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We calculate the spin-flavor precession (SFP) of Dirac neutrinos induced by strong magnetic fields and
finite neutrino magnetic moments in dense matter. As found in the case of Majorana neutrinos, the SFP of
Dirac neutrinos is enhanced by the large magnetic field potential and suppressed by large matter potentials
composed of the baryon density and the electron fraction. The SFP is possible irrespective of the large
baryon density when the electron fraction is close to 1=3. The diagonal neutrino magnetic moments that are
prohibited for Majorana neutrinos enable the spin precession of Dirac neutrinos without any flavor mixing.
With supernova hydrodynamics simulation data, we discuss the possibility of the SFP of both Dirac and
Majorana neutrinos in core-collapse supernovae. The SFP of Dirac neutrinos occurs at a radius where the
electron fraction is 1=3. The required magnetic field of the proto-neutron star for the SFP is a few 1014 G at
any explosion time. For the Majorana neutrinos, the required magnetic field fluctuates from 1013 G to
1015 G. Such a fluctuation of the magnetic field is more sensitive to the numerical scheme of the neutrino
transport in the supernova simulation.
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I. INTRODUCTION

Dirac versus Majorana nature remains one of the biggest
questions in neutrino physics. During the last several
decades, numerous experimental and theoretical efforts
were made to answer this question [1]. Neutrinoless double
beta (0νββ) decay is a promising probe into Majorana
neutrinos, and lower limits for the decay half-life on various
nuclei were continuously updated by many experiments [2].
The usual neutrino oscillation experiments cannot distin-
guish between Dirac and Majorana neutrinos because the
flavor conversions in vacuum and matter are associated with
the differences of the squares of neutrino masses not the
individual masses. These experiments are not sensitive to
the Majorana phases either [3]. On the other hand, the
coupling of the stellar magnetic field and finite neutrino
magnetic moments potentially induces the spin-flavor
precession (SFP) between left-handed and right-handed
neutrinos in astrophysical sites [4–6]. Such a SFP is
completely different from the usual flavor conversions

conserving the neutrino chirality, and its properties are
sensitive to Dirac versus Majorana nature.
Recent experiments (e.g., XENONnT [7], CONUS [8],

Dresden-II reactor and COHERENT [9], and XMASS-I
[10]) constrained the value of the neutrino magnetic
moment. Among them, the XENONnT experiment gives
the most stringent upper limit, μν < 6.4 × 10−12μB
(90% C.L.) [7], where μB is the Bohr magneton. In addition
to the terrestrial experiments, the value of the neutrino
magnetic moment can be constrained from the thermal
evolution of astronomical phenomena [11–15]. Currently,
neutrino energy loss in globular clusters imposes on the
most stringent value, μν < 1.2 × 10−12μB [12].
A strong magnetic field larger than 1012 G is possible in

explosive astrophysical sites such as core-collapse super-
novae and neutron star mergers (see [16–28] and the
references therein). Large numbers of neutrinos produced
there potentially contain information about the magnetic
field effects on neutrino oscillations. We note that the
neutrino flux from astrophysical sites can be affected by
even small intergalactic and interstellar magnetic fields
(nG–μG) [29,30].
Currently, operational neutrino observatories can detect

of the order of 104 neutrino events from a core-collapse
supernova in the Galaxy [31]. Such high statistical neutrino
signals enable the investigation of neutrino oscillations
inside the star [32–35]. Furthermore, the nucleosynthesis of
heavy nuclei induced by neutrino absorption, such as the
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νp process [36–39] and the ν process [40–42], is sensitive
to large neutrino fluxes near the proto-neutron star (PNS).
Therefore, observable quantities such as solar abundances
and elemental abundances of heavy nuclei leave clues to the
supernova neutrino [38,39].

It is predicted that neutrino oscillations in core-collapse
supernovae are affected by the coherent forward scatterings
of neutrinos with background matter and neutrinos them-
selves [43]. Charged current interactions of neutrinos with
background electrons induce the Mikheyev-Smirnov-
Wolfenstein (MSW) matter effect [44,45]. The neutrino-
neutrino interactions cause a nonlinear potential in the
neutrino Hamiltonian [46–55] and give various properties
of neutrino many-body systems that are vigorously inves-
tigated, such as the neutrino fast flavor instability [56] and
the many-body nature of collective neutrino oscillations
beyond the mean field [57,58].
The SFP is affected by these potentials in core-collapse

supernovae. The resonant spin-flavor (RSF) conversion
occurs resonantly like the MSW effect at the resonance
density in core-collapse supernovae [4,59–71]. Near the
PNS, the neutrino-neutrino interactions are no longer neg-
ligible, and they contribute to neutrino-antineutrino oscil-
lations of Majorana neutrinos [72–75]. Majorana neutrinos
can reach flavor equilibrium in the short scale determined by
the strength of the magnetic field potential [74,75]. Such an

equilibration phenomenon is induced by the coupling of
matter potentials with the magnetic field potential and is
sensitive to the values of both the baryon density and the
electron fraction of the supernova material. The neutrino–
antineutrino oscillations can occur even with high baryon
density if the electron fraction is close to 0.5 [75]. In our
previous study (hereafter, Ref. [75] is denoted as ST21),
we only focused on the equilibration of Majorana neutrinos.
However, the SFP should also be possible for Dirac
neutrinos.
In this paper, we study the SFP of Dirac neutrinos in

dense matter following a similar framework for Majorana
neutrinos in ST21 [75]. We reveal the mechanism of
equilibration of Dirac neutrinos and derive a necessary
condition for the SFP in dense matter. Then, we investigate
the possibility of SFP of both Dirac and Majorana neutrinos
in core-collapse supernovae and discuss the difference
between both types of neutrinos.

II. METHODS

Figure 1 gives an overview of standard neutrino flavor
oscillations as well as the SFP. In the absence of a magnetic
field or a neutrino magnetic moment (μνB ¼ 0), there is no
spin precession among the left- and right-handed neutrinos,
and the only separate flavor conversions occur in the

(a)

(c)

(b)

FIG. 1. Overview of the magnetic field effect on neutrino oscillations. (a) Case without the magnetic field effect. The dashed black line
shows ordinary flavor conversions in both the neutrino and antineutrino sectors. (b) Case with the magnetic field effect on Majorana
neutrinos. The solid red line shows the SFP induced by the finite neutrino magnetic moment and the magnetic field. (c) Magnetic field
effect on Dirac neutrinos. The neutrinos and antineutrinos are decoupled from each other. Here, ναL and ν̄αRðα ¼ e; μ; τÞ correspond to
active left-handed neutrinos (να) and right-handed antineutrinos (ν̄α) in (a) and (b).
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neutrino and the antineutrino sectors, as illustrated in
Fig. 1(a). When both the neutrino magnetic moment and
the magnetic field are finite (μνB ≠ 0), the SFP occurs
together with the usual flavor conversions. For theMajorana
neutrinos in Fig. 1(b), the right-handed neutrino corresponds
to the antineutrino, and the SFP converts neutrinos into
antineutrinos and vice versa. The spin precession without
changing the flavor, such as να ↔ ν̄αðα ¼ e; μ; τÞ, is pro-
hibited due to the vanishing diagonal magnetic moments
for Majorana neutrinos. With a strong magnetic field,
Majorana neutrinos can reach an equilibrium of neutrino-
antineutrino oscillations [74,75]. On the other hand, for the
Dirac neutrinos, the neutrino and antineutrino sectors are
decoupled as in Fig. 1(c), and the spin precession, such as
ναL ↔ ναR, is allowed due to the existence of diagonal
magnetic moments. The magnetic field effect on neutrino
oscillations is significantly different for Majorana and Dirac
neutrinos, although there is no difference in ordinary flavor
conversions.
We study the magnetic field effect on Dirac neutrino

oscillations as in Fig. 1(c), following our previous work on
Majorana neutrino oscillations (ST21 [75]). We focus only
on conversions of left-handed and right-handed neutrinos
and ignore the effect of neutrino-neutrino interactions.
We employ the same neutrino emission model as used in
ST21 [75], which facilitates the comparison of Dirac
and Majorana neutrino oscillations. We consider a single
neutrino energy, E ¼ 1 MeV, with an emission angle
θ∈ ½− π

3 ;
π
3% at a radius r. (This projection angle θ should

not be confusedwith the neutrinomixing angleswhich carry
indices, i.e., θ12.) The neutrino conversions are calculated
with the Liouville–von Neumann equation [74,75],

cos θ
∂

∂r
D ¼ −i½H;D%; ð1Þ

where D and H are the neutrino density matrix and
Hamiltonian for νL and νR,

D ¼
!
ρLθ Xθ

X†
θ ρRθ

"
; ð2Þ

H ¼
! HL Vmag

V†
mag HR

"
; ð3Þ

HL ¼ ΩðEÞ þ Vmat; ð4Þ

where ρLθ and ρRθ are 3 × 3 density matrices of left- and
right-handed neutrinos emitted with the angle θ, and Xθ is a
correlation between νL and νR. We use the vacuum term of
left-handed neutrinos ΩðEÞ in Eq. (8) of Ref. [37] with
neutrino mixing parameters, fΔm2

21;Δm2
32; θ12; θ13; θ23g,

where we assume normal neutrino mass hierarchy
(Δm2

32> 0) and no CP phase (δCP ¼ 0). The Hamiltonian
of the right-handed neutrinos is given by [4]

HR ¼
Δm2

21

6E

0

B@
−2 0 0

0 1 0

0 0 1

1

CAþΔm2
32

6E

0

B@
−1 0 0

0 −1 0

0 0 2

1

CA; ð5Þ

wherewe ignore neutrino mixings and any interaction of the
right-handed neutrinos with background particles. The
matter potential in Eq. (4) is described by ST21 [75],

Vmat ¼ −
λn
2
I3×3 þ λe

0

B@
1 0 0

0 0 0

0 0 0

1

CA; ð6Þ

λe ¼
ffiffiffi
2

p
GFρbNAYe; ð7Þ

λn ¼
ffiffiffi
2

p
GFρbNAð1 − YeÞ; ð8Þ

where GF is the Fermi coupling constant, ρb is the baryon
density, NA is the Avogadro number, Ye is the electron
fraction, and I3×3 is the 3 × 3 identity matrix. In Eq. (3),
Vmag is the potential associatedwith the coupling of neutrino
magnetic moments with the magnetic field,

Vmag ¼ BT

0

B@
μee μeμ μeτ
μμe μμμ μμτ
μτe μτμ μττ

1

CA; ð9Þ

where BT is a transverse magnetic field perpendicular to the
direction of neutrino emission and μαβðα; β ¼ e; μ; τÞ are
neutrinomagnetic moments. This magnetic field potential is
in the nondiagonal component of Eq. (3), inducing the
mixing between left- and right-handed neutrinos. The
diagonal neutrino magnetic moments μααðα ¼ e; μ; τÞ that
are ignored in Majorana neutrinos need to be considered in
Dirac neutrinos. Here,we assume flavor-independent diago-
nal terms and antisymmetric nondiagonal terms in Eq. (9),

Vmag ¼ ΩdI3×3 þ Ωnd

0

B@
0 1 1

−1 0 1

−1 −1 0

1

CA; ð10Þ

whereΩd andΩnd characterize the strengths of diagonal and
nondiagonal neutrino magnetic moments.

III. RESULTS AND DISCUSSIONS

We discuss the effect of Ωnd in Eq. (10) as done in
Majorana neutrinos in ST21 [75]. On the other hand, Ωd
terms can induce the SFP without changing the neutrino
flavors [e.g., νeL ↔ νeR in Fig. 1(c)], which is prohibited
for Majorana neutrinos. The SFP of Ωd terms is different
from that of Ωnd. Therefore, we discuss separately the roles
of both terms in Secs. III A and III B. Then, we investigate
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the possibility of SFP of both Dirac and Majorana neutrinos
in core-collapse supernovae in Sec. III C.

A. Nondiagonal magnetic field potential Ωnd

We calculate the magnetic field effect on Dirac neut-
rino oscillations by setting the initial condition of the
diagonal terms of left-handed neutrinos, ðρLθÞαα ¼
nνα=nνðα ¼ e; μ; τÞ, where nν¼

P
α¼e;μ;τ nνα and nνx=nνe ¼

0.4ðx ¼ μ; τÞ. All of the other components in Eq. (2) are set
to zero at r ¼ 0. In Sec. III A, we fix the strength of the
nondiagonal magnetic field potential Ωnd ¼ ðμν=10−12μBÞ
ðBT=3.4 × 1014 GÞ ¼ 0.1 cm−1 and ignore the diagonal
term (Ωd ¼ 0 cm−1). In order to study the sensitivity of the
matter potential in Eq. (6), we change the values of the
electron fraction Ye and the baryon density given
by ρb ¼ 5.2 × 106 g=cm3ðYe=0.5Þ−1ðλe=10−2 cm−1Þ.

1. Low density case

Figure 2 shows the result of neutrino number ratios in the
fixed values of ρb ¼ 5.2 × 106 g=cm3 and Ye ¼ 0.5, which
corresponds to λe ¼ 0.1Ωnd. Such ratios of Dirac neutrinos
ναsðα ¼ e; x; y; s ¼ L;RÞ are obtained by averaging the
diagonal components of neutrino density matrices,

fναs ¼
3

2π

Z π
3

π
3

dθðρsθÞαα; ð11Þ

where νxs and νys are eigenstates in a rotated frame
described by a linear combination of flavors μ and τ
[76]. The magnetic field potential is a dominant term in
neutrino Hamiltonians, and SFPs in both the νeL − νxL −
νyR and νeR − νxR − νyL sectors are prominent. The vacuum
frequencies associated with Δm2

21 and Δm2
32 are negligible

compared with Ωnd. Therefore, the values of fνeL þ fνxL þ
fνyR and fνeR þ fνxR þ fνyL are almost constant. The neu-
trino ratios are oscillating around the dashed lines, and such
equilibrium values are derived in Appendix A 1.
The SFP discussed in Figs. 2–5 is almost independent of

the vacuum term and the neutrino mass hierarchy. We
remark that the vacuum frequencies can contribute to the
SFP, and the hierarchy dependence becomes prominent
when the magnetic field potential is comparable with the
vacuum frequencies and other potentials in the Hamiltonian
are negligible. We mention such a hierarchy difference in
core-collapse supernovae in Sec. III C.

2. High density case

Figure 3 shows the result for the case of λe ¼ 102Ωnd with
ρb ¼ 5.2 × 109 g=cm3 and Ye ¼ 0.5. The numerical setup
for Fig. 3 is the same as that of Fig. 2 except for the value of
ρb. All of the calculated neutrino number ratios are constant
(fνeL ¼ 5=9, fνxL ¼ fνyL ¼ 2=9, fνeR ¼ fνxR ¼ fνyR ¼ 0)
in Fig. 3, and any SFP and usual flavor conversions are

negligible. Such suppression due to the large matter poten-
tial is also confirmed inMajorana neutrinos [75]. In general,
the magnetic field potential should be dominant among the
potentials in the neutrino Hamiltonian for the signifi-
cant SFP.

3. Case for Ye ∼ 1=3

The matter potentials λe and λn depend on both the
baryon density and the electron fraction. Therefore, the
matter suppression in Fig. 3 is sensitive to the value of
the electron fraction, and the SFP is possible in some
specific value of the electron fraction even in the large
baryon density. Figure 4 shows the result in λe ¼ 102Ωnd
with ρb ¼ 7.8 × 109 g=cm3 and Ye ¼ 1=3. Evolutions of
νxL, νyL, νeR, and νxR are negligible by the large matter
potential λn. On the other hand, the SFP between νeL and
νyR can avoid matter suppression. Such a SFP occurs

(b)

(a)

FIG. 2. (a) SFP of Dirac neutrinos with the nondiagonal term
Ωnd ¼ 0.1 cm−1 in Eq. (10) for λe ¼ 0.1Ωnd and Ye ¼ 0.5 in
the νeL–νxL–νyR sector. The dashed lines show equilibrium
values ðnνe þ nνxÞ=3nν ¼ 7=27, ð2nνe þ 3nνxÞ=6nν ¼ 8=27,
and ð2nνe þ nνxÞ=6nν ¼ 2=9. (b) Result of the νeR–νxR–νyL
sector. The dashed lines correspond to the values of
nνx=3nν ¼ 2=27, nνx=6nν ¼ 1=27, and nνx=2nν ¼ 1=9.
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where jλe − λn=2j ≪ Ωnd is satisfied. Note that Ye ¼ 1=3
satisfies this condition irrespective of the value of ρb.
We remark that, for Majorana neutrinos, a similar SFP
independent of the value of ρb occurs around Ye ∼ 0.5,
where jλe − λnj ≪ Ωnd is satisfied [75]. The mechanism of
such ρb independent SFPs of Dirac neutrinos at Ye ¼ 1=3 is
derived in Appendix A 3. More details on the differences
between Dirac and Majorana neutrinos are discussed in
Appendix B.
Almost the same discussion is possible for the right-

handed antineutrinos by exchanging the sign of the
matter potential λeðnÞ → −λeðnÞ. Then, the equilibrium
values of active neutrinos [feqνα ; f

eq
ν̄αðα ¼ e; x; yÞ], such as

in the dashed lines of Figs. 2 and 4, are connected with
initial neutrino ratios (fiνα ; f

i
ν̄α ) through a transition matrix

UD
mag,

!
Feq
ν

Feq
ν̄

"
¼

!UD
mag 0

0 UD
mag

"!
Fi
ν

Fi
ν̄

"
; ð12Þ

FiðeqÞ
ν ¼

0

BB@

fiðeqÞνe

fiðeqÞνx

fiðeqÞνy

1

CCA; ð13Þ

FiðeqÞ
ν̄ ¼

0

BB@

fiðeqÞν̄e

fiðeqÞν̄x

fiðeqÞν̄y

1

CCA; ð14Þ

where UD
mag is a 3 × 3 transition matrix. The values of UD

mag

for three different extreme cases of neutrino potentials are
shown in Table I. Figures 2–4 correspond to the cases of
(1)–(3) in the table. Our demonstration assumes that both
the matter and the magnetic field potentials are sufficiently
large compared with the vacuum Hamiltonian. For the case
of (2) in Table I, the SFP is suppressed, and the UD

mag is
equivalent to the 3 × 3 identity matrix. For the case of (1)
and (3), the summation of feqναðα ¼ e; x; yÞ is less than that

(a)

(b)

FIG. 3. SFP of Dirac neutrinos with the nondiagonal term
Ωnd ¼ 0.1 cm−1 for λe ¼ 102Ωnd and Ye ¼ 0.5 both in the
(a) νeL–νxL–νyR and (b) νeR–νxR–νyL sectors.

(a)

(b)

FIG. 4. SFP of Dirac neutrinos with the nondiagonal term
Ωnd ¼ 0.1 cm−1 for λe ¼ 102Ωnd and Ye ¼ 1=3 both in the
(a) νeL–νxL–νyR and (b) νeR–νxR–νyL sectors. The dashed line
in (a) shows nνe=2nν ¼ 5=18.
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of fiνα due to the coupling with the right-handed neutrinos.
Such a reduction of ratios of left-handed neutrinos is
confirmed in antineutrinos, too.
As shown in Eq. (12), the neutrino and antineutrino

sectors are decoupled from each other for Dirac neutrinos
due to the decoupling as in Fig. 1(c). On the other hand, for
Majorana neutrinos, the SFP occurs between neutrinos and
antineutrinos as in Fig. 1(b). The equilibrium values of
number ratios in three extreme cases are summarized in
Eq. (B4) and Table II in Appendix B. Since the total
number of active neutrinos ð

P
α¼e;x;y f

eq
να þ feqν̄αÞ is con-

served through the SFP in Majorana neutrinos, the reduced
neutrino flux could be a prominent feature that distin-
guishes both Dirac and Majorana neutrinos.

B. Diagonal magnetic field potential Ωd

We discuss the SFP of Dirac neutrinos induced by the
diagonal neutrino magnetic moment. We employ the same
initial condition for the neutrino density matrix as Sec. III A
and fix the strength of the magnetic field potential as Ωd ¼
0.1 cm−1 and Ωnd ¼ 0 cm−1 in Eq. (10).
Figure 5 shows the result of the SFP induced by diagonal

magnetic field potentialΩd with ρb ¼ 7.8 × 108 g=cm3 and
Ye ¼ 1=6 resulting in λe ¼ 5Ωd. The red lines are evolu-
tions of fναLðα ¼ e; x; yÞ, and the black lines are the
summations of fναL þ fναR that are almost constant in the
calculation. Such constant black lines suggest that the SFPs
occur in the same flavors ναL–ναRðα ¼ e; x; yÞ and are
decoupled with each other. The dynamics of ναL–ναR can be
solved in the same way as the usual two flavor conversions.
The result of Fig. 5(a) is consistent with the conversion
νeL–νeR in Ref. [4]. The equilibrium values of the left-
handed neutrinos (dashed lines) are given by

feqνe ¼ fiνe

$
1 −

2Ω2
d

ðλe − λn
2 Þ

2 þ 4Ω2
d

%
; ð15Þ

feqνxðyÞ ¼ fiνxðyÞ

8
<

:1 −
2Ω2

d&
λn
2

'
2 þ 4Ω2

d

9
=

;: ð16Þ

Similar relations are derived in the antineutrino sector.
These equations show that conversions become max-
imum when the magnetic field potential is dominant,

TABLE I. Transition matrix UD
mag in Eq. (12) for Dirac

neutrinos with the nondiagonal magnetic field potential Ωnd in
Eq. (10) in three extreme cases of the matter and the magnetic
field potentials. Case (3) is satisfied if Ye ∼ 1=3.

Case UD
mag

(1) jλe − λn=2j; λn ≪ Ωnd
0

@
1
3

1
3 0

1
3

1
2 0

0 0 1
2

1

A

(2) jλe − λn=2j; λn ≫ Ωnd
0

@
1 0 0
0 1 0
0 0 1

1

A

(3) jλe − λn=2j ≪ Ωnd; λn ≫ Ωnd
0

@
1
2 0 0
0 1 0
0 0 1

1

A

(a)

(b)

(c)

FIG. 5. SFP of Dirac neutrinos with the diagonal term Ωd ¼
0.1 cm−1 in Eq. (10) for λe ¼ 5Ωd and Ye ¼ 1=6 in (a) νeL–νeR,
(b) νxL–νxR, and (c) νyL–νyR sector. The dashed lines correspond
to Eqs. (15) and (16).
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jλe − λn=2j; λn ≪ Ωd. Conversely, any SFP is negligible
when the matter potentials are large, jλe − λn=2j; λn ≫ Ωd.
The matter suppression does not occur in νeL–νeR even in
the large baryon density when the electron fraction is close
to 1=3 because of jλe − λn=2j ∼ 0. Our demonstration
indicates that, in both the nondiagonal and diagonal cases,
the strong magnetic field potentials larger than jλe − λn=2j
are necessary for the significant SFP of Dirac neutrinos.

C. Dirac vs Majorana in core-collapse
supernovae

We investigate the possibility of the SFP of both Dirac
and Majorana neutrinos in core-collapse supernovae with
neutrino spectra and matter profiles obtained in a neutrino
radiation-hydrodynamic simulation of the 11.2M⊙ progen-
itor model used in the demonstration for the Majorana
neutrinos in ST21 [75].
As discussed in the previous sections, the strength of the

magnetic field potentialΩmag ¼ μνBT should be larger than
jλe − λn=2jðjλe − λnjÞ for the significant SFP of the Dirac
(Majorana) neutrinos. To study the possibility of the SFP in
core-collapse supernovae, we need to compare the mag-
netic field potential with other potentials in the neutrino
Hamiltonian.
Near the PNS in core-collapse supernovae (r ∼ 10 km),

the neutrino-neutrino interaction could induce a non-neg-
ligible potential in the neutrino Hamiltonian. The strength
of the neutrino-neutrino interactions at the radius from the
center r could be estimated as (ST21 [75])

ζ¼
ffiffiffi
2

p
GF

4πR2
ν

((((
Lνe

hEνei
−

Lν̄e

hEν̄ei

((((

!
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−
!
Rν

r

"
2

s "2

; ð17Þ

where hEνii and Lνi are the mean energy and luminosity of
νiðνi ¼ νe; ν̄eÞ on the surface of the PNS (r ¼ Rν). We
define the value of Rν at a radius where the baryon density
corresponds to ρb ¼ 1011 g=cm3.
In the outer region of supernova matter (r > 103 km),

the potentials of both matter and neutrino-neutrino inter-
actions decrease, and the vacuum Hamiltonian ΩðEÞ in
Eq. (4) becomes dominant. The strength of the vacuum
Hamiltonian in our demonstration could be characterized
by the atmospheric vacuum frequency ω ¼ jΔm2

32j=2E,
where E ¼ 10 MeV is a typical neutrino mean energy in
core-collapse supernovae.
The magnetic field potential should be dominant among

the potentials in the neutrino Hamiltonian for the signifi-
cant SFP. Then, the necessary conditions for the SFPs of
both Dirac and Majorana neutrinos are given by

Ωmag ≥ η ð18Þ

η ¼
$
maxfλD; ζ;ωg ðDiracÞ
maxfλM; ζ;ωg ðMajoranaÞ;

ð19Þ

where λD ¼ jλe − λn=2j and λM ¼ jλe − λnj. Here, η is the
maximum value among the three strengths, and the differ-
ence between Dirac and Majorana neutrinos appears at λD
and λM.
For the model of the magnetic field, we use a dipole

magnetic field as employed in ST21 [75],

BT ¼ B0

!
Rν

r

"
3

; ð20Þ

where B0 is the transverse magnetic field on the surface of
PNS (r ¼ Rν). The strength of the magnetic field potential
Ωmag ¼ μνBT is calculated with a fixed value of the
neutrino magnetic moment, μν ¼ 10−12μB, satisfying the
current experimental upper limit [7].

Figure 6 shows the strengths of the potentials and η in
Eq. (19) for Dirac neutrinos at t ¼ 125, 325, 525 ms after
postbounce. The shaded region shows the interior of the
PNS. The radius of the boundary corresponds to the PNS
radius Rν. The PNS radius becomes smaller as the
explosion time passes due to the shrinking of the PNS.
In all of the explosion time, the maximum strength η (blue
line) is given by λD (red line) in r > Rν except for a peak at
λD ∼ 0 where Ye ¼ 1=3 and η ¼ ζ (green line) in Eq. (17).
Near the surface of PNS, λD is large because of the dense
and neutron-rich matter. On the other hand, the neutrino
heating increases the value of the electron fraction outside
the PNS, which results in the point of λD ∼ 0 within
r < 100 km. The baryon density decreases monotonously
outside this point, and the sudden decrease of λD around
200 km in Fig. 6(a) corresponds to the propagating
shock front.
The values of Ωmag in Fig. 6 (magenta lines) are obtained

with the typical magnetic field of magnetars B0 ¼ 1014 G
in Eq. (20). The magenta lines can move upwards with
large B0, keeping the same slope due to the same radial
dependence of Eq. (20). The necessary condition in
Eq. (18) is satisfied where the magenta lines are larger
than the blue lines. The magenta lines in Fig. 6 are always
smaller than the blue lines, which indicates that B0 ¼
1014 G is insufficient to satisfy Eq. (18). For a more
quantitative discussion, we introduce a minimum magnetic
field on the surface of PNS,

B0;minðrÞ ¼
r3

μνR3
ν
η: ð21Þ

Equation (18) is satisfied at the radius r when
B0 > B0;minðrÞ. Figure 7 shows the results of Eq. (21) at
different explosion times of Fig. 6. The B0;minðrÞ becomes
minimum at the point λD ∼ 0 at any explosion time. The
minimum values are 2.24 × 1014; 1.86 × 1014; 2.23 ×
1014 G at t ¼ 125, 325, 525 ms after postbounce. The
strong magnetic field B0 > 1016 G is required for Eq. (18)
in regions other than such resonance points.
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Figure 8 shows profiles of the potentials for Majorana
neutrinos with different time snapshots, as in Fig. 6. In
Fig. 8(a), at t ¼ 125 ms, the maximum strength η (blue
line) is equal to λM (red line) near the PNS radius, and the
λM decreases significantly outside the shock front
(r > 200 km) due to the small baryon density and Ye ∼
0.5 in the Si layer. Then, the η is determined by ζ (green

line) and ω (black line) in such outer regions. The SFP
around 800 km would depend on the neutrino mass
hierarchy because ω becomes maximum and comparable
with Ωmag. Such hierarchy dependence does not appear in
Dirac neutrinos within 1000 km because ω < η at any
radius, as shown in Fig. 6(a). This does not happen even
when r > 1000 km because ω ≫ Ωmag. In Fig. 8(b), at
t ¼ 325 ms, there are several peaks of λM ∼ 0 (red line)
where Ye ¼ 0.5. Such peaks are favorable to satisfy
Eq. (18). The small λM enables the crossing of Ωmag

(magenta lines) and η (blue lines) in Figs. 8(a) and 8(b).
Therefore, B0 ¼ 1014 G is sufficient to satisfy Eq. (18) for
Majorana neutrinos. On the other hand, there are no peaks
of λM ∼ 0 at t ¼ 525 ms as in Fig. 8(c) because the electron
fraction is not close to 0.5. Then, there is no crossing of
Ωmag (magenta line) and η (blue line) in this explo-
sion phase.
The result of Eq. (21) for Majorana neutrinos is shown in

Fig. 9. As shown in the case of 125 ms (red line), the
minimum value is given by 2.34 × 1013 G at r ¼ 474 km
in the Si layer outside the shock wave. After the shock
propagation, B0;minðrÞ in the shock-heated material
becomes small at the point Ye ¼ 0.5, and the minimum
value at 325 ms (green line) is given by 1.72 × 1013 G at
r ¼ 222 km. There is no point Ye ¼ 0.5 at 525 ms, and
B0;minðrÞ is larger than 1014 G.
The minimum value of Eq. (21) outside the PNS radius,

Bcr ¼ min
r≥Rν

fB0;minðrÞg; ð22Þ

could be regarded as a critical magnetic field on the surface
of PNS for the SFP at the explosion time.
Figure 10 shows the result of Eq. (22) at the different

explosion times for both Dirac and Majorana neutrinos.
The value for Dirac neutrinos is larger than 1014 G. As
shown in Fig. 7, the B0;minðrÞ for Dirac neutrinos becomes
minimum at the radius of Ye ∼ 1=3. Such a specific radius

FIG. 7. Radial profile of Eq. (21) for Dirac neutrinos.

(a)

(b)

(c)

FIG. 6. Potentials used for Eqs. (18) and (19) for Dirac
neutrinos at different explosion times after postbounce
(t ¼ 125, 325, 525 ms). The shaded region shows the interior
of the PNS.
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appears near the PNS radius inside the shock-heated
material. We remark that the supernova matter profiles
used in Figs. 6 and 8 are obtained by averaging the
contribution from the various directions with the polar
angle Θ∈ ½0; π% of the 2D hydrodynamic simulation.
Hence, the angular dependence on the profile of Ye is also
averaged out in our analysis. In addition, our demonstration
implicitly assumes the strength of the dipole magnetic field

of the equator of the PNS (Θ ¼ π=2) and ignores the
dependence of sinΘ on Eq. (20) [64]. Such aΘ dependence
implies that the spin precession is less likely to occur in the
polar direction (Θ ∼ 0) due to the larger critical mag-
netic field.
As shown in Fig. 10, the value of Bcr for Majorana

neutrinos is less than 1014 G and smaller than those of
Dirac neutrinos in t < 200 ms. In this early explosion
phase, as in Fig. 8(a), the value of λM decreases signifi-
cantly outside the shock front where ρb is small and Ye is
close to 0.5 due to many α elements, which results in the
small Bcr. The SFP of Majorana neutrinos is more favorable
than those of Dirac neutrinos in the early phase before the
shock wave has reached the α element layer.
While propagating outwards, the shock wave heats the

material of outer layers and changes the value of Ye. In the
later explosion phase (t ≥ 200 ms), Bcr for Majorana
neutrinos fluctuates in the range 1013–1015 G, although
the value for Dirac neutrinos is roughly constant. Such
fluctuations originated from several peaks of λM ∼ 0 as in

(a)

(b)

(c)

FIG. 8. Potentials for the Majorana neutrinos in Eqs. (18) and
(19) at t ¼ 125, 325, 525 ms after postbounce, as in Fig. 6.

FIG. 9. Radial profile of Eq. (21) for Majorana neutrinos.

FIG. 10. Critical magnetic field on the surface of the PNS in
Eq. (22) for both Dirac and Majorana neutrinos.
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Fig. 8(b) and the absence of peaks as in Fig. 8(c). The value
of Ye is particularly uncertain around 0.5 and dependent on
the neutrino radiation transport scheme used in the super-
nova hydrodynamic simulation. More elaborate neutrino
transport would enable a more detailed analysis of
Majorana neutrinos in the later explosion phase.
In this study, we primarily focused on delineating the

criteria for SFP and omitted an elaboration of the antici-
pated neutrino event rate and spectrum. To predict them, we
need to investigate other aspects of neutrino oscillations,
especially collective neutrino oscillations. In particular, the
implications of fast flavor conversions in supernova envi-
ronments are actively debated (e.g., [77–80]). We remark
that, instead of the simple neutrino emission model used in
our demonstration, neutrino angular distributions depen-
dent on neutrino species are required for the calculation of
the SFP that considers the fast flavor conversions. A
comprehensive study encompassing both SFP and fast
flavor conversions is deferred to future work.

IV. CONCLUSION

We calculate the SFP of Dirac neutrinos induced by the
coupling of neutrino magnetic moments and magnetic
fields in dense matter. This work is an extension of our
previous work for neutrino-antineutrino oscillations of
Majorana neutrinos [75]. We demonstrate the SFP of
Dirac neutrinos for both diagonal and nondiagonal neutrino
magnetic moments. The SFP occurs significantly when the
matter potentials are negligible compared with the mag-
netic field potential. The large baryon density tends to
prevent the SFP. However, the SFP is possible in νe even
with the large baryon density when the electron fraction is
close to 1=3.
Finally, we verify the possibility of the SFP of both Dirac

and Majorana neutrinos in core-collapse supernovae based
on the necessary condition of the SFP derived from our
demonstrations by using simulation data of the 11.2M⊙
progenitor model with a fixed value of the neutrino
magnetic moment μν ¼ 10−12μB. In the case of Dirac
neutrinos, the required magnetic field on the surface of
the PNS for the SFP is a few 1014 G at any explosion time.
The required magnetic field for Majorana neutrinos is a few
1013 G in the early explosion phase before the shock
reaches the Si layer. On the other hand, in the later
explosion phase, the magnetic field fluctuates in the range
1013–1015 G, which is sensitive to the scheme of the
neutrino transport used in hydrodynamic simulations.
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APPENDIX A: MATTER SUPPRESSION
WITH Ωnd

Following a similar approach as in ST21 [75], we derive
the equilibrium values (dashed lines) in Figs. 2 and 4. We
solve Eq. (1) with θ ¼ 0 assuming the dense matter
HL ∼ Vmat, HR ∼ 0, and the negligible diagonal neutrino
magnetic momentΩd ¼ 0 in Eq. (10). The term θ in Eq. (2)
is dropped hereafter. Then, the equation of motion in
Eq. (1) is decomposed by

∂rρL ∼ −i½Vmat; ρL% − iðVmagX† − XV†
magÞ; ðA1Þ

∂rρR ∼ −iðV†
magX − X†VmagÞ; ðA2Þ

∂rX ∼ −iðVmatX þ VmagρR − ρLVmagÞ; ðA3Þ

where ∂r ¼ ∂=∂r. The above equations of motion in the
e − μ − τ basis can be described in the e − x − y basis
through the transformation of matrices such as

V 0
mat ¼ RTðθ23ÞVmatRðθ23Þ

¼ Vmat; ðA4Þ

V 0
mag ¼ RTðθ23ÞVmagRðθ23Þ

¼ Ωnd

0

B@
0 0

ffiffiffi
2

p

0 0 1

−
ffiffiffi
2

p
−1 0

1

CA; ðA5Þ

Rðθ23Þ ¼

0

B@
1 0 0

0 cos θ23 sin θ23
0 − sin θ23 cos θ23

1

CA; ðA6Þ

where θ23 ¼ π=4. Here, we comment that the matrix
components of Eq. (A4) in ST21 [75] should be corrected
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as Eq. (A5) for a more precise discussion on Majorana
neutrinos, although the same equilibrium values of neu-
trino-antineutrino oscillations are derived with Eq. (A5).
Following the matrix transformation of Eqs. (A4)–(A6), the
evolutions of the matrix components of the neutrino density
matrices in the e − x − y basis are given by

∂rρLee ¼ −2
ffiffiffi
2

p
ΩndXey;i; ðA7Þ

∂rρLxx ¼ −2ΩndXxy;i; ðA8Þ

∂rρRyy ¼ 2
ffiffiffi
2

p
ΩndXey;i þ 2ΩndXxy;i; ðA9Þ

∂rρLex ¼ −iλeρLex
− iΩndð−Xey þ

ffiffiffi
2

p
X'
xyÞ; ðA10Þ

∂rρRee ¼ −2
ffiffiffi
2

p
ΩndXye;i; ðA11Þ

∂rρRxx ¼ −2ΩndXyx;i; ðA12Þ

∂rρLyy ¼ 2
ffiffiffi
2

p
ΩndXye;i þ 2ΩndXyx;i; ðA13Þ

∂rρRex ¼ −iΩndðX'
ye −

ffiffiffi
2

p
X'
yxÞ; ðA14Þ

where Xαβ;i ¼ ImXαβðα; β ¼ e; x; yÞ. From these equation
of motions, conservation laws are obtained,

ρLee þ ρLxx þ ρRyy ¼ const; ðA15Þ

ρRee þ ρRxx þ ρLyy ¼ const; ðA16Þ

which represent a decoupling of the νeL − νxL − νyR and
νeR − νxR − νyL sectors. We confirm that these conservation
laws are numerically satisfied in Figs. 2–4. From Eq. (A3),
the evolution of X is obtained, and the evolutions of Xey,
Xxy, Xye, Xyx are given by

∂rXey ¼ −i
!
λe −

λn
2

"
Xey

− iΩndf
ffiffiffi
2

p
ðρRyy − ρLeeÞ − ρLexg; ðA17Þ

∂rXxy ¼ −i
!
−
λn
2

"
Xxy

− iΩndðρRyy − ρLxx −
ffiffiffi
2

p
ρ'LexÞ; ðA18Þ

∂rXye ¼ −i
!
−
λn
2

"
Xye

− iΩndf
ffiffiffi
2

p
ðρLyy − ρReeÞ − ρ'Rexg; ðA19Þ

∂rXyx ¼ −i
!
−
λn
2

"
Xyx

− iΩndðρLyy − ρRxx −
ffiffiffi
2

p
ρRexÞ: ðA20Þ

The above equations are needed to close Eqs. (A7)–(A14),
and they are solved analytically in the extreme cases as in
Table I.

1. Case of jλe − λn=2j; λn ≪ Ωnd

In this case, the discussions on both the νeL − νxL − νyR
and νeR − νxR − νyL sectors are almost the same. Then, we
only focus on the derivation in the νeL − νxL − νyR sector
by using Eqs. (A7)–(A10), (A17), and (A18). The second
derivatives of Xey;i and Xxy;i are described by

∂2r

! ffiffiffi
2

p
Xey;i

Xxy;i

"
∼ −3Ω2

nd

!
3 2

1 2

"! ffiffiffi
2

p
Xey;i

Xxy;i

"
: ðA21Þ

The above equation can be solved with the initial diagonal
densities ρsαα ¼ ρ0sααðα ¼ e; x; y; s ¼ L;RÞ and the negli-
gible correlation X ¼ 0 at r ¼ 0 as done in ST21 [75]. The
diagonal components ρsαα are composed of two modes,
cosð

ffiffiffi
3

p
ΩndrÞ and cosð2

ffiffiffi
3

p
ΩndrÞ, oscillating around the

equilibrium values below,

ρeqLee ¼
ρ0Lee þ ρ0Lxx þ ρ0Ryy

3
; ðA22Þ

ρeqLxx ¼
2ρ0Lee þ 3ρ0Lxx þ ρ0Ryy

6
; ðA23Þ

ρeqRyy ¼
2ρ0Lee þ ρ0Lxx þ 3ρ0Ryy

6
: ðA24Þ

The dashed lines in Fig. 2(a) are reproduced with
the above equations by imposing ρ0Lee ¼ nνe=nν; ρ

0
Lxx ¼

nνx=nν; and ρ0Ryy ¼ 0. The equilibrium values of the
νeR − νxR − νyL sector in Fig. 2(b) are given by
the replacements of ρL → ρR and ρR → ρL in
Eqs. (A22)–(A24).

2. Case of jλe − λn=2j; λn ≫ Ωnd

The second derivatives of Xey and Xxy are written as

∂2rXey ∼ −
!
λe −

λn
2

"
2

Xey; ðA25Þ

∂2rXxy ∼ −
λ2n
4
Xxy: ðA26Þ

These equations are solved analytically. However, the
negligible correlation X ¼ 0 at r ¼ 0 and Eqs. (A17)
and (A18) indicate Xey ¼ Xxy ¼ 0 irrespective of the
radius, which results in no SFP as in Fig. 3. We can show
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negligible SFP in the νeR − νxR − νyL sector in the
same way.

3. Case of jλe − λn=2j ≪ Ωnd; λn ≫ Ωnd

In this case, there is no SFP in the νeR − νxR − νyL
sector as in Appendix A 2. Such negligible SFP is
consistent with the numerical result in Fig. 4(b). In
addition, Xxy and ρLex are negligible due to large λn and
λe. From Eq. (A8), the value of ρLxx is constant and
decoupled from the spin precession. Such a decoupling of
νxL is confirmed numerically in Fig. 4(a). The second
derivative of Xey is given by

∂2rXey ∼ −8Ω2
ndXey: ðA27Þ

Following the same procedure as in Appendix A 1, ρLee
and ρRyy are described by a single mode of cosð2

ffiffiffi
2

p
ΩndrÞ,

and the equilibrium value is written as

ρeqLee ¼ ρeqRyy ¼
ρ0Lee þ ρ0Ryy

2
; ðA28Þ

which reproduces the dashed line in Fig. 4(a) with ρ0Lee ¼
nνe=nν and ρ0Ryy ¼ 0.

APPENDIX B: EQUILIBRIUM VALUES FOR
MAJORANA NEUTRINOS

A similar discussion can be made as in Appendix A for
Majorana neutrinos by replacing HR → −Vmat and ρR →
ρ̄R and solving the equations of motion below,

∂rρL ∼ −i½Vmat; ρL% − iðVmagX† − XV†
magÞ; ðB1Þ

∂rρ̄R ∼ i½Vmat; ρ̄R% − iðV†
magX − X†VmagÞ; ðB2Þ

∂rX ∼ −iðVmatX þ XVmat

þ Vmagρ̄R − ρLVmagÞ; ðB3Þ

where X is a correlation matrix between neutrinos and
antineutrinos. The connection between equilibrium and
initial fluxes in Eqs. (13) and (14) is given by

!
Feq
ν

Feq
ν̄

"
¼ UM

mag

!
Fi
ν

Fi
ν̄

"
; ðB4Þ

whereUM
mag is a 6 × 6 transition matrix due to the mixing of

three flavors of neutrinos and those of antineutrinos as in
Fig. 1(b). The values of three extreme cases for Majorana
neutrinos are summarized in Table II. Numerical results for
Majorana neutrinos are shown in ST21 [75], and the
equilibrium values of the three extreme cases are repro-
duced by fiνx ¼ fiνx ¼ fiν̄x ¼ fiν̄y in Eq. (B4). We remark
that VmatX þ XVmat in Eq. (B3) induces a frequency
λe − λn in Table II. On the other hand, for Dirac neutrinos,
a frequency λe − λn=2 in Table I comes from VmatX in
Eq. (A3). This difference for Majorana and Dirac neutrinos
is the origin of the different necessary conditions
in Eq. (19).
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