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ABSTRACT

Non-Hermitian Hamiltonians provide an alternative perspective on the dynamics of quantum and classical systems coupled non-conserva-
tively to an environment. Once primarily an interest of mathematical physicists, the theory of non-Hermitian Hamiltonians has solidified
and expanded to describe various physically observable phenomena in optical, photonic, and condensed matter systems. Self-consistent
descriptions of quantum mechanics based on non-Hermitian Hamiltonians have been developed and continue to be refined. In particular,
non-Hermitian frameworks to describe magnonic and hybrid magnonic systems have gained popularity and utility in recent years with new
insights into the magnon topology, transport properties, and phase transitions coming into view. Magnonic systems are in many ways a
natural platform in which to realize non-Hermitian physics because they are always coupled to a surrounding environment and exhibit lossy
dynamics. In this Perspective, we review recent progress in non-Hermitian frameworks to describe magnonic and hybrid magnonic systems,
such as cavity magnonic systems and magnon-qubit coupling schemes. We discuss progress in understanding the dynamics of inherently
lossy magnetic systems as well as systems with gain induced by externally applied spin currents. We enumerate phenomena observed in
both purely magnonic and hybrid magnonic systems which can be understood through the lens of non-Hermitian physics, such as P7 and
anti-P7 -symmetry breaking, dynamical magnetic phase transitions, non-Hermitian skin effect, and the realization of exceptional points
and surfaces. Finally, we comment on some open problems in the field and discuss areas for further exploration.
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I. INTRODUCTION

The postulates of quantum mechanics dictate that physical
observables of quantum systems correspond to a Hamiltonian
description of the system, where the Hamiltonian must be
Hermitian. However, it has been known for some time that
non-Hermitian Hamiltonians can be quite useful in describing
systems where energy or particle number is not conserved despite
the possible emergence of complex spectra.'™ Non-Hermitian
Hamiltonians have been widely used in the theory of
exciton-polaritons,” photonics,””'" and other optical systems.'”
More recently, researchers have been developing non-Hermitian

would appear in any master equation). However, insights gained
from the non-Hermitian description beyond this paradigm can
help us to actually engineer and understand new phenomena in
magnonic systems. Any non-Hermitian Hamiltonian is, strictly
speaking, an approximation to more complicated dissipative
dynamics which can be more comprehensively described using
non-linear dynamics (classical case) or the master equation (in the
quantum case). The non-Hermitian description cannot capture all
processes that occur in open systems, such as probabilistic
quantum jump processes. However, it remains a useful theoretical
tool due to its simplicity and ability to reveal certain global proper-
ties of open systems through simple symmetry analysis and analysis

descriptions of magnonic systems with an eye toward describing
magnons in driven and dissipative spintronic systems. Through a
non-Hermitian theoretical description, we can find new insights
into both classical and quantum behaviors in magnetic systems and
eventually develop and engineer new magnonic devices.

Effective non-Hermitian Hamiltonians have been used to
describe ordinary dissipation for some time (i.e, as an Hey that

of system properties around exceptional points (EPs) in parameter
space, i.e., regions where eigenvectors coalesce. Non-Hermitian
Hamiltonians are particularly useful in Markovian systems that can
be engineered to have a dynamical fixed point, for example, in a
system with balanced gain and loss, where it is known that, despite
the non-Hermiticity of the system, quantum states can remain pure
throughout their evolution.'”
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Modeling systems through a non-Hermitian framework has
already lead to a number of exciting theoretical and experimental
results. Non-Hermitian systems can have markedly different topo-
logical properties from their Hermitian counterparts,'*”"” leading
to new symmetry classes and edge state properties, including edge
mode “lasing.” This insight has lead to the experimental develop-
ment of topological lasers in photonic systems.'*™" Encircling an
exceptional point in a non-Hermitian system can lead to new
dynamical behavior such as asymmetric mode switching.”' These
achievements in photonics suggest new possibilities for engineering
novel magnonic devices by taking advantage of non-Hermitian
effects already present in magnonic systems.

In this Perspective, we outline recent advances toward using
non-Hermitian Hamiltonians to describe classical and quantum
magnetic systems, a field that has grown rapidly in popularity in
recent years and provides new insights into purely magnonic
systems as well as hybrid magnon systems. In Sec. II, we briefly
outline the properties of non-Hermitian Hamiltonians that are
most relevant for the study of magnetic systems. In Sec. III, we
discuss manifestations of non-Hermitian physics in purely mag-
nonic systems, ranging from dynamical and topological phase tran-
sitions associated with magnonic EPs to the emergence of the
magnetic skin effect. In Sec. IV, we present the current understand-
ing and experimental results on exploring non-Hermitian physics
in hybrid magonic systems, where magnons interact with other
systems such as microwave photons. Finally, Sec. V presents an
outlook on the field of non-Hermitian magnonics and provides
some directions for future research.

Il. THEORY OF NON-HERMITIAN HAMILTONIANS

The theory of non-Hermitian Hamiltonians and their proper-
ties is expansive with more new results being published each year.
Here, we review a few of the key properties of non-Hermitian
Hamiltonians that are particularly relevant to magnonic systems.
However, we do not provide an exhaustive review of
non-Hermitian Hamiltonian frameworks. For more information on
non-Hermitian formulations of quantum mechanics, see Refs. 1
and 22-24, for more information on non-Hermiticity and topology,
we refer the reader to Refs. 15 and 17.

Consider a coupled two-mode system which can exchange
energy with its environment. In many cases, one can define an
effective non-Hermjtian Hamiltonian for such a system, ie.,
H = (af, b"YH(a, b) , where

H:(“’u*"’“a g ) )
g wp — 1Ky

Here, af and a(bf, b) are, respectively, the creation and annihilation
operators for mode a(b). Here and elsewhere in this manuscript,
we set i = 1. In the context of magnonic systems, these operators
are bosonic, i.e., they obey the bosonic commutation relations,
although in general a similar fermionic model could also be
studied. The coupling strength is parameterized by the complex
number g = Re(g) + iIm(g), w,() is the energy of the bare modes,
and x,p) > 0( < 0) indicates the damping (gain) rate for each
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mode. The modes can be two magnonic modes or two modes in a
hybrid system, for example, a magnon and a microwave photon.

The eigenvalues of Hamiltonian (1) are in general complex;
however, additional properties of the eigenvalues and eigenvectors
can be understood through the symmetry of #. In the early 1990s,
it was realized that a class of Hamiltonians which obey
PT -symmetry can have real eigenvalues, and, therefore, a self-
consistent quantum mechanical theory was developed which did
not require the Hamiltonian to be Hermitian."’ P7T -symmetry
refers to a symmetry under parity and time-reversal operations,
where PTH = HPT for some Hamiltonian H. The parity opera-
tion is a unitary operator defined by its effect on position r and
momentum p as P:r — —r; p — —p, while 7 is an anti-unitary
operator defined by 7 :i— —i,r—rp— —p. Typically,
P = 04y, where o are the Pauli matrices and 7 is defined by
complex conjugation.

While the intense focus on P7T -symmetric Hamiltonians was
initially due to their ability to have a real spectrum, P7T -symmetry
only dictates that eigenvalues come in complex conjugate pairs
(E, E"), not that they are real. Therefore, systems described by a
PT -symmetric Hamiltonians can be in the “P7T -unbroken”
regime, where the spectrum is real, or the “P7T -broken” regime,
where complex eigenvalues emerge. A word on terminology here:
“PT -unbroken” refers to a situation in which both the
Hamiltonian and its eigenvectors |E) obey PT -symmetry, whereas
“PT -broken” indicates that only the Hamiltonian obeys
PT -symmetry, while its eigenvectors do not. The ability to tune a
system from a P7 -unbroken to P7T -broken regime has physical
consequences, as P7 -symmetry breaking indicates an instability of
one or more eigenmodes.

PT -symmetry is not the only relevant symmetry in the
theory of non-Hermitian Hamiltonians. Systems obeying

anti-PT -symmetry, where PTH = —HPT, also have interesting
properties. Anti-P7 -symmetric Hamiltonians can be engineered in §

systems with loss and/or dissipative coupling. In contrast to the
‘PT -symmetric case, the spectrum is always complex and becomes
completely imaginary when crossing an exceptional point in
parameter space. Anti-P7 symmetric systems can exhibit uncon-
ventional properties such as level attraction”” and may be useful for
some sensing applications.”

Additionally, pseudo-Hermiticity is another important sym-
metry, defined by nH'p~! = H, where 1 is a unitary Hermitian
operator with 72 = 1. In a series of papers, Mostafazadeh rigor-
ously showed that pseudo-Hermiticity, not P7T -symmetry, is the
necessary symmetry condition to guarantee a real spectrum.”’”**
Since  these early works, others have shown that
pseudo-Hermiticity and conjugated pseduo-Hermiticity (i.e.,
nH'n™' = H') are crucial symmetries for understanding topologi-
cal properties of non-Hermitian models.'>'” For example, Ref. 27
showed that breaking conjugated pseudo-Hermiticity leads to a
topological phase transition in a 1D non-Hermitian lattice model
while PT -symmetry breaking does not dictate a topological transi-
tion. Furthermore, pseudo-Hermitian Hamiltonians naturally
emerge in the theory of antiferromagnetic magnonics, for example,
as discussed in Refs. 28 and 29.

In addition to the expanded symmetry properties of
non-Hermitian Hamiltonians, they also exhibit unique features in
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their energy spectra at degeneracy points. NH systems have two dif-
ferent types of degeneracies: (i) so-called “diabolic” points which
have degenerate eigenvalues but orthogonal eigenvectors—these are
the same as in Hermitian systems—and (ii) “exceptional points”
where both the eigenvalues and eigenvectors of H become degener-
ate. Near the exceptional point (EP), eigenvectors coalesce into a
single point on the Reimann surface.” This mathematical peculiarity
of non-Hermitian systems also has physical consequences, namely,
the extreme sensitivity of the energy spectrum to perturbations,
where for a small deviation € < 1 around an exceptional point, the
energy levels have a splitting oc4/€, in contrast to the linear splitting
oce seen at a diabolic point. Numerous efforts are under way to
harness this property of non-Hermitian EPs for enhanced sensing.”’
Exceptional points in magnetic systems have been intensely investi-
gated both theoretically’ > and experimentally.”>~**

To illustrate the emergence of an EP, we can consider a
simpler version of Hamiltonian (1) with equal energies w, = o, =
o and non-dissipative coupling, ie., Im(g) = 0. In that case, we

have
(o 0 —ik, g
H7<0 w)+( ’ —m,)’ @

with eigenvalues

K1+ K> " V 482_("'1—’(2)2. 3)

Exr =W —1
* 2 2

The un-normalized eigenvectors are

iy — K1) £ /4% — (k1 — K2) '
o 1 ©)

+ 2g > >

where we can see that the EP emerges for 2g = x; — k.

An interesting and emerging field of research in
non-Hermitian magnonic systems concerns higher-order EPs,
which can be exceptionally sensitive to perturbations. In general, N
eigenvectors can coalesce around the same EP, which is, therefore,
dubbed an Nth order EP. For a small deviation € < 1 around an
Nth order EP, the eigenvalues can be expanded in terms of a
Puiseux series of order €'/~ > €. The Nth root singularity signals
a drastic response of the system to a perturbation around the EP,
which has led to additional efforts in the development of EP-based
sensors.”>”" Furthermore, in systems with many tunable parame-
ters, there is the intriguing possibility of exploring exceptional lines
or exceptional surfaces, where there is an extended parameter
regime over which eigenvectors coalesce, providing additional flexi-
bility in experimental setups.”

I1l. PURELY MAGNONIC SYSTEMS

The key ingredient to engineering the non-Hermitian phe-
nomena observed in photonic systems and metamaterials is the
tunability of the parameters controlling the non-Hermiticity of an
open system, i.e., gain and loss. Since the birth of spintronics,

PERSPECTIVE scitation.org/journalljap

magnetization dynamics have been known to be inherently lossy
due to the ubiquitous spin non-conserving interactions with the
crystalline lattice and other degrees of freedom. In the last decades,
experimental techniques based on the injection of spin angular
momentum via, eg, spin-transfer torques,’”™*"  parametric
pumping,d";‘47 thermal gradients,48_5[) or coherent drives” ™ have
been established as controlled ways to induce effective gain of the
magnetization dynamics. The feasibility with which the balance
between gain and loss can be tuned seemingly makes magnetic
systems promising solid-state platforms for realizing and controlling
non-Hermitian phenomena. However, investigating magnetic
systems through the lenses of the novel non-Hermitian theories
might shed new light on magnetic phenomena, e.g., magnetic topo-
logical phases, that have been explored only within Hermitian frame-
works despite the lossy nature of the magnetization dynamics.

While a comprehensive microscopic theory of dissipative mag-
netization dynamics is still lacking, in the long-wavelength limit
losses are conventionally accounted for via a phenomenological
Gilbert damping parameter o’ It is within this framework that
the connection between magnetic systems and non-Hermitian phe-
nomena was first pointed out. In Ref. 31, the authors show that a
system comprised of two exchange-coupled ferromagnetic films,
whose long-wavelength dynamics can be described by a set of
coupled Landau-Lifshitz-Gilbert (LLG) equations,‘% ie.,

dm1 dml

——=—ym; X H; —y/m; X my +aym; X —— 5
at ymy 1 —YJmy 2 Fogmy X — (5)
dl‘l‘lz dmZ
—_— = x H, — X - X —, 6
dt ymy 2 — y/mp X my — opmy i (6)
obeys PT -symmetry for o; = a, = a. Here, m,(y) is the orienta-
tion of the magnetization of the first (second) layer, Hj(,) the local ¢
effective magnetic fields, and ] the interlayer exchange coupling

constant. It is essential to note that the Gilbert damping parameter o
appears with the opposite sign in Eq. (6), reflecting gain of the mag-
netization dynamics of the second layer. Introducing the parity oper-
ation (P) as the interchange m; < my, which implies H; < H,,
one can easily see that Egs. (5) and (6) are invariant under a com-
bined parity P and time-reversal T (tf <+ —t) operation. The
PT -symmetry is also evident in the Hamiltonian formulation of
Egs. (5) and (6), which can be obtained by linearizing the magnetiza-
tion dynamics around the equilibrium orientation of the magnetic
order parameters. Namely, by assuming m; =~ (6m;, omy, 1), with
|m;| ~ 1, Egs. (5) and (6) can be recasted, upon Fourier transforma-
tion, as a Schrdinger equation, i.e.,

HK)y (k) = e(@)y(k), ™)
where e(k) is the eigenenergy of the eigenvector
(k) = [y, (K), y, &))", with

(k) = omi(k) + iom;y (k). ®)

The effective non-Hermitian (quadratic) Hamiltonian (k)
maps directly into Eq. (2): by varying the strength of
non-Hermiticity, i.e., o (with a < 1), or the interlayer coupling J,
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one can access a second-order exceptional point, which signals a
transition from a purely real to spectrum to one with complex con-
jugate pairs of eigenvalues. Yu et al. generalized this approach to
higher-order exceptional points by considering ferromagnetic tri-
layers consisting of a gain, a neutral, and a (balanced-) loss layer.””
The linearized magnetic dynamics of this structure exhibit a third-
order exceptional point, which, the authors argue, might display a
magnetic sensitivity three orders of magnitude higher than conven-
tional magnetic sensors based on magnetic tunnel junctions.

Inspired by these theoretical proposals, Liu et al. fabricated a
series of passive magnonic P7 -symmetric devices in the form of a
trilayer structure with two magnetic layers, separated by a platinum
(Pt) interlayer, whose thickness d was varied from one device to
another.”® The linearized magnetization dynamics of the devices
can be understood in terms of Eq. (2): the magnetic layers are gov-
erned by different damping parameters x; and x,, while the thick-
ness of platinum modulates an RKKY exchange interaction of
strength g between them. The authors probed the EPs by measur-
ing the eigenfrequencies and the damping rates of the collective
dynamics of the trilayers to find a device where the coupling
strength was equal to the critical value 2¢g = x; — k.

As noted by Galda et al.,’” in the PT -unbroken phase, a mag-
netic system exhibits physical properties seemingly equivalent to
those of Hermitian systems, such as a real energy spectrum and sta-
tionary states. Instead, in the P7 -broken phase, the system displays
a complex energy spectrum and nonconservative dynamics. Thus,
the PT -symmetry-breaking phase transition occurring at an excep-
tional point can be identified as a dynamical phase transition, i.e.,
between stationary and nonstationary dynamics. These consider-
ations naturally bring up the question of whether the presence of
EPs, which surface from the linearized dynamics of Egs. (5) and (6)
for ¢ < 1, has an impact as well on the non-linearized LLG
dynamics and, if this is the case, whether exact P7 -symmetry
might represent a strict requirement for a dynamical phase transi-
tion to occur.

Yang et al showed that Egs. (5) and (6) display a
ferromagnetic-to-antiferromagnetic (FM-to-AFM) dynamical phase
transition for oy = a; = o when the EP condition | ~ +aw, is
satisfied, where w, is the ferromagnetic resonance frequency (FMR)
of an individual macrospin.”® Such a transition can be easily under-
stood by realizing that, since the Gilbert damping parameter is
small, ie, a < 1, the EP condition translates into a very weak
interlayer coupling J. In this regime, the magnetic order parameters
m,; and m, are hardly coupled and each one eventually obeys its
individual dynamics. Thus, the magnetic order parameter m;
relaxes to its static equilibrium orientation, while m, switches,
leading to an AFM orientation of the bilayer.

Deng et al. showed that exact PT -symmetry, ie., o1 = @y, is
not required for the FM-to-AFM switching to occur: instead, while
crossing an EP, a dynamical phase transition of the coupled LLG
dynamics can take place whenever one of the magnetization
dynamics experiences net gain,”’ as shown in Fig. 1(c). In this
work, the authors investigated also the role of easy-plane anisotro-
pies by setting the effective fields Hy(;) in Eqgs. (5) and (6) to

yHip) — 7By + Z(K/h)mz,l(Z)) 9)
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where B = ByX is a static magnetic field and K parameterizes the
strength of an easy-plane anisotropy. The results reveal that in the
AFM region of interlayer coupling, ie., ] > 0, a further region
enclosed by two EPs appears, as shown in Figs. 1(a) and 1(b). As
displayed in Figs. 1(d)-1(f), crossing one of these EPs also yields to
dynamical phase transition of the coupled LLG dynamics, i.e., from
a damped to large-amplitude oscillatory regime, which can be
understood in terms of a supercritical Hopf bifurcation.

The interplay between EPs and magnetic dynamical phase
transitions has yet to be experimentally explored. Promising plat-
forms are offered by synthetic antiferromagnets and van der Waals
2d layered magnets.’”* Many of these systems support acoustic
and optical magnon modes whose interactions could be continu-
ously tuned via a symmetry-breaking magnetic field or dynamic
dipolar interactions, providing a further experimental knob to
probe these dynamical phase transitions.’' ™

So far, this section has focused on local magnetic dissipation
and gain as sources of non-Hermiticity. However, non-local dissi-
pation and gain arising from spin pumping are known to play an
important role in the magnetization dynamics of heterostructures,
in particular, at metallic interfaces. The interfacial damping-like
spin pumping torque contributes to the LLG magnetization
dynamics as" "%

dmi

dt

dm,-

+ x x X dm, X (10)
- —=... m; m: —m; X —2 m;,
dt a4 m; i j dt i

where i, j label adjacent magnetic layers and a, is a parameter pro-
portional to the real part of the spin-mixing conductance.
Reference 67 investigates the dynamics of a one-dimensional (1d)

array of macrospins exchange-coupled through an isotropic ¢
medium. This model can be seen as an extension of Egs. (5) and (6) §

to a multilayer structure in which each layer is lossy, and the
damping-like spin pumping torques (10), mediated by spacer
layers, are accounted for. Reference 67 shows that tuning both local
or non-local damping can lead to level attraction between magnon
modes, and thus EPs, at finite momenta, both in ferromagnetic and
antiferromagnetic spin chains. These results suggest that non-local
dynamical interactions between magnets can provide a further
knob for non-Hermitian band engineering.

In the vicinity of an EP, magnon spectral features can be dras-
tically modified,®” which, in turn, can affect the the properties rou-
tinely probed in spintronics setups, such as, e.g., spin conductivity
and spin diffusion length. However, the systems discussed so far
display EPs only at isolated momenta, i.e., finite momenta in the
Brillouin zone (BZ) or at the BZ’s center, i.e., k| = 0, correspond-
ing to the long-wavelength limit of magnetization dynamics. It is
not likely that the presence of a single EP will influence system’s
properties, such as, e.g., transport coefficients, that depend on inte-
grals over a large number of momenta. A recent work showed that
a multitude of EPs in the Brillouin zone can emerge in systems
with higher dimensionality, e.g., a van der Waals bilayer, when the
balance between gain and loss of the layers is conveniently tuned.®®
It is not yet clear how the presence of EPs can affect, e.g., spin
transport. To gain insights on this issue, future studies should
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FIG. 1. Real (a) and imaginary (b) energy spectra of the long-wavelength magnetization dynamics of a magnetic bilayer described by Egs. (5), (6), and (9). The red
dashed line separates a collinear from a non-collinear ground state. There are two regions enclosed by exceptional points, i.e., regions | and Il, which appear in correspon-
dence of, respectively, weak and strong antiferromagnetic interlayer coupling J. (c)(f) The time evolution of Sag(f) = ma(t) - ma(t) for different values of the interlayer cou-
pling J. The FM-to-AFM dynamical phase transition emerges in region | for small interlayer coupling, e.g., J = 0.1 meV. Instead, for values of J further away from region |,
the relative alignment of the macrospins remains the one of the corresponding ground state (c). A periodic dynamical phase emerges only within region Il (e). In each
figure, the parameters are setto B = 0.1T, K = 45.9 ueV, oy = 0.06, and o, = 0.04. (a)(f) are adapted from Ref. 39.

address the inclusion of non-Hermitian spectral singularities in
Green’s function formalism of spin transport.

The non-Hermitian nature of the LLG magnetization dynam-
ics has a profound effect not only on its spectral singularities but
also on its topological phases. Magnetic systems have been exten-
sively explored as potential platforms for realizing bosonic analogs
of the topological band structures that have become ubiquitous in
electronic systems.(’g Most of the theoretical proposals, however,
have relied on Hermitian models due to the lack of a framework
for addressing dissipative topological phases. While non-Hermitian
topological theories have emerged only relatively recently, this field
has gained very strong momentum over the past few years™'*”’
and has the potential to shed light on the topological properties of
open systems, including magnonic ones.

To avoid ambiguities, it is important to remark that
non-Hermitian Hamiltonians have emerged in some early works
on topological magnonic phases,”"’” as well as in the theory of
antiferromagnetic magnonics.”**” This is because a generic N x N
bosonic Bogoliubov-de-Gennes (BdG) Hamiltonian Hp4g has to be
diagonalized by a paraunitary matrix that preserves the canonical
bosonic commutation relations, which amounts to the diagonaliza-
tion of the non-Hermitian matrix H,y = o3Hpqg, with

InxnO

= (0— leN).

To identify the topological phase of the Hamiltonian #,y, one
needs to invoke the theory of non-Hermitian topological

63))
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classifications, while neglecting particle-hole symmetry.'>”> The
latter is meaningless in a system of free bosons obeying Bose-
Einstein statistics, i.e., no state is fully occupied and, thus, the
concept of filling magnon energy bands up to a given energy level
does not make sense. Importantly, if the system of free bosons is
energy-conserving, ie., Hpic = 'HLdG, the Hamiltonian H,y is
pseudo-Hermitian and displays a real energy spectrum.

In what follows, we will not discuss such BdG Hamiltonians.
Instead, we will focus on the topology of open dissipative or
dissipative-driven magnonic systems, in which the non-Hermiticity
stems from coupling to the environment. While the field of
non-Hermitian topological theories is still actively growing, a
model that has been thoroughly understood is the P7T -symmetric

non-Hermitian ~ Su-Schrieffer-Heeger,””  described by the
Hamilltonian
v J4Je*
H, = - . 12
¢ (] +Je*  —iu ) 12

Here, J and ] are the staggered hopping amplitudes of the one-
dimensional (1D) tight-binding chain and u parameterizes an
imaginary staggered potential. Model (12) has P7 -symmetry and,
thus, two parameter regimes, i.e., the P7 -broken and unbroken
phases, separated by an EP. The unbroken phase is defined by a
fully real spectrum under periodic boundary conditions, while in
the broken phase, eigenvalues of Eq. (12) come in complex conju-
gate pairs. Similarly to its Hermitian counterpart, Eq. (12) under-
goes a topological transition characterized by the emergence of (a
pair of) topologically nontrivial edge states.

Interestingly, in the P7 -unbroken phase, PT -symmetry is
spontaneously broken by the boundaries. Consequently, the ener-
gies of the edge states come as complex conjugate pairs, i.e., there is
a “lossy” and a “lasing” edge state, whereas the bulk states remain
stable, as the bulk displays a purely real spectrum. Such edge states
have been probed in several experiments in both PT -active and
-passive photonic systems.”*”’® The topologically nontrivial phase
is characterized by a topological invariant, the global Berry phase,””
which can be non-zero both in the P7 -broken and P7 -unbroken
region. While both can be topologically nontrivial, these phases are
profoundly different: in the former, the edge states’ energies come
as a complex conjugate pair, while the bulk states are purely real; in
the later, the bulk bands are merged into complex conjugate pairs
and the edge states are no longer separated from the bulk states. As
we will discuss later in detail, such distinction can profoundly affect
the dynamics of the system and the experimental detection of the
topological edge states.

Inspired by model (12), Flebus et al. proposed the first mag-
nonic realization of a non-Hermitian topological phase.”® The
authors considered an array of spin-torque oscillators (STOs), i.e.,
current-driven magnetic nanopillars coupled by metallic spacers.
The latter mediate a (weak) staggered RKKY interaction, i.e., J and
J in Eq. (12), which can be realized by modulating the spacers’
length or composition. The dissipation of magnetization dynamics
is an inherent property of the magnetic nanopillars and is captured
via a Gilbert damping parameter within the LLG formalism. The
gain at each odd-site STO is provided by an external bias, ie., a
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spin-transfer torque exerted by a spin-polarized current impinging
on the free ferromagnetic layer of the STO. Focusing on the linear
regime of fluctuations and for a spin current J; = 2aw,, where wy
the FMR frequency of an isolated STO, the system can be mapped
into Eq. (12) by identifying u = aw,.

In order to shed light on the interplay between
non-Hermitian topology and non-linear spin dynamics, the
authors performed numerical simulations of the LLG dynamics of
an array of 20 STOs. Their results show that, in the topologically
nontrivial phase with unbroken P7 -symmetry, the STO located at
the left edge, which hosts the “lasing” magnon edge state, starts
precessing, while the bulk STOs remain inactive. Over long times,
the system emits only a topologically protected microwave signal at
the left edge, yielding a clear experimental signature of the topolog-
ical phase of the PT -symmetric Hamiltonian (12). In the topologi-
cally trivial phase, instead, all driven STOs start precessing
simultaneously, as one would expect from a classical standpoint. In
the PT -broken topologically nontrivial phase, the STO at the left
edge starts precessing, but, soon after, the other STOs driven by
spin-current injection start precessing as well.

The authors explored as well the effects of perturbations rele-
vant to experimental implementations of the system.”®”” The
metallic spacers might mediate spin pumping (10) or the injected
spin current might not yield exact balance of gain/loss, ie., J; #
200 (with |J — J| > /2). In both cases, the authors find that the
edge states are still protected by a symmetry, i.e., chiral-inversion
and chiral, respectively. In the absence of spin pumping and for
Js < 20w, the dynamics of the system maps into the P7 -unbroken
topological phase. For larger spin currents or finite spin pumping,
the edge STO starts precessing before the bulk ones, analogously to
the PT -broken phase. A similar dynamics is realized in the pres-
ence of dipolar interactions and for finite temperature, as long as
the perturbations are weak enough.

Extending this approach to two-dimensional (2d) models, Li !

et al. find that, in magnetic bilayers, it is not possible to realize a
‘PT -symmetric phase away from the long-wavelength limit where
the nontrivial topology stems from a chiral spin interaction, e.g.,
the Dzyaloshinskii-Moriya interaction (DMI).*® For an exact
balance of gain and loss between the bottom and top layer, the
system becomes P7 -symmetric only in the absence of DMI and,
thus, of topological edge states. In the presence of DMI, the
systems acquire a peculiar wavevector-dependent
pseudo-Hermiticity, which is not broken by the boundaries. Thus,
for a small degree of non-Hermiticity (i.e., @ < 1), both the bulk
and the edge state spectra can be found to be purely real. Similarly,
for a higher strength of non-Hermiticity, the eigenenergies of both
bulk and edge states come as complex conjugate pairs. While
non-Hermitian topological insulators with entirely real spectra
have long been sought after,'*" the authors argue that this regime
might not be ideal for identifying topological signatures of bosonic
systems. Because of Bose statistics, it is not possible to thermally
occupy the edge states without populating lower-energy bulk states
as well. The strategy offered by Ref. 78 appears more promising,
ie., if the lower-energy bulk states are purely real while an edge
state has finite positive imaginary lifetime, the topological edge
state dynamics will anticipate the bulk ones. However, topological
non-Hermitian magnonic systems in 2D or higher dimensions
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displaying both lasing edge states and a purely real bulk spectrum
have yet to be found.

Up to now, our discussion has focused on examples of
non-Hermiticity captured by the LLG formalism, i.e., phenomeno-
logically and in the long-wavelength limit. The proper inclusion of
non-Hermiticity, i.e., dissipation and/or gain, far away from the
long-wavelength limit is a far less explored problem. The physics of
dissipative interactions in magnetic systems is very complex and
the effective magnon lifetime stems from a variety of spin non-
conserving mechanisms, e.g., interactions of magnons with pho-
nonic and electronic degrees of freedom, and magnon scattering on
extrinsic impurities. As pointed out by McClarty and Rau,*” it is
not even necessary to invoke interactions with external degrees of
freedom to obtain an effective non-Hermitian description of the
magnetization dynamics. When magnon-magnon interactions are
considered, the decay of one-magnon states into a multi-magnon
continuum supplies a natural separation into system and bath.

Spin non-conserving interactions due to interactions with the
crystalline lattice are obiquitous and represent a main source of
magnetization dissipation. Several theoretical works have addressed
this problem by providing approximate expressions for the magnon
relaxation time. These expressions are, however, often given in the
continuum limit and cannot be readily incorporated in a lattice
model with translational symmetry. Reference 83 partially addresses
this problem by developing generic phenomenological approach to
describing magnetic dissipation within a lattice model. Namely, the
authors propose to complement a Hermitian magnon model with a
non-Hermitian component that can be extrapolated from ab initio
or experimental data. As a case study, Deng et al. focus on the
tight-binding model of a honeycomb ferromagnetic lattice with
spin-orbit interactions and incorporate the dissipation due
magnon-phonon interactions according to the ab initio results of
Ref. 84. Their results show that a non-Hermitian magnetic system
can display the skin effect. This effect, unique to non-Hermitian
systems, amounts to the localization of a macroscopic fraction of
bulk eigenstates at the boundaries of non-Hermitian systems in
which conventional bulk-edge correspondence does not hold.*”’
Experimentally, it has been uncovered in 1D photonic systems and
metamaterials with judiciously engineered non-Hermitian interac-
tions'”*>*” but not yet in magnetic systems.

Mathematically, the emergence of skin effect in 2D can be
understood via the spectral area law proposed by Zhang et al.*®
When the imaginary part of the spectrum cannot be written as a
function of the real part (or vice versa), the periodic boundary con-
ditions spectrum covers a finite area on the complex plane. In two
dimensions, this implies that the mapping between momenta and
energy becomes 2D to 2D contrary to the conventional Hermitian
2D to 1D correspondence. Within a 2D to 1D (2D)
momentum-energy mapping, for a wave impinging at the boun-
dary, there are infinite (finite) reflection channels, and an open
boundary eigenstate can (cannot) be described as superposition of
Bloch waves, as discussed in detail in Ref. 88. However, from a
physical point of view, the microscopic mechanisms and time
scales underlying the emergence of the magnetic skin effect are not
yet fully understood. While the results of Ref. 83 suggest that the
interplay between chiral spin interactions and non-local magnetic
dissipation plays a key role, a comprehensive study of the full
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quantum dynamics appears necessary to shed further light on this
phenomenon.

Recently, in a theoretical work, Yu and Zeng81 reported the
emergence of the skin effect in a 1D array of magnetic nanowires
deposited on a thin magnetic film, sketched in Fig. 2(a). In 1d, the
non-Hermitian skin effect is far less subtle than its higher-
dimensional generalizations as it arises from the asymmetry
between left- and right-hopping probabilities, which naturally
results in an accumulation of a macroscopic number of modes at
one edge of the system. In Ref. 81, the source of chirality lies in the
dipolar interactions between each nanowire and the spin waves
traveling in the thin magnetic film. The interaction depends
strongly on the relative orientation of the nanowire and thin film
magnetizations: when the magnetizations of the wire and film are
parallel (anti-parallel), the wire Kittel mode only couples with the
right-going (left-going) spin waves.””™" Integrating out the film
degree of freedom yields an effective non-Hermitian Hamiltonian
for the wires, whose exact diagonalization can reveal the accumula-
tion of eigenmodes at one edge, as shown in Figs. 2(b)-2(e).
Figure 2(e) shows that the chirality itself is not sufficient to trigger
a macroscopic accumulation of modes at one edge since the strong
interference brought by the wave propagation is detrimental for
accumulation. However, the latter can be suppressed by increasing
the damping of the traveling spin waves: by choosing a magnetic
film with larger damping, all the modes are localized at one edge,
as shown in Figs. 2(b) and 2(c).

IV. HYBRID MAGNONIC SYSTEMS

Controllably coupling magnons to other degrees of freedom
provides an expanded opportunity to explore non-Hermitian
physics in hybrid quantum and classical systems. Magnons are a

good candidate for integration into hybrid systems because they are ¢
ubiquitous in solid-state systems whenever spin is a relevant degree §

of freedom. Furthermore, both classical and quantum states of
magnons can be generated and finely tuned using external sources
such as magnetic field gradients and microwave photons. Several
recent review articles highlight the importance of hybrid magnonic
systems in both basic research and engineering applications.””™”
Here, we focus on hybrid systems designed specifically to study
non-Hermitian phenomena and discuss current results and oppor-
tunities for future work.

We can describe a hybrid quantum system containing M
magnon modes and N external (i.e., non-magnonic) modes by the
following non-Hermitian Hamiltonian (setting i = 1),

N M
H=> (o —ix)ala + > (@ — iyl sy
(=1 j=1
+ > gyl + g yanmn). (13)
7

The bosonic operators ﬁ’l}(ﬁ’lj) describe the creation (annihilation)
of a magnon in mode j and obey the commutation relations
[, r?z;,] = Jj7. Note that # may describe magnons in the semi-
classical Holstein-Primakoff approximation or quantum magnons,
for example, in low-temperature experiments. The operators &z(&g)
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FIG. 2. (a) Set up of Ref. 81: a periodic array of magnetic nanowires on top of a thin magnetic film. The direction of the saturated magnetization M of the wire is pinned
along the z direction, while the saturated magnetization M; of the film is tunable by the applied magnetic field in the film plane. By changing the relative orientation of the
magnetizations, it is possible to tune the relative strength with which the wire Kittel mode couples with, respectively, the right- and left-going spin waves in the thin film.
This results in a chiral effective coupling between the magnetic nanowires, parametrized by the coupling strength T (T'g) from the left to right (right to left) wires. (b)—(e)
Distribution of the probability density of the normalized eigenmodes v, under different conditions, with ¢ (/) labeling the mode (site). All the modes are localized at the
edge in (b) and (c) when the coupling is chiral, i.e., T /Tr # 1, and the Gilbert damping as of the magnetic film is relatively strong. When T'r > T, all the modes are
localized at the right edge (b) but become localized at the left edge when the chirality is reversed with I, > T'r. The skin modes vanish either without chirality (d) or with
weak film damping (e). (€) The probability density of the modes ¢ = 1, .., 3 is enhanced by an order of magnitude (x 10) in the plot. (a)—(e) are adapted from Ref. 81.
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describe the creation (annihilation) of an excitation in a non-
magnon mode. In the systems, we will consider here, the operators
a also describe bosonic excitations with commutation relation
[as, &z,] = 6yr. Depending on the system under consideration,
these excitations could be phonons, microwave photons, qubit
levels, etc. The parameters wy, Q denote the resonance frequency
of the non-magnon and magnon modes, respectively, and y,, K;
refer to the damping (y, k > 0) or gain (¥, x < 0) rate of the
magnon and non-magnon modes. The second line of Eq. (13)
denotes the interaction between magnon and non-magnon excita-
tions, with interaction strengths gy; and g, where g and g may be
complex valued. An interaction term of this form is typically valid
within the rotating wave approximation which is valid in the near-
resonant regime, @ ~ €.

Hamiltonian (13) is manifestly non-Hermitian in several dis-
tinct ways. Clearly, the damping or gain described by y, x breaks
Hermiticity by introducing imaginary on-site terms. However, the
interaction strengths g, ¢ can also break Hermiticity in situations
where g, # g@ This latter feature is perhaps more straightforward
to implement in hybrid magnonic systems, compared to other plat-
forms, because the interactions can be dissipative. This makes
hybrid magnonic systems excellent candidates for exploring a
variety of non-Hermitian Hamiltonians.

Many studies of non-Hermitian physics in hybrid systems
have been carried out using cavity magnonics, where a ferromag-
netic material, typically a yttrium-iron-garnet (YIG) sphere, is
placed in a microwave cavity, as shown in Fig. 3(a). YIG is an ideal
material for these experiments due to its low intrinsic damping and
high spin density. The uniform magnon (Kittel) mode in the
sphere hybridizes with microwave photons to form a magnon-
polariton quasiparticle. Other realizations of cavity magnonics use
nitrogen-vacancy centers in diamond.”® These systems are ideal for
studying non-Hermitian Hamiltonians of the form of Eq. (13)
because most of the parameters are highly tunable in experiments.

The magnon frequency € is set by an external, static magnetic
field. The cavity loss or gain rate k is set by precisely engineering the
microwave input ports. The coupling strengths g, g are tunable in a
number of ways, for example, by the angle of the external magnetic
field”” or the position of the YIG sphere in the cavity.”® These systems
can enter the strong-coupling regime where g, § > 7, ,”””*® as evi-
denced by the mode hybridization in cavity reflection spectra. An
example of an experiment in the strong-coupling regime is shown in
Fig. 3(b). Furthermore, the interaction between magnons and photons
can even be tuned between coherent (g real) and completely dissipa-
tive (¢ imaginary) regimes,” leading to a number of interesting
non-Hermitian effects such as level attraction’>'"’ and bistability."""
The plethora of theoretical and experimental results in the last few
years speak to the versatility of the cavity magnonics
platform,”>*>*7*%%71% Eor a thorough review of cavity magnonics,
the reader is referred to Ref. 107 and references therein.

Most cavity magnonics setups operate in the two-mode
regime (ie., M + N = 2), although larger systems have also been
studied, for example, by Zhang et al.'”* who experimentally realized
a system with N =1 and M = 8. Multiple magnon and cavity
modes can be introduced in a number of ways by adding additional
YIG spheres to a single cavity’>'’* or by coupling cavities contain-
ing individual YIG spheres into a larger array.'°

PERSPECTIVE scitation.org/journalljap

Non-Hermitian Hamiltonians exhibiting many different types
of symmetry have been experimentally realized in cavity mag-
nonics. In Ref. 96, a single photon (N =1), single magnon
(M =1) system was engineered such that Q =® and y = —«
resulting in the P7 -symmetric Hamiltonian,

H=(o+iy)d'a+ (@ —iy)ilm+g@m+am’). (14)
The EP at g = y was observed by tuning coupling g across the tran-
sition from the P7 -unbroken to PT7 -broken regime. In later
works, similar P7 -symmetric setups have been employed with
additional tunable parameters, resulting in higher-dimensional
exceptional lines’” and surfaces.'”* Note that to reach the
PT -symmetric regime one of the modes must experience an effec-
tive gain. Here, the gain is achieved for the cavity mode using
coherent perfect absorption.”

Pseudo-Hermiticity without P7 -symmetry may be realized in
a three mode cavity magnonic system, created using either one
cavity mode and two magnon modes (N =1, M = 2)'%* or vice
versa, (N =2, M = 1)./0>!0% Multiple second-order EPs have been
observed in such a system,103 which could lead to expanded
mode-switching pathways in the parameter space. Since they
include more than two modes, these systems are also good candi-
dates for observing higher-order EPs. Third-order EPs have been
predicted for the M =1, N =2 system, created using two YIG
spheres in one cavity, but have yet to be observed
experimentally.'*

Cavity magnonics experiments with additional tunable param-
eters have the ability to further explore exceptional surfaces and
exceptional saddle points. Consider the Hamiltonian Eq. (1), which
was experimentally realized in Ref. 104. By tuning the Hamiltonian
parameters individually, the exceptional point can be reached in

different ways. In this experiment, the position of the YIG sphere ¢
was tunable in the x — y plane. Additionally, a bias magnetic field :

applied in the x — y plane had a tunable magnitude H and angle 6.
This enabled realization of a 4D parameter space (x, y, H, 6) for
the Hamiltonian, leading to experimental observation of an excep-
tional surface where individual exceptional points occur in many
places in parameter space. As shown in Figs. 3(c)-3(f), the real and
imaginary parts of the eigenfrequencies of Eq. (1) are extracted
from the cavity reflection spectra by finding the resonant frequency
and linewidth, respectively. Near an exceptional point, the reflected
modes coalesce.

Anti-PT -symmetry has also be experimentally realized in a
system with M = 1, N = 2 with a lossy cavity where x >y .’ In
this regime, the cavity mode can be adiabatically eliminated, result-
ing in a purely imaginary magnon-magnon coupling as shown
schematically in Fig. 4 (a). The effective Hamiltonian for the
magnon modes is

He = Qi iy — Qiinbiiny — i(y + D) (il iy + fnlsiny)

— iT (! iy + iy i), (15)
where Q = (Q; — ,)/2 is the detuning between magnon modes
and I > 0 is the strength of the effective magnon-magnon coupling,
where T is a real number. In this setup, the anti-P7 phase transition
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FIG. 3. (a) Typical cavity magnonics setup, here shown from Ref. 37. AYIG sphere is place in a microwave cavity such that it interacts with the TE4s magnetic field
mode. The color scale shows the simulated magnetic field, and the slot for the YIG sphere is places near the field maximum. A bias field H is placed in the x — y plane
with a tunable angle 6. The actual microwave cavity is shown at left. (b) Cavity reflection spectra with changing bias field, showing a level-splitting around 3200 Oe. The
gap between levels indicates the strong-coupling regime reachable in cavity magnonics. (c) Cross sections of the exceptional surface in a 3D (x, y, 6) parameter space.
White circles are experimental results constructed from reflection spectra and black lines are numerical fitting. The yellow star indicates an exceptional saddle point. (d)—(f)
1D cross sections of the eigenfrequencies around the exceptional saddle point for varying parameters x, H, and y. Top row: extracted resonance frequency (real part) and
linewidth (imaginary part) show coalescence at the exceptional points (black dots). Circles are experimental data and solid lines are numerical calculations. (a)—(f) are

adapted from Ref. 37.

is observed when the eigenvalues go from purely imaginary to
having a non-zero real and imaginary part, which can be observed in
cavity reflection spectra as shown in Figs. 4(b) and 4(c).

These are just a few examples of the abundance of
non-Hermitian Hamiltonians that can be engineered in cavity mag-
nonics. An intriguing next question then is whether these systems
can be used for applications beyond studying the spectral properties
of the non-Hermitian Hamiltonians themselves. To that end, multi-
ple proposals point toward the intriguing possibility of robust
entanglement generation in the presence of dissipation or even
because of it.!0b10%10%110 R example, Ref. 109 showed theoreti-
cally it is possible to generate a magnon-photon Bell state in a

PT -symmetric cavity magnon system. Somewhat counter-
intuitively, when the system is in the P7T -broken phase, one can
generate more stable entanglement than in the P7 -unbroken
phase where the eigenvalues are entirely real. Dissipation stabilized
tripartite entanglement between two photons and one magnon was
theoretically studied in Ref. 110, where they reached a similar con-
clusion. These results can be understood in the context of reservoir
engineering,''' where a carefully engineered environment can
enhance coherence in an open quantum system rather than sup-
pressing it. More experimental studies are needed to show if the
quantum limit can be reached such that the magnon-photon
entanglement is robust and long-lived.
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FIG. 4. Cavity magnonics setup engineered to realize an anti-P7 symmetric
Hamiltonian. (a) Schematic of the experimental system. A large cavity dissipa-
tion rate « yields an effective dissipative coupling iT" between two YIG spheres
in a microwave cavity. 74 and y, are the individual damping rates of the YIG
spheres. (b) and (c) Observation of the anti-P7 phase transition. The real (b)
and imaginary (c) parts of the eigenvalues of the anti-P7 symmetric
Hamiltonian. As the cavity dissipation x increases, the eigenvalues go from
purely imaginary to having a non-zero real part, indicating the anti-P7 transi-
tion. (a)—(c) are adapted from Ref. 25.

In addition to entanglement generation, cavity magnonics is
also well positioned to study non-reciprocity in non-Hermitian
systems. Non-reciprocity can occur in multimode systems where
magnons couple selectively to some microwave photon modes and
not others, depending, for example, on the photon polarization.'*®
Another definition of non-reciprocity is where the coupling
between modes is assymmetric, for example, in Eq. (13) if
|g| # |g|- This is another type of non-Hermitian Hamiltonian
which could hold important applications for signal generation'®®
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and sensing''> and merits further study. It may be particularly

fruitful for applications to consider the effects of non-reciprocity in
multimode systems where M + N > 2. Yu et al. present an intrigu-
ing proposal in this direction which would use an array of YIG
spheres coupled to a single microwave waveguide to realize chiral
magnon-photon coupling.'*>'"?

Here, we briefly remark on the prospects of exploring
magnon-phonon coupling in non-Hermitian systems. Magnon-
phonon coupling can be explored in the so-called “magnomechani-
cal” systems, where the magnons couple to mechanical deforma-
tions of the medium (i.e., stretching or compression modes of a
YIG sphere, for example). There are several recent proposals for
investigating magnon-phonon entanglement in cavity magnonic
systems.'“~'"” This provides another intriguing route to realize
multimode non-Hermitian Hamiltonians, because the cavity
photons, magnons, and phonons can all be accessed in the system.
The current magnomechanical system investigations primarily use
a Hermitian formalism, while a few studies of P7 -symmetric mag-
nomechanical sys'[ems“7’118 have emerged to date. However,
non-Hermitian effects such as dissipative phonon-magnon cou-
pling could also be explored, expanding the symmetries of
non-Hermitian Hamiltonians that can be studied.

Cavity magnonics can also be used to study magnons coupled
to superconducting qubits. In these experiments, the magnetic
material and the qubit are placed inside a cavity, where they inter-
act via exchange of virtual microwave photons. These interactions
can be coherent, in the strongly coupled regime,''”'* or dissipa-
tive, in the dispersive regime.'”' This tunable platform offers
another way to explore non-Hermitian effects in hybrid systems
through dissipatively coupled modes. In the dispersive regime, in
particular, Wolski et al. showed that the coherence of the qubit
depends on the average magnon population, thus the qubit itself

acts as a highly sensitive magnon sensor. Other proposals for ¢
exploiting the magnon-qubit interaction in superconducting qubits |

include manipulating single magnons through magnon
blockade,''””'**™'** where the magnon-qubit interaction inhibits
multiple magnon excitations. Exploring a non-Hermitian descrip-
tion of the magnon-superconducting qubit interaction, beyond the
inclusion of damping terms, could yield greater insights into qubit
decoherence in a magnonic bath, as well as the effect of dissipative
interactions on single-magnon manipulation. For example, consid-
ering that the magnon-qubit coupling itself can be intrinsically dis-
sipative, this may be another way to realize anti-P7 -symmetry in a
cavity magnonic system without relying on adiabatic elimination of
the cavity mode.

Another hybrid system coupling magnonic excitations to
qubits has been discussed in the context of using magnons as a
medium to manipulate distantly separated spin qubits.'**~'** The
spin qubits could be constructed from a number of different physi-
cal systems such as silicon quantum dots, single phosphorous
atoms in silicon, or nitrogen-vacany (NV) centers in diamond.
This is distinct from cavity magnonics because here the magnons
are a reservoir of quantum information, whereas in the former the
microwave photons play this role. The spin of the qubit interacts
with the local spin density of the magnonic medium via spin
exchange or through dipole-dipole interactions. Most works have
focused on a Hermitian Hamiltonian description of this system,
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where the interaction between magnons and qubits is assumed to
be fully coherent. However, recently, Zou et al explored the possi-
bility of a dissipative coupling between magnons and spin qubits,
and showed that the two qubits could be robustly entangled in a
Bell state even in the presence a purely dissipative magnon bath.
More investigations into the validity of the non-Hermitian descrip-
tion for magnon-spin qubit coupling could provide additional
avenues for reservoir engineering the magnon reservoir in order to
achieve faster and more robust entangling operations between spin
qubits.

V. CONCLUSION AND OUTLOOK

In this Perspective, we have shown how the dynamics of mag-
nonic and hybrid magnonic systems can be mapped onto
non-Hermitian Hamiltonians through several examples. In many
instances, non-Hermitian theories bring to light phenomena that
are not apparent within the conventional theoretical descriptions of
magnetization dynamics. A prime example is exceptional points,
which have been attracting a lot of attention for their potential in
sensor applications and, recently, have been shown to be connected
to phase transitions of the Landau-Lifshitz dynamics. Second- and
third-order exceptional points have been discovered in several
purely magnonic and hybrid magnonic structures. Many-body
exceptional points, which display anomalous critical fluctuations,'*
have been predicted in driven-dissipative Bose-Einstein conden-
sates (BECs) in a double-well potential. Magnon Bose-Einstein
condensates created in yttrium-iron garnet (YIG) films via para-
metric pumping’® might represent a suitable platform to explore
the critical dynamical phenomena driven by many-body EPs.

It is now up to future experimental work to probe not only
the presence of magnetic EPs, but also their sensitivity to pertur-
bations, their interdependence with the onset of phase transitions
in non-linear spin dynamics, and their influence on properties
that can be routinely probed in spintronic setups. Magnetic heter-
ostructures and lower-dimensional magnets might provide an
ideal platform for engineering these unique non-Hermitian
degeneracies. In particular, synthetic antiferromagnets appear
promising as their fabrication allows for a high degree of tunabil-
ity of the parameters controlling the magnetization dynamics.
The strength with which the metallic spacer layers couple (anti-
ferromagnetically) adjacent ferromagnetic films can mediate spin
pumping, i.e., non-local dissipation between the layers macro-
spins, can also be tuned. Furthermore, the low dimensionality of
thin-film-based synthetic AFMs allows for feasible device
integration.

Magnetic metamaterials, such as synthetic AFMs and STO
arrays, might be also engineered to host non-Hermitian topological
magnonic phases. The topological magnon “lasing” edge state
unveiled in Ref. 78 would yield a clear experimental signature, i.e.,
topologically protected microwave emission at an isolated site of
the driven magnetic heterostructure. To our knowledge, such mea-
surement would constitute the first dynamical observation of a
topological magnetic phase.

Hybrid cavity magnonics systems are well positioned to
explore some of the novel phenomena discussed here such as
higher-order exceptional points. These may be realized in a
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multimode cavity magnonics experiment, for example, with two
YIG spheres coupled to two or more cavity modes. Further explora-
tion of regimes of dissipative coupling between magnons and cavity
photons or magnons and superconducting qubits, could lend
greater insight into reservoir engineering in hybrid systems. Here,
the reservoir can provide the non-Hermitian terms that drive the
hybrid magnon system toward a desired steady state, such as a
maximally entangled state. Furthermore, one could study how
quantum fluctuations, e.g., from the input cavity ports, affect the
non-Hermitian physics. This could be particularly important for
understanding the limitations of proposed non-Hermitian sensors.

From a theoretical standpoint, future research should address
feasible realizations of non-Hermitian magnonic topological phases
in higher dimensions, characterized by topological edge states with
finite group velocity. In Ref. 78, PT -symmetry, broken only at the
system’s boundaries, is essential for isolating the edge state’s
dynamics from the bulk ones. In higher dimensions, P7 -symmetry
appears to be invalidated in the presence of topologically nontrivial
spin interactions, e.g., DMI. While this might strike as a significant
setback, we shall remember that the field of non-Hermitian mag-
netic topological phases is just emerging, and, thus, there might be
several alternative routes that have not been explored yet.

As we mentioned at the beginning, non-Hermitian
Hamiltonians are an approximation to more complicated dissipa-
tive dynamics, and, thus, their validity is limited to certain regimes.
The vast majority of non-Hermitian Hamiltonians discussed in this
perspective derive from the linearization of the LLG dynamics and
can give valuable insights into its dynamical and topological phase
transitions. However, things become far more complex when one
strives to describe the microscopic magnetization dynamics, partic-
ularly its dissipative nature away from the long-wavelength limit.
To our knowledge, in this regime, there is not yet an established
theoretical framework for dissipative magnetization dynamics from
which one can derive the corresponding non-Hermitian
Hamiltonian self-consistently.

It is well known that dissipation might be chiral and non-local
in quantum hybrid systems comprised of, e.g., spin qubits coupled
via a given bath. This suggests that magnon dynamics might
display similar features when considering spins in contact with
the baths, e.g., phononic and electronic, that a crystalline environ-
ment provides. If one includes such terms phenomenologically in,
e.g., a lattice model, the later can engender exotic phenomena,
such as the skin effect, as shown by Ref. 83. However, a phenome-
nological classical approach conceals the microscopic mecha-
nisms that might underlie the skin effect and the regimes and
times over which it takes place. These considerations suggest the
need for a comprehensive theory of the magnetization dynamics
and its dissipation. Such theory could be developed within the
framework of the full master equation, which would include a
microscopic description of the baths. In this framework, the
dynamics of the collective magnetic fluctuations naturally obey an
effective non-Hermitian Hamiltonian while also being subjected
to Lindbladian evolution. A systematic study of the regimes and
limits in which such comprehensive theory approaches the classi-
cal Landau-Lifshitz-Gilbert dynamics could shed light on several
phenomena and would be a stepping stone in the theory of mag-
netization dynamics.
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