nature communications

Article

https://doi.org/10.1038/s41467-023-37686-4

Non-Hertz-Millis scaling of the anti-
ferromagnetic quantum critical metal via
scalable Hybrid Monte Carlo

Received: 8 June 2022

Accepted: 23 March 2023

Published online: 03 May 2023

M Check for updates

Peter Lunts ® "2/ -, Michael S. Albergo ®>® & Michael Lindsey*®

A key component of the phase diagram of many iron-based superconductors
and electron-doped cuprates is believed to be a quantum critical point (QCP),
delineating the onset of antiferromagnetic spin-density wave order in a quasi-
two-dimensional metal. The universality class of this QCP is believed to play a
fundamental role in the description of the proximate non-Fermi liquid beha-
vior and superconducting phase. A minimal model for this transition is the
0O(3) spin-fermion model. Despite many efforts, a definitive characterization of
its universal properties is still lacking. Here, we numerically study the O(3)
spin-fermion model and extract the scaling exponents and functional form of
the static and zero-momentum dynamical spin susceptibility. We do this using
a Hybrid Monte Carlo (HMC) algorithm with a novel auto-tuning procedure,
which allows us to study unprecedentedly large systems of 80 x 80 sites. We
find a strong violation of the Hertz-Millis form, contrary to all previous
numerical results. Furthermore, the form that we do observe provides good
evidence that the universal scaling is actually governed by the analytically
tractable fixed point discovered near perfect “hot-spot™ nesting, even for a
larger nesting window. Our predictions can be directly tested with neutron
scattering. Additionally, the HMC method we introduce is generic and can be
used to study other fermionic models of quantum criticality, where there is a
strong need to simulate large systems.

Quantum critical phenomena play an important role in condensed
matter physics'. Of particular interest are quantum phase transitions in
metals, since they are ubiquitous in strongly correlated materials dis-
playing exotic quantum phenomena, most notably high-temperature
superconductivity.

These phase transitions are notoriously difficult to study
theoretically>. This is due to the presence of an extensive number of
gapless fermionic modes on the Fermi surface and the strong coupling
between these modes and the transition order parameter. These dif-
ficulties render nearly all analytical perturbative approaches

uncontrolled. On the numerical side, these difficulties are manifested
in a large amount of entanglement and nearly ubiquitous sign pro-
blems, making it hard for controlled numerical techniques such as
tensor networks and quantum Monte Carlo (QMC) to make progress.

The most common of such phase transitions in Nature is the onset
of antiferromagnetic (AF) spin-density wave (SDW) order in a metal.
This transition exists in many material classes of interest, such as
electron-doped cuprates’, iron-based materials*, and heavy fermion
compounds’, in which it is believed to generically be a continuous
transition. It is often accompanied by a superconducting ‘dome,
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where the maximal T, occurs near the putative zero-temperature cri-
tical point. This makes the (near-critical) SDW fluctuations a strong
candidate for the ‘glue’ of Cooper pairs in those materials.

Due to its importance, the theory of this phase transition has
received a considerable amount of attention in the last three
decades® ™. Very early on it was believed to be well described by Hertz-
Millis theory'", although it was soon realized that, due to the
dimensionality, the arguments of Hertz-Millis theory are invalid®.
Crucially, the large-N expansion was shown to fail’, which left the
theory without a controlled approach until the introduction of the fully
local e-expansion'®". Using these controlled results as guidance, in
ref. 12 it was shown that there exists a parameter regime where the
theory naturally develops a small control parameter, w, which is a ratio
of velocities, without the need for any dimensional modification. It is
then possible to compute observables perturbatively in w, giving the
only fully controlled analytical calculation of the universal low-energy
data for the unmodified problem. However, the parameter regime, or
‘basin of attraction,” of this solution could not be determined from the
arguments of ref. 12. It is therefore not clear whether this solution
exists for physically relevant parameter values, or only in a minuscule
slice of parameter space. One of the central goals of this work is to
answer this question.

In the last decade, the SDW transition in metals has also been
studied extensively using numerical techniques. The seminal work of
ref. 16 introduced a microscopic two-band model of the effective field
theory for this transition, which crucially lacks a sign problem. This has
led to many studies of this model with Determinantal Quantum Monte
Carlo (DQMC)""%, as well as works that have studied other sign-
problem-free models of quantum criticality®*>2,

A recent such DQMC work* focused on the critical scaling of the
spin susceptibility, in particular seeking a comparison to the predic-
tions of ref. 12 by tuning the UV value of the nesting parameter, v
(explained in detail in Section “Theoretical analysis near perfect nest-
ing”) close to the value at the fixed point of ref. 12, v=0. However, at
criticality, the spin susceptibility was actually observed to have a
(nearly-perfect) Hertz-Millis form, contradicting the theoretical
finding®® that the Hertz-Millis arguments are not valid in two dimen-
sions. Importantly, the maximal system size studied in ref. 21 was
V=L x L =14 x14. With such a small system size, it is often difficult to
convincingly extract long-wavelength behavior of a critical system.
Therefore, even though ref. 21 is the current state-of-the-art for this
problem, it is very desirable to revisit the problem at much larger L.

Although DQMC provides a numerically exact and unbiased way
to study the properties of these phase transitions, it is severely hin-
dered in its ability to simulate systems with large spatial volume V by its
computational scaling of at least ~812, where B is the inverse tem-
perature (in the case of small fermion density, this can be reduced by
exploiting the low-rank structure of the fermionic determinant®>*).

The true scaling may in fact be worse due to the need to take smaller
steps in high dimensions in order to maintain a nonvanishing Metro-
polis acceptance probability, as well as the presence of ‘critical slowing
down,” discussed further below. Improving the computational scaling
with respect to Vis of great interest in the study of quantum criticality.
Indeed, in order to extract scaling properties near a quantum critical
point (QCP), it is crucial to be ‘close enough’ to the thermodynamic
limit V> =, This ‘close enough’ is never possible to determine a priori,
and, in principle, due to potential semi-stable fixed points, there is
never any reason to expect that it has been reached, unless the
observed scaling matches a predicted result.

In this paper, we use a different QMC method to study the
microscopic model of ref. 16, namely Hybrid Monte Carlo (HMC),
which is sometimes referred to as Hamiltonian Monte Carlo. This
method is the main numerical tool in the study of lattice quantum
chromodynamics (LQCD). Its primary advantage over DQMC is the
potential for improved computational scaling with respect to V, which
we explain in more detail below. HMC has seen a recent revival in
condensed matter physics®™ . Several works have used it to study the
half-filled Hubbard model on various lattices (square, honeycomb,
hexagonal)*’~*, electron-phonon models**, as well as extended and
long-range Hubbard models of graphene***°. Nearly all of these results
point to extremely favorable scaling with V. However, to the best of our
knowledge, HMC has not yet been applied to a model of quantum
criticality in the presence of a Fermi surface.

Using our large-scale simulations, we find that the critical theory
does in fact strongly deviate from the Hertz-Millis prediction. By tun-
ing the nesting parameter, v, closer to the fixed-point value of v =0, we
observe a systematic reduction of the dynamical critical exponent z
below the value of z=2 predicted by Hertz-Millis. The prediction of
ref. 12 is that z~> 1" as v > 0. Additionally, we find that the momentum
dependence of the critical spin susceptibility is O(2)-symmetric at
intermediate momenta, as predicted by Hertz-Millis, but at lower
momenta the symmetry gets reduced to C,, as predicted in ref. 12.
These two findings provide strong numerical evidence that the criticial
point theory is governed by the fixed point of ref. 12, even at values of v
that are appreciable. This is summarized in Table 1. Our predictions for
the dynamical spin susceptibility can be directly tested with neutron
scattering.

In our largest computations we reach system sizes N, x L x L given
by N;=200, L =80 and N,;=800, L =20, where N; is the number of
slices in the imaginary time direction. Going to such large scales turns
out to be necessary for extracting accurate critical scaling behaviors at
the critical point.

Now we give an overview of the computational scaling properties
of our approach that allow us to achieve these results. Within the HMC
algorithm, the number of ‘integration steps’ per effective sample can
enjoy scaling as low as O(d"*), where d = O(BV) is the dimension of our

Table 1| Summary of results

z(6) Symmetry Functional form
This work €(1.665(29),1.953(35)) Ca X (@) ~w® ZA € (1.466(14),1.521(15))
for 0€(0.5,8) X (G ~ g, A € (0.880(12),0.779(12))
X7 (@) ~la, ™ +q, forf e (0.5°,8%)
Ref. 12 z>1"asb6->0 Ca Xf1((,))N|w|A
x'@)~la, ZAA — 1% 350 > O
x~'(q) ~ not determined
Hertz-Millis z=2V6 0(2) X (@)~ |o|
X (@) ~a;

X @~qZ+q?

The main results of this paper, which pertain to the critical spin susceptibility, y(w, q). We list its dynamical critical exponent z, spatial symmetry, and functional form, as compared to that predicted in
ref. 12 and by Hertz-Millis theory, all for the varying nesting angle 6 we study (here we use 6 instead of the nesting parameter v = tan(6) that we use in the rest of the paper). The forms quoted for ref. 12

are neglecting the logarithmic flow of v.
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discretized field to be sampled®®. This scaling may be worse in the
presence of ‘critical slowing down’ for critical models, yielding a
number of integration steps per effective sample of potentially
O(BY* 41y V422 ‘where z;, 2, > 0. Even in the presence of criticality, z;
and z, may be reduced via the choice of the ‘metric’ within HMC, as
discussed below. For the critical model, our algorithm in fact achieves

=0 and z; 5 0.5. Each of the integration steps within HMC requires
the solution of linear system of size O(8V), which constitutes the bot-
tleneck for the algorithm. Our approach for solving the linear system in
fact scales linearly with respect to V for fixed 8 and permits fast GPU
implementation. In conjunction with the scaling z, = 0 observed above,
this performance yields overall wall clock scaling with exponent
approximately 5/4 with respect to V. See Section “Numerical Perfor-
mance” for further details.

In our implementation we in fact develop several augmentations
of the basic HMC algorithm. First, we introduce an auto-tuning pro-
cedure, which tunes our hyperparameters in an initial warmup phase.
This procedure is common practice in statistics and industry applica-
tions of HMC>*? but to the best of our knowledge has not yet been fully
applied in condensed matter physics. Moreover, relative to such
works, our translation-invariant physical setting allows us to tune the
aforementioned HMC metric with operations that scale linearly in SV,
up to log factors.

In the Results Section, we introduce the low-energy effective
theory of the SDW transition, both in the continuum and on the lattice,
we review the theoretical results near perfect nesting of ref. 12 and
derive its predictions for the observables that are computed numeri-
cally in this work, and we show our main results. In the Methods Sec-
tion we give a brief review of HMC, followed by a detailed presentation
of our implementation and its numerical performance.

Results

Continuum effective action

Our starting point is the theory that describes the low-energy degrees
of freedom near a metallic AF SDW quantum critical point in two
spatial dimensions. These are the order parameter for the transition,
which is the collective spin excitation, and the electrons near points on
the Fermi surface called ‘hotspots’ that are connected by the AF
ordering wavevector. For concreteness, we consider a single band with
C, symmetry and an ordering wavevector equal to (i, i), as shown in
Fig. 1. Generically for such a Fermi surface there are four pairs of
coupled hotspots. The Euclidean-time action for this low-energy the-
ory is then given by

P 5 [ ouy

n=1m==*g=1,] j=1

P (k) [y + € (k; v)| T (k)

n,oj n,oj

1|wg
+ Z/(Zn)z 2 [Cz (qx+qy)+r}¢(q) P (—q) "

ﬁnzmzmzl/ "o
i/ Y @ 97

In Eq. (1), kK = (wg, K) consists of the fermionic Matsubara frequency
and the two-dimensional momentum k = (k, k). T is the temperature.
The ¢ correspond to electrons at the hot spots labeled by
ne{l,2,3,4}and m € {+, -} (cf. Fig. 1), and spin o € {?, V}. The axes are
chosen as follows: kx isin the direction from hot spot (2, +) to (2, -) and
ky, is in the direction from hot spot (1, -) to (1, +). Given this choice of
axes, the ordering wave vector connecting the paired hot spots is

=(++/2 nkx, +/2mk ,) up to the reciprocal lattice vectors

@40y, the] +

ﬁn(l}x + I}y). See Fig. 1 for details. The linearized electron dispersions
are given by ef(k;v)= —e; (kv)=vk,xk, ey kv)=—e;(kv)=

¥k, +vk,, where the momentum Kk is measured relative to each hot
spot. For any v#0, the curvature of the Fermi surface (O(k*) terms)
can be ignored, since the linearized dispersions at the coupled host-
pots are not parallel to each other, and therefore the problem is still
fully two-dimensional. The component of the Fermi velocity along Qar
has been set to one by rescaling k. v is the component of Fermi velocity
that is perpendicular to Qar. It controls the degree of nesting between
coupled hot spots and can be written as v=tan, where 6 is the
nesting angle (c.f. Fig. 1). ¢p(q) is the three-component boson field that
describes the AFM collective mode in the fundamental representation
of O(3), with frequency w,; and momentum q. Note that while the
collective spin is centered at Qaf, @ is centered at zero, since Qa is
already incorporated into the hotspot label. c is the boson velocity, and
u is its quartic interaction. r is the squared mass of the boson, as is
tuned drive the boson to criticality. g is the Yukawa coupling between
the boson and the electrons, which scatters the electrons between hot
spot pairs via the spin-spin interaction. These couplings represent all
the relevant and marginal terms obeying the symmetries of the pro-
blem. T consists of the three generators of the SU(2) group. We have
also generalized the action from one to N fermion flavors. This gen-
eralization was used in the large Ny expansion in previous renormali-
zation group studies’’, and we use this general form in subsequent
sections.

Sign-problem-free UV completion

The action in Eq. (1) captures the universal low-energy properties of the
system associated with the divergent correlation length near the phase
transition. Since the electrons far away from the hotspots do not enter
into the theory, the precise shape of the Fermi surface beyond the
momentum cutoffs does not play a role in the critical phenomena of
this theory (the complete validity of this has recently been called into
question in Ref. 53). Therefore, we can change the band structure while
ensuring that the action of Eq. (1) is not modified. One such UV com-
pletion was given in ref. 16 and has the real-space action of

s=[dry Z »
o=1,ja=xyj=1rr
(paa,ir[(a _”)6rr -

JD | AT U IS

/ dTZe’QAF
Ti] 1

Too Yyort h.c.] .

a r,r’} lpo(,o,j,r’

. g

&‘

¢r : {(p;,u,r

Here, the number of bands has been doubled (a =X, y represents a
band index). The boson now scatters electrons between the two bands.
The band-dependent hopping amplitude ¢,,, still respects the C,
symmetry of the lattice, provided that the bands are also interchanged.
The location of the hotspots and the dispersion linearized about them
is unchanged from the one-band model. Note that the axes of this
model are rotated 45’ relative to the model of Eq. (1). The advantage of
this model is that it now contains an inter-band anti-unitary symmetry
that guarantees the positivity of the fermionic determinant’ and
makes it amenable to sign-problem-free Monte Carlo
simulations 2%,

We study the lattice model defined in Eq. (2) using HMC. Our
method is described in detail in Section “Methods”. As explained there,
in order for our algorithm to function, we must work with an even N,
and we choose Ny=2. Unless stated otherwise, we fix the parameter
values to be u=0,g=0.7+/2~1,c=3. We study five different Fermi
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Fig. 1| The Fermi surface. a The first Brillouin zone of the model in Eq. (1). Note the
axes rotated by 45". The shaded region corresponds to the occupied states. The SDW
ordering wavevector Qg is denoted by red arrows. The hot spots are the red points
connected by Q. At each hot spot, the linearized Fermi surface is shown with a blue
line. b A close-up of linearized dispersions of the paired hot spots (1, ). One has
been shifted by Qaf, to show their crossing. The angle between them @ is called the
“nesting angle', and its tangent v = tan(6) is called the “nesting parameter'.

surfaces, with the following values of the nesting parameter:
v =0.149, v, = 0.072, v3 = 0.036, v, = 0.018, v5 = 0.0092, correspond-
ing to nesting angles of 6,=8.5,0, = 4.13°,6;=2.05,60, = 1.03,
65~ 0.53’, respectively. We illustrate the Fermi surface corresponding
to v=v; and v=vs in Fig. 2. The non-zero hopping amplitudes and
chemical potentials corresponding to each are ,,=t,,=1and

foy= —1yy=045 = —puP=—047 €)
= —Tp=048, puP=_—puP=_046 )
for=—1y=0498, ud=—pd=_044 ®)
foh=—Ty)=0.505, uP=—pub=_0.44 (6)

Fig. 2 | Occupation number. The total occupation number n, = Za'g(zp;ﬂ,qtpa,gw
of one flavor of fermions for the free theory, summed over spin and band degrees
of freedom. Here, we have incorporated the phase shift /@ into the a =y band.
The nesting values shown are (a) v = v; and (b) v = vs, which are the two extremes we
study. Note that the Fermi surface at the hot-spots is actually connected, but due to
the very small nesting parameter, that is hard to show graphically.

for=—1yy=05085, u=—pd=—044. @)
Here, t, 4, t, o denote the nearest-neighbor hopping amplitudes in the x
and y directions, respectlvely, which are the same for all nesting
parameter values; t,, o ~M denote the next-nearest-neighbor hopping
amplitudes in the x and y directions, respectively, for nesting
parameter value i; u are the chemical potentials for the nesting
parameter value i.

The reason for choosing these specific parameter values is to
make contact with ref. 21, where the authors in turn tried to make
contact with ref., 12. Of course, it is important to scan the values of
u, g, ¢ to check the stability of our results and look for new behavior.
However, such a detailed study is beyond the scope of the present

work, and is left for future studies.

Theoretical analysis near perfect nesting

Although in general the theory in Eq. (1) cannot be understood ana-
lytically using a controlled approach, there exists a parameter regime
where a controlled solution in the IR can be obtained'. This parameter

Nature Communications | (2023)14:2547
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Fig. 3 | Renormalization group flow. RG flow of the theory in Eq. (1), computed
using the epsilon expansion, reproduced from ref. 11. The axes are w, X =x/10,
A=10A. Initially, there is a fast flow (blue lines) to a fixed one-dimensional manifold
(dashed orange line). The flow along this manifold is slow, and towards w = 0. The
flow of k is excluded, since its flow towards zero is the fastest.

regime is primarily characterized by a small nesting parameter v <1
and an effective coupling of intermediate strength, leading to strong
correlations. We start by reviewing this IR fixed point of refs. 11,12,54.

At criticality, the UV the theory is best described in terms of the
ratios A = gZTCZ,x g , k=uc*, and w= Y (We note that compared to
refs. 11,12,54, the actlon of Eq. (1) has ¢—>¢/c) The renormalization
group flow of the UV theory to the IR fixed point is two-fold and is
shown in Fig. 3, which is reproduced from ref. 11. Initially, there is a fast
(algebraically in the running energy scale u) flow of 1 and x to w-
dependent O(1) values and k to zero. Once the first step of the flow is
complete, the couplings will keep flowing along the one-dimensional
manifold defined by the fixed point values A, x, k. This one-dimensional
manifold defines the only remaining free coupling of the theory. We
note that since A~ O(1) is the effective coupling of the UV theory, this
manifold represents the theory in the strongly correlated regime.
Crucially, due to all the coupling inter-dependencies, along the mani-
fold w becomes a function of v only. We can choose to parametrize the
manifold by w(v). This choice is useful, since it turns out that theory on
the manifold has a perturbation theory that is organized in powers of
w(v) (along with powers of log(w)). However, since w(v) is only a
function of v, such that w(v) > 0 with v~ 0, perturbation theory can
also be done in v itself.

Finally, once the theory sits on the one-dimensional manifold, the
remaining flow is towards w(v) > 0. However, unlike the first part of the
flow, the flow of w(v) in this second part happens at a rate that is sub-
logarithmic in u. Therefore, for all practical purposes we can take
w(v) (and therefore v) to be fixed (scale independent) on this manifold.
An important point is that due to the initial fast flow, the value of v on
the manifold is different than the bare (UV) value vg. However, given
that the bare parameters of the theory are tuned to minimize the
length of this initial flow, we assume that v=uvg in the analysis of
Section “Results”.

If the value of w(v) is small enough, the theory can be studied
using perturbation theory in w(v) to a finite order. Focusing on the
critical spin susceptibility x(w, q), its leading order in w(v) behavior is
given by (here we use the axes of Eq. (1))

X (@, @)= 0|+ o)) (19,1 +1g,))- ®)

Here, c(w(v)) is a new emergent boson velocity, not related to the
bare value ¢, and dependent on the only coupling in the theory. It has
its own expansion in powers of w(v)*. This form breaks the O(2) spatial

symmetry (a |q| dependence) of the spin susceptibility down to the C,
symmetry of the Fermi surface. This is a key prediction of the small v
fixed point theory™. Equation (8) can be thought of as the tree-level
susceptibility at the fixed point, and perturbations to it are computed
in powers of w(v). The deviations of the scaling are encoded in the
dynamical critical exponent z and the anomalous boson dimension 7,
which were computed to leading order in ref. 12,

z=1+

3
R ©)

1 1
ne= 2nN w(u)log(w(u)> 10)

Reference' also computed the dependence of w(v) on v to lowest

order inv,
v
w_4\/N>f\/ log(1/v)’

Together these relations give the leading contributions to z, n, for
small v.

In order to make a connection between the leading-order per-
tubation theory in w(v) results of ref. 12 and the theory of Eq. (2) at
finite v, we need to use the non-perturbative renormalization group
(RG) equation. This equation for x(w,q) at criticality (r=r.) is
given by

an

[A(q¢,z) twd+1

1) sy xw. a7 0)=0,

% + T%
12

where A(n,, 2) = w Here, we have used the fact that v=u; is
approximated as being constant as a function of scale (otherwise its
beta function would enter in Eq. (12)). Since at criticality the correlation
length is absent from Eq. (12), we have included T, L™ as relevant energy
scales. We note that for a scaling theory different from that of ref. 12,
the RG equation would be the same, with the only modification being
the form of A. The only requirement is that the flow of the couplings
can be ignored, which is a good approximation when the couplings
flow at most logarithmically in the running scale.
We study systems of fixed size and temperature. We focus on two
limits of Eq. (12). In the first limit, ¢ = 0, the solution is given by
X(@)= w22 f (0/T, wl?), (13)
where fis some non-universal crossover function. Here, Tand 1/L act as
IR cutoffs to the critical scaling. In other words, there is some effective
IR frequency cutoff given roughly by wy ~ max(z” (2”) ), and the
functionf (w/T, wL?) is a finite constant for @ > wyg. On the other hand,
the scaling equation itself only holds below some non-universal UV
cutoff A, Therefore, the pure algebraic scaling of
X(,q=0)~|w| 2% can be observed in an intermediate frequency
window, wr <@ < A,
Now we turn to the case of w = 0. For simplicity, we first also set
q,= 0. Analogously to x(w), x(q,) is given by
X(@)=1qy4? g(q,/TY?, q,L). (14)
Here, g is another non-universal crossover function. The critical scaling
X(qy) ~ || 72002 holds in the intermediate region of gir < gy <Ay,
where g = max((z”) /2 2”) and A, are IR and UV momentum cutoffs,
respectively. Once the mtermedlate scale algebraic scaling of both
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Fig. 4 | Phase diagram in T and r. The red (white) region is a metal with AFM (no
magnetic) order. The blue points denote the intersection of curves of the Binder
cumulant for different system sizes at fixed temperatures. The error bars denote
the finite resolution in r that we have in those intersection points. The phase dia-
gram for all nesting parameters studied is the same up to our resolution. Super-
conductivity is absent for all the parameters we study.

X(w) and x(g,) are known, z is computed directly from their ratio:
zA(ng, 2)/A(ng, 2).

When we turn on g, the RG equation does not say anything about
the functional form of the dependence of x(q) on g, and g, which must
be deduced by other means. All that is known from the tree-level form
of Eq. (8) is that the spatial dependence must be C4-symmetric.
Jumping ahead to Section “Results”, the Monte Carlo data suggests the
form

X @) =(1g, A% +)q, 7202
8((lgyl+1gyD)/ TV, (g, + g, L),

which we take as our conjecture.

As as aside, we note that this way of extracting critical exponents
from a system at fixed L, B is not the usual one of finite size scaling.
Although the latter is more systematic, it would require the simulta-
neous scaling of L and e [*. Since we do not know what z is a priori,
this requires an additional scan over its potential values. Also, the z
value we find later on is always z>1.6, which implies the need for a
large f in the finite size scaling. Both of these are very computationally
expensive, and we therefore opt for the present method.

as)

Numerical results
The phase diagram of the theory in Eq. (2) as a function of r and T is
shown in Fig, 4.

At large values of r the system is a paramagnetic (PM) metal. As a
function of decreasing r, for any finite T (below some large tempera-
ture) there is a sharp crossover to a SDW metal. This crossover will not
become a true second-order phase transition in the thermodynamic
limit, since the dimensionality and symmetry of the order parameter
prevent the system from ordering due to the Mermin-Wagner theo-
rem. However, if we infinitesimally couple stacks of this two-
dimensional system (as is the situation in many relevant experi-
ments), order will be stabilized and the transition will become a true
one. We can identify the sharp location of this potential second-order
transition, r.(T), by studying finite-size scaling diagnostics, such as the
Binder cumulant (c.f. Supplementary Note 1 for details). The line of
these transition points terminates at 7=0 and r=r,, which is the
quantum critical point. This is the familiar picture of quantum
criticality.

For all nesting parameters we see no superconductivity down to
the lowest measured temperatures. This is consistent with the argu-
ments outlined in ref. 21 that the superconducting transition
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Fig. 5 | Scaling of critical spin susceptibility. The (a) dynamic and (b) static spin
susceptibility, shown on log-log plots for all nesting parameters v; studied. The

error bars are given by the one sigma statistical uncertainties from the stochastic
calculation. The different curves are shifted relative to each other for visual clarity.
We show only the largest (a) § and (b) L values that we simulated in order to extract
the intermediate w and g, regimes of power-law scaling. For each curve, we choose
the regions that look the most straight by eye (if there are two such regions, as in y
“w), we choose the one with smaller w or g,). Choosing slightly different bound-
aries leads to slightly different exponents, but the trend with v is always the same.

temperature 7. of the spin-fermion model is suppressed with
decreasing v as T, ~ g2 sin(arctan(v)).

To study the critical scaling we tune r=r. and vary f=1/T. Fol-
lowing Section “Theoretical analysis near perfect nesting”, we look at
the dependence of the spin susceptibility on frequency and momen-
tum, x(w), x(qx), x(q@). Here, we use the axes of Eq. (1), in order to
compare to Section “Theoretical analysis near perfect nesting”. From
the scaling of y(w) and x(g,) in the intermediate scaling regions we
obtain the exponents A(174,2) and zA(1,,2), as illustrated in Fig. 5.
From A(14, 2) and z A(n, 2) we determine z and 74, which are plotted in
Fig. 6 as functions of v. An important point is that the intermediate
regime of power-law scaling in Fig. 5 is chosen by eye, and different
choices yield slightly different forms of z(v) and n4(v). The specific
choice we use in Fig. 5 is described in Supplementary Note 1, along with
how we compute the corresponding error bars. However, crucially, for
all (reasonable) choices of the scaling region boundaries, z(v) mono-
tonically decreases with decreasing v, starting from a value slightly less
than z=2 (which is the Hertz-Millis prediction) for vy. Similarly, n4(v)
monotonically increases from 7, = — 0.75 with decreasing v.

In addition to the dependence of z(v) and n4(v) on v, we determine
the spatial symmetry of x(q) and its functional form. In Fig. 7 we show
density plots of x(g) for v =vs. We plot contours at various values. We
can see that at large momenta, the symmetry of the contours is that of
the lattice, C,. At intermediate momenta, the contours are circles,
indicating an O, symmetry, indicating that those momenta are small
enough that cos(k,)+ cos(k,)=2 — K /2 is a good approximation.
However, at smaller momenta the contours transform again to a
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C4-symmetric form, with the maxima/minima now rotated by 45’. In
Supplementary Note 1, we show more density plots at smaller L, in
order to illustrate that this effect gets more pronounced as L increases
and is therefore a true long-wavelength effect present in the thermo-
dynamic limit.

It is not possible to provably determine the exact functional form,
as there are many forms that obey the C, symmetry. However,
g, 72 + |qy|zA seems to fit very well. We illustrate this in Fig. 8, along
with a comparison to |gq|*®. We therefore conjecture that
XN ~ g, A+ |qy|"A is the correct long-wavelength form.

These two features of the boson susceptibility—i.e., the mono-
tonic forms of z(v), ny(v) and the symmetry reduction of O(2) > C4 in
the long-wavelength limit—provide strong numerical evidence in favor
of the critical scaling at the SDW QCP being governed by the theory of
ref. 12 for all the nesting values we study.
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Fig. 6 | Critical exponents. The (a) dynamical critical exponent z and (b) the
anomalous boson dimension 7, as a function of v. The error bars are computed
using a bootstrap method on the fitted data, allowing for duplicates (c.f. Supple-
mentary Note 1).

Despite the similarities, there are two parts of the data that are
seemingly in contrast to the predictions of ref. 12. The first is the fact
that n,, is negative, whereas Eq. (10) predicts that as n,~> 0" as v~> 0.
However, Eq. (10) is only the leading order correction, and it particular,
in obtaining it, terms of O(w(v)) were ignored in ref. 12. Therefore, it is
perfectly possible that the actual leading-order coefficient behaves as
Ny ~ w()(log(l/w(v)) — a), where a > 0 is a constant, which would lead
to a sign-change in the leading-order behavior when 1> w(v) > e™. On
the other hand, the leading term of z from Eq. (9) does not suffer from
a similar problem, and its sign can be trusted at small w(v).

The second part of the data that is seemingly in contrast to the
predictions of ref. 12 is that z(v) and 7,(v) do not convincingly exhibit
the limiting behaviors z>1 and n,~>0 as v-> 0. We conjecture the
following explanation. As noted in Section “Theoretical analysis near
perfect nesting”, we assume that the renormalized value of v is close to
the bare one. However, as we decrease v we are not tuning g, so the
bare value of A=g’c?/v is increasing, not staying fixed. This increases
the RG-time needed to flow to the one-dimensional manifold discussed
in Section “Theoretical analysis near perfect nesting”. The large bare
value of the effective coupling A might be renormalizing v to larger
values, before the one-dimensional manifold it reached. Remedying
this requires decreasing g with decreasing v such that A remains fixed.
This task is beyond the scope of this paper, and we leave it for
future work.

Finally, we show the fermion occupation function at criticality in
Fig. 9 (as well as Supplementary Note 1), where we can see the renor-
malization of the hot-spots by the Yukawa interaction as well as the gap
appearing at the hot-spots in the ordered phase. Unfortunately, within
our spatial resolution it is not possible to measure the renormalized
nesting parameter v, and therefore confirm the conjecture from the
above paragraph.

Discussion

In this work, we study the critical theory of the O(3) spin-fermion model
as a model of the antiferromagnetic transition in two-dimensional
metals. We use a novel HMC method that we extensively develop. Below
we discuss some consequences of our work and outlook.

Implications of theoretical results

Our study of the critical spin susceptibility x(w, g) provides one of the
few controlled numerical studies of a model where there is an
observed violation of Hertz-Millis scaling. The critical exponents and
C4-symmetric form of y(w, q) can be directly tested experimentally
with neutron scattering in materials where the bare hot-spot nesting
value vg is small.

qx+qy

Fig. 7 | Density plots of the static critical spin susceptibility. All are for v=wvs,
B=20 and L =80. We are interested in showing the equal-density contours (we do
not show a color bar as it is irrelevant for this purpose). The three plots are different
levels of zooming in to g = 0. In a we show the entire Brillouin zone, along with three
dashed-line equal-density contours (passed through a Gaussian filter for smooth-
ness), at large, intermediate, and small momenta. We can see that the largest
contour has a C4-symmetric form, due to the lattice. In b we zoom in to focus on the

ax+ay

ax +qy

inner two contours, which we overlay with two red circles at radii 0.63,1.33, in order
to illustrate their symmetry. The larger circle overlays with the contour extremely
well, indicating an O(2) symmetry at those momenta. The smaller circle overlays
with its contour poorly, since that contour is much more square-like, indicating that
at smaller momenta the symmetry is again C4. To show this more convincingly, in
c we zoom in further to enlarge this smallest contour.
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Fig. 8 | Scaling form of static critical spin susceptibility. y™'(g) - x (0) plotted
against (a) |q,[** +|g,/** and (b) |g**. Both plots are for =20 and L = 80. The error
bars are again the one sigma uncertainties. The curves for different v; are shifted to
separate them for visual clarity. The initial region, up to ¢** - 1.7 is fit with both
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forms. The C4 is much better in this region; see the solid lines in a and b, and
compare the coefficients of determination R? from a with R? from b. However, over
larger momenta (up to ¢ - 3.6) the O(2) fit it much better; see the dashed line as
well as RZ in b.

Fig. 9 | Measured occupation number. The total occupation number
ng= Za,,,(tp;'a,qtpa,,,,ﬁ for the (a) free theory, and the interacting theory (b) at
criticality (r=r.=1.26) and (c) slightly in the ordered phase (r = 1.15). This explicitly

shows the renormalization of the Fermi surface near the hot spots due to fluc-
tuations of the order parameter. All plots are for v=v; and =20, L =80.

Additionally, we provide strong evidence that the physics of the
quantum critical metal is governed by the fixed point of ref. 12, even for
appreciable nesting parameter values v. If one believes this evidence,
the implication is that the theory of ref. 12, valid at small v, augmented
with numerical calculations at larger v, can be used to generate a fully
controlled quantitative solution to the problem. For example, non-
equilibrium properties such as conductivity, which are generally very
difficult to resolve with imaginary time methods, but are the most
common observable used to experimentally identify the quantum
critical fan, can be computed using small v perturbation theory about
the fixed point of ref. 12 and supplemented with non-perturbative
numerical calculation of the critical exponents. If valid, this approach
would provide an unprecedented advance in the understanding of
experimentally observed strange metals proximate to itinerant anti-
ferromagnetism, characterized by, e.g., linear-in-temperature DC
resistivity and present in many materials displaying unconventional
superconductivity.

Future directions with HMC
As noted in the main text, Fig. 6 does not convincingly show that z>1
as v~ 0, and the most likely reason for this is the increasing value of
A=g’c*/v as we decrease v. It is therefore desirable to revisit this pro-
blem, while keeping A fixed by tuning g. We intend to address this in a
future work.

In this work, we focus on only two critical exponents of the spin-
fermion model, z and 7, for the most straightforward comparison to
the nearly-nested fixed point theory of ref. 12. There are several other

pieces of critical data that remain to be examined for a more com-
prehensive comparison. The two most important ones are the critical
exponent v that relates the correlation length to the deviation from the
critical point, and the scaling of the fermion Green’s function. Mea-
suring the critical scaling of thermodynamic quantities like specific
heat is also an important task. One can also tune g to a large enough
value to see the onset of superconductivity in order to track the
dependence of T, on v and compare to the prediction of T.(v) made in
ref. 12. Finally, here we only study the parameter values u=0, ¢ =3, and
five small values of v. An obvious question is how the conclusions of
this work change with varying parameters u, c, as well as larger values
of v.

The HMC algorithm we use in this work is quite general and can be
applied to many other theories of interest. The main restrictions are
that the configuration (boson) field be continuous and that the num-
ber of fermions can be doubled without qualitatively changing the
physics of the model (this is not necessary if the fermion matrix is
purely real). Some immediate candidates are other sign-problem-free
‘designer’ models of various flavors of quantum criticality, such as
easy-plane XY and Z,* antiferromagnetic transitions in metals, the
Ising nematic transition in metals®, fermions coupled to emergent
gauge fields™®, Kondo lattice physics®®®*, disorder-averaged
criticality®, Gross-Neveu-Yukawa criticality®®, and models of flat
band physics®”7°. Other classes of models are Hubbard-type models
and electron-phonon models, which have been recently
studied®*"**7'72 ysing various HMC and DQMC algorithms. We note
that for theories with dynamical gauge fields of continuous gauge
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groups or non-linear-sigma models, HMC is less efficient due to the
trouble it has in sampling the various topological sectors via molecular
dynamics. In these cases, perhaps an HMC augmented with generative
model sampling might make for a very efficient sampling™. This issue is
not present in the present model, since the magnitude of the O(3)
bosonic field is not restricted.

Potential algorithmic improvements

The implementation could benefit from more sophisticated
approaches to solving the linear system arising from each integra-
tion step within the HMC algorithm. Currently, the computational
cost of our preconditioned CG approach enjoys ideal scaling in the
limit of large L. However, the scaling with respect to N, for At fixed,
i.e., the zero-temperature limit, is superlinear with respect to At.
Several approaches to similar linear solves have been introduced in
the LQCD and condensed matter literatures that could pay divi-
dends here. These include Hasenbuch preconditioning*®”*, multi-
grid preconditioners and solvers”, and non-iterative ideas based on
Schur complements*. These approaches should also help for larger
values of the Yukawa coupling, when the preconditioner used in
this work would be less effective. Moreover, a mixed-precision
implementation of CG on the GPU could provide significant
speedup’.

There is also room for further investigation into the HMC hyper-
parameter auto-tuning procedure, as there exist alternative criteria for
tuning € and njeqp. For example, one could instead tune ¢ based on the
average acceptance rate or based on the stability of the numerical
integrator. Meanwhile, the tuning of nye,p is by far the most expensive
part of the warmup phase. The current state-of-the-art approach in the
statistics literature for tuning nye,p, is called the No U-Turn Sampler
(NUTS)”. Implementing NUTS in our setting might offer a similar
advantage.

Methods

QMC path integral with fermions

In order to simulate the action of Eq. (2) we put the system on a finite
square lattice of size L with periodic boundary conditions. The lattice
spacing is set to one. The imaginary time direction is also discretized
into NV, slices, with the imaginary time spacing, or Trotter step, labeled
as At. We set At=0.1. Fermions and boson obey anti-periodicity and
periodicity, respectively, in the time direction. As in any path integral
quantum Monte Carlo method involving fermions, we start by writing
out the partition function and performing the Grassmann integral over
the fermionic fields:

7= / dep &S ® / Ay dp eSS @)
. (16)
= / dep e 5 det (D())" .

Here, D(¢p) is the fermion matrix of size 2-2-N;-L-L=4N,?,
where the two factors of 2 correspond to the band and spin indices.
Since the fermionic action is diagonal in the flavor index j, Nrenters
trivially as a power of the determinant. Component-wise D(¢) is
given by

D(¢)(u,s,r,x,y),(a',s',r’.x’,y’) = 60(,41’ 63,5’ {6x,x’ 6y,y' (6r,r’ [_1 - Arﬂa]
+ 6T+I,T’ [1 -2 é‘T,N,—l]) - 61,1’ At ta,(x,y),(x',y’)}

+ 66y e AT & WY P(T,X,9) - Ty Oy,

a7

which is read directly from the action in Eq. (2). Here, 7 is in the range
{0, ..., N;-1},and x, y are in the range {0, ..., L - 1}. 8, is the Kronecker
delta function. 022,, is the usual Pauli matrix, but acting on the band

indices instead of the spin indices.

Stochastic formulation of the determinant
In the rest of this section, we will use the notation ¢ (not bold) to
denote the bosonic field, to emphasize its interpretation alternatively
as either a vector of length 3N,? or an array of size 3xN;xLxL,
depending on context, as opposed to its equivalent representation as
3-component field ¢ = @(7, x, y).

In the usual BSS algorithm’®, the determinant in Eq. (16) is
rewritten as

Ny—1
det(D(¢)) = det <1+ 11 B,(¢)), (18)

=)
where 1 and the B/(¢) are square matrices of size 2-2-L-L =412 This
reduces the cost of exact computation of the determinant from the
naive scaling of O((4N,L%)’) to the improved scaling of O(N, (4L2)’) for
every configuration ¢. Although this is better than the direct compu-
tation of the larger determinant, the scaling with respect to L is
nonetheless quite severe.

As an alternative to the exact computation of the determinant, we
use the pseudofermion method’** to evaluate it stochastically. This
method is based on the expression

det(4) x / DYDY’ e 4%, 19)

where ¢ is an auxiliary complex bosonic field (called a ‘pseudo-
fermion’) and A is any Hermitian positive definite matrix.

Although the anti-unitary symmetry of ref. 16 guarantees that
det(D(¢)) is always non-negative, D(¢) itself is not necessarily positive
definite. However, we can write

det (D) = (det(D) det (D))"

(20)
= (det(D) det(D))""/* = det (DD"

Ny /2

The matrix D(¢))D(¢)" is guaranteed to be positive definite. Note
that when Nris odd, the integral in Eq. (19) comes with a fractional
power, which limits us to the case of even N From here on, we set
Nr=2, and moreover this value is used in our simulations. Rewriting the
determinant in this way, the partition function becomes

7= / dpde dep e (55@)*+Sur@9) 2D

where Spp(¢, @) =(p*(D(¢)D((]))T)71(p. Note that the dimension of ¢ is
the same as D(¢), i.e., 4N, L% This new partition function defines a joint
distribution p(¢, @), which can be sampled with Markov chain Monte
Carlo (MCMC).

Solving the linear system
While Eq. (21) introduces a matrix inverse to the action, the expression
can be evaluated efficiently by treating the application of (DD*)f1 to @
as the solution to a linear system:
(DD =, (22)
where 7is the unknown. A wide class of iterative solvers are available to
tackle this problem efficiently. Additionally, other non-iterative solvers
have recently been employed in the application of HMC to the
Hubbard model*’. Here, we use the conjugate gradient (CG) method®,
a commonly used technique with practical advantages for Hermitian
positive definite systems.

Choice of preconditioner. Iterative solvers can often be precondi-
tioned with a transformation that improves the conditioning of the
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linear system. For any preconditioner P, the equation P(DD")n=P ¢
has the same solution as the original system but may be better con-
ditioned. Within the CG algorithm, we choose a preconditioner as
follows.
Note that D(¢) as defined in Eq. (17) can be split into two terms,
D(@)=K+V(p), (23)
where the first term, K, i.e. the fermionic kinetic energy, consists of all
terms in Eq. (17) that are independent of ¢. Since K is a translation-
invariant operator (modulo fermionic imaginary-time antiperiodicity),
it can be diagonalized and inverted efficiently using fast Fourier
operations and then used to construct an efficient preconditioner.
To wit, let F denote the discrete Fourier transform with respect to
the spacetime lattice indices (7, x, y), and let 7 be the unitary diagonal
‘twist’ operator defined by
T 6 (24)

— em’r
(a,5,7,x.)),(,8',1'X",y') (a,5,T.x))(a,8,7'Xy) :

Note that 7 transforms imaginary-time-periodic fields to
imaginary-time-antiperiodic fields, and as such we can write

K=FKF, 25)
where F : =T F is the ‘twisted’ Fourier transform and K is diagonal.

Our preconditioner is then defined by

P.=KK"Y'=FPF, (26)

where P=KK' is diagonal. As such, P can be applied with computa-
tional cost that is linear (up to log factors) in the spacetime volume
N2, In the limit where the coupling constant g > 0, this is the perfect
preconditioner, P= (DDT)fl, achieving convergence in a single CG
iteration. More generally, the preconditioner is effective in addressing
poor conditioning due to the unboundedness of the differential
operator term of D as the imaginary time step At is refined, in analogy
with, e.g., Laplacian preconditioners® in the numerical PDE literature.

See also ref. 35 for a similar approach to preconditioning based on
a noninteracting model. Note that such a preconditioner may not be
satisfactory in general in the strong coupling limit, and we discuss
possible future improvements in Section “Potential algorithmic
improvements”. For the couplings studied in this paper, we do none-
theless observe improvement due to the preconditioner, as detailed in
Supplementary Note 5.

HMC
Hybrid/Hamiltonian Monte Carlo (HMC) is a Markov chain Monte
Carlo (MCMC) method in which numerical integration of Hamilton’s
equations in a fictitious phase space produces sequential updates in a
Markov chain®®®. Historically used as tool for the study of lattice
quantum chromodynamics (LQCD), HMC is currently the state-of-the-
art method in the field, where it has yielded sub-1% errors on over -10™
degrees of freedom’>**,

We now give a brief overview of HMC as applied to theories with
fermions. As explained above, Eq. (21) defines a joint probability dis-
tribution,

p(p, )= %e—s,,(q;)—spf((p,(p), 27)

that needs to be sampled to estimate observables. We adopt a Gibbs
sampler approach to sampling the two fields ¢, ¢, wherein we update
each one conditioned on the other in alternating fashion.

The ¢ sample can be drawn exactly from the conditional dis-
tribution for fixed ¢, which is the complex normal distribution

N(0,D(¢)D(¢p)"). This is achieved by sampling a standard complex
Gaussian vector y and setting @ = D(¢)yx.

Because the action is not quadratic in ¢, sampling of this field
remains non-trivial but can be handled with MCMC. We employ the
HMC method for this purpose. The first step is to introduce a field
that acts as an artificial conjugate momentum to the field ¢. Together,
¢ and m define phase space coordinates for a fictitious Hamiltonian
system

H(@, 0, 1=K M)+ S@,0)= s M+ 8@,0), (28)

consisting of ‘kinetic energy’ and ‘potential energy’ terms. The kinetic
energy specifically is defined with respect to a choice of metric M, also
called a mass matrix, which is given to be positive definite. The choice
of M will be discussed later. This Hamiltonian allows us to define a new
joint distribution p(@, @, m) ~eH@¢™  compatible with our target
distribution after marginalization of .

The new joint distribution can now be efficiently sampled by
drawing m directly as a normal random vector with covariance M and
then integrating the equations of motion of A,

dp .
E_M m and i

dm _

0S(¢, )
o6 (29)

Here, t is a fictitious ‘time’ variable. The trajectory defined by Eqs.
(29) is also known as the molecular dynamics trajectory. Once a new
sample of (¢, m) is obtained, its ¢p component is taken as the new
sample of p(¢, ).

With these tools, we can construct the Markov chain update for ¢
as follows:

1. Generate a momentum sample from  ~ A\ (0, M).

2. Approximately integrate the molecular dynamics (29) with initial
condition (¢, m) for some time to produce new configura-
tion (¢', ).

3. Accept the new configuration
ability &= min (1, e*{”“”"””*”(‘?"”)}) .

(¢',m) with prob-

Exact integration of Egs. (29) is not feasible and must therefore be
performed numerically in discrete time. A suitable choice of numerical
integration scheme is leapfrog integration®, which preserves phase
space volume and ensures that the final Metropolis accept/reject step
preserves detailed balance.

Scale-invariant sampling

In high dimensions, local MCMC methods encounter difficulties in the
setting of ‘poorly scaled, i.e., severely anisotropic, distributions. In
order to guarantee a nonvanishing acceptance rate without correcting
for this difficulty, the local moves in the MCMC sampler are con-
strained by the smallest scale present in the problem, and as such the
autocorrelation time with respect to the large scales must grow
accordingly. For a critical lattice model, the smallest scale present in
the distribution is not bounded away from zero in the thermodynamic
limit, and this difficulty must be addressed to maintain constant
autocorrelation time in this limit. Existing approaches based on affine
invariance are unsuitable in this context due either to a curse of
dimensionality® or to unacceptable (i.e., at least quadratic) scaling®”
with respect to the spacetime volume N,L2 Relative to these approa-
ches, we are able to exploit the known a priori structure of our model,
i.e., translation invariance, to achieve a fast scale-invariant sampler.
Specifically, within the context of HMC, we learn an optimal metric M
‘online.” In contrast with**, beyond translation invariance we do not
assume any a priori functional form for the metric, as any a priori
choice may struggle near criticality. Since M is updated adaptively, it is
then important to tune the HMC hyperparameters £ and Rgieap
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adaptively in a scale-invariant fashion. For this task we adapt best
practices from the statistics literature (as implemented, e.g., in ref. 52)
to our setting, as we shall discuss below. These quantities (i.e., M, &, and
Nieqp) are all determined during a warm-up phase, after which they are
fixed for the duration of the run.

Online metric estimation. HMC as described above allows for an
arbitrary choice of metric or mass matrix M. When the underlying
probability distribution to be sampled is poorly scaled, the metric
must be adapted to the scaling of the distribution to maintain a con-
stant autocorrelation time. An idealized choice for M is given by the
inverse of the exact covariance matrix Xy e: = (¢@") of the underlying
distribution p, i.e, by M=3_... In the case where p is the Gaussian
N(0, Z,e), such a choice is equivalent to rescaling p to the standard
(isotropic) Gaussian distribution A/(0, 1). More generally, such a choice
can be viewed as rescaling p to a distribution with unit covariance
matrix.

There are two obstacles to achieving this idealized choice. First,
the exact covariance X, is not known a priori. Second, even if it were
known or estimated as X =X, the cost of even storing this matrix
scales as ~ (VN,)?, which already imposes a computational bottleneck.
Worse still, within the HMC algorithm, we must generate samples from
N(0,Z71), which in general scales as ~(VN,)?, i.e., as the cost of a
Cholesky factorization of X.

The first of these obstacles can be tackled via online estimation of
the covariance matrix X, from samples. To wit, we can choose some
initialization for X (typically X =1) and run the HMC algorithm to pro-
duce a batch of S samples ¢?, ..., of the bosonic field, then reset
T Te: =133 99997 and repeat the procedure until X
converges.

There is an appearance of circular reasoning to such an online
estimation scheme in that it assumes the ability to draw samples ¢ - p
via our MCMC sampler (which may be bottlenecked by a long auto-
correlation time) in order to improve the autocorrelation of the MCMC
method itself! However, it is important to realize that in the initial
iteration, the autocorrelation time for the smallest eigenmodes of X,
is not long. Indeed, to get a nonvanishing acceptance probability, the
step size in HMC must be tuned to be on the order of the smallest
eigenvalue of the covariance. Due to anisotropy, this may result in very
slow MCMC mixing in the highest eigendirections, but this does not
interfere with our ability to estimate the smallest eigenmodes. After
the first iteration, having corrected for the smallest eigenmodes, the
procedure proceeds to correct the next smallest, etc.

Despite its theoretical appeal, there are two problems with this
approach, from the point of view of computational scaling. First, to get
an estimate X.q =X Of fixed accuracy requires a size-extensive
number S of samples, due to the size-extensive numerical rank of Zye.
Second, as mentioned earlier, the cost of storing and factorizing X is
prohibitive. In fact, both problems can be addressed by exploiting
translation invariance.

Indeed, since X is translation-invariant, it is equivalently diag-
onal in Fourier space—or more precisely, (3 x 3)-block-diagonal with
respect to the vector index [=1, 2,3 of ¢. Therefore X, =F ftme F,
where F represents the discrete Fourier transform with respect to the
spacetime lattice indices and £, is block-diagonal. As such the block-
diagonal can be obtained as the expectation diag([ftme],,r) = @, O tf),v),
where samples ¢ are obtained as ¢=F¢ from samples ¢ and ‘©’
indicates the entrywise product. In practice, for simplicity we consider
only the true diagonal of £, which iis sufficient to address the increasing
anisotropy due to large volume. Concretely, we therefore form

)

P 13~
0 < Oggt : =§Z¢® (30)
s=1

and let =7 % 7", where I is the diagonal matrix with diagonal &.

In order to draw sample momenta m ~ A (0,M) within the HMC

algorithm, observe that M=3 "= (F3 "*)z5 ") . Therefore we can
simply draw z ~N(0,1) and let m = ]—'(6_1/2 O z), where 6 V% indicates
the entrywise inverse square root of ¢. The total cost of drawing such a
sample is linear in the spacetime volume L*N,, up to a log factor, as is
the cost of evaluating the HMC energy of Eq. (28).

Since the off-diagonal elements of £ are known a priori to be zero
(and implicitly set to zero automatically), we only need O(1) effective
samples to estimate o to fixed accuracy. Hence the total cost of each
iterative update of T scales linearly in the spacetime volume L2N,, up to
log factors.

Online HMC hyperparameter tuning. Within the HMC algorithm,
once the metric M is fixed, it remains to choose (subordinate to this
choice) appropriate values for the integration step size £ >0 and the
number nje4p Of leapfrog integration steps per proposal.

First we consider the choice of €. Roughly speaking, one wants to
choose ¢ as large as possible without sabotaging the acceptance rate.
Quantitatively, let a(e) denote the expected acceptance probability for
a single leapfrog integration step of size €. More precisely, recalling
that a=a(¢, m, @', m’) denotes the acceptance probability of a pro-
posed move (¢, m) — (¢, '), we may define a(e) = (a(¢p, (p’))gl,,leﬂp:l,
where the statistical expectation is computed by sampling (¢, m) ~p
and then sampling (¢', ') as a proposal from ¢ according to the HMC
algorithm with step size ¢ and njeap =1. Then one wants to maximize &
subject to the inequality

(1 - a(e/2)* <2(1 - a(e)). (31

The left-hand side estimates the probability of accepting two
steps of size £/2, whereas the right-hand side estimates the probability
of accepting one step of size ¢. Since the former strategy costs twice as
many linear solves (DDT)flqo as the latter, the latter is computationally
preferable as long as the inequality holds.

In practice, we maintain an estimate for a(¢) and a(e/2) based on
an empirical average over a recent history of samples, and we increase
or decrease € when Eq. (31) is satisfied or violated, respectively.

Now we turn to the choice of njeap. Within the actual HMC algo-
rithm, we choose nye,p uniformly at random from the set {1, ... ,n.. 0,
independently for each iteration, where n,, is a hyperparameter to be
determined adaptively. This ‘jittering’ procedure is standard in the
statistics community®. The hyperparameter n,,,, is determined as the
maximizer of the expected squared jump distance (ES)D)*

ESID(n) : = (¢ — ¢) M@ — ¢ a(,9)) (32)

ENjeap =N

Importantly, the metric M is needed here to correctly define the
squared distance |¢ — ¢'|%,= (¢ — @) M (¢ — @).

In practice, similarly to a(¢), we maintain an estimate for ESJD(n)
based on an empirical average over recent history, and we choose n,,,
to maximize it.

During the warmup phase, the three components of ¢, n,,, and M
are each tuned several times, until they stop changing appreciably.

Note that since the acceptance probability in HMC is directly
determined by the energy conservation error in the integration of
Hamilton’s equations (29), alternative higher-order integration
schemes besides leapfrog can be considered to improve acceptance
rates at the price of more expensive integration steps, cf. for
example®®%,

Estimation of observables

Here we describe the methods we use to compute physical obser-
vables directly in Fourier space, while keeping the computational cost
near-linear in SV.
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Bosonic observables. Bosonic observables can be computed directly
as a sample average over the bosonic field variable ¢. Specifically of
interest is the SDW susceptibility

B S
@@= [ Y@ $0,0)¢ " dr. (33)
0 F
The SDW susceptibility can be estimated at linear cost (up to log
factors) as

X@,9)=(1¢@ @) Ar, (34)
where we recall that ¢ = ¢ is the spacetime discrete Fourier trans-
form of ¢.

Fermionic observables. Fermionic observables require more care to
estimate while maintaining almost-linear scaling. Of particular interest
are the two-point correlator (in Fourier space)

B .
G, )= /0 S Was(0, O, (T, F))E 07 dT. (35

and the superfluid (SF) density, which is defined in Supplemen-
tary Note 3.

The key observation is that all fermionic observables of interest
can be phrased in terms of the expectation value of the diagonal of a
matrix for which it is possible to perform efficient matrix-vector mul-
tiplications, i.e., as

(diag(0,)), (36)
where the statistical average is taken with respect to the bosonic
density for ¢ and where O, is an operator that depends on the
bosonic field. Rather than compute the diagonal entries individu-
ally, it is more efficient to recover them simultaneously via the
identity

diag(0,)=E[v © (Oyv)), (37)
where v is a random vector with independent entries that take
values +1 each with probability 1/2 and ‘E’ indicates the expecta-
tion with respect to this distribution over v. As before, ‘©’ indicates
the entrywise product of vectors. This identity defines a rando-
mized matrix-free algorithm for recovering a matrix diagonal from
only O(1) matrix-vector multiplications, which has appeared
before in various works’®’'. Moreover, after taking traces of both
sides, one recovers the famous Hutchinson trace estimator®.
During the preparation of this work, this randomized diagonal
estimator has also appeared in ref. 44 for the same purpose of
computing fermionic observables, though their approach to
computing quartic fermionic observables such as the SF density
differ somewhat from ours.

Since we must average diag(O,) over the bosonic distribution for
¢, we can in fact obtain a consistent estimator by independently
drawing a single vector v for each bosonic sample ¢, s=1,...,S,
where S is the sample size of our empirical average and estimating

18
i ~ (s) ()
diag(0,) ~ S ; v © 0. (38)
Further details of the implementation of the approach to computing
fermionic observables (i.e., the specification of O, for observables of

interest) can be found in Supplementary Note 3.

Numerical performance

Here we summarize the numerical performance of our algorithm,
with more details provided in Supplementary Note 6. As noted in
the Introduction, in the presence of a critical slowing down, the
HMC algorithm can require a number of integration steps per
effective sample of O(BY*"*VV/4*22) where z, z, are to be deter-
mined empirically. To extract these exponents, we benchmark our
algorithm across spacetime lattice sizes at the critical parameters of
the theory, scaling with respect to V=L?and N, separately. We track
the growth of the integrated autocorrelation time 7;,, of the total
SDW susceptibility x = x(0, 0) at criticality, and use it to quantify the
wallclock time and number of HMC integration steps per effective
sample: Tine X Njeap-

We find that our algorithm exhibits constant scaling of T, with
respect to both lattice volume and inverse temperature. For the
exponents, we find z; = 0.5, z,= 0. This implies an absence of critical
slowing down with respect to the lattice volume V for the auto-tuned
HMC algorithm presented in this work.

The actual wall clock time in turn depends on the cost of the linear
solves of the form Eq. (22). With the preconditioned CG approach
described in Section “Choice of preconditioner”, we observe near lin-
ear scaling in wall clock time per effective sample with respect to V,
while the scaling is superlinear with respect to N,. The linear solve can
be approached with more advanced techniques, as well as more
refined GPU parallelism. These directions are discussed in Sec-
tion “Potential algorithmic improvements”.

Data availability
The data analyzed in the current manuscript is available from the
corresponding author upon reasonable request.

Code availability
All the custom codes used in this study can be requested from the
corresponding author.
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