection of the
astrophysical GW background from unresolved mergers of binary black holes, and the prospect
of probing the presence of primordial GW backgrounds. In particular, the low-frequency tail
of the GW spectrum for causally-generated primordial signals (like a phase transition) offers
an excellent opportunity to measure unambiguously cosmological parameters as the equation
of state of the universe, or free-streaming particles at epochs well before recombination. We
discuss whether this programme is jeopardised by the uncertainties on the astrophysical GW
foregrounds that coexist with a primordial background. We detail the motivated assumptions
under which the astrophysical foregrounds can be assumed to be known in shape, and only
uncertain in their normalisation. In this case, the sensitivity to a primordial signal can be
computed by a simple and numerically agile procedure, where the optimal filter function
subtracts the components of the astrophysical foreground that are close in spectral shape
to the signal. We show that the degradation of the sensitivity to the signal in presence of
astrophysical foregrounds is limited to a factor of a few, and only around the frequencies where
the signal is closer to the foregrounds. Our results highlight the importance of modelling the
contributions of eccentric or intermediate-mass black hole binaries to the GW background, to
consolidate the prospects to perform precision cosmology with primordial GW backgrounds.

Keywords: gravitational waves / sources, physics of the early universe, primordial gravita-
tional waves (theory)
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1 Introduction

The first direct observation [1] of Gravitational Waves (GWs) performed in 2015 by the
interferometers of LIGO, whose measurements were joined shortly after by the companion
Virgo and later by KAGRA, marked the onset of the GW astronomy era. After that first
detection of the merger of a black hole binary (BBH), the catalogues released by the LVK
consortium after the run O3 of observation [2, 3] collect almost 90 compact binary coalescences,
predominantly BBH mergers together with two binary neutron star (BNS) mergers (including
the first multi-messenger detection of a merger [4-6]), and a few candidate BH-NS merger.
Direct observations of GWs offer a completely new window to explore the Universe, which has
spurred many directions to interpret the incoming wealth of data for a variety of scientific
programs in astrophysics, cosmology and fundamental physics [7-9].

Besides the observation of individually resolved mergers, another frontier lies ahead
in GW astronomy: the detection of the stochastic GW background (SGWB) filling our
Universe (see [10, 11] for recent reviews). This background is generated by the stochastic
superposition of multiple GWs travelling cosmological distances and originates from various
contributions. A class of GW backgrounds is of astrophysical nature, and consists of the
incoherent superposition of the GWs generated by all the binaries that have merged throughout
the cosmic history, including BBH, BNS (which are subleading in terms of SGWB), and
White Dwarfs binaries (BWD).

Along with this background, that will be measured [12] by the end of the mission of
LVK [13] or at the latest by future ground-based (CE, ET) [14-17] and space-based (LISA,
BBO, MAGIS, DECIGO) [18-21] experiments, there could lie a primordial signal generated in
the early cosmological history [22-28]. Such a discovery would offer to us the farthest signal
that we have ever detected, way beyond what is presently visible in the Cosmic Microwave
Background (CMB). GWs can travel to us (almost [29]) unperturbed, offering us with a
pristine glance into the earliest cosmological epochs. For these reasons, a primordial GW
background can be a powerful tool to probe the cosmological evolution and the particle



content of the Universe at primordial times, since shortly after the generation of the GWs
until today. The power spectrum of the SGWB offers the tantalising prospect of performing
precision measurements for cosmology [30—49]. To put this program in practice, we need
to know what was the original spectral shape of the SGWB at formation, to detect the
subsequent modifications throughout the cosmological history. This is not the typical case,
on general grounds. A remarkable exception comes from the class of GW backgrounds
that are generated from a phenomenon happening within a finite time and locally in each
spatial patch, the prototypical example being a phase transition (PT). In that case, the
low-frequency tail of the spectrum, corresponding to wavelengths larger than the Hubble
radius (or horizon) at the time of GW generation, is constrained by causality arguments to
have a power-law dependence, whose tilt informs us of the expansion history of the Universe
and the particle content of the Universe [50-52]. The physical origin of this result can be
explained in simple terms [50] by considering the evolution of modes on scales larger than the
correlation length of the source of GWs. The result is that the spectrum at low frequencies (or
causality-limited tail) is independent of the generation mechanism, and can only be affected
by (7) the expansion history, which affects the redshift of waves inside the horizon and the
evolution of super-horizon modes, and (i) the propagation of GWs, which do not travel as free
waves if there is anisotropic stress in the cosmic fluid. The latter can notably be sourced by
free-streaming particles, providing us with the unique opportunity of detecting their presence
before the epoch of recombination.

The question to which we wish to provide an answer in this paper is the following one:
In the simultaneous presence of astrophysical GW backgrounds and of a primordial GW
background of causal origin (e.g. from a PT), how well can we perform precision cosmology
through the low-frequency part of the primordial signal? In order to discriminate these
backgrounds (we refer to the astrophysical ones as foregrounds) we consider the analysis of
the global average signal in frequency space, analogously to the measurement by COBE of the
black-body spectrum of the CMB [53]. This path, that has been mostly explored so far in the
literature [54-61], is not the only option: more refined measurements of the SGWB will detect
angular anisotropies to some degree of accuracy, enabling us to use this information to further
discriminate primordial and astrophysical SGWBs [29, 62, 63], possibly by cross-correlating
the SGWB to galaxy-number counts [64-66]. A further handle for discrimination is the
time-dependence of the astrophysical signal [57, 67, 68].

In this paper, we focus on the range of frequencies (10~* —10~! Hz) that will be measured
by the space-based experiment LISA [69, 70]. Among the reasons for this, this experiment is
at an advanced stage among various proposals (after the successful performance of the LISA
pathfinder), and its GW-frequency range will provide an interesting window on primordial
signals from PTs at energies not far from the present collider reach. Finally, this range
is particularly illustrative for our method thanks to the simultaneous presence of various
astrophysical foregrounds: GWs from BWD mergers in our Galaxy will be detectable and,
although a significant fraction will be resolvable, there will be an irreducible unresolved
component in the LISA frequency band. Ground-based experiments, like ET or CE, will
measure the peak of the BBH foreground, which has more significant modelling uncertainties;
in the frequency range of LISA, instead, it is a good approximation to consider its spectral
shape to be known (as we detail in the following together with all the caveats and assumptions).

We perform a Fisher matrix forecast of the sensitivity of LISA to features in the
causality-limited tail (i.e. low-frequency range) of a primordial SGWB, while marginalising
over astrophysical foregrounds. We assume that such astrophysical foregrounds are measured



in future LISA data, and we consider the two cases when their amplitude is simultaneously
fitted together with a primordial signal (case of large relative uncertainty o on the amplitude
of the foreground), and when their amplitude is well constrained thanks to theoretical
knowledge of their spectral properties (discussed in section 2) and possible complementary
data, thus allowing to measure up to a small o their amplitude. For both cases (shown
respectively in the bottom left and right plots of figures 1 and 2), we quantify the sensitivity
to a given primordial background whose spectrum is not degenerate with the foregrounds.
Previous studies have performed related analyses, looking at the sensitivity of LISA to a
primordial SGWB that follows a power-law spectrum (in particular, flat for inflation or cosmic
strings) [54, 56, 57, 59, 60] or from a PT (with a focus on the model-dependent high-frequency
part of the spectrum) [58, 61], in presence of astrophysical foregrounds from WD mergers and
a power-law SGWB from unresolved BBHs. An interesting study [71] shows the potential for
BBH foreground cleaning at LISA by exploiting the measurements at higher frequencies in
ground-based experiments. In principle, the search for a generic primordial SGWB in presence
of additional astrophysical SGWBs appears as a non-linear problem, requiring the scan over
a multitude of possible signal shapes. It was actually shown in ref. [72], and later developed
in [73], that this reduces to a linear problem in some motivated cases. We differ here from
previous studies in two aspects. First, we assess more carefully the spectral shape expected
for astrophysical foregrounds, discussing in particular the validity of the extrapolation to
low frequencies of the slope of the SGWB from BBH (section 2.1, 2.2). Secondly, we make
advantage of the statistical method introduced in [73] to optimally filter the primordial signal
in presence of foregrounds with known shape and unknown normalisation. This method is
particularly suitable for our case, because the spectral shape of the SGWB from BH binaries
can be treated as fixed up to a good accuracy in the frequency range of interest, and deviations
(due in particular to eccentric binaries) can be shown to have a moderate impact under the
assumptions that we discuss. Also the SGWB from WD binaries, after the subtraction of
resolvable mergers, will be measured by LISA and we will be able to treat it as a known
source in the frequency range where LISA is most sensitive.

We begin in section 2 with the discussion of the various astrophysical foregrounds which
are relevant to the range of LISA, while in section 3 we review the class of primordial signals
(i.e. whose production is causality-limited, like PT) that allows us to perform precision
cosmology. We discuss in section 4 the statistical treatment that we use to perform the
analysis. In section 5 we show our results for the sensitivity to cosmological observables in a
primordial SGWB in presence of astrophysical foregrounds, and in section 6 we summarise
our conclusions.

2 Astrophysical backgrounds of gravitational waves

In this section, we discuss the most relevant astrophysical foregrounds for the detection of a
primordial SGWB, that are the unresolved mergers of binary compact objects, considering
in particular the frequency range of LISA. We begin by reviewing the contribution from
BBHs in section 2.1 to understand the spectrum of the associated SGWB, and we elaborate
on the contribution from eccentric binaries (which is a novelty of this paper) in section 2.2.
Then we discuss BWDs, which are another major contribution for the LISA frequency range,
in section 2.3. The SGWBs expected from BNS and NS-BH binaries are subleading to the
SGWB from BBHs and display a completely analogous spectrum (see e.g. [74, 75]), so we do
not discuss them further.



2.1 Black hole binaries (BBH)

As mentioned in the introduction, the detection of the SGWB from unresolved BBHs is one of
the scientific goals of the LVK collaboration at their design sensitivity. At present, the collab-
oration has not detected a signal, neither in searches for an isotropic [13] nor anisotropic [76]
SGWB. The present upper limit after O3 for the isotropic SGWB, parameterised as a power
law, is around QéBV]VgH) (25Hz) < 1078, with small variations as a function of the power-law tilt
and the prior on ¢w. The expected signal lies one order of magnitude below the present
sensitivity: a recent assessment by the LVK collaboration, based on the merger rates measured

through O3, infers [74]
QP (25 Hz) = 50714 . 10710 (2.1)

and we use this central value for our analysis.

The calculation of the SGWB from unresolved BBHs is affected by many astrophysical
uncertainties, including the star formation rate and the average metallicity as a function
of redshift, the BH formation rate, and subsequently the BH binary formation rate, which
in turn depends on a variety of possible formation channels (see [77] for a recent review).
Remarkably, many of these astrophysical effects mostly manifest themselves as an uncertainty
on the normalisation of the signal. This is particularly important for us with respect to the
knowledge of the spectral shape of the SGWB. The measurement of ng,gﬂ)( f) in the final
stages of LVK will provide us with observational input for the calibration of the astrophysical
uncertainties behind the BBH merger rate. Ground-based experiments are limited by seismic
noise to measure this SGWB at frequencies f ~ 10 — 10% Hz, just below its peak around
100-500 Hz [74]. In order to make use of this measurement to deduce the SGWB expected at
lower frequencies, we need to extrapolate from the measured amplitude of the BBH foreground
with the knowledge of the spectral shape.

The prediction from General Relativity (GR) of the spectral shape of the superposition
of GWs from BBH mergers is a power law with spectral tilt of 2/3, with some specifications
that we discuss below. This scaling can be justified as follows. By highlighting the main
frequency dependencies, and remembering that the energy density of GWs is proportional

to f2,
1 dpaw(f) dpcw(f) 2 42
Q = — . 2.2
where po, = 3HZM? is the critical energy density, A(f) is the amplitude of the emitted GW
in Fourier space, and for a circular orbit with non-spinning, point-like sources is (see e.g. [78,
Problem 4.1] for a derivation)

Ap st = Sl s, (23

A few qualifications to this equation are in order.

1. This result is valid before the source frequency approaches

M
fousco =~ 2.2kHz——=—

2.4
mi1 + mo (24)

(m,2 being the mergers’ masses) [78], at which the merging objects plunge into each other
and strong-field effects cannot be neglected. The redshift integral that is understood in
eq. (2.2) includes the BBH merger rate as a function of BH masses, which determine



fsisco and hence the frequency range up to which eq. (2.3) is accurate. With the
modelling and data presently available to the LVK collaboration [74], the BH mass
function is dominated by the peak at low masses (~ O(1 — 10)Mg), so that Qqw(f) is
mostly sourced by the mergers of these light BHs. If instead some subpopulation at
larger masses turned out to give a BBH merger rate that is large enough to overcome
the Q¢w emitted by lighter BBHs, the overall spectrum of Qqw(f) would deviate from
f?/3 around the merging frequency of that heavier subpopulation. We assume that
this is not the case (although we comment in section 2.2 on the class of Extreme-Mass-
Ratio Inspirals, or EMRI), and that most of the SGWB from BBHs (at least down to
f ~ mHz) is due to GWs emitted in the inspiral phase of the mergers of light BBHs.

2. Eq. (2.3) is obtained in flat background, for non-spinning BHs. It is possible to take
into account all of these effects systematically by means of a perturbative expansion of
GR corrections, known as Post-Newtonian (PN) expansion (see [79] and [78, chapter 5]
for reviews on the topic). The expansion parameter is

_ (G(my1 +m2)27fs Rs v?

where fs is the source rotation frequency, Rg = 2G(mj + ms)/c? is the Schwarzschild
radius of the source, and v is the velocity of the inspiralling bodies. In order to detect
the merger signal out of the large noise, we need to track the number of GW cycles at
least up to O(1). This requires a very accurate determination of the inspiralling phase,
including corrections up to the order z7/2 or 3.5PN (see [79] for state-of-the-art results
in the field). For the sake of discussing the leading corrections to the GW amplitude in
eq. (2.3), it is enough the consider the first leading correction. We can understand from
eq. (2.5) that the leading order in the PN expansion amounts to neglect GR corrections
up to when the inspiralling bodies approach each other to distances close to Rg, and
reach relativistic speeds. If, for the frequency range that we are interested in (in our
case, down to f ~ mHz), the leading contributions to ng,gH)( f) come from light BBHs
far from merging (see the discussion at point 1), that is f < fs1sc0, we see that x ~ 0
to a good accuracy, and the PN corrections to A(f) are negligible. In this regime (also
called “restricted” PN [78]) where the PN corrections to the A(f) are neglected, the
corrections to eq. (2.3) due to m; # ma (beyond the leading dependence on the chirp
mass) and spins Sy, S5 # 0 (which can be found in [79]) are irrelevant. There is only

one orbital parameter which is still relevant to Qg@SH), the eccentricity e (see point 3).

3. Eq. (2.3) is valid for circular orbits with e = 0. This is a good assumption for all
the BBHs that are born with small eccentricity, and also for any BBH after some
time through the inspiral phase, because the GW emission tends to quickly reduce
the eccentricity [80, 81]. If a sizable fraction of BBHs arises from a formation channel
which leads to large e > 0 at formation, then its GW emissions (for about a decade in

frequency through the inspiral) are affected by the eccentricity. We dedicate section 2.2
to discuss how we take this effect into account.

In summary, we have justified why it is a good approximation to treat the SGWB from

unresolved BBHs as a power law Qé%lvm)(f) o f2/3 below its peak around 10 — 100 Hz. The
class of eccentric binaries, whose amplitude evolution differs from non-eccentric binaries,



deserves a more careful assessment, that we discuss in section 2.2, but seems not to affect
significantly this prediction down to the frequency range of LISA.

A separate effect that could be relevant for this discussion arises when we consider the
subtraction from ng,]ng) (f) of single binaries whose waveform can be individually identified,
as studied e.g. by [54, 82]. The reconstruction of the BBH parameters for these resolvable
contributions is inevitably imperfect, so that there is a residual difference between the actual
waveform and the reconstructed one. The superposition of these residuals should still follow
the f2/3 power law, because if both the actual GW amplitude and the reconstructed one
follow eq. (2.3), then their difference should too.! For this reason, the subtraction procedure

should not affect our discussion.

2.2 Eccentric black hole binaries

As illustrated in the previous section, the most significant contribution that could imply
deviations of Qé%‘i‘”( f) x f2/3 at f ~ mHz are the GWs emitted from BBHs with large e at
formation. There are known astrophysical environments leading to the formation of BBHs
with large eccentricity (see [77] for a review of BBH formation channels).

Quieter environments in the gravitational field of the galaxy allow binary stellar systems
to evolve via the formation of a common envelope of stellar material towards the end of their
life, whose friction brings them close enough that they form individual black holes that merge
within a Hubble time. These isolated BBHs typically display e ~ 0 at formation [84].

Different formation channels lead to the generation of a BBH as a result of dynamical
interactions with other stars or BHs, and the eccentricity of the merging binary can be of
order 1. Such dynamical BBHs can arise in dense stellar systems, such as star clusters, where
3-body interactions are frequent.? One of the scientific goals of the GW community is to infer
the fractions contributing to the population of merging BBHs for each formation channel,
on the basis of the LVK data. These fractions cannot be discriminated from e at merging,
given that the orbits have already circularised, but from the study of mass, spin and redshift
distributions and the comparison with simulated catalogues. Future data and developments
of semi-analytical modelling of BBH-forming environments will allow to refine these analyses,
and a growing body of studies in the literature (with very few exceptions [89]) finds that a
fraction @(0.1 — 1) of the BBHs measured by LVK is of dynamical origin [90-95].

The effect of eccentric binaries on the SGWB from unresolved binaries is the following
(see [80, 81] for the original analysis). The Fourier spectrum of the GWs emitted by an
eccentric binary is continuous, rather than discrete as a circular binary. The peak frequency
fp, corresponding to the separation of the mergers at periastron, scales with time as fp ~

!We notice that in [54] the residual Qf?fm after subtraction deviates from f2/ 3, but this effect disappears
when accounting for the reconstruction error on more parameters than just chirp mass M., coalescence phase
¢ and coalescence time t., as apparent from figures 6 and 7 of [82]. See also [83] for an alternative subtraction
procedure of the reconstructed binaries that significantly reduces the amplitude of the residual power spectrum.

2A known phenomenon leading to eccentric BBHs out of 3-body systems are von Zeipel-Kozai-Lidov
oscillations [85—-87] (see e.g. [88] for a recent discussion). In these hierarchical systems, a light secondary mass
orbits around the heavy primary (inner orbit), and a far heavy perturber orbits around the centre-of-mass of
primary and secondary (outer orbit). Inner and outer orbits are inclined by an inclination angle i, and the
eccentricity of the inner orbit is e. The conservation of the angular momentum Esecondary in the direction of
Eperturber implies that v/1 — e? cosi is constant. On very long (Kozai) timescales, e and 4 oscillate: when the
inner orbit becomes more inclined (compared to the outer orbit plane), its eccentricity increases. If dissipative
processes (like GW emission) reduce the inner orbit radius faster than the Kozai timescale, then the inner
system decouples from the perturber and undergoes merging.



; Y V1—e2“3'0. A BBH spends more time emitting GWs at f,, if the orbit is eccentric,
and more BBHs accumulate in that frequency bin, potentially distorting the power-law shape
of the SGWB (see [96] for a recent analysis).

(BBH)

In order to assess the net impact of eccentric binaries on the spectral shape of Qgw 7,
the way forward is a comprehensive modelling of many astrophysical variables determining
the BBH formation rate. These include in particular metallicity, star formation rate, stellar
binary formation rate, efficiency in the ejection of stellar material in the common envelope,
and 3-body dynamics in the environment. Many groups are facing this programme with
semi-numerical approaches (see e.g. [75, 84, 97] and references therein), and we can make
use of two recent studies to get a concrete expectation of the size of the residual SGWB of
eccentric BBH with respect to the power-law f2/3:

QU0 () = B (f) (Qé%?“(f)

2.
) (26)
(BBH)

where Qaw " (f)|e=o < f2/3 is defined as the SGWB computed by fictitiously ignoring the
eccentricity effects on the inspiral. A first ingredient to assess this is an estimate of the fraction
of observed BBH mergers coming from dynamic environments that are known to produce
eccentric BBHs. The recent state-of-the-art analysis of [97] quantifies, for a few benchmarks
choices for the astrophysical inputs, the fractions of mergers from isolated binaries, and
from binaries in nuclear star clusters (NSC), globular star clusters (GSC) and young star
clusters (YSC). Starting from their population synthesis pipeline, they infer the expected
distributions for the BBH merger parameters, which are then compared to data in order to
select the more realistic astrophysical benchmarks. We make use of the average fraction of
mergers from YSCs from [97] to properly weigh the residual SGWB ng,gH’DO) obtained in the
follow-up study [75], which simulates a catalogue of compact objects® in YSCs and computes
the SGWB from the binaries merging within a Hubble time. The result of our estimate is
(for a wide frequency range f 2 uHz)

QEEe>0)(py < 10714 (for BBHs in YSC [75)), (2.7)
QEEme>0) 1) <1013 (for BBHs in NSC, GSC, YSC [97]&]75]) . (2.8)

In the remainder of our analysis, we conservatively assume that future refinements of population
synthesis studies (informed by new data from resolved mergers at LVK), and the inclusion of
additional galactic environments in these analyses, will at most increase the estimate of this
SGWB by a factor of 10:

Q(G]3V]V3H’e>0)(f) <1072 (conservative; this work) . (2.9)

We understand that this procedure, admittedly approximate, has the goal of providing us
with an educated guess of the final impact of eccentric binaries on the f2/ 3 power-law shape,
in order to justify our treatment of Qé%]VBH) in the following (see section 4). As we elaborate
further later, we actually believe that progress in the direction of estimating the impact of
eccentric binaries on the SGWB expected from BBHs will be very valuable to improve our

sensitivity to primordial SGWBs.

3In the findings of [75], only BBHs end up being relevant in terms of SGWB from unresolved mergers, while
BNS and NS-BH binaries give a sub-leading contribution.



Before concluding this section, we would like to comment on another possible source
of uncertainty. A class of BBHs which could affect the assumption (1) that we discussed
after eq. (2.3) are Extreme Mass-Ratio Inspirals (EMRI), composed by a supermassive and a
stellar-mass BHs. The EMRIs that are visible with LISA have a heavy progenitor around
10°~" My, which falls in the mass range of the BHs typically hosted at galactic centres. If the
merger rates of EMRIs turned out to be comparable to the ones of stellar-mass BHs, their
fs1sco would lie around the peak sensitivity of LISA. From the viewpoint of the spectral shape

of Qé%lng)( f), this could imprint distortions on the power-law behaviour around the typical
merging frequencies of EMRIs. Recent analyses like [98] find that the EMRI contribution
to the SWGB is still smaller than the one from stellar-mass BHs, but the uncertainty in
the modelling of their formation rate is significant, and further studies will be relevant. For
what concerns the eccentricity of EMRIS, the possible presence of an AGN disk (so-called wet
EMRISs) increases the friction and quickly dissipates e, as compared to EMRI without disk
(dry EMRIs) where dynamical formation is at play and e > 0. Recent studies [99] find the
rate from wet EMRIs to dominate, thus reducing the impact of eccentric EMRIs on deviations
from the f2/3 power law.

In summary, we have discussed how dynamical formation channels leading to binaries with

large eccentricity at formation can affect the spectral shape of QGF;?H) . In order to quantify the

impact of this deviation, we include in our analysis an astrophysical foreground Qg:,gH’e>U)( f)
which we take to be flat, for simplicity, with a conservatively large normalisation given in
eq. (2.9). As long as the actual shape of the foreground Qé%‘iH*e>0) (f) is not degenerate with

the primordial signal, the choice of foreground shape used in the analysis has a limited impact.

2.3 White dwarf binaries (BWD)

White dwarf binaries are an important class of astrophysical foregrounds for GW observations
around mHz and below. White dwarfs have a mass typically around a solar mass and are
about a thousand times larger than a BH of 1M (and accordingly less compact), so that
their binary merger emits much less GW power and the peak frequency is a thousand times
smaller. Although less powerful, the large number of such binaries in our own Milky way
make them an important foreground for any GW experiment at f < mHz. The foreground
from extragalactic BWD mergers will be a further source of astrophysical uncertainty. It
is expected to be subdominant to the background from galactic BWDs, but could be not
negligible as compared to a weakly visible primordial signal, and it is important to improve
its modelling [71].

This superposition of GW signals can be controlled and reduced by identifying the
loudest binary signals and removing them from the time-domain data stream. This procedure
was first exemplified by [100], to which we refer (together with more recent analyses as
e.g. [101-103]) for a detailed discussion. Starting from the BWD catalogue of [104], ref. [100]
computed the expected SGWB from their mergers. This background, from an operational
point of view, adds up on top of the detector noise. It is possible to identify and remove the
loudest BWDs contributing to this background: for each of the BWD of the catalogue, they
computed their Signal-to-Noise Ratio (SNR) where the noise is understood as the sum of
instrumental noise and BWD background. The loudest mergers that pass a threshold SNR
are subtracted from the noise, reducing its size. The procedure can be iterated, and converges
to an irreducible background of unresolved BWDs, after the successful removal of ~ O(10%)
of the loudest binaries.



The key feature that allows the removal of the loudest binaries is that they are approaching
the merger phase (when the amplitude of the emitted GWs increases) and their GW frequency
is sweeping more and more rapidly the frequency range. Therefore, if we consider the number
of binaries from a sample population that is emitting GWs in a given frequency bin, it gets
smaller as we consider bins at higher frequencies. When this number reduces to a few, then
the corresponding BWD signals are resolvable and can be subtracted; at lower-frequency
bins, the superposition of multiple signals is instead not resolvable, originating an irreducible
foreground [100]. For this high-frequency bins where the expected number of sources is of
order one and decreasing, the number of detected BWDs should follow the tail of a Poissonian
distribution, motivating an exponential decay in the number of unresolved sources. This is
the reason why a common parametrisation [101-103, 105] for the SGWB from BWDs has an
exponential cut-off for f > finee (last term in this equation):

_ _ f « .
QS“{‘NWD)(JC) ~ 4;[3223 A(EV;D) (I—{Z) 7/36 (fl) <1+tanh ((fl;nee f)/f2)>

(2.10)
where Hy = h - 100 km/s/Mpc is the present Hubble rate, and fi, o, fknee, f2 are fit
parameters.? The knee-frequency where the confusion noise drops slowly decreases with
the time duration of the mission, as more BWDs can be identified and subtracted. For our
analysis, we adopt from [102] (which is based on the BWD catalogue from [109]) the best-fit
values A(pyp) = 2.7-107%, f; = 0.64mHz, @ = 1.26, finee = 2.0mHz, f = 0.28mHz.

In summary, for our purposes the relevant point about the confusion noise of galactic
BWDs is that, after removal of the resolvable loudest binaries, the residual foreground falls
exponentially at f ~ mHz, around the peak sensitivity of LISA. It is therefore safe to
assume that the frequency range above this value will not be significantly contaminated by
the foreground from BWDs [71]. The exponential drop in Qé?X,VD) is the main spectral feature
that is relevant in the following.

3 Primordial backgrounds of gravitational waves for precision cosmology

Among the possible primordial GW backgrounds that could populate our Universe, which
include backgrounds generated during inflation [22-24, 27, 28, 110], the subsequent reheating
phase [111-116], phase transitions (PT) [44] and by topological defects (such as cosmic
strings) [10], or finally by scalar perturbations at 2nd order in perturbation theory [117—
122], in this paper we are interested in the exciting prospect of precision measurements of
cosmological parameters from the GW spectrum. Many studies discussed related effects and
their observability in various scenarios [30-49]. Similar effects, like variations in the number
of relativistic degrees of freedom g,, or in the equation-of-state parameter w of the universe,
manifest themselves as modifications to the spectral shape of a primordial SGWB. To this
end, we should know the primordial shape of the signal, before the cosmological history
affected it. This can be confidently assumed for the class of GW backgrounds generated by
phenomena that occur locally in space and time, independently in each Hubble patch. In this

“Refs. [106, 107] (with a sign correction in [108]) modify the second-to-last term in eq. (2.10) into
exp ( — (f/Hz)* — Bsin(ﬁf)), where the sin term does not have a physical interpretation and ends up being
numerically almost irrelevant for the best-fit parameters. Also, we consider physically more appropriate to
include a free-parameter fi ~ mHz in the fit, rather than fixing it to 1 Hz where ng,\w) is totally negligible.
We decide then to follow the more recent convention in eq. (2.10). At any rate, this factor has the only purpose
of accommodating a better fit to the residual confusion noise around the knee frequency.



regime, the principle of causality fixes the spectral shape of the SGWB at low frequencies,
corresponding to wavelengths larger than the correlation length of the GW source [50]. In
a radiation-dominated Universe, and if the GW propagate as free waves, the spectrum at
low frequencies must go as f2 (see ref. [123] and later developments in refs. [124-127]).%> As
illustrated in [50, 51], this behaviour can only be affected by the evolution of the universe
(i.e. by modifications to w, or g, and hence to the Hubble rate) or by the propagation of the
GWs, which can be damped by anisotropic stress sourced e.g. by free-streaming relativistic
particles. The primary example of a causality-limited source of a SGWB is a first-order PT. In
this paper, we consider for concreteness a primordial GW signal sourced by a PT, and we assess
the sensitivity to cosmological parameters from the causality-limited tail of the spectrum,
similarly to [51] but accounting also for the presence of astrophysical GW foregrounds.

We consider a PT occurring when the Universe has a temperature Tpr, whose duration
is 7! and releasing an energy fraction o of the total energy density of the Universe. The
GW energy spectrum consists of the contributions from various sources (bubble collisions,
sound waves and turbulence in the plasma; see [44, 129] for recent reviews and [130-132] for
updated discussions of the theoretical uncertainties in the prediction of the SGWB shape at
frequencies above the peak); for simplicity, we consider the contribution that is typically the
largest, i.e. from sound waves in the plasma. The results of numerical simulations can be
approximated by the analytical formula [133]

7
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where the peak frequency f, is roughly of the order of the Hubble rate at T, and corresponds
to a present-day frequency

1

_ 1 ,3 Tor Jx >6
=910 mHz— [ =— : 2
Jx =910 mHz= (H) (100GeV) <106.75 (3.2)

The energy fraction « mostly affects the normalisation of Q(GF\),;,F), and the inverse duration of

the PT S shifts QGI:AT) both vertically and horizontally. Other parameters of the PT are the
latent heat fraction that gets converted into bulk motion of the fluid «,, and the bubble wall
terminal velocity v,,. For definiteness, we fix the following values for the PT parameters:

Wl

(6]
- 0.734+0.083/a+a’

We consider the following possible modifications to the low-frequency tail of the GW
spectrum. In the case when the equation-of-state parameter of the Universe is w # % at the
time when the Hubble rate is equal to a frequency f,, < f.« shortly after the PT, the prefactor

is [50]° , , ,
A= (L) (i ()] e ()]) o4

SWe stress that this result is mathematically rigorous for low enough frequencies, i.e. for f~' > A, the
correlation length of the source of the primordial SGWB (see section 2 and footnote 2 of [50]). For a source
that is local in time and space, A must be finite and the SGWB must follow the tilt f2 for f < A~!. This
rigorous statement should be kept in mind when comparing to some contrasting results in the literature about
PTs (e.g. [128]), which occasionally quote a different tilt at low frequencies.

5Strictly speaking, also the physical frequency f is affected if we modify w with respect to the radiation-
dominated case, as the total expansion factor of the universe changes. Given that such an effect is small, and
that most of its impact is degenerate to a change in the unknown temperature Tpr, we neglect it [51].

B=4H,, a=01, v,=1, g.=106.75, kK, (3.3)
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where j,(2), yn(z) are spherical Bessel functions (notice that F(f,w = %) = 1). The impact
of this factor is shown in figure 1 for a few values of w: for a standard radiation-dominated
cosmology, w = % and the scaling of the SGWB at low frequencies is f3, while for different
values of w the spectral tilt is 11113512”.

Another unique probe of the early Universe that is offered by the causality-limited tail
of the GW spectrum is the measurement of the fraction frg of energy density of relativistic
free-streaming particles around Tpp. In presence of free-streaming particles that modify

the propagation of GWs in the universe, the modification to the primordial background in

eq. (3.1) is
#4550 = (£ (e ()] + oo (£)

where f, is the peak frequency given in eq. (3.2). In the absence of free-streaming particles,
F(f, frs = 0) = 1, whereas for fys > 0 the tilt at low frequencies becomes steeper, from 3
to 3 + 1—56 frs (and for frg > % saturates to 4, with an additional small oscillating pattern
imprinted on the power-law spectrum [50]).”

2
+

2
1 1 8
> , Qg = 3 + 1 ngs (3.5)

4 Optimal estimator for a primordial SGWB in presence of astrophysical
foregrounds

As we discussed in section 2, the two main astrophysical foregrounds in the frequency range
mHz — Hz are the unresolvable superpositions of GWs from mergers of BBHs and BWDs,
and we justified why both their spectral shapes have two distinguishing features. The
BBH background can be approximated to a good accuracy as a f2/3 power law down to
ng,\]?H)(f) > 107! where small deviations from ng,\],m’oo)(f) can be expected (see eq. (2.9)).
The BWD background (arising from the confusion noise of binaries that cannot be isolated in a
frequency bin and subtracted), is supposed to fall off exponentially around fipee (see eq. (2.10)).
Therefore, we argue that the leading uncertainties in these astrophysical foregrounds are
encapsulated in one free parameter each, that is their overall normalisation. This will be our
working assumption in the remainder of the paper, and we have provided justifications for this
hypothesis in the discussion of section 2. We then assess the sensitivity to a primordial signal
by performing a simple Fisher matrix analysis. The optimal filter, that enhances the SNR for
a given signal by accounting for the presence of astrophysical foregrounds, is derived in [73].
We summarise here those results and we refer to [73] for a complete and detailed discussion.

Let us denote the signal d;(t) measured in the channel I of a GW detector (I can run
e.g.over the two independent channels of the LISA proposal, or over the interferometers of
LVK) as the sum of a GW signal s;(t) and the noise n;(¢) in the detector:

dr(t) = s1(t) + ny(t), (4.1)

where the signal s7(¢) is related to the GW in frequency space hp(f, ) (P being the polarisation
+, X, and 7 the unit vector in the direction of propagation k) through

si(t) = ) /*00 df/dQﬁFI(P)(ﬁ, f)hp(f,n) e 0=, (4.2)

P=+x"v"

"If the free-streaming particles become non-relativistic later on, the GW frequencies entering the horizon
afterwards are not significantly impacted by the effect of frs, and the GW spectrum resumes the f3 behaviour
at low frequencies [51].
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(P)

where the response function F;" (7, f) of a channel I depends on the properties of the detector.
We define the spectral densities of signal and noise,

(Wp(f,a)hpr(f,7)) = 5202 (A — ) 6p pr 6(F = F') Sn(f) (43)
(ni(F)n5(f1) = 50(f = f )N (f). (4.4)
The signal can be extracted from the correlation estimator
T/2 T/2
Trjg = / dt d] <n1 (t/)>)Q1J(t,t/) s (45)
T/2 T/2

where T' is the time duration of the experiment (we take T' = 4y for LISA), and @ is an
arbitrary filter function that we choose in order to maximise the sensitivity to signal. We now
define the signal spectral density as the sum of a primordial and an astrophysical component
(we discuss here for simplicity the case of one astrophysical foreground, and we refer to
appendix A in [73] for the formulae in the case of multiple foregrounds)

Sh(f) = Sprim(f) + AastroSastro(f) , (46)

where Aastro is an unknown normalisation parameter for which some information is available.
In particular, we denote by A.sio its expected value and by o2, its variance. We can
introduce a modified estimator in presence of astrophysical foreground

Yrg = Trg — AastroT/ deastro(f) RIJ(f) QIJ(f) ) (4-7)
0
where R is the response function defined by
RIJ /dQA Z F(P ( )(,";L’ f)e—iQTFfﬁ(f[—f(]) , (48)
P=+,x

depending on the properties of the detectors I, J and their relative orientation and distance.
The expectation value of y;; gives the primordial signal in frequency space:

(Yrs) = T/o df Sprim () Res(f) Qra(f) - (4.9)
We now define the signal-to-noise ratio SNR as
SNR = () , (4.10)

<y%J> — (y17)?

and we want to choose an optimal filter function Q7;(f) in frequency space to maximise the
SNR for a given primordial signal. It is possible to show that this is equal to the Fisher
information on the amplitude of the signal, under the assumption of Gaussianity [55, 134, 135].

We can express the final result of [73] in the following compact form, which allows a
geometrical interpretation of the result. First, we define the following scalar product between
integrable functions in frequency space,

wo=2r | T AN () () () (4.11)
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where the noise spectral density N 12 7 (f) is given by

N73(f) = Nir(f) Nyg(f) + N7 (f) - (4.12)
We also denote Rus(f) Ros(f)
— LJ . a= 1J tro . .
8§ = NIQJ(f) Sprlm(f) ) N[gj(f) Sas (f) (4 13)

We can then write the optimal filter function in presence of astrophysical foregrounds simply
as

Qui(f) = (s = a_28a> , (4.14)

Tastro T @ - @
as opposed to the standard optimal filter in the absence of foregrounds, which is just Q;(f) =
s. The optimal filter ranges from s in the limit oag00 — 0 (perfectly known foreground)
to a function becoming increasingly orthogonal to a for larger o.st0. In other words, in
presence of foregrounds, the optimal filter counterweights the astrophysical components by
subtracting a component proportional to a while computing the SNR. This can be nicely
seen in the illustrative example of [73, figure 3] where, for growing values of castro, Qr7(f)
becomes negative across some frequency ranges, so that the filter does not pick up power
from foreground-like spectral shapes.
Finally, the SNR in presence of an astrophysical foreground can be simply written as

(s-a)
—2
astro

SNRZ=5-8 —
g,

o (4.15)

which highlights the reduction of the SNR when the foreground a has a “parallel” component
to the signal s, i.e. when the spectral shapes of signal and foreground are similar. Two limits
are instructive to consider. The SNR approaches its value s - s without foregrounds when
s-a < s-s, that is when s and a are dominated by different frequency ranges and their
shapes do not significantly overlap. Another limit in which the SNR recovers the value without
foregrounds is when o.st,0 — 0: in that case, the foreground is perfectly known and our
sensitivity to any signal sitting above it is only mildly affected.

We are interested in the case in which the unknown parameter 6 that we want to measure
in the signal is not the amplitude of such signal (that we assume to be measured), but a
cosmological parameter § = w or frg distorting the low-frequency tail of the signal (see
section 3), that affects the signal non-linearly as in eqs. (3.4) and (3.5). We can apply the
previous results to the estimate of the sensitivity to the parameter 6 by including s among the
templates (in the generalisation of eq. (4.15) to multi-component subtraction, see [73]), and
inserting Jgs (rather than s) in eq. (4.15). Under the same assumptions mentioned above,
the SNR? = 1/02 can be shown to be the Fisher information on 6. We have now introduced
all the ingredients to compute the sensitivity to cosmological parameters in a primordial GW
signal, in presence of astrophysical foregrounds.

5 Results
We now apply the procedure illustrated in detail in [73] and outlined in section 4 to the

scenario that we have been considering throughout this paper. We would like to quantify
the sensitivity to the spectral features in the low-frequency (causality-limited) range of the
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primordial SGWB generated by a local phenomenon like a PT, in presence of astrophysical
GW foregrounds.

We have discussed in section 2 why it is a good assumption to treat the SGWB spectra
from BWD and from BBH mergers as known up to a normalisation factor, and up to a

contribution from eccentric BBHs that we have quantified in eq. (2.9) and that we separately

keep into account as Q%H@O) in the following. Therefore we model Qé%?ﬂ)( f) and QéBWWD)( f)

as given by egs. (2.1), (2.3) and (2.10) up to the normalisation factors not being perfectly
known, and we assume them to lie within fractional uncertainties o (gpy), o(pwp) from their
central values.

For what concerns the contribution Q((;?A],SH"@O) from eccentric BBH mergers, we model
it as a constant foreground in frequency space, with a normalisation given in eq. (2.9) with
an uncertainty o (ppy ~0)- This assumption is partly motivated by expectation that, in the
frequency range of LISA, its spectrum should not vary by orders of magnitude, and partly by
the results of [75],® which find a featureless spectrum. We do not expect this assumption to

impact much on our results. The reason is that, as long as the actual component QEE,SH)( f)
is not similar in spectrum to the primordial signal, and is limited from above not to exceed
a value of the order of eq. (2.9), its precise shape does not modify significantly the optimal
filter function. This statement can be reinforced in the future by means of further progress
from the joint effort of astrophysical modelling and GW observations to corner down the
uncertainties on the contribution from eccentric binaries.

We show the results of our analysis for two significant cases of primordial signals, as
we discussed in section 3. We consider the potential to perform precision cosmology after
the discovery of a primordial signal from a PT, for which we assume a spectral shape as in
eq. (3.1). Two key observables are the equation-of-state parameter w of the Universe for a
few e-folds after the PT, and the energy fraction fgpg of relativistic free-streaming particles in
the Universe at the time of the PT. The two cases are shown respectively in figures 1 and 2.

In each figure, the top panel shows:

o the LISA noise sensitivity curve (for the AA and EE channels; we refer to [136] for the
calculation of LISA noise curves and response functions). We remind the reader that
these strain sensitivity curves should not be confused with the power-law integrated
sensitivity curves (that stretch down to Qgw ~ 10713 for LISA, see e.g. [135, figure 2]),
which represent the envelope of the upper limits at each frequency on the GW power-law
signal that is detectable with a given SNR. While the latter allows for a quick graphical
check about whether a GW background is detectable, the original noise sensitivity curve
is required to compute the SNR;

e the primordial signal for a few values of w, frg and for the PT parameters listed in
the box on the upper right. The dotted curve, for reference, shows the input for the
calculation of the sensitivity to 8 = w, frs, that is 8998;3)( f) (see section 4), and

constitutes the signal that we are looking for, when estimating the sensitivity to oy;

o the three astrophysical foregrounds discussed in section 2 (BWDs, BBHs, eccentric
BBHs).

8We thank the authors of [75] for providing us with the data corresponding to their figure 4 to com-
(BBH,E>0)
pute Qg (f)-
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Variation of w after PT
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Figure 1. Impact of the uncertainty of astrophysical foregrounds on the measurement of a primordial
GW background signal. Top plot: comparison of the noise sensitivity of LISA to Qcw(f) (green shaded

curve), main astrophysical foregrounds in this frequency range (binary White Dwarfs in purple, Binary

Black Holes extrapolating Qgﬁg“) o f2/3 in blue, and contribution from eccentric binaries in green;

see section 2), a primordial Phase transition followed by a phase with w # % (red-orange curves, and
8“’98‘)’3) |w:1/3

w = é without including the uncertainty on astrophysical foregrounds (red curve), accounting for
BWDs and BBHs (blue dot-dashed), and by also adding the background from eccentric BBHs (green
dashed). The relative uncertainties on the astrophysical foregrounds are taken to be 1; their exact
value does not matter, as the optimal filter removes all the signal component parallel to the foreground
(see eq. (4.15)). Bottom right plot: the same as the left plot, but with o) = o(wn) = 2%, to show
the typical fractional uncertainty below which astrophysical foregrounds are known well enough not to
degrade the sensitivity to the signal.

is shown by a dotted line; see section 3). Bottom left plot: sensitivity to oy, around

The lower panels of figures 1 and 2 show the main results of this paper, that is the sensitivity
to variations in w (or fys) around a reference value. For simplicity, in these plots we vary
only this parameter, and keep the other PT parameters fixed: the reason is that the impact
of w, frs (which affects the low-frequency range of the spectrum) is quite distinct from the
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Figure 2. The same as figure 2, but looking for the presence of an energy fraction fyg of free-streaming
particles in the Universe at the time of the phase transition. The top plot shows three reference values
for frs, and we consider in the bottom plots the sensitivity to oy, around fes = 1%.

other parameters, which do not alter the causal part of the primordial SGWB, so there aren’t
significant degeneracies. The three curves show o, (or oy, ) for the following assumptions:

o red curve: without accounting for the uncertainty on any astrophysical foreground (the

results are in agreement with [51]). This curve is peaked for f, around the maximum
sensitivity of LISA (around a few mHz) where the signal is highest above the noise, and
is weaker elsewhere, roughly mirroring the noise curve of LISA;

blue dot-dashed curve: accounting for the unknown normalisation of QéBV‘VND)( f) and
QE;BV]VBH)( f) with the fractional uncertainties o (gyp), o(gey) listed in the legends. The
bottom left plot assumes these astrophysical uncertainties to be ~ O(1): their actual
value does not matter quantitatively, because for this size of o, the component of the
signal parallel to the foregrounds is discarded entirely (see eq. (4.15)), which makes the

forecast largely insensitive to the actual amplitude of the foregrounds. The impact of
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a foreground on the deterioration of the SNR depends on its degeneracy in frequency
shape with the primordial signal. The bottom right plot shows the values of oy,
o(ge) (below ~ 5% of fractional uncertainty) at which the astrophysical foregrounds
are constrained enough that the degradation of the SNR starts to be less significant.

. . . . BBH,e>0
o green dashed curve: the same as the previous curve, with the inclusion of Qéw e>0)

from the eccentric binaries. We keep o (ppy 0y = 1 in both the bottom plots, as this
background suffers from larger uncertainties.

We can draw the following conclusions from the results of figures 1 and 2. As we can see
from the bottom right plots, in order to accurately detect a peaked primordial signal we need
to know the normalisation of the astrophysical signal with an accuracy around a few percent,
for its impact on the SNR to be negligible. Such a precision is unrealistic, given the wide set
of astrophysical uncertainties that are encapsulated in the normalisation of these foregrounds,
so we cannot neglect these uncertainties and they have an impact on our analysis. As we
quantitatively assess their impact, though, we can see from the bottom left plots that, even
when their normalisation is highly uncertain, the SNR does not degrade very significantly.
The increase in oy, oy, is by a factor of a few, and only matters where the primordial and
astrophysical signals peak around the same frequencies. These promising results hold thanks
to the assumption (justified and detailed in section 2) of knowing the spectral shape of the
astrophysical backgrounds, which strongly reduces the degradation of the SNR. As long as our
modelling of the astrophysical foregrounds allows us to exclude “non-standard” contributions
with a shape (and amplitude) comparable to the primordial signal we are looking for, those
uncertainties do not hinder our discovery potential with GW detectors.

6 Conclusions

As we advance in the era of GW astronomy, ongoing measurements of the BBH merger
rate from LVK improve the estimate of the expected GW background from unresolved BBH
mergers, that should be eventually measured by the collaboration at the achievement of
their design sensitivity. This measurement will corner down part of the uncertainties on the
astrophysical foreground from BBH mergers that are expected (together with BWDs) to
populate the lower GW frequencies that will be probed by incoming space-based missions, such
as LISA. Keeping these astrophysical foregrounds under control is essential to our power of
discovering a primordial GW background, which would enable us to test the physics describing
primordial epochs which are complementary to what is testable through current probes In
the case of a causality-limited GW generation (such as a phase transition), this would open
a window for precision cosmology through the accurate measurement of the low-frequency
range of the spectrum [50]. The knowledge of the astrophysical foregrounds is essential to
this goal. In this paper, we consider them in detail in the frequency range of LISA, and we
show that it is possible (with some assumptions that we detail in the following) to describe
them with a linear model, where the unknown parameter is a prefactor multiplying a known
spectral shape. We then use the simple and numerically powerful formalism described in [73]
to estimate the SNR by marginalising over the astrophysical foregrounds. We find that the
sensitivity to a primordial signal that is not degenerate in spectrum with the astrophysical
foregrounds remains promising.

There are three main assumptions that underlie this treatment for LISA, as illustrated
in section 2. Two of them concern the extrapolation of the BBH foreground as a f2/2 power
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law from the 10 — 100 Hz range of LVK to the mHz range. First, we need to confirm (as

currently supported by e.g. [98]) that the largest contribution to QéBVIVgH) (f) at f ~ mHz — Hz
comes from the inspiral phase of lighter BHs merging in the LVK band, and not from heavier
BHs (such as EMRIs) merging at lower frequencies. A second point of concern is the impact
of eccentric BBHs on QéBV?H), as e is the only binary parameter that significantly modifies the

amplitude |h(f)| at f < fisco. Recent population synthesis studies [75, 84, 93, 97] support

the hypothesis that eccentric binaries do not alter ng,fﬁ) x f2/3 above Qgyw ~ 10713 — 10712,
Future developments, regarding in particular the astrophysical modelling of dynamical channels
for BBH formation, refinements on BH and BBH population synthesis, and observational
input from LVK, will reinforce these findings. A third relevant astrophysical ingredient is
the confusion foreground from BWDs which cannot be individually resolved. Recent studies
for the galactic ng;m), as [101-103], confirm that this foreground will fall exponentially at
f > mHz above the peak sensitivity of LISA, and future developments of population synthesis
studies will refine our modelling of the residual foreground at lower frequencies. Improvement
in the estimation of the foreground from extragalactic BWDs is also required (see e.g. [71] for
work in this direction), to assess its potential degeneracy with a weak primordial signal.

After having justified our modelling of the astrophysical uncertainties, we show how the
sensitivity to cosmological parameters for precision cosmology is not dramatically impacted by
the uncertainty on the foreground normalisation. As visible in figures 1 and 2, the sensitivity
to the equation-of-state parameter of the Universe w or to the fraction of free-streaming
particles frg after a phase transition, worsen only by a factor of a few, and only where the
signal is closer in shape and frequency to an astrophysical foreground. This conclusion is
guaranteed as long as the signal s is not degenerate in frequency space with an unknown
astrophysical foreground a, in the mathematical sense of s-a < s - s, and as long as the
signal is the larger than the variance on the astrophysical normalisation, 02, < s - s (see
the definition of this scalar product as an integral over frequencies in eq. (4.11), (4.15)).

Our findings offer bright prospects for the detection of a primordial GW signal even in
presence of astrophysical foregrounds, and at the same time highlight the importance of an
accurate modelling of the astrophysical foregrounds from BBH and BWD mergers, since the
knowledge of their spectral shape is essential to reduce their impact on the signal sensitivity.
A major reward of this programme is an unhindered potential to perform precision cosmology
upon detection of a primordial GW signal.

Contributions. D.R. lead the project, defined the analysis for all aspects related to the
astrophysical and primordial signals, and wrote the manuscript. D.P. curated the foreground
marginalization, the SNR methodology and their implementation, and contributed to the
discussion of the results.
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