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Abstract—Vehicular platooning is a promising way to facilitate
efficient movement of vehicles with a shared route. Despite its
relevance, the interplay of platooning and the communication
performance in the resulting vehicular network (VN) is largely
unexplored. Inspired by this, we develop a comprehensive ap-
proach to statistical modeling and system-level analysis of VNs
with platooned traffic. Modeling the network of roads using
the by-now well-accepted Poisson line process (PLP), we place
vehicles on each road according to an independent Matérn cluster
process (MCP) that jointly captures randomness in the locations
of platoons on the roads and vehicles within each platoon.
The resulting triply-stochastic point process is a PLP-driven-Cox
process, which we term the PLP-MCP. We first present this
new point process’s distribution and derive several fundamental
properties essential for the resulting VN’s analysis. Assuming
that the cellular base-stations (BSs) are distributed as a Poisson
point process (PPP), we derive the distribution of the loads
served by the typical BS and the BS associated with the typical
user. In deriving the latter, we also present a new approach to
deriving the length distribution of a tagged chord in a Poisson
Voronoi tessellation. Using the derived results, we present the rate
coverage of the typical user while considering partial loading of
the BSs. We also provide a comparative analysis of VNs with
and without platooning of traffic.

I. INTRODUCTION

Vehicular platooning refers to the cooperative movement of
closely located vehicles having a shared route or a part of
route. As part of intelligent transportation systems, platooning
has enormous potential for collision avoidance among vehi-
cles, optimization of the road capacity and fuel consumption,
and reduction in pollutant gases including CO5 emissions [1],
[2]. Platooning and vehicular communication have a two way
relationship. On one hand, platooning almost always ensures
line-of-sight between two proximate vehicles, thereby improv-
ing the reliability of vehicle-to-vehicle (V2V) communication
between them compared to independently moving vehicles
[3]. Such V2V communications can help in collision and
hazard warning and traffic planning [4]. Further, if one vehicle
in the platoon is able to receive information via vehicle-
to-infrastructure (V2I) communication, V2V communication
can help relay this data to all vehicles in the platoon. On
the other hand, vehicular communication is also essential in
enabling platooning to reduce collision risks due to smaller
intra-vehicular distance. Given the intertwined nature of these
two seemingly disparate ideas, it is essential to understand
their synergism, which we do here by carefully integrating
platooning in the system-level analysis of vehicular networks.
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A. Related work

Recently, there has been a significant interest in studying
different types of vehicular communication including V2V and
V2I. Interested readers are advised to refer to [4], [5], and the
references therein, for a comprehensive survey of this research
direction. In this paper, our specific interest is on the system-
level analysis of vehicular communications networks using
stochastic geometry, which has attracted significant attention
recently, e.g, see [6]-[10]. However, the focus of almost all of
this prior work has been on conventional non-platooning traffic
scenarios (N-PTS), where vehicles do not form platoons and
hence move without any coordination with each other. For
instance, in [6], [7] authors modeled the vehicular traffic on a
fixed road by a 1D Poisson point process (PPP). To incorporate
multiple road vehicular traffic, [8], [9] considered grid type
urban roads (roads are either perpendicular, or parallel to the
x-axis) modeled using the Manhattan Poisson line process
(MPLP). Each road has an independent vehicular traffic dis-
tributed as 1D PPP. The authors analyzed the blockage and
coverage in such networks. To include the irregularity in the
layout of roads, in [10], authors suggested to model roads as
Poisson line process (PLP) and vehicles as 1D PPP on each
road. In this model, the combined vehicular traffic across roads
forms a Cox process that can be termed PLP-PPP (i.e. a PLP
driven PPP). A thorough investigation of various properties
of PLP-PPP and its applications to vehicular communications
was presented in [11].

A vehicular communication network consists of vehicular
traffic overlaid with a cellular network to provide infrastructure
connectivity to vehicular traffic. Such a network with N-PTS
can be modeled using PLP-PPP overlaid with an independent
PPP modeling the locations of BSs, owing to the mathematical
tractability of these processes. In [12]-[14], authors derived the
distribution of signal-to-noise-plus-interference ratio (SINR)
for similar models. In [15]-[17] authors derived the SINR
distribution for vehicle-to-everything (V2X) networks consist-
ing of communications between different types of network
entities, such as between BSs and vehicles, and roadside units
and vehicles. Another important metric dictating the overall
performance of a network is the rate distribution of the typical
user. The achievable rate depends critically on the per-BS load,
i.e. the number of vehicles present in the BS’s serving region.
In [15], authors derived the distribution of the per BS load and
per-user rate for N-PTS. In [18], the area spectral efficiency
for the N-PTS was presented. In [19], authors derived the rate
coverage for cellular vehicle-to-everything (V2X) networks for
N-PTS.

Although past works have analyzed the vehicular com-
munication network with N-PTS, analytical tools have not



been fully explored yet to study the platooned vehicular
traffic scenario (PTS) and its impact on the performance of
a vehicular communication. Consequently, there is limited
work focusing on the analysis of PTS [20]-[22]. For example,
in [20], authors considered a single road vehicular traffic
consisting of independent vehicles and platoons, both modeled
as points of 1D PPP and derived the probability that vehicles
can communicate with each other. In [21], authors considered
platooned traffic on a single road with BSs deployed on the
side of the road and derived approximate coverage. In [22],
authors considered platooned traffic on a single road with road
side BSs and performed a joint communication and control
analysis to study the stability and delay in the network. One
main limitation of the above works is that they considered
vehicular traffic on a single road. In practice, the “support”
of a vehicular network is a complicated layout of roads that
needs to be accounted for and is one of the key reasons for
the popularity of the PLP-based models. A vehicular traffic on
such a road network is further complicated by the randomness
in the number and locations of platoons and locations of
vehicles in each platoon. As indicated above, the wireless
performance of a vehicular user depends critically on the
per BS load which has not been analyzed in the previous
work for PTS. Overall, the interplay of platooning and the
vehicular network performance is largely unexplored from
the perspective of rigorous system-level analysis. This paper
attempts to bridge this gap. In particular, we try to explore how
we can model a complete vehicular communication network
consisting of a 2D network of BSs and the vehicles moving
in platoons and analyze the performance of this network in
terms of load and rate distribution.

B. Contributions

In this paper, we develop an analytical framework for a
vehicular communication system (in particular, a V2I scenario)
with platooned traffic. We propose a novel point process for
modeling the platoon movement of vehicles. We then examine
the impact of platooning on V2I communication by observing
the load that appears on the infrastructure network. We present
a comparative study of the rate coverage for PTS and N-PTS.
The important contributions of this paper are listed below.

1) We propose a novel point process termed PLP-MCP for
the modeling and analysis of the platooned movement
of the vehicles. It is a Cox process driven by the PLP
that captures three layers of randomness: (i) irregularity
in the road layout, (ii) randomness in the locations of the
platoons, and (iii) randomness in the locations of vehicles
within a platoon. In this sense, this process can be
thought of as a triply-stochastic process that generalizes
doubly-stochastic PLP-PPP used in the literature [11]. We
present its distribution and key properties essential for the
analysis of the vehicular traffic.

2) We then present an analytical framework to characterize
the performance of the typical user in a V2I communi-
cation network consisting of BSs and platooned traffic.

3) We derive the load distribution for the typical and the
tagged BSs along with the means and variances. Here,
tagged BS is the BS that serves the typical user. As a

TABLE I: Notation Table

Parameter Definition

x, |z A vector  in R with its norm as |z|.

X, ||z|| A vector x in R? with its norm as [|x]].

B (x,7) nD Ball of radius r centred at location .

A and |A] Set A with its Lebesgue measure as |A].

Px(), EIX] The PGF, expected value and variance of RV X
and Var[X] » EXp :

0 The origin (0, 0).
A line in R? in Hesse normal form, i.e. the normal
segment from origin to the line is of length p and
makes angle ¢ with respect to the x-axis.
Nearest point on the line L(p, ¢) from the

) origin termed the base.
Length of the intersection of two 1D

¢=1L(p,9)

(pcos b, psin ¢

A1(a, b, z) balls B; (0, a) and Bj(x,b).
b(-) Bell’s polynomial [23].
! and WO The Pglm and the reduced Palm version of
the point process .
¥(C) Number of points of point process W
falling inside set C.
B(r,a) 2min(r, a).
) Approximated variable.
S Denotes the RV X under the reduced
X . .
Palm version of the point process.
A @ B The RV A and RV B have the same distribution.
U and Am PLP-MCP with density Am,.
S(r) Number of points of Wy, falling in ball B2 (o, 7).
§( ) Number of points of ¥r, falling in ball B2 (o, r)
r conditioned o € Wy,.
Approximated load on the typical and tagged cell
Sm and M respectively in PTS.
Approximated load on the typical and tagged
Sp and Mp cell respectively in ITS.
Lemma 2: PGFL of 1D MCP on a random line. Lemma 1: Slivnayak theorem for PLP-MCP. Primary results
} | | Intermediate results
Theorem 1: LF of PLP- Lemma 3: PGF of number of points of Theorem 2: LF of PLP-MCP Main results
MCP. 1D MCP in a ball. under the reduced Palm.
Lo | }

Theorem 6:
Load on the
typical BS.

Theorem 3: PGF for Corollary 3.1 and
number of point S(r) of * 3.2: PMF, mean and
PLP-MCP in ball. variance of S(r).

Corollary 4.1, 4.2:
PMF, mean gnd
variance of S(r).

Theorem 4: Number of points $(r),
of PLP-MCP in a ball conditioned on >
the presence of a point.

Lemma 4, Theorem
5: Length
distribution of the
tagged chord.

Corollary 7.1 and
7.2: Mean load and
= the active probability
of the typical BS.

}

Theorem 9: Rate coverage for vehicles.

Theorem 8 and Lemma 5:
PGF and PMF of
approximated load on
the tagged BS.

Theorem 7:
Approximated
load on the typical
BS.

Corollary 8.1:
Mean load on the
typical BS.

Fig. 1: Ilustration showing relationship between the derived results.

key intermediate result, we derive a new expression for
the distribution of the tagged chord in the Voronoi cell
of the tagged BS.

4) Using the derived results, we present the rate coverage
of the typical user while considering the partial loading
of BSs. We perform a comparative analysis of load
distribution and rate coverage of communication systems
with platooned movement with non-platooned movement
to understand the impact of vehicular platooning.

Fig. 1 summarizes the main results of the paper along with
their mutual relationship.

II. MODELING OF PLATOONED VEHICLES USING
PLP-MCP

In vehicular networks, the randomness caused by the orien-
tation of roads and the positions of vehicles can be modeled
using the doubly stochastic process PLP-PPP. However, this
model may not be suitable for modeling the randomness



introduced by factors such as the location of platoons, the
position of vehicles within a platoon, and the size of platoons.
Therefore, to model such a scenario, a triply stochastic process
is necessary, which can effectively integrate these sources of
randomness while preserving the mathematical tractability of
the PP. In this paper, we introduce a novel point process PLP-
MCP to model platooned vehicles on a network on roads. The
system model is as follows.

A. Road network

The network of roads can be modeled by a PLP &1 =
{l1,05,---} with density A\;, where ¢; denotes the ith road
[11]. The line ¢ = L(p,¢) can also be represented as an
element (p,¢) of the set C* = R x [0, 7). We term the
element (p,¢) as L-atom and C* as L-space. Further, The
point (p, ¢) in C* is corresponding to (p cos ¢, psin ¢) € R2,
where p denotes the distance of the point (pcos ¢, psin @)
from origin and ¢ represents the angle between the positive x-
axis of R? and the line joining the point with origin o = (0,0).
Therefore the ith line ¢; € ®p, can be denoted by the L-
atom a; = (pe,,¢e,) in the L-space C*. The L-atoms a;’s
form a PPP in C* with density Ar. This means that the mean
number of lines hitting a convex body K with perimeter L(K)
is ALL(K) [11]. The validity of modeling roads via a PLP
was studied and verified in the past work, e.g. [24]-[26]. The
analysis of this paper can be extended to include scenarios with
different types of roads including the Manhattan line process.

B. Platooned vehicles

For each road ¢;, vehicular platoons can be seen as the
clusters of vehicles in a finite spread. Cluster processes (with
MCP being a special case) offer a natural way of modeling pla-
tooned traffic, wherein vehicles in the same platoon are close
by (hence clustered). The MCP was a natural cluster process
to choose because of its bounded support and tractability. We
model the vehicles on the road ¢; by an independent MCP U,
with parent PP density Ap, mean number of points per cluster
m and cluster radius a. In particular, the platoon centers are
distributed as the parent PP @?’). For a platoon centered at
T;; € ﬁip), the constituent vehicles are distributed as the
PPP ﬁw“ in a—neighborhood of it. Let pu,, denote the per-
road vehicular density i.e. p,, = mAp.

The locations of all vehicles form a new PP, which we term
as PLP-MCP. It can be formally defined as follows.

Definition 1 (PLP-MCP). Let &y, = {{,0s, -} be a PLP
with density \1, with the ith line £; = L(py,,¢¢,). Let {V;}
be a set of independent and identically distributed 1D MCP
in R with parameter (m, \p, a) such that

\Ili = ij,ieﬁ,(ip) mei’

where W\" is a PPP with density \p. W\" is called the parent
point process of W; as it consists of parent points z;; € R
Further, ﬁwj denotes the daughter PP of x;; and is a PPP
with density A\q = m/(2a) in By(x;;, a). We assign ith MCP
W, to the ith line {; and transform the points of V; to be on
the line to get

Ve, = Ux“e@” {20 = fo.(Bhgi) - Zrji € Qi }

- Uw]‘,iGEEP) Qmj’i’ (1)

where (g, . represents ﬁwm transformed on line {; and f;()
denotes the transformation of L(0,0) to the line £ = L(pg, d¢)
given as

fe(®) = (pg cos pp + T sin gy, ppsin gy — T cos ). (2)

This means that if T is a scalar quantity denoting the location
of a point in the line { relative to its base, its 2D coordinates
(i.e. absolute location in R?) are given as x = f;(x). Now, a
PLP-MCP V., is defined as the union of all Wy, ’s i.e.

\I/m = UZ{,E@L \Ijéw (3)

and includes all the points located on every line of 1.

Hence, the platoon vehicular traffic can be modeled using
points of the proposed PLP-MCP V. The absolute location of
k-th vehicles in jth platoon of ith road is given as z, ; ;. As the
suggested PP allows for varying the platoon parameter, and has
the advantage of mathematical tractability, we expect that the
main results presented in the paper will show similar trends
when compared to slightly different variants of this model
(capturing different distributions of the roads and vehicles on
them).

C. Properties of PLP-MCP

We now describe some key properties of the PLP-MCP that

are helpful in the analysis of vehicular communication.

1) Stationarity: The PLP-MCP ¥, is a stationary PP. The
stationarity of W, follows from the stationarity of PLP
and 1D MCP.

2) Density: The density A\, of ¥, is mAp Ay, m. The density
of U, can be derived by counting the mean number of
points in a unit area using the Campbell’s theorem [27].

3) It is a Cox process driven by a PLP.

For a stationary PP, we can take the typical point at the
origin [27]. Further, if the typical point is located at the origin,
the tagged line £, passes through the origin.

III. CHARACTERIZATION OF PLP-MCP

In this section, we will present several key properties of the
proposed PLP-MCP.

A. Extended Slivnyak Theorem

Since PLP-MCP is derived from PLP (which is a PPP
in L-space), Slivnyak theorem can be extended to describe
the conditional distribution of PLP-MCP. Even though this
extension is not overly challenging, we decided to present it
separately upfront so that we can easily refer to it throughout
the paper rather than repeating this same argument everywhere.

Lemma 1. (Extended Slivnyak Theorem.) Conditioned on the
typical point z,, the distribution of the rest of the PLP-MCP
U, is equal to the distribution of an independent copy of VU,
superposed with an independent copy of the MCP WV, on the
tagged line {, and an independent copy of the cluster PPP
Q. (Which is ﬁmo transformed on {,). Here, x, denotes the



parent point of the typical point and distributed uniformly in
the 1D a—neighborhood of z, = f[ol(zo). In other words,

(4

UL (20 € W) = Wiy Uy, U Q. (4)

Proof. Conditioning on the occurrence of the typical point
fixes the tagged parent point x, and the tagged line /.
Since PLP ®p, is a PPP in L-space, conditioned on ¢,, ®r,
is equivalent to the union of /, and an independent copy of
®1, (which generates an independent copy of ¥,,,). Now, E}‘:)
is also a PPP containing x,, hence, conditioned on x,, it is
equivalent to the union of x, and an independent copy of @2‘;)
which generates W, . Again, (), is a PPP, hence, conditioned
on z,, ()4 is equivalent to the union of & and an independent

copy of Q. O

B. Laplace functional

Since the distribution of a PP is completely characterized
by its Laplace functional (LF), we now derive the LF for
PLP-MCP. We will first require the PGFL of the MCP ¥y,
transformed on the line ¢; which is given in Lemma 2. Let
there be a function v : R? — [0, 1].

Lemma 2. The PGFL of Uy on road ¢ is given as

Gu, s (v) = exp (—Ap /]R (1 —Hw,g(v))dx> R

where Ha,o(v) = exp (=X fi, (0.0 (1 = (Vo f2) (@ + 1)) dy )

Under reduced Palm (i.e. conditioned on occurrence of a
point at z, excluding z.,), PGFL of W, on road ¢ is

G, (v)

1z, _ I \Y)
Gy o(v) = % /Bl(fel(zo), )rH_wO,g(v)daco. (6)

Here, x, denotes the untransformed center of the parent
cluster of z,.

The following remark explains how the LF and its Palm
version enable us to examine the platooned vehicular networks
from two different perspectives.

Remark 1. In the uplink analysis of a wireless network, when
the received power attenuates in accordance with the distance-
based path loss model, the LF may be utilized to determine the
LF of total interference from the vehicles seen by any point in
R? plane.

Moreover, if we want to capture the interference seen by any
vehicle from all the other vehicles in V2V communication,
the Palm version of the LF may be used to get the LF of
interference. We now derive the LF for PLP-MCP which is
given in the following two Theorems. See Appendix A for the
proofs.

Theorem 1. The LF for V,, is given as

Ly, (v)=E [67 S “(Z)}

= exp (—AL / / (1 =Gy L(p6) (e—“)) dp d¢>, (7)
RJO

where G, ¢ (v) is given in (5).

Theorem 2. The LF for V., under the reduced Palm distri-
bution is

LY (v)

m

= E!O |:e_ EZE\Pm v(z):l

Zﬁwm(”)/ W_lg!owuom,uo,qs)(G_U)dﬁb' ®)
0

C. Distribution of number of points (vehicles) of ¥, in a set

The PP W,, can also be characterized by the distribution
of the number of its points in a set which is crucial in
computing the load distribution in vehicular communication
network which will be discussed in the next section. To derive
this distribution, we will first require the PGF of the number
N, of points of the MCP W, on the line ¢ which is given in
Lemma 3.

Lemma 3. Ler Uy denotes a 1D MCP on line £ = L(p, ¢).
The PGF for the number Ny of points of VU, falling inside
Ba(o,r) is

Puv (s,7) = exp (g(s, /12 = p2)) ©)
where, g(s,t) = 2\p Ut —a| eraBB)(s—1) _ (t+a)
H(EETDO 1) /(s — 1))

Note that p = 0 gives the PGF of N, when the line passes
through the origin with an angle of ¢. The k-th derivative of
g(s,t) with respect to s is given as

(10)

k

_ 1
9P (5,0) =200 |(AaB(0)H]t — ale2P0 4 = (37
M\ =

B\ il(—1)7 i (s—1)AgBl(t El(—1)F
(5) T aso et B

o))
(In

To derive the mean and variance, we need lim,_,; g(¥) (s, ).
Let lim,_,; g*)(s,t) = k(t, k) which is given as

(k+1)
12)

We now present the distribution of the number S(r) of points
of ¥y, in a 2D ball of radius r i.e. S(r) = ¥, (Ba(o,7)) in
terms of its PGF and PMF along with its mean and variance.
The PGF of S(r) may be used to calculate the distribution of
contact distance, which is defined as the distance between the
closest W,,, point and any randomly chosen point in R?. For
the approximated load distribution study, we will directly use
the formulas stated in Theorem 3 and Corollary 3.1. The mean
and variance of S(r) calculated in Corollary 3.2 may be used
directly to calculate the approximated mean load and variance
of the load distribution on the BS. Note that the PMF, the
mean and the variance of a discrete RV X can be computed
from its PGF using the following relation

1

px(k) = PIX = k] = — [ng“)(s,r)} Ve a3y
EX] = [PP(s)] _ . (14)
Varlx] = [PQ(s)] _ +EX]- X))’ (3)

s=1



Therefore, we get the following result. See Appendix B for

the proofs of the following results.
Theorem 3. The PGF of the number S(r) of points of ¥y,

inside Bo(o,7) is
Ps(r)(s) = exp (—277)\L (r — dt)) , (16)

where g(s,t) is given in (10).
Corollary 3.1. The PMF of S(r) is given by

PIS(r) =] = 2 Psi (0) b (/00 £, (7

with £ (r) =

"exp (9(0, 1))
e b (90,0, g

and g*)(0,t) can be evaluated from (11).

"exp(g(s, t))t
0 Vr2 —t2

2TAL () (0, t)) tdt, (18)

Corollary 3.2. The mean and variance of S(r) is

E[S()] = [Py()] _ = Anrr?, (19)
Var(S(r))
A2 + 2w AL [ (a)\p)\d) r3
+8)\p>\§ (gar %777’4)] a>r
A2 + (78)‘1”3)“*“) LTS
= 2 r (20)
+47T)\L/\P>\ ( (? — T)
VPl (- — ) (9022 4 1)
X sin~ 1 (7“27_“2)) . a<r,

D. Distribution of number of points of V., in a set under Palm
distribution

We also present the distribution of number of points inside
a set under Palm distribution (conditioned on occurrence of a
point at the origin i.e. o € Wy,). Similar to_previous section,
we can compute the PMF and the mean of S (r) from its PGF.
The PGF of § (r) can be used directly to derive the CDF of
NND which is defined as the distance of the nearest point from
any typical point of W,. Further, it is crucial to comprehend
the distribution of vehicles around the typical vehicle in a
platooned vehicular network where the vehicles continuously
broadcast information about their speed and location. Using
Theorem 4, we can easily derive performance metrics such
as the mean number of vehicles falling within the typical
vehicle’s broadcast radius. See Appendix C for the proof of
the following results.

Theorem 4. The PGF of the number S (r) of points of Wy, \
{0} conditioned on o € U, falling inside Bo(o,r) is

/ els=DAaAL(rax) g0 (2])
0

69(577')

P§(r)(5) = PS(T‘) (s)

a

where Pg,y(s) is presented in Theorem 3, g(
(10) and Aq(a,b,z) is [28]

Ai(a,b,z) = {2 min(a, b),

s,+) is given in

f0<z<|la—1b
a+b—=z, ifla= \<:U‘§a+‘b. (22)

Corollary 4.1. The PMF of S(r) is

P [@(r) ]
k1+k2+k3 n [(kl’kQ k3> 1<t<3 ‘ (O’T):|7 ( )
where f{*(0,7) = ;’z (0)
ék)(Om) =¢e9007) p (g(l)(O, r)...g(k) (0,7“)) (25)

M0,r) = / (AaA1(r,a,2))" a~te MM man) dz - (26)
0

with g(-) is given in (10) and f,(nk) (0,7) in (18).

Corollary 4.2. The expected value of S (r) is E {S’\ (r)} =
Am7r? + 2Xpmr + A (2r — r?/(2a)) .

In this section, we have presented several key properties
of PLP-MCP. These properties are PGFL, density, LF under
the reduced palm distribution, the PGF (and PMF) for the
number of points falling inside ball By (0, ') both under normal
and Palm distributions. In the next section, we introduce the
vehicular communication network providing connectivity to
the platooned vehicles and present the distribution for the
length of the typical and the tagged chord of the typical
cell, and 0-cell respectively of a homogeneous 2D PPP. These
distributions are essential to derive the load distribution on the
typical and tagged BS.

IV. VEHICULAR COMMUNICATION NETWORK

The complete vehicular communication network consists of
vehicular traffic (as defined in Section II) overlaid with the
BSs forming a cellular network (See Fig. 2). The role of the
cellular BS network is to provide cellular V2I connectivity
to vehicular users. We model the locations of BSs as a 2D
PPP @, = {y;,: y; € R?, Vi € N} with density A, [27]. Each
BS transmits with the same power. The user association is
based on the maximum average received power from the BSs
and each user is connected to its nearest BS. Furthermore,
we assume that the BS without any associated user will stay
silent and not create interference. The active BSs point process
<I>;) can be approximated as PPP with the active BS density
PonAb Where poy, is the active probability [29]. Now, in order
to study the average property seen by the points of a stationary
PP, a general methodology is to hold a point of the PP at the
origin and average the property seen from this point over all
realizations. Such a point is termed the typical point of the
PP. It can be intuitively seen as a point selected from the PP
without any selection bias. It captures the ensemble average
in the same way as one would get a spatial average in a large
realization of a PP by observing the quantity of interest at
each point and then averaging over all the points. Here, we
consider the typical vehicle defined as the typical point in ¥y,
We consider the typical vehicle to be at the origin, owing to
the stationarity of W,,. Now, the signal to interference ratio
(SIR) at the typical vehicle is given by



Fig. 2: (a) An illustration showing the complete vehicular network with
platooned vehicles. The vehicles (shown as blue circles) on the road (shown
as dotted line). Each BS (presented by points) has an associated serving area
(bounded by the lines). As shown in the figure, the cluster movement of
vehicles may assist them in connecting with the nearby vehicles for data, and
content sharing. (b) A vehicular communication network with independently
moving vehicles is shown for comparison.

hoR™¢
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where R denotes the distance of the nearest BS, « is
path loss exponent, hy denotes the fading gain of the typical
receiver link and hy denotes the fading gains of the rest of
the links. Further, we have assumed that the fading coefficients
h.y are exponentially distributed with unit mean.

Due to the considered association policy, the serv-
ing region of each BS is its Voronoi cell. For a
BS located at y, its Voronoi cell Vy, is V, =
{xeR?:y =argmin, 4 [|x —yll}. Let Xy, denote the
union of Voronoi edges. The users connected to any BS con-
stitute the load on that BS. The typical BS is the typical point
of the BS PP ®y,. The Voronoi cell associated with the typical
BS is known as the typical Voronoi cell denoted as V. Its
area |V is empirically distributed as a generalized gamma RV
[30]. The PDF of the generalized Gamma distribution with
parameters a1, b1, ¢y is denoted by

SIR = 27)

gx(xz;a1,b1,01) = albfil/al (T (cl/al))fl z e t1E™(28)

For the typical Voronoi cell, the parameters are a; =
1.07950,b; = 3.03226 and ¢; = 3.31122 [31]. Hence, its
PDF is

9l (ve) = Apgx (Abve; ar, by, cr) (29
Similarly, the perimeter of Z = L(V;) has the empirical
distribution [30]

VA (Ve
pZ<Z>49X( 1

;2.33609, 2.97006, 7.58806). (30)

A line ¢, of ¥y, that passes through the typical point of
PP (U,,) is termed as the tagged line. Here, {, = L(0,¢)
with p = 0 and ¢ is a uniform RV between 0 to m. Now,
let us consider the typical vehicle at the origin. The BS
which is associated with the typical vehicle is termed the
tagged BS. The Voronoi cell of the tagged BS is termed
as the zero cell or the tagged cell [32] given as V, =

<
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Fig. 3: (a) An illustration showing approach to find the PDF of the tagged
chord length Q1 Q2. Here, P; denotes the BS. (b) The PDF obtained using
the proposed method, along with the length bias result from [15].

x € R? : argmin||x — y;|| = arg min||yi||}. Owing to Ext-

Slivnyak theglrgmb (Lemma 1), thg zlf)aéji on the tagged BS con-
sists of users of an independent copy of PLP-MCP falling in
the tagged cell, plus a set of additional users falling on a part of
the tagged line inside the tagged cell. As mentioned earlier, the
tagged line or the road is the line on which the typical vehicle
lies. The part of the tagged line falling inside the tagged cell is
termed the tagged chord C, i.e. C, = £,NV,. The tagged chord
can also be defined as the chord of the tagged cell passing
through the origin. Since the tagged chord’s length C, plays
an important role in the BS’s load distribution, we derive its
distribution féo (co) mext. While this specific result exists in
[15] within the context of the load distribution in a PLP-PPP,
we derive it using a new approach that yields an easy-to-use
expression that does not involve higher-order derivatives. We
emphasize here that this chord length distribution is not our
main contribution but just an important intermediate result that
will facilitate further analysis.

A. Distribution of tagged chord length in the Voronoi tessel-
lation

We adapt an approach presented in [33] to derive the joint
PDF of the length of the residual chords in both sides of the
origin. Using the joint PDF, we derive the PDF of the length
of the tagged chord. We draw two lines from the origin in two
opposite directions, (can be taken as positive and negative x-
axis without loss of generality). Further, the points Q; and
Q2 where these two lines intersect X, are the two endpoints
of tagged chord (as shown in Fig. 3). Let [; and [ be the
distance of Q; and Qs from the origin. We first require the
following result.

Lemma 4. The
B2((0,11),71)

circles
they

radii r1 and 719

and BQ((O7 712),7’2)

of two
such  that



intersect at a point'y = y/0 (see Fig. 3) are given
as 1 = r(ly) VI +y2—2lhycosh, re = r(la) =
\/l§+y2+212ycosf) with angles «i1(l1) and «s(ly) as
cosay(ly) = %, cosag(ly) = %. The area of
the union of these two 2D disks is given as

V(ll +12,T(l1),7’(12)) :’L)l(ll) +’02(l2), (31)

where v;(l;) = r%(l;) (m — a;(l;) + 0.5sin 21 (I)). Its par-
tial derivative are
oV
al;
Using the above result, we now derive the distribution of the
tagged chord length which is given in the following theorem.
See Appendix D for the proof.

=0 (1) = 2(1; + ycos 0) (7 — (1)) + 2y sin .

Theorem 5. The joint PDF of the length of the two chord
segments in the Voronoi tessellation is

le L» 11,12
(32
where V(Iy +12,7(l1),7(l2)) is given in (31). The PDF of the

length of the tagged chord in the Voronoi tessellation is

foulco) = / Fira (oo — L)dl.
0

For completeness, note that we derived an expression for
the tagged chord length in [15] using a length-biased sampling
argument that provided the following expression,

(33)

fe,(eo) = COIJE;([JC(YTO) = 4\/)Tcof0(co)
~ D It 17 [ (v erten)”

-V )(c,yﬂ“(C))] e oV(EwT(Dydydo,

which involved higher-order partial derivatives. The expression
given above in Theorem 5 is slightly simpler in that sense.
Further, since this specific proof idea involving the joint
distribution of two chords segments has not appeared in the
literature, we decided to include it here. Another advantage
of the proposed approach is that it can also be extended to
the case where the BS locations are distributed as a non-
homogeneous PPP.

Equipped with the expressions of PDF of the tagged chord
length and the number of vehicles in a set, we now analyze
the vehicular communication networks in terms of the load
per BS.

V. LOAD DISTRIBUTION IN A PLATOONED VEHICULAR
COMMUNICATION NETWORK

In this section, we present the per-BS load distribution. The
per-BS load in a communication system refers to the number
of vehicles served by the BS which is defined as the number of
vehicles falling inside its Voronoi region. The distribution of
per-BS load is an important performance metric as it critically
affects the distribution of SINR, per-user available resources

and finally the rate in the following way. If a particular BS does
not have any user associated with it, it may stay silent which
reduces interference to the users of other BSs, and improves
their SINR distribution. Conversely, as the time-frequency
resources are split across the users associated with the serving
BS, the load on the tagged BS reduces the resources available
to the typical user. As the rate distribution depends on the
per-user resources and the SINR distribution, the load on
both the typical and the tagged BS plays a key role in the
system’s performance. Hence, we will focus on distribution of
the following important metrics:
1) Sy = ¥, (Vy): Load on the typical BS.
2) My, = ¥,(Vo): Load on the tagged BS.

The load distribution may help us decide the size of pla-
toon and/or the number of vehicles in a platoon to improve
performance. It may also provide us insights into the load
distribution across the BSs that may help in optimizing the
resource allocation, bandwidth sharing, and BS association.
This is especially important in the case of PTS that may
exhibit larger disparity in the per-BS load, especially for
smaller values of a. Since vehicles in a platoon drive in close
proximity of each other, it is highly likely that vehicles in
a given platoon are served by the same BS. This may lead
to situations in which one BS serves multiple platoons and
hence a large number of vehicles, whereas another BS does
not serve any platoon and hence no vehicle. Therefore, it is
crucial to understand the nature of load distribution on BSs. As
mentioned already, we will assume that the BS remains silent
(and hence does not create interference) if its load is zero. We
will look at an approximation (Sy,, and M, respectively) of
these variable. To approximate the load in a Voronoi cell of
area | V4|, we will replace the cell with a 2D ball of equal area,
i.e. the radius of this ball is \/|V;|/7 and instead compute the
load in this ball. The PDF of the radius corresponding to the
typical and tagged cell is respectively given as

(34)
(35)

fr.(re) = 2wy, (777).
T, (10) = 210y, ‘(7rr ) = 27rr0)\b7rr 9V, (777'2)

A. Load distribution on the typical BS

Theorem 6. The PGF of the load Sy, on typical Voronoi V;
is (see Appendix E for proof)

)\ o0
Ps,.(s) = % /70 exp (—)\Lz X

(1= [t snseaa) o (L5

,+) is given in (10). The PMF of Sy, is

P[5, = K = 1 [PL0)

VAp 1 & k Vb
ZTQ/ PS e O)gu) — ¢)d%

- \/;]:l/ PSm\Z:z(O)

x5 (g(0),- .98 (0)) ey (VAn/42)

z) dz, (36)

where g(s



where Pg | z—.(0)

— e (-xe (1= [T e lo 0.0 )

(k) = z OOeX C
I’ (0) = AL /0 p(9(0,¢/2))

xb (90 (0,¢/2).... g™ (0,¢/2)) fe(e)de,

where g(s,-) is given in (10). Further, g*) (s
(11) can be evaluated at s = 0.

,+) provided in

Note that the mean load is equal to vehicular density times
the mean size of the typical cell. Since the mean area of typical
cell is 1/, we get

E [Sm] = Am /b

We can approximate Sy, by S = U (Ba(o, Ry)). Note that
conditioned on Ry, Pg (g Rier, (8) = Ps(r,)(s). Decondi-
tioning using the distribution of fg, (1), we get the following
result.

Theorem 7. The approximate PGF and PMF of the typical
BS load are

o0

Ps(r) () fr, (re)dry
re=0

(37

=27 Ps(re) (8) regviy (g )dry.

re=0

B[S = k] = 2 / P[S(r) = k] rogpy (mr2)dr, (38)
r¢=0

where Pg(.y(-), and P[S(ri) = k] are given in Theorem 3 and
(17), respectively. The PDF gy, |(-) is given in (29).

Corollary 7.1. The mean of Sm is E[Sm] = AmnE [rt] =
Am/Ab, where E [7’?] = M . Similarly, to find the variance

of S, we need the second derivative of PGF conditioned on
s = 1 which is given as

i P20 = [ (R 4 R0
Fh) =2, [ SR

T (k2(t,1 t,2)) tdt
t=0 r2 — 2

271'/\L

where k(t, k) is given in (12). Using the second derivative,
mean and variance equation present in (15), we get the
variance of Sn,.

Corollary 7.2. The active probability (or the on probability)
of the typical BS is given as

Pon =1 —=P[Sy = 0]
=1-2r /OOOP [S(r) = 0] regpvs (rd)dre
with "
P [S(r¢) = 0] = exp (27rAL (r -,

The off probability pog = 1

"exp(g(0,t))t
N

).

— Pon-

B. Load distribution on the tagged BS

__In this section, we derive the approximate additional load
M, on the tagged cell. Unlike Theorem 6, we will directly
present the approximate load for the tagged cell. Here, the
load M, is equal to the sum of the number of vehicles on
the tagged chord (of length C,) and the number of vehicles
falling inside a ball of radius R,. From Lemma 1,

. @y
My = W, (Ba(0, Ro)) + 7, (Co) + 2 (Co)

where -’ denotes the independent unconditional instances of
the processes. Note that the total load counting the typical

vehicle on tagged cell is J\A/[/m + 1.

Theorem 8. The PGF Py; (8) for the My, excluding the
typical vehicle is

oo oo
— / / ,PAN/IH“RU’CO(S,T’O,CO)X
co=0 Jr,=0

I3 (ro) f, (co)drode, (39)
where, .
PzT/fmmmco (5,70,C0) = Pn,, (S, = Ps(ro)(8)
a LTO 6(3_1))\dA1(C7°,a,\xc—zo\)
/ / dz.dx,,
To=—a Jx.=— 002(1

where, P, (s, %”) and Pg(.y(s) is provided in (9) and (16).
Proof. See Appendix F. O
Lemma 5. The PMF of ]\/Zm is given as P {Mm = n}

A (0)
n' /Co—o/ro—ok +k2+k‘ =n (k'17 k27 kg) H

1<t<3
f}%o (To)féjo (Co)drodco:| )

1(0,70)
1S (0, 00/2):eg(o’c°/2)b( M (0,c0/2),. ..,

h(0, 0 /2) = / /
( C/ aco xo=0 Jx.

(5= DAadi (co/2,0, lwe*ﬂﬂo')dxcdwo,

= Pék) (0,7o) is obtained in (24) and
() co/z)),

wol))*

where h

)\dAl (¢co/2,a,|xc —

and ¢(0,-) is given in (10), g*)(0,-) is given in (11).

As the conditional PGF PM | Ro,

of three PGFs, the mean and variance of M, can be written
as summation of the mean and variance of the three individual
RVs.

o (8,76,¢0) is a product
O

Corollary 8.1. The mean of Mm conditioned on C, is
E [JTI Cy = co} = 1.28\m /Ay + mApCo

2ac0 /x —a /rc

We can further decondmon using the PDF of C, as given in
(33). Similar to the variance of Sw, we first find the second
derivative of the PGF of My, and then using the variance
equation present in (15), we find the variance of My,.

)\dAl a,|z. — xo\) dz.dz,.



C. Load Distribution for the vehicular traffic under N-PTS

Since this paper also provides a comparative analysis of PTS
with N-PTS, we also provide the load distribution for a ve-
hicular communication network with N-PTS for completeness.
We use the PGFs for load on the typical and the tagged cell
presented in [34] to derive the mean and the variance of load.
Here, the vehicles on each road form an independent 1D PPP
with density A. Hence, the overall vehicular traffic ¥, formed
by taking the union of all the vehicles on all roads is a PLP-
PPP, as discussed earlier already. Its density is A\; = wTALA.
Let p, denote the per-road vehicular density ie. p, = A
The mean approximate load on the typical and tagged BS in
vehicular traffic under N-PTS is given as follows.

Corollary 8.2. The mean and variance of the approximate
load S}, on the typical BS is

E 3] = N [17] = T
~ 16 /\i )\i 2
vie [ <O E ]+ el - (1)

1
where \; = tAp\, E [r?] =0
TAb

and E [r}] = /OO r3 fr, (ro)dry = iF ((e1 +1)/aq) .
’ bi™ (Ab)3/2T (c1/ax)

Corollary 8.3. The mean of the approximate load Mp on the
tagged BS is given as

E [M,] = E [E [MIC, = co) | = Ak [12] + AE[C]
Similarly, we can find the variance of Mp.

VI. RATE COVERAGE IN A PLATOONED VEHICULAR
COMMUNICATION NETWORK

The rate coverage is defined as the probability that the rate
achievable by the typical user is greater than a certain threshold
i.e. 1¢(7) = P(R > 7). Assuming that the available bandwidth
B is equally shared by all user associated with the tagged BS,
the achievable rate of typical receiver is given by

R = B/(1 + My)log, (1 + SIR),

where M.y is the load on the tagged BS. Also note that the SIR
depends on the active BS density which is further dependent
on the load distribution on the typical cell. Hence, it is evident
that the rate coverage depends on the distributions of the user
load on both the typical and the tagged BS. Hence, the rate
coverage is

ro(7) = P (B/(l + M) log, (1+ SIR) > 7)

- i@(ﬁm = k)P (sm > 9% F " 1) . (40)

Here, P (SIR > 7) is the coverage probability of the typical
user of a cellular network. For the channel and SIR model
considered in (27), the coverage is given as [27], [29],

P(SIR > 7)

e 2 A Tydy
:27r)\b/ 7 exp <—)\b7rr2—pon/ ———— |dr
0 P T

/’i( /°° du )d

= X —VU—Don T aNa 7 |av

o P Por [, T (%31

— —v (14 poy — = ))d
/o exp( v< +p /1 1+ta/27-—1)> v

1
o dt
1+ pon fl Ry

where the first two steps are due to the substitutions T\, y? =
u and u = vt. Using (40), we get the following result.

b

Theorem 9. The rate coverage of the typical vehicular user in
a vehicular communication network with platooned vehicles is

[e%e} N oo dt —1
TC(T):Z P {Mm = k?} (1+pon/1 W) , (41)

k=0
(k+1)T

where v, = (2 B — 1) and poy is given in Corollary 7.2.

Note that the rate coverage for a typical user in N-PTS can
also be computed using (41) by replacing M, and Sy, with
M, and S, respectively.

VII. NUMERICAL RESULTS

In this section, we first present numerical results using the
derived expressions. We will first verify the accuracy of the
PMFs of S, and M, by comparing them with the exact
simulation results. We also discuss the impact of various
parameters on the load distribution. After that, we will present
a comparative analysis between PTS and N-PTS in terms of
the energy efficiency, load imbalance and their impact on the
rate coverage. Since the locations of vehicles are independent
of each other because of the underlying PPP model, it is
possible that the two proximate vehicles might come arbitrarily
close to each other. Hence it is desirable to have a guard
distance between the vehicles to improve traffic safety. One
way to implement this restriction in the model is to remove
those vehicles in PLP-MCP that are closer than guard distance
from their neighboring vehicles. Unfortunately, the resulting
process will become intractable but can be approximated
using a PLP-MCP process with reduced vehicular density to
compensate for the removed vehicles. Another way is to spread
the closely located vehicles over multiple lanes. In that case,
PLP-MCP models the projection of all vehicles onto a single
line. Since lanes are close to each other, it does not affect
the load or rate distribution. In all our numerical results, we
use the following parameters unless stated otherwise. The road
density A, = 5/7 km™', \p = 1 platoons/km a = 250 m.
For fair comparison we have taken )\ in N-PTS such that the
total vehicular density A; in N-PTS is equal to Ap,.

A. Validation

To test the accuracy of the derived distributions of the
approximate load Sy, and M,,, we evaluate the Bhattacharyya
coefficient (BC) [35] between the PMFs of the approximate
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Fig. 4: The BC for (a) the typical Dpc(Sm, §m) and (b) the tagged load
Dpc(Mm, My,) for various values of m and Ap. Here, A\, =5/7 km~—!
, Ap = 1 platoons/km a = 250 m. A value close to 1 implies that the
approximation is accurate.
load and the respective exact PMFs obtained using simulations.
Note that for any two PMFs p and q(w), the BC is
defined as Dpc(p,q) = D /p . The BC Dgpc(p, q),
lies between 0 to 1, and a value close to 1 indicates good
approximation. Fig. 4 presents the BC for the load on the typ-
ical (DBC(Sm,gm) and the tagged cell DBC(Mm,Mm)
From this result, we notice that the approximation is remark-
ably close to the true result. The approximation improves
further with decrease in platoon size m and increase in the
BS density.

B. Mean and variance of the load on the typical cell

Fig. 5(a) shows the mean and variance for the approximate
load on the typical cell with respect to per-road vehicular
density p, = mAp for different values of the platoon radius a.
From Corollary 7.1, the mean load on the typical cell depends
linearly on density A\, = pumArL7w but does not depend on
a. This is also evident from the numerical results. It can be
observed further that the variance grows quadratically with
L, Which is consistent with (20). For small a, vehicles are
concentrated close to the platoon centers because of which all
the vehicles of a given platoon will very likely contribute to
the load of a single BS. However, as we increase a, vehicles
are more spread out, which decreases the variance of load on
the typical BS. We also present the respective metrics for N-
PTS. Here, we keep p, = pm such that the mean load will
be the same for N-PTS and PTS. Further, the variance for
the PTS case is higher than N-PTS, and it becomes equal to
N-PTS for very large a. This convergence is due to the fact
that the MCP(\p, m, a) converges to PPP (mAp), as a — oo
[36].

C. Mean and variance of the load on the tagged cell

Fig. 5(b) presents the mean and variance for the approximate
load on the tagged cell with respect to per-road vehicular
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Fig. 5: T’})ie mean and variance of the load on (a) typical (§m, §p) and (b)
tagged (Mm, Mp) cell with varying per-road vehicular density pm = pp =
w. Here, for N-PTS, X is varied as A = p per km, while for PTS, m is

varied as m = p/Ap, while keeplng Ap =1 platoon/km Here, A\, = 5
BS/km , AL = 5 /km, and a is in meters. As a increases, the variance of

Sm and Mrﬂ converges to variance of S’ and Mp, respectively.

density p, = mAp for different values of the platoon radius
a. Here, mean and variance of M), are higher than those of
M. In PTS, the occurrence of the typical point adds points
of the associated platoon in the load. Therefore, the mean and
the variance of the load is higher in PTS compared to N-PTS.
Further, as a — oo, the two scenarios become equivalent and
the effect of the additional factor vanishes.

D. Impact of platooning on the energy efficiency of the typical
cell

To further understand the typical BS load, we will evaluate
two additional metrics s,yg and p,. Here, s,y is defined as
the mean load of the typical BS when it is active, i.e.

[S.] /Pon-

The second metric p,, denotes the probability that the load on
the typical active BS is less than the s, ie.

swg =E |55 > 0] =E

W =P [S < suelS > 0]

Note that p, represents the fraction of time the system is
in a very safe operational regime. Fig 6(a) presents the off
probability p.g of the typical BS (which also represents the
fraction of BSs staying silent) in PTS and N-PTS scenario
with respect to per-road vehicular density pt = pm = pp. We
further observe that the off probability values p.g obtained
using the analytical expression and simulation are close. The
gap occurs due to approximation of the typical cell by a disk
with an equal area.
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Fig. 6: (a) The variation of p,g with respect to per-road vehicular density
pm = pp = p for PTS and N-PTS. Here, for N-PTS X is varied as A = p,
and for PTS, m is varied as m = u/Ap while keeping Ap = 1 platoon/km.
The fraction of BSs being switched off is higher in PTS as compared to N-
PTS, indicating a better energy efficiency. (b) Variation of py with savg.
Here, ;1 = 15 vehicles/km. N-PTS has better underload probability. Here,
a = 250 m in PTS and )y, is in per km?.

We observe that pog is higher in PTS as compared to the
N-PTS indicating that the energy consumption in PTS is less
than N-PTS. Fig. 6(b) shows the variation of p, with active
load savg by varying A, from 2 — 30 BS/ km? while keeping
the rest of the parameters fixed. As expected, the load s,y
on active BSs decreases with Ay,. Further, s,,g is high in PTS
due to a lower fraction of BSs staying active as compared to
N-PTS. Due to relatively higher load in PTS, safe-operating
probability p, gets lower in PTS.

Fig. 7(a)-(c) presents variation of p, with respect to BS
density, active BS density and off probability for N-PTS and
PTS. Here, p, decreases with the densification of BSs which
is intuitive. Small increments found in p,, at some densities are
due to the discrete nature of summation in the definition of py,.
Elaborating further, first note that the .S can take only integer
values. When s, decreases, the number of individual PMF
terms may not decrease if the change in s, is fractional.
However due to a decrease in the mean, the individual PMF
terms increase, resulting in a net increase in p,. In Fig. 7(c),
we compare p, between PTS and N-PTS by equating the
off probability. We can see that for the same level of off
probability, p, is almost the same in both the cases. In Fig.
7(c), we compare p,, between PTS and N-PTS by equating the
active BS density. Since the active probability is significantly
lower in PTS, we can observe that at the same value of
Ad = Ap, pu in N-PTS is lower.

E. Load balance in the tagged cell

Note that the mean load is not the only criteria for compar-
ing two systems. For instance, it may not be optimal from
the energy utilization perspective to activate a BS to just
serve a single vehicle. In order to understand the effect of
load distribution, we define the following metrics: single user
probability p;, the average load on tagged cell mayg, and
tagged safe-operating probability pg, as follows

b1 :P{M :1i| ’ mavg:E[]/\;[/} » Ds :]P[M Smavg]-

Note that, a high p; represents that many BSs in the system
are severely underloaded. From Fig 8(a), we can observe that
p1 in lower in PTS. This indicates that it is more likely in PTS
that a BS is not wasting its power to just serve a single user.
Fig 8(b) shows the variation of mean load in the tagged cell
which decreases with A,. Unlike the typical cell, the mean
load on the tagged cell differs in PTS and N-PTS. Fig. 8(c)
shows ps with respect to m,, using the data obtained from
Fig. 8(b). We can observe that pg is higher in N-PTS for the
same value of m,y.. Together with Fig. 5(b), which shows
that the variance of the load on the tagged cell is higher in
PTS, we can see that the spread of load distribution is higher
in PTS. This means that the tagged BS may have to support
a higher number of users in PTS compared to N-PTS.

FE. Rate coverage analysis

From the results thus far, we have observed that while the
PTS has a higher off probability, it also has a higher per-BS
load. Hence, if the system bandwidth is enough to support
the load, the PTS is expected to perform better than N-PTS
in terms of rate coverage. Fig. 9(a) shows the variation of
rate coverage with respect to BS density for PTS and N-
PTS with equal vehicular density (A, = A;). As expected,
the rate coverage increases with the BS density. However,
at any BS density, the rate coverage in PTS and N-PTS is
almost equal, which may appear counter-intuitive. However,
it must be noted that the active probability is significantly
lower in PTS, which means that PTS can achieve almost the
same rate coverage but at a much lower active BS density.
This effect can be observed in Fig. 9(b) which shows the
variation of the rate coverage with respect to the active BS
density for PTS and N-PTS. Here, we can observe that PTS
can achieve significantly higher coverage than N-PTS. Further,
the densification of BSs in PTS does not impact the power
budget, but still results in an improvement in the rate coverage.
To quantitatively characterize the proximity of vehicles in
platooned and non-platooned vehicles, we can utilize neighbor
distance (NND) of MCP and PPP given in [36] and [27]. Note
that the NND of a process is defined as the distance of the
closest point from the typical point of the process. Comparing
the two, we can see that platooning reduces the NND and
hence increases the proximity of vehicles which is useful for
two important reasons. First, it improves the road capacity by
accommodating more vehicles in the same spread of a road.
Second, a close proximity makes V2V communication among
them more efficient and reliable. For example, in vehicular
applications, like sending safety messages, the SINR/SNR
distributions are crucial as the goal is to quickly establish a
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connection to transmit a short message. Due to smaller inter-
vehicle distance, it can be shown that PTS is more efficient
than an NPTS. To examine the effect of clustering, we plot
the rate coverage as a function of vehicular density p while
maintaining the platoon density and radius fixed as presented
in Fig. 9(c). Now, for low values of p, the clustering is
minimal. Hence, the rate coverage is almost the same in
PTS and N-PTS. For high values of pu, platooning causes
more vehicles to be associated with the tagged BS, thereby
increasing load and decreasing the rate coverage. We have
shown in Fig. 9(a) that the number of active BSs in PTS is less
as compared to N-PTS, which decreases interference. Hence,
with less number of active BSs, we may serve each vehicle in
a platoon with a rate coverage almost similar to N-PTS.

VIII. CONCLUSION AND FUTURE SCOPE

In this paper, we have developed a comprehensive approach
to the modeling and analysis of platooned vehicular traffic.
The approach relies on a novel point process that captures
vehicular platooning by explicitly capturing three layers of
randomness: (i) irregular layout of the roads by modeling them
as a PLP, (ii) randomness in the placement of the platoons on
each road by modeling them as a PPP, and (iii) randomness

in the location of each vehicle in a platoon by modeling them
collectively as an MCP. After deriving several foundational
results for this triply stochastic process, which we called
PLP-MCP, we focused explicitly on the V2I communication
network for platooned traffic consisting of BSs that serve
the platooned traffic. For this setting, we present several key
results related to the load distributions on the typical and the
tagged BSs. Using these results, we derived the per-user rate
coverage of this network and provided a detailed comparative
analysis of the PTS and N-PTS cases to understand the effect
of vehicular platooning on the performance of the resulting
vehicular network. While the rate coverage of these two cases
appear similar at the first glance, we defined and studied
specific distributional properties of the underlying setup to
expose subtle performance trends. Our results collectively
demonstrated that the rate coverage of PTS is actually higher
when we account for the active BS density. Since this paper
presents the very first comprehensive analytical approach to
the study of platooned vehicular traffic, there are naturally
many extensions possible. Most importantly, it will be interest-
ing to consider an additional tier of roadside units, which are
an important component of the emerging vehicular networks.



This will require an almost new analysis starting from the
distributional results for the load on the typical and the tagged
cells. It will also be useful to extend this framework to consider
realistic scheduling algorithms.

APPENDIX

A. Proof of LF of V,: Unconditioned and under Palm
The LF of ¥, is

Ly, (v) =Eg, e<7 Lz, €¥m v(zk‘j’i))]
@g | —v(zr)
- Eq}L _Heieq)L E\I”'i’gi [sz,j €Wy, ,L; €
) [ v
= E(PL HZiEQL g\pL(Pﬁi*‘bli)’L(pzm’qb[i>(e ):| ?

where (a) is conditioned on ®;,, and (b) is obtained by
applying the PGFL of 1D MCP located on a line ¢;. Finally,
applying the PGFL of the PLP, we get the LF of ¥,,,. For LF
under Palm, we assume that the typical point of ¥y, is located
at the origin without loss of generality. The LF under Palm
consists of the product of two terms - the LF of an independent
and “unconditioned copy” of ¥,,, and the LF of the MCP on
the tagged line ¢, = L (0, ¢). Hence,

i, =2 o (<X, L, s
~Bo [ (<X, o) )| Bl (ot
@ Ly, (V)ES, . [H eXp(—U(Zk,j,O))]

®)

2 L s [Bs [TL, oo gy P oo
D a0y [ G5, exp(—u))do.

Here, (a) is obtained by applying the PGFL for ¥, (b) is due
to conditioning on the orientation of tagged line L (0, ¢), and
(c) is obtained by applying the PGFL of 1D MCP followed

by deconditioning over the RV ¢, and gw (+) is given in (6).
B. Distribution of S(r)

Proof of Theorem 3: The number of vehicles S(r) inside
ball By(o,7) is

S(T’) - Zeie‘bLaﬂI{iG[*T,T] N£1"

Recall that N,, = Py, (By(o,7)) denotes the number of
vehicles on ¢; = L(py,,de;) falling inside Bo(o,7). The
condition indicates that the distance of the line from the origin
(pe,) needs to be inside the range [—r, 7] for that line to have at
least one point inside By (0, ) [32]. Now, RV {N¢,, Ne,,...}
are independent and identically distributed (iid), hence PGF of
S(r) is

Psls) =E |:HZ:E‘I’L,M, €[—r,7] PNei (s T):|

— [n2 _ 52
]E {HZ?‘,E@L,P[L,E[—T,T‘] exp (g (S7 " pg1>):| ’

where the PGF of Ny, is given by (9). Since py,, ¢, are points
of a PPP in C*, using PGFL of PPP [27], we get the desired
result.

zy,5,0€ %o \{o}

To get probability P[S(r) =
derivative of PGFE. If we define

Sfm(s,7m) =27AL /OT (exp(g(s7 V= p?)) — 1) dp,

PGF Pgy(s) takes the form of exp(fm(s,”)). Hence, we
use the Faa di Bruno’s formula [37] to get (17). To get k-th
derivative fr(f)(r) of fm(s,r) at s =0, we need to apply the
Faa di Bruno’s formula one more time to get (18).

Proof of Corollary 3.2: The first derivative of Pg,(s) is

d
Pél(l)(s): QW)\LPS(T)(S)a / exp (g(s, \/r2 — p2))dp. (42)
0

Replacing s = 1 in (42) and solving further, we get the mean
.Of S(r). Similarly, the second derivative Péz(l)(s) of Pg(r)(s)
is

k], we require the k-th

= Ps)(s) (% /OT 2mAL (GXP (9(57 M)» dﬂ>2

+ Ps(r)(s)% /OT 2TAL (exp (9(5, M))) dp
=(E [5(1")])2 + 2L /OT [(g(l)(L m))z
0T

Using the second derivative of PGF of S(r), we derive the
variance Var(S(r)) of S(r) as

Var(S(r) = Pgy (s) + E[S(r)] = (E[S(r)])

:271')\L/ {( & (1,+/r ) +g() 1, p2)]dp+)\m7rr2.
(43)

From (11), g™ (1, /72 — p2) and ¢g@(1, —p?)is
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We can simplify the integrals presented in (43) based on the

value of a as follows.
Case I: If a > r, 3(\/r2 — p?) = 21/r2 — p2. Hence,

i 2 . ™
/(g(l)(L 2= 7)) dp:g(a/\P/\d)Qrd/ g,
0 3 0

_ 2(2 5 1 4
= 8ApA3 (Sar 167W )

Substituting the above values in (43), we get the variance of

S(r) for a > r.
Case IL: If a < r, for 0 < p < V72 — a2, ﬁ(\/TQ —p?) =

2a, and when vr2—a? < p < r, B(\/r2—p?) =
24/12 — p2. Hence,

(44)

(45)

—p?)dp

/ (9(1)(17 2 —p2)> dp = _ 8a®r’ ,
0 3
/ 9@ (1,V/r? = p?)dp :/ (920, /7= %)) dp
0 0
@ 2 _ »2)) do.
+/m g7 (L yrr—p )) P



On substituting B(v/r? — a?)’s value and further manipula-
tions, we get the desired result.

C. Distribution of S(r)

Proof of Theorem 4: From Theorem 1, we get
S(r) = Uk, (Ba(o,7))|o € Uy,
(d)

U, (Ba(o, 7)) + Wy, (Ba(o, 7)) + Qs (B2(0, 1)),

/—\
v

(40)

where the three RVs in RHS are independent. Hence, the
PGF of S(r) is the product of 3 PGFs: the PGF of S(r)
f1( ) = 'PS(T)(S), the PGF of \PgO(BQ(OJ’)) which is
fg( ) = exp (g(s 7*2) and the PGF of Q_(Bz(o,r)) which
is f3 =a lj‘ s—1) )\d.Al(raa:)dx ie.

P§<T>(S) = fl(S,’l“)fz(S,?”)f‘g,(S,T). (47)

Proof of Corollary 4.1: Applying generalized Leibniz rule
[38] to compute the k-th derivative of (47) and then from (13),

we get (23). The derivative of fz(k)(s,r) can be computed
using Faa di Bruno’s formula. Further,

fa(s,m) :/ atelsm DA aAmam) g ang
0

ék)(s,r):/ (AaAi(r,a,2))k o telsmDraALma) qg
0

D. Proof of Theorem 5: Distribution of the tagged chord
length

The joint CCDF of the lengths L; = 0Q; and Ly = 0Q2
can be written as

Fryp,(li,l2) =P(Ly > 1y, Ly > lo) = P[A],

where event A = 1(Q1, Q2 and o belong to the same cell).
If we let A; be the event that Q;, Q2, and the origin o, all
three locations lie in a single cell Vj,, of point P; located at
yi, then

1(A) = Zyi@b 1(As).

Now,
A; = 1(B2(0,9:),B2(Qu, [P:iQu|) and B2(Q2,|P;Q2|) have no
other point except P;)

= 1(B2(Q1,7(l1)) and B2(Q2, r(l2)) have no point except P;).
Hence,
Frvnalioni) =P =E[S  1(40)

@ /\b/ (@, has no point in Bs(Qy,7(11)) U Ba(Qa, r(i2))) dy
R2
(b) 27 oS}
= )\b/ / exp (= AV (Ui + l2,7(l1),7r(l2))) ydyde,
0

where (a) is due to the Campbell-Mecke theorem [27] and
(b) is due to conversion in polar coordinates. Now, we can
compute the joint PDF fr, 1,(l1,l2) from the joint CDF as

BZFquLz (11, l2)
Ol10l ’

which gives (32). Now, Since C, = L1 + Lo, the PDF of C,
can be derived by integrating the joint PDF over the line.

le,LQ (l17l2) =

E. Proof of Theorem 6: Distribution of load on the typical cell
The number of points falling in the typical cell is .5,

> t,co Ve, (Vi). Let N be the number of chords intersecting

with the typical cell V;. Here, N is a Poisson RV with mean

ALZ, where Z is also a RV denoting the perimeter of the

typical cell. Since the number of points on each chord is iid,

the PGF of S,, conditioned on NN is

PsmlN:n(S) = ]E‘I’m |:SS!“|N = n:| = |:/ eg(syc/Q)f/C(C)dC
0

Deconditioning over n, we get

PS,n|Z:z(5) _ e—ALz(l—fU‘X’ exp (g(s,%))f/c(c)dc)' (48)

Now, deconditioning over the distribution of Z (using the PDF
of Z given in (30)), we obtain the PGF. From (13), we can
compute P[Sy, = k] from the k-th derivative of PGF Pg_(s).
The k-th derivative of Pg_|z(s) is

*) d*
7Dsm|z(s) e (exp(gm(s))) »

where gn,(s) = (—/\Lz (l—fo exp (g (s, 2)) fo(c)d ))

(49)

As it is in the form of f(h(s)), we wuse the
Faa di Bruno’s formula [37] to get Pék)‘z(s) =
exp (gm (s ))b(g“)( )soes g (s )). To find the k-th

derivative of g, (s), we apply the Fad di Bruno’s formula
again and substitute s = 0 to get the value of ggf )(s). Now,
deconditioning over Z gives the desired result.

F. Proof of Theorem 8: Approximate tagged load distribution

Note that M,, = \Ilin(Bg(o,Ro)) + W (Co) + 2 (Co),
where C, = ¢, NV, = is the tagged chord and z, is the
parent point associated with the typical point. Further note that
if the tagged chord has length c,, its center x._ is distributed
uniformly in [—¢,/2, ¢, /2]. We also note that &, is uniformly
distributed in [—a, a] [36]. We already know the distribution
of the first term. From (16), the PGF for ¥, (Ba(o, R,)) is

= Ps(r,)(s)- (50)

For the second term, note that C0 = 4o NV, =
Bi(zx.,,co/2). Due to stationarity of ¥/ relative to the line
o, Wy (Bi(®e,,c0/2)) = ¥y (Bi(o, 00/2)). The PGF of RV
U, (B1(0,¢0/2)) is

Py, (B1(0,5c0))(S)

P, (B2(0,Ro)) (5)

= PNZO (5760/2)a (51)

where Py, (s, ¢o/2) is provided in (9). For the third term, we
note that Q’ can have points only in Bj(x,,a/2). Hence,
QL (Co) Gee. ’ the number of points on the tagged chord due
to the tagged platoon) varies depending on x, and x.,. It can
be shown that conditioned on x., and x,, Q’m is a PPP in the
region Bj(x,,a) N By (x,, ,00/2) with densny Ad. The mean
number of points in this PPP is Aq.A; (¢0/2,a, |Zc, — @o)).

Hence, its PGF is exp ((s — 1))\dA1(co 2,a, |chO — o))
Using the law of total probability, deconditioning over x.,
and Z,, the PGF of the third term is given as, PQ/% (c)(8|Co =

/ /co/2 e
zo=—a JxTc=—co/2

Conditioned on R, and ( C,, the three terms are independent.
Therefore, the PGF of My, is the product of the PGFs of these
terms, namely (50), (51) and (52). Deconditioning over R, and
C,, we get the PGF of M,y,.

(s=1)AqA1(co/2,a,|zc—0])

dz.dz,. (52)
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