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1. Introduction

Spectroscopy, the study of the reflection and transmission of radiation (or its quanta, the photons) by a given sample
as a function of frequency, relies on the interaction between electromagnetic (EM) fields and matter. In condensed matter
physics, the electric and magnetic field components of an EM wave dominantly interact with the charge and spin of
the electrons by the Coulomb and Zeeman interactions. Spectroscopy relies on the weakness of these interactions that
allows treating the scattering process by perturbation theory. The observed amplitudes and intensities then give direct
information about the electronic and magnetic structure of the scattering object.

The EM cavities trap photons in a finite spatial region in which they interfere to form standing waves. According to
Fermi’s Golden Rule the modulation of the photon density of states affects the scattering amplitudes. Purcell [1] pointed
out that the light emission of excited matter can be strongly enhanced or suppressed in a cavity via the available photon
states of the emitted radiation. When the confinement is efficient, the cavity modes develop a discrete spectrum with a
nearly singular density of states. At the cavity mode frequencies an intrinsically weak interaction may become so strong
that perturbation theory breaks down. In this strong coupling regime hybrid polariton states arise in which matter and
radiation cannot be distinguished anymore.

Cavities and resonators differ in size and nature depending on the frequency of the photons they are designed to
trap, and many forms of matter can be inserted. Cavity quantum electrodynamics (cavity QED) studies atoms coupled to
microwave (MW) and optical cavities [2,3]. Micro and nanostructured devices such as superconducting qubits or quantum
dots behave in the MW regime like two-level systems or tunable “artificial atoms” [4]. Coupling them to MW cavities,
or circuit QED [5-7], has found applications in quantum information processing. Cavity optomechanics studies the forces
exerted by radiation pressure [8] on devices such as mechanical resonators, i.e. the photon-phonon coupling. An important
breakthrough has been the cavity-assisted cooling of the vibration of a macroscopic object to its (zero-phonon) quantum
ground state [9,10].

The present review addresses the electrodynamics of cavities that are filled by a magnetic material and tuned to the
interaction of the cavity photons with magnons, the elementary excitations of the magnetic order.

Soykal and Flatté [11] predicted strong coupling of photons in a MW cavity to magnons in a small ferromagnetic sphere.
Subsequently, Hiibl et al. [12] reported the observation of strong coupling in the form of an anticrossing of the collective
magnetic precession of the magnetization with MW cavity modes. These studies kick-started research activity on the
coupling of magnons to photons, predominantly at MW and infrared frequencies. We call this field cavity magnonics but
the terms cavity optomagnonics, cavity spintronics, and spin cavitronics are in use as well.

We review here the progress achieved to understand cavity magnonics, mainly in terms of semiclassical physics. The
field is presently in a watershed situation in which low temperature experiments dedicated to identify quantum effects
on the level of cavity/circuit QED or cavity/circuit optomechanics are on their way. Some aspects of cavity magnonics have
very recently been discussed in review articles and books of broader scope on interaction between light and magnons [13],
quantum hybrid systems [14,15], quantum magnonics [16], as well as on quantum magnonic systems, written by some
of us [17]. We therefore believe that a review of the concepts and main results of cavity magnonics will consolidate the
present understanding and help with the challenges ahead.

We organized this review as follows. Section 2 summarizes the concepts of an EM cavity, Section 3 the physics
of ferromagnets and their low energy excitations, and Section 4 the coupling between them. The remaining sections
summarize and explain selected experiments, in MW cavities (Section 5) and optical resonators (Section 6). We address
a hybrid system of a magnet and a superconducting qubit in Section 7. In Section 8 we anticipate the developments in
the near future.

2. Electromagnetic cavities

Classical and quantum waves that are trapped in a limited space or “cavity” where multiple reflections lead to
interference have the photon density of states strongly modulated by this interference. Here we focus on EM cavities,
i.e. structures that serve to confine EM fields. The cavity modes are the solutions of Maxwell’s equations with appropriate
boundary conditions at the confining potentials and contacts to the environment.

Waveguides confine the EM waves in one or two directions but are open in another direction. The spectrum of photons
in waveguides is continuous. Fabry-Perot cavities are realized with two mirrors in a free-space geometry and also confine
fields in one direction. Full confinement of the EM field in all directions with a discrete photon spectrum can be achieved
when photons have a long lifetime, i.e. when they are not absorbed.

The functionality and quality of a cavity depends on the design, size, and material. Often the size (the largest dimension)
of the cavity matches the wavelength of radiation (diffraction limit), though electromagnetic waves can be confined
significantly below the diffraction limit as well. MW cavities are typically made of normal or superconducting metals with
dimensions in the centimeter range. Confined MW modes also exist on top of metallic (superconducting) strips such as
co-planar waveguides fabricated on insulating substrates. An interface between materials with a large dielectric constant
mismatch can reflect light efficiently, so solid objects typically of 10-1000 pwm size, depending on their geometry, and a
large dielectric constant trap optical (infrared to visible light) fields. Absorption is low and quality factor of such resonators
is high when the material is an electric insulator with a fundamental energy gap higher than the light frequency multiplied
with the Planck constant. In the following we briefly discuss the main concepts of EM cavities as open quantum systems,
see also e.g. Refs. [10,18-20].
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Fig. 1. (a) Classical RLC circuit in series driven by a time-dependent potential V. (b) Fabry-Perot type of cavity defined by two semi-transparent
mirrors 1 (left) and 2 (right). The ratio of the signal amplitude transmitted through 2 and the input amplitude entering through 1 is S,; and
analogously for reflection S;;. When the second mirror is totally reflecting or not monitored we call the cavity “one-sided”.

2.1. Free LC circuit

We first illustrate the basic physics of a MW cavity by considering an LC resonator, i.e. an electrically connected
inductance L and capacitance C. A voltage V charges the capacitor as Qc = CV, while the current I generates a flux

@ = LI in the inductor. With Qc = I and & = —V, where the overdot indicates the time derivative, we arrive at the
equation for a harmonic oscillator,
LCI+1=0, (1)
with frequency w. = 1/+/LC. For MWs typically w./2mw ~ 5 GHz. The LC circuit stores energy
v’ N LI? 2
2 2

In reality, a cavity loses energy at a rate k. that is the sum of internal Ohmic dissipation xy and radiation leakage «.x
loss rates,

K¢ = Ko + Kex- (3)
An important parameter is the cavity quality factor,

Q = wc/kc. (4)
Including a dissipative element — a resistor R — into the (RLC) circuit, see Fig. 1(a), introduces a viscous term into the
equation of motion,

. R.
1+21+w§1:0, (5)

and we have Q = (1/R)/L/C.

We may quantize a classical LC-oscillator by replacing the amplitudes I and V' by operators [4,21],

5 hwe . i i haw, b
V_,IZC (a+a’), 1= o (a" —a), (6)

expressed in terms of photon creation a' and annihilation a operators that obey the boson commutation relation [a, a'] =
1. The photon number operator is i = a'd, and the expression for the energy (2) is replaced by an operator — the Hamilton
operator or Hamiltonian,

He = ho (@7a + 1/2) (7)

where the zero-point energy hw./2 contrlbutes a constant shift that we often simply disregard.
In the Heisenberg picture, an operator A obeys the equation of motion (d/dt)A = (1/h)[HC,A] that for the voltage
operator,

o= 1Ta.0] =11, ®)
dt h C

agrees with the classical equation CV = I. The time dependence of the annihilation operator, found from
da- 1 [ﬁc, a] = —iwd, 9)
dt h
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is @ oc exp(—iwct), while the creation operator a' o exp(iwct). It is convenient to work in a rotating frame by introducing
the operators a and af,
a=ae ot gt =afe (10)

that are time-independent. The voltage operator in the rotating frame becomes

2 h AL AL s
V= ,/% (ae—wcf +afe'wcr). (11)

The number of photons n; = (¥;|afa|¥;) in an eigenstate |¥;) vanishes in the ground state. At a finite temperature T, the
photon number fluctuates with an average given by the Planck (or Bose-Einstein with zero chemical potential) distribution
function,

haw, -
ng = [exp (kBT) - 1] , (12)

where kg is the Boltzmann constant. Thermal photons are called “incoherent” since their phases are uncorrelated and the
thermal average vanishes [22], (a)p = 0.

2.2. Driven LC circuit

A time-dependent perturbation at or close to the resonance frequency w. “drives” an LC circuit into excited states.
When adding a time-dependent voltage Vp cos wpt to Eq. (2) with driving frequency wp the classical instantaneous energy
becomes

cv? iz o, L?
ut) = T+CWDcostt+Tcos th+7. (13)

The term proportional to V§ is the energy of the external drive. The interaction term in Eq. (13) is linear in both V
and Vp cos wpt and contributes a drive CVp sin wpt to Eq. (1) that enhances the undamped oscillator amplitude by o< 1/ A,
where A = wp—w is the detuning. Damping removes the divergence at a resonance (A = 0) with a response proportional
to the quality factor Q. L

The first term in the Hamiltonian of the driven quantum cavity H = H. + Hp is Eq. (7). The four time-dependent terms
in the drive,

A~ VD hwcC

HD — 2 (aT +a) (eiwa +e—ith)
2 2
W [hoC ., _ n i i .
— 7D 2c (ate—let + aezth + aTelet + ae*ler) , (14)

are not equivalent since a harmonic oscillator appreciably responds to a time-dependent external force only close to its
resonance. In the Heisenberg representation, a@ o exp(—iwct), so dexp(iwpt) oscillates with frequency |wp — w¢|, while
aexp(—iwpt) oscillates with frequency wp + w.. When A is of the order or less than the damping rate of the cavity «,
the term aexp(iwpt) becomes nearly constant, while the cavity cannot react to the rapidly oscillating a exp(—iwpt). The
amplitude amplification under resonant drive conditions corresponds to the generation of a large photon number that in
contrast to the thermal one are coherent, i.e. phase-locked to the drive with {a) # 0.
The rotating wave approximation (RWA), commonly used for driven systems, is equivalent to disregarding the Hermitian

conjugate in Eq. (14),

[~ VD hwcc At ,—iwpt ~ Jiwpt

Hp ~ > 5 (e + ae'r'). (15)
It holds for sufficiently small detunings or drive amplitudes, i.e., when the resonant response at A < «. is much larger
than the non-resonant one (A > «.). If this is not the case, we enter the ultra-strong coupling regime, at which the RWA
breaks down, see Section 4.

2.3. Microwave and optical cavities

MW resonators in the GHz regime come in various designs, see Table 1 in Section 5. Conducting metal films on an
insulating substrate, such as co-planar waveguides or notch filters, confine MW modes in their vicinity and populate
them by applied ac currents. Lumped-elements LC resonators are electric circuits consisting of inductors and capacitors.
Traditional cavities are boxes made from a metal with high conductivity with small holes (ports) for the input and
output that confine MWs by screening electric fields and expelling magnetic ones. Cavities have in general more than
one resonant frequency. Usually the line broadening governed by the quality factor Q in Eq. (4) is much smaller than the

5
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mode separation that scales roughly with the square of the inverse cavity size. The single-mode approximation and the
simple RLC circuit picture are then appropriate.

Optical cavities of interest to this review article operate typically for infrared light at frequencies of hundreds of THz.
They consist of insulators with high dielectric constants and can be driven by proximity via optical fibers or prisms that
are illuminated by external lasers. We will see in Section 3 that both electric and magnetic field of the cavity interact
with spins, causing magnon-photon interaction. While the magnetic field component of the radiation dominates the
interaction with spins in the MW regime, the direct Zeeman interaction is suppressed at high frequencies, and typically
the second order interaction of the spin with the electric field as mediated by spin-orbit coupling [23] takes over at
optical frequencies. In the intermediate THz regime, the spin-photon interactions with both electric and magnetic fields
are significant [24].

The textbook example of a cavity is a Fabry-Perot interferometer (Fig. 1b). The solution of the Maxwell equations
with reflecting boundary conditions at the two mirrors at a distance £ may be labeled by a positive integer p with mode
frequencies w, = wpc/¢ and amplitudes u,(r), where c is the speed of light. When the mirrors are slightly transparent or
contain small holes, a cavity mode with frequency wp can be populated by photons from a source on the left, leading to
observable transmission S;;(wp) and reflection Sy;(wp) amplitude spectra peaked at the mode frequencies wp.

The cavity fields can be quantized analogously to an LC resonator, by expanding the Cartesian components of the
electric field into the cavity eigen modes u,(r),

Ex(r, t) = Y Epup(r) (@pe~»" + afer"), (16)
p

where E, « /@, and 4, is the creation operator for a photon in the mode p with bosonic commutators [&p, &;,] = 8y,

[&;, &;,] = [@p, @y ] = 0. The EM Hamiltonian is then a sum of harmonic oscillators,

H=nY wyala,, (17)
p¥p™p
p

in which we disregarded the zero-point energy h Zp wp/2, even though it can affect quantum noise correlations [25].
More generally, we can quantize the vector potential A(r, t) (with B = V x A(r, t) and E = —0A(r, t)/dt), which is
convenient in the Coulomb gauge V - A(r, t) = 0. The Maxwell equations in the absence of sources read

V-D=0, VxE=—0B/dt, (18)
V-B=0, VxH=09D/ot.

The magnetic induction B and the displacement field D depend on frequency and material dependent response functions.
In linear response,

B="H D= %E, (19)

where @ and g are the magnetic permeability and electric permittivity tensors, respectively. The magnetic induction
then satisfies the wave equation,

V x[eeo® ' (V x ppo @ ' -B)] — K*B =0, (20)

where k? = w?seguino = (nw/c)?* with g (¢) and 1 (1) being the scalar vacuum (relative) permittivity and permeability
of the medium, respectively. Here ¢ = (gg9)~"/? is the speed of light in vacuum and n = /& is the refractive index of
the cavity medium. A similar equation is satisfied by D.

In air or non-magnetic dielectrics, 4 = 1 and 7 = uo1, where 1 is the unity tensor, is an excellent approximation at
optical frequencies at which the magnetic response is negligibly small. In an isotropic medium D = gocE. At interfaces,
the fields inside and outside of a body obey boundary conditions at the surface such as

nx (Eout - Ein) =0, n- (Bout - Bin) =0, (21)

where the unit vector n is the outward normal.
Eqgs. (18) reduce to the wave equation for the vector potential A(r, t). In a homogeneous material,

V2A = 11080°A/0t2 . (22)

Working with complex phase factors implies working with positive and negative frequencies with time dependence
A(r,t) = At(r, t) + A (r, t), and A™(r, t) = [A‘(r, t)]*. The function A*(r, t) = >, quug(r)e k', with w = ck/n, solves
Eq. (22). Quantization proceeds by promoting the amplitudes a; and a; to bosonic annihilation and creation operators @y
and a,t, respectively. The Hamiltonian reduces again to collection of harmonic oscillators, as in Eq. (17). The solutions of
the Helmholtz equation,

(V? + 1) u(r) = 0, (23)
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form an orthogonal complete set that can be normalized, for example, to the volume of the cavity [ u - u;j,d3r = Vi x-
The eigenstates uy are two-dimensional vectors in a given polarization basis. They are subject to boundary conditions as
Eq. (21), which in turn depend on the specific cavity, e.g. geometry and material. Dissipation can be taken into account
by an imaginary component of wy that is proportional to the loss rate «. and which to leading order does not modify the
mode functions u(r) of the ideal cavity.

We thus arrive at the operators for electric and magnetic field

ﬁa)k ~ s
*(r, t) _12 Voot Qg (r)ext (24)
~ h )
B (r, t) = —— 4,V x u(r)e okt 25
(rt)=> Vacsa, kY X wk(r) (25)

A ; b . t
with E~(r, t) = (E*(r, r)) B(r,t) = (Bﬂr, t)

For dielectric cavities it can be convenient to replace the volume V in Eqs. (24) and (25) by an effective mode volume
Vi, defined as

f|Ek | d3

26
max |E(r)|? =

where E; is the mode function for mode k with arbitrary normalization. When the amplitude E; is chosen such that
the energy stored in the mode is that of a single photon hwy as in the Hamiltonian (17), we obtain the maximum
amplitude of the electric field per photon max |Ei(r)] = +/hwi/(250eV)) and the modified normalization condition
f u - u’,j,d3r = Vibkw [26]. The effective mode volume is a measure of the spatial extension of the light field which
can be useful when dealing e.g. with optical surface states, see Section 6.

The polarization degeneracy of photons in a continuum is broken at interfaces. The polarization states can often be
classified as transverse electric (TE) and transverse magnetic (TM) modes, in which there are no magnetic and electric field
components along the propagation direction, respectively, also at curved interfaces [27]. The electric field components
of quasi-TE and TM modes at dielectric resonators as in Section 6.3 are polarized normal and parallel to the interface,
respectively. In the following, we return to labeling the modes by a discrete index p rather than a wave number k.

2.4. Input-output formalism

When a cavity is driven by a source such as a MW drive or laser at frequency wp, the coupling term,

Hp =) hA, (@,e0" + afe "), (27)
p

should be added to Eq. (17), where the interaction A, with a cavity mode p depends on the driving power P as |Ap|2 x P,
and we use the rotating wave approximation introduced in Section 2.2. Focusing on a single mode, we can simpflify the
time dependence by the unitary transformation to the rotating frame H — UHUT — ihUaU"/at with U = e~pt%% _The
transformed single-mode cavity Hamiltonian including the driving term is

He + Hp — —hAyala, + hAy(a, + aj), (28)

where the operators aj, ﬁ; are now in the rotating frame (denoted by a in Section 2.2) When A, = wp —wp > 0 (4, < 0)
the system is “blue” (“red”) detuned. Ref. [28] discusses the complications occurring when the cavity mode couples to
multiple input channels.

The external ports serve to drive and also to probe the cavity, by measuring the transmission or reflection of input
photons, while coupling of a closed cavity to the environment induces noise and dissipation. In the following, we introduce
the input-output formalism [19,25,29] that addresses these effects. For technical details we refer to Appendix E of Ref. [25].
The total Hamlltoman of the system is given by Hmt = HSys + Hbath + Hmt In this expression, HsyS is the Hamiltonian
of the empty cavity H and additionally can contain other terms describing the load such as a magnet (see Section 4).
Furthermore, Hbath represents the environment, and Hmt its interaction with the system including HD The Heisenberg
equation of motion hda/dt = l[Hmt, d] then governs the cavity field dynamics. As discussed in textbooks such as [18],
contact with an environment treated as a large ensemble of harmonic oscillators without memory (Markov approximation)
turns the Heisenberg equation into a stochastic Langevin equation. Focusing on the empty cavity, dropping the mode index
p, and going to the rotating frame [10], we write

0 .

5mn=mmn—%am+vﬁmﬂn+¢%%m. (29)

The amplitude decays via the loss term o« —a(t), while actuation and detection are represented by an input mode that
drives or probes the cavity (here @;,). The thermal environment introduces noise via dg. The fluctuation-dissipation

7
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theorem governs the statistics of the bosonic operators a;, and ao in terms of the extrinsic and intrinsic loss rates kex
and «o (see Eq. (3)). In a Fabry-Perot cavity, for example, a semi-transparent mirror can serve as the input and output
channel, see Fig. 1(b), whereas non-monitored losses through the second mirror would be covered by do. Note that a and
@in, do have different units. In particular, (&:n&m) is the rate of incoming photons that is proportional to the input power,
P = nwD<ajnam>. Furthermore, G, is a coherent drive with a finite expectation value (Gi,) = i, Whereas (do) = 0 is
incoherent. We assume memoryless Markov-like fluctuations for both § = @y — aun and do,

Gty =@+ 18 (¢ —t"), @Sy =mps (' —t"), (30)

where 1, = ng(w,) is the Planck distribution function (12). The fluctuations of ao obey Eq. (30) as well. This approximation
holds when the interaction with the bath acts only over a narrow frequency band around w,. Thermal noise may be
disregarded when fhw,/kgT > 1, which for MWs requires cooling to the temperatures below 1 K. On the other hand,
setting n, = 0 is allowed for optical cavities even at room temperature.

The input photons that enter the cavity can be reflected as an output field Gy, see Fig. 1(b). An equation analogous
to Eq. (29) for Gy, is fulfilled by

aout = ain - Kexa- (31)

The expectation value of @, is the reflection amplitude or scattering matrix element S;; = (Gout)/{(@in) While the
reflected intensity is |Si;|%. In the steady-state defined by (3/dt)(a(t)) = 0, Eq. (29) for an empty cavity leads to
(@) = \/kextin/ (k/2 — iA) and therefore, using Eq. (31),
Si(A) = (Ciout) —1+4- Kex '
(Qin) iA—k/2
At the resonance (A = 0) in a high quality cavity with kex > ko, one has S;1(0) & —1. When on the other hand «.x = o,
1S11(0)] = O, i.e. all photons have been absorbed or lost inside the cavity. For a general ke, the reflected intensity |Sq 2
has a minimum at the resonance. A two-port cavity has a second input-output field (bin, bout), leading to the transmission
amplitUde Sa1 = <bout)/(ain>-

Standing cavity modes are the result of constructive wave interference. In a single-port empty cavity, the resonances
always lead to dips in reflection (32) and maxima in the transmission. A two-port (or loaded) cavity can also display anti-
resonances with opposite amplitude and phase characteristics. A resonance (anti-resonance) is detected as a maximum
(minimum) transmission amplitude with a phase jump of & (—), as shown in Fig. 2. Both can be modeled by the
equivalent RLC circuits in Fig. 2. In a high-quality closed cavity, input/output ports are weak perturbations, the photons
in the cavity have a long dwell time, and constructive interference shows up as resonances. When a cavity is “lossy”,
e.g. by invasive input/output ports or internal dissipation, it may become opaque by the destructive interference at
anti-resonances.

The discussion above for empty cavities lays the ground for understanding the properties of cavities including magnets
or magnetic optical resonators in Section 5.

(32)

3. Magnons

In this review we are interested in describing the interaction of photons with magnons, the elementary excitations
of magnetically ordered systems. The simplest example of a magnetically ordered system is a ferromagnet, which can
present a finite large magnetization even in the absence of a magnetic field. The magnetization is a result of the presence of
permanent magnetic moments in the material, which align to form an ordered state below what is denominated the Curie
temperature. These magnetic moments are determined by the spin and orbital angular momentum of the participating
atoms. The dynamics of the magnetization is, therefore, that of an angular momentum. In this section we discuss the
normal modes of the magnetization dynamics or spin waves and their quanta, the magnons.

3.1. Landau-Lifshitz-Gilbert equation of motion
A material with uniform coarse-grained magnetization M in the presence of an external magnetic field Hy gives rise
to a Zeeman energy density,
hz = —uoeHo - M, (33)
and experiences the torque
M = —yM x oHo, (34)

where y = gzup/h is the gyromagnetic ratio in which g is the Bohr magneton and g7 is the Landé factor. The Landau-
Lifshitz (LL) equation can be derived by the Poisson bracket algebra in classical mechanics or by the quantum mechanical
spin commutation rules in the Heisenberg equation of motion. Therefore, the dynamics of classical amplitudes and
quantum magnetic operators both obey Eq. (34). Its solution for a homogeneous system describes a precession of the total
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Resonance Anti-Resonance
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(0—m,)/21 (GHz) (0—y)/21 (GHz)

Fig. 2. Equivalent RCL circuits (top) and their transmission spectra (bottom) that model a cavity resonance and anti-resonance. At resonance, the
transmission amplitude exhibits a peak, and the phase jumps by m. In contrast, at anti-resonance the transmission amplitude dips with phase
jumping by —7 (J. Rao, U. Manitoba, unpublished).

magnetization vector or “macrospin” S = —VsM/y around the magnetic field, where V; is the volume of the magnet. A
small-angle anti-clockwise precession can be mapped onto a harmonic oscillator. Its quantum is the simplest incarnation
of the magnon, i.e. the bosonic elementary excitation of the magnetic order.

In real materials dissipation damps the precession. This can be treated by adding a damping term to Eq. (34) that
reflects the viscosity by being proportional to M, leads the magnetization back to its equilibrium, and conserves the norm.
This is achieved by the Landau-Lifschitz-Gilbert (LLG) equation [30],

M:—y,uOMxHo—i-%(MxM), (35)
N

where « is the phenomenological Gilbert damping constant. This form of dissipation ignores its possible tensor character,
non-locality, and memory effects. The solution of LLG equation without an external drive is an exponentially damped
precession. The linearized LLG equation leads to a resonant response to an ac magnetic field at the ferromagnetic resonance
(FMR, see Section 3.5) frequency wo = y uoHp with a line width awy. For magnetic metals typically « = 0.01 but it can
be as small as 107#-107> for YIG thin films and bulk crystals, cf. Section 3.7.

The LLG equation in the form (35) only describes the magnetization dynamics if the magnetization is spatially uniform.
In terms of spin waves, or magnons, which we introduce below in Section 3.4, this corresponds to a magnon with the zero
wave vector — known as the Kittel mode. The uniform magnetization is a good description for the FMR at sufficiently high
magnetic fields and homogeneous MW magnetic fields. In general, the magnetization forms equilibrium textures such as
domain walls, dynamic textures such as spin waves, and can be driven easily into non-linear regimes. The LLG equation
handles these effects by replacing the applied field by an effective Heg(r) that is the functional derivative of the magnetic
free energy. Thermal effects can be treated by the stochastic LLG equation in which fluctuating magnetic fields depend on
the damping parameter and temperature by the fluctuation dissipation theorem. For more details we refer to Section 3.3.

9
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3.2, Heisenberg Hamiltonian

According to the Bohr-van Leeuwen theorem, magnetic order does not exist in classical physics. The culprit is the
quantum mechanical exchange interaction, a spin-dependent modification of the Coulomb interaction by the effects of
Heisenberg uncertainty and Pauli exclusion principle. A good model for electrically insulating magnets with localized
magnetic moments of half-filled 3d or 4f shells is the isotropic Heisenberg Hamiltonian,

~ 1 A A
Ain = —3 iZngsf -§;, (36)

where the operators §i and §j represent spins at lattice sites i and j that obey angular momentum commutation rules

§f‘, §f] = izy eaﬁ,,éiji?’, in which €., is the Levi-Civita tensor and o, 8, y = {x, y, z}. The exchange parameter J; is
short-ranged and dominated by the nearest neighbor interactions, and often approximated by a constant. When ] > 0, the
ground state is then a ferromagnet (FM). At zero temperature all spins are aligned with total spin S;,; = NS, where S is the
spin of a local moment and N is the total number of spins. The ferromagnetic ground state is an example of spontaneous
symmetry breaking at the critical (Curie) temperature. In the absence of an external magnetic field it is highly degenerate
with (2S;t + 1) states of equal energy, which corresponds to the classical notion that the energy does not change when
rotating the magnetization.

For the antiferromagnetic (AF) Heisenberg model with J; = J; < 0V}, the classical ground state on a square
bipartite sublattice is the Néel state — a state with staggered magnetization with opposite spin directions of the two
sublattices. However, this is not the ground state of the quantum model [31]. It rather is a non-degenerate spin singlet,
(Stot) = (>_;Si) = 0. This statement is known as Marshall’s theorem [32]. The actual form of this singlet depends on the,
for example, the lattice structure and the interaction range. The quantum magnetic ground state of a general Heisenberg
model in three dimensions is simply not known [32].

The local moments in the following chapters are “large”, Fe** ions which have a half-filled 3d-shell with ordered
spins that add up to S = 5/2. For our purposes it is then an excellent approximation to interpret the local moments as
classical vectors with fixed modulus |S;| = S that obey coupled LL equations in the external magnetic and local exchange
fields. This model is analogous to that for lattices of classical ions, in which quantum effects appear only in the collective
dynamics.

The Heisenberg Hamiltonian is usually augmented by symmetry breaking terms, such as the Zeeman interaction with
an effective magnetic field Beg,

Hz = —g7108Befr - Zgi; (37)

1

where B represents applied and dipolar fields, Dzyaloshinskii-Moriya spin-orbit interactions with neighboring mo-
ments, magnetoelastic interactions, and the magnetocrystalline anisotropies. The competition between different interac-
tions depends on materials, geometry, temperature, etc., and can favor magnetic textures such as domain walls, magnetic
vortices, or skyrmions. A sufficiently strong uniform external magnetic field always recovers a homogeneous ferromagnetic
ground state. The LL equation can be recovered in the continuum limit of the classical Heisenberg model.

3.3. Micromagnetic theory

The field of micromagnetics addresses the ground state and time-dependence of magnetic textures by solving the LLG
equation. When the relevant length scale of the magnetic texture is much larger than atomic distances, the discrete local
magnetic moments become a smooth magnetization field M(r). Since the exchange energy cost of changes of its modulus
is very high, it may be taken to be constant |Ms(r)| = M; [33].

The equilibrium configuration of the magnetization minimizes the free energy functional (disregarding magnetoelastic,
antisymmetric exchange, and other contributions),

A Mo
— 3 12 _ _ =
E_/Vd A § |[VM;|? + Usn[M] — oM - Hg 5 M- Hyq[M] | . (38)

S i=xy.z

The first term in the integral is the exchange energy density, since it follows from a gradient expansion of the Heisenberg
Hamiltonian and A o J [34]. U,n[M] is the anisotropy energy density. An “easy axis” anisotropy along z, for instance,
takes the form —I(eMZ2 with a positive constant K.. Furthermore, —uoM - Hyp is the Zeeman interaction induced by an
applied magnetic field Hy. The dipolar or demagnetization self-energy by the stray field Hq4[M] is a functional of the
entire magnetization, and the factor 1/2 corrects for double counting. The scalar potential ¢ defined as

Hy =-V¢ (39)
obeys the Poisson equation
Vip=V-M, (40)
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where the right-hand side is the magnetic charge density. The integral representation

1 5, V-M 1 , A(r)-M
p=-— [ d’r — —, (41)
4 )y [r—r|  4m Jyy r —1r'|
has contributions from the volume V - M and surface fi - M charges at the sample boundaries 3V.
Egs. (39) and (40) can be used directly in order to write the dipolar interaction energy Eq in its familiar form
M(r) - M(r/ r—r) Mr)||(r—r) M
Ed:@/d%/cﬁr’ (r) (3)—3[( ) ()][(5 ) M(r)] . (42)
8 Jy v/ [r —r'| Ir—r|
The dipolar energy depends strongly on the sample geometry and thereby causes “shape anisotropies”.
According to
Eg= -1 / d*rM - Hg = 20 d*rHal?, (43)
2 Vv all space

the dipolar energy can be minimized by suppressing the stray field outside the sample by a magnetic configuration
without surface charges, i.e. when M is parallel to the surface. Flux-closure configurations often come at the expense
of the exchange energy cost of introducing domain walls. The crossover scale is the exchange length lox = /2A/ M2,
obtained by comparing the exchange energy cost of a domain wall of width ley, €ex ~ A/(12,), with the dipolar energy
cost of its absence, g ~ poM?2/2. Samples smaller than the exchange length of typically a few tens of nm are usually
uniformly magnetized.

At equilibrium 8E/6M(r) = 0, where

oM
8E = —m)/d?‘rﬂeﬁ-sm - lgxf d?r— - M, (44)
v v on
and Hefr = Hp + Hy + Hap + Hex with
1 aU. 2A
Hipp= —— —= He = > V’M. (45)
o OM oM
Since |M(r)| = M, the variation §M(r) must be transverse,
SM =M x 8v, (46)
where §v(r) is a small arbitrary vector. Substituting Eq. (46) into Eq. (44) and using v- (w x u) = u - (v x w), we get
oM
M x He[M] = 0, —| =0. (47)
on |,y

In the second equation we assumed absence of a surface anisotropy. The nonlinear equations (47) paint a complex energy
landscape with possibly multiple local minima that correspond to (meta) stable magnetic textures such as magnetic
vortices in thin-film magnetic disks [35].

The generalization of the LLG equation (35),

. o .
M = —y oM X Het[M] + MM x M, (48)
S

is the self-consistent and nonlinear problem for the local magnetization dynamics M(r) that evolves under the effective
magnetic field He[M] governed by an integral over the entire magnetization. Analytic solutions can be obtained only
in limiting cases. In general, the LLG equation must be solved numerically by micromagnetic simulations. Thermal noise
perturbs the magnetization by a stochastic magnetic field h(t) whose correlation function is linked to the Gilbert damping
and temperature by the fluctuation-dissipation theorem [36]. The noise power is colored by the Planck distribution
function [37], but becomes white in the high-temperature limit. In particular, for the homogeneous case, M(r, t) — M(t),
we have
208y o 2akgT

hy(£)hg(0)), = Opq- 49
RO = S i (49)

3.4. Magnons

A magnon is the quantum of a spin wave excitation in a magnetically ordered ground state, i.e. a coherent precession of
the spins around their equilibrium direction. In extended systems, the precession phase is a plane wave with wave vector
k. The Kittel mode described in Section 3.1 corresponds to k = 0. The magnon frequency dispersion wy is affected by
all interactions that govern the ground state. The exchange energy cost to twist the magnetizations leads to a quadratic
dispersion oc Jk? that dominates at large and is negligible at small wave numbers k compared to other contributions.
When the size and shape of the sample are of the order of k', the dipolar energy is important.
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Bloch [38] introduced the first microscopic model for spin waves in a ferromagnet. Holstein and Primakoff [39] included
the effects of an external magnetic field and dipolar interactions. They introduced the nonlinear transformation of a spin
Hamiltonian to bosonic magnons that carries their name. In terms of the raising and lowering spin operators Si = S":l:lSy
relative to a quantization axis along z, the isotropic Heisenberg Hamiltonian with a Zeeman term and nearest nelghbor
exchange J; = ] for nearest neighbors (nn) and zero otherwise reads

0y _ J + zg &z
H_—E_Z [s 5 +59 ]+ngBOZs (50)
ij=nn

The Holstein-Primakoff (HP) transformation for a local spin then reads

ATA A"’A
m;m; , A th a_ At m;m;
= V25| [1- S, § = (s i ) § = Vasinf\[1- =, (51)

where 71; and r?lf are bosonic creation and annihilation operators that act on the ground state |0;) with spin aligned along
z as

mil0) =0, M) = v/ni + 1jn; + 1), (52)
filn) = il fulng) = nylny), mn) = /niln; — 1),

where n; = S — S7 and |n;) is the Fock state with spin projection S7, i.e. Szlni) = S7|n;). Hence, n; counts the quanta
of the spin projection relative to its maximum value S. The creation operator ﬁﬁ decreases the spin projection, while

the annihilation operator m; increases it. The square root can be expanded into a power series /1 — m m;/2S =
1-— ﬁl;r m;/4S + --- in the number operator #;. A weakly excited state contains only few magnons, i.e. n; < 1 so that

1-— ﬁﬁﬁl,-/ZS ~ 1 and §f ~ S. In this limit, the Heisenberg Hamiltonian reduces to that of a harmonic oscillator.
To leading order in the HP expansion, the Hamiltonian for a ferromagnetic crystal with N spins can be diagonalized
by the plane-wave Ansatz

2 1 —ik-R; o 1 ik-R; ~ 1
Mg = — e Nim, = — e“tim!, (53)
W RN
where R; denotes the position of lattice site i. The spin wave Hamiltonian then reduces to
A = Eo(Bo) + ) hao(K)rin . (54)
Kk

where Ey (Bg) = —(5%/2)] Zij:nn —gzuBoNS is the energy of the fully polarized ground state. The operator ﬁﬂ( ()
creates (annihilates) a magnon with momentum k and energy

ho(K) = gzupBo — S [J(k) — J(k = 0)], (55)

where J(k) = J }_;e™®R), and the sum runs over j such that §j = nn. Note that this expression does not depend on

i. For a cubic lattice with constant qa, J(k) = 2] (cos(kxa) + cos(kya) + cos(kza)). When ka < 1, one obtains a parabolic
dispersion,

hw(K) ~ gzusBo +]Sa2k2. (56)

A magnon is a collective excitation that spreads the flip of a single electronic spin with angular momentum change h
over the entire lattice. The non-interacting spin wave approximation holds when the magnon numbers (ﬁk> <& N for all k,
where 7y = nﬁf(rﬁk. Higher order terms in the expansion of the HP transformation in the magnon density operators, or
non-linearities, generate interactions between the magnons (see below).

The HP transformation for a single local moment described by Eq. (35) can be employed in principle to handle arbitrary
magnetic configurations. Disregarding subtleties associated with the exact quantum ground state, the nearest-neighbor
Heisenberg model with | < 0 describes an antiferromagnet (AFM) with staggered ground state magnetization, i.e. a
sublattice A with spin “up” and another one (B) with spins pointing “down”. The sublattice creation, rAnJ;k and rh};k, and
annihilation, ma, and Mg, operators

& /25 kR & /25 —ikR; ot
S£A= ﬁZe TR ke, SJT'E'Bz ﬁze eRigat
k k

1 e VR At A 1 i TR AT A
Stn =S =5 2 e R, Sy = =S+ Y e O] g, (57)
KK’ KK’

12



B. Zare Rameshti, S. Viola Kusminskiy, J.A. Haigh et al. Physics Reports 979 (2022) 1-61

where the total number of spin is 2N. When substituted into Eq. (50) terms such as /g, and ﬁl}kﬁlgk remain, that
can be eliminated by a Bogoliubov transformation Gy = uyximai — vkﬁl};k, Bk = UxMpk — Ukﬁ'l;k with real uy and vy and
uz — v} = 1. The transformed Hamiltonian is diagonal,

N 1 1
A T — t
flor = 7 hz[“’f (“k"‘" iy 5) G (ﬁkﬁ" *z)]’

k

with haye = /(ZS)* (1 — 2) & gzusBo, Z is the lattice coordination number, and y = Z~')"; e™®i~R), where again

ij = nn. Here, E5F = NJZS(S + 1) 4+ h/2 Y, (@, + wy ) is the zero-point energy. In the limit ka < 1, the dispersion is
linear with

hoi = +g,usBo + 2J+/3Sak, (58)

where the factor /3 is a geometrical factor for the simple cubic lattice. The lower frequency branch can become negative
as a function of magnetic field, indicating an instability. This instability, denominated the spin-flop transition, leads
to a phase where the sublattice magnetizations point perpendicular to the applied magnetic field. Usually a magnetic
anisotropy field (neglected in the derivation for simplicity) stabilizes the antiferromagnetic phase and pushes the spin-flop
transition to higher magnetic fields.

The magnons in ferrimagnets with sublattice magnetizations that do not cancel can be treated analogously.

3.5. Finite size effects

The broken translational symmetry normal to magnetic films and in small magnetic particles leads to standing spin
wave modes with a discrete spectrum. As described in Section 3.3, the dipolar interaction in ferro/ferrimagnets then
generates effective demagnetizing fields that depend on the shape and magnetization direction. The demagnetization
field of homogeneously magnetized ellipsoids (including needles and pancakes) [40] reads

Hqo = — (NM, NyMY, N;M?) (59)

where N, , , are the so-called demagnetization factors along the principal axes, and Ny + N, + N, = 1. Limiting cases
are a film (in xz-plane: Ny = N, = 0, N, = 1), a cylindrical wire (along z: Ny = N, = 1/2, N, = 0), and a sphere
(Ny = N, = N, = 1/3). The effective field in the LL equation Hef = Ho + Hgo, where Hy = HoZ + Hy(t)X, leads to
HE™ = H,—NyM,, HS" = —N,M,, and HS" = Hy — N, M,. This is the typical setup in a ferromagnetic resonance experiment.
The LL equation (34) with this effective field modifies the frequency wy to leading order in My, to the Kittel formula [41]

w0 = ¥ oy [He + (Ny — NV ] [H, + (N — N.JM . (60)

Magnetic anisotropies lead therefore to a spin-wave gap, i.e. a finite resonance frequency for zero applied field.

The magneto-dipolar interaction affects not only the Kittel mode, but the entire magnon dispersion wy at small wave
vectors. The micromagnetic Landau-Lifshitz equation can be derived from a microscopic Heisenberg Hamiltonian, see
Eq. (42), with a dipolar interaction Dy [43],

N N .\ 1 3
Fiu = Ay + Az + 5 > Dy [sj S (Ric - S;) (R - Sk)i| , (61)
jk Jjk
where Ry = Ry — R; is the vector between spins, and in the absence of spin-orbit interactions one has
2
Loy
jk = . (62)
T 4Ryl

Let us consider the limit of sufficiently large ellipsoidal magnet in which the eigenstates may be labeled by a continuous
wave vector. When axially symmetric with Ny = Ny = N, and M; and H || Z, the dispersion relation as a function of the
angle 6, between the wave vector k and the quantization axis z reads

(K # 0) = y oy wa(k) (walk) + M sin® ) (63)

where wq(k) = H, — N,M; + (2/3)JzSa?k?>. We can recast the expression for the Kittel mode frequency (60) as wy =
y ol|H; + (Nt — N;)Ms|. In the absence of dipolar forces (N, = Nt = 0), wy lies at the bottom of the band. However, in
general the Kittel mode wy can be degenerate with spin waves at finite k, as sketched in Fig. 3.

The degeneracy of the Kittel mode with a manifold of spin waves at finite wavelength creates extra dissipation channels
through the magnon interactions in higher order terms of the Holstein-Primakoff expansion. These nonlinearities are
captured by the LLG equation of motion, but lost in its linearized version. When allowed, the decay of a small k spin waves
into two large k ones with half its frequency is very efficient even in a nominally linear regime [44]. Other non-linearities
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w(k) O =

ﬂOfY\/(Hz - NZMS)[HZ - (Nz - 1)Mg]

Kittel mode
\ wWo :ﬂO’Y‘Hz = (NT - NZ)Mb‘
;tOA)/‘HZ - NzMs‘
L k
L

Fig. 3. Schematic magnon spectra w(k) for a magnetic prolate ellipsoid with Ny = Ny = N, as a function of momentum k and propagation direction
in terms of the angle 6, see Eqgs. (60) and (63). The shaded area indicates the presence of spin waves. Between the dotted lines at small k the
wavelength is of the order of the size of the magnet and the spectrum is discrete [42].

become increasingly important with the number of excited magnons. At a critical value of the pumping power or cone
angle of the Kittel-mode precession so-called Suhl instabilities occur [45]. These dissipation channels are also relevant in
the quantum regime, see Section 5.

The dispersion given by Eq. (63) holds for 277 /L < k < 27 /a, where L is a characteristic diameter of the ellipsoid. When
this condition is not fulfilled, the magnons become standing waves with a discrete spectrum. The exchange interaction
may be disregarded for particles with L >> ., and/or wave numbers k < 1/l,. The solutions in that regime are the Walker
modes [42,46], i.e. the solutions of the LLG equation with magnetic field H*T = (Hy — N,M;) &, where Hy = B/ is a
static applied field. Applying a MW field with frequency w and amplitude §H, we write

H = HT + §He !, (64)
M = M, + §Me !,

where M x M = 0. To leading order in the small M we obtain

—iwdM = y o [&; x (MsH — H6M)] . (65)
This is basically a Maxwell equation that can be solved using the magnetostatic potential v, SH = —V, and invoking
Poisson’s equation V2 = V - §M. Inside the magnet,
(122 ) (Sr 2) By mo -
Q-2 ) \ox2  3y? 972

with 24 = Hin/M; and 2_w/yM;,, while V2 = 0 otherwise. Imposing the boundary conditions of (i) continuity of v/
and the normal component of §H + éM at the surface and (ii) ¥ — 0 at infinity, leads to characteristic equations for the
magnetostatic resonance frequencies and modes. Walker [42,46] showed that these discrete-, long-wavelength modes
also become degenerate with the Kittel mode.

Magnetic thin films are a limiting case of the ellipsoid with a continuous but also strongly anisotropic magnon
dispersion for small in-plane wave vectors [47]. Spin waves with k || M in in-plane magnetized films are called Backward
Moving Volume Waves, due to their negative group velocity for small k and a suppressed surface amplitude. The exchange
interaction bends these modes upward at some finite wave number forming two degenerate low frequency “valleys”. In
the presence of magnon-conserving energy relaxation that is much faster than their decay, magnons may accumulate in
these valleys and eventually form a condensate [48].

For k L M the dispersion increases monotonically with k. When M is normal to the plane the spin waves have an
isotropic dispersion that starts from a Kittel mode that is pushed to lower frequency by the static demagnetizing field.
These are the Forward moving volume waves because of their positive group velocity and amplitude in the bulk of the film.

Spin waves with k L M in the film plane are exponentially localized to the surface. These Damon-Eshbach modes
propagate with wave vector k/k = Mg/M; x n, where n is the outer normal to the magnetic surface [49,50]. These waves
are therefore “unidirectional”, i.e. propagate only in one direction that is opposite on the upper and lower surfaces [34].
When the skin depth of the Damon-Eshbach mode is much larger than the film thickness the Damon-Eshbach modes
merge into two degenerate counter-propagating modes with equal amplitude.
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3.6. Normalization of the magnon modes

In the absence of dissipation, the magnon eigenmodes w,,(r) with frequencies w, solve the LL equation in the limit of
small M in the expansion M(r, t) = M,(r) 4+ SM(r, t), around the equilibrium texture M(r) that is governed by Eqs. (47).
The magnetization is written as

N M N X~
SM(r, t) — 7 D [wy ()i, + wi (o) ], (67)
n
where 1, (rﬁf?) is the annihilation (creation) operator of the magnon mode 7 and w,,(r) is the corresponding (dimension-
less) mode amplitude. It is convenient to normalize the modes to the energy of a single magnon obtained by substituting
the amplitude into Eq. (38) to compute the excess energy relative to E(Ms) in the limit [M| <« |Ms| [51], and equating
the results to fiw,. This leads to a free magnon Hamiltonian,

A=) w,mi,. (68)
n
This normalization can be expressed as [52,53]

4yh
/ dr [wy(E)w () — wi(Owy(r)] = 1\)//13 . (69)
In the alternative normalization,
4yh
dr |w,(r)? = , 70
/ rlw, (0 = (70)

each mode carries one Bohr magneton [51]. It is equivalent to the energy normalization only for circularly polarized
magnon modes, because anisotropies reduce the angular momentum of a magnon [54]. It is physically appealing to adopt
an effective mode volume as in optics,
243
w,(r)|“d’r
Vrﬁ:fl 5(0)] r (71)
max |w,,(r)|
which is a measure of the spatial extent of the magnon mode in the whole sample, see Section 6. Note that different
modes are only orthogonal with respect to the scalar product used in Eq. (69).

3.7. Magnon dissipation

We now discuss dissipation mechanisms that cause magnons to decay at a rate «p,.

The material of choice to study the interaction of magnons with cavity photons is YIG, a ferrimagnetic insulator with
high critical temperature and record magnetic and acoustic quality [55]. YIG has N = 40 magnetic moments (with S =
5/2) in a unit cell with volume V = (1.24nm)?, with density N/V = 2 x 10?2 cm~3 [56]. This is smaller than that of most
metallic ferromagnets, but much larger than that of paramagnetic spin ensembles, with N/V ~ 10> ~ 10 cm—3 [57-59].
The reported values of Gilbert damping in YIG are in the range between 3 x 10~°-10~* with lower values for single crystals
and thick films [60,61].

We focus here on the dissipation of the Kittel mode in a millimeter-sized spherical YIG crystal. For more details we
refer to Refs. [50,62].

The first of three mechanisms identified in the 1960s [62] is the elastic scattering of a Kittel magnon into degenerate
modes with finite wave numbers through the demagnetization field caused by surface roughness (pits). This two-magnon
scattering does not depend on temperature and limits the FMR line width at low temperatures. In the so-called slow-
relaxation mechanism, the stray field associated with the precessing magnetization modulates the energies of magnetic
impurities, which leads to a non-monotonous temperature dependence that peaks between 15 K and 100 K. It is most
efficient when woThep ~ 1, where 1/Thop o< exp(—Ep/(ksT)) is the temperature-dependent hopping rate between energy
minima separated by an energy barrier Ej,. The third so-called Kasuya-LeCraw mechanism is intrinsic, viz. a Kittel mode
magnon inelastically scatters at thermally-excited phonons or magnons even in otherwise perfect samples. These three-
boson processes increase linearly with temperature, i.e. with the number of phonons or magnons that contribute to the
scattering.

Tabuchi et al. [63] observed that the line width of the Kittel mode in YIG spheres below 1 K decreases with
decreasing temperature down to ~1 K, but increases again at even lower temperatures. The non-monotonous dependence
can be a signature of the transverse relaxation by rare earth impurities that can be modeled as two-level systems
(TLSs) [64]: The Kittel magnon decays by exciting an ensemble of near-resonant TLSs with a temperature dependent
magnetization that follows the Brillouin function. The decay rate of the Kittel mode can then be estimated to be
krs(T) = kris(0) tanh (hwo/2kgT), where «k15(0) is a constant. At low temperatures k, = kmm + kris(T), where kmm
is the surface roughness contribution, with saturated «tis/27 ~ 0.63 MHz and «mm/27 =~ 0.39 MHz, respectively [63].
The TLS contribution dominates the Gilbert damping of thin YIG films at temperatures below 1 K as well [65],
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A Gilbert damping of 5 x 107> reported for example by Kajiwara et al. [66] in YIG films corresponds to a lifetime of
300 ns for a 10 GHz mode. A ~100-ns lifetime is short compared to other systems considered for quantum technological
applications. It is three orders of magnitude shorter than the lifetimes of state-of-the-art superconducting qubit [67], and
even six orders of magnitude shorter than coherence times of state-of-the-art paramagnetic impurities [68]. While it is
not very likely that much higher magnetic quality can be achieved in the near future, magnons in YIG can couple strongly
to MWs, and their non-linear dynamics is easy accessible. This is why magnons in YIG are still attractive for quantum
applications as we detail in other sections.

3.8. Squeezing and non-linearities

Magneto-crystalline or dipolar anisotropies cause spin non-conserving terms such as my_y in the Hamiltonian for
ferromagnets — similar to those discussed for AFM around Eq. (57) — and compromise the rotating wave approximation.
This effect of a shape anisotropy on the Kittel mode macrospin approximation is obvious in the expression for the
demagnetizing field Hq ¢ (59): Using Eq. (38), the anisotropy contribution to the magnetic energy reads

Mo
He, = - / dr (NyM? 4+ NyM; + N M?) , (72)

that after a HP transformation generates terms that are quadratic in the magnon operators. Diagonalizing the Hamiltonian
with a Bogoliubov transformation generates a spectrum with a magnon energy gap and eigenstates that carry non-integer
spin [54,69-71]. In the quantum limit, the magnons are “squeezed”, with anisotropic quantum mechanical uncertainties
in their amplitudes, i.e. reduced quantum mechanical fluctuations in one magnetization direction at the expense of
the other [19]. In the classical limit of many magnons, the precession is elliptic, which is a linear combination of
counter-precessing states.

We can illustrate these notions for a prolate magnetic ellipsoid (cigar) subject to a perpendicular magnetic field Ho.
The Hamiltonian comes down to of a harmonic oscillator plus squeezing terms [72]

N i h . .
Hsq = hwom' i + % (i +m'?), (73)

where v, = BNy — 1) yuoMs/2 and wg = yuoHo — wm. The ground state of the system is the vacuum that can be
squeezed by the external field Hy. The theoretical prediction is that the coupling to MW cavity photons can generate
macroscopic (involving a large number of spins > 10'8) “cat states”, i.e. quantum mechanical superpositions of two
semiclassical magnetizations that point in different directions. At cryogenic temperatures a difference of up 5h should be
observable [72].

Retaining higher order terms in the Holstein-Primakoff expansion generates magnon interactions and thereby a
many-body problem. The expansion of the crystal or dipolar anisotropy energy parameterized with constant K causes
a nonlinearity of the Kerr type, which is quadratic in the magnon numbers. The complex dynamics of the Kittel mode
with Kerr nonlinearity

. 1 .
Hierr = 51< (m'm)”. (74)

can be mapped on that of a Duffing oscillator as was done in Ref. [73] in the classical and quantum regimes. The anisotropy
field Ha, (see Section 3.3) depends on the direction of the external magnetic field Hy with respect to the crystallographic
axes of the material [74]. According to Ref. [75], a change in the sign of K can be achieved by rotating the applied field.

Atomistic models of coupled LLG equations for individual local moments do not rely on the HP expansion and therefore
include the non-linearities and magnon-magnon interaction to all orders. The calculated broadening of the lines in power
spectra with temperature can be interpreted in terms of magnon-scattering induced decrease of the magnon lifetimes [76].

In AFMs, the exchange interaction alone squeezes magnons through the terms macMp and rﬁj‘kﬁlgk, where A and
B refer to different sublattices. The vacuum state of Eq. (58) can be obtained from the Néel state by a squeezing
transformation [77].

The fabrication of high-quality cavities for THz radiation is still a formidable technological challenge. The cavity
magnonics of antiferromagnets is therefore still in its infancy and not a central theme of this review. Some issues of AFM
dynamics can be observed also in the GHz regime. Ref. [78] predicts that AFM magnon can couple non-locally to those
in a FM via MW cavity photons. A strong coupling of antiferromagnetic fluctuations to cavity states in MW resonator has
been recently demonstrated by Ref. [79]. Formation of a cavity-magnon polariton (see Section 5) due to strong coupling
between cavity MW photons and an antiferromagnetic magnon mode was recently demonstrated [80]. Ref. [81] studied
the coupling of AFM magnons to photons in an optical interferometer.

After having discussed cavity photons, Section 2, and magnons, Section 3, separately, we turn in the following Section
to their coupling.
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(a)

Fig. 4. (a) Two classical harmonic oscillators connected by a spring with force constant ¢ and a dashpot with friction constant d. (b,c) show the
amplitude of oscillator 1 of the coupled system as a function of the resonance frequency difference w, — w; (abscissa) and the drive frequency
wp — wq (ordinate) for (b) dominantly dissipative and (c) coherent couplings. In units of the resonant frequency w; ~ w, the parameters are for (b)
d=0.02w;, c=1.6x 1073 w; and for (c) c = 0.02 w;, d = 1.6 x 1073 w;, with damping rates x; = 1.6 x 1073 wy, k, = 2.0 x 107* w;. Results by
J-W. Rao (unpublished).

4. Magnon-photon interaction

Quantum electrodynamics (QED) is the field that covers the quantum aspects of light-matter interactions. We
addressed quantization of the cavity field and of the magnetic excitations in Sections 2 and 3. The usually weak coupling
between light and matter can be treated by perturbation theory or Fermi’s golden rule. In EM cavities, such a treatment
may fail at resonance frequencies with strongly enhanced photon density of states. In this Section, we describe the
interaction of magnons with photons in a cavity; we will treat both the weak and the strong coupling regime.

4.1. Models for cavity-matter coupling

We first introduce basic models for the light-matter interaction with emphasis on magnon-photon interactions in
hybrid cavity-magnet systems.

4.1.1. Coupled classical harmonic oscillators

According to Sections 2 and 3, both cavity and magnet can be approximated as damped harmonic oscillators. The
coherent light-matter interaction introduces a coupling between them that can be pictured by a spring that connects two
classical mechanical pendula as in Fig. 4a. A dissipative coupling can modeled by a “dashpot”, i.e. a damper that resists
motion by viscous friction. When we drive only the first oscillator, the linearized equations of motion for the deflection
angles 0; , read

91 + w%@l +K]é] — 2Ca)]92 — 2d92 =f€7ith,

6y + w20y + K26, — 2wy — 2d6; = 0, (75)
where «; and «; are the respective damping rates. Here, c/d are the coupling force/friction constants, respectively, and
fe~'@nt js a time-periodic force. The conservative elastic force is proportional to the phase difference §; — 6, between the

pendula, while the dashpot acts on the velocity difference 6; — 6. The dynamics depends sensitively on the ratio c/d. In
frequency space and near the resonance with wq; = wp, Eqs. (75) become

a)D—a)l—i—i%l c—id 64 __L f
|: c—id wp — Wy =+ l% 92 - 2(1)]) 0 : (76)
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Fig. 4 shows the response of the coupled system, R(wp) o< 61/f, as a function of wp and w,. The anticrossing observed
for d < ¢ can be interpreted as a “level repulsion”, while dominantly dissipative coupling, d > ¢ causes a “level” attraction.
Before addressing the microscopic interaction between photons and magnons, we survey a few frequently used models.

4.1.2. Resonant coupling

According to Section 2, a cavity efficiently modulates the EM density of states at wavelengths of the order of its spatial
dimension by maximizing the spacing between the cavity modes. When the characteristic frequency of the load is close
to resonance with a certain cavity mode, and the mode splittings exceed all other relevant energy scales, the system
dynamics reduces to that of three levels.

The Rabi Hamiltonian for a two-level system interacting with a single photon mode reads [82,83]

N A 1 . ~n R ~~n it n
HRabi = hwaaTa + Eﬁa)sysoz + hg (aO’+ + aTO',) + hg (aO’, + aTO'+) , (77)

where @, and wsys denote the cavity mode frequency and the level splitting, respectively, @ (a') is the annihilation
(creation) operator of the cavity mode, and g the coupling strength. The two-level system can be a real spin 1/2 in which
case 6_ = 6y —idy (64 = 61) is the lowering (raising) operator and & = (6, 6y, 6;) is the vector of Pauli matrices. Pseudo
spin 1/2 are other two-level systems that obey the spin-1/2 algebra. The last term on the right-hand side of Eq. (77) is
“counter-rotating”. It changes the number of excitations fiexc = G'@+ &,.6_ by two, but conserves parity P = exp(ir flexc).
Since the Hamiltonian is Hermitian, energy is conserved, but it does not commute with fiec. Ref. [84] reported an analytic
solution of the Rabi model.

When g < w,sys, the counter-rotating terms oscillate rapidly compared to other length scales and average out
efficiently. Disregarding them is the rotating wave approximation (RWA, see Section 2), which reduces the Rabi model to
the Jaynes—-Cummings model [85] with much simpler solutions and a conserved fiexc [86]. The Jaynes—Cummings model
captures the Rabi oscillations between the two-level system and the cavity mode, but it breaks down when the coupling
becomes ultra-strong, see below.

The Dicke model extends the quantum Rabi model to multiple two-level systems coupled to and by a cavity field [87].
Refs. [88,89] solved the Dicke model exactly for three and two two-level systems coupled to one cavity mode, respectively.
The Dicke model with RWA or Tavis—Cummings model [90] describes the cavity QED of multiple two-level systems [91]
including quantum dots [92] that resonate with a cavity mode.

The Hopfield model [93] addresses the interaction between two bosonic modes and can be understood as variation of
the Rabi model. In our case

Hiiopt = hwa@'a + hwgysb™ + hg (aBT + aTB) + hg (af[ﬁ + aB) + Hgia, (78)

where b (BT) is a boson annihilation (creation) operator of an oscillator with frequency wsys. Here, Hgia o A% o (G + )
is a photon scattering term that is important only in the ultra- and deep-strong coupling regimes [94].

The Hamiltonians above are Hermitian and thereby conserve energy, as appropriate for (nearly) closed systems. The
environment is taken into account by the theory of open quantum systems, in which the Heisenberg equations of motion
are replaced by master kinetic equations, such as the Lindblad equation [95]. Their solution can be computationally
demanding when the Hilbert space of the combined system is large. The bosonic input-output theory described in
Section 2 integrates the internal dynamics out to obtain the scattering matrix between the coherent modes in the
leads to source and detector. The calculation of the time-dependent operator a(t) in the input-output relation Goyu(t) =
Gin(t)— o /Kexd(t), Eq. (31), becomes very cumbersome for all but quadratic Hamiltonians [96], however. In a third approach
the interaction with the environment is included by dissipative terms into the Hamiltonian, that thereby becomes
non-Hermitian.

4.1.3. Off-resonant coupling

When interacting with infrared photons, the frequency of the cavity mode is very different from the magnetic ones,
|A|l = |wsys — wq| > g, which is the dispersive regime. The Hopfield Hamiltonian (78) originally holds only when the
frequencies of the two bosonic modes are nearly equal, but can be adopted to include large detuning, see Section 7.
The large detuning limit has been extensively studied in optomechanics [10], in which the frequency w, of both MW
and optical cavity modes is much higher than the vibration frequency wsys of a macroscopic mechanical membrane or
cantilever. The coupled system is then well represented by the Hamiltonian

Flom = ha,d'a + harysb'h + hgé'a (13* + 13) , (79)

where b creates a phonon and bt + b is proportional to the displacement operator. The coupling term is the radiation
pressure proportional to the number of photons afa. The constant g is the single-photon coupling rate.

We are not aware of analytic solutions of the nonlinear equation (79). The problem is simplified when the number
of photons N in the cavity mode is large and the EM field can be treated classically. In this strongly driven limit
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(@) ~ (a') ~ +/N (see Section 2). Introducing the fluctuation operator @ = ~/N + 84, disregarding higher powers of
8a in Eq. (79), and applying the RWA, the problem reduces to that of two coupled harmonic oscillators

Flom — hewad'a + hwsysb'h + hgy (safﬁ + 5&5*) , (80)
where gy = g+/N > g is the enhanced multi-photon coupling rate.
4.2. Interaction parameters and regimes

The physics of light-matter systems is governed by the transition and dissipation rates. Different regimes dictate
the approximations and techniques of theoretical treatments. Cavities can tailor the coupling strength via the density
of states of the EM environment [1], which forms the basis of cavity QED [97]. The light-matter coupling strength is
also proportional to the number of electric and magnetic dipole moments that interact with the cavity photons, which
in collective modes scales with the sample size. The dissipation depends on the nature and quality of the cavity and the
lifetime of the quasiparticles that depend, e.g., on temperature and disorder in the sample. The mapping of this entire
parameter space is an important task [98], also for cavity magnonics.

In the weak coupling limit the ratio between the coupling strength and the total decoherence rate is small and
hybridization is not significant. The light-matter interaction may be treated by perturbation theory or Fermi's Golden
Rule. Conventional FMR with MW absorption spectra falls into this class.

An ensemble of Rydberg atoms in a resonant MW cavity is an early system that can be tuned into the strong coupling
regime [99] in which the coupling is larger than the level broadening. Light and matter modes hybridize at the resonance
to form polaritons. An injected photon is not an eigenstate and its amplitude oscillates between matter and wave modes
within its lifetime. This process is referred to as vacuum Rabi oscillation with a frequency governed by the coupling
constant, even though it is often a classical wave phenomenon. The minimum mode splitting at the anticrossing is twice
the vacuum Rabi frequency. When the coupling is non-resonant, full hybridization cannot be achieved, and strong coupling
induces a shift that is larger than the decay rates.

Strong coupling has been observed subsequently in single atoms interacting with MW [100] and optical [101] cavities,
atomic Bose-Einstein condensates in optical cavities [102], and excitons in quantum dots (QDs) coupled to photonic
resonators [103]. The quantum manipulation of single atoms in photonic resonators may lead to applications [104]
such as quantum information processing [7,105] and sensing [106]. Circuit QED seeks to couple artificial atoms, such
as superconducting qubits [7] and semiconductor QDs [107,108] to MW resonators, that in contrast to natural atoms can
be tuned into different coupling regimes [109,110].

The ultra-strong coupling (USC) regime corresponds to a coupling parameter that approaches the mode frequencies
g/we < 1, irrespective of the loss rates, so it does not require the strong coupling condition defined above [111]. The
break-down of the RWA in the USC leads, e.g., to light-matter hybridization in the ground state. In the deep-strong coupling
regime g/w. > 1 [112-114] the addition of just one photon may affect the system properties.

Ref. [115] suggested to study the USC regime by cyclotron resonance of intersubband transitions in semiconductor
quantum wells in a cavity. Ref. [116] reported corresponding experiments with g/w. > 0.1. The USC for microwaves was
also observed in quantum well inter-Landau level resonances [117,118], in two-level systems formed in superconducting
circuits [119,120], and in optomechanical systems [121,122]. Optical photons can ultra-strongly couple to molecular
excitons at room temperature [123,124].

4.3. Cavity-magnet coupling

Here we consider specifically magnetizations that interact resonantly with MW and non-resonantly with infrared
photons.

4.3.1. Resonant coupling with microwave cavity modes

We consider magnons in a closed MW cavity, i.e. an anti-clockwise precession of the magnetization vector around
its equilibrium direction defined by a static magnetic field. The ac MW magnetic field in the cavity is governed by the
Maxwell equations (18). The instantaneous energy of the empty cavity is H. = f dri(r, t) with the energy density
H. = g9E?/2 + B?/(2110). We can then write for the energy density of the cavity with the magnet,

R e 1 A
A, t) = 2E2+ —B*— M- B + %im. (81)
2 2uo

The first two terms account for the empty cavity-field Hamiltonian He, the third term is the Zeeman interaction, and Hm
is the magnetic energy density. Using Egs. (24) and (25), we find

. e 1
He=) ho, <a;ap + 5) , (82)
p

where w, and a, are the frequency and annihilation operator of a photon in mode p, respectively.
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Fig. 5. The parameters in the interaction Hamiltonian (85) between a single cavity and magnon mode [17]. Here, the cavity has the frequency w.
and the dissipation rate «.; the magnon mode, respectively, @, and «y,. The coupling rate is g = I'cp,.

Substituting the lowest order HP expansion of the magnetization field, Eq. (67), into the Zeeman interaction —M - B in
the RWA reads

Hom =1 (Fpylpif + It ), (83)

pn
where p and 7 label cavity and magnon modes, respectively, and the coupling rate I}, is [11,125-127]

M [ h .
Ml === Weorw, f dr [V x up(r)] - wi(r). (84)

Here, u,(r) is a cavity mode amplitude that obeys the wave equation (23) subject to the boundary conditions of the cavity
with volume V, while w,(r) is the magnon mode amplitude (67). In the total Hamiltonian,

H =" hwydla, + ho,mfy, +h Y " (L) + Iyaly,) (85)
p o pn
we disregard the zero-point energies of field and magnet. Fig. 5 illustrates the different terms for single cavity and magnon
modes. In the following we focus on the situation in which the Kittel mode couples to one or two cavity modes, using
g for the magnon-photon coupling constants, w. and k. for the frequency and damping rate of the cavity mode, and wp,
and «, for the magnon mode, see Fig. 5. Inhomogeneous magnetic fields introduce coupling to more than one magnon
mode [128] in terms of form factors [126,127].

The coupling of photons to magnetic dipoles is smaller than that to electric dipoles by the fine structure constant 1/137.
However, coherent spin ensembles enjoy a collective enhancement of the coupling that scales with the square root of the
total number of spins /N [87]. If everything else is kept constant, the strong coupling regime can be reached simply by
increasing the effective coupling gy = g+/N by the sample size. Non-interacting spins form paramagnetic ensembles, such
as nitrogen-vacancy (NV) centers in diamond [129,130], cold atomic clouds [131], molecules [132], and dilute magnetic
ion-doped oxides [57,133-135]. In MW cavities these systems can reach the strong coupling regime.

In a given cavity geometry, increasing the magnet size is an effective way of enhancing the coupling in 3D MW cavities,
since it improves the mode-volume matching. An analysis of Eq. (84), taking into account the normalization condition (70),
shows that for the optimal matching, when the mode volumes of the cavity and the magnet are equal, the coupling is
proportional to the square root of the spin density and is independent of the volume of the magnet. If there is mismatch
between the mode volumes, the coupling is additionally suppressed.

The emphasis of this review article is on magnetic materials below the critical temperature at which the magnetic mo-
ments are spontaneously ordered at much higher spin densities than those of paramagnetic ensembles. Large spin-photon
couplings can be achieved in magnets at weaker applied magnetic fields, higher temperatures, and smaller samples, but
at the cost of larger intrinsic damping. Ferromagnetic resonance, see Section 3, is a traditional technique to characterize
magnetic materials, but without cavity enhancement the coupling is weak. MW photons couple predominantly to the
collective Kittel mode, but standing spin waves may also resonate [ 136] when magnetic fields are not homogeneous and/or
magnetization is pinned at the sample boundaries. Magnetic textured ground states due to geometric confinement can
be also used to tailor the magnon modes and their coupling to MW photons. Ref. [137] predicted strong coupling of a
MW cavity mode with the gyrotropic motion of a magnetic vortex in sub-pm magnetic disks — a topologically non-trivial
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Fig. 6. MW transmission probability |Sy;|> as a function of external magnetic field B and probe frequency for a YIG crystal coupled to a
superconducting MW coplanar resonator. A denotes the magnon polariton, i.e., the anticrossing between Kittel and cavity mode frequencies. B
and C are uncoupled resonators, and D is a parasitic mode. The red curve in (b) is a fit the coupled harmonic oscillator model.

Source: Adapted from Hiibl et al. [12]. Copyright by the American Physical Society.

configuration of the magnetic ground state with potential quantum effects that differ from those associated with the Kittel
mode dynamics.

Another strategy to reach the strong coupling regime is the improvement of the cavities and using magnetic materials
with low damping rates. YIG has been the material of choice, but with the right cavity design metallic ferromagnets, with
higher spin densities but also higher Gilbert damping, can also be pushed into the strong coupling regime [138,139].

Soykal and Flatté [11,125] computed the coupled quantum dynamics of MW photons in a cavity mode and the Kittel
mode of magnetic spheres over the full Bloch sphere. Hiibl et al. [ 12] reported the anticrossing signature of strong coupling
for a YIG crystal in coplanar waveguides, see Fig. 6, followed by its observation in split-ring resonators [140,141]. Tabuchi
et al. [63], Zhang et al. [142], and Goryachev et al. [143] found strong coupling for YIG spheres in 3D MW cavities, see
Fig. 7. These experiments focused on the microwave transmission coefficient S,; as a function of frequency and applied
magnetic field that does not vanish when the hybrid polariton has a significant photon contribution.

Refs. [ 144-146] modeled the magnon-cavity photon system semiclassically taking multiple magnon and cavity modes
into account in different geometries. Ref. [142] investigated different parameter regimes and reported a Purcell effect
when k. < g < kp, and magnetically induced transparency for «, < g < «c.

By increasing the ratio between magnet and cavity sizes in order to improve the mode matching, the ultra-strong
coupling regime can be entered [142]. Recent experiments [147,148] on multi-layered structures which contain super-
conducting, insulating, and ferromagnetic layers, approach the ultra-strong coupling regime, due to the strong magnon
mode reduction in these structures.

4.3.2. Off-resonant coupling of magnons to light

Magnetooptics studies the interaction of magnets with infrared and visible light [ 149-152] at frequencies w. /27 ~100-
800 THz by means of several established phenomena. The Faraday (Kerr) effect is the rotation of the polarization plane of
linearly polarized light upon transmission through (reflection by) a material with magnetization component parallel to the
beam. The torque on the light field exerted by a magnet implies that there is a reaction, viz. the inverse Faraday effect or
light-induced torque on the magnetization [ 153]. The Cotton-Mouton effect is the birefringence caused by a magnetization
normal to the wave vector of the incoming light. The inelastic scattering of light with emission or absorption of magnons
is known as Brillouin light scattering (BLS).

The Zeeman interaction between the ac magnetic field component and magnetization governs the resonant interaction
in the GHz regime. A large mismatch between the frequencies suppresses the Zeeman coupling and the second order
interaction of magnetization with the ac electric field takes over. Without spin-orbit coupling the electron spin is
not affected by electric fields, so we may expect larger magneto-optical couplings for heavier elements. The magnetic
permeability approaches that of vacuum . We note that the optomechanical coupling in Eq. (79) is even more strongly
detuned but does not invoke the spin-orbit interaction.

The interaction between the magnetization and electric field is a relativistic effect [154], but for most purposes the
coupling can be parameterized in terms of a small number of symmetry-related empirical constants [155]. The starting
point of most theories is the macroscopic dielectric tensor as a function of the magnetization M in the displacement
field [23],

D= (M)-E. (86)
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Fig. 7. (a) Real part of the transmission coefficient S,; of cavity machined from high-purity Cu as a function of microwave frequency and a current
I through a coil close to a magnetic YIG sphere that modulates the magnetic field at the sample. The anticrossing between the cavity and Kittel
modes signals the strong coupling regime. (b) Cross-sections of panel (a) at different coil currents. The splitting at I = 0 corresponds to twice the
magnon-photon coupling rate.

Source: Adapted from Tabuchi et al. [63]. Copyright by the American Physical Society.

The magneto-optical effects are captured by the leading-order expansion (gf) “¢” in M in the low-frequency limit [156,157].
For a cubic crystal such as YIG &" (M) = ¢ + &7 (M), where €5 =& 1 , & is the scalar static dielectric constant and

1 the unit matrix. The leading perturbation ?(M) describes the response to the optical electric field as a function of
the magnetization direction as measured by, for instance, the Faraday effect. For cubic crystal and an equilibrium M || z,
one has

0 —iMs ifM,
o= ( ifM; 0 —iﬂwx> : (87)
_ifMy ifo 0

where M, , are the small dynamical components In the presence of a slowly varying magnetic texture, these components
refer to a local coordinate system with z’ ax1s along the magnetization. The parameter f can be fitted to experiments. The
second order term in the expansion reads &, (M) = £ovijkiMiM;, where vuk, parameterizes the Cotton-Mouton effect [158].
The second order term competes with Eq. (87) when one of the M;’s in %, is M, which introduce two more parameters
on top of f. Ref. [159] calculated the contribution of the Cotton-Mouton effect to the optomagnonic coupling for a
YIG waveguide with constant equilibrium magnetization, while Ref. [53] addressed arbitrary magnetic textures. In the
following, we disregard the Cotton-Mouton effect since it is not essential for the configurations discussed later.

We obtain the Hamiltonian for magneto-optical effects replacing £9E?/2 by E - D/2 in the expre5510n for the vacuum
energy density (81). The magnetization-dependent contribution is Hom = 1 g JdrE* - &5 € (M)-E+ 1 jdrE €7 *(M) - E*,
where E and E* are the real and imaginary parts of the complex electric ﬁeld amplitude. Insertlng the expression for
the permittivity tensor equation (87) and using the second quantized form of the electric field of Eq. (24) (note that
e.g. E*/2 — E') and the magnetization of Eq. (67) gives the optomagnonic interaction Hamiltonian. It contains two
terms.

I:IFaraday =h Z -quagaq + h.C., (88)

P
describing the static Faraday effect by an equilibrium magnetization M = M2, where £, = GM; | dr [u}(r) x uq(r)]z and
= —if Jwpwq/(4,/V,Vye0e), Vyq being the optical mode volume as defined in Section 2 [see discussion after Eq. (25)].

[n the RWA and discarding photon non-conserving terms such a;agﬁl,, that contribute only to higher order, the second

term becomes
Heis = hY  aldq (Gl iy + Gy if) + hic. (89)
pan

The matrix elements Gﬁm are the anti-Stokes (Stokes) scattering amplitude of a photon from mode q to p by the
annihilation (creation) of a magnon in mode 7,

M
Ghoy = g /wn wi(r) x uy(r)] dr, (90)
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G gM/ wi(r) x uy(r)] dr. (91)

These expressions may be used for arbitrary magnetic textures M(r) = Mz(r) by re-defining the static Faraday
contribution £2p,.

_ The static Faraday effect does not interfere with Brillouin light scattering. The latter is governed by the Hamiltonian
H = Hm + Hopt + Hpis, where Hope = Z hwp&;&p is the photon energy in a magnetic medium with static magnetization,
while Ay, = > hw, i, as in Eq. (68).

For a homogeneous ground state magnetization, the normal modes w,(r) and u, ((r) can be expanded into e, =
(ex L iey) /ﬁ, i.e. left- and right-hand circular polarized waves with spin +h. The degeneracy of the +-polarization is
broken by the boundaries of waveguides and cavities in favor of linearly polarized TE and TM modes, as discussed in
Section 2. A single inelastic scattering process conserves the sum of energy and angular momenta of the quasiparticles
in the initial and final states, which implies that the dielectric tensor €7 does not contain diagonal elements and that
an incident TM (TE) mode must be scattered into a TE (TM) mode. These simple rules do not hold for magnetic textures
such as vortices, however [51,53]. Since the coupling constants G are small, the BLS experiments reviewed in Section 6
are well described to leading second order.

The optomagnonical, Eq. (89), and optomechanical, Eq. (79), Hamiltonians are very similar, so these systems share a
number of effects. An example is the electromagnetically induced transparency [159] in a cavity driven at the red sideband
with wp = w. — wy when the magnetic dissipation rate «p, is the smallest energy scale: A probe beam at the cavity
resonance burns a spectral hole in the form of a deep and sharp dip with a linewidth of the order of «,, by a destructive
interference of probe and pump photons.

At a very strong drive of the blue sideband, a large number of magnons can be injected that cannot be assumed non-
interacting anymore. In the macrospin approximation, Viola Kusminskiy et al. [160] predicted a rich dynamics in that
regime, including optically-induced magnetization switching and self-oscillations.

4.3.3. Dissipative coupling

In open cavities that support both standing and traveling waves, the radiation loss into the environment may lead
to dissipative coupling between cavity photon and magnon modes as observed in a MW Fabry-Perot cavity [161] and
split-ring resonator [162]. The dissipative coupling can be controlled by the matrix elements between the magnon and
the traveling waves [163]. In contrast to the avoided crossing between coherently coupled modes, dissipative coupling
causes a level attraction, i.e., the coalescence of cavity-magnet normal modes. In general, both coherent and dissipative
coupling may both contribute to the mode spectrum.

In the presence of both coherent and dissipative coupling, Eq. (85) becomes

H= Z hapdla, + Z heoy i} i, + h Z (Fpye®aym! + Iy aliy ) (92)

where @ is a tunable phase factor that descrlbes the competition between resonant and dissipative couplings. ® = 0
corresponds to a purely coherent coupling and the formation of magnon polaritons. When & = s the coupling is
imaginary and thereby purely dissipative. In their experiment, Yao et al. [163] control the phase @ by the direction
of the external magnetic field. A drive (anti-damping) can be included on the same footing [164]. The cavity-magnet
Hamiltonian with both coherent and dissipative couplings is non-Hermitian with complex eigenvalues. The corresponding
Heisenberg equation of motion should lead to the same result as the input-output model in which dissipation and drive
are added a posteriori.

4.3.4. Input-output relations

Here we generalize the input-output relations for an empty cavity as introduced in Section 2.4 to a cavity loaded with
a magnet.

Hybrid systems of spin ensembles coherently coupled to a MW cavity mode are usually described by Eq. (85), with
a collective coupling that is proportional to the square root of the number of identical spins +~/N. By using this model
Hamiltonian, the quantum Langevin equations of motion, in the frame rotating with the drive frequency wp, read

day, Ke - N

dt = iAply — 'Z pyMn = 5 p — Vkodo + +/KexGin, (93)
dm . A . A Km A ~

Ttn = lAmm,] —1 ; 1-‘p,]ap — 7"1,] — &/ Kmdm» (94)

where k. = ko + kex is the total linewidth of the cavity in terms of the intrinsic (extrinsic) loss rate, A, = wp — wp,
Am = wp —wy, and ky, is the magnetic relaxation rate. Furthermore, dy, is a stochastic magnetic field satisfying (dm) = 0,
(dh()dm(t)) = nmd(t — t'), and (dm(t)di(t)) = (nm + 1)8(t — t'). The steady state solutions are
rx K
~ . pn A ex ~
a,) =i . fit,) — - Gin) , (95)
(@) Xn: iAp — Kc/2 () iAp — Kc/2 (@)
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A . I_'prl ~
m,) =i — (). 96
( '7> Xp:iAm_Km/2<p> ( )
The input-output theory yields a MW transmission amplitude Sy; = (Goyu)/(Gin) between ports 1 and 2,
2K, 1
Sy = Tex Mp — & (97)
¢ (R D e yrom

The cooperativity Cp, = 4|Fp,,| /(kckm) is a ratio between coupling strength and dissipation. The magnon-photon coupling
appears in the form of a self-energy. Its real part shifts the photon frequency and the imaginary part represents magnetic
damping. The anticrossing between the bare magnon and photon modes in the transmission amplitude of the loaded
cavity in Figs. 6 and 7 is resolved when I, >> k¢, k.

4.3.5. Classical wave theory

The quantum language used above is convenient and essential in the quest of quantum mechanics. However, many
phenomena are purely classical, or, when magnons and photons are simple harmonic oscillators, cannot be distinguished
between classical and quantum, analogous to the classical vs. quantum description for LC circuits introduced in Section 2.
Here we look at interaction of magnons and cavity MW radiation from the viewpoint of a classical field theory, i.e. using
the coupled LLG and Maxwell equations. We then do not have to invoke the RWA or magnetostatic approximation, in
principle without restrictions for the photon and magnon amplitudes. Linearized solutions account for multiple cavity
and magnon modes and their interactions [144,145]. The same results can be obtained in a dynamical phase correlation
approach in terms of finite-element circuit [165] in which the LLG equation generates a MW dynamics by the Faraday
law.

A small ac field h(r, t) drives a small magnetization amplitude §M(r, t),

M(r, t) = M + SM(r, t), (98a)
H(r, t) = Hp + h(r, t). (98b)
To leading order the LLG equation reads

. o .
SM = —y o (MS x Hif) 4 5M x Hfj;f’) + 3 Ms X oM, (99)

where H eff = Hex and H(ff = Hex + h. In frequency and momentum space, Eq (99) can be recast into §M = X - h,

where @ = uo( 1 4+ ) is the magnetic permeability tensor. Substituting " into Eq. (20) and boundary conditions
of the EM field across interfaces, Eq. (21) leads to the mode amplitudes in the cavity and ultimately the scattering matrix.
The cavity modes are also affected by magnetic loads [166]. The modulation of the electric field by the large dielectric
constant can cause significant distortions of the mode spectrum when the YIG sample size approaches that of the photon
wavelength [144,145].

Cao et al. [ 144] considered a YIG film in a planar MW cavity by a classical version of scattering theory, reporting strong
coupling for the Kittel mode and even for spin waves, see Fig. 8, which has been experimentally confirmed [167,168].
Parameters can easily be tuned, thereby capturing magnetically induced transparency and the Purcell effect. Since the
RWA approximation is not implied, the USC can be handled on equal footing. The MW-driven magnetization can be also
detected by spin pumping from the ferromagnet into an adjacent metallic contact with large spin Hall angle, which serves
as an interface between electronics and cavity magnonics [168].

Practically all experiments use either spheres or films. High quality samples of the former are commercially available
at radii down to hundreds of micrometers and positioned freely inside 3D MW cavities, which allows realization of
the strong coupling with relative ease. The spherical symmetry allows for an expansion into spherical harmonics. MW
input-output relations can be mapped on Mie scattering theory, which leads to semi-analytic results for the properties
of dielectric/magnetic spheres in MW cavities [145] beyond the weak coupling regime [172] and the magnetostatic
approximation, and can be extended to treat the collective dynamics of multiple spheres [173]. By acting as an antenna
for EM fields, large YIG spheres trap the MWs by their large dielectric constant, even without external cavities [145,174].
This prediction illustrated by Fig. 9 was confirmed experimentally [175].

5. Magnons in microwave cavities

In Section 4 we reviewed the basics of interactions of magnons with EM radiation and illustrated them by few seminal
experiments. Here, we turn to the design of MW cavities and their magnetic loading, focusing on the strong coupling
regime. We introduce different MW cavities and mode families and turn then to experimental results on coherent and
dissipative magnon-photon couplings, nonlinearities, and cavities filled with more than a single magnet.
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Fig. 8. Theoretical results for (a,b) MW transmission spectra as function of magnetic field and frequency for a YIG film placed in a 1D cavity; (c,d)
mode-dependent coupling rates. The YIG parameters used for the calculation are as follows: Gilbert damping o = 10~> [66], ferromagnetic exchange
constant ] = 3 x 1076 m? [169], relative dielectric constant &/gy = 15 [170], gyromagnetic ratio y /2w = 28 GHz/T, and saturation magnetization

oMs = 175mT [171]. Here, B(,ﬁi denotes the resonance field for mode p.
Source: Adapted from Cao et al. [144]. Copyright by the American Physical Society.
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Fig. 9. Calculated scattering efficiency of a YIG sphere for the same parameters as Fig. 8, as a function of magnetic field By, and frequency, (a) with
and (b) without the cavity. The MW modes are labeled by the spherical harmonic indices (n, m).
Source: Adapted from Zare Rameshti et al. [145]. Copyright by the American Physical Society.
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5.1. Microwave cavities

MW cavities are usually passive, i.e. they only provide scattering of external MWs. In passive cavities, the observable
is the scattering matrix between incoming and outgoing MWs. Active cavities, on the other hand, contain a feedback
loop that controls the MW response. For the basic properties of cavity resonances and anti-resonances and their phase
characteristics we refer to Section 2.4.

Since the first experiments [12], the magnon-photon interaction has been studied by several cavity designs, such
as metallic 3D MW cavities, 2D planar cavities, and 1D Fabry-Perot type of cavity (Table 1), while magnetic samples
have been either spheres or films. In passive cavities, the photon dissipation rate «x. determines the cavity quality factor
Q = w/k. at the mode resonance frequency w, see Section 2, while the magnon-photon coupling gy = g+/N is enhanced
by the number of spins N, see Section 4. The Gilbert damping constant « is in YIG of the order of 10~*, which corresponds
to a line broadening «xm, /27 = awn /27w &~ 1 MHz at wy, /27 of 10 GHz, as we discussed in Section 3. The coupling g (not
gy) in Eq. (84) of the Kittel mode of a magnet on an anti-node of a cavity mode becomes g ~ ny+/mohw:/V;, where
y /2w A 28 GHz/T is the electron gyromagnetic ratio and n < 1 is a “magnon filling” factor that takes the spatial overlap
and polarization matching into account [142]. The cavity mode volume is V. = f |H|2dV/|H|r2naX, cf. Eq. (26), where |H|r2mx
is the maximum value the MW intensity [142]. The largest reported coupling is gy/27 = 3.06 GHz for a 15.5-GHz MW
cavity mode, corresponding to a cooperativity of C = 1.5 x 10’. It was achieved by nearly filling a 3D cavity with a
5-mm-diameter YIG sphere [175] and approaches the ultra-strong coupling regime, see Section 4.

Closed 3D cavities can be chosen to have different shapes and input-output ports. High quality 3D cavities are usually
machined from high-purity copper that reflects MWs with very small loss. The one shown in Table 1 has inner dimensions
of 43.0 x 21.0 x 9.6 mm?> [142]. Its lowest TE;o; mode is at w./27 = 7.875 GHz with a linewidth of a few MHz, which
corresponds to a quality factor of about 1000 at room temperature. Commonly, a small YIG sphere is placed at a local
maximum of the intensity of chosen mode of a much larger cavity such that the field distribution over the sphere is nearly
constant. Re-entrant cavities — cavities with a small gap designed to maximize the electric field in the interacting region
— with multiple posts [176] focus the cavity magnetic field on to the YIG crystal, thereby enhancing the effective filling
factor far beyond the geometrical one [143]. Standing waves in 3D cavities are simply defined by the reflecting boundaries.
2D planar cavities are defined by superconducting resonators [12,177] or microstrips of normal metals [141,178] with
simplified fabrication, design, sample placement, and tunability that offset the weaker confinement and often reduced
quality factor.

Superconducting resonators play an important role in circuit QED by facilitating strong coupling, for example, to
a superconducting qubit [6]. Hiibl et al. [12] investigated a slab of YIG by placing it on top of a superconducting Nb
resonator. The sensitivity of a resonator can be improved in the form of a lumped element consisting of a small inductor
shunted by a large capacitance that reduces the impedance, thereby detecting the much smaller number of spins in
micro- and nanoscale cavities [179]. Similar superconducting resonators with low mode volumes in all-on-chip devices
strongly couple MW photons and magnons in nanometer thick permalloy structures [138,139]. These studies demonstrate
that scaling down the cavity dimensions allows strong coupling between MW photons and metallic magnets and, in the
future, spintronic devices with higher damping. For instance, strong coupling regime was achieved in a MW cavity for a
noncollinear magnetic insulator, Cu;0SeQ3 [180].

Planar cavities fabricated with normal metal microstrips in the shape of a split-ring [141,178], a T (notch filter) [181],
or a cross [182] operate at room temperature. They can be interpreted as magnetically tunable metamaterials [141] and
enable magnon controlled logic devices [183] and non-reciprocal MW isolators [184].

3D cavities with large aspect ratios and standing waves with relatively small frequency splittings in one direction
come down to the (quasi) 1D Fabry-Perot type introduced in Section 2.3. In a waveguide the end-points are open and
do not reflect the waves, which leads to a continuous spectrum and very different physics that can be captured by an
external coupling rate xex much larger than the intrinsic dissipation rate «o. The quasi-1D cavity in Table 1 illustrates a
partially closed design with both standing and traveling waves, consisting of a waveguide with a circular cross-section
connected to the MW source and detector by two non-circular transition regions that are rotated by an angle 6. This
device resembles musical instruments such as a flute — consisting of a resonating body with tunable cavity modes that
are coupled to propagating, audible sound waves [185]. Open cavities support cavity anti-resonances [183] and have
modified magnon-photon couplings [161-163,182,184,186].

The feedback between MW output and input in active cavities can reveal the cooperative dynamics of a polariton
ensemble [187]. The example in Table 1 consists of a planar passive (straight) cavity in proximity with a magnet and
an active (curved) cavity that contains a MW amplifier with voltage-controlled gain. Both cavities are high-quality half-
wavelength strip line resonators that form a 27 phase loop. The active cavity acts as a feedback loop that compensates
the loss of the passive cavity, with a gain of up to 360,000; the effective cavity quality factor can reach Q = 81,500 at
room temperature, which is about 3 orders of magnitude higher than that of conventional planar cavities. The feedback
photons thereby enhance the magnon-photon coupling.
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Table 1
Typical MW cavities used to study magnon-photon couplings. The parameters are for room temperature, with the exception of the 2D planar cavity
where parameters are for cryogenic temperatures. Copyright by the American Physical Society where applicable.

Cavity Structure Key Features Reference

3D cavity

= |
H |
4 [1
g
al B
V o

e standing cavity modes [142]
e intrinsic damping: «i,/27w ~1-10 MHz
e magnon filling factor: «1%

e standing cavity modes [143]
e intrinsic damping: «i,/27w ~10 MHz

e magnon filling factor: ~1%

o localized magnetic field enhancement

e standing cavity modes [12]
e intrinsic damping: «j,/27 ~1 MHz
e magnon filling factor: ~1%

Quasi-1D cavity

e standing cavity and traveling waveguide modes [161]
e intrinsic damping: «i,/27w ~10 MHz
e extrinsic damping: kex/2m ~100 MHz

Portl M PortA Port B Port 2

Continuous wave

Standing wave .

©
90 Transmission

Active cavity

e standing cavity modes [187]
e intrinsic damping: «i,/27w ~0.01 MHz
e feedback gain
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Fig. 10. Schematic diagram of a general hybrid system for creating cavity-magnon polaritons. The vacuum fluctuations éB of the MW magnetic field
of a cavity mode overlaps with one or more ferromagnetic crystals. An external magnetic field Hyo = By /i1 is applied either uniformly or locally to
each magnet. Depending on the uniformity of the MW magnetic field of the cavity mode, different magnetostatic modes can be coupled. The MW
cavity can be probed either by transmission or reflection through coupling rates «™ and 2" to input and output ports. The internal loss of the MW
cavity mode is given by k™.

Source: Adapted from Lachance-Quirion et al. [17].

5.2. Coherent and dissipative coupling

5.2.1. Coherent coupling and level repulsion

Coherent coupling is an active branch of research in the field of cavity magnonics. Historically, level repulsion induced
by coherent magnon-photon coupling was first detected by Artman and Tannenwald [188]. They moreover developed a
cavity perturbation theory to analyze the coupled system [189]. However, unaware of the relevance of such a coupling
for studying cavity-magnon polarotons in hybrid devices, see below, the magnetism community turned its attention
to minimize the cavity perturbation in follow-up experiments, which were often directed towards probing magnons
or measuring the magnetic susceptibility of materials. It took more than half a century until Soykal and Flatté [11]
realized what role coherent coupling can play in cavity magnonics — this time with a new perspective of magnon-photon
entanglement and quantum strong coupling. Coherent magnon-photon coupling in MW cavities has been observed by MW
transmission (or reflection) spectroscopy [12,63,138,139,141,143,175,185,190], time-domain measurement [142,191,192],
electrical detection [167,168,193], and Brillouin light scattering experiments [194,195].

Figs. 5, 7, and 10 illustrate the concept, the typical signatures of strong magnon-photon coupling, and the setup to
measure them in MW transmission (or reflection) spectra. A schematic experimental setup [17] is shown in Fig. 10. The
MW magnetic field B of a cavity mode interacts with one or more ferromagnets or other loads. The external magnetic
field Ho = Bo/ 10 can be applied either uniformly or locally to each sample. When the MW magnetic field or the ground
state magnetization are not uniform, magnons other than the Kittel mode can interact with the photons. The MW cavity
can be probed either by the reflection amplitudes at the input or transmission to the output ports that are characterized
by coupling rates Kén and «2". Fig. 7 shows the real part of a typical transmission coefficient S,; as a function of the
probe frequency wp and the current I in a coil that controls the amplitude Hy = |Hp| of the static magnetic field. The
anticrossing gap is much larger than the linewidths, proof of the strong and coherent coupling between the Kittel mode of
a YIG sphere and a standing MW cavity mode — creation of a cavity-magnon polariton (CMP). As discussed in Section 4,

28



B. Zare Rameshti, S. Viola Kusminskiy, J.A. Haigh et al. Physics Reports 979 (2022) 1-61

(@) (b) 7.92 ' Refl. (dB)
— ' -30
T 7.90f 1
O] -40
§ 7.88f 1 -50
S J——
> 7.86[ 1 60
(O]

T _ | -70
7.84 | 80
280 281 282

Magnetic field (mT)

(€) 282, Refl (dBm)(d) ' —
~ 0
£ o E
% 10 2
32281 2 é
= 40 (T
280 50

0O 100 200 300 400
Time (ns) Time (ns)

Fig. 11. Strong magnon-photon interaction and Rabi oscillations observed in the reflection amplitude of a YIG sphere in a 3D MW cavity (explanations
in the text).
Source: Adapted from Zhang et al. [142]. Copyright by the American Physical Society.

the coupling mechanism is the Zeeman interaction between the macroscopic magnetic dipole and the MW magnetic
field. The minimum splitting of the two modes (right panel) gives a coupling strength g/27 = 22.9 MHz. Horizontal
and diagonal dashed lines indicate the frequencies of the uncoupled cavity and Kittel modes. The coupling between MW
photons and magnon modes other than the Kittel mode depends on the overlap between the magnon and cavity modes
and can be strong in spheres [142] as well as films [168].

The transient response of the cavity after pulsed excitation also gives direct information on CMPs [142]. Fig. 11 shows
experimental results for a YIG sphere (0.36 mm in diameter) on the magnetic field antinode of the TEo; cavity mode.
The MW reflection spectra in Fig. 11b as a function of magnetic field demonstrate an anticrossing corresponding to the
level repulsion. Figs. 11c and 11d monitor the time evolution of the reflection amplitude after populating the cavity mode
by a short MW pulse. The observed time traces show the Rabi-like oscillations between magnon-like and photon-like
excitations. At resonance (yellow dashed line) the signal contrast is highest, indicating a nearly complete periodic energy
exchange between the two systems. The maximum oscillation period in Fig. 11c corresponds to the smallest gap in the
avoided crossing of the reflection spectrum in Fig. 11d. The oscillations at resonance as Fig. 11d, plotted on a logarithmic
scale, show a slow exponential decay that is governed by dissipation. The contrast between maxima and minima is > 20
dB, while the period of 46 ns agrees well with the coupling strength 7z /g = 46.3 ns. The signal according to the two-level
model (solid line) agrees very well with the measured time trace (circles).

The hybrid magnon-photon modes can be also electrically detected by heavy metal contacts, such as Pt, that convert
pumped spin currents into a voltage by the inverse spin Hall effect [144,167,168]. Figs. 12b and 12c show the amplitude
of the reflection coefficient S1; recorded on such a device while sweeping the magnetic field and the probe frequency.
Strong coupling of the collective spin excitations is indicated by a clear anticrossing, and spin wave modes to the low
field side of the main resonance are visible. Figs. 12e and 12f show the simultaneously recorded dc voltage of CMPs,
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spin wave modes to the low field side of the main resonance are visible. (e),(f) Simultaneously recorded dc voltage. The strongest signal is from the
Kittel mode. Higher magnons modes are visible as well, however, they couple less strongly to the cavity.

Source: Adapted from Maier-Flaig et al. [168]. Copyright by the American Physical Society.

detected by the spin pumping signal using the Pt detector fabricated on top of the YIG sample. The capability of electrical
detection of CMPs has led to the development of cavity spintronics [196], where distant control of the spin current has
been demonstrated [193], and the spin current enhancement via an auxiliary spin-wave mode has been achieved [197].

Micro-focused BLS spectroscopy of spin wave excitations is another tool to access CMPs. These experiments have been
carried out on a YIG film coupled to a split-ring MW resonator [194]. Strong coupling with a clear mode anticrossing
is observed in the light scattering, which is the first step towards wavelength up-conversion from GHz to THz [195].
Measurements sensitive to light polarization give insight into the CMP hybridization and the inelastic photon scattering
process [194].

Using these experimental techniques, a number of CMP-related interesting phenomena and functionalities have been
unearthed, such as magnon dark modes and gradient memory [198], magnon Kerr effect [199], ultrastrong coupling [200],
cavity-mediated coherent coupling of magnetic moments [201], cavity-mediated qubit-magnon coupling [202], cavity-
mediated remote manipulation of spin current [193], a cavity magnon quintuplet state [187], topological properties and
exceptional points [203-205], bistability [206], thermal control [181], and a nonlinear fold-over effect [207]. The research
in this direction continues, and more effects will be discovered.

Coherent magnon-photon coupling has even been proposed to detect axions. Originally, Ref. [208] proposed to use a
magnetic disk in which magnons are excited by axions. This proposal, which does not include a cavity, was made into
a demonstration device (ferromagnetic haloscope [209]) and extended theoretically by Ref. [210]. Placing a magnet in a
cavity and using CMPs was proposed to improve the frequency range of the detection due to the tunability of the CMP
frequency [211,212]. An alternative cavity-based axion detection proposal, using quantum measurement of magnons, was
made in Ref. [213].

All these effects root on the coherent coupling in hybrid systems, which has potential for both classical [214,215] and
quantum information processing [17]. A versatile magnon-based quantum information processing platform has taken
shape, see Section 7.
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5.2.2. Coherent coupling in time domain

Most of our information on CMPs comes from measurements in the frequency domain, however, there are several
time-domain measurements available. We already discussed the Rabi oscillations shown in Fig. 11d as a response to the
pulsed excitation of the cavity [142]. A similar experiment in an inhomogeneous magnetic field [177] allowed strong
coupling of the cavity to and CMP formation with several magnon modes. Furthermore, Ref. [192] demonstrated that
the frequency of these Rabi oscillations, as expected, can be tuned by magnetic field which tunes the system across the
degeneracy point. Ref. [216] demonstrated manipulation of a CMP by applying pulses to both the cavity and the magnet,
the latter was realized using a separate dc magnetic field. This allowed for the amplitude control of the Rabi oscillations
and even complete suppression of the oscillations with only exponential decay left.

Inspired by Floquet theory, Xu et al. [197] realized parametric driving of the magnon mode — the magnon frequency
was modulated by a periodic signal with driving frequency wp. This modulation was performed by an ac magnetic field
and leads to the driving of the transition between the two branches of the CMP. For weak drive, the time dynamics of the
system shows Rabi oscillations again, while for strong drive a regime can be achieved when the RWA is not applicable,
and the reflection spectra show Floquet sidebands at driving frequencies corresponding to the two CMP branches shifted
by nwp, with an integer n.

More recently, Ref. [217] used an antenna to control the bias magnetic field and ensure fast manipulation of the magnon
mode. This allowed for demonstration of classical analogs of standard quantum effects such as Ramsey fringes and state
swap.

5.2.3. Dissipative coupling and level attraction

In contrast to the coherent coupling, considered in Section 5.2.1, the branch of studying dissipative couplings in cavity
magnonics has just started recently. Level attraction caused by dissipative magnon-photon coupling was discovered by
Harder et al. [161] by setting a YIG sphere in a 1D Fabry-Perot-like cavity (see Table 1). That cavity, as mentioned in
Section 5.1, consists of standing wave cavity modes that couple to the outside via traveling waves. Such a cavity exhibits
anti-resonances that are characterized by a large external damping rate x.x (see Section 2.4). The modeling can be done
as explained in Section 4.3.3. When the YIG sphere is placed on an anti-node of the cavity field for an anti-resonance
frequency, i.e. position A in Fig. 13a, the levels repel each other. In Fig. 13a, the measured MW transmission amplitude
|S21] is plotted as a function of frequency and field detuning A, = wp — w: and Ay = wn(H) — w., wWith wy(H) being
the field-dependent magnon frequency. It shows a coupling strength of 39 MHz. However, when the YIG sample is placed
into a node (position B), the level attraction is observed as shown in Fig. 13b, and it can be modeled with a coupling
strength of 17 MHz.

The level repulsion between the magnon mode and the cavity anti-resonance is emphasized in Fig. 13c. At Ay = 0, two
sharp dips of equal amplitude are observed. Their splitting and a difference in intensity increases with |Ay| as expected
for a conventional CMP. In contrast, Fig. 13d shows a sharp dip and a relatively broad resonance, that for Ay = 0 appear
at the same frequency wp = wn, = w, i.e. the level attraction is complete. This interpretation is further supported by the
phase ¢,1 = arg S, for Ay = 0 in Fig. 13e and Fig. 13f. The level repulsion is accompanied by two w-phase shifts, while
the single 27-phase jump in Fig. 13f shows that the levels collapsed into one.

Subsequently, Refs. [162,182] reported level attraction by setting a YIG sphere in 2D cavities and Ref. [219] in a
3D cavity. The common feature of these cavities, as summarized in Table 2, is that they are all similar to waveguides
galvanically connected with resonant structures, which support both the standing wave (cavity mode) and the traveling
wave propagation. The interference between the standing and traveling waves leads to the cavity anti-resonance, which
appears as a dip with a broad background in the transmission spectra of the open cavity. Initially, the coupling between
the cavity anti-resonance and the magnon mode was modeled by an effective non-Hermitian term [161], which describes
the backaction from the induced RF current impeding the magnetization dynamics, instead of driving it. The model treats
the dissipative coupling as a frictional force that couples two harmonic oscillators as depicted in Fig. 4.

Searching for the microscopic mechanism of the dissipative coupling, several experiments [163,184,220] were per-
formed to investigate the role of traveling waves in different cavities. Theories based on three different approaches
are established, all of them consistently attribute the origin of dissipative magnon-photon coupling to traveling wave-
induced cooperative external damping: In cavities that support traveling waves, the cavity mode and the magnon mode
cooperatively damp to the same traveling waves, leading to an indirect dissipative coupling that causes the level attraction.
Historically, level attraction induced by such an indirect coupling was first observed by Christiaan Huygens in 1673, who
found that two pendulum clocks, mounted on the same wall, would eventually swing at the same frequency despite no
direct interaction between the clocks. Huygens called the effect “odd sympathy”: The vibration of the wall acts as the
common reservoir that correlates the pendulum oscillations, leading to an indirect coupling that “attracts” the oscillation
frequency of the two clocks.

While the traveling wave is the key ingredient of the open cavity magnonic systems in which level attraction has
been observed, it is not the only mechanism for inducing dissipative couplings. Theoretically, instead of traveling waves,
a damped auxiliary mode has been proposed as an alternative way for mediating the dissipative coupling between two
oscillators [221]. The general physical principle of that simple model may be applied to a wide range of coupled physical
systems. Furthermore, observing level attraction does not always indicate dissipative coupling. For example, a two-tone
driven scheme was proposed by Ref. [222] to enable level attraction, and it has been realized by Refs. [164,223]. As
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Fig. 13. Observation of magnon-photon level repulsion and level attraction by setting a YIG sphere in the 1D waveguide depicted in Table 1. (a)
and (b) are the measured dispersions, while (c)-(f) are the measured amplitude and the phase of the transmission coefficient.
Source: Adapted from Harder et al. [161]. Copyright by the American Physical Society.

i |

depicted in Table 2, the key feature of the scheme is that the drive field is split into two paths, one is applied to the
cavity input port and the other one is applied through a loop antenna directly to the YIG sample set in the closed 3D
cavity. Another mechanism was proposed by Ref. [224], who showed that magneto-optical coupling, or more specifically,
the inverse Faraday effect, may induce the attractive interaction between the magnon and cavity photon modes. This
implementation is analogous to the optomechanical approach, where level attraction was realized experimentally in a
multimode superconducting MW optomechanical circuit [225].
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Table 2
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A summary of a few devices and setups used for measuring the level attraction in cavity magnonics. In the experiments listed in the first four rows,
the level attraction was due to dissipative magnon-photon coupling mediated by traveling waves, while in the experiment of Boventer et al [164],
the level attraction was caused by the interference effect between two driven tones. In all experiments, the intrinsic damping of the standing cavity

modes is «i,/27 ~1-80 MHz.

Source: The figures and some of the contents in the table are adapted from Wang et al. [218]. Copyright by the American Physical Society where

applicable.

Cavity Structure
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Reference

1D Fabry-Perot-like cavity
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e level attraction

[161]
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e level attraction

[162]
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e level attraction

[182]

Anti-resonance within a 3D cavity
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Out
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Kex/2m = 14.99 GHz

e level attraction

[219]

~
Q)
2 ‘cavity’ port

YIG sphere

e standing cavity modes

e ‘cavity’ port and ‘magnon’ port
e phase shifter

e level attraction

[164]

Among all these mechanisms, two distinct capabilities stand out for the dissipative coupling mediated by traveling
waves: (i) It can be engineered to enable a direction-dependent relative phase between coherent and dissipative magnon-
photon couplings, which breaks the time-reversal symmetry for MW propagation. Utilizing the directional interference
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between coherent and dissipative couplings, nonreciprocal MW transmission has been demonstrated [184]. (ii) It sustains
the purely dissipative coupling, which enables the realization of anti-parity-time symmetric cavity magnonics. Two types
of singularities have been found in such a system: the exceptional points that are square-root singularities appearing
in non-Hermitian systems, and an unconventional bound state in the continuum that simultaneously exhibits maximal
coherent superposition and slow light capability [186]. Moreover, a whole surface of exceptional points has been
demonstrated by extending the magnon-polariton system dimensionality into synthetic dimensions given by multiple
tuning parameters [226]. A theory has further predicted that in systems exhibiting energy level attraction of magnons
and cavity photons, parity-time symmetry can also be spontaneously broken, and the magnon and photon can form a
high-fidelity Bell state with maximum entanglement in the parity-time symmetry-broken phase [227]. A phase transition
to an anti-parity-time-symmetric phase has in turn been demonstrated by using two YIG spheres in a cavity [228]. In
general, by utilizing the dissipative coupling, dissipation is no longer a nuisance. On the contrary, it enriches the physics
and becomes a resourceful ingredient of open systems. New perspectives for harnessing dissipative couplings, such as
dissipation engineering in quantum systems, utilizing the dissipative spin wave bath in cavity spintronics, and developing
non-Hermitian metamaterials, have been outlined [218].

5.3. Nonlinear effects

The physics of coupled driven harmonic oscillators can be explained by classical electrodynamics and linear response to
applied MW radiation. However, the dynamics of high-quality magnets can be driven into the nonlinear regime, causing
effects such as Suhl instabilities, see Section 3. Cavity magnonics can access the regime of nonlinear dynamics, which
potentially can also facilitate observation of quantum effects.

5.3.1. Instabilities

It is known for a long time that sufficiently strong MWs drive the magnetization dynamics into the non-linear
regime [229-232]. In the present context, Wang et al. [206] report a magnon-polariton bistability in a cavity loaded
by a YIG sphere in terms of sharp frequency jumps of the resonances that indicate abrupt changes of the amplitudes. A
YIG sphere in a Fabry-Perot-like MW waveguide displays a nonlinear fold-over effect, i.e. a skewed resonance shape as
a function of frequency that leads to bistability, a typical signature of non-linear systems [207]. The telltale features are
clockwise, counterclockwise, and butterfly-shaped hysteresis loops of the resonance features that depend on the ratio of
the magnon and photon components of the magnon polariton excitation.

Since the photon subsystem is linear, fold-over effects must be caused by the nonlinearity of the magnetic subsystem,
such as a Kerr nonlinearity [206] with positive (negative) coefficient when the static magnetic field is parallel to the
[100] ([110]) crystallographic axes of the YIG sphere, respectively [75] (see Section 3.8). This nonlinearity can be captured
by modeling the magnon mode by an anharmonic (Duffing) oscillator [233] that is coupled to a harmonic oscillator
representing the cavity photon mode.

Makiuchi et al. [234] realized a parametric oscillator in the form of a YIG disk with frequency w by driving it via a
coplanar microwave guide at 2w. The system is a bistable “parametron”, characterized by the phases 0 and = of the
magnetic oscillations relative to that of the microwaves. The latter can be read out electrically by the inverse spin Hall
effect in Pt contacts. By changing the system parameters, the dynamics can be tuned to form a stable Ising spin system or
a randomly fluctuating one with Poissonian statistics. In the latter regime the systems qualify as a “probability bit (p-bit)”
in stochastic computing applications [235].

5.3.2. Quantum effects with strong drive

A number of theoretical proposals explore the quantum nature of magnons in a cavity-magnet architecture. We return
in Section 7 to quantum effects in the situation when a cavity contains a qubit and a magnet.

Ref. [236] considers the quantum entanglement by the Kerr nonlinearity between the Kittel modes of two YIG spheres
in a cavity that is strongly driven by a blue-detuned MW field. This is a strongly driven system, and a large number of
magnons is needed, which makes the task of visualizing the quantum effects non-trivial.

Ref. [73] theoretically explored nonlinearities of ferromagnets in MW cavities beyond the macrospin and Duffing
approximations. The nonlinearities of a magnet can be interpreted in terms of the Holstein-Primakoff expansion beyond
the lowest order term, which introduces interactions between the magnons as discussed in Section 3. The magnon-
magnon interactions couple the CMP to energetically degenerate states of backward moving bulk magnons that are pushed
in energy by the exchange interaction for sufficiently large wave numbers. The tripartite system under a MW drive and
an injection-locking probe can form fixed points that display squeezable quantum fluctuations. They predicted large and
distillable quantum entanglement, which potentially should be observable with YIG samples at bath temperatures of
around 1 K.
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5.3.3. Nonlinearity induced by microwave feedback

In all of the experiments reviewed in Section 5.2, the measured magnon-photon coupling rate gy = g+/N increases
with the spin number N, but it is independent of the MW power. This is because in the linear dynamic regime, the
excitations in the magnetic subsystem (with N spins) are far from being saturated, so that the number of CMPs m < N.
In such cases, adding photons may increase m but does not change the coupling rate. We note that such a feature is
distinctly different from the strong coupling of cavity photons with a single spin, where the single two-level system can
be saturated by one photon excitation, so that adding photons enhances the coupling rate.

As reviewed in the two previous subsections, by driving the magnetization dynamics into the nonlinear regime, the
coupling features, such as the bistability and the fold-over effect, become dependent on the MW driving power. An
alternative way to introduce the nonlinearity is to keep the magnetization dynamics in the linear regime (m <« N), but
introduce the MW nonlinearity to the coupled system. Such a technique is developed by using the active cavity circuit
shown in Table 1.

The characteristics of the active cavity circuit have been introduced in Section 5.1. It consists of a passive (P) and an
active (A) cavity. The A-cavity contains a MW amplifier and acts as a feedback loop that compensates the MW loss of
the P-cavity. If one loads a YIG sphere into the cavity circuit, the coherent coupling between the magnons and the MW
photons in the P-cavity generates CMPs. But unlike the simple cases reviewed in Section 5.2, the m-polariton ensemble
interacts cooperatively with the n photons fedback from the A-cavity [187]. As shown in Fig. 14, instead of the conventional
anticrossing between two modes, such a cooperative polariton dynamics leads to five hybridized modes (quintuplet)
appearing at wc, o £ 2., and w. £ 2_, where

24 =\/(52 + A2 +2f2g2 (2 + A/2)/92. (100)

Here, 2 = g,%, + (A/2)? is related to the frequency detuning A = wy, — w., and f = /n/m is the feedback factor that

is controlled by the gain of the MW amplifier. At A = 0, Eq. (100) reduces to 2+ = gy+/1 + 22, so that the quintuplet
reduces to a triplet as shown in Fig. 14. Such a cavity magnon triplet resembles the Mollow triplet [237], a canonical
signature of the light-matter interaction observed in single quantum systems [238]. It demonstrates that by introducing
the MW nonlinearity to the cavity magnonics system, the magnon-photon coupling rate §2 is controlled by both the
spin number and the number of the feedback photons.

5.4. Two or more magnets in a cavity

The quantized EM field of cavity photons may coherently interact with spatially separated quantum objects. This allows
photon-induced information transfer between distant systems, which is desirable for quantum communication. An indirect
interaction between artificial atoms, e.g., superconducting qubits, via a MW resonator [239] or a waveguide [240], and in
an atomic ensemble through an optical resonator, has been reported [241]. The coherent coupling of remote paramagnetic
spin ensembles, NV centers in diamond via a cavity bus has also been demonstrated [242]. If magnon lifetimes can be
sufficiently improved, combining them with a high-speed intermediary with long coherence length, such as photons, may
provide a novel platform for quantum information transfer over macroscopic distances [243,244].

Strong coupling of MW cavity photons with multiple magnets has been realized by Zhang et al. [ 198]. Two magnets at
the anti-nodes of a cavity mode, Fig. 10, form a “bright” collective mode that precesses in phase with the magnetic field,
and a “dark” mode that does not interact with the cavity mode because the magnetizations of the magnets precess out of
phase. The bright mode experiences a Stark frequency shift, while the dark mode is decoupled from the cavity and does
not suffer from radiative decay. The coherent long-range coupling of spatially separated magnets via a MW cavity has
also been realized in the off-resonant regime [201], in which magnets are strongly detuned from the cavity modes. The
bright magnon mode is blue shifted when above the main cavity mode, and red shifted otherwise. Note that light-matter
interaction has to be nonlinear in order to produce this coupling. The nonlocal coupling between distant magnets in a
cavity allows for long-range manipulation of spin currents [193]. Ref. [173] interpreted the non-dispersive cavity-photon
induced coupling of magnets in terms of a simple molecular model or “magnon chemistry”. The dominant mechanism
for the coupling is not the coupling of the magnetic field of the cavity to the magnetization, as is typical for MW cavities,
but that of the electric field to the charge polarization in dielectric spheres. The electric component of the cavity mode
can dominate the coupling which reaches the ultra-strong coupling regime when the cavity is significantly filled [173]. A
long-range coupling between a ferro- and an antiferromagnet through a MW cavity has been predicted [78], which might
pave the way toward integrated circuits with new components.

The nature of the interaction mediated by cavity photons among magnets depends on the cavity type and location
of the magnets in the cavity. In particular, the cavity can be closed and conserve energy, or dissipative, such as an open
waveguide. When the direct coupling of both magnets to the cavity is of the same type, i.e. either coherent to a confined
cavity mode, or dissipative to the continuum of modes in an open cavity, the indirect long-range coupling is coherent and
levels anti-cross or repel each other. When it is predominantly dissipative, a level-attraction can be expected. A long-range
dissipative coupling in a dispersive regime has been proposed [245] and observed [246]. The chiral coupling of a chain of
magnets with traveling photons in a waveguide that loses energy at the open ends, leads to extended collective magnon
modes that are sub-radiant as well as super-radiant edge states with large amplitudes [247,248].
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Fig. 14. Cavity magnon quintuplet. Transmission through an active feedback cavity, if driven close to the cavity resonance, shows three peaks as the
function of the drive frequency wp if the cavity mode is exactly at the resonance with the magnon mode (w. = wny,). If the cavity mode is detuned
from the magnon mode, the peak splits into five. (a) Dependence of the transmission on the driving frequency for different relations between w. and
wm; 1l corresponds to the resonance between the cavity and the magnon. (b) The same dependence plotted as the function of the drive frequency
and of the external magnetic field By which detunes the cavity and the magnons.

Source: Adapted from Yao et al. [187].

One can think of more complicated “chemistry” by putting various coherently coupled objects, not just magnets, to
a cavity. In particular, Section 7 reviews the physics of a magnet coherently coupled to a qubit inside a cavity. Another
example is Ref. [249] which considered a magnet and a superconducting sphere and showed that the coherent coupling
affects the properties of the superconductor.

6. Magnons in optical resonators

A strong coupling of magnons at GHz frequencies and light at frequencies above 100 THz is difficult to achieve. The
large frequency mismatch prohibits an anticrossing and the formation of magnon polaritons at light frequencies. Strong
coupling can still be reached in principle when the frequency shift due to the coupling exceeds the line widths. However,
the Zeeman coupling of the spin magnetic moment with the photon magnetic field is suppressed inversely proportional to
the detuning. The electric field component, on the other hand, couples to the spin only via the relatively weak spin-orbit
interaction [155], see Section 4. The leading interaction is a second order process, the electric field-induced two-photon-
one-magnon inelastic scattering (see Section 4.3.2). Optimal frequencies are close but below the band gaps in order to
resonantly enhance the scattering cross section without significant absorption that would prohibit high photon intensities,
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which for YIG is in the near infrared. Samples with high dielectric constants act as antenna and confine the photons, which
then have ample time to interact with the magnons. YIG spheres and slabs thereby form optical resonators with enhanced
magnon-photon interaction. Analogous to optomechanics [10], the radiation pressure-type interaction while intrinsically
weak (~10kHz) is parametrically enhanced by the photon number or optical drive power (see Section 4). Ref. [250] reports
strong phonon-photon coupling at high photon intensities.

The ability to strongly couple magnons to an optical mode may open up opportunities in quantum technology, such
as the optical communication between distant quantum computers with clock frequencies in the MW regime and form
an interface between mK and room temperatures [251,252]. The potential of such transducers are a strong motivation
for research on optomechanical systems that reach already efficiencies close to unity [253,254]. Ref. [255] reports optical
photon emission by superconducting transmon qubits. Repeating such a feat with magnetic systems would offer new
functionalities that exploit the intrinsic time-reversal symmetry breaking of the magnetic order, enabling, for example,
unidirectional conversion without the need for complex drive schemes [256,257]. Note that magnetic materials are
routinely applied in communication technology as isolators that are transparent only in one direction, at MW [258] and
optical frequencies [259].

Qubit-optical transduction has been previously experimentally demonstrated with optomechanics [253,255], which
benefitted from the complementary progress on the MW and optical side. Magnetic systems have an advantage that
the microwave frequency can be tuned to freeze out background thermal magnons. Raising the applied magnetic field
to 1T would raise the YIG FMR frequency to 28 GHz, corresponding to a thermal energy above 1 K. However, optical
measurements at the single magnon level that complement those in the MW domain [260] is still a challenge. The higher
bandwidth of lasers can circumvent measurement problems associated with the magnon dissipation [17].

Optical techniques such as Kerr-Faraday rotation spectroscopy, inelastic light scattering [261,262] and ultrafast pump-
and-probe techniques [263] are well-established probes of magnetism. Light is much less used to control the magnetic
order [153]. The ability to manipulate magnetism in the strong optical interaction limit would enable a number of
interesting fundamental experiments, such as optical cooling [264] or driving selected magnon modes [265].

This Section reviews the progress in enhancing the magnon-optical photon interaction in resonators, starting with the
interaction mechanisms, lists the relevant parameters, and introduces proposed optical cavity geometries. Subsequently,
we review recent experiments that observe enhanced magnon-photon coupling in YIG optical whispering gallery mode
(WGM) resonators.

6.1. Interaction between magnons and optical photons

YIG is a wide band-gap electrical insulator with a transparency window in the infrared without measurable absorption,
but also with vanishing magneto-optical constants that become significant only by resonant enhancement. Closer to the
band gap, both electric dipole and magnetic dipole two-photon transitions become significant [266]. For example, for
light at a wavelength of 1.15 pm, the ratio between the optical transitions induced by the magnetic and electric field
components is 0.06 [156]. Electric dipole transitions can be treated in terms of a dielectric tensor “¢”(M) that depends
parametrically on the magnetization M [267,268], see Eq. (87) and Section 4. This approach captures most magneto-
optical phenomena such as the elastic Faraday-Kerr and Cotton-Mouton rotation of the light polarization and the inelastic
magnon BLS [157]. We focus here on the latter process in which a scattered photon suffers a red or blue shift by creating
or annihilating a magnon. By the conservation of angular momentum the photon polarization must change during the
scattering process as well [151], as discussed in Section 4. Only when rotational symmetry is significantly broken, a net
angular momentum of photons and magnons can be transferred to the crystal [269].

Historically, magnon BLS is a standard probe of the magnetization dynamics of magnons with small wave vectors [261],
e.g. in identifying a magnon Bose-Einstein condensate [48], characterizing artificial magnonic crystals [262,270,271], or
probing magnetic textures [272,273]. By its weak interaction light is relatively non-invasive, i.e. it only weakly perturbs
the system under study. Cavity optomagnonics strives to reach a new regime of enhanced magnon-photon coupling that
allows manipulating the magnetic system.

The light-magnon interaction in a cubic crystal is governed by Eq. (87) that leads to the Hamiltonian (89). In the
following we disregard the second order (Cotton-Mouton) term in 8¢;;(M) and concentrate on the Faraday part, since the
former only renormalizes the interaction parameters in the standard measurement configuration in which incoming and
scattered light are normal to the magnetization [53,274]. The single adjustable constant f is directly related to the Faraday
rotation angle 6y = wfM,/(2cn) by a magnet with thickness equal to the wavelength. In the leading order process an input
photon in mode p scatters into an output mode g via a magnon in mode 7, governed by the optomagnonic matrix element
Gpqy in the interaction Hamiltonian of Eq. (89),

o1 dgu hw hw
Gpan = —i——M; d P T Vine. (101)
2h MV \ 2606V, || 2606V

The interaction volume Vi is the overlap integral of the three mode functions in the form of a triple vector product given
by

Vine = /drvn(r) < [ug(r) x uy(r)l, (102)
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where ug(r)* and u,(r) are amplitudes of the optical cavity modes with mode volumes V,, and V, (see Section 2), while
v, (r) is related to the normalization condition (70) in Section 3, w, = /4 gup/(MsVm)v,. The effective magnon mode
volume here is Vi, = f |vn(r)|2dV, see Eq. (71), which is strictly valid only for circularly polarized magnon modes [52].
According to Eq. (102), the TM-TE or TE-TM scattering configuration maximizes the coupling.

In the experiments that follow, the optical mode frequencies and volumes differ only slightly. With V, ~ V; = Vi
and w, ~ wy = wep;, We obtain

¢ [4gup [ 1 Vi
Gpgy = —i6f — —_—— 103
pan fn M, Vin Vopt ( )

The coupling increases with (i) the material dependent Faraday angle ¢, (ii) a geometry with large triple-mode overlap,
and (iii) a small magnetic volume.

6.1.1. Magnon Brillouin light scattering

Here we address the magnon annihilation rate by anti-Stokes inelastic light scattering at a thermally or MW excited
magnet close to resonance as in Fig. 15a. In the interaction Hamiltonian (89) we focus on three levels, viz. magnon mode
with frequency wy, and optical input and output modes w; and w, with w; > w,,

Fopt_m = heid @ + hwofild, + heomim'i + hG (agaim n afaomf) , (104)
where Ggm = G and G, ,, = 0. A proximity laser with frequency wp, slightly detuned from the input by A; = w; — wp,
drives the system. The input amplitude @ = (a;) + 8a; is mainly coherent but has small fluctuations, where (a;) =

Kiex(@iin) /(Ki/2 — 1A}), ki = ki + Kiex i the total damping rate, and (a;j,) is the amplitude from the proximity coupling
to the external laser. The output mode is not driven, so (a,) ~ 0 (see Section 2.4). The magnons are populated thermally
or driven by MWs to an amplitude .
The linearized Hamiltonian in the rotating frame of the drive frequency is (Fig. 15b)
H/

opt—m

= hA;8a!8a; + hA,8a18a, + hwmm'm + hGy (8aim + sa,m') (105)

with coupling constant Gy = +/NiG, where N; = |(g;}|* is the number of photons in the input mode, and the output
mode is detuned by A, = w, — wp. The Langevin equations that describe the dynamics of this Hamiltonian have been
introduced in Section 2 (see also Section 4.3.4),

om . R N N

Tt iwmf — ’%mm + /Kmexin — iGy 8o, (106)
asa . i on A A

= iA80, — %8% + /Komx88oin — iGyTRL. (107)

Their solutions read

A/ Km,exmin — iGnda,
Km/2 —i(w — op)
A/ Ko,ex(sao,in — iGnm

2o = 2= (0 — (s —an) (109)

ﬁl:

(108)

where kmex is the coupling rate of the magnon to the microwave source.
Using the input-output relation (31) and tuned input frequency wp = wj, we get

2
4 4GN Km,ex Ko,ex
KoKm Km Ko A 2
|m

~ 2
|Sao,out| = N 5 in| . (110)
4G, —(wo—wj)
(14 )" ()
KoKm Ko/2
The scattering is maximized at the triple resonance condition wy, = w, — wj,
. 4C K K .
max |(Sao,out|2 — OPm m,ex €o,ex | in|2~ (111)

(1+ Copm)® Km Ko

The magnon annihilation by anti-Stokes scattering is governed primarily by the factor 4Copm/ (1 + Copm)?, which is largest
when the drive-enhanced optomagnonic cooperativity Copy, = 4G§ /(Kkokm) is unity (see Section 4.3.4). The other two
factors reflect the impedance matching of magnon and output optical modes and approach unity when the coupling
rates to the outside world are much larger than the internal decay rates xkmex > km,o and koex > ko0. The driven
optomagnonic coupling Gy is proportional to the optical power stored in the input mode and depends on the power and
the proximity impedance matching of the input laser. The single-photon cooperativity Coopm = (4G?)/(kokm) = Copm/N;
does not depend on the input power. The expression for the scattering probability (110) is proportional to the magnon
number that at thermal equilibrium is governed by the Planck distribution function. At low temperatures there are no
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Fig. 15. Limited Hilbert space for resonant magnon light scattering with coupling and dissipation rates (a) for general magnon Brillouin light scattering
that is simplified (b) for a strongly driven optical mode i that can be eliminated in favor of an enhanced coupling rate Gy.

magnons to annihilate, so anti-Stokes BLS is suppressed. On the other hand, external stimuli such as resonant MWs, can
strongly enhance the magnon number and BLS cross section. The correlation between MW absorption and BLS spectra
helps in to assign magnon modes as discussed in Section 6.3.3.

6.2. Optical cavity designs

6.2.1. Materials

The materials parameters that determine the optomagnonic coupling are the refractive index, the Faraday angle, and
the saturation magnetization. For the cooperativities we also need the damping rates of the optical and magnon modes.
YIG is currently the best available material since it has been optimized for commercial applications at both MW and optical
frequencies for MW generation or filtering and optical isolators or circulators. The Faraday rotation angle of undoped YIG
at wavelength 1.5 wm is ~4 rad/cm~' per unit of thickness and the Gilbert damping o ~ 10~* — 10>, see Section 3.7.
The figure of merit for optical isolators is the Faraday rotation divided by the optical loss [275]. Doping can increase this
number at the cost of increased damping [276]. This is not an issue in static optical isolators, but the trade-off from doping
often leads to a reduced cooperativity.

Van der Waals ferromagnetic and antiferromagnetic materials [277,278] show sizable magneto-optical activity for
only a few monolayers. Ref. [277] reports a Kerr rotation angle of 0.005 rad for a monolayer of Crl; (but not the optical
absorption). With ~1 nm thickness this corresponds to 2250,000 rad/cm~'. The low magnetic damping in vanadium
tetracyanoethylene [279] make such organic-based ferromagnets also attractive for optomagnonics [280].

6.2.2. Optical resonators

The cavities that confine light with wavelength in wm are quite different from those of microwaves with cm
wavelength. They range from simple Fabry-Perot resonators to complex photonic crystal devices, see Fig. 16. Light can be
trapped simply by a material with high dielectric constant with the experimental challenge to couple such a resonator in
a controlled manner to the external laser input and output. The key geometric parameters are the overlap of the magnon
and photon modes as well as the volume of the magnon mode. In order to meet the resonance condition the TM-TE
photon mode splitting should be comparable to the magnon mode frequency that can be fine-tuned by a magnetic field.
The optical losses by absorption and disorder scattering by the magnet and at the proximity coupling node should be
minimized as well.

Whispering gallery mode (WGM) resonators are frequently used to enhance optical interactions with phonons, and they
turned out to be very useful in optomagnonics as discussed below. Since WGMs are confined to the sample boundary,
the surface roughness must be suppressed. Mechanically polished YIG spheres with sub-mm diameters are commercially
available for microwave applications. The high refractive index ny;c ~ 2.2 and transparency in the infrared enable these
spheres to support well-defined optical WGMs as well.

Optical resonators with embedded magnetic elements enhance the static Faraday effect, for application in compact
optical isolators [275]. Photonic crystal devices may increase the Faraday rotation by a factor of 4 [283]. A single
magnetic layer sandwiched between two non-magnetic Bragg reflectors [285] or magnetic multilayers [286] generate
localized optical Tamm states with enhanced amplitudes [287] that also show enhanced magnetic second harmonic
generation [288]. Ref. [289] proposed optical isolators based on defects in two-dimensional photonic crystals. High-
quality silicon photonic resonators with embedded YIG elements [284] raise the hope for monolithic integration of optical
isolators into photonic integrated circuits [290].
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Fig. 16. Optical cavities with embedded magnetic elements. (a) A solid sphere of YIG with optical whispering gallery modes [281]. (b) The reduced
mode volume in cylindrical and disk-shaped YIG samples can achieve higher magneto-optical coupling and support different magnetic textures [51].
(c) Photonic crystals can confine the optical field [282], also in narrow-band optical isolators [283] (d). (e) Compact optical isolator with magnetic
elements based on a silicon photonic “racetrack” resonator [284]. Copyright by the American Physical Society where applicable.

Optical isolators are a useful reference point for the design of future integrated magneto-optical cavities, but while
they enhance the static Faraday rotation this is not necessarily the case for the interaction of light with the dynamical
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magnetization. Even with annealing-induced-recrystallization, the quality of sputter-deposited YIG has a Gilbert damping
ten times larger than that of liquid phase epitaxial-grown YIG [291], which is not tolerable for cavity optomagnonic
purposes.

Theoretical studies can guide cavity design for the optimization of the magneto-optical coupling [13]. For example,
compared to a sphere, in a disk with thickness ~ A the total mode volume of a WGM is reduced [51]. Defects in photonic
crystal structures made from or containing magnetic material can act as a small mode volume resonators. This has
been considered for 1D planar structures consisting of dielectric mirrors with an embedded magnetic layer [282], or
multilayers of magnetic and non-magnetic dielectrics that confine both the magnon mode and the optical mode to the
same volume [292]. 1D photonic crystals formed by equidistant holes in a dielectric beam [53] may also localize the
optical and magnetic modes to the same volume.

The magneto-optical interaction can also be enhanced for a given sample by selecting magnon modes that maximize
the triple-mode overlap. In magnetic spheres, also magnons form WGMs at the equator [264]. The Damon-Eshbach
surface modes are chiral, which increases the asymmetry between Stokes and anti-Stokes scattering. However, they are
so localized that the overlap with the optical WGMs is still small. Almost perfect overlap can be achieved by choosing
modes with slightly smaller orbital angular momentum, however [52]. The wave vector of the (close to) surface magnons
is large, such that angular momentum can be conserved if the photons are back — rather than forward scattered. These
surface modes can be efficiently actuated only by microwaves with matched wave length, which are not easily generated.
Alternatively, two-beam stimulated Raman scattering process can selectively populate magnetic surfaces modes with large
momenta [265]. Ref. [51] suggests to couple to a gyrotropic mode [293] of a magnetic vortex [294] in a thin magnetic
disk — a mode representing the rotation of the center of mass of the vortex around an axis perpendicular to the plane
of the disk — to enhance the magneto-optical coupling. The gyrotropic mode frequencies are typically much smaller that
those of magnetostatic modes, which may enhance, e.g., magnetoelastic phenomena. Indeed, magnons and photons may
couple via an intermediate mechanical mode [295], exploiting the high sensitivity and large Q-factors of optomechanical
systems. This kind of coupling has already been exploited in measurements of single spins in nitrogen vacancy centers of
diamond [296], and as a possible route to highly efficient MW-to-optical transduction [297].

6.3. Whispering gallery modes

The magneto-optical coupling in WGM resonators has been the subject of several studies. The selection rules for
Brillouin light scattering are understood in terms of a number of conservation rules and the overlap integral in Eq. (102),
and the coupling rates to different modes can be calculated [274]. Here we discuss the observations of BLS by WGMs in
YIG spheres that are in general well understood.

6.3.1. Optical WGMs

A dielectric sphere with high refractive index supports WGMs, i.e. light modes that cannot escape due to total internal
reflection at the dielectric/air boundary [298]. These modes can have Q-factors as high as 10® [299] and strongly enhance
interaction effects in non-linear optics [300], optomechanics [301], and biosensing [302].

The modes of a dielectric resonator are solutions of the Helmholtz equation [Eq. (23)], see Section 2. For a rotationally
symmetric spheroid, the indices {I, m, q} count the nodes in the mode amplitude in the polar, azimuthal, and radial
directions, respectively, as illustrated by Fig. 17a. Modes with linear polarization parallel and perpendicular to the WGM
plane (see Fig. 17b) have the same nodal structure, but their frequencies differ by birefringence, i.e. the different boundary
conditions for the electric field. Since the interface is curved we label them “quasi”-TM (h) and TE (v) in Fig. 17b,c.

Experimentally, the WGMs can be probed by evanescent coupling to an external optical mode with matched energy and
wave vector [305]. A tapered glass fiber can be used [281], but the wave-vector matching is poor. Impedance mismatch
can be minimized by a proximity material with refractive index close to that of YIG (ny;c ~ 2.2) such as high refractive
index silicon nitride waveguides [306]. Better wave-matching can be achieved with high-index coupling prisms (Haigh
et al. [190]), made from for example silicon or rutile, which show excellent selectivity of the optical WGMs in the attached
YIG spheres.

In the configuration of Fig. 17b the injection of photons into the sample reduces the transmission of the input light as
a function of wavelength as sketched in Fig. 17c. The observations in Fig. 17d show a periodic feature of two dips that
can be assigned to the modes with ¢ = 1 and g = 2 [303]. The difference in wavelength between neighboring main
resonances is the so-called free spectral range, and depends on the sphere radius. The Q-factors of these optical modes
can reach 107 when the surface is polished and cleaned [306]. At frequencies optimized for BLS, the remaining losses are
consistent with the corresponding YIG absorption coefficient of ~0.1cm™! [276].

The TE-TM splitting by geometrical birefringence is Atg.tm = Apsgy/ 1 — 1 /n%lc ~ 0.9Arsr, Where Aggg is the free spectral
range. This implies that the closest spacing Ate.tm —Arsg between the dominant TE and TM modes belong to the same radial,
but different azimuthal mode indices, as shown schematically in Fig. 17c. In a 1 mm sphere they are split by 7 GHz, which
is conveniently close to typical magnon frequencies. The selection rules, based on the symmetry of the Faraday effect,
dictate that only modes of orthogonal polarization can cause Brillouin light scattering. The magnon mode frequencies can
be tuned by external magnetic fields to match a triple resonance condition that maximizes the BLS scattering probability.
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Fig. 17. (a) The polar, azimuthal, and radial indices {I, m, q} of the whispering gallery modes in (YIG) spheres count the nodes in the mode amplitudes.
(b) Outline of the measurement in the WGM plane. The optical modes are populated by an input laser, while detecting the polarization and frequency
of transmitted or reflected light. The (quasi-) TE and TM modes have linear E-field polarization perpendicular (h) and parallel (v) to the WGM plane,
respectively. (c) Schematic mode structure in the transmission spectrum. The free spectral range Apsg and TE-TM splitting Arg.rv are indicated.
(d) The dips in the measured transmitted intensity with the same polarization (TE) and frequency as the input identify the resonant WGMs. Panel
(c) is adapted from [303], (d) is adapted from [304], (a) and (b) (J. A. Haigh) were not previously published. Copyright by the American Physical
Society where applicable.

6.3.2. Uniform magnon mode

We first consider the Brillouin light scattering of WGMs by the Kittel (uniform) mode. The WGMs are not simply
plane waves (see Fig. 17a). The Kittel mode has zero orbital momentum and spin angular momentum S = 1. This
momentum must be transferred between the optical modes with a splitting that matches the FMR frequency. As discussed
above, this can be achieved easily in 1mm-scale YIG spheres, tuning the Kittel mode by a magnetic field to match the
closest-spaced TM and TE WGMs, whose difference in azimuthal mode index accounts for the change in spin angular
momentum. This creates an asymmetry in the Stokes/anti-Stokes scattering, since the ordering of the input and output
mode fixes the change in azimuthal index that can match the spin angular momentum transfer for either magnon creation
or annihilation, but not both. These selection rules are implicit in the expressions for the matrix elements (90) and (91).
The prefactors in Stokes and anti-Stokes matrix elements are also not the same since in general the specific WGMs and
also the Cotton-Mouton effect as mentioned in Section 4 should be taken into account.
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The asymmetry can also be interpreted in terms of a circular component of the evanescent optical polarization in
the curved geometry of the TM WGMs [281,306]. The associated effective optical spin-orbit coupling [307,308] changes
sign with the photon field rotation. The difference in the angular moments between the TM and TE modes breaks their
degeneracy. The integral over the mode volume leads to relative shifts between the mode families that comes down to
the geometric birefringence inferred above.

Resonant magnon Brillouin light scattering in magnetic spheres was first observed by Zhang et al. [306] and Osada
et al. [281], followed by the demonstration of the triple resonance condition by Haigh et al. [303]. In these experiments,
a WGM of certain polarization was pumped by an input laser, while recording the output power spectrum by a
optical heterodyne measurement with a fast photodiode and a MW spectrum analyzer or a Fabry-Perot etalon filtering
spectrometer. The BLS intensity scales with the number of magnons created by MW drives.

Figure 18a demonstrates that the polarization governs the scattering. For TM input polarization, scattered light is only
observed in the output channel with TE polarization. Next, the input laser must be tuned to the WGM frequencies (see
Fig. 18b). Thirdly, the direction of the energy flow, from absorption (anti-Stokes) to emission (Stokes) of magnons, is
controlled by the input polarization (for constant magnetization direction), as seen in Fig. 18c, which shows for TE input
(upper panel) only a red-shifted Stokes line, while for TM input (lower panel) a blue-shifted anti-Stokes line.

As discussed above, the asymmetry of the WGM modes with respect to the light polarization explains the strong
sideband selectivity. The azimuthal mode index m of the WGM must change by one in the scattering process. When the
magnon is tuned to a Am = —1 transition, the Am = 1 transition is off-resonant due to the geometrical birefringence
and vice versa.

Figure 18d shows Brillouin light scattering spectra for input pump from two ports that couple to WGMs with opposite
circulation. The large non-reciprocity implies suppression of competing side bands in the transduction of MW to optical
photons.

The key observations from these experiments are that the scattering is (i) single sideband, (ii) non-reciprocal,
(iii) depends on the input polarization, and (iv) can be controlled by MWs. All these observations agree with the theoretical
description.

The tunability of the magnon mode with applied magnetic field allows a precise mapping of the triple-resonance
condition, as shown in Fig. 19. When detuned, the BLS broadens into two peaks as a function of input laser wavelength,
as seen in the color plots Fig. 19b,c for wy, /2w ~ 4 GHz. These correspond to the input and output optical frequencies
close to resonance with the TM and TE modes. These correspond to the peak in Gy associated with resonantly driving
the input mode, and the minimum in the denominator of Eq. (110), respectively. With increasing magnon frequency,
the condition for resonance with the output mode shifts by the same amount until the two peaks coalesce at the triple
resonance point. This is not so clear from the color plots because each horizontal spectrum is separately normalized to a
maximum amplitude of unity to highlight the off-resonant behavior, but it is emphasized in Fig. 19d, which shows the
expected maximum at the triple resonance. The red curve is a plot of Eq. (110) with an optical damping rate ~ 1GHz.

The non-reciprocal nature, tunability, and cavity enhancement of the magnon-photon coupling at optical frequencies
can be used to distill the single photon coupling rate in Eq. (104). The measured value G/2w ~ 5.4Hz [281] agrees with
that calculated from the model parameters. The coupling Gy for manageable MW drive powers is still many orders of
magnitude smaller than the combined damping rates, so the present experiments are still far from the strong coupling
regime.

6.3.3. Higher-order magnon modes

Following the experimental discovery of BLS by the uniform Kittel mode, Sharma et al. [274] theoretically considered
the general problem of BLS of WGMs in a magnetic sphere by “Walker” magnon modes close to the Kittel mode and
Damon-Eshbach surface modes. Ref. [52] found an almost perfect overlap with the optical WGMs not for the magnetostatic
Damon-Eshbach but for dipolar-exchange surface magnon modes close to the equator, with a single-photon coupling rate
enhanced by two orders of magnitudes in a backscattering configuration [52].

The selection rules for magnon modes other than the Kittel mode, including the Cotton-Mouton effect, are found by
working out Egs. (90), (91) in a cylindrical basis [274]. The resulting Clebsch-Gordan coefficients do not vanish when (i)
the polar and radial mode indices {I, g} of a WGM do not change in the scattering process, (ii) the magnon amplitude does
not have a node at the equator and (iii) the dynamic magnetization rotates by 2z with respect to the photon propagation
direction around the sphere. This leads to optical coupling of a {I, m, g} magnon only when [ is odd and m = +1, depending
on the WGM circulation and magnetic field direction, see also [309].

Osada et al. [310] and Haigh et al. [311] observe many low-frequency magneto-static Walker modes in the BLS spectra.
The results confirm the selection rules and demonstrate that the coupling rate increase for higher order modes by an order
of magnitude which raises the hope for significantly larger coupling of the surface modes [52]. The magnon modes in BLS
can be indexed with high confidence by comparison with MW absorption spectra and mode-selective MW excitation [311].
Gloppe et al. [312] carried out a detailed tomography of the low-frequency modes in magnetic spheres.
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Fig. 18. Magnon BLS in WGMs for TM/TE input laser polarizations (indicated in inset by the red/blue arrow into the WGM), and forward scattered light
polarization (indicated in the inset by red/blue arrows leaving the polarizing beam splitter). (a) Polarization and scattering selectivity, reproduced
from Zhang et al. [306]. The magnon scattering process only occurs for cross-polarized input/output fields. For TM input polarization, only the
Stokes process is observed. (b) Magnons scatter light only when resonant with the WGMs (from Haigh et al. [303]). The upper panel shows a
WGM resonance in the elastic transmission spectrum while the lower panel is the scattered light intensity, close to the anti-Stokes frequency
win — @m. (c) The Stokes/anti-Stokes process is highly selective and controlled by the input polarization (from Osada et al. [281]). (d) The scattering
is non-reciprocal: The anti-Stokes peak indicating magnon annihilation for fixed magnetization direction (up) and TM input mode is only observed
for one direction of the WGM circulation (from Osada et al. [281]). Copyright by the American Physical Society.
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6.4. Experiments in other cavities

Zhu et al. [313] recently demonstrated a YIG waveguide-based Fabry-Perot cavity with a ~ 50-fold enhancement in
the optomagnonic coupling rate over the WGM devices. A rib waveguide with polished end-facets with reflective coatings
increases the quality factor of the optical modes to Q ~ 2 x 10°.

Haigh et al. [314] report a sub-picoliter optical mode volume for a YIG film in a laterally confined Fabry-Perot cavity
formed by two dielectric mirrors. Cavities of this type can have mode volumes as small as 1fL [315], which would yield
coupling rates in the MHz range. Low-impedance MW resonators [179] will be required to couple MWs efficiently into
such small volumes.

6.5. Applications

An important milestone for cavity magnonics would be an efficient conversion between MW and optical photons.
However, interesting and potentially applicable effects can be expected even for smaller coupling rates. For example,
Ref. [316] shows that protocols for heralding magnon Fock states can work for cooperativities as small as ~ 1072, In the
following we address other examples.

6.5.1. Photon transducer

As discussed in Section 6.1, the interaction between optical photons and magnons benefits from small magnetic
volumes, see Eq. (103). Viola Kusminskiy et al. [160] estimate that for a YIG optical cavity with a mode volume of the order
the optical wavelength cube 1> ~ 1 pum?, the single photon coupling rate would be 0.1 MHz. For an optical dissipation
rate «j/27 = 1 GHz and an input power of 100 mW this leads to Gy/27 =~ 2 GHz which is larger than the damping
and would allow efficient transduction between MW and optical photon via magnons. On the other hand, the resonant
coupling between a MW cavity photon and a magnon, Eq. (84), is independent of V;, if the magnon mode volume matches
the MW cavity mode volume, and is proportional to +/Vy, if there is a large mode volume mismatch. The efficiency of
optomagnonic transducers between MW and IR photons therefore depends on the three mode volumes and is typically
largest at an intermediate magnetic volume V.
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The transduction efficiency in terms of the cooperativity for an optomagnonic transducer at the triple resonance point

is given by [313]

4Copm Cvwm KMW,ex Ko,ex
(14 Copm 4 Cwwm)® KMw Ko
where Copm (Cvwm) is the cooperativity for the magnon mode coupling to optical (MW) photons and kg ex/ko (KMw,ex/KMw)
the optical (MW) ratio of external coupling rates to total losses (see for comparison Eq. (111), where max |8f10'0ut|2/|rﬁin|2
gives the magnon to optical photon conversion efficiency). Note that an efficiency approaching one can be achieved when
both cooperativities are equal and large, and the losses are dominated by the external coupling rates.

In the YIG waveguide-based cavity realized by Zhu et al. [313], a stripline underneath the YIG film acts as a MW source.
The YIG thickness modulation confines the magnon modes to the rib, increasing the overlap between magnons, MW and
optical photon modes. The result is a conversion efficiency £ between MW and light that is strongly enhanced compared
to that in YIG spheres. Zhu et al. [313] report £ = 5 x 1077 at the triple resonance condition with room for further
improvements.

%‘:

(112)

6.5.2. Inverse Faraday effect vs. stimulated Raman scattering

The Faraday effect is rotation of the linear polarization plane of light passing through a material with magnetization
parallel to the wave vector. Since action implies reaction, the magnetization is affected by this process as well. A light
beam generates an effective magnetic field that interacts with the magnetization in the inverse Faraday effect that was
predicted by Pitayevsky [317] and discussed in textbooks, e.g. Ref. [267]. Ultrafast, high intensity laser pulses can induce
magnetization dynamics by this effect [318] and even switch the magnetization [319]. Longer pulses at these intensities
may destroy the samples, however. The use of optical cavities to enhance the optomagnonic interaction might allow
controlled driving of the magnetization dynamics [160,265] under continuous wave conditions at much lower input
powers [320].

Zhu et al. [320] experimentally observed a stimulated Raman scattering process as proposed by Simi¢ et al. [265] in
a rib like cavity [313]. Two slightly detuned input lasers with TM and TE polarization excite magnons resonating with
the frequency difference that are detected by their microwave stray fields. In contrast to the surface magnons with large
wave numbers addressed by Ref. [265], the lasers are co-propagating and the magnon wave numbers are small. The effect
can be understood in terms of the Hamiltonian introduced in Section 6.1.1, in which both optical modes (a; and a,) are
coherently driven at frequencies wp; and wp o, respectively, @ &~ (a;)e™Pit and d, ~ (a,)e™Po!, The coupling term in
Eq. (104) becomes

h{a)(a,)G (ei(wD,i_wD,o)[ﬁl + e_i(wD,i_wD,o)tﬁlJT) . (113)

This coherent wave field drives a magnon mode, see Eq. (27), with amplitude proportional to /nin,G, at frequency
wp,j — wp,o, Which becomes resonant when wp; = wj, wpo = W, and w; — Wy = .

Strictly speaking, the stimulated Raman scattering is not the same as the inverse Faraday effect. Zhu et al. [320] observe
the Stokes scattering process of optical magnon creation, but the process could be used as well to annihilate them (see
next section). A similar effect has been used to show the bidirectional nature of magnon-photon scattering for MW-optical
conversion [269] in experiments, be it without an optical cavity.

6.5.3. Magnon cooling

The non-reciprocal magnon-photon coupling allows manipulation of magnon modes with light [264,316]. Anti-Stokes
(Stokes) scattering removes (adds) a magnon from a selected magnon mode, which can be interpreted as selective
cooling (heating), respectively. Analogous phonon-photon scattering processes have been used with much success in
optomechanics [10].

The optically-induced magnon annihilation rate under the triple resonance condition can be estimated from Eq. (110)
as an effective optically-induced damping,

2
Fopt = 4GN~ (114)

Ko

Unlike the intrinsic magnetic damping that forces equilibrium with a thermal phonon bath, the optomagnonic damping
strives to bring the magnon mode into equilibrium with the optical mode, which is at high frequencies (~ 2000 K) and
therefore not thermally excited. We can estimate a steady-state temperature under resonant illumination by comparing
the rates of absorption xymnn(ng + 1) and injection x(nm + 1)ng of magnons by the thermal bath, where ny, is the
population of the magnon mode, and ny, = 1/(exp (hwm/(kgT)) — 1) is the number of magnons at thermal equilibrium.
Considering the additional absorption in the presence of the optical fields Iy, and equating the rates of absorption
and emission, we obtain the equilibrium number of magnons,
Km _ Nth
Km+ropt 1+C0Pm'

Therefore, significant cooling 1, <« ngy, requires a large optomagnonic cooperativity Copyn. The above estimate holds
for coupling rates smaller than the optical damping rate Gy < o, which implies that scattered photons are efficiently

iy = Nty (115)
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dissipated. If this is not the case, the number of magnons may become very small, which requires a quantum mechanical
treatment [316], e.g. by the Langevin equations (Section 6.1.1) that describe the thermal fluctuations in terms of the inputs
mip and 84, jp. The result,

_ 1 Ko >
Nm = Ny 1+ , (116)
" ‘ 1+ Copm ( Km(l + COPm)

reduces to Eq. (115) when Gy < k,. Similar expressions have been used in optomechanics [321].

Preparing a mode with only a few magnons is a prerequisite for quantum manipulation [316], see also Section 7. The
dynamical cooling discussed here should be combined with conventional refrigeration of the lattice and by “freezing” the
magnons out by applying a large magnetic field. The thermal energy at 100 mK corresponds to ~2 GHz. It is now routinely
possible to make optical measurements at these temperatures [253,255].

6.5.4. Nonlinear effects

We often treat the magnetization dynamics by assuming small-amplitude oscillations or a small number of magnons.
This is equivalent to the lowest order terms in the Holstein-Primakoff expansion discussed in Section 3. The magnon
system is then equivalent to an ensemble of classical harmonic oscillators. However, the spin system is inherently
nonlinear. When the modulus of a spin variable is constant, the dynamics is restricted to stay on the Bloch sphere. The
nonlinear regime is easily reached by MW drives, see 5.3, but in principle also in magneto-optical devices under a strong
optical drive [160]. The dynamics of a macrospin S is governed by an optically-induced effective magnetic field. The
optically modified damping can become negative, leading to period doubling and ultimately chaotic dynamics, which is
much more difficult to envision in optomechanical systems.

7. Quantum magnonics

The dynamics of the magnetic order behaves like a collection of non-interacting harmonic oscillators provided that the
magnon occupation numbers are much smaller than the total number of spins (Section 3). At low temperatures and weak
excitation the system response is linear. However, non-linearities are essential for phenomena such as the creation and
observation of non-classical states [322]. In cavity magnonics non-linearities arise when a magnetostatic mode couples to
the electromagnetic field, giving rise to radiation pressure [160], or to a phonon mode [323], but they are weak. To date,
only magnons coupled to an intrinsically non-linear quantum system such as superconducting circuits enable genuine
quantum magnonics [202,324]. In this section, we address first the theory of a specific realization of quantum magnonics
based on superconducting qubits as the nonlinear element and subsequently discuss experimental results.

7.1. Theory

7.1.1. Origin of the coupling

The coherent interaction between magnetostatic modes in a magnetically-ordered system and superconducting circuits
requires two key ingredients. The first ingredient is the coherent coupling between magnetostatic modes and MW
cavity modes through the magnetic-dipole interaction discussed in Section 4. The second ingredient is the electric-dipole
coupling of superconducting qubits to the cavity modes through the electric-dipole interaction employed in conventional
circuit QED. These interactions enable one to engineer an effective cavity-mediated interaction between these two very
different macroscopic modes [202,324].

7.1.2. Superconducting qubits

We consider here qubits based on superconducting circuits using the Josephson effect [110], whose dissipationless
nonlinearity provides effective two-level systems [325]. The “transmon” regime [326] of the Cooper-pair box [327,328] is
particularly relevant due to its simplicity and insensitivity to charge noise. The transmon qubit is well described by the
Duffing oscillator Hamiltonian

N Kg\ ~in Kq /nian2
Hq:h(a)q—?q> q*q+h?q (aaq)”. (117)

where wyq is the angular frequency of the transition between the ground state |g) and the first excited state |e), whereas
wq + Kq corresponds to the transition frequency between |e) and the second excited state |f). In Eq. (117), the ladder
operator § (') annihilates (creates) an excitation in the circuit. The anharmonicity K, is negative in the transmon regime
and parameterizes the difference between the angular frequencies of the first and second transitions. In the transmon
regime of the Cooper-pair box the anharmonicity |Kq/(27)| &~ 0.3 GHz is much larger than the intrinsic line width
Kkq/(2m) ~ 1 MHz. When the bandwidth of the control pulses is smaller than the anharmonicity, the transmon becomes
a two-level system with Hamiltonian [326,329]

1
Aa = 5 hegd:, (118)

where 6; = [e)(e| — |g)(gl.
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Superconducting qubits can have a large electric dipole moment resulting in coupling strengths to ac electric fields
with the frequency of a few hundreds of MHz in coplanar waveguide resonators [6] and 3D MW cavities [330]. As long
as the coupling between the qubit and the cavity mode is not ultra-strong, the Jaynes-Cummings coupling is valid, see
Eq. (78),

Hoc = hgec (66" +a'q) (119)

where gq.c is the electric-dipole coupling strength [5].

7.1.3. Resonant interaction

The magnon-photon coupling [Eq. (83)] and that between the qubit and the same cavity mode [Eq. (119)] lead to a
cavity-mediated magnon-qubit interaction. Detuning the cavity mode from both subsystems leads to the “beam-splitter”
interaction,

A = hgem (a7 +4Th) | (120)

where gq.m is the qubit-magnon coupling strength, i.e. the effective interaction between the magnetostatic mode and the
qubit [202,324]. This description is valid when |w; — wc| > |gi.c| with i = q, m and |wq - a)m| < |gicl [324]. Physically,
the modes exchange energy at a rate 2gq., through virtual photons in the cavity mode. In this regime, to second order
in perturbation theory one obtains

8q-c8m-c
)
Wq,m — Wc

~

8q-m ~ (121)
where wq = wm = wqm is the angular frequency of the qubit and the magnetostatic mode [202,324]. In the presence
of multiple cavity modes, Eq. (121) should be summed over all relevant modes. Since the electric- and magnetic-dipole
interactions are coherent, the contributions from the different cavity modes can interfere constructively or destructively.
Careful MW engineering can therefore maximize gqo.m in a multimode MW cavity.

Strong coupling requires |gq_m| > Kq, km, Where kg m are the qubit and magnon line widths. k4 is related to the qubit
coherence time T, as k4 = 2/T5. The strong coupling regime enables the exchange of quanta between both modes at
an angular frequency 2g,.m, which may generate nonclassical, e.g. Fock, states with negative values of Wigner function,
in harmonic oscillator systems [322,331,332]. The qubit-magnon coupling strength can be maximized by balancing the
system such that gq.c & gm-c.

7.1.4. Dispersive qubit-magnon interaction
The resonant interaction between the magnetostatic mode and the qubit is suppressed when |Aq.m| = |wg — @m| >
|g¢-m |- The interaction Hamiltonian then becomes
8P = 2hygmél ', (122)

where xq.m is the dispersive coupling strength [202]. The Hamiltonian given by Eq. (122) describes a shift of the angular
frequency of one subsystem by 2x,.m for every excitation in the other system. For a transmon,

~ qu(?—m
Agem (Agem + Kq)

provided that |Aq_m s | Agem + Kq| > gq-m [326]. Eq. (123) is valid both outside and inside the straddling regime, i.e. oy, €
[wq, wq + Kq]. The dispersive shift is positive and larger inside than outside the straddling regime for the same detuning.
Neglecting the second excited state of the transmon by letting K; — oo in Eq. (123) leads to xq.m ~ gé_m/Aq,m.

When |2Xq_m| > kg, km, We enter the strongly dispersive regime that allows resolving single quanta of excitation
[260,333-336] and preparing quantum states [337,338] in the linear system.

Xq-m (123)

7.1.5. Other qubit-mediated interactions

The coupling between magnetostatic modes and a superconducting qubit can lead to an even richer set of interactions.
For example, driving the system at the angular frequency wp = (a)q + wm) /2 leads to parametric coupling described by
the Hamiltonian

HPAm: = hgo m (G + 7)) | (124)

where g, is the effective parametric qubit-magnon coupling strength that depends on the drive power [202]. Hereby
one achieves a dynamically-tunable coupling strength, which is a useful resource for quantum state transfer [339].
Another non-linearity is the “cross-Kerr” dispersive interaction between magnon and cavity modes mediated by the
qubit with Hamiltonian
AKX = 2hy,_atamtm, (125)
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Fig. 20. (a) Schematic of a hybrid device with strong coupling between a magnet and a qubit. A transmon-type superconducting qubit and a
ferrimagnetic YIG sphere of a diameter of 0.5 mm are placed inside a 3D MW cavity near the antinode of the electric and magnetic fields of the
TE,0, cavity mode, respectively. A static magnetic field saturates the magnetization. (b) Qubit spectrum Re(Ar) measured as a function of the current
in a superconducting coil that tunes the static magnetic field at the magnetic sphere. The avoided crossing is the signature of a strong coherent
interaction between the qubit and the Kittel mode with a coupling strength gq_,/27 = 10.0 MHz.

Source: Adapted from Tabuchi et al. [202].

where xm_c is the cross-Kerr coupling strength [340]. Eq. (125) leads, for example, to a frequency shift of the cavity
mode depending on the magnon number [190]. In quantum magnonics, this interaction can be useful, for example, for
the detection of magnons [341] and the preparation of quantum states [342].

Finally, the nonlinearity of the qubit leads to a “self-Kerr” interaction of magnetostatic modes that modifies the magnon
Hamiltonian as

N K o Kn ,ny s
A,=h (wm - 7"’) mfm + hTm (me)2 , (126)

where K, is the qubit-induced self-Kerr coefficient, see Eq. (74). The induced nonlinearity with an amplitude |Ky,| /27 ~
10° Hz is much larger than the intrinsic nonlinearity of magnons in millimeter-sized YIG samples [75,190].

7.2. Experiments

7.2.1. Resonant interaction

Tabuchi et al. [202] demonstrated the resonant interaction between a magnon mode and a superconducting qubit in
the strong coupling regime via the microwave modes of a 3D MW copper cavity as shown in Fig. 20. A spherical YIG
crystal and a transmon-type superconducting qubit are placed inside the cavity near to antinodes of the, respectively,
magnetic and electric fields of the TE,p; mode at w./2w = 8.488 GHz (Fig. 20a). The TEq¢3 cavity mode at 10.461 GHz is
used to read out the qubit state. At temperatures of about 10 mK in a dilution refrigerator all relevant modes are close
to their ground state.

The YIG sphere with a diameter of 0.5 mm is magnetized to saturation by a pair of permanent magnets placed outside
the cavity that generate a magnetic field of ~ 0.29 T at the YIG sphere. The Kittel and TE;q, cavity modes are coupled
through a magnetic-dipole interaction of coupling strength g, /2w = 21.0 MHz. The transmon-type superconducting
qubit has a resonant frequency of wq/27 = 8.136 GHz with an anharmonicity K;/27w = —0.158 GHz. The 0.7 mm-long
dipole antenna of the qubit leads to an electric-dipole interaction with the TEqg; cavity mode with coupling strength
8q—c/2m = 121 MHz, a typical value for circuit QED in 3D cavities [330].

The absorption spectrum of the qubit measured through two-tone spectroscopy probes the coupling between the
Kittel magnon mode and the qubit. The reflection coefficient r of the probe tone, close to resonance with the TEjg3
cavity mode, is measured as a function of the frequency close to resonance with the qubit. The dispersive interaction
between the qubit and the TEo3 cavity mode causes changes in the reflection coefficient r when the spectroscopy tone is
absorbed by the qubit [343]. The qubit spectrum measured as a function of coil current, and thereby magnon frequency,
shows an avoided crossing, the hallmark of a strong coherent interaction (Fig. 20b). Indeed, the qubit-magnon coupling
strength gq.m/2m = 10.0 MHz is larger than the line widths of the qubit and the Kittel mode, «q/27 = 1.2 MHz and
km/2m = 1.3 MHz, respectively. Furthermore, this value agrees well with the value of 11.8 MHz calculated with Eq. (121)
when considering only the TE;q; cavity mode.
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Fig. 21. (a) Qubit spectrum measured without (bottom) and with (top) MW excitation close to the ferromagnetic resonance of the YIG sphere. The
solid black lines are fits to the data. A shift per excited magnon of 2., /27 = 3.0 MHz is observed, demonstrating the strong dispersive “cross-Kerr”
interaction, see Eq. (125). The components of the spectrum contributed by the different magnon Fock states |ny,) are indicated by the color-coded
shaded areas generated by the fit (black lines). The integer vertical dashed lines indicate the frequencies of the qubit coupled to the Kittel mode
in the magnon Fock states |ny). (b) Magnon population 7, as a function the excitation power. The black dashed line indicates a linear fit to the
data. The solid gold line is a numerical fit with a “self-Kerr” interaction Ky, /27w = 0.2 MHz for the Kittel mode. The inset shows the difference Any,
between the data and the nonlinear fit from the linear fit. (c) Probability distributions pj,, of the first four magnon Fock states as a function of the
excitation power. The solid lines show the Poisson distributions based on the magnon populations shown in (b). The inset shows the probability
distribution for the highest excitation power.

Source: Adapted from Lachance-Quirion et al. [260].

A few follow-up experiments corroborated this first demonstration of strong qubit-magnon coupling. First, realigning
the YIG sphere reduces the coupling to higher-index magnetostatic modes [324]. Secondly, Lachance-Quirion et al.
[260,344] employed a device identical to that of Tabuchi et al. [202], but with a qubit of resonance frequency wq/2n =
7.991 GHz, i.e. a larger detuning with respect to the TE;g; cavity mode. A three-dimensional MW cavity made out of
both copper and aluminum also indicates strong coupling [345], but it is currently unclear how much that design reduces
internal losses.

7.2.2. Dispersive interaction

The dispersive regime of quantum magnonics was first accessed by Lachance-Quirion et al. [260]. The dispersive
interaction between the qubit and the Kittel mode was monitored by the qubit absorption spectrum in the presence
of a pump tone close to resonance with the Kittel mode that injects an average number of magnons ny, into the Kittel
mode [346].

According to Eq. (122), the qubit-magnon dispersive interaction shifts the qubit frequency by 2x,.m for each injected
magnon [333]. The observed shift per magnon of 2 xq.m/27m = 3.0 MHz is larger than the line widths of the qubit and the
Kittel mode of respectively 0.78 MHz and 1.3 MHz, i.e. the experiment reached the strong dispersive regime of quantum
magnonics [260]. Fig. 21a shows individually resolved magnon Fock states |n) in the qubit spectrum.

Both the average number of magnons np, (Fig. 21b) and the probability p,, of having np, magnons (Fig. 21c) were
obtained by fitting an analytical model to the data [333]. The magnon population np, in the absence of a pump confirms
that the Kittel mode is well thermalized with a population below 0.01 magnons at T ~ 10 mK. The magnon probabilities
are Poissonian distributed, as expected for a linear system such as the Kittel mode [346].

The first experimental demonstration of a strong dispersive interaction in quantum magnonics was achieved in the
straddling regime with wn, € [wq, wq + Kq] [260,326]. A large dispersive shift can also be obtained by tuning the angular
frequency of the Kittel mode w, close to wq + Kq of the second qubit transition [17,344,347], which also greatly limits
the self-Kerr nonlinearity of the Kittel mode [260,348]. In these papers, Ramsey interferometry characterizes the strong
dispersive interaction better than standard two-tone spectroscopy by avoiding the broadening of the qubit absorption
spectrum from both the probe and spectroscopy MW tones.

7.2.3. Other qubit-mediated interactions

Tabuchi et al. [202] demonstrated the parametric coupling described by Eq. (124). Here, the Kittel mode was detuned
from the qubit by Aq.;m/27m = —274 MHz, with modulus much larger than the coupling strength gq./27 = 10 MHz. A
large detuning suppresses the static coupling of Eq. (120). However, driving the hybrid system at an angular frequency
wp close to the average angular frequency (a)q + a)m) /2 leads to an avoided crossing in the spectrum of the Kittel
mode, i.e., strong coherent coupling. The parametric coupling strength increases linearly with the drive power up to
8¢-m/2m = 3.4 MHz [202] and generates a time-controlled interaction between the fixed-frequency transmon qubit and
the Kittel mode, whose frequency in the current implementations can only be changed on a timescale much longer than
the lifetimes.
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Lachance-Quirion et al. [260] observed the qubit-mediated self-Kerr interaction of the Kittel mode as described by
Eq. (126) in terms of a nonlinear scaling of the magnon population 71, as a function of the pump power close to resonance
with the Kittel mode (Fig. 21b). The observed self-Kerr coefficient K,/27 = 0.2 MHz was smaller than the line width
km/2m = 1.3 MHz of the mode, therefore keeping the Kittel mode in the linear regime at the level of a single magnon.
Because the self-Kerr interaction depends strongly on the frequency of the Kittel mode relative to the frequencies of the
first two qubit transitions [260,348], it can readily be controlled with a static magnetic field.

7.3. Applications and challenges

7.3.1. Quantum sensors

Quantum magnonics can be applied to quantum sensing. The engineering of a strong coherent interaction between
magnets and superconducting qubits allows applying the tools developed in quantum technologies [ 106] to, for example,
sensing of magnons. The strong dispersive regime of quantum magnonics was used to entangle the Kittel mode of a
millimeter-sized YIG sphere with a superconducting qubit [344]. The high-fidelity single-shot readout of the qubit state
allows detection of a single magnon with a quantum efficiency reaching ~ 70%. The protocol can be made quantum
non-demolition (QND) by replacing the non-QND high-power qubit readout technique [349] by a dispersive readout
technique [350]. The demonstration of the single-magnon detector, the equivalent of the single-photon detector to
magnonics, paves the way, for example, to the heralded generation of single magnons.

Alternatively, a steady-state magnon population can be detected with a sensitivity of approximately 10~ magnons/
Hz through Ramsey interferometry of a qubit that is dispersively coupled to a magnon mode [347]. In the strong
dispersive regime, the qubit is sensitive to the magnon population through dissipation by the magnons, in stark contrast
to the entanglement-based method of Lachance-Quirion et al. [344]. Such a sensing method could be useful to characterize
weak magnon-creation processes.

All protocols of quantum sensing rely on the coherence of the qubit [ 106]. The performance of single-magnon detectors
can be improved via the qubit coherence time of presently T; ~ 1 s [344], limited by relaxation through the cavity
modes and dephasing from a finite thermal population of the same modes [202,260,324,344]. Both contributions can
be suppressed by smaller internal losses of the cavity that are of the order of 1 MHz in 3D MW cavities made out
of copper [202,260,324,344]. Superconducting MW cavities with lower internal losses that still allow saturation of the
magnetic order, would greatly improve quantum sensing of magnons. Finally, the +/N-enhancement of the magnetic-
dipole interaction between magnetostatic and cavity modes can be harnessed in quantum magnonics to improve the
detection of static or MW magnetic fields close to the FMR frequency [351,352].

7.3.2. Quantum transducers

Quantum magnonics may lead to a bidirectional MW-to-optical quantum transducer for MW-only superconducting
circuits [17,195,303]. We discussed the perspectives to achieve strong coupling between magnons and an optical cavity
in Section 6. Here we address the MW part, which is, at the time of this review, significantly more advanced. Quantum
information transfer from a superconducting qubit and optical light via a magnonic transducer requires faithful encoding
of an arbitrary quantum state of the qubit into a nonclassical state of magnons. This can be achieved by employing both
the resonant and dispersive regimes of the strong coherent coupling of the fundamental excitations of a magnet and a
superconducting qubit.

In the resonant regime, the beam-splitter, see Eq. (119), can be used to transfer an excitation in the qubit to a
single magnon in the Kittel mode [331,332,339,353,354] by dynamical control of either the detuning or the coupling
strength [332]. In quantum magnonics this can be achieved by two methods. First, the parametric coupling described by
the Hamiltonian of Eq. (124) can be used to obtain a tunable coupling strength between the magnetostatic mode and
the qubit. Secondly, the detuning between both systems can be tuned dynamically either by changing the frequency of a
flux-tunable qubit [331,332,339,354] or a fixed-frequency qubit through a time-controlled ac-Stark shift [355].

In the dispersive regime, the interaction described by the Hamiltonian of Eq. (122) can be used to encode arbitrary
qubit states into a nonclassical state of magnons [337,338]. Such schemes have the advantage of working with qubits and
magnon modes of fixed frequency that are coupled through a static dispersive strong interaction. However, the encoding
schemes based on such a dispersive interaction are inherently slower than those based on a resonant interaction. Both
approaches require larger coupling strengths than demonstrated to date, as well as longer qubit coherence times and
magnon lifetimes. The qubit-magnon coupling strength can be increased by careful quantum engineering, for example,
by increasing the magnetic-dipole coupling strengths between the Kittel and cavity modes without increasing losses. This
can be achieved by increasing the spatial overlap, characterized by a filling factor n between the Kittel and the cavity
modes since gn_ « /7. Increasing the lifetime of magnons, beyond the current ~ 100 ns, requires understanding and
control of the magnon decay through a bath of two-level systems of unknown microscopic origin [63,65,356].

51



B. Zare Rameshti, S. Viola Kusminskiy, J.A. Haigh et al. Physics Reports 979 (2022) 1-61

8. Challenges and outlook

The past ten years witnessed systematic studies of the coherent magnon-photon interaction in cavities and resonators
over a wide frequency spectrum in small structures and devices, with contributions from optics, magnetism, acoustics,
MW technology, and spintronics [14,15].

Our review only provides a somewhat subjective snapshot of the state of the art of this rapidly progressing field.
To summarize briefly what we have described in over 50 pages above, cavity magnonics currently is represented by
two species — magnons in microwave and in optical cavities. Microwave cavity magnonics is at this point significantly
more developed — both in terms in the number of groups involved and results published, but also in terms of what has
been achieved. Strong coupling between spin waves and cavity radiation was demonstrated, and this led to experimental
progress in exploitation of cavity magnon-polariton physics as well as of quantum properties of magnons. Both subfields
are well established but are in active development. For magnons in optical cavities, highly asymmetric Brillouin light
scattering was observed and theoretically explained, but they are still in the weak coupling regime. The material for all
cavity magnonics experiments is overwhelmingly YIG.

In the following, we sketch some challenges for the next decade.

e Materials. YIG is the material of choice because of its high Curie temperature and superior optical, magnetic,
and mechanical quality even for thin films [61] that facilitates strong coupling of macroscopic samples at room
temperature. Nevertheless, the search for alternative materials continues. Rare-earth iron garnets with open 4f
shells show large magneto-optical constants [357] and thin film perpendicular magnetization [358], be it at the cost
of increased Gilbert damping. Antiferromagnetic insulators grow with high crystal perfection, but their resonance
frequencies are usually in the THz regime for which high-quality cavities still have to be developed [359]. Mono-
or multilayers of two-dimensional van der Waals magnets are a new and promising class of materials with
dimensionally enhanced magnon-photon interactions [360].

e Nanostructures. We expect increased activity in the cavity magnonics of nanostructures, because smaller sized
magnets facilitate the coherent control of the order parameter. YIG is a difficult material to pattern at the nanoscale
without sacrificing its magnetic quality, but progress is being made [61,361]. We have seen that the coupling with
light is strongly enhanced with decreasing volume of the magnet since the overlap integral of the magnon-photon
matrix elements is proportional to V12, Nanoscale periodic structures in the form of optomagnonic crystals can
be a promising approach to this end [53]. The long-term goal is to develop a superior transducer between MW and
light for classical and quantum information exchange applications. The decrease in the coupling to MWs with the
number of spins can on the other hand be compensated by cavity design, which leads to strong magnon-photon
coupling in conventional metallic magnets [138,139].

e Nonlinearities. Magnets can be driven into the non-linear regime by MWs more easily than many other systems [362].
Non-linearities cause chaotic dynamics, instabilities of the Kittel mode, allow parametric excitation, and may lead to
magnon condensation with associated spin superfluidity [363]. Theory predicts that the increased coupling should
lead to complex non-linear behavior beyond the Duffing model [73,160]. We expect more experimental emphasis
on such nonlinearities in high-quality MW cavities.

e Multiple loads. The coherent coupling of various systems in MW cavities has been a main effort of cavity QED research
and the coupling of magnets with superconducting qubits has been a milestone of cavity magnonics. The coherent
coupling between magnetic systems is of great interest as well, since the emergence and control of dark and bright
(super- and subluminescent) states can be applied to memories [247,323]. The MW photons couple magnets to form
exotic “magnon molecules”[173,247].

e Hybrid systems. We reviewed only the physics of magnon-photon coupling in photon cavities and resonators.
However, the confinement of any wave leads to strong modulation of its density of states and the interaction with
spins inside. For example, the strong coupling between a Kittel mode and the spin waves in a proximity film leads
to remote coherent dynamic coupling between different magnets [364].

The elastic and magnetic collective modes in a magnet are coupled, holding the promise of combining the
best features of optomechanics and optomagnonics [323,365]. This cavity-mediated interaction of magnons and
phonons, usually denoted in the literature as cavity magnomechanics, has drawn recently quite some attention. The
experiments [366] have fully characterized dynamical backaction effects in magnomechanical systems, including the
demonstration of the magnon-spring effect — the mechanical oscillator’s frequency shift due to the magnon-phonon
coupling. These results can enable applications for a number of quantum effects which were already theoretically
proposed, such as squeezing [367-369], bi-partite and tri-partite entanglement generation [370-376], ground-state
cooling [377], and thermometry [378].

As a different direction, the strong coupling between magnons and phonons would allow for pumping of a phonon
spin current into a phononic cavity. A material with high acoustic quality allows for coherent coupling of spins over
macroscopic distances at room temperature [379].

e Chirality. A unique feature of magnetic order is its broken time reversal symmetry. The well-known chirality of
(Damon-Eshbach) surface spin waves follows from the topology of magnetic half space [380]. The non-chiral
magnons in thin films can be excited unidirectionally by chiral magnetodipolar stray fields [364,381,382] or at
chirality lines of MW modes in cavities and waveguides [247,383]. Analogous effects exist for spin waves coupled
to surface phonons [384] and plasmons [385].
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e Techniques. A challenge that accompanies the trends above is the design of MW cavities to smaller sizes and higher
frequencies without reduced quality. The efficiency of the proximity coupling of laser light to magnets by tapered
fibers or prisms could be improved. Advanced magnetometry with NV centers in diamond provides spatiotemporal
images of the stray fields and of thermal [386] and coherent magnons [387-389] with valuable information of the
coupling process.

e Quantum magnonics. The observation of macroscopic quantum effects in magnonics remains a major challenge.
Quantum effects can be unequivocally observed only in the non-linear regime and the relatively large damping
of even YIG has to be overcome. As reported in Section 7, quantum effects are observed by coherent coupling to
the genuine quantum state in superconducting qubits that gives access to its nonlinear dynamics. Quantum effects
in purely magnetic systems require cooling to low temperatures in order to suppress dephasing by phonons. In
the strong coupling regime, quantum effects are observable by either sufficiently fast measurements or studies of
the magnetic noise properties. The prize would be the predicted magnon fluctuation squeezing and the massive
and distillable entanglement of the magnon-photon system [73]. Another route for creating nonclassical magnetic
states, such as magnon Fock states [316] and spin cat states [72], are protocols involving heralding, where the
nonlinearity is provided by the projective measurement. Recently, it was theoretically shown [390] how an arbitrary
quantum magnon state can be deterministically generated using a superconducting transmon qubit and a cavity. For
completeness, we also mention a recent proposal [391] to create magnon cat states by directly coupling a magnon
mode to a transmon qubit without a cavity, thus reducing the duration of the protocols.

We realistically expect that these challenges will be addressed, theoretically and experimentally, soon, deepening and
maturing the field of cavity magnonics.
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