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ABSTRACT. Let (ak)ren be an increasing sequence of positive integers satisfying the Hadamard
gap condition ag+1/ar > ¢ > 1 for all kK € N, and let

Sp(w) = Zcos(?wakw), neN, wel,1]
k=1

Then S, is called a lacunary trigonometric sum, and can be viewed as a random variable
defined on the probability space 2 = [0, 1] endowed with Lebesgue measure. Lacunary sums
are known to exhibit several properties that are typical for sums of independent random
variables. For example, a central limit theorem for (Sp)ren has been obtained by Salem and
Zygmund, while a law of the iterated logarithm is due to Erdés and Gal. In this paper we
study large deviation principles for lacunary sums. Specifically, under the large gap condition
ag+1/ar — 00, we prove that the sequence (Sn/n)nen does indeed satisfy a large deviation
principle with speed n and the same rate function T as for sums of independent random
variables with the arcsine distribution. On the other hand, we show that the large deviation
principle may fail to hold when we only assume the Hadamard gap condition. However, we
show that in the special case when ax, = ¢* for some ¢ € {2,3,...}, (Sn/n)nen satisfies a
large deviation principle (with speed n) and a rate function I, that is different from I, , and
describe an algorithm to compute an arbitrary number of terms in the Taylor expansion of
I,. In addition, we also prove that I, converges pointwise to T as q — oo. Furthermore, we
construct a random perturbation (ar)ren of the sequence (2k)k€N for which agyi/ar — 2
as k — oo, but for which at the same time (S, /n)nen satisfies a large deviation principle
with the same rate function I as in the independent case, which is surprisingly different
from the rate function I» one might naively expect. We relate this fact to the number of
solutions of certain Diophantine equations. Together, these results show that large deviation
principles for lacunary trigonometric sums are very sensitive to the arithmetic properties
of the sequence (ar)ren. This is particularly noteworthy since no such arithmetic effects
are visible in the central limit theorem or in the law of the iterated logarithm for lacunary
trigonometric sums. Our proofs use a combination of tools from probability theory, harmonic
analysis, and dynamical systems.
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1. INTRODUCTION

The study of lacunary series is a classical and still flourishing topic in harmonic analysis
that has attracted considerable attention. In the article [48] published in 1922, Rademacher
1
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studied the convergence behavior of series of the form

Z bk?"k(w),
k=1

where w € [0,1], b = (bg)ren € RY, and 7, denotes the k" Rademacher function, that is,
ri(w) = sign(sin(2¥7w)). He proved that such a series converges for almost every w € [0, 1]
if > en |bi|? < 0o, or equivalently, b € £5. The necessity of square summability was obtained
shortly after by Khintchine and Kolmogorov in 1925 [35], thereby establishing an interesting
lo-dichotomy in the convergence behavior of such series. Note that by the structure of the
Rademacher functions one has

D bprk(w) =D b (2 w),
k=1 k=1

where on the right-hand side we have a series of dilates of a fixed function, with an expo-
nentially growing dilation factor. This leads naturally to the study of similar questions for
lacunary trigonometric series, that is, series of the form

Z by, cos(2magw) and Z by sin(2magw),
k=1 k=1

where w € [0,1], b = (bp)ren € RY, and (az)ren is a sequence of positive integers that is
lacunary, in the sense that it satisfies the Hadamard gap condition
(1.1) % >qg>1, for every k € N.

k
Interestingly, results similar to the Rademacher case were obtained for such series. Kolmogorov
showed in [37] that the square summability of b is sufficient for the almost everywhere conver-
gence of lacunary series and Zygmund proved in [60] that the square summability condition
was necessary, again establishing the same ¢s-dichotomy as for Rademacher series.

An important property of the Rademacher functions is that they form a system of inde-
pendent random variables. More precisely, if (b)ren is a sequence of real numbers, then the
weighted Rademacher functions byri, k& € N, form a sequence of independent and centered
random variables with Var(bgry) = b2. One readily checks that Lindeberg’s condition is sat-
isfied whenever both b ¢ /5 and maxi<g<p |bx| = o(|[(br)}_;|l2). This means that under these
two conditions we have, for every ¢ € R, the central limit theorem (CLT)

. n 1 t
nlggoA<{w € [0, 1] me <tH(bk)k:1]2}> — %/me /2 gy

which in particular holds When bk = 1 for every k£ € N. In 1939 Kac proved an analogous
central limit theorem in the lacunary case for integer sequences (ax)ren With very large gaps,
that is, those for which ayy1/ar — oo, as k — oo. The case of Hadamard lacunary sequences
(ar)ken was settled in 1947 when Salem and Zygmund established in [52] that, for all ¢ € R,

(1.2) lim A({we [0,1] Zcos Imapw) <t\/7 ) \ﬁ/ e V2 dy.

n—o0

These results suggest that lacunary trigonometric sums behave in many ways like sums of
independent random variables, and in fact, this has become a classical heuristic that has been
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confirmed in many settings. Indeed, under the Hadamard gap condition, the sequence of scaled
partial sums of the functions cos(2maxx), k € N, not only satisfies the central limit theorem
n (1.2), but, as Salem and Zygmund [53] and Erdds and Gal 23| showed, also satisfies a law
of the iterated logarithm (LIL), that is, for almost every w € [0, 1],

n
> cos(2magw)
. k=1
lim sup

n—oo  y/nloglogn

A generalization to non-integral sequences (ay)reny was also later established in [57].

A natural question is to ask whether the CLT and LIL still hold under the Hadamard gap
condition when the function w + cos(27w) is replaced by an arbitrary 1-periodic function f.
A famous example of Erdds and Fortet (see, e.g., [32]) shows that this is not true in general.
However, under the additional condition that the function f : R — R is of bounded variation
on [0, 1] and satisfies both

=1.

1
(1.3) flw+1) = f(w) and /0 f(w)dw =0,

Kac was able to show in [31] that a central limit theorem holds for scaled partial sums of the
functions w — f(2%w), k € N, but in this case the variance of the Gaussian limit law is

1 o0 1
(1.4) 02:/0 f(w)2dw+2z/0 F@) F(250) doo,
k=1

rather than fol f(w)? dw, as one would have in the independent case, namely for the sequence
of partial sums >}, f (2kU}), where {Ui}ren are independent and identically distributed
(i.i.d.) random variables distributed uniformly on (0,1). This shows that general lacunary
function systems possess a more complicated dependence structure than lacunary trigonomet-
ric function systems, and that in the general case, the arithmetic structure of the lacunary
integer sequence plays a crucial role. Gaposkin found a remarkable relation between the exis-
tence of a CLT and the number of solutions to a certain Diophantine equation [29]. It was only
more recently, in 2010, that Aistleitner and Berkes improved Gaposkin’s result and provided
the precise condition for the central limit theorem to hold in the general lacunary framework
[4, Theorem 1.1].

While we have seen that the probabilistic behavior of lacunary series is quite well un-
derstood on the scales of both the CLT and LIL, this is not the case for large deviations.
Specifically, large deviation principles (LDPs) seem to have not been studied at all in the
lacunary setting. In contrast to the CLT, which captures universal behavior in the sense that
the limits are insensitive to details of the distribution beyond the first and second moments,
probabilities of (large) deviations on the scale of laws of large numbers are non-universal
and describe the asymptotic likelihood of rare events. More precisely, LDPs are sensitive to
the distribution of the underlying random variables and their non-universality is reflected in
the so-called rate function and/or the speed, which together define the asymptotic exponen-
tial decay rate of large deviation probabilities. The most classical result in this direction
is Cramér’s theorem [15] (see also [16] and [17, Theorem 2.2.3]), which guarantees that if
X, X1, X, ... are i.i.d. random variables with cumulant (or log-moment) generating function
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A(u) :=log E[e*X] < oo for u in a neighborhood of zero, then one has

1
lim —logP (X; +... 4+ X,, > nt) = —A*(¢t),

n—oo 1

for all t > E[X], where A* is the Legendre-Fenchel transform of A given by

A*(t) = sup [fx — A(0)] .
feR
LDPs in the spirit of Donsker and Varadhan, who initiated a systematic study (see [17, 56| and
the references cited therein), generalize the idea behind Cramér’s theorem. Loosely speaking,
a sequence (X,)nen of random variables in R? is said to satisfy an LDP with speed s, 1 0o
and a rate function I : R? — [0, 00| if for sufficiently large n € N and A C R? sufficiently
regular,
—8n Inf I
P(X, € A)~e " a2a'®

More precisely, a sequence (X, )nen of random variables in R? is said to satisfy an LDP with
speed s, and rate function I : R? — [0, 00] if T : R% — [0, 00] is lower-semicontinuous and for
every Borel measurable set A C R,

(1.5)  — inf I(x) <lim infi logP(X,, € A) <lim supi logP(X,, € A) < — inf I(x),
TeA° n—00 Sp n—oco Sp €A
where A° and A, respectively, denote the interior and closure of the set A.

In this paper we study large deviations for lacunary sums, thereby complementing existing
limit theorems like the CLT and LIL mentioned above. More precisely, if (aj)ken is a lacunary
sequence, that is, a sequence of positive integers satisfying the Hadamard gap condition (1.1),
we study the tail behavior of the associated sequence of lacunary sums, namely partial sums of
the sequence Xj(w) := cos(2maiw), w € [0,1], k € N, viewed as real-valued random variables
on the space [0, 1] equipped with the Borel o-algebra B([0,1]) and Lebesgue measure A. Our
results reveal an interesting and surprising behavior, showing how sometimes — depending
on arithmetic properties of the lacunary sequence (aj)reny — the large deviations behavior
of the associated sequence of lacunary trigonometric sums resembles that of partial sums of
independent and identically distributed random variables, whereas in other situations it does
not. This is particularly interesting since no such influence of the arithmetic structure of the
lacunary sequence is visible under the Hadamard gap condition when considering lacunary
trigonometric sums, neither in the case of the CLT nor in the case of the LIL.

We present precise statements of our main findings in the next section, with the proofs
presented in the following section.

2. MAIN RESULTS

We now present the main results of this paper. Let U ~ Unif(0,1) be a random variable
with the uniform distribution on the interval [0,1]. Given a sequence (ag)ren of positive
integers, define the random variables

(2.1) X = cos(2marU), k€N,

and their partial sums

(2.2) Sy = ZXk = Zcos(27rakU), n € N.
k=1 k=1
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These random variables are most conveniently defined on the probability space Q = [0, 1]
endowed with the Borel o-algebra B([0, 1]) and standard Lebesgue measure A, which we shall
sometimes also denote by P. As a function on 2, Xj is then given by Xi(w) = cos(2maiw),
for w € [0,1] and k € N. Note that the random variables X7, Xo, ... are identically distributed
and (if all ag, k € N, are distinct) uncorrelated. To see that the correlations vanish when
(ag)ren are distinct, recall that cos(a) - cos(f) = 27 [cos(a — B) + cos(a + )] and hence,
whenever k # £, we have

1 1 1 1 1
/ cos(2magw) cos(2mapw) dw = 5 / cos(2m(ag — ag)w) dw + 3 / cos(2m(ag + ag)w) dw = 0.
0 0 0

However, the elements of the sequence (X )ren are not independent and in fact, the sequence
is in general not even stationary.

2.1. Behavior as in the independent case. Our aim is to prove LDPs for the sequence
(Sn/n)nen- It is natural to try to compare the behavior of S, /n to the behavior of partial sums
of independent random variables with the same distribution as X7, the common distribution
of X,k € N. To this end, consider the random variables

(2.3) X, := cos(2nUy), k€N,

where (Ug)ren are ii.d. random variables with the same distribution as U, and define their
partial sums

(2.4) Spi=)Y X, neN
k=1

By Cramér’s classical theorem (see, e.g., [17, Theorem 2.2.3]), (Sp/n)nen satisfies an LDP
with speed n and rate function I : R — [0, +00] given by the Legendre-Fenchel transform of
the logarithmic moment generating function, that is,

(2.5) I(z) = sup [Gx — /N\(H)} ,
feR

where

(2.6) A(0) = logE[e?X1],  geR.

The function A can be computed explicitly. The common distribution of the random variables
Xk, k € N, is the arcsine law on (—1,1) with Lebesgue density

1
f(JU):ﬁ,

The moment generating function of )Z'l is accordingly given by

lz| < 1.

o0 1 me

oxy_ [ e L v .
Ele ]_/1 7T\/1—$2d B 7;)(27”)!/1 ﬂ\/l—xQd
0?m T(m+1/2)
2Cm)!IT(m+1)y/m
6?m  (2m)!
(2m)! 22mm!m]!

92m

M L0

0

3
|
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o 02m

(2.7) = Z W

m=0
Note that the right-hand side equals the modified Bessel function By(f) of the first kind.
When combined, the above calculations yield

. e g2m
m=0 ’

Since X; is supported on the interval [—1, 1], the function I equals +oo outside [—1,1]. More-
over, the asymptotics of the modified Bessel function By given in [1, p. 377, 9.7.1| imply
that

~ 1 1
AB) =6 — B log(2m0) + O <9> ) as 6§ — +o0,

which, after taking the Legendre-Fenchel transform, yields that I(+1) = +o0. On the interval
(—=1,1), the function I is finite.

Now, let us finally turn to the partial sums (Sy,)nen defined in (2.2). Our first result
states that when (ax)ren satisfies the so-called “large gap condition”, the associated sequence
of lacunary sums (Sy,/n),en satisfies an LDP with the same speed and the same rate function
I as in the truly independent case, that is, as (gn/n)neN.

Theorem A. Suppose that (ax)ren is a sequence of positive integers that satisfies the “large
gap condition”

Gkt1 — 0
ag
Then (Sn/n)nen satisfies an LDP with speed n, and rate function I.

as k — oo.

The proof of Theorem A is given in Section 3.2, after an instructive special case has been
treated in Section 3.1.

Remark 2.1. In this paper, we discuss only sequences that satisfy Hadamard’s gap condition.
If (ag)reny C N is a sub-lacunary sequence, that is, increasing and log(ay)/k — 0 as k — oo,
then for z € (0,1), we argue below that

1 1 ¢
2.9 liminf — log P 0,1} : — 2 > =0
(2.9) iminf ~log ({w € [0,1] n;COS( Tarw) > z}) ,

which says that in contrast to the lacunary case, these probabilities decay slower than expo-

nentially in n. To show (2.9), fix z € (0,1) and choose § = d(z) > 0 such that cos(2rw) > z
for |w| < 6. Then, cos(2marw) > z for all k € {1,...,n} if |w| < d/ay,. But P (w < %) = %
and

1 1o
ool 1 >
hrrbn inf - log P ({w € [0,1] - kg_l cos(2majw) > z})

1
liminf —log P({w € [0,1] : cos(2marw) > z,Vk € {1,2,...,n}})

n—oo n

1 0
lim —logP <w < >
n—oo M Qap,
= (),

A\

Y



LARGE DEVIATION PRINCIPLES FOR LACUNARY SUMS 7

where the last equality uses the assumption that (aj)ren is sub-lacunary. Since the opposite
inequality follows trivially, this proves (2.9).

2.2. The case of geometric progressions a; = ¢". Let us now consider the case when
there exists ¢ € {2,3,...} such that a;, = ¢* for k € N. Contrary to the case of a large
gap condition (see Theorem A), we now obtain LDPs with the same speed n, but with rate
functions that are different from .7, and depend on the particular value of the growth factor q.
Our main findings in this case are summarized in the following theorem, whose proof is given
in Section 3.3. Let us point out that the main aspect of Theorem B is not the LDP itself,
which follows from standard results (see, e.g., [8, 45, 59]), but rather the properties of the rate
function which are specified in (i)—(iv).

Theorem B. Fizq <€ {2,3,...}. Let a = ¢* for k € N, and let S,, be the partial sum defined
in (2.2). Then the following limit exists:

(2.10) Ay(0) = tim % log E[e/n],

with the convergence holding uniformly for 0 in compact subsets of an open set D in the complex
plane such that R C D. Moreover, (S, /n)nen satisfies an LDP with speed n and rate function
1, which is the Legendre-Fenchel transform of A, that is,

I,(x) = sup [0z — Ay(0)], z € R.
0eR

Furthermore, each I, satisfies Io(x) > 0 for x # 0 and 1, is equal to 400 outside [—1,1], and
the family of rate functions I, q € {2,3,---}, has the following properties:

(i) For every q € {2,3,...}, we have I,(1) < I(1) and Iy(z) < I(z) for x € (0,1), where
I is defined in (2.5). In particular, the functions I, and I are different.

(ii) The limit limy oo Iy(x) = I(x) holds uniformly on compact subsets of the interval
(_L 1) .

(iii) There is a smooth transition of I, towards I as ¢ — oo, in the following sense: for all
m € {1,...,q}, we have

()80, ()0, =i,

where A is defined in (2.6), X1 in (2.3), km(X1) is the m™ cumulant of X|. Further,

(@) o= () Ty

In other words, the coefficients of 1,0,...,09 in the Taylor expansions of 14(0) and

1(0) coincide at the origin.
(iv) Whereas in (i11) the first q derivatives of Ay and A coincide, this is no longer true for
the derivative of order q + 1. In particular,

(%)qHA'I(Q)’e:O - (c%)ﬁlx(e)’e:o + q;ql = <di9>q+1x(9)‘9:0'

Indeed, we will see in Proposition 2.4 that not only is I, # I but it is also true that
Iy # 1y, i 1 # g2

We comment on Theorem B. As mentioned above, the fact that (S, /n),en satisfies an
LDP will be deduced from general results on thermodynamic formalism and expanding maps




8 C. AISTLEITNER, N. GANTERT, Z. KABLUCHKO, J. PROCHNO, K. RAMANAN

0.25;
0.20;
0.15;
0.10F
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Figure 2.2. The rate function I (solid line), corresponding to the case of independent
random variables, in comparison with the rate functions I (dotted) and I3 (dashed), whose
existence is established in Theorem B. The plot is based on the Taylor approximation of the
rate functions as given by Proposition 2.4. The rate functions I4, I, ... are not plotted, as
they would be indistinguishable from I on the plot. The plot supports the heuristics that I,

1 1 1

1 1

should approach T as q — 00, as indeed turns out to be the case due to part (ii) of our

Theorem B. Note also that I and I3 are symmetric, while Iy is not (cf. the discussion before
the statement of Conjecture 2.2).

of the interval [0,1] (see the proof of the theorem in Section 3.3). The key takeaways of the
theorem are the properties of the rate functions in (i)—(iv). Parts (ii) and (iii) state that the
rate functions I, converge towards I as q — 00, which is in accordance with the “limiting case”
of Theorem A where the ratio of ap41/ax diverges to 400, and where the rate function for the
lacunary sums coincides with the one for the truly independent case. The rate function I and
I, for small ¢, are illustrated in Figure 2.2.

Note also that as a consequence of conclusion (i) of Theorem B, the probability of large
deviations of the lacunary sums S, is (asymptotically) greater than the large deviation prob-
ability for the corresponding partial sum of independent random variables S,, defined in (2.4).
However, since the statement (i) only applies to positive values of x, this conclusion is only
valid for large positive deviations of the lacunary sum. In the case of large negative deviations
there seems to be an interesting dichotomy. When ¢ is odd, then the lacunary sums have a dis-
tribution symmetric around 0, which is a consequence of the fact that the mapping w — w+1/2
(mod 1) transforms the function cos(2r¢*w) into cos(27¢*(w+41/2)) = — cos(2mgFw). Accord-
ingly, the probabilities of large positive and large negative deviations are equal, and we have
I,(—x) = I;(x), so that in the odd case we have I,(z) < I(z) for all x # 0, with I,(z) < I(x)
for all sufficiently small |z| due to (iv). In contrast, when ¢ is even, there is no such symmetry.
In fact, for even ¢, it follows from (iii) and (iv) that A4(f) < A(9) for 6 < 0 sufficiently close
to 0 (because the coefficient of #971 an odd power, in the Taylor series of A,(f) is larger
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than that of A/NX(H)7 while the smaller powers coincide). By taking the corresponding Legendre-
Fenchel transforms, it follows that I(x) > I(z) for & < 0 sufficiently close to 0. We believe
the above inequalities hold without restricting |z| to be sufficiently small, as stated below in
this conjecture:

Conjecture 2.2. Let q € {2,3,...} and let ay, = ¢* for k € N. Let I, be the rate function in
the LDP for (S, /n)nen (which exists by Theorem B). Then, if q is odd,

I(x) < I(z) forall ze(—1,1)\{0}.
On the other hand, if q is even, then
I(x) < I(x) forall 0<z<1 and I(x) > I(x) forall —1<x<0.

As argued above, we have I(+1) = +oo. Since |S,/n| < 1, it is clear that I,(x) = 400 for
|z| > 1. The next lemma, whose proof is given at the end of Section 3.3, states that I,(+1) is
finite.

Lemma 2.3. For all ¢ € {2,3,...} we have I,(+1) <loggq.

As explained above, for odd g we have I,(—1) = I,(+1). For even g, it remains unclear
whether I,(—1) is finite (and in fact, it is not even clear whether I (x) is finite for all —1 <
x < 0).

The functions A, and I, appearing in Theorem B are not really explicit. In fact, the only
known formula for A, seems to be its representation as the logarithm of the largest eigenvalue
of a certain Perron-Frobenius operator (see the proof of Theorem B in Section 3.3). The next
proposition identifies the first few terms in the Taylor expansmns of I, for ¢ € {2,3,4}. Before
stating it, let us look at the Taylor series of the rate function I. From the expression for I in
(2.5) and properties of the Legendre-Fenchel transform, it follows that the derivative I’ of T
is the inverse function of the derivative A’ of /~\, see [50, Corollary 23.5.1, p. 219]. Using this
fact together with the expression for A in (2.8), which yields the series expansion

6> ¢* 0% 110 190 473612

2.11) Af) = — — — - o4 0
(211) A®) =7 ~ 1+ 576 ~ 29152 T 614400 ~ 1o6i6saz T ¢ ) as 0 =0,

one can easily compute the first few terms in the Taylor series of I near 0:

4 6 8 10 12
~ z 5z 19z 143z 17692
2.12 I(z) = Rl Oz 0.
(2.12) (2) = Z+4+36+192+1800+25920+ (=), asz=

Proposition 2.4. In the case when aj, = 2 for all k € N, the Taylor expansion of the rate
function around 0 is given by

324 1325 2926 2327 112728 2908327 12077210
I _ 23,2 _ _ _ O(11).
2(2) = 27 =27+ =5 6 9 5 180 a0 T 1prs T OG)

In the case when ay, = 3% for all k € N, the rate function satisfies

4 6 3928 18113210
I _,2_F L E O(:12
320 ="~ 5+ %~ 320 " Tooso0 T O )

whereas when ay = 4% for all k € N, we have

24 25 526

Li(z) =2+ = 5+ 5 TOGD.

In particular, the functions I, I3, 14, and T all differ from each other.
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In fact, in the proof of this proposition, which is deferred to Appendix A, we describe an
algorithm to compute an arbitrary number of terms in the Taylor expansion of I, for every
g € {2,3,...}. The algorithm, as well as the proof of properties (i)—(iv) in Theorem B, are
based on an analysis of the number of representations of 0 as a sum of m terms of the form
+q',+4¢?%,...,+¢". Denoting this number by A,,(n), we prove in Proposition A.1 that for
fixed m € N, it is a polynomial in n for all n > m — 2. This fact allows us to compute the
first few moments of .S,, and prove the above expansions.

Let us recall from (1.2) that (S,/v/n)nen satisfies a central limit theorem under the
Hadamard gap condition (1.1). The next theorem states that, perhaps surprisingly, the LDP
does not hold in the same generality. More precisely, by mixing up powers of 2 and 3 we shall
obtain an example of an Hadamard gap sequence (ax)gen for which the corresponding scaled
partial sums (S, /n)nen fail to satisfy an LDP. This is stated in the following result, which is
proved in Section 3.4.

Theorem C. There exists a sequence of positive integers (ax)ren Satisfying axy1/ar > q for
some q > 1 and all k € N, for which (Sy,/n)nen does not satisfy an LDP with speed n. More
precisely, for this sequence (ay)ren there exists Tg € (0,1) such that for all zo € (0, Zo),

1 1
0 < liminf —=logP(S,, > nxg) < limsup —— log P(S,, > nzg) < oo.
n—00 n n—00 n

Note that if (S),)nen did satisfy an LDP with speed n and rate function I, then the last
display would imply that inf,cp 5,) I(x) # inf,epo 4 I(2) for all zg € (0,70), which, in turn,
implies that I is not continuous at any point in (0,2z¢). This leads to a contradiction since [
must be lower-semicontinuous, thus showing that (.S, ),en does not satisfy an LDP with speed
n.

2.3. Randomized perturbation. Theorem A and Theorem B might together give the im-
pression that the existence of a limit of axy1/ax as k — oo ensures an LDP and its value
determines the rate function. In particular, one might be tempted to conjecture that the
condition ayy1/ar — oo is necessary for the rate function in the LDP to coincide with I, the
corresponding rate function for the independent case. However, this is not true. As Theo-
rem D below shows, it is possible to construct a randomly perturbed version (ay)ren of the
sequence (2¥)gen with limy_,0 agp1/ax = 2, for which the corresponding sequence (S, /n)nen
almost surely satisfies an LDP with speed n and rate function I. This shows that a random
perturbation may completely destroy the underlying dependence, at least at the large devia-
tion scale, and, as also further elaborated in Section 2.4, rather than the asymptotic growth
rate of the lacunary sequence (ay)ken, what seems to determine the form of the rate function
(when an LDP holds) is the fine arithmetic structure of (ax)ken-

Theorem D. Suppose we are given a sequence Y = (Yy)ken of independent random variables,
with each Yy uniformly distributed on the discrete set

(2.13) Dy, = {h2fk2/31 heZ0<h< 2fk2/31} . keN,

all supported on a common probability space (¥, A,Py), and an independent random variable
U ~ Unif(0,1). Also, for eachy € Doo := QenDrk = {(Yr)ken : yr € D}, define af = 2k Ly
for all k € N, and let

SY .= Zcos(QﬂaZU), n € N.
k=1
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Then, for Py o Y ~!-almost every y € Do, the sequence (S /n)nen, satisfies an LDP with
speed n and rate function I.

In large deviation parlance, the LDP in Theorem D is often referred to as a “quenched
LDP?” since the LDP is conditional on the realization of the sequence y, and not averaged over
the randomness of Y. Note however, that although the sequence (S} /n),en depends on the
choice of y = (yx)ren, the rate function I of the LDP (which holds for Py o Y ~l-almost every
y) does not. The proof of Theorem D is given in Section 3.5.

Remark 2.5. Note that for every realization y of Y in Theorem D, we have 2/(1 + 2”“1/3) <
afq/ay < 2(1+ 2—(k+1)1/3), which implies that, as k — oo, a],/aj — 2. Thus, Theorem
D proves that there exist lacunary sequences with proper exponential growth (as opposed to
super-exponential growth as in Theorem A) that satisfy the LDP with rate function I.

Also, by interleaving the sequence (2¥)ren with the sequence (aj)ken constructed in The-
orem D (in the same way as in the proof of Theorem C), and using the fact that Iy does
not coincide with 7, it is possible to construct a sequence (bg)ren such that as k& — oo,
br+1/br, — 2, but the corresponding lacunary sums do not satisfy an LDP. This sharpens The-
orem C. Somewhat surprisingly, even the randomized construction in Theorem D seems to be
quite sensitive. While Theorem D can certainly be generalized in many directions, it appears
to be more challenging to prove an analogue when each random component Y} is sampled
from {0,1,2,...,k}, or when it is sampled from {0,2% 2-2% ... k-2F}. As elaborated in the
next section, this can be related to the number of solutions of certain Diophantine equations
(see also the proof of Theorem D in Section 3.5).

2.4. Concluding remarks and further open questions.

2.4.1. Connection between LDPs and Diophantine equations. Our results (in particular, The-
orems B, C, and D together) show that only knowing that limy_, o ax11/ar = n for some n > 1
does in general not allow one to determine the rate function in the LDP for the lacunary sum,
or even conclude the existence of an LDP. The proofs of these results, which are presented
in Section 3, often involve approximating the exponential function in E[e?S"] via a Taylor
polynomial in 6. In turn, keeping in mind from (2.1) and (2.2) that S, = Y, _; X}, is a finite
sum of trigonometric functions, this entails estimates of integrals of products of trigonometric
polynomials. Due to the orthogonality of the trigonometric system, calculation of these in-
tegrals leads to counting the number of solutions to certain Diophantine equations (with the
ay’s as variables). The reason why the rate function in the LDP (when it exists) for some
lacunary sequences differs from the one for the independent case may be attributed to the
existence of too many solutions to these Diophantine equations. For example, when aj = 2F
for all k, then the equation 2a; —ay = 0 holds for many combinations of ¢, k, namely £ = k+1
for all k. The Diophantine equations that appear in this context are always linear homoge-
neous Diophantine equations with integer coefficients. Thus, there are many more solutions to
such equations when the sequence (ay)ren allows many quotients ay/ay that are integers. In
contrast, when the quotients ay/ay are bounded away from any integer (and any rational with
a small denominator), then these Diophantine equations would have fewer solutions. Thus,
while specific random perturbations such as the one chosen in Theorem D may drastically
diminish the number of solutions, any generalization of Theorem D would require determining
precisely how the Diophantine structure is altered by an arbitrary random perturbation, which
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appears to be highly non-trivial. This also suggests that there may still be some information
that can be gleaned from the existence of the limit limg_,o, agt+1/ar = 1, but only when 7 is
a number that is not well approximated by rationals with small denominators, and when the
same is true for 2, n3,. .., which correspond to the limits of aj2/ax, ary3/ax, and so on. We
formulate this as an open problem.

Problem 2.6. Let (ax)ren be a lacunary sequence and assume that agyqi/ar — n for a
transcendental number n > 1 (i.e., 7 is not the root of a non-zero polynomial with integer
coefficients). Is it true that (S, /n)pen satisfies an LDP with speed n and rate function I (i.e.,
with the same rate function as in the independent case, that is, as for (§n)neN)?

It may be that stronger assumptions on 7, such as a condition on the irrationality measure
of  and its powers, are necessary to derive the desired conclusion. However, we think that
such an additional assumption should not be required. On the other hand, we believe that
just assuming agy1/ar — n for an algebraic irrational n > 1 will not be sufficient to deduce
an LDP with rate function 1.

Since the Diophantine structure of the sequence (ay)ren plays such a key role in estab-
lishing the LDP for lacunary trigonometric sums, it would be very interesting to study this
phenomenon in more detail. A natural candidate to analyze is the sequence aj, = 28 +1, k > 1,
known from the Erdés-Fortet example mentioned in the introduction. In the context of the
CLT and LIL, this sequence and its generalizations have received widespread attention. The
different type of behavior resulting from “pure” geometric progressions such as a;, = 2%, k > 1,
on the one hand, and “perturbed” sequences such as a; = 2841, k > 1, on the other hand, can
be explained analytically in terms of Fourier analysis. However, there is also a very interesting
dynamical perspective, where the pure geometric progressions allow a natural interpretation
as an ergodic sum, while the perturbed sequences have been interpreted as modified ergodic
sums; see for example, [14, 28, 54].

2.4.2. Normal number theory. From a number theoretic perspective, sequences of the form
(¢"w)ren are associated with the notion of normal numbers (in base ¢), as introduced by
Borel in 1909. It is well known that almost all numbers are normal in any base. The degree
of normality of a number can be quantified using uniform distribution theory and discrepancy
theory, which by Weyl’s criterion and the Erdés-Turén inequality naturally leads to trigono-
metric sums such as the ones studied in the present paper (see |20, 38| for general background
on uniform distribution modulo one and discrepancy theory). LDPs for such sums can thus be
viewed as quantifying the relative fraction of “non-normal” or “abnormal” numbers in a certain
base, that is, numbers whose digital structure very significantly deviates from “normal” behav-
ior. Such non-normal numbers have been intensively studied in the number theory literature,
see for example [5, 41, 42]. A particularly challenging and interesting topic in normal number
theory are questions concerning simultaneous normality resp. non-normality in two or more
different bases (see for example [12, 47]). In terms of the large deviation problems studied
in the present paper, it would be interesting to quantify the proportion of numbers that are
non-normal in two or more different bases. For example, one could try to establish an LDP
to estimate the probability of the set where two lacunary sums arising from the sequences
(¢")ken and (7F)pen (for two different bases ¢, > 2) are both large.

In the context of normal numbers, the case of general sequences (ay)ren satisfying a’;—:l €
Z>2, k > 1, corresponds to normality with respect to so-called Cantor expansions. This is a
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topic that has been pioneered by Erdés and Rényi |22, 49|, and received strong attention in
recent years; see for example |2, 3, 25| for recent work, and cf. also our proof of a special case
of Theorem A in Section 3.1 below.

2.4.3. More general lacunary sums. We finally recall from the introduction that the theory of
lacunary trigonometric sums is structurally relatively simple in comparison with the theory of
general lacunary sums, where interesting new phenomena show up even in the CLT setting.
In light of this, it would be interesting to study the LDP for

Sp(w) = Zf(a,kw),
k=1

where f is a centered 1l-periodic function (possibly satisfying some regularity assumptions).
Already when f is a 2-term trigonometric polynomial (as in the Erdés-Fortet example alluded
to above) there can be additional arithmetic effects in comparison to the simple case of pure
trigonometric sums. It would certainly be interesting to investigate LDPs in this general la-
cunary setup.! A further challenging step would be to go beyond lacunary sums for a single
fixed function f and investigate LDPs for the discrepancy (which is defined as a supremum
over indicator functions), in the spirit of Philipp’s [46] resolution of the Erd6s—Gal conjecture
and Fukuyama’s [27] very precise results for the LIL for geometric progressions ay = ¢.

3. PROOFS

In our proofs we will make use of the Gértner-Ellis theorem, which we require in the
following form. For a reference, see, for example, [17, Theorem 2.3.6].

Theorem 3.1 (Gértner-Ellis theorem). Let (Sp)nen be a sequence of real-valued random
variables. Suppose that the limit
1
A(f) = lim —logE [e"ﬂ

n—oo N
exists for all 0 € R. Assume furthermore that the function 0 — A(0) is differentiable for all
0 € R. Then (Sp/n)nen satisfies an LDP with speed n and convex rate function I, which can
be expressed as the Legendre-Fenchel transform of A, that is,

I(z) = sup [0z — A(F)] € RU {400}, z €R.
6cR

3.1. Proof of Theorem A in a simple special case. We first give a proof of Theorem A in
a special case, the justification being two-fold: we believe that the proof helps the intuition of
the reader, but we also point out that it goes through if we replace cos(27-) by any Lipschitz
continuous function f that also satisfies (1.3) (i.e., is 1-periodic and centered). We consider a
sequence (ag)ren of positive integers such that a; = 1,

a . a
my = —L ¢ {2,3,...},keN, and lim = = 400
ag k—oo ap

INote added during revision stage: a first major step towards a theory of LDPs for general lacunary sums
was taken in a recent paper of Frithwirth, Juhos and Prochno; see [26]. They obtained a perfect analogue of
Theorem A of the present paper, and a version of our Theorem B in which the rate function depends in a
delicate way on an interplay of properties of the function f and the growth factor gq.
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The assumption a; = 1 is without loss of generality, but the assumption that myg, k € N, are
integers will be essential for the following argument. By the Gértner-Ellis theorem, it suffices
to show that for all 6 € R,
1 ~

lim —logE |:€OS":| = A(0),

n—oo n
with A as defined in (2.6). To this end, we shall approximate each S, by a random variable T,
that is easier to deal with, in the sense that it can be written as a sum of independent random
variables expressed, as defined below, in terms of certain conditional expectations. First, recall
that the Cantor series expansion (& )ken of w € [0, 1) associated with (mg)reny C {2,3,...} is

given as follows:
v Gl ¢ &GW)
ooy bl _shal)

k=1
with {k(w) € {0,1,...,my—1} for every k € N. This expansion was first introduced by Cantor
in [10], and the investigation of its probabilistic properties appears to have been initiated by
Erdds, Rényi, and Turan [22, 49, 55|. Our construction uses the following key property
established by Rényi in [49] (see also (7) of [44]): the image of Lebesgue measure on [0,1),
under the correspondence w — (& (w))ren makes (£ )ren a sequence of independent integers
with each &, uniformly distributed on {0,1,...,my — 1}.2
Given this property, now consider the filtration Fo C F3 C ..., where the o-algebras are
defined by

fk+1 Z:U<Jk+1,i,i:0,-..,ak+1—1>, keN,
where for k£ € N,
i i+1 .
Jk+1,i3:|: , >, 1=0,...,a+1 — 1.
ag+1 Qk+1

We now define certain conditional expectations:

ak+1—1

Vi o= B[ Xe| Fepa] = D E[Xk‘zfml,z} 1 keN
=0

In particular, we see that by construction, for every k € Nand ¢ =0,...,ax+1 — 1,

ak+1—1

Yi= Y cririls,,
i=0
where c11 4, the constant representing the value of Y, on Ji11;, is given by
Cht1, = Gk+1/ Xi(w) Mdw).
Jk+1,i

Since the function Xy, is (1/ay)-periodic, for any k € N, ¢xq1; = cx+1,+ whenever [0 — /| is a
multiple of my = ag41/ax. Hence, for each k € N, the random variable Y}, is only a function of
&k. Since the {&k}ren are independent, the random variables {Y} }ren, are also independent.

2This is simply a generalization of the possibly more familiar result going back to Borel [7], where mj =r
for all k£ and the correspondence between elements of [0, 1] and their r-ary expansions maps Lebesgue measure
on [0,1] to the Bernoulli product measure on the space of {0,1,...,r — 1}-valued sequences, with uniform
marginals (see also [39, Section 2.3] for a more detailed exposition).
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We now show that the approximation of Xy, by Y} is sufficiently good, more precisely, for
each k € Nand i =0,...,a5+1 — 1, using the mean-value theorem and the fact that Xj has
Lipschitz constant 2way, we have

Xp(w) — Yi(w)| =
wé"f}?ﬁ,ﬂ k(W) = Yi(w)] S

= max ‘Xk(W)—Xk(WO)‘

wEJk41,4

Xg(w) — ak+1/

Jrt1,4

Xi(y) dy'

< max 27Tak|w—w0‘
wEJpy1,4

ag
)

Ap+1
where wg = wo ki € Jr+1,; is obtained from the mean value theorem. Taking the maximum
over all i =0,...,ar+1 — 1 yields

<27

(3.1) X5 — Yilloo < 27 —%.
Ak+1

In particular, this means that if S, := ", _; Xy and T;, := >, Yy, then

n

ak

150 = Thlloo < 27> =o(n), n— oo,
el Ak+1

because by assumption ay/ag+1 — 0 as k — oo. For fixed € R we obtain
E [easn} _F [eeTnee(snan)} < ellISn=Tullo g [eeTn} '
We also have the analogous lower bound
E [eesn} ) [eeTnee(snan)} > e lOlISn—Tullo g [eeTn] .
Altogether, taking into account that ||.S,, — Ty ||cc = 0(n), we obtain
(3.2) E {695"} = ’ME [eeTn} , n — 00.

Since T,, = Y7 + ...+ Y, is a sum of independent random variables, it follows that
1 1 1 &
. ~1 E[‘)Sn}: 1) +—1 E[GTn}: D+=>1 IE[(’Yk].
(3.3) ~logE |e 0()+nog e 0()+nk:10g e

Similarly, in view of (3.1) and the fact that (X)ren are identically distributed, we have
logE [eey’c} =o0(1) +1ogE [eexk} =o0(1) +1ogE [eeXl} , k — oo.

Inserting this into (3.3) and recalling that the usual convergence implies convergence of arith-
metic means to the same limit, the fact that X; and X are identically distributed and the
definition (2.6) of A, we arrive at

%logE [695"} =o(1) +1logE [e‘gxl} =o0(1) + logE [60)?1:| =o(1) + A(6),

as desired. Since the function A is differentiable by (2.8), the Gértner-Ellis theorem (repro-
duced as Theorem 3.1 herein) can be applied and the proof of Theorem A in the case when
ay+1/ay are positive integer numbers tending to infinity is complete.
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3.2. Proof of Theorem A in full generality. Fix 6 € R and a sufficiently small ¢ € (0,1).
As in the simple case, we wish to apply the Gértner-Ellis theorem, but this time the analysis
is more delicate. In contrast to the proof for the simple case, which relied on a reduction to
the independent setting, our proof for the general case uses harmonic analysis methods and is
more in the spirit of the classical works of Salem and Zygmund, Kac, and others mentioned
in the introduction. Recall from (2.1) and (2.2) that

1 1 n
(3.4) E [605’”} = / 69 k=1 COS(QT"akW)dw — / H QQCOS(QW‘lkW)dw.
0 0 k=1

We start with an elementary lemma on the approximation of the exponential function by
a Taylor polynomial of length d. For d € N, define

d m

8]

(3.5) pa(x) == z € R.

m=0

Lemma 3.2. There exists d : (0,1) — N wit
P = pq(e) satisfies for every k € N,

' Y

e

>

d(e) — oo as € — 0 such that the polynomial

p(6 cos(2maw))

el cos(2magw)

(3.6) l1-¢e< <1+e, w € [0,1].

Proof. Fix d € N and p = pg. Then, by the classical theory of Taylor approximation, the
remainder in the Lagrange form satisfies

emax{0,x}

le” —p(z)] < m|x’d+l7
and hence,
- emaX{O,x}|x|d+1 _ p(x) s emax{O,x}|l“d+1
(d+1)ler = e — (d+1)ler -
Noting that in our situation we have |0 cos(2waiw)| < |6, this implies that for every k € N,
(37) B elfl|g|d+1 < p(0 cos(2mazw)) < e|0|\9|d+1‘
(d+1)! et cos(2magw) (d+1)!
Recall that 0 is assumed to be fixed throughout the section. By picking d = d(¢) € N
sufficiently large such that e‘?cllflf;l < g, we have d(g) — oo as ¢ — 0, and (3.6) follows. [

As an immediate corollary we see that for every ¢ > 0, we have d = d(¢) € N such that
for every n € N, p = py satisfies

1 n
(3.8) (1—e)" < Jo I—1 p (8 cos(2maw)) dw
_ > fol szl e cos(2marw) .

Let ko = ko(d) be a positive integer such that agi1/ar > 2d for all k > kg; such an index
must exist since we assumed that ay,1/ar — 0o as k — oo. For n > kg, we split

<(1+¢)".

n ko n
H p (0 cos(2majw)) = <H p(0 cos(27mkw))> H p (0 cos(2mayw)) | ,

k=1 k=1 k=ko+1
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and, taking into account that p(f cos(2maxw)) > 0 by (3.6), note that

(3.9)
mo H p (0 cos(2marw)) | < Hp(@ cos(2magw)) < My H p (0 cos(2maxw)) | ,
k=ko+1 k=1 k=ko+1
where
ko kO
mo := inf Hp (0 cos(2magw)) and My := sup Hp(@ cos(2maxw)) | -
wel(0,1] i wel0,1] \ =y

We now state an important estimate on the integral of the common product that is on both
sides of the inequality (3.9).

Lemma 3.3. Fix d € N and p = pg as in (3.5). Then for any 0,z € R,
d
(3.10) pa(fcosx) = Z b;(0) cos(jx),

J
where the coefficients b;(0) = b;(0;d),j =0,1,...,d, are real numbers with
92m

(3.11) bo(0) = bo(05d) = CETIEER

0<m<|d/2]

and for j =1,...,d, bj(0) > 0 when § > 0. Furthermore, given ko = ko(d) € N as above, for
every 0 € R, and all n > ko,

(3.12) /0 H p (0 cos(2magw)) dw = by ()" 0.

k=ko+1

We first show how Theorem A follows from Lemma 3.3, and then provide the proof of the
lemma. Integrating each term in the inequalities in (3.9) with respect to Lebesgue measure
over the interval [0, 1], and applying (3.12), we obtain

mObO n ko < / Hp QCOS 27TCLkW))dw < MObO(H)n ko
0

Combining these inequalities with (3.8) and (3.4), we arrive at
1 1
(14¢e)n (1—¢e)n
Taking the natural logarithm of each term, dividing by n and letting n — oo, while keeping
all other variables fixed, we obtain

mo (bo(6))" " < E [693”] < Mo (bo(6))" .

log bp(#) —log(1 +¢) < liminf ! logE {605"} < limsup — logE [ GS"} <logbp(#) —log(1 —¢).
n—oo N n—oo T
Recall that € € (0,1) was fixed but arbitrary, that d = d(¢) depends on ¢ and satisfies
d(e) = oo as ¢ — 0, and that by(#) = bo(6;d(c)) depends on this choice of d. Note that
bo(@) is a finite partial sum of the series expansion for the moment generating function of the
arcsine distribution on the interval (—1, 1), which we derived in (2.7). Since the logarithm is
a continuous function, (3.11) and (2.8) yield

lim log by (¢; d(¢)) = A(6).
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Thus, the last two displays together yield the limit

1 ~
lim —logE [695”} = A(6),
n—oo n
as desired. Since the function A is differentiable, the Gartner-Ellis theorem can be applied,
and the proof of Theorem A is complete, given Lemma 3.3.
To complete the proof of Theorem A, it only remains to establish Lemma 3.3.

Proof of Lemma 3.3. For every fixed k € N, the function w — p (6 cos(2maw)) is a polynomial
of degree d in 6 cos(2magw). A standard trigonometric formula asserts that for even m = 2n,
(cosx)™ can be expressed as a linear combination of 1,cos(2x),cos(4z), ..., cos(mx), more
precisely, for every n € N and z € R,

(3.13) (cos )" = o0 (i‘) + 2271_1:2_; (if‘) cos(2(n — 0)z).

For odd m, (cosx)™ can be expressed as a linear combination of cos x, cos(3z), ..., cos(mx),
more precisely, for every n € N and z € R,

1~ (2n+1
(3.14) (cosz)?" ! = o Zz; ( nz— > cos((2n+ 1 —20)x).

The precise statements of the last two formulas will not be important to us; we will only use
the fact that the coefficient of the constant term in the expansion of (cosz)™ is (m”}2)2*m

when m is even and zero otherwise. So for d € N and 6 € R, it is possible to write p (6 cos )
for x € R, in the form
p(Ocosx) =bo(0) + b1(0) cosz + ba(f) cos(2z) + - - - + by(6) cos(dx),

where the coefficients by (0) = bi(0;d),k = 1,...,d, depend on the coefficients of the poly-
nomial p (and thus on d) and on @, but not on x, and the zeroth coefficient by(#) takes the
explicit form

() = Y <mﬂ;2>2g;,

0<m<d,

o Z 2m 02m

B m ) 22m(2m)!
0<m<|d/2]

B mlm! 22m(2m)!
0<m<|d/2]

92m
(3.15) = Z 2 ()2’

0<m<|d/2]

which agrees with (3.11). This proves (3.10). Further, when 6 > 0, since the Taylor coefficients
of the exponential function are all positive, and the coefficients in the trigonometric identities
(3.17) and (3.13) are all non-negative, it follows that b;(§) > 0 for j =1,...,d.

It only remains to show that when integrating the product-form integrand on the right-
hand side of (3.12) only terms involving the zeroth coefficient remain. To this end, note that
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by (3.10) we have for w € [0, 1],

n

H p (0 cos(2magw))
k=ko+1

= H (bo(Q) + b1(0) cos(2magw) + ba(0) cos(2m2akw) + - - - + by (0) cos(27rdakw)).
k=ko+1

When multiplying out this product, we obtain a constant term bg(0)" %0 as well as a sum of
many mixed terms of the form

bo(0)" %0~ . by, (A) cos (2mjrap,w) - . .. - bj,(8) cos (2mjean,w)

for some £ € {1,...,n—ko}, (j1,...,J¢) € {1,...,d}", and (ky,..., ko) € {ko+1,...,n}" such
that k1 > -+ > k. Thus, to prove (3.12), it suffices to show that for any such configuration,
we have

1
(3.16) / cos(2mjiag,w) - ... - cos(2mjpak,w)dw = 0.
0

We now show that this follows because ay1/ar > 2d for k > ko (by the choice of ky) Indeed,
recall the standard trigonometric identity

1
(3.17) COST COSY = 5(003(:10 —y) + cos(z + y)),

which implies that the product cos(2mjia,w) - ... - cos(2mjsar,w) can be written as a linear
combination of cosine functions cos(2mmw) with frequencies of the form

m = jiag, £ --- % jeag,.

As already mentioned above, we have ki > ko > ... > k; > ko. Then, taking into account
that j; > 1, we have

Jrag, £ --- £ jeag, > ap, —dag, — dag, —--- — day,.

The inequality agy1/ar > 2d for all k > ko then implies

V4
1 1—(d+1)"*
a, —dag, —dag, — - —dag, > ay, (1‘dZ<Cz+1>r> =k, <1_d<(d)>> 0
r=1

>0

Consequently, the product cos(2mjiay,w) . . .- cos(2mjrar,w) can be written as a linear combi-
nation of cosine functions cos(2rmw) that have all non-zero frequencies m € N. This clearly
implies (3.16), and thus completes the proof. O

3.3. Proofs of Theorem B and Lemma 2.3. Let ¢ € {2,3,...} be fixed, let a; = ¢* for
each k € N, and let S,, be as defined in (2.2). We establish the LDP by first recasting S, /n
as a Birkhoff average (or time average) of a stationary sequence induced by the expanding
piecewise continuous map 7 : [0,1] — [0, 1] given by

(3.18) Tw:=qw (mod1)=qw— |qw], w € [0,1],
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(which is merely the fractional part of gw). Then, (2.2) and the identity a, = ¢* show that
the lacunary sums of interest can be expressed as

(3.19) Sp(w) = in(Tkw) =Xi1(w)+...+ X, (w), wel0,1].

We can then apply tools from the theory of LDPs for (uniform and non-uniform) hyperbolic
dynamics and mixing processes; see for example [8, 9, 13, 18, 19, 30, 34, 36, 40, 43, 58|.
Since in some references (see, e.g., [11, p. 422] or [8, Thm. 10.8 on p. 90]), an LDP is stated
only for some small neighborhood of 0, and since parts of the argument will be needed to
prove property (iii) in the statement of Theorem B, we provide a sketch of the full proof in
Section 3.3.1. The proofs of properties (i)—(iv), which are the main message of Theorem B,
are presented in Section 3.3.3. They rely on additional estimates that are first obtained in
Section 3.3.2. Finally, the proof of Lemma 2.3 is given in Section 3.3.4.

3.3.1. Proof of the LDP in Theorem B. By the Gértner-Ellis Theorem, to prove the LDP
it suffices to show that the limit Ag(6) := lim, o0 = log E[e?57] exists for all # € R and is
differentiable in 6. We now express e/ in terms of a certain linear operator. Let Lip[0, 1]
denote the Banach space of Lipschitz functions f : [0,1] — C, endowed with the norm || f|| :=
I fllco + L(f), where L(f) is the Lipschitz constant of f. Next, for § € R, consider the linear
operator ®g, : Lip[0,1] — Lip[0, 1] defined, for g € Lip|0, 1], by

-1

w+ y
Yo () <w+ﬂ) we 0,1,

1
(3.20) (®g,49)(w -
e q
where we recall from (2.1) that X;(w) = cos(2mqw), w € [0, 1].
The proof of the LDP for (S,,/n)nen stated in Theorem B is a direct consequence of the

following proposition.

Proposition 3.4. Fiz q € {2,3,...} and 8 € R. Then
1
Ag(0) == lim —log Ele?*] = log Mg 4,

where Ag 4 is the Perron-Frobenius eigenvalue of the operator ®q 4 defined in (3.20). Moreover,
there exists an open domain D of the complex plane that contains the real line R such that the
convergence above holds uniformly for 6 in any compact subset of D. In particular, 6 — A4(0)
is differentiable.

In the language of thermodynamic formalism [59], log \g is referred to as the pressure
or the free energy of a one-dimensional lattice system, and its differentiability expresses the
known fact that there are no phase transitions for such systems. (For more background on the
spectral gap property of Perron-Frobenius transfer operators, the reader is referred to [6, 8, 51|
and [59, Chapter 4].)

Proof of Proposition 3.4. Recall the definition of the map 7 : [0,1] — [0, 1] given in (3.18)
and note that Lebesgue measure is an invariant measure for 7, i.e., 7 maps the measure space
([0, 1], B([0,1]), A) to itself and satisfies A\(T1(A)) = A(A) for every A € B[0, 1]. Indeed, (for

simplicity we only consider ¢ = 2)

2z

1
2
22 — 1 1

T(e) =20 (mod 1) =2z — [2¢) = {

= O
IAIA

€T
T

IAN A
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and so, for every positive and measurable function f : [0, 1] — R,

F(T(2)) Mdar) = / F(22) Mdz) + / F(22 — 1) A(d)

[0,1] [0,1/2) (1/2,1]

1 1
5 | s+ [ = [ )

0,1] 0,1] 0,1]
In ergodic theory parlance, (([0,1],5([0,1]),)A);T) is a measure-preserving dynamical sys-
tem and we refer the reader to [21] for further details. The Perron-Frobenius operator
®, : Lip[0,1] — Lip[0, 1] associated with 7 is defined by

1 ik w+7J
(®49)(w) = quzgg (q) . wel0,1],g€ Lip0.1],

where recall Lip[0, 1] is the space of Lipschitz functions defined above. Note that for any
g € Lip[0, 1]

/Ol(cbqg)(w)d/\(w) = ;jz_‘;/olg (T) dA\(w) = /Olg(w)dk(w),

where the last equality uses the fact that 7 is A-preserving and {(w+7)/q, 7 =0,1,...,q—1}
is the preimage of w under 7. This shows that ®, preserves the integral for any function
g € Lip[0, 1]. Next, for § € R, note that the operator ®y , defined in (3.20) can be viewed as
a perturbation of the operator ®, since for g € Lip|0, 1],

q—1 ) .
X () wena,
j:

(3:21)  (Pogg)w) = (@gle™g]) (w) =

where once again recall from (2.1) that X;(w) = cos(2mqw), w € [0,1]. It is immediate from
the definition that both ®; and ®y , are linear operators. Denoting by ®¢ and oy , the n-fold
composition of ®, and P 4, respectively, a straightforward inductive argument (see, e.g., [8,
Proposition 5.1 (P4)]), shows that

(3.22) 049 = @Z[eeS”g], for every n € N.

Let 1 denote the constant function on [0,1] that takes the value 1, and henceforth, denote
d\(w) just as dw. Then, the moment generating function of S,, can be expressed as

(3.23) E[ees"] = /1 5 @) gy = /1 @g[ees”](w)dw = /1 (5 ,1) (w)dw,
0

0 0
where the second equality uses the fact that ®7 preserves the integral and the last equality
uses (3.22) with g = 1.
We will now use the crucial fact that the operator ®¢ , has the spectral gap property; see,
e.g., [59, Theorems 4.1 and 4.23| and [6, Theorem 1.5], where all essential arguments can be
found. Namely, we use the well-known fact that for every 6 € R, ®y , admits a decomposition

(3.24) g4 = NoQo + Ry,
where

(3.25) Ag=Xgq>0
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is a simple eigenvalue of ®g,, Q9 = Qg4 is a projection operator onto a line spanned by an
eigenfunction hy = hgy 4, > 0 associated with Ag, and Ry = Ry, is an operator whose spectral
radius is strictly smaller than Ag. More precisely, there is a probability measure g = pig 4 on
[0, 1] such that for every f € Lipl0, 1],

fo w)dpg(w)
fo ho(w)dpe(w)

Continuing to omit the dependence of the quantities Ay, Ry, Qg, hg and py on g, by raising the
decomposition of @y, to the n-th power, it follows that for any f € Lip[0, 1],

f() due
fg h@ dNG( )
Now, setting f = 1, taking the integral on both sides, and using (3.23), one obtains

0S,1 __ ! n Wdw = \P flhe( )dw ! n Ww)dw
(3.26) E[e ]/0 (04,1) (s = 3 - 1 R )+/0 (RE1) () doo.

Recalling that the spectral radius of Ry is strictly smaller than Ag, one obtains
E [ef5n ! ho(w)dw
(3.27) tim L _ l_ 1f0 o(Widw
n—eo A Jo ho(w)dpe(w)

Note in passing that this shows that the sequence (S),)nen satisfies some version of mod-phi
convergence [24], but what is more pertinent, it implies the weaker statement

Qof =

and RgQy = QpRy=0.

0qf =NQEf +Ryf =Xy hg +Rgf.

1
(3.28) lim —logE[eeSn] = log Ay,

n—oo n
which proves the first assertion of the proposition.

We now turn to the proof of the remaining assertions, which we claim (and justify below)
can be deduced from the perturbation theory of linear operators |33, Chapter 7, §3, p. 368|, in
particular the Kato-Rellich theorem, as stated in |59, Theorem 4.24]. Indeed, since the family
of operators ®y , depends on § € C in an analytic way (see [8, Proposition 5.1 (P3)]| and [33,
Theorem 1.7, p.368]), the decomposition (3.24) continues to hold in some neighborhood D of
the real axis (with Ag, hy and ug becoming complex-valued), with A\g # 0 and Ay (as well as
he, 119, Rg) being analytic on D. Moreover, |\g| stays strictly smaller than the spectral radius
of Ry if D is sufficiently small, which, looking at (3.26), shows that convergence in (3.28) is
uniform on compact subsets of D. O

3.3.2. Moment estimates for the partial sums S, and §n Let n € N and consider

1 1 = om
(3.29) Agn(0) := - logE[eQS"] = logmz EE[STL B
and
(3.30) An(6) = l10gIE[e€§"] _! log i e—mE[gm]
' ) n — m!

where we recall that S, = Py X j, and (X j)jen are ii.d. having the same distribution as
X1, as defined in (2.4) and (2.3), respectively. The proof of properties (i)—(iv) in Theorem B,
presented in the next section, involve a comparison of the coefficients in the Taylor expansions
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of (3.29) and (3.30) considered as functions of #, which in turn relies on estimates on the

moments of S, and S, obtained in Lemmas 3.5-3.7 below. We start with Lemma 3.5 on
estimates of the moments of S,,.

Lemma 3.5. Fiz q € {2,3,...}, let aj, = ¢* for all k € N, and let S, be as defined in (2.2).
Then, for every m,n € N, we have

Am(n)
Blsy] = A,
where Am(n) is the number of solutions to the equation Y i e;q¥ = 0 in the unknowns

ki,....km € {l,...,n} and e1,...,em € {+1,—1}.

Proof. For every m € N, we have

E[S)] = /01 (gcos@quw»mdw
= /01 z”: ﬁcos(Qﬂqk“w) dw

K1y km=1 £=1
n

_2171/01 > ﬁ[e(q’“"'w)%(—qk’@) dw,

By km=1 £=1

where we write e(z) := e?™* for z € R and used that cos z = (e* + e7%%)/2. By rewriting the
product in the last line of the last display in terms of an exponential and using the elementary
identity fol e(kw)dw = 0 for all integer k # 0, we see that

1
(3.31) E[S;ﬂ ~ om Z Z l{elqk1+~~~+emqkmio}.
kykim=1 e1,.eme{—1,1}

To complete the proof of the lemma, observe that the right-hand side equals A,,(n)/2™. O

Next, we give a combinatorial interpretation of A,,(n) for m < ¢. Let Bj,,(n) be the
number of simple random walk paths in Z™ of length m that return to the origin, which is
sometimes also referred to as the number of bridges of length m in Z™.

Lemma 3.6. For alln,m € N, we have A,,(n) > By, (n) and, if m < q, then Ay, (n) = Bp(n).

Proof. We start with the proof of the second statement. Let m < g. We first claim (and
justify below) that

(3.32) Zz—:qu‘Z =0, kee{l,...,n}, e € {-1,1}
/=1
if and only if for every k € {1,...,n},

(3.33) Hk = Z ]]‘{k‘g:k‘} &y = 0.
(=1
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In other words, (3.32) can hold only if every term +¢* is canceled by a term —¢* at some
other place. One direction of the claim is immediate. We note that

n m

(3.34) Z eeq™ = Z (Z L ih=ry - 5f> ¢" = Z Hi.q"
=1 k=1

k=1 (=1

and therefore if all Hj vanish, then ", eg" = 0. For the opposite direction, suppose
S0t  €eq® = 0. Then, due to the identity in (3.34),

in qk = 0.
k=1

We first show that this, along with the fact that m < ¢, implies H; = 0. First, dividing
everything by ¢ > 2, we obtain

(3.35) > Hygd" ' =0,
k=1

which clearly implies divisibility of Hy by g. Now, if m < ¢, then |Hi| < m < ¢ by definition.
Hence, Hy = 0. If m = q, then either H; = 0 or H; = £¢q and the latter case only occurs

if all e1,...,e,, are equal and ky, = 1 for all £ € {1,...,m}. In this case, the condition
oy £0¢" = 0 is violated. Hence, for m < ¢, we have H; = 0. Now dividing (3.35) by ¢ and
repeating the argument, it follows that Ho = --- = H, = 0 as well. This completes the proof

of the claim of equivalence between the conditions (3.33) and (3.32).

Next, note that the conditions (3.33) on Hj may be interpreted as follows: for given
Ely..y6m € {—1,1} and ky,...,kp € {1,...,n}, we consider the nearest neighbor path of
length m in Z™ whose ¢** step is equal to eoey, for €1,. .., €, the standard vector basis in R".
Clearly, condition (3.33) is satisfied if and only if the path returns to its starting point. It
follows that A,,(n) = B,,(n), which proves the second assertion of the lemma.

To prove the first assertion, note that if m € N is arbitrary, then the solutions of (3.32) can

be divided into the trivial ones (i.e., those for which H; = ... = H,, = 0), and the non-trivial
ones (such as ¢> —q —...—q =0 for m = ¢+ 1, where the term —q appears m times). Since
the number of trivial solutions is B,,(n), and (by definition) A,,(n) is the total number of
solutions, the claim A,,(n) > By, (n) follows. O

Taken together, Lemmas 3.5 and 3.6 show that, for each m < ¢,

By, (n) '

[sy] = Pnt

Let us turn to the computation of E[§;L"], where we shall prove that the analogous identity
holds, this time for all m € N.

Lemma 3.7. Recall that §n = )?1 + ...+ )?n, where )?1,)?2, ... are i.1.d. random variables
with the arcsine distribution on (—1,1). Then, for all m,n € N, we have
B (n)

am

E[3y] -
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Proof. Recalling that (Ug)ren is a sequence of i.i.d. random variables with the same uniform
distribution as U, we can write

~ U, -U
Xj = cos(2nUy) = e(Us) +2€( k>,

where we again write e(z) := >™*. For m € N, we have

E[S7] = 2})}1@[ (é [e(Us) + e(-Uk)])m]

— QLm Z Z E_He(ngke)]

Kiyokm=1 e1,...eme{—1,1} “e=1

1 r m
XX BT
ki,.km=1 e1,...eme{-1,1} = (=1

1 n r n
e X X (> mu)|
k1,eokm=1 e1,....eme{-1,1} - (=1

where for any fixed k; € {1,...,n}, g, € {—1,1}, i =1,...,m, we set

m
H@ ;:Z]]_{ki:[}-&‘g, EZ].,TL

i=1
Then we have
n n
E[e(ZHgUO] - HE[@(HgUg)] — Uy =t =0}
=1 =1
Since H; = --- = H, = 0 if and only if the associated nearest neighbor path of length m in
Z"™, whose ¢** step is equal to €€k, with €1,..., €, the standard basis in Z", returns to its
starting point, we have shown that
~ 1 - B, (n)
SCIEE N SN SR P L)

k1,....km=1 51,...,6m€{*1,1}

which completes the proof. ]

3.3.3. Proof of Properties (i)—(iv) of Theorem B. We now complete the proof of Theorem B.
First, note that the function A4, as a uniform limit of analytic functions, is itself analytic for
all 8 € C, |0] < eo, for a sufficiently small €9 > 0.

Proof of (i). First, let us observe that the proof that I, < I on the positive real axis is simple.
Indeed, Lemmas 3.5-3.7 imply that for all m,n € N,

E[Sy] > B[S}
When combined with (3.29) and (3.30), it follows that for every n € N and 6 > 0,

Passing to the limit as n — oo on both sides, and noting that both limits exist and are equal
to Ay(6) and A4(0), respectively, due to the proof in Section 3.3.1 and the independence of
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(Xi)ken, we conclude that Ay(0) > /N\q(H) for all & > 0. Passing to the Legendre-Fenchel
transform we then obtain I, (x) < I(z) for all > 0.

The proof of the strict inequality I,(z) < I(z) for z > 0 is more delicate. Assume that
q > 2 and 0 > 0 are fixed. We choose a large integer d > ¢; at the end of the proof we will let
d — 00. As in the proof of Theorem A, we approximate the exponential function by a Taylor
polynomial p = py of degree d, and by (3.7), we have

99d+1

E[e“n]z<1+ T >n/0 Hpecos 2q"w))dw.

We recall from Lemma 3.3 that we can write p(f cos(2r¢*w)) in the form
(3.36) bo(6) + b1(0) cos(2mgFw) + ba(8) cos(2m2¢Fw) + - - - + ba(8) cos(2mdgtw),

where by = by(0;d) is given by (3.15) and b; = b;(0;d) > 0 for j =1,...,d. Since d > q by
assumption, the ¢g-th term in the Taylor expansion for p(6 cos(2m¢*x)) is (6 cos(2mq*x))9/q!.
From (3.13) and (3.14) we see that the expansion of (cosy)? into a linear combination of cosine
functions contains the term 2797!cos(qy). We emphasize again that all coefficients, in the
Taylor expansion of e¥ as well as in (3.13) and (3.14), are non-negative. Thus the coefficient
by(0) in (3.36) is at least as large as the contribution coming from (6 cos(2mg*x))?/q!, and so
we have

07 1

(3.37) by =bq(0) = EF

By a similar reasoning the coefficient b1(#) in (3.36) is at least as large as the contribution
coming from the linear term in the Taylor expansion, which is simply 6 cos(27qux). Thus we
have b1(f) > 6. Once again using the fact that all coefficients are non-negative, in (3.36) as
well as in (3.17), (3.13) and (3.14), we have

/ Hp (0 cos( 27rq w)) dw > / H bo + by cos(27rq w)+b cos(277qk+1 )) dw.
0 ;.-

Now the point is that there will always be interference between the term b, cos(2mgF 1)

coming from index k, and the term b; cos(27r¢**'2) coming from index k + 1. Let us assume
that n is even. Always combining two consecutive factors together, we have

/ H b + by cos(2mgw) + b, cos(2mg" T w )) dw

0
n/2
= / H bo + by cos(2m¢* TTw) + b, cos(27rq2ew)> <b0 + by cos(2mq*w) + b, cos(27rq%+1w)) dw
0 r=1
n/2
> / 0 + by cos(2mg*w)by cos(27rq2£w)) dw
0 r=1
n/2
>

i(e4)

(=1
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where the last inequality uses (3.37) and b;(6) > 6. Consequently, we have

-1
o ’s. efpd+1 , 09t
Aq(60) = lim - logE[e™"] > log Q+uﬂﬂ ¢'21

-~
—1 as d—oo

Recall that by depends on d and 6, and that we have logby — A(0) as d — oco. For every

fixed 8 > 0 since the logarithm is a strictly increasing function, the term log ( b+ 6;;1 )

converges to a quantity that is is strictly larger than 7\(9) as d — oco. Consequently, we have

Ay(0) > A(0), for all § > 0.

From the properties of the Bessel function By(f) it is easily seen that for x € (0,1) the

supremum in the definition of I(z) is actually a maximum, and is attained at some (finite)
value 6, > 0. Consequently, we have

I(x) = sup [0z — Ay(0)] = O,z — Ay(6,) < 0oz — A(6,) = I(x).

Thus, we have I;(x) < I(z) for all z € (0,1).

In conclusion, we note that we can make the difference between A, and A quantitative.
Recall that 6§ > 0 by assumption. Since by(€) is a partial sum of By(f), we have by(0) < By(6).
Furthermore, from the series expansion for By(6) it is easily seen that By(f) < e’. Thus

b2(0) < e?? and bZ + 9q+1 > b3 (1 + - ) Thus, letting d — oo, we deduce that

q'29¢29
~ 1 gat1
Aq(0) = A(9) > ; log <1+W>.

Proof of (ii): 1t follows from Proposition 3.4 that for 6 € R, A4(0) = log A\g 4, where Ag, > 0
is the largest eigenvalue of the Perron-Frobenius transfer operator defined in (3.20). Fixing
# € R and sending ¢ — 0o, the Riemann sums converge on the right-hand side of the definition
in (3.20) converge to the corresponding Riemann integrals; hence this sequence of operators
converges in the norm topology to the operator

fl 0X1(= dz
Jo %1 (Z)dz ’

_ 1
<%M@=AJ“%@M Y

where g 1= fl X1(2) gy = A ), where A is defined as in (2.6). Thus, <I>9/)\9 is a projection
onto the line spanned by the functlon 1. The Perron-Frobenius elgenvalue of <I>9 q 18 )\9 Now,
if 0 € R stays constant and ¢ — 0o, we can view ®g , as a perturbation of <1>9 By perturbation
theory (see, e.g., [33]), we have the convergence of the Perron-Frobenius eigenvalues, that is,
limg o0 Agq = X for every 6 € R. Taking the logarithm, we get limg 00 Ag(8) = A(#). Since
the involved functions are convex, the convergence is, in fact, uniform on compact intervals.
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By taking the Legendre-Fenchel transform, it follows that limg_,o I4(z) = I(z) locally uni-
formly on (—1,1).

Proof of (iii). Lemma 3.7 shows that for every n € N, whenever m € N satisfies m < ¢, one
has
Gm) _ Bm(n)
E[sy] = E[5y] = 2o,
or, in other words, the moments of S, and S,, coincide for all m < q. Since cumulants of order
less than or equal to g can be expressed in terms of moments of order less than or equal to g,

we infer that as long as m < ¢,

Fom (Sn) = K (Sn) 1= 1+ i (X1),

where £,,(Y") denotes the mth cumulant of a real-valued random variable Y. Hence, for m < ¢
and every n € N, we have

(£ v

Now because the uniform convergence of the analytic functions A,, — A, (established in
Proposition 3.4) implies the convergence of the derivatives, we obtain (iii).

= %Hm(sn) = /‘?m(jzl) = %Hm(gn) = <dde> K(G)

6=0 =0

Proof of (iv): In the case when m = g + 1, a slight modification of the argument used to
prove Lemma 3.6 shows that any solution to (3.32) either satisfies H; = ... = H, =0, or is a
permutation of one of the solutions ¢* +...+¢* —¢*T' =0 or ¢"*1 —¢¥ — ... — ¢* = 0, where
ke {1,...,n—1}. The total number of such exceptional solutions is 2(q + 1)(n — 1), hence

Ag1(n) = Bgy1(n) +2(g + 1)(n - 1).

From Lemma 3.5 and Lemma 3.7 it follows that

A n B n)+2q+1)(n—-1 ~
E[Sg+1] _ 112-21(1 ) _ q+1( ) 2;—1 )( ) :E[Sngl] +

(g+1)(n—-1)
24 ’

The cumulant kq41(Sy,) can be expressed as E[SZT!] plus some polynomial function of the

lower moments E[S]"] with m < ¢. A similar representation holds for the cumulant nq+1(§n),

and the moments of all orders m < ¢ of S,, coincide with those of S,, by part (i) of Theorem B.
It follows that

3 qg+1)(n—1
g1 (S0) = g (5 + =),
For the derivatives of order g 4+ 1 of A, and A at 6 = 0 we therefore obtain
1 1 gy, l@+D(n-1) g+1)(n—-1)

_ K+ (
o Al () + o

Letting n — oo and using that the uniform convergence of analytic functions Ay, — A4
implies convergence of their derivatives, we arrive at

AED(0) = =Ryt () = ~hgpn (i) +

q+1

(g+1) — A(g+1)
Aq (0)=A (0) + 54

This proves (iv).
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3.3.4. Proof of Lemma 2.3. We now present the proof of Lemma 2.3. The idea is that in the
lacunary sum S, all cosine functions cos(2mg*U) are equal to 1 at U = 0. Thus, S, is close
to n if the uniform random variable U ~ Unif(0, 1) takes a value that is sufficiently close to
0. To make this precise, fix ¢ € (0,1). We have cosx > 1 — 22/2. Tt follows that

V 2e —k

X, = cos(2m¢*U) > 1 —¢ provided that U < 54
T

Hence, if U < gq_”, then we have S, > (1 — ¢)n. It follows that

1 1 2
I;(1—¢)=— lim —logP(S, > (1 —¢)n) < — lim —logIP’(U < \gfq”)

n—o0o n n—00 M,

IA
|
=
\
5}
0]
VR

=loggq.
Since this holds for every € € (0, 1), by the lower semicontinuity of I, it follows that
< limi —e) < .
I,(+1) < hran_:(glf I,(1—¢) <logq

This completes the proof.

3.4. Proof of Theorem C. We know from Theorem B and Proposition 2.4 that there exists
some sufficiently small Zy > 0 such that 0 < Iy(z¢) < I3(xo) for every xg € R with 0 < zy < Zo.
By interleaving the powers of 2 and 3 appropriately, we shall construct an Hadamard gap
sequence (ag)ken such that for all zg € (0, Zg), the corresponding partial sums (.S, )nen satisty

1 1
0 < liminf —=logP(S,, > nxg) < limsup —— log P(S,, > nzg) < oo.
n—00 n n

n—oo

Since both I and I3 are continuous, there exist g9 € (0,z9) and dyp > 0 such that

sup  Iy(x)+ o< inf I3(x) and inf  Is(x) > dp.
0

|x—x0|<eo |z—=z0|<e |z—z0|<eo

Our construction proceeds inductively. Assume that for some n € N we have constructed

increasing positive integers ai, ..., a, such that
—llogP(Sn >nxg) > inf  I3(x) — % =:cy.
n |z—zo|<eo 3
We want to extend the sequence ai,...,a, to a longer sequence ai,...,an, with N € N,

N > n in such a way that

1 8
——logP(Sy > Nzg) <  sup Ix(z)+ D,

N |x—x0|<eo 3
Note that 0 < c— < cy. This is done as follows. We define an4+1 := 2™, where m € N is
any number such that 2™ > 2a,, (to guarantee the Hadamard gap condition) and m > n + 1.
Further, we define a,, := 2"+t=1) 5o that with N = n+ (N —n), we have ay := 2N—"+m-1,
We choose N € N sufficiently large, in particular such that 2m/N < g¢/5. Clearly,

<n and < m.

n m—1
Z cos(2magzo) Z cos(2m2F )
k=1 k=1
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Therefore, by replacing the first n elements ay,...,a, by m — 1 powers of 2, more precisely,
by 2,22,...,2™~ ! respectively, and using the specific choice of a,41, ant2,... together with
the two estimates in the previous display (which guarantee that the replacement of n by m —1
cosine terms yields an error bounded above by n 4+ m), we obtain

N—n+m-—1

1 1 i
_ﬁlogP(SN > Nxg) < —NlogIP’< kz_:l cos(2m2%xg) > Nxo + (n —|—m))
1 N
k
< —NlogP<;cos(27r2 x9) > Nzg+ (n+m)+ (m—n— 1)>
1 N
k
< —NlogIP)<Zcos(2772 xg) > Nzg + 2m>
k=1
1 N
< —NlogIP’<;cos(27r2kxo) > N(zo+ 50/5)>,

where we used that 2m/N < g¢/5. The latter expression converges, as N — 0o, to Io(xo +
£0/5). Hence, making N € N larger, if necessary, we obtain

1 ) do

_NIOgP(SN > Nxg) < Ip(zo +20/5) + 3 < sup Ir(z) + 3

|z—xzo|<eo

= C_.

Now we can continue this argument back and forth, by adding strings of consecutive powers of
2 in odd steps and strings of powers of 3 in even steps, we can construct an infinite sequence
(ar)ken for which —% logP(S,, > nxg) is infinitely often smaller than c_ and infinitely often
larger than c,.

3.5. Proof of Theorem D. Recall that the ii.d. sequence Y = (Y;)ken is defined on a
common probability space (), A, Py) with each Y} uniformly distributed on the discrete set

(3.38) Dy = {hzf’f”“ :hez,oghng’fw“}, keN.

Since by definition aZ =2F 1V, (az) ken is also a sequence of independent random variables
defined on (Y, A,Py). We also assume (without loss of generality) that the independent uni-
form random variable U is realized as the identity map on the space ([0,1],8(0,1),\) and,
since U and Y are independent, that both Y and U are defined on the product measure space
(Y x[0,1], A® B(0,1),Py ® A). Throughout the argument, fix # € R. The proof proceeds in
several steps.

Step 1. Construct a suitable partition of the integers.

For any large n, we split the set of all positive integers into disjoint sets Ajp, Ao, ...
and Af, AL, ..., which are defined via the following recursive construction. First, set A :=
{1,... ,nt/ 2}, where for notational simplicity, we assume that n'/2 is an integer. Let the set
A contain the next n?/® smallest positive integers not already contained in A;, where (again
for notational simplicity) we assume that n?/°

recursively define A;1 to contain the n'/2

is also an integer. Then, for each ¢ € N, we
‘ smallest positive integers not already contained in
U;Zl(Aj U A;-), and the set A ; to contain the n?/® smallest positive integers not already
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contained in A;; U Ué‘:1 (AjUAY). This decomposition can be characterized by the following
requirements:

o A, < Al < Ajiq forall i € N, where the inequality is understood to hold element-wise

e U2, (AjUA) =N.

o #A; =n'/2 for all i € N, and #A! = n?/® for all i € N.
The philosophy is that the primed index sets are sufficiently large to cause a strong “indepen-
dence” between the trigonometric functions in the non-primed sets, while at the same time the
total cardinality of the primed index sets is so small that they are asymptotically negligible.
The precise choice of n'/2 and n2/ for the cardinalities of the A and A’ blocks is somewhat
arbitrary, the relevant facts are that the one type of block is significantly larger than the other,
and that both types of blocks are not too small in comparison with n.
For i € N, let §; min and d; max denote the smallest and largest integers in A;, respectively.
Then our construction ensures that

(3.39) 0i max + n?® < di+1min, Vi €N, and max  &; max + n?5 < n,
1<i<My,
where
M+1
(3.40) Mn::min{MGN:{l,...,n}C U (AiuAg)}g\/ﬁ,
i=1

with the last inequality being a simple consequence of the fact that |A;| = /n for each i € N.

Step 2. Bound the moment generating function in terms of polynomial integrals.
Recall that Do = ®penDi, where the definition of the discrete set Dy, was repeated again
in (3.38), and for y € D, a} = 2F+y;,. Recall also that Sj(w) = > _p_; cos(2maiw), w € [0,1].

Lemma 3.8. Fiz n € N sufficiently large such that n*/® < M,. Then, for y € Ds and
w €0, 1],

1 1 1
(3.41) 659”9/10/ Hﬁ(w)dwﬁ/ egsg(“)dwgesgng/m/ HY(w)dw,
0 0 0
where for w € [0, 1]

(3.42) HY (w) := H H of cos(2maw)

n2/5<i<M, kEA;

Consequently, for any ¢ > 0, there exists d = d(¢) € N such that the Taylor polynomial
P = pa(e) of length d(e) defined in (3.5) satisfies

1 1 M 1
(3.43) (1-— 5)"/0 HY(w)dw < /0 H H p(0 cos(2malw)) dw < (1 —|—€)n/0 HY(w)dw,
i=n2/5 keA;

for every y € Dy, and for all sufficiently large n € N.

Proof. Fix n € N as in the statement of the lemma. Also, fix ¥y € Dy and for notational
conciseness, omit all dependence on y. Then for any w € [0, 1], we can split

n
eosn(w) — Heecos(27rakw)
k=1
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_ H H e@cos(2ﬂ'akw) « H H e@cos(Qﬂakw) «
1<i<n?/5 keA;UA] n2/5<i<M, kEA;
=HW (W) =:H(?)(w)

X H H 66 cos(2mayw) % H 60 cos(2raiw)

n2/5<i<M,, keA] 1<k<n,
kUL (AUA))

—Hw HO ()

We will show below that HY, H®) and H@® are all sub-exponential in n (that is, their
logarithms are all sublinear in n), and thus these three factors will be negligible in comparison
with H®), whose logarithm is linear in n. Indeed, first note that by construction H® is
a product of at most 2n2/°nl/2 factors, each of which is trivially between e~? and €’ so
in total we have e=20n""" < HW(w) < e20n™' for all w € [0,1]. Next, the product H®
contains all contributions coming from the complete short “primed” blocks A’; the purpose of
these blocks was just to separate the longer blocks, and H(3) is also small in comparison with
H®_ Since the product H® has a total of at most M,n?/®> < n%10 many factors, we have
e=0n"1" < g ) (w) < ™" for all w € [0,1]. Lastly, the product H® is split off since it does
not cover a full block; this is no problem, since H® only has a small number of factors. More
precisely, since by (3.40), n— M,, < M,,+1 — M,, < 2y/n, we have e=20m'2 < ) (w) < e20m'/?
for all w € [0,1]. Overall, this implies e=50m10 < HD(W)H® (W)HW (W) < 5" for all

€ [0,1]. When combined with the last display, and the observation that everything inside
the integrals is positive, this yields (3.41) with H,, := H (2)| which agrees with the expression
in (3.42). The second estimate (3.43) is then a simple consequence of (3.41), (3.6) of Lemma
3.2 and the relations |A;| = /n for all ¢ and M,, < /n. O

Step 3. Ewvaluate the integral fol Hi]\iﬁﬁ/&; [Trea, P(0 cos(2majw)) dw from (3.43). The key idea

is to first show that we can take the product Hf\i’;LQ /5 outside the integral; see (3.45) below. In
other words, we show that there are no correlations between cosine functions with indices from
different blocks A; and Aj, for 7, j,% # 7, in the range, and thus, that it is possible to evaluate
all integrals entirely within each block. Indeed, this was the purpose of the construction of A;
and A in Step 1. Then we simplify each of the integrals in the product using the expansion
for the polynomial p obtained in Lemma 3.3. Indeed, recall from (3.10) and (3.11) of that
lemma that for d € N, there exist nonnegative coefficients b; = b;(0;d),j =0, ..., d, such that
for all k£ € N, the Taylor polynomial p = py satisfies

d
(3.44) p (0 cos(2majw)) = Z b; (0) cos(2mjalw),

where the zeroth coefficient by = by(0;d) is given explicitly by the finite series in (3.11). To
shorten notations we suppress the dependence of by, b1, ... on 6 and d in the formulas below.
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Proposition 3.9. Fiz d € N and p = pg the Taylor polynomial of length d. Then, for all
sufficiently large n, and every y € Dy,

(3.45) / H H p(0 cos(2majw)) H /0 H p(0 cos(2majw))dw.

—n2/5 kEA; —=n2/5 keA;
Furthermore, for’z' e {n?5,... M,},

(3.46) coi / H p(0 cos(2malw))dw

0 ken,;

Y ity N O
(3.47) =by" DD D 0 gy, Y gL il +szizat +scieat, 0}

where the four summations in the displayed formula above are taken over the ranges (in the
order of appearance)

(3.48) 2 2. 2. >,

1§£§\/ﬁ (kl""7k€)eAi7 (jlv"'vj[)e{o?"'vd}é7 (82 7777 Sl)e{_111}e71
f>e>he (715--:30)#(0;....0)
and the coefficients bj = b;(0;d), j = 0,...d, are as in (3.44). Furthermore, for all sufficiently
large i, given € and kp,, jm, Sm,m = 1,..., € as in (3.48), we have

(3.49) Jraf, + sageaf, + -+ sejeay, =0 = jiyr, + s2joyk, + o+ sejeyk, = 0.

Proof. Fix y = (yr)rken € Doo. We will start by establishing (3.47) and (3.49). Multiplying
out the product []cn, p(6 cos(2majw)) within a certain fixed block A;, using (3.44) and the
cosine product trigonometric identity (3.17) we obtain

(3.50)

H p(0 cos(2maiw))
keA;

v 4 ) ) .
:b(}/ﬁ + Z Z z:b(\)/ﬁ bjy - ... bj, Z 7T €08 (27‘(’(]10/%1 + sajoaj, + o+ swgazé)w),

where the four summations in the displayed formula above are taken over the ranges (in the
order of appearance) in (3.48), and the power /n in the constant term ba/ﬁ and the coefficient
b(\)/ﬁ_g arises from the fact that |A;| = y/n. Note that (3.50) shows that [],c A, p(6 cos(2majw))
can be written as the sum of the constant term b[‘)/ﬁ (which would be the contribution for the
“independent” case; see (3.12) of Lemma 3.3) plus a linear combination of cosine functions
with frequencies

(3.51) jray, - £ jeag,,

the latter following from the trigonometric identity (3.17). Assume that the expression in
(3.51) is non-zero. Recall that a} = 2% 4+ y, where v, takes values in Dy, := {thQ/3 :0<h<

2k2/3}; here and in the sequel we write 2%/ for 2TF**1 for notational conciseness. Substituting

a =2 + y; into (3.51), we can rewrite the frequency of the cosine function as

(3.52) M Fy) £ 5028 d k) = 12" £ £ 528 4 Gy, £ £ Gy,

~
fixed part Doo-dependent part
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which is different from zero only if at least one of the parts is non-zero. Note that by (3.48),
the absolute value of the fixed part in this expression, whenever it is non-zero, has a value
between

2%%,min and dy/n2%max

where recall §; min and d; max, respectively, are the smallest and largest elements of A;. Indeed,
the upper bound is trivial and since k1 > ko > --- > ky, we also obtain the lower bound:

128 -k g2e] = 28] |2 k) > 9%,

>1, since non-zero

Similarly, recalling the structure of Dy from (3.38), the Dy-dependent part, whenever it is
non-zero, has absolute value between
2/3 2/3

90i,min and dv/n20imax.

Thus (if both are non-zero), the absolute value of the sum of the fixed and D-dependent
parts always lies between

1

5 25i,min and 2d\/ﬁ261,max .

Hence, the product [],ca, p(0 cos(2majw)) can be written as a constant term, plus a linear
combination of cosine functions, each of which has a frequency that is contained in the range

_ 2/3 / 1
(353) R’L = |:26i,milﬂ7 d\/ﬁ267;2,n?ax:| U |:226i,min7 2d\/ﬁ25i,max
In other words, from (3.50) and the above discussion, it follows that
(3:54) [ p(0cos2majw)) = e’ )+ D ety () cos(2rm V)
keEA; mDeR;

for some appropriate set R; C R; of positive integers, and appropriate coefficients cﬁf;) (y).

Note that c(()z) may differ from b(‘)/ﬁ since some frequencies of the form (3.51) may vanish, and
the coefficients of the corresponding cosines would then contribute to the constant term. Using
(3.50) and the fact that the integral over [0,1] of any cosine term in that expansion with a
non-zero frequency vanishes, we obtain (3.47). Note that the dependence of cg) = c[()l) (y) on
y arises because the value of the indicator

1
.Y - Y - Y
{J1ak1 +52]2“k2+'“+5534ak2 70}

depends on (Y, ,- - -,Yk,) via the values of a%l, - ,a%g.

We now turn to the proof of (3.49). Recall that we constructed our blocks A;, Al and
defined M,, such that §;11 min > 6imax + n?/% and for i < M, 0i max + n2/5 < n, see (3.39),

which together with the mean-value theorem implies that

2/3 9/5\2/3 2/3 2 1 4/15 2/3 2 115
6i+1,min > (5i,max +n / ) > 6i,max + g (5i,max + n2/5)1/3n / 2 5i,{nax + gn / ’

and hence, for 1 <1i < M,,

2/3 2/3 2. 1/15
(355) 257"+1*mi“ 2 2”2/5+5i,max and 26i+1,min Z 26i,max+§” /

9
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Also, for sufficiently large n and n?/® < i < M,,, note that i min > (n2/5)(n1/2) = p9/10 =

nT/3042/3 > T/30 4 p2/3 > /30 4 628 and so

1.5 01 5213
356 72 n2/5,min > d 2 Mp, ,max .
(3.56) 2 ~ dyn v

The last inequality shows that for all sufficiently large n € N, any “Do,-dependent part” of a
frequency that could originate from some product with indices in A; (with n?/® < i< M,,)
is of a much smaller order than the smallest non-zero “fixed” part that we could encounter
from such blocks, which proves (3.49). (This is why we split off the product H") with the
frequencies in A; UA! for 1 <i < n2/% earlier in Lemma 3.8, since the frequencies there are
so small that their fixed parts could cause correlations with the D,.-dependent parts coming
from blocks with higher indices.)

To complete the proof of the proposition, it only remains to prove (3.45). To show how
our construction facilitates control of the value of the integral

1 Mn
(3.57) /0 H Hp(@cos(%ra%w))dw,

i=n2/5 kJEAi

note that (3.54) implies that we have for y € D, and w € [0, 1],

M, M, ' ' |
(3.58) H H p(0 cos(2majw)) = H Cél)(y) + Z ciz)m (y) cos(2rmDw) | |
i=n2/5 keA; i=n2/5 m®eR;

with c(()i) as in (3.47) and cfi)(i) other coefficients as described above (whose precise values will

not matter for what follows). When multiplying out the terms in the product on the right-
hand side of (3.58), for each ¢ in the range n2/5 < i < M, we can either choose the factor
(i)( (%)

¢y (y) or a factor of the form ¢ 1
the right-hand side of (3.58) as

Z <H C(()i) (y)> H Z cii)(i) (y) COS(QWm(i)w)

uy \ieu i€V m)eR,

(y) cos(2rmDw) for some m® € R;. That is, we can write

where the sum is taken over all sets U,V that form a disjoint partition of {nz/ S, My},
e, UNV =0and YUV = {n2/5, ..., My}. Assume that V is non-empty. Then using the
standard trigonometric identity (3.17) we can expand

H Z cfi)(i) (y) cos(2rmDw)
i€V m R,
into a linear combination of cosine-functions with frequencies of the form
Z :l:m(i), m® e R;.
1SY

Since R; is contained in the range set R; defined in (3.53), and since we have the estimates
(3.55) and (3.56) separating these respective ranges for different values of 7, it is not possible
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that the linear combination equals zero (provided that n is large enough). Thus our construc-
tion ensures that all frequencies of cosine-functions in this linear combination are non-zero,
which implies that their integrals vanish over [0, 1], so that we have

/H Z cl (1) ) cos(2mmDw)dw = 0,

’LEV m(

and consequently,

/ (H “0 ) H Z C (Z) COS 27’['77’7,( )w) dw = 0’

ieU 1€V m@eR,;

whenever V is non-empty. Thus, the only term that actually contributes to the value of (3.57)
is when all indices i are contained in & and V = (). The contribution of this case to the integral
is

1 I
[ 1T dwas- I 0.
0 i=n2/5 i=n2/5

so that in total we have for every y € Do,

I
p(0 cos(2raiw))dw = ¢ p(0 cos(2raiw))dw.
[T ! -1 [ 11 !

1= n2/5 kGA i:n2/5 1= 'n,2/5 kGA
This is (3.45) and completes the proof of the proposition. O

Step 4. Give an explicit formula for H?ﬁ;z/s fol [Tren, p(0 cos(2ma) w))dw which holds with
large Py -probability. We will prove the following result.

Lemma 3.10. Let Y = (Yi)ren be the sequence of independent random variables, with each
Y uniformly distributed on the set Dy defined in (3.38). Then for every d € N, with p = pg,
the Taylor polynomial of length d, and by = by(6;d) as in (3.11), we have

My,
(3.59) / H p(6 cos( (2ma) w) ))dw = H b(‘)/ﬁ >1—n 32
i=n2/5 0 kel i=n2/5

for all sufficiently large n € N.
Proof. Fix d € N and set p = pg to be the corresponding Taylor polynomial, and let b; :=
bj(0;d), j = 0,1,...,d, be the associated coefficients as presented in Equations (3.10) and

(3.11) of Lemma 3.3 (see also (3.44)). For any y € D>, let c(()i) (y) be defined as in (3.47).
Combining (3.47) and (3.49) in Proposition 3.9 with the fact that i > n%/® in (3.47), we see
that for all sufficiently large n € N and for all 7 in the range n?/° < i < M,, we have

/ H p(0 cos(2majw))dw

0 kea,

_pvn Vn—L{
(3.60) =by " + Z Z Z by bjy -+ g, Z 2£ 1 ]l{hykl +8272Yky T +S0deyr, =0}

with the summation ranges as specified in (3.48).
We now estimate the probability of the event {j1 Yy, +s2j2Yk, +- - -+50J¢Yr, = 0}. We recall
that by assumption, Yy, ...,Y}, are independent discrete random variables, and that s, ..., s,
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are just some plus/minus signs. In principle the distribution of ji Yy, + s2joYk, + -+ + sejeYk,
could thus be calculated exactly by some convolution argument. However, for our purpose it
suffices to establish a very crude bound. Observe from (3.48) that there is at least one value

among ji,...,je that is non-zero. Let us assume, without loss of generality, that j, # 0. We
split off the corresponding random variable Y}, in the indicator in (3.60), which is independent
of Yp,,..., Yy, , since by > --- > ky, and use the fact that by assumption Y}, is uniformly

distributed among the 2%"* 4 1 different values in the set Dy, defined in (3.38), to obtain

Py (51Yk, + s252Yk, + -+ + 505¢Yk, = 0)

= Z Py (j1Ye, + 52J2Y0, + -+ - + Se—170-1Yk,_, = @) Py (s¢jiYi, = —a)
a€Z

_2/3
<27
_g2/3 ) . )
<27k ZP)J (71Ye, + 52020y + -+ + S0-140-1Yk,_, = @)
a€”Z
2/3 =1
S 2_6i,min’

where the last inequality holds because (ki,...,k;) € A;, and & min is by definition the
smallest element of A;. In the quadruple sum in line (3.60) the total number of summands
is at most \/ﬁ\/ﬁ‘/ﬁ(d + 1)\/52\/5. Note that by construction d; min > n9/10 for all i > n2/?,

2/3 )
so that 2 %min < 27" for all i > n2/5. Thus, by a union bound the Py-probability that
there exists at least one configuration of ¢, (ki,...,ke), (j1,-..,J¢), (S1,...,8¢) such that
J1Ye, + s2j2Yk, + -+ -+ 50JeYy, = 0 holds is bounded above by

\/ﬁ\/ﬁ‘/ﬁ(d + 1)ﬁ2ﬁ2(—n3/5)_
Observe that, since d is fixed, for sufficiently large n € N, (d + 1) < y/n and
\/ﬁ\/ﬁ\/ﬁ(d + 1)\/52\/52(—713/5) < 22\/510?;2(”)—”3/5
for which we can give the crude upper bound n~2 holding for all large enough n € N. Thus,
Py (cg@m £ bg{ﬁ) < % ie{n?5, ... M)},

for all sufficiently large n € N. Now, by (3.40), [{n?°,..., M,}| < M,, < \/n. Thus, we have

o i n 1
e[ U {020 <L

i=n2/5
for all large enough n € N, which implies the statement of the lemma. O

Step 5: Complete the proof of the LDP stated in Theorem D. By the definition of M,, in (3.40),

we have the relation
Mp+1

U (aiua) of1,...,n}

=1



38 C. AISTLEITNER, N. GANTERT, Z. KABLUCHKO, J. PROCHNO, K. RAMANAN

and M,, < y/n. Together with the fact that A;, Al,i € N, are all disjoint, |A;| = \/n, and
|A’| = n?/° this implies

Mr My, n2/5—1
Yoovn = n= Y A= DT (AL + A = (1Al + A%, )
i=n2/5 i=n2/5 i=1

> n—n?5n—2vnn?5 —2n
= n—3n9/10—2\/ﬁ,

while in the other direction trivially sz\i’;l 25 V1 < n. Thus, for the factor Hﬁjﬁ /s b(‘)/ﬁ
appearing in Lemma 3.10 we have the lower and upper bounds

My
(3.61) N | Y3
i=n2/5
Thus, for any fixed 6 € R, given any € > 0, choosing d = d(&) such that (3.43) of Lemma
3.8 holds with p = pg(.), then invoking (3.41) as well as (3.45) of Proposition 3.9, next applying
Lemma 3.10 with d = d(¢), bo := bo(0;d(c)), and finally using (3.61) we obtain

1
(362) (1 + 6)7n6750n9/10b'g—3”9/10—2\/ﬁ < / eQSX(w)dw < 68659119/10(1 . E)in
0

with [Py-probability at least 1 — n=3/2, for all sufficiently large n € N. Next, note that we have
log(1+¢) < g, and we can (and will) assume that £ > 0 is so small that log(1 —e) > —2e. We
also have the trivial bound 50104 (3n9/104-2,/n) log by = n%/10 (5043 1log by)+(2v/n) log by <
ne for all sufficiently large n € N. Thus, from (3.62) we can deduce that for sufficiently large
n € N, with Py-probability at least 1 — n=3/2,

1 1 1
—2e < —log(l+¢)— - (50n9/10 + (3n9/10 +2v/n)log b0> < —log (/ ees}f(“)dw) — log by
0

[50n%/1°] — log(1 — ¢)

S|= 3

<
<

wo
o

This implies that for all sufficiently large n € N,

1 1
Py < — log (/ eesf{(“’)dw> — log b
n 0

By the Borel-Cantelli lemma, with Py-probability equal to one only finitely many exceptional
events occur. This implies that Py-almost surely we have

1 1
— log (/ ees}f(“)dw) —logbg
n 0

Recall from (3.15) that bo(6;d(e)) is a finite polynomial approximation to the modified Bessel
function By(f), the moment generating function defined in (2.7), and that by(6;d(¢))) can
be made arbitrarily close to By(#) by choosing the degree d = d(e) sufficiently large. Thus,
letting ¢ — 0 (and hence d(¢) — +00) and using (3.63) together with (2.8), we derive, for
every fixed 0 € R,

1 L opsn ~
lim — log (/ e? Zk=1cos(2mk”)dw> = log By(0) = A(0) Py-a.s.
n—oo n 0

< 35) >1-—n 32

(3.63) lim sup

n—oo

< 3e.
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Since A(6) is a continuous (in fact, differentiable) function in 6, we can deduce that Py-almost
surely this result holds for all § € R: for Py-almost all realizations of the random sequence Y,
or equivalently, af, a%/, ..., we have

1 ! 1 L oysn <
lim — log </ GQSX(w)dw> = lim — log (/ e’ Zk—lcos(%azw)dw> =A(0) for all § € R.
n—oo N 0 n—oo n 0

Together with the Gartner-Ellis theorem, Theorem 3.1, this proves the desired result.
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APPENDIX A. PROOF OF PROPOSITION 2.4

Fix an integer ¢ € {2,3,...}. For m € N and n € N recall that A,,(n) denotes the number
of solutions to the equation

(A1) Zeiqki =0
i=1

in the unknowns ki,...,kn € {1,...,n} and e1,...,&, € {+1,—1}.

Proposition A.1. Fiz m € N. Then, the function A,,(n) restricted to the values n > m — 2
is a polynomial in n of degree at most [m/2].

Proof. Let Ay, p, po(n) be the number of representations of zero as a sum of signed powers of
2 which begins with p; terms of the form +¢' followed by ps terms of the form —g' and does
not contain any more +g¢-terms. More precisely, for pi,ps € Ny such that p; + p2 < m, we
define Ay, p, po (1) to be the number of solutions to (A.1) such that

by = = kpyapy = 1,
£1=...=¢p =41,
Ep1+1 = -+ = Ep1+po :—].,

kie{2,...,n}forie{pi+p2+1,...,n}

Since in any general solution to (A.1) the terms +¢ can appear at arbitrary positions, we have

Am{n) = Z (Pl Tm) <p1;1p2> Ampa (1)

p1,p2>0
p1tp2<m

To establish Proposition A.1 it suffices to prove the following two claims for all £ € N:
(a) Ago,0(n) is a polynomial in n of degree at most [¢/2] in the range n > ¢ — 2.
(b) For (p1,p2) # (0,0), App, po(n) is a polynomial in n of degree at most [¢/2] — 1 in the
range n > ¢ — 3.
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First of all, observe that these claims are true for £ = 1 and £ = 2 because
A1p0(n) =0, Azppo(n)=2n—-2, Ag11(n)=2, Azp1(n)= Az10(n)=0.

For larger values of ¢, we shall prove these claims by induction. The inductive argument is
based on certain recurrence relations for the functions Ay, p, p,(n) that we now derive.

Case 1. Let first py = po = p € Ny. Then, in (A.1) we can cancel the +g¢-terms with the
—g-terms, which yields a representation of 0 as a sum of +¢2, +¢3, ..., +¢", the total number
of terms being m — p; — ps. Dividing all terms by ¢, we obtain a representation of 0 as a sum
of m — p1 — po terms of the form +¢q, +¢?,...,+¢"'. The number of such representations is
Apm—p—p,(n —1). Hence, we arrive at

(A2 Al = Analn-1 = 3 (")) - )

T T T
71,7220 LT !
r1+ro<m—2p

Case 2. Let now p; > py. Then, in the representation (A.1) we can cancel ps terms of the
form +¢' with the same number p of terms of the form —q'. The resulting representation of 0
contains p; —po > 0 terms of the form +¢' and m—p; —ps terms of the form +¢2, +¢3, ..., +¢".
If py — p2 is not divisible by ¢, then Ay, p, p,(n) = 0 because the sum on the left-hand side
of (A.1) is not divisible by ¢2. So, assume that p; — ps = sq for some s € N. Divide the
remaining p; —ps terms of the form +¢! into s groups of the form +¢*+...+¢", each consisting
of ¢ terms, and replace each group by +¢?. We obtain s terms of the form ¢2. However, we
have also to take care of the terms of the form +¢? that can appear among the m — p; — po
terms of the form +¢2,+¢3,...,+£¢". Let ry, respectively, 7, be the number of the terms
+q?, respectively, —q?, among these m — p; — po terms. Dividing all terms by ¢, we obtain a
representation of 0 starting with s = (p; — p2)/q terms of the form +¢', followed by a sum
of m — p1 — po terms of the form +q', £¢>, ..., +¢" ', among which 7 terms are of the form
+¢' and 7y terms are of the form —¢'. Since the positions of these terms can be arbitrary
among the m — p; — po terms, we arrive at the identity

m—pr—p2\[(r1+t7r2
(A3)  Ampip(n) = Z < > < >As+mp1p2,s+r1,rz (n—1),

T T T
r1,r2>0 1+ 72 !
ri+r2<m-—pi—p2

which holds if p; — ps = sq for s € N.

Case 3. Similar arguments show that in the case when p; < py we have A, ,, ,,(n) = 0 if
po — p1 is not divisible by ¢ and

m—pr—p2\[(r1+t7r2
(A.4) Apprps(n) = Z < > < >As+mp1p2,r1,s+rz (n—1),

T T T
r1,r2>0 1+ 72 !
ri+re<m-—pi—p2

if po — p1 = sq for some s € N.
We are now in position to prove claims (a) and (b) by induction. As already mentioned

above, the claims are true for £ = 1,2. Assume that the claims are true for / =1,...,m — 1
with some m € {3,4,...}. We prove them for £ = m.

Case A. Consider first the case when (p1,p2) # (0,0). Then, (A.2), (A.3), (A.4) yield a
representation of A, ,, 5, () as a linear combination of the terms Ay, ,(n — 1) with £ < m.
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Applying the induction assumption, we obtain that A,, p, ,,(n) is a polynomial in n of degree
at most [m/2] —1 in the range n > m — 3. In the individual cases, this can be seen as follows:

e Case 1: If py = po = p # 0, then from (A.2) we have £ = m — 2p < m. By the
induction assumptions (a) and (b), the terms A,y r,(n — 1) appearing in (A.2)
are polynomials in (n — 1) of degree at most [(m — 2p)/2] < [m/2] — 1 in the range
n—1>m — 2p — 2, which lies in the range n > m — 3.

e Case 2: If p1 > po and p1 — po = sq for s € N, then £ = s + m — p; — py, which
is strictly less than m since ¢ > 2. By the induction assumption (b), the terms
Agsim—pi—pg,striro(n—1) (for which we have s+ > 0 since s € N) appearing in (A.3)
are polynomials of (n — 1) of degree at most [(s +m —p; —p2)/2] — 1 < [m/2] — 1
in the range n — 1 > s +m — p;1 — pa — 3. This lies in the range n > m — 3 since
p1+p2—8s=p+p2— (p1 —p2)/q > 0 and hence, being integral, is greater than or
equal to 1.

e Case 3: If po > p; and po — p; = sq for s € N, then £ = s + m — p; — po < m. The
remaining considerations are similar to Case 2.

In all three cases we obtain that (b) holds for £ = m.
Case B. Consider now the case when p; = po = 0. Then, (A.2) yields

m—2p\ [(r1+ 1o
Am,()’()(n) = Am(n — 1) = Z (7‘ T ) ( ! - )Ammm(n — 1).
1,720 1 2 1

r14+ra2<m

Separating the term with (ry,72) = (0,0), we obtain

m— 2 r+r
Am7070(n) = Am7070(n — 1) + Z < p> < ! 2> Am,rl,rg (n — 1)

T T T
71,7220 Lt !

r14+ra2<m
(r1,r2)#(0,0)
To each term in the sum on the right-hand side we can apply the same considerations as in
Case A, due to the restriction (ry,72) # (0,0). Thus, the sum on the right-hand side is a
polynomial in n of degree at most [m/2] — 1 in the range n — 1 > m — 3. Denoting this
polynomial by P, (n), we have

Am7070(n) = Amp,o(n — 1) + Pm(n)
for all n > m — 2. Iterating this, we obtain
Apmoo(n) = Pu(n)+ Ppn—1)+... 4+ Pyp(m —2) + Apm00(m —3),

for all n > m — 2. The right-hand side is a polynomial in n of degree at most [m/2]. This
proves that (a) holds with ¢ = m, thus completing the induction. O

Proposition A.1 allows us to find explicit formulae for A,,(n) for every fixed m and all
n > m—2. This also yields the moments of the lacunary sums .S,, because, as shown in Lemma,
3.5, these are given by

om m,n € N.

To compute A,,(n), we can proceed as follows. Let some m € N be given. Using computer
algebra, calculate the values A,,(n) for n =m —2,...,m — 2+ [m/2]. For example, one may
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just expand the Laurent polynomial

n m
(Z (x+qk i g;qk))
k=1

and observe that A,,(n) is the coefficient of 2° there. Then, compute the unique interpolating
polynomial of degree [m /2] taking the same values as A,,(n) forn =m—2,...,m—2+[m/2].
By Proposition A.1, this yields a formula for A,,(n) for all n > m — 2. For example, for ¢ = 2
we obtained the following formula

Ai(n)=0 for all n € N,
Az(n) =2n for all n € N,
As(n) = 6n — for all n € N,
Ayg(n) = 12n% + 18n — 48 for all n > 2,
As(n) = 12002 — 130n — 240 for all n > 3,
Ag(n) = 120n3 4+ 900n? — 3310n + 870 for all n > 4,
Az(n) = 2520n° 4 840n% — 40446n 4 48552 for all n > 5,

and so on. By computing more values of A,,(n) than necessary, it is also possible to check the
correctness of these formulas. Since the m-th cumulant ,,(S,) of S, can be expressed as a
polynomial of the first m moments E[S,],...,E[S]], we obtain that k,,(S,) is a polynomial
in n of degree at most [m/2] for all n > m — 2. In fact, it is even a polynomial of degree 1.
To see this, recall that the convergence of analytic functions in (2.10) is uniform on some disk

around 0. Differentiating (2.10) m € N times, we get
.1
Jm = (S) = AJ(0),

which implies that k,,(S,) must be of degree 1. For example, in the case when ¢ = 2, we
obtained

/fl(l"sn) —0 for all n € N,
IiQ(Sn) _n
=1 for all n € N,
/433(Sn) _n—= 1
= g for all n € N,
k4(Sn) 3n—8
_ >
i o for all n > 2,
k5(Sn) _ —n—24
= g for all n > 3,
k6(Sn)  —115n — 51
_ foralln >4
= 1608 or all n > 4,
k7(Sn) _ 916 — 393n for all n > 5,
7! 15360

and so on. This yields the first few terms in the Taylor expansion of As. Since I} is the inverse
function of A}, this easily yields the Taylor expansion of I stated in Proposition 2.4.
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