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Abstract

This paper introduces a new sparse Bayesian learning (SBL) algo-
rithm that jointly recovers a temporal sequence of edge maps from
noisy and under-sampled Fourier data. The new method is cast in
a Bayesian framework and uses a prior that simultaneously incorpo-
rates intra-image information to promote sparsity in each individual
edge map with inter-image information to promote similarities in any
unchanged regions. By treating both the edges as well as the simi-
larity between adjacent images as random variables, there is no need
to separately form regions of change. Thus we avoid both additional
computational cost as well as any information loss resulting from pre-
processing the image. Our numerical examples demonstrate that our
new method compares favorably with more standard SBL approaches.

Keywords: sequential edge detection, hierarchical Bayesian learning, Fourier
data

MSC Classification: 15A29, 62F15, 65F22, 65K10, 68U10



Springer Nature 2021 IWTEX template

2 Sequential edge detection

1 Introduction

In applications such as environment monitoring [54, 4] and surveillance [51, 63],
temporal sequences of images are compared to determine changes within the
physical region of interest. When data are acquired indirectly, each image
in the temporal sequence is typically first recovered individually, before any
comparisons are made. However, if the scene contains rigid bodies, it is often
enough to infer important surveillance and monitoring information from the
corresponding time sequenced edge maps, [30, 31, 58, 29]. This is useful because
recovering an edge map may be more accurate as well as less costly than
recovering a full scale image.

Sequential edge maps can be used more generally in image recovery pro-
cesses. For example, the weights in weighted ¢; regularization methods are
designed to be inversely proportional to the strength of the signal in the sparse
domain (see e.g. [15]). Accurate edge maps can help to determine these weights
off-line and in advance, as was demonstrated in [1, 29, 55]. Segmentation, clas-
sification and object-based change detection (see e.g. [69]) are also examples
of procedures where edge information can improve the quality of the results.

The primary motivation in this investigation comes from spotlight synthetic
aperture radar (SAR), where the phase history data may be considered as
Fourier data, [36].1 We therefore seek to recover a sequence of edge maps from
multiple observations of noisy and under-sampled Fourier measurements at
different time instances, while noting that our underlying methodology can be
applied to other types of measurements with some modifications.

Several algorithms have been designed to recover the edges in a real-valued
signal from (multiple) under-sampled and noisy Fourier measurements at a
single instance in time, even in situations where missing bands of Fourier
data would make it impossible to recover the underlying image, [31, 58, 61].
Many techniques have also been developed to recover the magnitude of a SAR
image using a sequence of sub-aperture data acquisitions, again at a single
instance in time, [16, 17, 49, 59]. In this case the images are first separately
recovered, each corresponding to a single data acquisition. The final estimate
at each pixel is then calculated as the weighted average of the recovered images.
However, processing the individual measurements to recover a set of images
before combining the joint information can lead to additional information loss,
especially in the case of noisy and incomplete data collections, [2, 55, 62, 69].
By contrast, exploiting redundant information without having to first recover
separate images leads to more accurate image recovery, [55, 69]. Recovery
algorithms that incorporate information from multi-measurement vectors are
often referred to as MMV recovery algorithms, [1, 18, 21].

In developing methods to recover temporal sequences of images from noisy
and under-sampled Fourier measurements, changes such as translation and

LWe note that SAR images are complex-valued and that retaining phase information is impor-
tant for downstream processing. While only real-valued images are included in this study, our
approach is not inherently limited. In future investigations we will consider the modifications
needed for complex-valued signal recovery.
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rotation that are expected to occur between the sequential data collections
must also be accounted for. Thus none of the techniques mentioned in the
preceding paragraph is suitable. By contrast, the sequential image recovery
developed in [69] employs a compressive sensing (CS) framework with reg-
ularization terms designed to both account for sparsity in the appropriate
transform domain as well as to promote similarities in regions for which no
change has been detected. Following the ideas in [55], the edge maps are gen-
erated without first recovering the images so that additional information is not
lost due to processing. In this way inter-image temporal correlations between
adjacent measurements can be better exploited. Although demonstrated to
yield improved accuracy when compared to algorithms which separately
recover each image in the sequence, that is, without using inter-image infor-
mation, the method in [69] is multi-step and relies on several hand-tuned
parameters. Specifically, after the edge maps for each individual image are gen-
erated from the observed data, rigid objects must be constructed to determine
the changed and unchanged regions between each adjacent image (so-called
change masks), which would then in turn form the regularization term. This
step typically requires some type of clustering algorithm, leading to both a
loss of information due to the extra processing and a lack of robustness due
to the additional hand-tuning of parameters. Finally, there is an assumption
that a moving object is not contained within another (background) object. For
example, one would have to remove the skull in a magnetic resonance image
(MRI) brain scan in order to determine changes within.

Such concerns were initially addressed in [68]. There, the method in [69]
was recast in a Bayesian framework, with an intra-image prior used to promote
sparsity in the edges of each image, and a second inter-image prior used to
promote the similarity of the unchanged-regions. By treating the similarity
between adjacent images as a random variable, forming the rigid boundaries
as an intermediate step was no longer required.

In this investigation we consider sequential edge map recovery (as opposed
to sequential image recovery) which allows us to further simplify the approach
introduced in [68] by integrating both intra- and inter-image information into
one prior. That is, we introduce a prior that simultaneously promotes intra-
image sparsity and inter-image similarity. To this end, we note that the classic
sparse Bayesian learning (SBL) [60, 67, 71, 19, 70] requires a shared support of
all the collected measurements to approximate edges. Such an assumption will
clearly be violated when change occurs between sequential data collections. To
compensate, our proposed method introduces a new set of hyper-parameters
so that information outside the shared support is not considered in the joint
estimation of the edge values. Our numerical examples demonstrate that by
constructing the SBL algorithm in this way we are able to account for changes
in each sequenced edge map. Such information can then be used in downstream
processing as warranted by the particular application.

This rest of this paper is organized as follows. Section 2 provides the nec-
essary background for our new method, which is introduced in Section 3.
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Numerical examples for both one- and two-dimensional signals are considered
in Section 4. We also demonstrate how our method for recovering sequen-
tial edge maps can then be used for recovering sequential images. Concluding
remarks are given in 5.

2 Preliminaries

Let f;: [-m, 7] — R be a sequence of one-dimensional piecewise smooth func-
tions at different times j = 1,...,J. The corresponding Fourier samples are
given as
s
i = % 3 fi(s)e~ 1 ds, —g <i< g 1, j=1,...,0. (1)
We note that our approach is directly extendable to two-dimensional images,
which will be demonstrated via the numerical experiments in Section 4.
Suppose the corresponding forward model for the observations of f; is given
by
gj:ijj’ J=1...,J (2)
where f; is the discrete approximation of f; at n uniform grid points on
[-m,m] and F; € C™"*™ is the discrete Fourier transform forward operator.
In our numerical experiments, each [ is missing an arbitrarily chosen band-
width of frequencies, indicating that the data sequence is compromised in
some way, as well as being under-sampled. Details regarding the missing band-
width will be made explicit in Section 4. We further assume that each of
the J observations are corrupted with additive independent and identically
distributed (iid) zero-mean Gaussian noise with unknown variance o2 given by

ejNJ\/'(O,ﬁ’lIn), =1, (3)
where 371 = 2. The forward model (2) therefore becomes
gj:ijj-i-Gj, 7=1...,J (4)

We seek to recover the sequential edge maps corresponding to the observations
in (4) using a Bayesian framework. As already noted, the edge maps may be
useful on their own or in downstream processing. Examples in Sections 4.2
demonstrate how the edge maps can be used effectively for sequential image
recovery.

2.1 Edge Detection from Fourier data

Detecting the edges of a piecewise smooth signal or image from a finite number
of Fourier samples, (1), is a well-studied problem. Due to its simple linear
construction, here we employ the concentration factor (CF) method, initially
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developed in [32]. Below we briefly describe the CF method in the context of
edge map recovery. For ease of notation we drop the j and write f = f; since
what follows applies to any 7 =1,...,J.

Consider the piecewise analytic function f which has K simple discontinu-
ities located at {€}X_; in (-, ]. The corresponding jump function is defined

as

[f1(s) = f(s7) = f(s7), ()

where f(sT) and f(s™) represent the right- and left-hand side limit of f at loca-

tion s. We then define the signal @ € R™ as the jump function of f evaluated
2y

at n uniform grid points in (—=, 7], given by s, = —7 4 =F£. Specifically,

T = {xu}ﬁzl = {[f](sl/) pe1- (6)

Observe that x is sparse, as it is zero everywhere except for indices correspond-
ing to points in the domain where there is an edge, or jump discontinuity, in
the function f. An equivalent expression of (6) is given by

K

= Y A6 (5), v=Tie i,

k=1
where I¢, (s,) is the indicator function defined as
17 Sy = gk
I, (s50) =
& (v) {O, otherwise.
n/2—1

I=—n/2 of each f in the temporal
sequence, the CF edge detection method is formulated as

Given the set of Fourier coefficients {f;

n/2—1

Spf(s)= > 7()fie, (7)

l=—n/2

where o1l
7(l) =isgn(l)o <J> , l=-n/2,...,n/2-1.

n
Here o(n), n € [0,1], is an admissible concentration factor that guarantees the
convergence of (7) to [f](s), [32, 33].2 As the number of discontinuities in two
dimension is infinite, the corresponding extension of (7) becomes undefined.
Parameterization of the corresponding edge curve and the rotation of the con-
centration factor are incorporated into the CF technique to circumvent this
issue for two-dimensional case, see [1, 69)].

?Loosely speaking, 7(1) is a band-pass filter that amplifies more of the high-frequency coefficients
which typically contain information about the edges of the underlying function f. We also note
that 7(I) can be constructed for discrete Fourier measurements. Hence in this regard the method
developed in our investigation applies to other forms of measurement data, as well as multiple
data sources, so long as they can be stored as (discrete) Fourier samples.
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Given all n Fourier coefficients in (1) for each j = 1,...,J, it is possible
to recover the sequence of edge maps for moderate levels of noise. It is also
possible to incorporate inter-image information from the temporal sequence
of data sets to improve each individual edge map recovery, [69]. As already
noted, however, this additional step requires more processing and therefore
more hand-tuning of parameters. Moreover, as the SNR decreases and as fewer
coefficients in each data set become available (for example, if a band of Fourier
data is not usable), correlating information from the sequenced data becomes
more challenging. Thus we are motivated to use a sparse Bayesian learning
approach to incorporate the temporal inter-image information into the process
of edge map recovery, which we now describe.

2.2 Sparse Bayesian Learning

We start by applying the CF method in (7) on g; in (4) to generate j =1,...,J
approximations to «; in (6) as

y; = E; (Fifj +¢€),
= E;g; + Ejej, (8)
=z;+€, j=1,...,J

Here E; € C™™ is the (diagonal) edge detection operator with entries
E;(1,)) =11 —(n/241)),l =1,...,n, and &; is an approximation to the
sparse signal ;. We note that each matrix F; is designed specifically for the
case when bands of Fourier data are unavailable, see [61].

We then stack all measurements into a vector and obtain the new model as

Y =X +&, 9)

where Y = col ([y1,...,ys]") € R™ and X = col ([#1,...,zs]") € R".
That is, there are n arrays of length J in X and Y where Y; denotes the i*"
array of measurements at location 4, and X; the corresponding solution.
Compressive sensing (CS) methods [13, 12, 14, 24, 15, 41] are often used
to solve problems in the form of (9). In this regard the classical unconstrained
optimization problem used to recover the underlying signal is given by

arg min|y” - XI5+ XX, (10)

where the first term is used to promote data fidelity and the second (regulariza-
tion) term encourages sparsity in the solution. As is explained in the classical
CS literature, the ¢, norm in (10) serves as a surrogate for ||-||,, since the 0
“norm” (pseudo-norm) yields an intractable problem [64, 13]. The regulariza-
tion parameter A balances the contribution between the terms, with smaller A
implying high quality data and vice versa. Importantly, (10) does not account
for the correlated information available from the J data sets.
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Methods to exploit the joint sparsity attainable from the multiple measure-
ment vectors (MMVs) have been subsequently developed in [21, 18, 25, 72,
23, 57], and somewhat relatedly, additional refinement to (10) can be made by
employing weighted {1 or £ regularization, [15, 20, 29, 55, 53]. Both approaches
have the effect of more heavily penalizing sparse regions in the sparse domain of
the solution than in locations of support. Ultimately these techniques require
information regarding the support locations in the solution’s sparse domain,
which may not be readily accessible when the measurement data are heavily
corrupted.

As an alternative, (9) can be viewed from a sparse Bayesian learning (SBL)
perspective. By choosing uninformative hyper-priors, no advanced knowledge
about the support in the sparse domain is required. Since SBL serves as the
foundation of the proposed algorithm in our investigation, we briefly review it
below.

The inverse problem (9) can be formulated in a hierarchical Bayesian
framework by extending X, Y and a collective parameter 8 into random vari-
ables (see e.g. [10, 37]). We use the following density functions to describe the
relationships among X, Y and 6:

e The prior p(X|0) is the probability distribution of X conditioned on
0.

e The hyper-prior p(0) is the probability distribution of 6.

e The likelihood p(Y|X,0) is the probability distribution of ¥ condi-
tioned on X and 6.

e The posterior p(X, 0|Y") is the joint probability distribution of X and
parameter 0 conditioned on Y.

Our goal is to recover the posterior distribution, which by Bayes’ theorem is

given by

p(Y|X)p(X10)p(0)
p(Y) '
In particular, 8 is not pre-determined a priori but rather as a part of the
Bayesian inference. A main challenge in the above formulation is the computa-
tion of the marginal distribution p(Y'), usually an intractable high-dimensional
integral. As it is impractical to compute the posterior p(X,0]Y) directly
from (11), we instead seek its approximation. Specifically, we first employ the
empirical Bayes approach to obtain a point estimate 0 and then compute the

p(X,0]Y) = (11)

conditional posterior p(X |é, Y) as an approximation of the joint posterior. A
point estimate of X can also be realized as the mazimum a posteriori (MAP)
estimate of the conditional posterior, given by

X* = argmax p(X, 0|Y). (12)
X

We note that (10) is equivalent to finding a point estimate approximation to
(12) when using a Laplace prior with a pre-determined hyper-parameter \.
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Sparse Bayesian learning (SBL) is a catch-all phrase for a class of
algorithms designed to calculate the hyper-parameter estimate @ and the cor-
responding conditional posterior distribution when considering a hierarchical
prior. More generally there are a range of techniques for solving inverse prob-
lems using the Bayesian approach that focus in particular on (application
dependent) prior and hyper-prior estimation, [43, 45, 46, 47, 48]. For exam-
ple, the hierarchical Gaussian prior (HGP) approach guarantees a closed-form
posterior distribution [5, 11, 7, 8, 9]. Indeed, many SBL algorithms choose con-
jugate priors [60, 65, 66, 71, 67, 19]. In this framework the hyper-parameters
are often approximated by the Expectation Maximization (EM) [22] or the
evidence maximization approach [43]. In some cases the hyper-parameters for
the sparse prior are determined empirically from the given data [66, 52, 70].
Finally, we note that (joint recovery) SBL is designed for stationary support in
the sparse domain, which is pointedly not our assumption in this investigation.

In Section 3 we propose a new technique that provides more accurate and
efficient MAP estimates of the temporal sequence of solution posteriors. Our
approach exploits the temporal correlation between the neighboring data sets
in the sequence by introducing a new set of hyper-parameters which are then
incorporated into the algorithm developed in [60].3

2.3 Hierarchical Bayesian Framework

We first specify each of the terms used in (11) and subsequent MAP estimate
(12). To derive the proposed algorithm, we work through the standard SBL
framework and start with the case where x is a stationary signal for which we
have J > 1 sets of observable data. We relax this assumption to accommodate
for signal sequence with non-stationary support in Section 3.

2.3.1 The likelihood

The likelihood function describes the relationship of the solution X, the obser-
vation noise £, and the data sets Y. When considering individual parts of the
temporal sequence, for each pair of y; and x;, j =1,...,J in (8), we assume
the zero-mean, i.i.d Gaussian distributed noise €; € R™ in (3) with the precision
parameter S > 0. This assumption leads to the following likelihood function:

pYIX.5) = (am) 57 e {217 - X3}, (13)

In many applications the maximum likelihood estimate (MLE) is used to
obtain a point estimate for the solution. However, overfitting can be an issue,
especially in low SNR environments. This issue often motivates using the
Bayesian approach, in which an appropriate prior distribution on the solution
is imposed.

3To be clear, the algorithm in [60] considers a stationary sparsity profile. The magnitudes at
the jump locations are allowed to vary in this setting, however, which is also the assumed case for
MMV methods in [66, 71].
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2.3.2 The prior (stationary case)

The desired solution X in (9) contains the discrete jump approximation of
the underlying signal f;. Thus it should be sparse. As already noted there
are plenty of potential prior distributions that promote sparsity, including
the Laplace prior [28], the hyper-Laplacian prior [42, 39], and the mixture-of-
Gaussian prior [27]. Since explicit formulas are available for conjugate priors,
here we consider a Gaussian prior distribution for each X; in (12), conditioned
on the hyper-parameters s; given by

p(Xilsi) ~ N(0,57 1), i=1,...,n. (14)

In particular, the hyper-parameter s = (s1,. .., s,) assumes a stationary spar-
sity profile across the temporal sequence and the value of pixels are i.i.d. to
each other. In this case the elements in each array X; are the same. The value
of the hyper-parameter forces the sparsity of the posterior by concentrating
most of the probability at X; ~ 0 when s; ' ~ 0. In [60, 66], the recovery
of the sparse signal (in the deterministic case) amounts to determining the

i1 =1,...,n entries in & that correspond to large 8;1.

2.4 The hyper-prior (stationary case)

From the discussion in Section 2.3.2, it is clear that to promote sparsity of the
solution X in the conditional Gaussian distributed prior (19), the entries of the
hyper-parameter s should be able to vary significantly. This can be achieved
by using an uninformative hyper-prior as the density function of s and then
treating each s1,..., s, as a random variable. Following similar discussions in
[60, 66, 35] here we employ the gamma distribution for each s;, i = 1,...,n,
in (17) given by

Plisi) = Dlsilas, by) = pris st e, (15)

where as, bs > 0 are the shape and rate parameters of the gamma distribution
[3]. In particular, the gamma distribution is uninformative because it has mean
as/bs — oo and variance as/b? — oo if as < oo and by — 0. By choosing
as=1and by = 107* [60, 5, 35], the hyper-parameters s1,...,s, will be able
to vary as needed depending on the observed data sets. We can conveniently
assume the same uninformative hyper-prior for the hyper-parameter 8 in (13)

p(B~") =T(Blag, bs), (16)

where we analogously choose ag = 1 and bg = 10~ for simplicity.

Although our formulation generates more parameters to compute, from a
methodological perspective, an accurate inference approximation may prevent
over-fitting [50]. This hierarchical formulation of the prior distribution falls
under the category of automatic relevance determination (ARD) prior [44, 50].
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Based on the evidence from the data sets, the uninformative hyper-priors allow
the posterior function of the solution X to concentrate at large values of s
[60]. The corresponding values of X at those locations must have values near
0, which are deemed as “irrelevant”, i.e. as not contributing to the data sets.

3 Exploiting inter-image information

The Gaussian distributed prior conditioned on s in (14) assumes a stationary
sparsity profile across the temporal sequence of observations. Such an assump-
tion fails whenever the sparsity profile is not stationary. For example, if an
object within a scene moves from one time frame to another, we can analo-
gously consider the case where x;; # 0, for some i € [0,n], j € [1, J], but that
xj; = 0 for some j’ # j. In the stationary framework the estimate of si_1 will
be “averaged out” over all the J recoveries. In particular if j = 1 and subse-
quently j' = 2,...,J, then (for large enough J) s !~ 0, and correspondingly
yields x1,; = 0. Figure 2 illustrates this behavior for J = 6, where the trans-
lating support locations are lost due to the incorrect assumption regarding
stationary support.

We address this issue by introducing new hyper-parameters g = (g1, ..., qn)
in the prior covariance matrix to account for potential changes between neigh-
boring signals, that is, the temporal correlation, at each location. This will
allow appropriate moderation of the strength of s on the conditioned prior
distribution of X. More specifically we adapt the Gaussian prior distribution
of X; in (14) to be conditioned on the hyper-parameters s; and ¢; as

p(Xilsi,qi) ~N(0,[Zi(s,@)]7"), i=1,...,n. (17)
where
Si qi
Sisq) = [T e R/, (18)
g
qi Si

We note that we construct the prior covariance matrix as a tri-diagonal matrix
for convenience, and other banded or sparse matrices may also be appro-
priate. Importantly, values from measurements at the same location are not
assumed to be i.i.d, as in [66], but are instead correlated. This is a departure
from standard SBL approaches described in Section 2.3.2 used for stationary
observations.

With (18) in hand, we now employ the conditional Gaussian prior density
distribution over X given by [60, 66, 35]

p(Xls.0) = )7 S(a )] e {3XTS M ea)x ] (9

10
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where X(s, q) is the block diagonal matrix given by

E(Saq) = diag(zl(saq)v"'azn(saq))' (20)

The same uninformative hyper-prior as used before in (15) is adopted for the
hyper-parameters s and q:

n n

p(s) = [[T(sila,b),  plg) = [[T(aila,b). (21)

i=1 i=1

where ¢ = 1 and b = 10~

3.1 Inference with joint hierarchical Bayesian learning
(JBHT)

We first compute the MAP estimate 6 of all hyper-parameters 6 = (s, q, 3) as
defined by their density functions in (16) and (21) by maximizing the posterior
of @, that is,

0 = argmax p(0]Y). (22)
0

We then derive the conditional posterior p(X |é, Y) and a point estimate of X
by maximizing the conditional posterior. In what follows we describe how this
can be accomplished.

We start with the computation of 8 in (22). Using Bayes’ theorem (11), we
rewrite (22) as

6 = argmin[— Inp(Y'|0) — Inp(0)] = argmin[— Inp(Y'|0) — Inp(s) — Inp(q) — Inp(B)].
0 0
We then plug the likelihood function (13) and the prior (19) into
p(Y16) = [ p(YIX. 5)p(X]s. q)ix.

and then obtain from a standard derivation (see e.g. [60])

1

BN+ 3(s, Q)F exp {—%YT(BII +X(s, q))lY}-

_nJ

p(Y6) = (2m)~ "

We now combine this expression with the hyper-priors (21) and (16) to obtain

6 = argmin £(0) :=In ’671] + X(s, q)’ + YT (BT +%(s,q9)" 'Y
0=(s.q,8)

11
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nJ nJ
2> si+> a+B8],
i=1 i=1

where b = 10~* based on previous choices of bs and bg.

Following a similar approach from [60], we are now able to construct a solu-
tion to this minimization problem. Specifically, we derive iterative algorithms
based on the partial derivatives with respect to the log of each parameter,
which are computed as

e =25 | FUOI + @)~ (Dol +2).

3?5% =22 E["‘w”ﬂ”(e”m +[AO)]iit1 — [3(5,@)iir1 + b} (23)
8?n£ﬁ (N+2)-5 [ r(A(H))+HY—u(0)|\2+2b} ,
where

wO) = BAO)Y.  AO) = (81 +15(s.0)) ) (24)

[14(0)]; is the i-th block of p(8), and

M“

A(G=DJ+k,(G—-1J+Ek), 1<i,j<n

2,7

k:

for A € R/ xnJ,

We are now able to formulate the minimizer 6 as a fixed point of a spec-
ified operator by setting each partial derivative in (23) to zero and then
compute the fixed point via iterative algorithm(s). In particular, we use the
following iterative formulas to update @11 based on the current value

0k) — (k) q(¥)| gk);

Sk 2

; ; (25)
H[ (0®)] || + [AOF)];; — [S(s®), q®)]; ; + 20
JHHD 1
' FI@ENTT(OFN)] i1 + [AO®)]i 141 — [2(s®), g*))]; i1 + b
(26)
each for 1 <i <n, and
g+ 2N +2 . 27)

tr(AO®)) +[[Y — p(6®)||* + 20

12
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With the approximation 6* of 0 in hand, we can now compute the point
estimate of X by maximizing the conditional posterior as

X" = argmaxp(X|0*,Y).
X

By using the conjugacy of Gaussian distributions [34], it follows from the
Gaussian likelihood p(Y'| X, ) in (13) and the Gaussian prior p(X]|s, q) in (19)
that

p(X16.Y) = (2n)F|A0)] exp {5 (X (@) IAO)] ! (X - (6.
(28)
where p and A are defined in (24). From (28) we have our estimate
X" = p(6%).

Our new JHBL approach is summarized in Algorithm 1.

Algorithm 1 JHBL approach of estimating X (m?HBL in numerical examples)

Input: Measurements Y in (9)
Output: Signal estimate X*.
. Initialize a = 1, b = 10~%, and 80 = (s(9) q(®) (),
repeat
Update s(*+1) by (25)
Update g1 by (26)
Update -+ by (27)
Update k =k +1
until convergence at 8* = (s*, q*, 5*)
: Compute X* = p(6*) as in (24).

LR >

® N 2o

As discussed in [66], it may be possible to have information regarding 3, in
which case it does not have to be determined. Hence we also include Algorithm
2, which is the JHBL algorithm given such information.

3.2 Inference with refined JHBL

As discussed in Section 2.4, the solution X can have non-zero entries only
corresponding to very small s. As was also discussed, the components of s
may be large over any interval in which there is a change in the edge location,
which results from the “averaging out” of the information in the temporal
sequence. We emphasize that whenever any s; is large, it will dominate the
information provided by both the inverse prior covariance matrix ¥ in (19) and
the posterior covariance matrix A in (28). This is because the re-estimate rule

13
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Algorithm 2 JHBL approach of estimating X with fixed 8 (xjgpL in
numerical examples)

Input: Measurements Y in (9)
Output: Signal estimate X*.
. Initialize a = 1, b = 107%, 8 and (9.
repeat
Update s(*+1) by (25)
Update ¢*t1 by (26)
Update k - k+ 1
until convergence at 8* = (s*, g*, )
: Compute X* = p(6*) as in (24).

N TR W

of ¢; in (26) involves both ¥ and A meaning that g contains similar information
as s does.

A better approach would be to use an update rule for g, which represents
the temporal correlation of the J observations at each location i = 1,...,n,
that is independent of s, which corresponds to probability that an edge occurs
at that location in any individual image. Thus we propose to compute a point
estimate X (%) given the current hyper-parameter estimate (%)

X*®) = arg maxp(X|9(k),Y) = N(e(k)) (29)
X

and use the covariance matrix of the given temporal sequence to compute g as
gt = dlag(COV(iL'g ) ws ))) (30)

Here Cov(-) denotes the covariance matrix of the input.

Using (30) helps to mitigate the problem corresponding to large s; for any
individual image having an out-sized impact on the remaining images in the
sequence. It is still the case, however, that large s; will have dominant influence
in the neighborhoods of X for which there is translation of a nonzero value, or
edge. To compensate for this problem, our method must account for nonzero
values of s in these neighborhoods so that the translating edge is identified.
In this regard, we first get individual estimate of s from each y; separately,
which could be viewed as a special case of (25) with J =1 and Y =y, for

each 1 < j < J. Indeed, we will calculate the components of each individual
(k+1)

estimate u; ,j=1,...,J, as
2
uf ) = - . 1<i<n,
’ (| Tt (O] ||™ + [A;(0F))]; i — [55(s®), g#)]; 5 + 2b

(31)
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where p; (%) = BRIA;(0W))y;, A;(OW)) = (BT + [£;(s®),q")]71)~1, and
¥ (5™, q®) = diag(s®)). We then use (31) to refine s(*+1) as

5§k+1) = min )u(ﬁﬂ)‘ , 1€1, (32)
1<<g |0t

where I = {i: quH) > Jmaxij—1,..n quH)} for some ¥ € [0,1]. The parame-
ter 1 is inherently related to the scale of the sparse signal, the SNR, and the
distance between nonzero entries (resolution) in the underlying solution ;.
In our examples we use a rough estimate for ¥ that would be accessible from
the measurements without any additional tuning. The idea in using (32) is to
redefine s in possible regions of change, which is informed by g defined by (30).
Since larger entries of ¢;’s indicate more likely regions of change, (32) seeks to
mitigate the impact of s;’s in those regions.

Observe that (32) does not consider the joint sparsity profile of the tem-
poral sequence, but rather seeks to confirm whether a nonzero value (or edge)
was present at any ¢ € I over j = 1,...,J. Specifically, by using (32) the
solution posterior is allowed to produce nonzero values at the edges over the
neighborhood where changes occur.

We present this refined JHBL approach in Algorithm 3.

Algorithm 3 Refined JHBL approach of estimating X (a:?l’{qBL in numerical
examples)

Input: Measurements Y in (9)

Output: Signal estimate X*.
1. Initialize a = 1, b = 1074, and 80 = (50 ¢ 5O)),
2: repeat
3: Update skt by (25)

4 Update q**+1 by (30)
5. Refine s+ by (32)
6: Update g+t by (27)
7: Update kK — k+ 1

8: until convergence at 0* = (s*, ¢*, 5%)
9. Compute X* = pu(6*) as in (24).

3.3 Inference of two-dimensional images

We observe that the major computational cost of Algorithm 3 is the calculation
of A(8%)) repeatedly at each iteration k, which is the inverse of a large-scale
matrix. This becomes computationally prohibitive for 2D images since the size
n? of a vectorized n x n image is typically huge. In what follows we therefore
describe an alternative approach that enables an efficient and robust recovery,
specifically by approximating A(6*)).

15
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We begin by using a diagonal approximation of X(s, q) in (20) given by
i(s) =diag(s11y,s217,...,5,17).
That is, we ignore the sub-diagonals g. We note that the magnitude of q is

typically smaller than the magnitude of s. The approximations of ©(6) and
A(0) are defined correspondingly as

i(0) = BRO)Y. X(0)= (81 +5(s)") .

We then use these approximations in the partial derivative (23) to derive the
corresponding iterative formulas for updating s and 5:

J+2
S+ + (33)

' [[E(OEN],]|* + 26

and

5(k+1) _ TLJ+ 2 .
Y — (6®)||* +20

(34)

We emphasize that the above iterations could be computed much faster than
(25) and (27) since the approximated matrix A is diagonal.
Analogous to (29), we then have

X® = je"), (35)

for which we employ the same refinement techniques as (30) and (32)
respectively given by

q*+) = diag(Cov(z(® ... =®)y), (36)
and
s§k+1) = min ‘ugiﬂ)’ , 1el, (37)
1<<Jg b
where ugf‘?l) is similar to (31) with the diagonal approximations and

I={i: q§k+1) > 9 max q§k+1)}

=1,....,n

for some ¥ € [0,1].
We present this refined JHBL approach for 2D images in Algorithm 4.

16
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Algorithm 4 Refined JHBL approach of estimating 2D X (w?ﬁIBL in
numerical examples)

Input: Measurements Y in (9)

Output: Signal estimate X*.
1. Initialize a = 1, b = 1074, and 80 = (5(0) ¢ 5O)),
2: repeat
3: Update s(*+1) by (33)

4 Update q*+1 by (36)
5. Refine s+ by (37)
6: Update 5+ by (34)
7: Update k = k+1

8: until convergence at 0* = (s*, ¢*, 5%)
9: Compute X* = pu(6*) as in (35).

4 Numerical results

We now provide some one- and two-dimensional examples to demonstrate the
efficacy of our method.

4.1 One-dimensional piecewise continuous signal

We consider the temporal sequence of J = 6 one-dimensional piecewise smooth
functions given by

Ezample 1 The functions f;: [-7, 7] are defined as

1.5, “3 b+ 1j<a<-F—5+.1j
7 o : s m ™
=% +sin(fa; — §), - F<aq; <%
1 2 ) 4/ 4 g 8
(o) = 38
f]( i) 114(11. _5, %,.— <a; < %Tﬂ— (38)
0, otherwise.

The sequence of functions given by Example 1 are depicted in Figure 1(a),
while Figure 1(b) shows the measurements y; as given by (8). We note that the

similar oscillations are likewise observed in each y;, j = 2,...,6. The Fourier
measurements in (1), as discretized by g;, j = 1,...,6, given in (4), are also
each missing the symmetric frequency band K;, j =1,...,J, given by

K, = [£(105 + 13), (105 + 15)], (39)

Our goal is to recover the jump function (edges) of each fU) as defined in (5)
given by «; in (6). The domain [—7, 7] is uniformly discretized with n = 128

grid points such that «; = (2”)(+1), t = 1,...,n. In our experiments we
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consider additive i.i.d. Gaussian noise of zero-mean and .2-variance (signal-to-
noise ratio SNR ~ 20) where we define the SNR specifically for (9) as

2
SNR = 10log; (f—2> : (40)
g

where f is the mean value of f over the observed grid points.

3

1.2

l,
0.8+
06+
04+

=

oL

(b) y1 (c) The initialization of g

Fig. 1: (a) The sequence of functions given by Example 1. (b) y1 as defined in (9).
(c) hyper-parameter q initialized in (30).

From Figure 1(c) we observe that the covariance matrix of the acquired
data in (2) can roughly determine the interval in which the edge locations have

18
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moved. It is not very accurate, however, as there are spurious oscillations that
affect the ability to determine the true shifted jump locations. Such a coarse
initial estimate of the change region might be all that is available in a variety
of applications, and indeed motivates our proposed framework here. That is,

our method can still be useful even when the change region is not accurately
described.

2t 2 2t F 2 - i
i i = /l T 4/; b
1 o o i 1 Vo I /o
. . Lo e la R O
= kel 5 bt S T S " a2 (-
B " A s N ™ a 4/
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Fig. 2: Sequential edge map recovery for Fourier measurements given by (39), J = 6.
The legend is provided in the top left figure.

Figure 2 compares the results of our new method to other existing
approaches that seek to recover sparse signals from a sequence of given data.
These include (1) xjgpr, the JHBL recovery using Algorithm 2 with 8 chosen
a-priori and (2) m?HBL, the JHBL recovery using Algorithm 1 for updating 3
iteratively. We denote the results from our proposed method, realized using
Algorithm 3, as :B?ﬁ]BL. We note that in our examples the exact value of 3 is
assumed for gL, but not for :c?HBL or w?ﬁun As can be observed from the
results in Figure 2, by explicitly including change information, as is the main
feature of Algorithm 3, we are able to more accurately capture the sequence
of jump function recoveries. We used ¥ = 0.05 in (32) and note that some
additional tuning may improve the results. More discussion regarding how
parameter ¥ may be chosen follows (32).

Finally, we note that it is possible of course to use the standard SBL to
recover the individual signals separately, that is without combining information
from other data in the sequence. In this case the joint sparsity method is
reduced to standard ¢; regularization (compressive sensing) given by (10).
While the results for this simple example are comparable, we are interested in
the problem where there is obstruction in each data acquisition that hampers
individual recovery. For example, in our two-dimensional examples we consider
the case where there are missing bands of Fourier data in each acquisition, so

19



Springer Nature 2021 IWTEX template

20 Sequential edge detection

that no single acquisition has enough data to accurately recover the underlying
image.

4.2 Two-dimensional data

Our two-dimensional examples include a magnetic resonance image (MRI) and
a synthetic aperture radar (SAR) image. As was done for the one-dimensional
sparse signal example, we also compare edge maps respectively recovered using
Algorithm 1, Algorithm 2, and Algorithm 4. In contrast to the one-dimensional
signal example, here we show how the temporal edge maps are employed for
the downstream process of full image recovery.

Sequential mage recovery using edge maps

Since it pertains to the overall usefulness of our new sequential edge map
recovery procedure, we now include a brief review of some commonly employed
algorithms for sequential image recovery. Due to the sparsity in the edge
domain, CS algorithms [12, 13, 14, 24] are often employed to either separately
(see e.g. above references) or jointly (see e.g. [1, 21, 18, 25, 69]) recover the
corresponding sequence of images.* For the standard single measurement case,
the standard CS algorithm may be written as

- 1 -
f; = argmin <§Hij* ~al5+ AIﬁf*lll) ! (41)

where L is a sparsifying transform operator, designed here to promote sparsity
in the edge domain.® If the data acquisition model (4) is accurate, it should be
the case that any measurement g; carries sufficient information to recover its
corresponding image so long as the regularization parameter is suitably chosen.
The performance of CS algorithms deteriorate for seriously under-sampled
data with low SNR, however, [56, 38]. Further, even if optimally chosen, the
global impact of regularization term in (41) will make it impossible to resolve
local features in these environments.

Spatially varying regularization parameters can improve the accuracy of
the CS solution. Specifically, the parameter should be constructed to more
heavily penalize the solution in the true sparse regions (in the edge domain)
and less so in regions of presumed support. The (re-)weighted ¢; regularization
method is designed for this purpose, with the most basic form written as [15]

3 . 1 * ~ *
= angmin (G155 - g, +1wEr ). (42)

4The joint recovery methods in these publications consider cases of non-overlapping support in
the sparse domain, which is consistent with the assumptions for the temporal sequence of images
discussed here.

5Since our examples only include piecewise constant structures, we can simply choose L as a first
order differencing operator, and note that high order differencing may also be used as appropriate
(see e.g. [2]).
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Here the entries w; of the diagonal weighting matrix W = diag (w;) typically
are iteratively constructed, yielding expensive computational cost. Further-
more, errors in W due to noise and incompleteness of acquired data will be
fed into (42) and the resulting error will propagate at each iteration.

As the edge information of each part of the temporal sequence has been
determined prior to the image reconstruction, following what was done in
[1, 29, 55], we avoid iterating on W and define a pre-computed weighting
matrix as

1
vec (&) (i) + €
where vec(+) is to stack input vertically as a vector and € = 10~% is introduced

to avoid zero-valued denominator. We further scale the matrix with maximum
value 1 and replace (43) as

W (i) = (43)

w (1)

@Dy = <2\

(44)

We follow [29] and employ the Alternating Direction Method of Multipliers
(ADMM) (see [6]), to solve the convex optimization problem in (42).

Sequential MRI

Figure 3(top) shows four sequential MRI images. Two ellipses that are rotat-
ing/translating in time are super-imposed on each static image. We assume
we are given the corresponding Fourier data for J = 6 (with four shown for
better visualization) sequential images, which we simulate by taking the dis-
crete Fourier transform of each 128 x 128 pixelated image. We also “zero out”
a symmetric band K;, j=1,...,J, given by

Kj= 10105 + 1), £(10( + 1))}, (45)

and then add noise with SNR = 2. The intervals for the missing data bands
were somewhat arbitrarily chosen, with the idea being that in each case rel-
evant information in each data set of the sequence would be compromised in
some way. Figure 3(middle) shows the exact edge map at each time, while
Figure 3(bottom) displays the edge maps obtained using the two-dimensional
expansion of the CF method in (7) (see e.g. [1, 30, 69] for discussion on
two-dimensional CF method expansion).

Figure 4 compares edge recovery using the JHBL method given by Algo-
rithm 2, which assumes information regarding (3 is known a-priori, the standard
JHBL method, given by Algorithm 1, which learns 8 but does not refine the
parameters based on inter-signal information, and Algorithm 4, which refines
the parameter selection by accounting for both intra- and inter-image infor-
mation at each of the four time instances, again based on J = 6 original data
sets. It is evident that which band is missing (45) plays an important role in
how well each method is able to resolve the edges. Using a priori information
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(i) y1 (i) ¥2 (k) y3 (1) ya

Fig. 3: (top row) The underlying MRI images, [40]. Two rotating/translating ellipses
are imposed on each image. (middle row) The exact edge map for each MRI image.
(bottom row) The edge approximations using the two-dimensional extension of the
CF method (7) (see e.g. [69]) from the under-sampled and noisy Fourier samples.
Here we use SNR = 2 for the noise standard deviation in (40).

regarding 8 so that § = %, (top row) captures the internal structures but
appears to result in additional clutter. Learning S without refining the hyper-
parameters according to inter-signal information results in loss of moving edge
information in each recovered edge map (second row). In all cases, refining
q improves resolution while mitigating the effects of both the corrupted data
and the change of support locations in the edge domain (bottom row). For this
example we chose ¢ = 0.3 in (37) and note that some additional tuning may
improve the results.

We observe in particular the poor edge map recovery quality using the
JHBL approach with fixed 8 (Algorithm 2) in the first column of the first
row in Figure 4, which is likely due to the zeroed out low frequencies in (45).
In the middle row, we see that while the stationary edge map structures are
recovered more accurately, the changed regions are not retrieved in the update
process used by Algorithm 1. By contrast, our new approach in Algorithm 4 is
able both to enhance the quality observed when using Algorithm 2 while also
recovering the changed regions in the edge maps (bottom row).

Figure 5 demonstrates how the edge maps from each recovery can be used
to inform the weights in (44) which is in turn used in the weighted ¢; regular-
ization method given by (42) for image recovery. While only the first image in
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(a) ©1yuBL (¢) z35uBL (d) ®ajuBL

3 3
(e) mlGHBL (8) m3GHBL

. 3, . B, B, B,
() mlGHqBL () ®2)ifbr (k) 3 irby, (1) =4lirhr,

Fig. 4: (top row) Edge map recovery using Algorithm 2. (middle row) Edge map
recovery using Algorithm 1. (bottom row) Edge map recovery using Algorithm 4.

the sequence is displayed, the results for the rest of the sequence are compara-
ble. In particular we observe that using Algorithm 4 consistently performs as
well as or better than the other two edge recovery methods which do not prop-
erly account for change information. It is also once again evident that which
band is missing (45) plays an important role in how well each method is able
to resolve the features in each image.

Sequential SAR images

For the second experiment we consider a temporal sequence of six SAR images
of a golf course, [26], four of which are displayed in Figure 6. Observe there is
no “ground truth” in this case. As in the MRI case, we again use the discrete
Fourier transform of the 128 x 128 pixelated image to obtain the measurement
data. We once again assume a symmetric band of measurements, {Kj}le
given in (45), is for some reason not available for use. Finally, we add noise
with SNR = 2.

To respectively simulate moving and background objects, we impose cars
and boats on the scene, each of magnitude 1, and a building of magnitude 1.5.

As in the sequential MRI example, we first compare edge map recoveries
using the different algorithms in Figure 7. The edges are then used to inform
the weights in (44) for the weighted ¢; regularization method (42). Figure 8
displays the results for the fourth image in the sequence. The results for the
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(2) ®1suBL

=

(d) z1suBL (e) @19upL, W) o 51y,

Fig. 5: (top) Image recovery of the first image in the sequence via (42) with weights
informed by (left) Algorithm 2; (middle) Algorithm 1; and (right) Algorithm 4. (bot-
tom) The corresponding log-scale pointwise error.

(@) f1 (b) f2 (d) fa

Fig. 6: The underlying scene is the SAR image of a golf course, [26], with a super-
imposed (static) hotel, and translating/rotating cars and boats.

rest of the sequence are similar. Overall, it is clear that by using Algorithm
4 we are more able to capture the structural details in the underlying images
without, “oversmoothing” the background. We note that using either Algorithm
1 or Algorithm 2 is sufficient for obtaining weights in (42) for some images in
the sequence, however the results are not consistent.

More distinction between the results of each algorithm are observed in
the sequential edge map recovery. Figure 7 shows cluttering in the edge maps
when using Algorithm 2. Learning the hyperparameters without the benefit of
correlating temporal information (Algorithm 1) reduces the clutter, but as was
the case for the MRI example, the rotating and translating structures are lost.
Only Algorithm4, which refines the hyperparameters to consider inter-signal
correlations is able to capture moving objects.
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(a) ©1yuBL (b) ®2;uBL (c) 3suBL (d) ®asuBL

5 5 5 5
(e) mlgHBL (f) m2§HBL (8) m3§HBL (h) w4§HBL

: s s s s B,
() ml?HqBL () m2?HqBL (k) m3§HqBL (1) waifpL

Fig. 7: Sequential edge map recovery shown at four time stamps using (top) Algo-
rithm 2; (middle) Algorithm 1; and (bottom) Algorithm 4.

5 Conclusion

In this paper we proposed a new sparse Bayesian learning algorithm to jointly
recover a temporal sequence of edge maps from under-sampled and noisy
Fourier data of piecewise smooth functions and images. Since each data set
in the temporal sequence only acquires partial information regarding the
underlying scene; it is not possible to individually recover each edge map
in the sequence. Our new method incorporates both inter- and intra-image
information into the design of the prior distribution. This is in contrast to stan-
dard multiple-measurement SBL approaches, which require stationary support
across the temporal sequence. Moreover, unlike the deterministic method
developed in [69], our approach does not require the explicit construction of
sequential change masks, which adds numerical cost as well as introduces more
parameters.

Our new algorithm compares favorably to more standard SBL approaches
in regions where the underlying function is smooth (correspondingly zero in the
jump function). In particular we observed in our one-dimensional example that
fewer non-zero values were returned in smooth regions where the data sequence
share the joint sparsity profile. Furthermore, our new method does not suffer
as much magnitude loss at the true (non-zero) jump locations. The magnitudes
at varied jump locations (across the sequence) are also much more accurate
using our method, although there are some oscillations in the surrounding
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(a) zajuBL (0) zafypy, (0) @afifr,

(d) ®ajuBL (e) :1:4§HBL (f) w4?ﬁqBL

Fig. 8: (top row) Image recovery using (42) where the weights are informed by
(left) Algorithm 2 (middle) Algorithm 1 and (right) Algorithm 4. (bottom row) The
corresponding log-scale pointwise error of the images in the top row.

neighborhoods. By contrast, we observed that jump locations were completely
missed when the hyperparameters were not temporally correlated.

While these initial results are promising, our method should be refined
for more complicated sequences of images. For example, an empirical method
can be introduced to determine the shape and rate of hyper-parameters for
the partial joint support of the temporal data stream. This would potentially
involve another layer of hyper-hyper-parameters in the hierarchical Bayesian
structure. Similarly, the proposed framework can be applied to complex-valued
signals (or images), where there is sparsity in the magnitude of the signal.
This would be important in SAR or ultrasound images. We anticipate using
sampling techniques such as Markov chain Monte Carlo (MCMC) and Gibbs
sampling in these cases which will also allow uncertainty quantification of the
solution posterior.

Data Availability. All underlying data sets can be made available upon
request or are publicly available. MATLAB codes used for obtaining results is
available upon request to the authors. MRI GE images were originally publicly
provided by researchers at the Barrow Neurological Institute for the purpose
of algorithmic development. The SAR golf course image is provided in [26].
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