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Abstract

Consider a system of homogeneous interacting diffusive particles labeled by the nodes
of a unimodular Galton—Watson tree, where the state of each node evolves infinitesi-
mally like a d-dimensional diffusion whose drift coefficient depends on (the histories
of) its own state and the states of neighboring nodes, and whose diffusion coefficient
depends only on (the history of) its own state. Under suitable regularity assumptions
on the coefficients, an autonomous characterization is obtained for the marginal dis-
tribution of the dynamics of the neighborhood of a typical node in terms of a certain
local equation, which is a new kind of stochastic differential equation that is nonlinear
in the sense of McKean. This equation describes a finite-dimensional non-Markovian
stochastic process whose infinitesimal evolution at any time depends not only on the
structure and current state of the neighborhood, but also on the conditional law of the
current state given the past of the states of neighborhing nodes until that time. Such
marginal distributions are of interest because they arise as weak limits of both marginal
distributions and empirical measures of interacting diffusions on many sequences of
sparse random graphs, including the configuration model and Erdos—Rényi graphs
whose average degrees converge to a finite non-zero limit. The results obtained com-
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plement classical results in the mean-field regime, which characterize the limiting
dynamics of homogeneous interacting diffusions on complete graphs, as the num-
ber of nodes goes to infinity, in terms of a corresponding nonlinear Markov process.
However, in the sparse graph setting, the topology of the graph strongly influences
the dynamics, and the analysis requires a completely different approach. The proofs
of existence and uniqueness of the local equation rely on delicate new conditional
independence and symmetry properties of particle trajectories on unimodular Galton—
Watson trees, as well as judicious use of changes of measure.

Keywords Interacting diffusions - Sparse graphs - Random graphs - Local weak
convergence - Mean-field limits - Nonlinear Markov processes - Erd6s—Rényi
graphs - Configuration model - Unimodularity - Markov random fields
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1 Introduction
1.1 Background and motivation

Given a (possibly random) simple, (almost surely) locally finite rooted graph G =
(V, E), consider interacting diffusions of the form

dXx% ) =b(XS(t), uS@)dt + o (XS 1)dW, (1), veV, 1>0, (l.1)

with initial condition x(0) € (R?)". Here, (W,),ey are independent d-dimensional
standard Brownian motions, b and ¢ are suitably regular drift and diffusion coeffi-
cients, and MUG (¢) is the local (random) empirical measure of the states of the neighbors
of v attime ¢t > 0O:

1
G
My (1) = Z 5)(5?0)»
MO, o

with Ny(G) = {u € V : (u,v) € E} denoting the neighborhood of the vertex v in
the graph G. (By convention, set /1,5; (t) = 80 when N, (G) is empty, that is, when the
vertex v is isolated.) Important quantities of interest include the dynamics of the state
of a “typical” vertex and, when the graph G is finite, the (global) empirical measure
process defined by

_ 1
il = i Z8X9(,), t>0. (1.2)

veV

However, these systems are typically too large and complex to be analytically or
numerically tractable. Therefore, it is natural to seek approximations that are provably
accurate in a suitable asymptotic regime.

Classical works of McKean, Vlasov and others (see [23, 26, 35, 44] and references
therein) focused on such particle systems when G = K,,, the complete graph on n
vertices. They showed that, under suitable conditions, the limit of X g "in (1.1), where
@is a root vertex, chosen uniformly at random from V, is described by the following
nonlinear Markov process:
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dX(t) =b(X (), p(t)dt + o (X()dW (), pt)=L(X(®), =0,
(1.3)

where [1(¢) is the (deterministic) weak limit, as n — 00, of the global empirical
measure 157 (¢), and £(Z) denotes the law of a random variable Z. The measure-
valued function fi(-) can also be characterized as the unique solution to a nonlinear
partial differential equation (namely, the forward Kolmogorov equation associated
with this process), whence the name nonlinear Markov process. The key property that
leads to such a characterization is the observation that particles interact only weakly,
with the influence of any single particle on any other particle being of order 1/n. This
leads to asymptotic independence of any finite collection of particles and convergence
of the random (global) empirical measure process of the finite particle systems to a
deterministic limit (see [35, 44] for further discussion of this phenomenon, known as
propagation of chaos). An alternative two-step perspective to mean-field limits, taken
in [24], is to first use exchangeability to show that XX» converges to a limit, which is
the unique solution of a countably infinite coupled system of diffusions, and then show
that the marginal of any vertex in this infinite system can be autonomously described
as the nonlinear Markov process in (1.3).

Given the above intuition, it is natural to expect that asymptotic independence and
the same mean-field characterization (1.3) for the limiting dynamics of a typical node
may continue to hold for suitably “dense” graph sequences {G, },,en, Where each graph
is not necessarily complete, but the (minimum or average) degree of the graphs grows
to infinity. Indeed, several recent works [4, 8, 10, 33, 36, 39] have shown that either
asymptotic independence or a mean-field characterization like (1.3) continues to hold
under different sets of assumptions on the precise nature of denseness of the graph
sequence. As in the complete graph case, these works exploit the fact that the local
interaction strength at a vertex is inversely proportional to the degree at that vertex, and
thus vanishes in dense regimes. The only difference from the complete graph setting
is that the proofs are more involved due to a lack of full exchangeability.

In contrast, very few works have studied the limiting behavior of 1% or X g " in
the complementary sparse graph regime, that is, when the average degrees of possibly
random graphs in the sequence {G, }, <N remain uniformly bounded as the size of the
graph goes to infinity. Nonetheless, sparse complex networks and dynamical processes
thereon are ubiquitous in applied sciences [3], and the limitations of traditional mean
field approximations are increasingly well understood [17]. A particularly interesting
diffusive model of the form (1.1) is the Kuramoto model, corresponding to constant
oand b(x,m) =c f sin(y — x)m(dy) for ¢ > 0, in dimension d = 1. The Kuramoto
model on complex networks has been studied extensively in recent years, as a paradigm
for self-organization and synchronization phenomena [2]. Sparse regimes appear to
exhibit a particularly rich range of synchronization behaviors, analyzed in terms of the
multiplicity and stability of equilibrium points; see [38, 42] for representative work.

In the sparse regime, neighboring particles are strongly interacting and do not
become asymptotically independent as the graph size goes to infinity, and so the
limiting dynamics of any finite set of particles is no longer described in terms of
the mean-field limit. In Theorem 3.3 of a companion paper [29] (which extends
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results of a previous version [27]), we consider a more general class of (possibly
non-Markovian) dynamics than (1.1), and show under broad assumptions that if the
sequence {(G,, X Gn (0))}nen of (possibly random) rooted graphs, marked with initial
conditions, converges in distribution (in the local weak sense) to a limit marked (ran-
dom) graph (G, X9 (0)), then {(G,, X®")},en also converges in distribution (again in
the local weak sense) to (G, X ). This, in particular, implies that the marginal dynam-
ics at the root X g " converges in law to the corresponding marginal dynamics X g on
the limit graph G, where ¢ denotes an appropriate root vertex in G. Furthermore, it
was also shown in Theorem 3.7 of [29] that if a sequence of finite marked graphs
{(Gp, X97(0))},en converges in a slightly stronger sense (namely in probability in
the local weak sense) to a limit graph (G, X (0)), then the corresponding sequence of
global empirical measures {197}, cry converges weakly to the law of the root marginal
X§ in the infinite graph.

In many cases of interest, the limit graph G is a so-called unimodular Galton—
Watson (UGW) tree (see Definition 3.8). This is the case, for example, when G, is the
Erd6s-Rényi graph on n vertices with parameter p, € (0, 1), withnp, — 6 € (0, 00),
or the graphs G, are sampled from a configuration model with a converging empirical
degree sequence with finite non-zero first moment, and the root is chosen uniformly at
random (see, e.g., [11, 46] or Section 2.2.3 of [29]). Furthermore, for suitable initial
conditions (X UG "(0))yev,, for example, when they are independent and identically
distributed (i.i.d.) with a distribution independent of n (or, more generally, distributed
according to a Gibbs measure with a pairwise interaction potential independent of n),
the corresponding sequence of marked graphs (G, X UG "(0))yey, also converges to
the limit graph G marked with initial conditions coming from the same i.i.d. or Gibbs
distribution, respectively (see, e.g., Propositions 2.14 or 2.15 of [29]). Thus the above
marginal dynamics and global empirical measure convergence results apply to such
sequences.

The only other work we know of that considers asymptotic limits for interacting
diffusions in the sparse graph regime is [38], which considers a slightly different model
of Markovian interacting diffusions with identity diffusion coefficient, weighted pair-
wise interactions, an i.i.d. random environment and i.i.d. initial conditions, when the
largest vertex degree in G, is additionally assumed to be of order |G,,|°"). They prove
a local convergence result for the interacting processes, but only state, without proof,
an empirical measure convergence result. However, as shown in [29] (see Theorem
3.9 and Theorem 6.4 therein), the empirical measure convergence to a deterministic
limit can fail under local convergence in distribution, rather than in probability, of
the graph sequences, thus demonstrating that the proof of empirical measure conver-
gence is more subtle in the sparse graph regime than in the complete or dense graph
regimes.
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1.2 Our contributions
1.2.1 Discussion of our results

! Both works [29, 38] can be viewed as implementing, for sparse graph sequences,
the first step of the two-step approach of [24] mentioned above for complete graphs,
namely showing that the weak limits of both {X ¢Gn "Yen and {267
with the law of X QG , the root marginal of X, which is the unique solution to a countably
infinite coupled system of SDEs. However, both these works leave open the important
question of providing an autonomous characterization of the law of the root marginal
X g. The main contribution of this article is a resolution of this issue in the case when
G =T is aUGW tree. Specifically, we consider the interacting particle system on 7°
defined in (1.1) (or rather a possibly non-Markovian generalization of the dynamics
described in Sect. 3), and show that the marginal dynamics of the root particle and its
neighbors can be characterized by an autonomous system of equations that we call
the local equation. The choice of a UGW tree is in some sense canonical in view of
the results in [27, 29, 38] mentioned above that show that the law of the root particle
dynamics on a UGW tree 7 arises as the limit of both marginal dynamics and the
global empirical measure processes of diffusive particle systems on many sequences
of sparse random graphs of growing size. Thus, the local equation can be viewed as
the analogue, in the sparse graph setting, of the equation (1.3) that characterizes the
nonlinear Markov process describing the limiting evolution of a typical particle for
suitably dense graph sequences.

To the best of our knowledge, prior to this work, there did not exist even a con-
jecture regarding the form of the limiting marginal dynamics of a typical particle
or global empirical measure process in the sparse graph regime. In this regime the
graph structure clearly plays a role, and new ideas are required. In the particular case
when 7 is the (deterministic) «-regular tree T, the local equation may be viewed as a
path-dependent McKean—Vlasov stochastic differential equation with a non-standard
measure-dependence; it characterizes an (R 1+ _yalued process whose infinitesimal
evolution at any time ¢ depends not only on its current state at time ¢ but also on the
conditional law of the current state given the histories of the states of part of the neigh-
borhood up to time ¢ (see Definition 3.5). Notably, even when the original interacting
process on T, is Markovian, the solution to the local equation is a non-Markovian
process and it is also nonlinear in the sense that at any time, its evolution depends on
the law of the process up to that time, although in a non-standard way via a conditional
distribution associated with the law. However, while in general these are complicated
non-Markovian processes, recent work that establishes analogous results for jump
processes [13—15] shows that for certain classes of models, the local equations in fact

} exist and coincide

! This paper, along with [28, 29], supersedes the earlier arXiv version [27], after reorganizing and expanding
upon several aspects of the material. Notably, this paper removes the assumption of bounded drift in the
derivation of the local equation, whereas [29] sharpens and strengthens the results on local weak convergence
of particle systems, and [28] elaborates further on related yet rather separate conditional independence
properties. These three papers treat very different, complementary aspects of the same class of particle
systems and may be read independently.
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reduce to a very tractable system of (nonlinear) Markovian stochastic equations (see,
e.g., [13] or Section 4.3.2 of [40].

To provide insight into the form of the local equation, in Sect. 1.2.2 below we first
derive the local equation for a particle system in the simplest case when the UGW
tree is T, or equivalently, Z. Then, in Sect. 1.2.3 we discuss the significant additional
complications that arise in the general case of a random UGW tree 7. The only other
result that we are aware of that provides an autonomous characterization of marginals
of an infinite system of interacting diffusions on a sparse graph was obtained recently
in [12], which treats a Markovian interacting diffusive particle system with identity
diffusion coefficient in the special case where the interaction graph is a directed line,
without any feedback of the interactions. In this specific setting, a coupling argument
is used to obtain an autonomous characterization of the law of the trajectories of any
contiguous set of particles in terms of a non-linear diffusion process. As we show in
Sect. 1.2.2, even on a line derivation of such an autonomous characterization is more
complicated when the graph is no longer directed.

1.2.2 The local equation for a particle system on the line graph
Consider the particular diffusive particle system

dX,(t) = [BXy(1), Xo1(1)) + BXy (1), Xy—1 (1) ]dt + o(Xy(1))dWy (1), v € Z,
(1.4)

where (X,(0))yez are i.i.d., and B : (R?)? — R? and o : RY — R?*< are assumed
to be sufficiently regular (see Assumption A). Note that this is a particular case of
the dynamics (1.1) when G is equal to the (deterministic) 2-regular tree Ty, which
can be identified with Z, and the drift b is linear in the measure variable: b(x, v) =
2 fRd B(x, ) v(dy) for x € R and v is a probability measure on R4. We will also
assume that the dependence of B on the second variable is non-trivial so that we have
a system of diffusions that are truly interacting. For any ¢ > 0, let

Xolt] := (Xv($))sef0.]

represent the trajectory of X, in the interval [0, ¢], and for any subset A C Z,
let X4[t] := (Xyl[t])vea. Identifying the root node with 0 € Z, we would like to
understand the law of the dynamics of the root marginal X, but it turns out that to
obtain an autonomous description, one should instead consider the marginal dynamics
Xi—1,0,1) = (X_1, X0, X1) of the root and its neighborhood, rather than just the root.
Furthermore, this also allows one to understand correlations between neighboring
particles. The characterization via the local equation entails three key ingredients.

(1) Markov random field structure First, note that the dynamics of X is completely
endogenous in that it only depends on the states of X_1 and X, which are part of
the neighborhood. On the other hand, the evolution of X_; depends on X_,, the state
of node —2, which lies outside the set {—1, 0, 1}. Therefore, in order to obtain an
autonomous description of the law of the dynamics of X(_1,0,1}, we need to be able
to express the conditional law of X_,(¢) given X{_ o,1} in terms of the (joint) law of
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X{—1,0,1}- As a key first step towards achieving this goal, we establish the following
conditional independence property of the particle system (1.4): for each ¢ > 0,

(XD j<i AL (X;[tDjsivr | (Xilt], Xip1[2]), Vi € Z (1.5)

where for random elements Z, Z,, Z3, weuse Z; 1L Z,|Z3 to denote that Z; and Z»
are conditionally independent given Z3. In other words, we show that for each r > 0,
(X;[t]);ez is a second-order Markov chain on Z.

At first glance, one might conjecture that (X;(1));<; AL (X;(®));>; | X;(t) for
each i € Z, that is, for every fixed ¢t > 0, the states (X;(t))icz form a first-order
Markov chain (on Z). However, this conjecture is incorrect, because conditioning
on X;(t) provides information about the trajectory X;[¢], which in turn influences
the entire trajectories X;_1[f] and X;11[t]. This observation may then prompt the
modified conjecture that the trajectories (X;[t]);cz form a first-order Markov chain,
ie, (X;[t])j<i AL (X;[t])j>i | X;[t] foreachi € Z. This too turns out to be incorrect,
because conditioning on X;[#] induces correlations between the Brownian motions
(W;)j<i and (W) ~;, in a way that the conditioning in (1.5) remarkably does not.

In fact, Theorem 2.7 of [28] shows that for any locally finite graph G and X¢ as in
(1.1), for every > 0, the trajectories (X f [tDvey form a local second-order Markov
random field (MRF) (assuming the initial conditions do), in the sense that

XS0 AL XG[11 X5 ,[1]. YA CV finite, B C V\(AU3%A), (1.6)

where 32A is the set of nodes at distance one or two from A (see Sect.2.1 for
graph-theoretic terminology and Sect. 5 for a discussion of MRFs). We would like to
emphasize, however, that the conditional independence property (1.5) required here
is not implied by the local MRF property established in [28]. Indeed, to obtain the
first conditional independence statement in (1.5) one would need to apply (1.6) with
A={jeN:j<ilandB ={j e N:j > i+1}in(1.6).In particular, we need (1.6)
to also hold for certain infinite sets A. This is analogous to the distinction between
(tree-indexed) first-order Markov chains and first-order local MRFs; the former often
form a proper subset of the latter, as explained in [16, Chapters 10-12]. More gen-
erally, an extension from a local MRF property to a global MRF property, in which
A C V in (1.6) is allowed to be infinite, is highly non-trivial and can fail in general;
see [20, 22, 47] for works in other contexts that illustrate the underlying subtleties.
Nevertheless, we show that the global MRF property does hold in our setting; see
Propositions 3.17 and 3.18 for a proof in the more general context of random UGW
trees. For further intuition into this second-order MRF property and explicit examples
that illustrate why the first-order counterparts fail, we refer the reader to Section 3.3
of [28].

(i) A projection theorem and symmetry considerations We now discuss the second
ingredient of the proof, recalling that we are interested in an autonomous charac-
terization of X(_j,9,1y, where (X,)yez are as in (1.4). Using an optional projection
argument known from filtering theory (see Appendix A), we can conclude that (extend-
ing the probability space if necessary) there exist independent Brownian motions
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(W_l, VT’O, Wl) such that X = (X_1, Xo, X) satisfies
X, (t) = by(t, X)dt + (X, (1))dWy (1), ve{-1,0,1},

where, with C denoting the space of R?-valued continuous functions on [0, 00), l;v :
[0, 00) x CI=101 s RY is a progressively measurable version of the conditional
expectation:

but, %) i= E[ B0, Xo1 (1) + B (0, Xom (0) | X0l = 1]+ v € (=1.0,1),

where we recall x[1] = (x(s))se[0,/]- Clearly, the drift coefficient for the root or zero
particle remains the same as in the original system described in (1.4):

bo(t, x) = B(xo(t), x1(1)) + B(xo (1), x_1(1)).

On the other hand, 5; and b_; do not coincide with the corresponding drifts in the
original system, but we can simplify the expressions for them using the conditional
independence relation of (1.5) along with symmetries of the particle system. Precisely,
as justified below, we have

b_i(t,x) = E[B(X_1(t), Xo(1)) + B(X_1(1), X2(1)) | X(~1.0.1j[1] = x[1]]
= B(x_1(1), x0(1)) + E[BX_1(1), X 2(1)) | (X_1, X0)[t] = (x_1, x0)[1]]
= B(x_1(1), xo(1)) + E[B(Xo(1), X_1(1) | (X0, XD)[1] = (x_1, x0)[7]].

Indeed, the crucial steps are the second line, which follows from the conditional
independence of X _»[¢] and X[¢] given X(_1,0;[¢], and the third line, which follows
from the shift-invariance of the particle system on Z, which gives equality in law
of (X_2, X_1, Xo) and (X_1, Xo, X1). We can derive an analogous expression for
51 (¢, x) by using the conditional independence of X5[¢] and X_[¢] given X (o 1;[t],
and the equality in law between (X2, X1, Xo) and (X_1, Xo, X1) which now follows
from both the shift-invariance and reflection-invariance (around 0 € Z) of X:

bi(t,x) = E[B(X1(1), X2(1)) | (X1, Xo)[t] = (x1. x0)[1]] + Bx1 (1), x0(t))
=E[B(Xo(t), X_1(1)) | (X0, XD)[1] = (x1, x0)[1]] + B(x1(2), x0(1)),

fort > 0and x € C-10 In summary, if we define
vi(x, y) = E[B(Xo(0), X_1() | (Xo, XDIt] = (x, ], (x,y) € AW
then we find that X = X(_ 0,1} solves the coupled system

dX_1(1) = [BX1(0), Xo()) + 71(X_1, X0)]dt + o (X_1 (1)dW_; (1),
dXo(1) = [B(Xo(), X1(1))dt + B(Xo(1), X_1(t)]dt + o (Xo(t))dWo (D),
dX1(t) = [71(X1, Xo) + BX1(1), Xo(t)]dr + o (X1 (1)d W1 (1), (1.8)
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where VT/_l, W/o and V~V1 are independent d-dimensional Brownian motions. Modulo
some additional technical conditions, this is precisely the T local equation associated
with the particle system (1.4); see Definition 3.5 with « = 2. Observe that even though
the original system (1.4) describes a (linear) Markov process, its marginal X{_1 0,1},
as described by the system (1.8), is a nonlinear, non-Markovian process since y; is a
functional of the law of X{_1,0,1j[#] of the process and it takes as arguments the past
of coordinates of the process (up to time 7). However, also note that this dependence
ensures that the coupled system (1.8) is autonomously defined.

(iil) Proof of well-posedness The final step of the proof, carried out in full detail in
Sect. 4.2, is to show that the law of X(_1 o1y is the unique (weak) solution to the local
equation (1.8). Coupling methods combined with Banach fixed point arguments, which
are commonly used in the analysis of more standard nonlinear Markov processes that
arise as mean-field limits, are rendered unsuitable by the complicated appearance of
conditional laws in the local equation. Instead, we once more exploit the conditional
independence and symmetry properties described above to essentially rebuild the law
of Xz using just the joint law of the root neighborhood. Specifically, given a solution
(Y_1, Yo, Y1) to the local equation, let ;(dy—1, dyo, dy1) denote the joint law of the
root neighborhood (Y_1, Yy, Y1), and let I'(dyy; Yo, Y1) denote the conditional law of
Y_ given (Yy, Y1). By (reflection) symmetry, the conditional law of Y7 given (Yp, Y_1)
is precisely I'(dyi; Yo, Y_1). We then consider the unique probability measure on CZ
with (consistent) finite-dimensional distribution on CZ"(=""1 given by

n—1

u(dy_1,dyo, dy) [ [ T@yigri yio yie DT @y— s y-in y—a-1))  (1.9)

i=1

for each n € N, where the product of the kernels reflects the conditional indepen-
dence property of Xz stated in (1.5). The crux of the argument is to show that this
probability measure on CZ is the law of a solution of the infinite SDE system (1.4);
uniqueness for the local equation then follows from uniqueness for the infinite par-
ticle system. The full justification is much more involved but ultimately rests upon
conditional independence and symmetry arguments like those used above, as well as
judicious use of Girsanov’s theorem to characterize I' and the measures in (1.9). It
is worth emphasizing that, by purely measure-theoretic arguments, the law of any
random sequence X7 = (Xj)iecz that is invariant under shifts and reflections, and
also satisfies the conditional independence property (1.5), is uniquely determined by
its root neighborhood marginal via the construction in (1.9). However, the difficulty
lies in transferring additional properties (such as the property that the collection Xz,
satisfies a certain SDE) from the marginal to the full configuration, and vice versa.

The proof of uniqueness outlined here notably relies on the uniqueness of the infinite
particle system Xz defined by (1.4). Under the more restrictive assumption of bounded
drift, it is possible to avoid any reference to the infinite system and instead, provide
a direct proof using relative entropy estimates. See the extended arXiv version for
details (Sections 1.2.2(iii) and 4.3 of arXiv:2009.11667).
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1.2.3 Additional challenges on random trees

As we have seen above, three main ingredients of the proof of characterization of the
law of marginal dynamics in terms of the local equation include a certain conditional
independence property that is similar in spirit to the second-order MRF property, a
stochastic analytic result on projections of Itd processes, and symmetry considerations.
These arguments can be extended to more general dynamics and T for general x > 2
in an analogous manner, although the proofs are more involved, with the main change
being that one now exploits the class of symmetries arising from the automorphism
group on T, which can be visualized as translation and rotation symmetries (see
Sect.3.2.1 for the form of the local equation in this case). However, the intuition
described above is somewhat limited to deterministic trees.

On random UGW trees, the proof of the characterization of marginal dynamics via
the local equation (described in Definition 3.9 and Sect. 3.3), is an order of magnitude
harder, and requires new ingredients. Firstly, the conditional independence property
must now be established in an annealed sense, looking jointly at the particle system
and the structure of the underlying tree, and the statement and proof are significantly
more involved (see Proposition 3.17). As for the second step, while the projection
argument is similar, the symmetry considerations must be significantly altered, as they
are not so useful in the quenched form used for deterministic regular trees. Instead, the
appropriate notion of symmetry here turns out to be unimodularity, which is defined
by a certain mass-transport principle (elucidated in Sect.7.2). This can be viewed as
a sort of stationarity property, which is often loosely described as the property that the
root is equally likely to be any vertex [1], although the precise formulation is more
subtle. In the course of the proof of our main result, we show in Proposition 7.3 that
this unimodularity property is preserved by dynamics of the form (1.1), which may
be of interest in its own right.

The unimodularity property is applied to establish a key identity (see Proposi-
tion 3.18) that relates certain conditional expectations related to the histories of the
process at the root and its neighbors to a suitably reweighted version of corresponding
conditional expectations related to the histories of the process at a child of the root
and its neighborhood, leading to a more complicated form of the analogue of 7, (as
discussed in Remark 3.11). Section 3.4 contains precise statements of these key prop-
erties, which are applied in Sect. 4.1 to show that the marginal distributions satisfy the
UGW local equation. Finally, the more complicated form of the local equation on the
UGW tree also leads to additional subtleties in the last step of establishing uniqueness
(see Sect.4.2). In particular, the proof now entails certain non-trivial change of mea-
sure arguments that were not necessary in the case of the deterministic regular tree;
see Sect.4.2.1 for an outline and Sect.4.2.2 for the details.

Precise statements of our main results are given in Sect. 3. In the next section, we
first develop some notation.
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2 Preliminaries and notation

In this section, we introduce common notation and definitions used throughout the
paper, and which are required to state the main results. Throughout, we write Ng :=
N U {0}.

2.1 Graphs and the Ulam-Harris-Neveu labeling for trees
2.1.1 General graph terminology

Given a graph G = (V, E), we will often abuse notation by writing v € G forv € V
to refer to a vertex or node of the graph. In this paper, we will always assume that
the graph has a finite or countably infinite vertex set and is simple (no self-edges or
multi-edges). Given u, v € V, a path from u to v is a sequence of distinct vertices
u = up, Uy, u2,...,u, = vsuchthat (u;_1,u;) € Efori =1,...,n. The graph G
is said to be connected if there exists a path between any two vertices u, v € V. For
two vertices u, v € V, the distance between u and v is the length of the shortest path
from u to v, or oo if no such path exists. The diameter diam(A) of aset A C V is the
maximal distance between vertices of A. For v € V, the neighborhood of v in G is
defined to be

Ny(G) :={u € V\{v}: (u,v) € E}.

The degree of a vertex v is [N, (G)|, where as usual |A| denotes the cardinality of a set
A. A graph is said to be locally finite if each vertex has a finite degree. Given A C V,
its boundary and double boundary are defined to be

dA :={u e V\A:3v e Asuchthat (u,v) € E}, %A :=dAUIAUIA).
2.1)

Note that 0 A (resp. 92 A) is the set of vertices that are at a distance 1 (resp. 1 or 2)
from A. A clique is a complete subgraph, that is, a set A C V such that (u,v) € E
for every distinct u, v € A. Equivalently, a clique is a set A C V of diameter at most
1. Similarly, we say that a set A C V is a 2-clique if diam(A) < 2.

2.1.2 The Ulam-Harris-Neveu labeling for trees

A tree is a (undirected) graph G = (V, E) such that given any two vertices u, v €
G, there is a unique path between u and v. It will be convenient to work with the
standard labeling scheme for trees, often attributed to Ulam—Harris—Neveu (see, e.g.,
[19, Section VI.2] or [37]), defined using the vertex set

V= (g} U [ N (2.2)
k=1
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For u,v € V, let uv denote concatenation, that is, if u = (uy,...,uy) € Nk and
v=(v1,...,v;) € N/, thenuv = (uy,...,ux, vi,...,v;) € NF*J. The root ¢ is
the identity element, so gu = ug = u for all u € V. For v € V\{g}, we write m, for
the parent of v; precisely, m, is the unique element of V such that there exists k € N
satisfying v = myk. We view V as a graph by declaring two vertices to be adjacent
if one is the parent of the other. Thus, the neighborhoods of V are N4(V) = N and
Ny(V) = {m,} U {vk : k € N} for v € V\{g}. Note that this graph V is not locally
finite.

There is a natural partial order on V. We say u < v if there exists (a necessarily
unique) w € V such that uw = v, and say u < v when w # ¢. A subset 7 C V is
defined to be a tree if:

) oeT;

2) IfveT andu € Vwithu <v,thenu € T;

(3) For each v € 7 there exists an integer ¢,(7) > 0 such that, for k € N, we have
vk € T ifand only if 1 < k < ¢, (7).

Note that for us a tree, by default, is locally finite. We also use the symbol 7 to refer
not only to the subset of V but also to the induced subgraph. Inductively, for u € 7,

we think of the elements (uv)i“:(?) as the children of the vertex labeled u. For any
T c Vand v € V, define N, (7) = 7 N Ny(V) to be the set of neighbors of v in 7 if
veT,andset Ny(7) =@ if v ¢ 7.1Itis convenient to define also V,, to be the labels

of the first n generations:

V= (o} U | N (2.3)
k=1

With a minor abuse of notation, we also use V,, to denote the corresponding induced
subgraph.

2.2 Measure spaces

For a Polish space X', we write P(X) for the set of Borel probability measures on
X, endowed always with the topology of weak convergence. Note that P(X) itself
becomes a Polish space with this topology, and we equip it with the corresponding
Borel o-field. We write §, for the Dirac measure at a point x € X. For an X-valued
random variable X, we write £(X) to denote its law, which is an element of P(X).
Given any measure v on a measurable space and any v-integrable function f on that
space, we use the usual shorthand notation (v, f) := f f dv. Given X'-valued random
elements Y, Y,, n € N, we write Y, = Y to mean that the law of Y, converges weakly
to the law of Y.
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2.3 Function spaces

For a fixed positive integer d, throughout we write
C:=CR4;RY

for the path space of continuous functions, endowed with the topology of uniform
convergence on compacts. For ¢ > 0, we write C; := C ([0, t]; Rd), and for x € C we
write ||x ||, 1= SUP;e[0.] [x(s)| and x[¢] := {x(s), s € [0, ¢]} for the truncated path,
viewed as an element of C;.

2.4 Configuration spaces

For a set X and a graph G = (V, E), we write X" or XC for the configuration
space {(xy)yev : xp € X forevery v € V}. We make use of a standard notation for
configurations on subsets of V: For x = (x,)yey € XV and A C V, we write x4 for
the element x4 = (xy)pes of X4,

2.5 Space of unordered terminating sequences

As discussed in the introduction, we will study stochastic differential equations that
take values in a sequence of configuration spaces with corresponding underlying inter-
action graphs that have different numbers of vertices. We want to be able to specify a
single “drift function” that takes as input finite sequences of elements of X’ of arbitrary
length and is insensitive to the order of these elements.

To this end, for a set X', we define in this paragraph a space S“ (X)) of finite unordered
X-valued sequences of arbitrary length (possibly zero). First, for k € N we define the
symmetric power (or unordered Cartesian product) S¥(X') as the quotient of X* by the
natural action of the symmetric group on k letters. For convenience, let S°(X) = {o}.
Define SY (X)) as the disjoint union,

SH(X) = |_| sk,
k=0

A typical element of SY(X) will be denoted (x,)yecy, for a finite (possibly empty)
set V; if the set is empty, then by convention (x,)yey = o € S9(X). It must be
stressed that, of course, the element (x,)ycy has no order. The space S”(X’) must not
be confused with what is traditionally called the infinite symmetric product space in
algebraic topology when X" is endowed with a distinguished (base) point e, in which
the points (x1, ..., x,, e) and (x1, ..., x;) would be identified; these two points are
distinct in SY(X).

Suppose now that (X, d) is a metric space, and endow S”(X), with the usual
disjoint union topology, i.e., the finest topology on S”(X) for which the injection
SK(X) < SH(X) is continuous for each k € N. A function F : SHX) - Ytoa
metric space ) is continuous if and only if there is a sequence ( fk),‘jio, where fy € YV
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and, foreachk e N, f; : X k _ YV is a continuous function that is symmetric in its k
variables, such that

(x1,...,x;) forkeN, (x1,...,x) € Xk
F((x)ie(1,...k) ={fk ! k ! k

Jfo fork = 0.

If X is separable and completely metrizeable, then so is SY(X'). Note that a sequence
(x))vey, in SH(X) converges to (x,)yey if and only if for all € > 0O there exists
N € N such that for all n > N there exists a bijection ¢ : V,, — V such that
maxyey, d(x), Xpw)) < €. (Note that this implicitly requires that |V,| = |V| for
sufficiently large n.) It is worth noting that continuous functions on S"(X) are strictly
more general than weakly continuous functions on the set of empirical measures, but
we refer to [29] for further discussion.

3 Statements of main results

For a tree 7, viewed as a subset of V as defined in Sect.2.1.2, we are interested in the
SDE system

dXZ(t):l{,,eT}(b(t, x7, Xﬁvm)dz+o(z,XUT)dWU(t)), veV, @Gl

where recall that N,(7) denotes the set of neighbors of v in 7, and b and o are
suitable progressively measurable coefficients as specified in Assumption A. When
the tree 7 is random, we always take it to be independent of the initial conditions
and Brownian motions. Note that we include even those labels v € V\7 that do not
belong to the tree, for which the process is constant X Z—(t) =X UT(O); this will be
convenient notation and, in the random tree case, will render the tree itself measurable
with respect to the initial o -field (as elaborated in Remark 4.2). Also note that, unlike
in the introduction, we allow path-dependent coefficients (b, o), both because this
arises in applications and because this results in no change in the arguments or in the
form of the local equation described in Sect. 3.2, which are inevitably path-dependent
regardless of whether b and o are, as discussed in Sect. 1.2.2(ii).

We state first our standing assumptions in Sect.3.1. Then we introduce the local
equation in Sect. 3.2 and finally state our main results in Sect. 3.3. Throughout, recall
the function space C = C(R4; R4) and sequence space SY(C) defined in Sects. 2.3
and 2.5, respectively.

3.1 Assumptions
Fix a dimension d € N and, for x € C and ¢ > 0, recall from Sect.2.3 the notation

x5 = SUP;e[0./] |x(s)|. We assume the drift coefficient b, diffusion coefficient o,
and an initial distribution A, satisfy the following:
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Assumption A (A.1) The drift coefficient b : Ry x C x S(C) — R is continu-
ous and has linear growth, in the sense that for each 7' > 0, there exists C7 < oo
such that, for any (¢, x, (xy)vea) € [0, T] x C x SY(C), we have

1
b, x, (xv)vea)l = Cr {1+ lIxlls + Al Z ol ] -

veA

where the average is understood to be zero if |[A| = 0. Moreover, b is progres-
sively measurable; that is, it is jointly measurable (which is already implied by the
above continuity properties) and non-anticipative in the sense that for each ¢ > 0,
b(t, x, (xy)vea) = b(t, y, (yv)vea) Whenever x(s) = y(s) and x,(s) = yy(s) for
alls <tandv € A.

(A.2) The diffusion matrix o : Ry x C — R?*4 satisfies the following:

(A.2a) o is bounded and continuous. Moreover, o (¢, x) is invertible for each (¢, x),
and the inverse is uniformly bounded. Lastly, o is progressively measurable,
which implies that for each t > 0, o (¢, x) = o (¢, y) whenever x(s) = y(s)
foralls <r.

(A.2b) The following driftless SDE admits a unique in law weak solution:

dX(t) =0, X)dW(), X(0)~ Ag.

(A.3) The initial states (X UT(O))Uev are i.i.d. with common distribution 1o € P(R%),
and A¢ has finite second moment.

(A.4) For each non-random tree 7 C V, there exists a unique in law weak solution of
the SDE system (3.1) with i.i.d. initial positions (XZ—(O))UEV with law Ag.

The final condition (A.4) regarding uniqueness in law for (3.1) is not as stringent as
it may appear. If the tree 7 is finite, it follows automatically from Assumptions (A.1)—
(A.2) and Girsanov’s theorem (see Lemma B.1). For infinite graphs, Theorem 3.2
below shows that Assumption (A.4) holds if » and o are suitably Lipschitz. The i.i.d.
assumption on the initial conditions in (A.3) can be relaxed, although we do not do so
in this article; see Remark 3.16 for further discussion.

Remark 3.1 As an immediate consequence of Assumption (A.4), it follows that the
SDE (3.1) is unique in law even when the tree 7 is random, since we always take 7°
to be independent of the initial conditions and the Brownian motions.

Theorem 3.2 Suppose that Assumptions (A.1) and (A.2a) hold. Assume also that the
functions b and o are Lipschitz, in the sense that for each T > 0, there exist K, K T <
oo suchthat, forallt € [0, T1, allx, x" € C, and all (x,)yea, (x])uca € S7(C) indexed
by the same finite set A, we have

1
Ib(t. x, (x)uea) — bt X' (xuea)) < Kz [ 1x = 5" + — > llxu = x,llsr | -
|A| ueA

(3.2)
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where the average is understood to be zero if |A| = 0, and
o (7, %) = o (6, x| < Krllx — x| (3.3)

Then there exists a pathwise unique strong solution for the SDE system (3.1), with any
initial conditions (XUT(O))UET.

Proof This follows from standard arguments; see [29, Theorem 3.1]. O
Motivated by Theorem 3.2, we will sometimes make the following assumption.

Assumption B Suppose that Assumptions (A.1), (A.2a), and (A.3) hold. Assume also
that the functions b and o are Lipschitz, in the sense that (3.2) and (3.3) hold.

We note that due to Theorem 3.2, Assumption B implies Assumption A.
The main examples of interactions we have in mind for the drift b in Assumption
(A.1) take the following forms:

Example 3.3 For a first example, suppose b is of the form

bo(t, x) ifA =9,

b(t, x, (xy)vea) = - :
- :%ZveAb(tv X, xy) ifA#0,

for given functions by : R, xC — R? and b: Ry x C xC — R4, Assumption (A.1)
holds if by and b are continuous with linear growth, in the sense that for each 7 > 0
there exists C7 < oo such that

1bo(t, )| + [B(t.x, M < Cr (14 ¥l + Iyllr) o forall ¢, x, y).
Example 3.4 Generalizing Example 3.3, suppose b is of the form

bo(t, x) ifA =9,

b(tvx7(xl))l) A): 7 .
c {b(t,x,ﬁZveA(SXv) if A £ 0,

for given functions bo Ry x C — R? and b: R; x C x P(C) — R?. In fact, b
needs only to be defined on the subspace of P(C) consisting of empirical measures of
finitely many points. Assumption (A.1) holds if by and b are continuous (using weak
convergence or any Wasserstein metric on P(C)) with linear growth, namely if for
each T > 0 there exists C7 < oo such that

bo(r, x)| + |b(t, x, m)| < Cr (1+||x||*,,+/C||y||*,tdm(y)), for all (t, x, m).
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3.2 The local equation

The local equation describes a novel stochastic dynamical system and is significantly
more complicated on the UGW tree than on non-random trees, where its structure is
more transparent, especially given the discussion in Sect. 1.2.2. Thus, we first introduce
its definition on the infinite regular tree in Sect.3.2.1 and defer the full formulation
for a UGW tree to Sect.3.2.2. However, the reader may choose to skip directly to
Sect.3.2.2 without loss of continuity.

3.2.1 The local equation for an infinite regular tree

Let T, be the infinite x-regular tree for some integer x > 2, and note that it can be
identified with the subset {¢} U {1, ..., «x} U Uff’:z ({1, kP x L, ook — 1}”_1)
of the vertex set V defined in (2.2).

Recall from Sect.2.3 that fort > O and x € C = C(Ry; Rd), we write x[t] :=
{x(s) : s € [0, £]} for the truncated path, viewed as an element of C, = C ([0, 1]; RY).
The following generalizes the local equation outlined in Sect. 1.2.2 for a model on T>.

Definition3.5 Let T,1 = {¢, 1, ..., x} denote the first generation of the «-regular
tree. A weak solution of the T local equation with initial law Ly € PRY) isa tuple
(2, F,F,P), v, (By, Yv)veT,,) such that:

(1) (2, F,P) is a probability space with a filtration F = (F;);>0.

(2) (By)ver,, are independent d-dimensional F-Brownian motions.

(3) (Yy)ver, ; are continuous d-dimensional F-adapted processes.

@) (Yy(0)yer, , are iid. with law A¢.

(5) The function Ry x C? 3 (t, x4, X1) > ¥;(xg, x1) € R? is progressively measur-
able and satisfies

,,,,,

(3.4)
(6) The following system of stochastic equations holds:

dYy(t) = b(t, Yy, Y(1,..«)) dt + 0 (1, Yy) dBy(1),

3.5
dyi(t) =y (Y;, Yg)dt +0(t,Y;)dBi(t), i=1,... k. )

(7) Foreachi =1,...,xand T > 0, we have
’ 2 2 T w2 T Y2
/ <|VI(Y¢» YOI + 17 (Yi, YOI© + v (Xg, X7 + |72 (Xi, Xg)l )dl <00, a.s.,
0
where (5(\ v)veT,; 18 the unique in law (by Assumption (A.2b)) solution to the

driftless SDE system
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dX,(t) = o(t, X,)dBy(t), v e Ty,

where (X,(0))yer, , are i.i.d. with law Ag.

Alternatively, we may refer to the law of the C**1.valued random variable (Yv)ver,,
as a weak solution. We say that the T local equation with initial law g is unique in
law if any two weak solutions induce the same law on C<*1.

Remark 3.6 The property (7) in Definition 3.5 will be used to justify certain applica-
tions of Girsanov’s theorem (as in Lemma B.1). Specifically, it ensures that the joint
laws of (Y, ¥;) and (X4, X;) are mutually absolutely continuous.

Remark 3.7 The local equation describes a “nonlinear” process in the sense of a
McKean—Vlasov equation because the law of the solution enters the dynamics. How-
ever, a crucial yet unusual feature of the local equation (3.5) is that the conditional
expectation mapping y; appears with different arguments throughout the SDE system.
In the related paper [30] (see also [43, 48]), we show that analogous discrete-time
local dynamics can be simulated efficiently. In future work, we plan to investigate the
analytical and numerical tractability of the local dynamics in the diffusion setting.

It is worth noting how the T, local equation (3.5) simplifies when the drift b takes
the form described in Example 3.3 above. Indeed, the law of (Y, Y1, ..., Y, ) isclearly

invariant under permutations of (Y1, ..., Y,), which implies

K

—1 -
yf(Yﬂv Yl)v

I~
vi(Yg, Y1) = —b(t, Yy, Y1) +
K K

where we define
(Yo, Y1) = E[E(t, Yo, Y2) | Yoltl. ¥ [z]].

We may then write (3.5) as

|
dYy(t) = — 3 b(t, Yy, Yy dt + 01, Yy) dBy (1),
i=1
k—1

1~
le'([)=<;b(t, Yi, Yy) + .

Vv (Y;, Y¢)> dt +o(t,Y))dBi(t), i=1,...,«.

The main result on the characterization of the dynamics of the root and its neighbor-
hood T 1 via the local equation is given in Corollary 3.14. Itis a simple consequence of
the more general result, Theorem 3.12, for UGW(p) trees given in Sect. 3.3. With that
in mind, in the next section, we first introduce the general form of the local equation
for a UGW tree.
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3.2.2 The local equation for unimodular Galton-Watson trees

Fix a distribution p € P(Np) with finite non-zero first moment. We first formally
define a UGW(p) tree:

Definition 3.8 Given p € P(Ny) with a finite nonzero first moment, the random tree
UGW(p) has a root with offspring distribution p, and each vertex of each subsequent
generation has a number of offspring according to the distribution p € P(Ny), where
0 is given by

(k) = w, k € Ny, (3.6)

2 nennp(n)

and the numbers of offspring in different generations are all independent of each other.
Recalling the Ulam—Harris—Neveu labeling from Sect.2.1.2, we view a UGW(p) tree
as a random subset of V.

As discussed in Sect. 1.1, this kind of random tree arises as the local weak limit of
many natural finite random graph models (see Examples 2.2, 2.3, and 2.4 of [29]).

We now give the general form of the local equation for UGW trees. In this case, the
structure of the neighborhood of the root is also random. To capture this, it is useful
to consider the root neighborhood as a subset of the vertex set V| = {g} UN.

Definition 3.9 Given p € P(Np) with finite nonzero first moment and Ag € PRY),

a weak solution of the UGW (p) local equation with initial law Ao is a tuple
(2, F,F,P), 71, y, (By, Yv)vev,, C1) such that:

(1) (2, F,P) is aprobability space with a filtration F = (F;);>0.

(2) 7; is a random tree with the same law as the first generation of a UGW (p)
tree. More explicitly, 77 has vertex set {@, 1, ..., k} for some Ny-valued Fy-
measurable random variable « with law p, and the edge set is {(8,k) : k =
1,...,«}. (If &k = 0, this means the vertex set is simply {@}, there are no edges,
and Ng(77) = @.)

3) 61 is an Fy-measurable Ny-valued random variable with law p, as defined in
(3.6).

(4) (By)vev, are independent d-dimensional F-Brownian motions.

(5) (Yy)vev, are continuous d-dimensional F-adapted processes.

(6) (Yy(0))yev, are Fo-measurable and i.i.d. with law Ao.

(7) The function Ry x c? s (t, xg, x1) = yi(xg,x1) € RY is progressively mea-
surable and satisfies

T
B[ Belp, ¥y, Yuyr) | Yol 11111

14+Cy
i (Yp, Y1) = E[li\}%(gn ‘ Yoltl. V1t ]] on {Ny(T1) # ¥},
+
b(t. Yg. 0) on {Ny(T7) = 4},

3.7

@ Springer



Marginal dynamics of interacting diffusions on unimodular...

a.s., for a.e. t € [0, T']. Recall our convention that o denotes the unique element
of the one-point space C°.

8) 71, (Yy(0))yev,, a, and (By)yev, are independent.

(9) The following system of stochastic equations is satisfied:

dY¢(t) = b(t, Y¢, YNﬂ(’]']))dt +U(t, Y¢) dB¢(t),

(3.8)
aYe(t) = yery (7 (Y, Yo dt + 01, Y) dB(0)), k €N,

(10) Foreachk € Nand T > 0, we have
T o~ o~ —~ —~
/O (19 o, YO + 1 (Vi Yo 2 (R, ROP + 1y (R, R) P )dr < 00, as.,

on the event {k € 7}, where (5(}),,@;1 is the unique in law (by Assumption
(A.2b)) solution of the driftless SDE system

dX,(t) = lyer;0 (1, X,)dBy(1), v eV,

where (X, (0))yev, are i.i.d. with law .

Alternatively, we may refer to the law of the CV'1-valued random variable (Yy)vev, as
a weak solution. We say that the UGW (p) local equation with initial law Aq is unique
in law if any two weak solutions induce the same law on C"1.

Remark 3.10 It is worth noting how Definition 3.9 reduces to Definition 3.5 when the
tree is the deterministic k-regular tree, i.e., the UGW(p) tree with p = §, for an integer
k > 2. In this case, we have p = 8,1, Ng(71) = {1, ..., «}, and 61 =k —1,and
the definition of y; in (3.7) reduces to (3.4).

Remark 3.11 The more complicated form of y; in Definition 3.9 as opposed to Defi-
nition 3.5 is due to the subtler symmetries of the UGW tree in comparison with the
simpler symmetries of the non-random trees T, . Note that for the UGW tree 7, on
the event {|Ng(7)| # 0}, the random variable 61 is independent of |Ng(7)| and
represents the number of offspring of vertex 1, which in a UGW(p) tree has law p.
The following identity then provides intuition behind the definition of y; in (3.7): for
bounded functions 4 : N — R,

~ [Ng(T)]
E[h(1 + C)lnymyem] = E [li—ah(|N¢(T)|)1{N¢<m#m} :
1

which is easily verified by showing that both sides are equal to [1 — p (0)] ZZO:O hk+
1)p(k). This should be interpreted as explaining how to change measure, using the
Radon-Nikodym derivative |Ng(7)|/(1 + C 1), to effectively re-root the tree to vertex
1 instead of @. See Proposition 3.18 for a precise statement. Of course, in the «-regular
tree case discussed in Remark 3.10, no such change of measure is necessary, because
the re-rooted tree is isomorphic to the original tree. On a more technical level, it is
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worth noting that the presence of the indicators in the SDE system (3.8) ensures that
{v € T} is a.s. Xy[t]-measurable for each t > 0 (see Remark 4.2), and thus the
conditional expectations appearing in (3.7) implicitly condition on the tree structure
in addition to the particle trajectories. Also, our choice of how to define y, (Y, Y1) on
the event {Ny(71) = ¥} is a useful convention but is irrelevant to the form of the local
equation.

3.3 Characterization of marginals via the local equation

The following is our main result for particle systems set on UGW trees.

Theorem 3.12 Suppose Assumption A holds. Let T denote a UGW (p) tree, where
p € P(Ny) has finite nonzero first and second moments. Let X T = (X Z Yvev be the
solution of the SDE system (3.1). Then the law of the CV'-valued random variable
(X UT)UEV1 is a weak solution of the UGW (p) local equation with initial law ).
Moreover, the UGW (p) local equation with initial law Aq is unique in law.

Remark 3.13 To be absolutely clear about the meaning of Theorem 3.12, we must
stress that (XvT )vev, provides a weak solution of the local equation, but (Xz—')vev1
does not, where we write 77 := 7 NV for the first generation of 7. The difference
is that X7t = (X ? )vev denotes the particle system set on the one-generation tree Ty,
in which the children of the root comprise the leaves of the tree, whereas (X Z— Jvev,

represents the root neighborhood for the particle system set on the potentially infinite
UGW(p) tree T .

Since the k-regular tree is a special case of the UGW tree defined in Definition 3.8
(see Remark 3.10), the following is an immediate corollary of Theorem 3.12, where
we recall that T, | := {@, 1, ..., «} represents one generation of the tree T,.

Corollary 3.14 Suppose Assumption A holds. Let T, denote the infinite k -regular tree,
for some k > 2, and let T\ 1 denote its first generation. Let X Te = (X E")UEW denote
the solution of the SDE (3.1) on the tree T = Ty. Then the law of (X;Er”)ve'ﬂ-,(,1 isa
weak solution of the Ty local equation with initial law Ly. Moreover, the T, local
equation with initial law A is unique in law.

As will be discussed in Sect. 3.5, combining Theorem 3.12 with the results of [29]
yields a characterization of the limiting marginals and empirical measures of particle
systems set on large finite graphs converging locally to UGW trees.

Remark 3.15 The unimodularity condition on the random tree, although convenient
and natural in the context of local limits of random graphs, is not entirely necessary
for obtaining a form of marginal dynamics. Indeed, in a related paper [30], we obtain
analogous results for interacting discrete-time Markov chains (equivalently, stochastic
cellular automata), on standard Galton—Watson trees. The marginal dynamics on a
general Galton—Watson tree, however, involve the first two generations of the tree
instead of just the first generation. The extra symmetry imposed by unimodularity
enables the reduction to a single generation, essentially because of the symmetry
result of Proposition 3.18 below.
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Remark 3.16 We focus in this paper oni.i.d. initial conditions, for the sake of simplicity,
but similar results are valid in greater generality. On the regular tree T, if the SDE
system (3.1) starts from a distribution A € P((Rd)TK) that is automorphism-invariant
and a second order MRF (see Definition 5.1), then Corollary 3.14 remains valid with
(Yy(0))yer, , distributed according to the T 1-marginal of A. A similar result should
hold in the UGW case, but the requisite symmetry and conditional independence
properties are much more subtle to formulate, and hence, deferred to future work.

3.4 Comments on the proof and two key auxiliary results

The proof of Theorem 3.12, which is given in Sect. 4, relies on two important proper-
ties of the interacting particle system (3.1) which we state in this section and which
may be of independent interest. The first result, Proposition 3.17, states the form of
the conditional independence property that we require. It can be viewed as a (more
complicated) analogue of the second-order MRF property for T»-trees discussed in
Sect. 1.2.2(i), but the essential message remains the same: by conditioning on the parti-
cle trajectories at the root vertex and a child thereof, the particle trajectories in the two
disjoint subtrees obtained by removing the edge between these two vertices become
independent.

Recall in the following that 7, denotes the parent vertex of any v € V\{g} as
defined in Sect.2.1.2.

Proposition 3.17 Suppose Assumption A holds, and suppose T is a UGW(p) tree,
where p € P(Ny) has finite nonzero first moment. Then, for eacht > 0, the following
hold:

@) (X,g[t]),-eN is conditionally independent ofXg1 [t] given X{z;’k}[t],for any k € N.

(ii) Foreacht > 0, the conditional law of (X7 [1])ien given (X[ (1], X T [t]) does not
depend on the choice of k € N. More precisely, there exists a measurable map
A, C? > P(CIN) such that, for every k € N and every Borel set B C C’,N, we
have

A(XT, xT)(B) = P((XE [t Diew € BI XL (1), X7 [1]) as.

The proof of Proposition 3.17 is given in Sect. 6 and relies on general definitions and
properties of MRFs on finite graphs outlined in Sect. 5. We first study finite truncations
of the UGW tree in Proposition 6.2, prove a version of this property on the truncated
graph, and then carefully take limits.

While Proposition 3.17(ii) captures some of the symmetry of the UGW(p) tree 7,
the next result, Proposition 3.18, provides one more crucial symmetry property and
is where unimodularity comes into play; this might be contrasted with the simpler
symmetry considerations used in the case of T as outlined in Sect. 1.2.2(ii). Propo-
sition 3.18 below is where the measure change described in Remark 3.11 appears,
which explains the form of y; in Definition 3.9.

Recall the definition of the space S™(X) from Sect. 2.5. For Proposition 3.18 and its
proof, it is helpful to introduce some notation to emphasize when we are working with
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unordered vectors (elements of SY (X)) versus ordered vectors. For a finite set A and
a (ordered) vector x4 = (Xy)pea € X A we write (x4) to denote the corresponding
element (equivalence class) of SY(X). The canonical labeling scheme V introduced
in Sect.2.1.2 and adopted in this section carries with it a natural order, and we will
find it helpful to use this notation ( - ) when it is important to stress that we are dealing
with an unordered vector.

Proposition 3.18 Suppose Assumption A holds, and suppose T is a UGW(p) tree,
where p € P(Ny) has finite nonzero first moment. Let t > 0, and let h : C,2 X
SY(C;) — Rbe bounded and measurable. Suppose we are given a measurable function
E; : C? — R that satisfies

i B[ e A, Xalel, (Xayer ) | Xole). Xar]]
B (Xg, X1) = I iny()20) INo(T)|
E[ R | Xolel. x1101]

, a.s.

Then, for each k € N,

8 (Xk, Xg) = E[h(Xilt], Xglt], Xy [1]) | Xolt], Xklt1], a.s., on {k € T}.
(3.9)

The proof of Proposition 3.18 is given in Sect. 7. It is worth noting that the statement
of Proposition 3.18 would be far less succinct if we did not define the SDE as in (3.1)
with the canonical labeling scheme.

3.5 Limits of finite-graph systems

This section presents the natural application of our local equation to characterizing
the limiting behavior of finite particle systems, drawing on our recent results in [29].
For a finite and possibly random graph G with non-random vertex set V, we define
X6 = (XY),ey as the unique in law solution of the SDE

dX§ () =b(t, X7, X5 )t +0(t, X$)dW, (1), veV, with (XT(0)yey iid. ~ Ao
(3.10)

Here (W,)ycv are independent Brownian motions, the initial law Ao € P[RY) is given,
and N,(G) denotes the set of vertices in G which are adjacent to v. Moreover, we
assume as always that the graph G, if random, is independent of (W, X f 0)yey.
Note that under Assumption A, as discussed thereafter, existence and uniqueness in law
for the SDE (3.10) hold by Girsanov’s theorem. We define also the (global) empirical
measure

1
b = mZaxg’ (3.11)

veV

which we view as a random element of P(C).
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Using Theorems 3.3 and 3.7 of [29], we could now state a rather general theorem
that applies to any (random) graph sequence that converges in the local weak sense to
a UGW(p) tree. Indeed, [29, Theorem 3.7] shows that if G,, converges in probability
in the local weak sense to a limiting graph G, then both ©© and X g, ", where @, is a
uniformly random vertex in G,,, converge, with the limits characterized in terms of the
root particle in the SDE system (3.10) set on the limit graph G. When G is a UGW(p)
tree, we then characterize this root particle via our local equation. To avoid giving a
full definition of local weak convergence of (marked) graphs (which can be found in
[29] in Section 2.2.4, including Definitions 2.8 and 2.10 therein, and Appendix A),
we prefer not to state the most general result possible here, and instead we focus on
three noteworthy random graph models and associated graph sequences:

1. ER(#) The ErdGs-Rényi graph G ~ G(n, p) is defined for n € N and p € (0, 1)
by considering a graph with n vertices and independently connecting each pair of
distinct vertices with probability p each. Consider the sequence G,, = G(n, py),
with p, € (0, 1) and np, — 6 € (0, 00).

2. RR(x) The random «-regular graph G ~ Reg(n, «) is defined for n € N by choos-
ing a «-regular graph (meaning each vertex has exactly x neighbors) uniformly
at random from among all x-regular graphs on n vertices. It is well known that a
k-regular graph on n vertices exists as long as n« is even and n > «k + 1. Consider
the sequence G, = Reg(n, «) if nk is even and G, = Reg(n + 1, «) if nk is odd.

3. CM(d) The configuration model G ~ CM(n, d"), for any degree sequence d" =
dy,....d}) € N, is the uniformly random graph from among all graphs on
n vertices with degree sequence d"; see [45, Chapter 7] for more information.
Of course if d" = (k, ..., k) then this reduces to the random «-regular graph.
Consider the sequence G, = CM(n, d"), with % Y e 84 converges weakly to
some d € P(Np), % Z=1 d; — Z/Sio kd(k), and assume d has finite first and
second moments, that is, Y, k2d(k) < oo.

The following convergence result is a consequences of Theorems 3.7 and 3.9 and
Examples 2.2, 2.3 and 2.4 of [29]. Recall here that £(Z) denotes the law of a random
variable Z, and = denotes convergence in law.

Theorem 3.19 [29] Suppose Assumption B holds, assume the initial distribution g
has bounded support, and let {G},en be an ER (0), RR(x ) or CM(d) graph sequence,
as defined above, and correspondingly, define p € P(Ny) by p := Poisson(0), p := §
or p := d. Further, let X% and ﬁ,G” be as in (3.10) and (3.11), respectively, let @,
denote a uniformly random vertex in G, and let T = UGW ((p) be the rooted UGW
tree with offspring distribution p. Then Xgl” = Xg— and 1% = E(Xg—).

Note that this result notably points out that convergence (in probability) in the local
weak sense of each of the above three random graph models is strong enough to imply
the convergence of the global empirical measure i, in fact to a non-random limit.
However, in Theorem 3.19, this limit is characterized as the marginal of an infinite-
dimensional stochastic differential equation. When combined with Theorem 3.12, this
implies the following result, which states that these limits can in fact be characterized as
the marginal of an (almost surely) finite-dimensional stochastic system, thus achieving
a remarkable dimension reduction.
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Corollary 3.20 Suppose Assumption B holds, assume the initial distribution Ao has
bounded support, and let {Gp},eN be an ER (0), RR(x) or CM(d) graph sequence,
and correspondingly, define p € P(Ny) by p := Poisson(0), p := & or p := d.
Further, let X% and ,th" be as in (3.10) and (3.11), respectively, let @, denote a
uniformly random vertex in G, let T = UGW (p), and let Y be a solution to the
UGW (p) local equation with initial law Lg, as stated in Definition 3.9 (equivalently,
in the case p = &, Definition 3.5). Then Xgl” = Y, and 1% = L(Yy).

Note that this result asserts that in each case, the sequence of random empirical
measures {/LG”}nEN converges in law to the non-random limit L£(Yy). By standard
propagation of chaos arguments (see [44] or Lemma 2.12 of [29]), it follows that if k €
N is fixed and if v,ll, e, vﬁ are k independent uniformly random vertices in G, then

E(XZ;{’ s Xl(;” ) converges weakly to the k-fold product measure £(Yy) X - - - X L(¥)

as n — o0o. The same is then true if (v,ll, e, vﬁ) is chosen uniformly at random from
among the (Z) k-tuples of distinct vertices. However, it is important to emphasize that
unlike mean-field limits, in our setting this convergence does not hold for any arbitrary
chosen finite set of vertices. In particular, if v! = @, and v? is a neighbor of @, chosen
uniformly at random (assuming one exists, else set v,% to be a uniformly at random
vertex from V'\@,), then the laws of X " and X ,,Gz" are not asymptotically independent

n n
but remain correlated in the limit, with the limiting correlations captured by the local
equation.

4 Proof of Theorem 3.12

This section is devoted to the proof of Theorem 3.12 using the results stated in Propo-
sitions 3.17 and 3.18. Throughout, let (X UT)veV be a solution to the SDE system (3.1).
In Sect.4.1 we first verify that the marginal (X UT)veVI is a weak solution of the local
equation, in particular establishing existence of a solution to the local equation. Then,
in Sect. 4.2, we show that the local equation is well-posed in the sense that it has a
unique weak solution. In the proofs we will use the notation £ to denote the Doleans
exponential, or

E (M) = exp(M, — 3[M],), t >0, (4.1)

for a continuous local martingale M, where [M] denotes the (optional) quadratic
variation process of M. We also recall that H denotes the relative entropy functional
defined in (4.2).

4.1 Verification result
We prove in this section the first claim of Theorem 3.12, which asserts that the law

of the root neighborhood particles (X,),cv, provides a weak solution of the local
equation of Definition 3.9.
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We first state a fairly standard integrability estimate, which explains the need for the
average 1/|A] in the linear growth Assumption (A.1). We defer the proof to Appendix
C, asitis similar to [28, Lemma 5.1]. In the following, let H denote the relative entropy
functional: for probability measures v, U on a common measurable space, let

H@|D) := /log Fdv ifv <D, H@W|D) =00 ifv &7, 4.2)

where v « v signifies v is absolutely continuous with respect to v. For any random
tree 7, let (X vT)veV denote the unique in law [by Assumption (A.2b)] solution of the
driftless SDE system

dXT(t) = lweryo (t, X1 )dB, (1), veV, (4.3)

where (5(\ UT(O))UeV are i.1.d. with law A, and as usual the tree, initial conditions, and
Brownian motions are independent. Recall in the following that £(Z) denotes the law
of arandom variable Z, and x4 = (x,)yec4 denotes a sub-configuration of x = (xy)yev
for A C V.

Lemma 4.1 Suppose Assumption A holds. For each T € (0, 00) there exists a constant
C} < oo such that, for any random tree T C V, letting X7 be the solution of (3.1),
we have

sup [ X712 ;171 < C;, as., (4.4)
veV

and also, for any finite set A C 'V,

H(LXTITD | £XTITD) < Ch(1 + |AD, (4.5)
H(LXTITY | LXTITD) < CR(1 + |AD. (4.6)

Now, we work for the rest of Sect.4.1 on a filtered probability space (2, F, I, P),
supportinga UGW(p) tree 7, independent d-dimensional Brownian motions (W) yev,
and continuous d-dimensional processes (X UT)veV satisfying the SDE system (3.1).
Asalways we assume 7, (W) ey, and (X UT (0))yev are independent, and (X UT(O)),,GV
are i.i.d. with common law A¢. The offspring distribution p € P(Np) has finite nonzero
first moment and finite second moment. For ease of notation, for the rest of Sect 4.1
we omit the superscrl/Et by ertlng (Xyp)pey = (XT)MV and (X Yvey = (X Yvev.
The driftless process X = (X )vev defined in (4.3) may live on a different probability
space that we do not specify.

Remark 4.2 The dynamics (3.1) include the “fictional” particles v ¢ 7 in such a way
that the random tree 7 can be recovered from (X, [7]) ey forany r > 0. Indeed, almost
surely, v ¢ 7 if and only if there exists an interval on which t — X, (¢) is constant.
(Note that this holds because the diffusion coefficient is assumed non-degenerate.)
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More precisely, 7 is measurable with respect to the “just after time zero” o -field, or

veT}e ﬂo(xv(s) s <1), as foreach veV. 4.7

t>0

Here “a.s.” means that the event {v € 7} belongs to the completion of the o-field
appearing on the right-hand side. Moreover, there exists a deterministic mapping 7 :
C — {0, 1}, measurable with respect to ﬂl>0]—'tc where (]‘}c)zzo is the canonical
filtration on C, such that

lwery = T(Xy), a.s. foreach v € V. 4.8)

In particular, this function T does not depend on v. These observations will be exploited
several times throughout this section.

The proof is decomposed into several steps.
Step 1 The first step of the proof will be to project onto the root neighborhood V' using
the projection theorem (Theorem A.2). It follows from (3.1) that (X, )ycv, satisfies

dXy(t) = b(t, Xg, Xny1)) dt + 0 (t, Xg) dWy(2),
dXi(t) = ey (b0, Xi Xnyer)) di + 01, X W), k € Vi)\fo),
where we write 7 := 7 N V| for the first generation of 7. By Theorem A.2, by

extending the probability space if necessary, we may find independent d-dimensional
Brownian motions (By)yev, such that

dX,(t) = byl(t, Xvy,)dt +6,(t, Xv,)dBy(t), v eV, 4.9)

where by : Ry x CV1 > R? and &, : Ry x CV1 > R?*4 are any progressively
measurable functions satisfying

bu(t, Xv,) = E [1jpem)b(t, Xo, Xny ) | X, [11] (4.10)

5,5 (1. Xv) =E [Iperjoo (¢, X,) | X, [1]] @.11)

a.s. for ae. ¢ > 0. Such progressively measurable functions always exist by

Lemma A.1. Now, the functions by and (6y)yey, can be simplified because the cor-

responding integrands are Xv,[f]-measurable. Indeed, because Xy, (1) and T, are
Xv, [t]-measurable for each t > 0 (as a consequence of Remark 4.2), we may take

gﬂ(t9XV1)=b(ts X(bs XN@(’Z]))? gv(lvxvl): l{ve’]‘l}o'(ts XU)? v GVI'
(4.12)

Step 2 Next, we simplify the form of Zv for v € V1\@, using symmetry and conditional
independence results. Noting that V\{g} can be identified with N, for a given k € N,
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we first apply the conditional independence result of Proposition 3.17(i) to deduce
that all particles except ¢ and k may be safely omitted from the conditioning in the
definition of by. That is, recalling also that {k € 77} is X[t]-measurable (again by
Remark 4.2), we have

bi(t, Xv,) = lper E[b(t, Xi, Xnp1) | Xoltl, Xlt]], a.s., a.e.t>0.

Now, fix ¢ > 0. Since b is progressively measurable, there exists a measurable func-
tion i : C; x SU(C;) > R such that b(z, x, ) = h(x[t], X[t]) forx € C, X € SH(©0).
Then, on {k € T}, br(t, Xv,) is equal to the right-hand side of (3.9) with this
choice of h. Although / is not bounded as is required in Proposition 3.18, both
h(Xglt], (Xn,[t]) and h(Xg[t], (Xn,[f])) are square-integrable due to the linear
growth of b from Assumption (A.1) and Lemma 4.1, and we know also that | Ng(7)|
is square-integrable as we assumed p has finite second moment. Hence, by truncating
h and taking limits, we easily extend the validity of the formula in Proposition 3.18 to
cover such an 4. Ultimately, we deduce that

bi(t, Xv,) = vi(Xg, Xg), on {k € T}, (4.13)

where y; : C? — R? is a progressively measurable function satisfying

Ny(T
B[ REHIb(. Xo Xy | Xoltl, X111

Vi (Xg, X1) =

on {Ny(71) # ¥},

E[ Rt | Xolrl, Xu111]

(4.14)

and y; (X4, X1) = b(t, X4, 0) on {Ng(71) = 0}, where we recall that o denotes the
element of the one-point space CY. Note that IN1(T)| = las., E[|Ng(T) |2] < o0 and

E [ JT1b(r, Xyl1], X, [t])|2dt] < 00, which together imply

|No (D)

T
E[l{NQ(T);e@}m/O [b(t, Xgl1], XNﬂ[l])ldt} < 00,

foreach T € (0, 00). Since X is continuous, the existence of a progressively measur-
able version of (¢, x4, x1) — ¥;(Xg, x1) is then guaranteed by Lemma A.1.
Step 3 It remains to check that we have all of the ingredients required by Definition 3.9
for a solution of the local equation. We begin with the integrability condition stated as
property (10) in Definition 3.9. Note that Lemma 4.1 and the linear growth of b from
Assumption (A.1) ensure that, by Jensen’s inequality and (4.14),
T
E [ukef} [0 |74 (X, X«»)th] <E [1{;@} /0

T
|b(t7 Xk, XNk(T))|2dt] < Q.

(4.15)
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Next, recall from Remark 4.2 that {Ng4(7) # @} is X4[t]-measurable for ¢+ > 0.
Applying the conditional Jensen’s inequality, and invoking (4.14), Assumption (A.1)
and Lemma 4.1 yields

INo(D)| [T
E[I{N(a(T)#@}ilN?(T” A v (Xg, Xi)|*dt
INo(D)| [T

<E [1{N¢<7>¢w} INT(T)| |b(t, Xg, Xnyczi))| dt

[Ng(T)| 2 1 2
<3CiTE|1 1+ X — X
<3¢} [‘N“(T#”’w] vl R ¢||*.T+|N¢(T)Ik€%ﬂn ez

[Ng(T)]

53C%T(1+2C?)E[1{Nw(7)#@}INT(T)| 00, (4.16)

where Cr < o0 and C; < oo are the constants from Assumption (A.1) and
Lemma 4.1, respectively. Recalling that y;(Xg4, X1) = b(t, Xg4, 0) on {Ng(7) = ¢}
we deduce from (4.15) and (4.16) that the following two integrals are a.s. finite, for
each k € N:

T T
/0 1y (Xe, Xo) 21, /O e (Xe Xo) 2.

The finite entropies of Lemma 4.1 ensure that the laws of (X4, Xy ) and (5(\(5, X, x) are
equivalent (i.e., mutually absolutely continuous) for each k € N, and therefore the
following integrals are also a.s. finite:

T T
/ v (Xg. Xp)|%dt, / |yt (X, Xg)[2dt.
0 0

Along with the definition of y; (see (4.14) and the subsequent line), this verifies both
properties (7) and (10) of Definition 3.9, with ¥ = X.
Finally, by enlarging the probability space if necessary, let 6?’“ be an Fp-measurable
No valued random variable with law p, independent of (7, (X,(0))yev). Define
= |Ni(T)| -1 on the event {N4(7;) # ¢}, and on the complementary event
{N,z,(Tl) = (#} define Ci = Ci C*. This way, using the definition of the UGW(p) tree
7T, one may easily check that C | has law p, 77 is the first generation of a a UGW(p)
tree, (X, (0))yev are i.i.d. and Fyp-measurable with law A¢, and moreover, C 1, 71, and
(X1 (0))yev are independent. This verifies properties (1)—(3), (6), and (8) of Defini-
tion 3.9. (The definition of C) on {Ng(71) = ¥} is made in this way for the sole purpose
of meeting the independence requirement of Definition 3.9(8), and C §*! serves no other
purpose.) Combining relations (4.9)—(4.14), we see that the stochastic equations (3.8)
are satisfied with ¥y = Xj for all k € Vy, and thus properties (4), (5), and (9) of
Definition 3.9 hold. Putting this together, we see that (X, )yecv, is a weak solution of
the UGW(p) local equation with initial law Aq, as in Definition 3.9.
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4.2 Proof of well-posedness of the UGW(p) local equation

Fix p € P(Np) with finite first and second moments. As briefly described in Sect. 1.2.2
in the simplest case of a 2-regular tree, the basic idea behind the proof of uniqueness
is to use the weak solution to the local equation to construct a solution to the infinite
particle system (3.1) on the UGW(p) tree 7, and then invoke uniqueness (in law) of
the latter to deduce that of the former. However, the construction is more involved
when k > 2 and substantially more complicated in the case of the random UGW tree.
To make the proof more transparent, we first provide an outline and introduce some
common notation in Sect.4.2.1, then prove the main technical lemmas in Sect.4.2.2,
and finally, in Sect.4.2.3, show that the uniqueness property in Theorem 3.12 is a
consequence of these lemmas.

4.2.1 Outline of proof and some common terminology

Let (2, F,IF,P), 71, v, (By, Yv)vev,, 61) be any weak solution to the UGW(p) local
equation with initial law X, as specified in Definition 3.9. Due to properties (2), (3),
(4), and (8) of Definition 3.9, by extending the probability space if needed, we can
assume without loss of generality that (2, F, F, IP) also supports a UGW(p) tree 7,
independent of the standard d-dimensional F-Brownian motions (By)yey, and i.i.d.
initial conditions (Y,(0)),ecv, such that 7; = 7 NV and 61 + 1 = |Ni(7)] on
{Ng(T) # (}. Next, again on the event {Ng(7) # (}, we aim to extend the local
solution to V5 in such a way that the law of the particle system on the random tree
T, := T NV, of depth 2 is consistent with the 7;-marginal of the interacting particle
system (3.1), where recall that, for any n € N, V,, was defined in (2.3). For this it
suffices to specify the conditional joint law of the states of vertices in 75\V given
Yy, . In view of the second-order MRF property and exchangeability (as encapsulated
in Proposition 3.17), this is equal to the product of the conditional joint laws of the
states of the offspring of each i € 77\{@}, given the states of the vertices i and @, and
each of these conditial laws is identical in form.

Now, in the case when 7 = T, for some « > 2, this conditional law can be
identified from the weak solution to the local equation since, by the symmetry of the
tree, it has the same form as the conditional law, given the trajectories of vertices @
and 1, of the remaining children 77\{g, 1} = {2, ..., «} of the root @, except that the
roles of @ and 1 are now reversed, since 1 now acts as the new root (see Fig. 1).

In the case of the UGW(p) tree, while the conditional joint laws are the same given
the structure of the tree, re-rooting the tree at 1 challges the distribution of the tree. To
account for this, we define a new “tilted” measure P on (€2, F, [F) via the relation

BNl .
dP N1 ()| {Ns(T1) #0} (N (T) =0} - .

The fact that this defines a true probability measure Pis justified in Lemma 4.4 below.

We then characterize the joint law of (Y, Y1) under this tilted measure P in
Lemma 4.4, and then use the unimodularity of the tree (in particular, Proposition
3.18) to compute the conditional law on each time interval [0, ] of the trajectories
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Fig. 1 The case 7 = T4, relating the conditional law L(Ya € -|Ye, Y+) when A the tree is rooted at ‘e’
and B the tree is rerooted at ‘+’

of the neighborhood Ny4(7") of the root given those of ¢ and 1 in Lemma 4.6. Using
this conditional law, which is denoted by Z;, we extend the particle system to V,,
and recursively to V,,, and denote the latter law as Q" € P(C"V"); see (4.30). Finally,
in Proposition 4.7 we show that the family {Q"} is consistent, in the sense that the
projection of Q" to CV* coincides with QX for k < n, and that its unique extension
toalaw Q € P(CV) coincides with the unique law of a weak solution to the infinite
particle system (3.1).

We close this discussion by introducing some additional notation that will be used
throughout the proof. Let v :=Po Yy, '€ P(CV") denote the law of (the Y- marginal
of) the weak solution of the UGW (p) local equation, and define the corresponding
“tilted” measure ¥ € P(C"1) by v :=PovY Il In other words, letting E¥ denote
expectation with respect to P, V is defined by the Radon-Nikodym derivative

YV1:|

though we will make no use of this precise form. Also, throughout, to compute various
laws and conditional laws, it will be convenient to introduce some reference measures.
For this, we introduce again the solution ()? v)veV to the driftless SDE system (omitting
the superscript 7°)

dv |ND(T)|
Y EF [ Ling 20y + LiNg(T=m)

o =E N

dX,(t) = lperio(t, X)dBy(t), veV, t>0. (4.18)

Note that this SDE is unique in law due to Assumption (A.2b). We also introduce the
canonical probability spaces (2", F", F", P*™) to be used throughout the proof. Here,

= CYn, F" is the Borel o-field, and F* = = (F]")r>0 is the natural right-continuous
ﬁltratlon generated by the canomcal coordinate ~processes which are denoted by
(Xv)vev,, and P*" = Po XV ,and P*" = Po XV serve as references mea-
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sures that represent the laws of the first n generations of the processes defined in
(4.18) under the probability measures P and IP, respectively. We define 7, C V as the
random tree with vertex set {v € V,, : T(X,) = 1}, where t is given as in Remark 4.2.
In this way, 7,, agrees in law with 7 NV, the height-n truncation of the UGW(p) tree
7. To be clear, (X,),ev, and 7, live on the canonical space ©2", whereas the other
random variables such as (7, X , Y) are defined on Q.

We make special note of the conventions we use to help the reader keep track of the
various notations. We use a tilde for measures associated with the measure change,
namely PP and its descendants P*" and 7. The superscripts * and n on P*" and prn
indicate that these measures are to be viewed as reference measures on the canonical
space associated with n generations 2. Lastly, the letter v (and its decorated versions)
will refer to measures constructed from the given solution Yy, of the local equation.

Remark 4.3 It is worth emphasizing again, as in Remark 3.10, how the argument
simplifies when the tree is the deterministic «-regular tree, i.e., the UGW(p) tree
with p = §, for an integer k > 2. In this case, we have o = Sc—1, and we have
deterministically |Ny(7)| = « for all v € V. In this case, P = P, V = v, and
P*" = P*"_QOn a first reading it may help to keep these substitutions in mind.

4.2.2 Details of the proof

Once again, we break down the detailed justification into three steps.

Step 1 Our first goal is to identify the marginal law of (¥, Y1) under the tilted measure
P definedin (4.17). Specifically, recalling the definitions of v, V, the reference measures
and canonical processes introduced in the last section, we define the marginal laws

v =10 (Xp, X)) =Po (Y, Y1),
P =T o (X X)) =Fo (¥ 1)
ol = Prlo (X, X)) 7",

which are all elements of P(C!?1). We start with a lemma that uses the projection
theorem (Theorem A.2) to characterize the law 7% ! as the weak solution to an SDE.

Lemma 4.4 The measure P specified in (4.17) defines a probabilty measure on
(€2, F, F). Moreover, by extending the probability space (2, F, F, P) if necessary,

we may find independent d-dimensional standard P-Brownian motions (Wy)ye(p,1)
such that (Yy, Y1) satisfies the following SDE system:

dYs(t) = y,(Yy, Y1)dt + o (t, Y)dWy(1), (4.19)
dYi(t) = ey (v (Y1, Yp)dt + o (t, YDAW1 (1)), (4.20)

where y; : Ry x C2 — R? is the progressively measurable mapping defined in (3.7).
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Proof To see that (4.17) indeed defines a probability measure, note that P(Ny(7) =
#) = p(0) and

|Ng(T)|
EF [ml{mm)#@}} Z Z —p(k)p(J)

k=1 j= 0/
e K G+DpG+D
_,;;j+lp(k) s om = PO

We stress that 7 is a UGW(p) tree under P but not under ﬁ although both measures
give rise to the same conditional law of the particles )?V given the tree 7.

We now turn to the proof of the second assertion of the lemma. Observe first that
(Yy)vev, solves the SDE system (3.8), where y; is defined as in (3.7). Note that the
change of measure from IP to IP alters the law of the tree 7 but not the Brownian motions
or initial states. We can then apply Theorem A.2 to construct, by again extending
the probability space (€2, F, I, P), d-dimensional independent F-Brownian motions
(Wv)ve{g,,l} such that (Y, Y1) satisfy the following SDE system:

dYy(t) = by(t, Yg, Y)dt + 55t Yg, Y1)d Wy (1),
dYi(t) = by (1, Yy, Y1)dt +31(1, Yy, Y1)AWi (1),

where by : Ry x C2 — R? and 5, : Ry x C2 — R?*? are any progressively
measurable functions satisfying

'ﬂl

bi(t, Yy, Y1) =

E" [b(t, Yy, Yn,m)) | Yoltl, Yile]],
E" [1neryv (Y1, Ye) | Yoltl, Yil11],
=E" (00T (1. Yp) | Yoll, 11111].

'ﬁl

G151 Yo Y1) =B [ 1pemoo @, 1) | Yoltl, nil].

Note again that progressively measurable versions exist by Lemma A.1.

Now, by Remark 4.2 and in particular (4.8), {1 € 71} is Y[t]-measurable for each
t > 0. Together with the progressive measurability of (¢, x,x’) — y,(x, x’), this
shows that

bi(t, Yy, Y1) = ljery i (Y1, Yp).

On the other hand, in terms of the Radon-Nikodym derivative dP /dP we can rewrite

Yoltl, 11 r]] [ [

~ dP
b¢(t, YQS’ Yl) = EP [ﬁb(l" YQ? YNQ(T))

Yol1], Y1 [t]} .
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On the Y|[r]-measurable event {Ny(7{) = @}, we have by(z, Yy, Y1) = b(z, Yy, o),
where we recall the convention that o denotes the unique element of the one-point
space CY. On the other hand, recalling the definitions of dP/dP and y; from (4.17)
and (3.7), respectively, on the complementary event {Ny(71) # ¥} we have

|Ng(T1)|
IN1(T1)]
= yt(YQa Yl)

[No (71|
IN1(TD)]

by(t. Yy, Y1) = EF [ b, ¥, YNM))' Ylt]. ¥y [z]} [E* [ Yl]. ¥y m}

Thus, in either case, Eq,(t, Yy, Y1) = Ve (Yg, Y1), and in fact this identity is precisely
the purpose of the change of measure IP. This concludes the proof. O

Step 2 We now express (in Lemmas 4.5, 4.6 below) the (conditional) density dv; /d 13;* !
explicitly in terms of certain local martingales that we now define. We recall the
canonical space 2" and canonical processes X = (X, )yey, introduced in Sect.4.2.1
and define the processes M), R,, and R, on Q" as follows:

M= / (00 )7 s, Xo)b(s, Xy, Xny(T) -dXo(s), neNveV,,
0

R, = f (00 )7 (s, Xo)ys (Xo, X)) - dX o (s), v e V\{g},
0

Ry = /O (00 T) " (5 Xg)ys (X, X1) - dXo(s5), (4.21)

where we have omitted the arguments from M}/, R, and R, for notational conciseness.
It will be important later to take note of the following consistency property of M when
we stay away from the leaves of V,,:

MM()uev,) = M (()uev,.,),  forv e Vot (quev,,, € C"H. (4.22)

Recall the Doleans exponential & defined in (4.1).

Lemma4.5 Foreacht > 0, we have

d’]‘)‘[ dvt 1
el = ot = (M) [] &®. (4.23)
t t

veT\(s}

Proof The continuity of b and the processes X, and Y, for each v ensures that the
following integrals are trivially a.s. finite:

T T
/ |b(t, X, Xnyc1:)) dt, / |b(t, Yg, Y, (1)) dt.
0 0
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We know also from condition (10) of Definition 3.9 that the following integrals are
a.s. finite:

T T
/ lye (Y, Y¢)|2dl7 f [Ve (Xks X¢)|2d1'
0 0

Recalling the form of the SDE systems for ¥ = (¥y)yev, and (5(\1,),,@/1 in (3.8)
and (4.18), respectlvely, and the deﬁmtlons of v, V; and P 13;* as the laws of
(Yy)vev, and (X )vev, under P and P respectively, these facts ]ustlfy an application of
Girsanov’s theorem in the form of Lemma B. 1. By expanding the expression analogous
to (B.3) in the above setting, we see that the Radon-Nikodym derivative of v, with
respect to P""1 takes the form announced in the second equality in (4.23). The same
logic (noting that IP’ and [P are mutually absolutely continuous) also yields the same
form for dv; /d P thus justifying the first equality in (4.23). O

Our next goal is to calculate the following conditional density process for each
t>0:

dV((X14x[tDken € -1 X1[t] = x1[t], Xo[t] = x4[t])
dP* (X 14kt Dren € -1 X1[t] = x1[1], Xglt] = xg[1])

(K[t Dren),
(4.24)

Zi ((Xp)keN; Xg, X1) i=

for (x4, x1) € C%! and (F)ken € CN. Recall the definition of F,*”b’] just prior to
Lemma 4.4 as the marginal of P*!on Ct{¢’1}. Since Z;(-; X4, X1) is a well-defined
conditional density by Lemma 4.5, for P,*"a’l—a.e. (xg,x1) € sz we have
D, 1
1=E"" [Z((X1p)ken: Xo X1) | Xglt] = xg, X1 [1] = x1]
= E° [Z/((X110)ken: Xg, X1) | Xglt] = xg, X1[t] = x1] . (4.25)

In partlcular onthe Xl[t] measurable event {1 ¢ 7}, note that Z,((X1+k)k€N, X¢, Xl)
is (XQ[t] X 1[t])-measurable and must therefore equal 1.

Lemma 4.6 Foreacht > 0, we have

&MY

Z(X1pkers: Xo X1) = 2™

[[ &®». P*'—as. (4206
veNs(T\(1}

Moreover, for eachn € Nand v € V,\V,,_1, we have a.s.

1 =E*[Z,(Xcy); Xo, X)) | Xolt], X, [11] = EP [Z: Xy Xos X)) | X, [21]
(4.27)

where we write C(T) := N,(7T)\{my} for the children of the vertex v.
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Proof We first compute the density d'fff”l /d 13;*’95’1. By Lemma 4.4, 7! is the law of
the solution (Y, Y1) to the SDE system defined by (4.19) and (4.20). Hence, condition
(10) of Definition 3.9 justifies an application of Girsanov’s theorem, in the form of
Lemma B.1, which yields

(4.28)

avy! Xy, Xy — |EROERY if e Th,
prol e Ei(Ry) if1¢ 7.

t

Moreover, using Bayes’ rule we obtain

dv,
Zi(X110)ken: Xg. X)) = g — (X)) / l(qu, X)).

Appealing to (4.28) and (4.23), we then obtain (4.26). Alternatively, recalling the
definitions of the martingales R, and M!, shows that Z, is really a function of
(X Ny [2])s Xglt], X1[2]); that is, the dependence on the coordinates (X 1+x[])ken
is only through the equivalence class (Xy,(7)[¢]) (which is a random element of
SY(C;)). Thus, we can write

Zi((X140ken; Xoo X1) = Ze(Xnye1): Xos X1, (4.29)
where Z; : SY(C) x C? — R is defined by

~ &MY
Zi(XnyT)): Xg, X1) 1= SR (R HT)&(RU)

For the proof of the second (and last) assertion of the lemma, we take advantage
of some symmetries of the driftless particle system Xy defined in (4.18). First note
that, by inspecting (4.18), and recalling the conditional independence properties of
the UGW tree 7 itself, it is clear that Xc (1) 1s conditionally independent of XV
given {v € 7'} under P, for each n € N and v € V,\V,,_;. This immediately implies
the second identity in (4.27). Second, we claim that in order to prove the first identity
in (4.27) it suffices to prove it only for the case v = 1. This is because each non-
root vertex in the UGW(p) tree 7 has the same offspring distribution o under IP, and
thus the conditional law of X, ¢,(T) given {v € T} does not depend on the choice of
v € V\{g}.

To prove the first identity in (4.27) for the case v = 1, first recall that, as noted just
after (4.25), on the event {1 ¢ 7} it holds that Z,()?CI(T); 5(\1, 5(\,2,) = 1. Hence, we
focus on the complementary event. Recall the notation of (4.29), which gives

EF [Z:(Xcy 1y X1, Xo) | X1lt], Xolt1] = EF [Z,(Xny(1))s X1, X) | X121, Xolt1] -

We are now in a position to apply Proposition 3.18. Indeed, Proposition 3.18 applies
not just to the original SDE system Xy of (3.1) but also to the system Xy defined
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in (4.18), simply because the latter is the special case of the former corresponding to
b = 0. We deduce that, on the event {1 € 7}, we have

EF [Z:(Xny (1)) X1, Xo) | X111, Xglt]] = B0 (X1, Xy),

where we define E; : C? — R by

N5 % s o T
B [ B 2Ry )s Ro X0) | Kolr), Rale]]

2 (X, X1) = lieT)

T o~ o~
B [ ! | Rolrl, ulr1]

Recalling from (4.17) that dIF’/dIP’ = |Ng(7)|/IN1(7)] on {1 € T}, it follows from
Bayes’ rule that

E/(Xg, X1) =B [ Z:((Xn, (1)) Xo X1) | Xolt], X1121],  on {1 € T}.
Reverting back from the Z to Z notation as in (4.29), this can be rewritten as
B/ (X, X1) = B [ Z:((X140)ken; X, X1) | Xolt], Xi[t]],  on {1 €T},

It follows from (4.25) that &, (5(\,2,, X 1) = lon {1 € 7}, which completes the proof of
4.27). O

Step 3 We finally present the main construction of the argument, which involves
establishing a one-to-one correspondence between solutions of the local equation and
solutions of the infinite SDE system (3.1) via a recursive construction and an extension.
Recall the definition of the law P*" € P(C") of the driftless process introduced in
Sect.4.2.1, and as usual, let P,*’” denote its projection onto P(C}'). For each t > 0

and n > 1, define a probability measure Q} € 73((3,V ") via the density

dQlt/l dvl
dP—*,n((xv)veVn) = —*J((xv)ve\/l) 1_[ Zi((Xpk)keN; Xv, Xz,),  (4.30)
' dp, veTn1\(9)

with Z; as defined in (4.24). We now establish the following.

Proposition 4.7 We have Q,1 = v; for each t > 0. Moreover, {QF : t > 0, n € N} is
a well defined and consistent family of probability measures in the sense that fort >
s > 0 andn > k the projection of Q} from C,V” to CSV" is precisely Q]S‘ Furthermore,
the unique extension Q € P(CV) of {Q"} to P(CY) coincides with the (unique) law
of a weak solution of the SDE system (3.1) with T given as a UGW(p) tree.
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Proof Note that Ql1 = y; for t > 0O follows immediately from the definition (4.30).
For the next assertion, note that (as justified below) for eachz > O andn € N,

*,n+1 d n+l
EP [ Q* n+1 (XVn+l [t]) ‘ XV,, [t]:|

AP}
*,n+1 dQ
=EP" Xy, i) [ Z2eXe,ms X Xx) | X, 1]
veT\7p-1
dQn *,n+1
= o (X, 11D EF" [Zr(Xcl,(f[):Xv,Xm) XVn[t]]
t UE’Z:;\T
Qn
o d * n (Xvn[t])

Indeed, the last line uses the relation (4.27), and the penultimate line uses the fact
that for n € N, ()? Cy(T))veV,\v,_; are conditionally independent given )?V”, which
follows from the conditional independence structure of the tree itself; (Cy)yev,\v,_,
are conditionally independent of each other given (1,e7})vev,\v,_,. Iterating this,
we find for each ¢t > 0 and n > k with n, k € N that

n—1°*

wn [ dO" dQk
g [ dP,*f”(XV”[t])‘XVk[t]} JprEulD, as. @30
In particular,
pen [ dQ B 0,
[dPt*’" (Xwn[t])} = [dPt T (Xv, [t])} (4.32)

and Q7 is a well-defined probability measure.

Next, we rewrite the Radon-Nikodym derivative (4.30) in a more useful form.
Recalling the definitions of the martingales M and R, given in (4.21), the consistency
equations (4.22) and the relation (4.26), it is straightforward to check that for each
v e T,—1\{g}

E(M! E(M!
Z,«Xuk)keN;Xv,Xnv):% I &(Ru>=% [T &,
POV weNy (T)\ ) S wec, ()
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where we again abbrev1ate Cy(T) = Ny(7)\{my}. Combining this relation with (4.30)
and the form of dv, /d P," glven in (4.23), we obtain

d n
CHD%:&(M;:) [T &®) J] 2Ze(Xudken: Xo. Xz,)
! veTi\{o} veT,-1\{9}
" E(M})
=&y [] &®) ] W [T &®o
veTi\{o} veZ,\oh \ 7Y uecy (1)

For each v € 7,,_1\{0}, the factor & (R,) appears exactly once in the numerator and
once in the denominator. Hence, the above reduces to

dQn _ 1—[ &(M™) 1_[ gt(Rv)zg[( Z M} + Z Rv>,

veT, - veT,\ T, veTl, veT\Ty—1
(4.33)

where the second equality follows from the fact that the local martingales {M]} : v €
Viu—1} U{Ry : v € V,\V,,_1} are orthogonal. Combining this with (4.32) gives the
martingale property

pen [ Q" _ 4o
E [ dPt*,n(Xvn[l])‘XVn[S]}— aper oD s, @30

fort > s > 0.

Together, Eqs. (4.31) and (4.34) prove the stated consistency property of the family
{Q"}. Due to the Daniell-Kolmogorov theorem, we deduce from this that there is a
unique Q € P(C"Y) whose restriction to C,V" is QF foreachn e Nand ¢ > 0.

We now turn to the proof of the last statement of the proposition, which asserts that
Q is the unique law of a weak solution to the SDE system (3.1). To this end, for each
n>1land?t > 0, we identify Q" as the law of an SDE solution as follows. Recalling
the definition P*" = Po X ! where X satisfies (4.18), and the definitions of M
and R,, we deduce from (4. 32) (4.33), and Girsanov’s theorem that Q" is preasely
the law of a weak solution (Yy),ev, of the SDE system

dYy() = 1,7, (b(t, YooYy )i + 0, Yv)dB,,(t)), vevV,

40 = 1,7, (H Yo, Yo )di + 01 Y)dBL©), v e V\Var,  (435)

where (Qv)vewn are independent Brownian motions, (Y,(0)),cv, are i.i.d. with law
Ao, and 7 is an independent UGW(p) tree.

Now, define 0" € P(C") so that the projection onto C"" is precisely Q" and the
coordinates on V\V,, are (arbitrarily) chosen to be identically zero, with probability
1. It is immediate that @” converges weakly to Q, due to the consistency property of
{QF 1t = 0, n € N} established above. On the other hand, we argue that if {@”}
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converges to some limit, then this limit must be the law of a weak solution of the infinite
SDE system (3.1). Indeed, if { @”} convergesto Q = E((?U)UEV), then we may pass to
the limit in (4.35) (using again the weak continuity of stochastic integrals provided by
Kurtz and Protter [25, Theorem 2.2] and the continuity of » and o in Assumption A)
to find that for each n, the V,,_;-coordinates (?v)veV,,_l satisfy the same SDE system
as in (4.35). As this holds for each fixed n, we conclude that (?U)Uevn—l satisfies
the infinite SDE system (3.1). In light of the uniqueness in law of solutions of (3.1)
(see Assumption (A.1) and Remark 3.1), we conclude that O = L((Xy)yev), Where
(Xy)vev was the unique in law solution of (3.1) on the UGW(p) tree 7 . This completes
the proof, as we know from the beginning of the proof that the V|-marginal of Q is
precisely Q' = v. O

4.2.3 Completing the proof of uniqueness in Theorem 3.12

The lemmas of the previous section contain the proof of the uniqueness assertion
in Theorem 3.12. Indeed, we began in Sect.4.2.1 with an arbitrary weak solution
(2, F,F,P), 71, v, (By, Yy)vev,) to the UGW(p) local equation with initial law
Ao. In Proposition 4.7, recalling the notation v = L((¥y)yev,), we deduced that
necessarily v = L((Xy)yev, ), where (X,)yey solves the SDE system (3.1). We know
from Assumption (A.1) (and Remark 3.1) that the SDE system (3.1) is unique in law.
Hence, the law of (Y,)yecv, does not depend on the choice of weak solution to the
UGW(p) local equation.

5 Second-order Markov random fields

The rest of the paper is devoted to justifying the two key Propositions 3.17 and 3.18.
We begin by summarizing some general properties of Markov random fields (MRFs)
which will play a key role in the former proposition. Throughout this section, we work
with a fixed Polish space X’ and a fixed (non-random) graph G = (V, E), assumed
to have finite or countable vertex set. We assume that G is simple (no self-loops or
multi-edges), but it need not be locally finite (so that we may use G = V). We fix a
reference measure . € P(X’). The goal of this section is to summarize how conditional
independence properties of a measure ;1 € P(X") can be deduced from factorization
properties of its density with respect to the product measure A" .

We recall the basic graph-theoretic definitions given in Sect.2.1.1, in particular the
notion of boundary and double boundary of a set A of verticesina graph G = (V, E)
defined in (2.1). In what follows, for any random elements Y;, i = 1, 2, 3, we write
Y1 1L Y> | Y3 to denote that Y7 is conditionally independent of Y> given Y3.

Definition 5.1 (Second-order MRF) A collection of X-valued random elements
(Yy)veg is said to form a (global) second-order MRF with respect to G if for any
sets A C V,B C V\(AU BZA), we have the following conditional independence
structure:

YAJ.LYB | Y32A'
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Note that a first-order MRF (with respect to G), sometimes also referred to as a
Gibbs measure, would require the same to hold but with d A in place of 92A.

We state here a variant of a well known theorem, which can be found in various
forms in [16, Theorem 2.30] and [31, Proposition 3.8, Theorem 3.9], for first-order
MREFs on finite graphs. We do not state the more difficult converse, often attributed to
Hammersley-Clifford, as we will not need it. Recall that a 2-clique of a graph is a set
of vertices of diameter at most 2.

Theorem 5.2 Assume the graph G is finite. Assume . € P(X") is absolutely contin-
uous with respect to .V . Suppose there exists a set KC of 2-cliques of G such that the
density of . with respect to .V factorizes in the form

dp

v = [T fro, (5.1

Kek

for some measurable functions fx : XX — R, for K € K. Then v is a second-order
MRF.

Proof Let A C V,andletg : X 24 R denote the marginal density of X2 4. Let
B = (AU d%A)°. Then the conditional density of (X4, X p) given X424 18 precisely

1
©(x524)

l_[ fx (xK).
Kek

No 2-clique of G that intersects A can also intersect B, and vice versa, because any
pair of vertices u € A and v € B have distance at least 3. Thus, for x;2 4 frozen, the
above conditional density as a function of (x4, xp) factorizes into a function of x4
times a function of xg. This implies X 4 and X p are conditionally independent given
Xy24. O

The second-order MRF property is more intuitive, but the factorization property of
Theorem 5.2 will be quite useful in our analysis. Hence, we give it a name:

Definition 5.3 We say that ;v € P(X"Y) admits a 2-clique factorization with respect to
AV if the density du/dA"Y exists and takes the form (5.1), for some set K of 2-cliques
of G.

It is clear that Theorem 5.2 admits a generalization to m-order MRFs, defined in the
obvious way for m € N, where one must assume the density factorizes over m-cliques,
but we have no use for such a generalization.

6 Proof of the conditional independence property
We now turn to the proof of the conditional independence property stated in Propo-

sition 3.17, which played a crucial role in the proof of existence for Theorem 3.12.
The strategy is to first establish the property on certain finite truncations of the tree,

@ Springer



Marginal dynamics of interacting diffusions on unimodular...

and then use an approximation argument. Specifically, in Sect.6.1 we first establish
the desired conditional independence property on a truncation of the infinite tree V to
one of finite depth and width by explicitly identifying the joint density with respect to
a product measure and then invoking Theorem 5.2. In Sect. 6.2 we then implement a
rather delicate limiting argument to show that the conditional independence property
is preserved when the infinite tree is approximated by trees of finite depth and width.

6.1 Truncated systems

We begin by studying the particle system set on the truncated (finite) tree 7, :=
T NV,.,, where T is a UGW(p) tree, and

m
Vi = {8} U JUl.....n}5, forn,m eN.
k=1

That is, V,, , is the set of labels of trees of height m with at most n offspring per
generation. Let (X]))yey := (X ?)uev be a solution to the SDE system

X0 = ety (b0, X0 Xy 7)dt + 0 XDAW,(0), veV, (6.1)

where (X7 (0)),cv are i.i.d. with law X9, and as usual the tree 7, the initial conditions
(X7(0))yev, and the driving Brownian motions (W,),cy are independent. Also, for
v € V\7,, note as usual that the particles are constant over time, with X (t) = X} (0)
forall r > 0. Let P" € P(({0, 1} x C)V) denote the law of

(1{v€7—n . x;})vev. 6.2)

We will identify P" by way of its Radon—-Nikodym derivative with respect to a certain
reference measure (in the process showing that the SDE (6.1) is unique in law). In
this case, as a reference measure we use W € P(({0, 1} x C)V), defined as the law
of (&, X v)vev, Where (&)),cv are independent Bernoulli(1/2) random variables, and
where X solves the driftless SDE system

dXo(t) = E,0(t, X0)dBy(t), Xu(0) ~ho, veV, 6.3)

with (By)yey as independent standard d-dimensional Brownian motions, and with

(By)vev, (€v)vev, and with (5(\ »(0))yev independent. Note that the SDE (6.3) is well-

posed due to Assumption (A.4). Note in particular that W is an i.i.d. product measure.
To show that P" of (6.2) is a second-order MRF, we will study how its density with

respect to WV factorizes, and then apply Theorem 5.2. As a first step, we identify the

density of the {0, 1}V»»-marginal:

Lemma 6.1 Suppose p has a finite nonzero first moment. The law of (1jyeT})veV,

n,n

on {0, 1}VM is absolutely continuous with respect to that of (§y)vev,, - Moreover, the
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Radon-Nikodym derivative is of the form

Fa((av)vev,,,) = folag, (@)i=y) ]_[ filay, (@)=, (6.4)

UEVH,L;«,\{Q}

for measurable functions f4, f1 : {0, 1}’”rl — R,

Proof This is an easy consequence of the conditional independence structure of the
tree 7 and the fact that, aside from the root, every vertex has an identical offspring
distribution. O

Next, we establish the desired second-order MRF property for P". We make use
of the following notation. For t > 0, a set A C V, and a probability measure Q on
({0, 1} x €)Y, we write Q; and Q,[A] for the projections onto ({0, 1} x C;)V and
({0, 1} x C;)A, respectively. For example, Q,[A] is the image of Q through the map
(@y, Xy)vev = (ay, Xp[tDvea.

Proposition 6.2 Suppose Assumption A holds, and assume the offspring distribution
p has a finite nonzero first moment. Then, for each t > 0 and n > 3, the following
hold:

(1) (MeTy, Xy[tDvev is a global second-order MRF.
(ii) (X}t vev is a global second-order MRF.

Proof The property (ii) easily follows from (i), after noting as in Remark 4.2 that
l{yeT;) is measurable with respect to X7/ []. Hence, we only prove (i).

Fixt > Oandn > 3. Because the coordinates of V\V,, ,, are all independent of those
in'V, ,, it clearly suffices to show that (1(,c7,}, X7 [f])vev, , is a global second-order
MRE. By Definition 5.1, we must show that

(Iey XpltDvea UL (e, XyltDver | Lpety XpltDyes2ar  (6.5)

for any sets A, B C V, , with BN (AU 9%2A) = @, where 92 denotes the double
boundary operation in the tree V,, ,,. Recall that P/*[V,, , ] is the restriction of the law
P" of the random process (1{ye7,}, Xy)vev in (6.2) to ({0, 1} x C)Vr, and simi-
larly for W[V, ], where W € P(({0, 1} x C)V) is the law of the process (&,, ?v)vew
defined just prior to (6.3). To prove (i), we show that the density d P/ [V}, ,1/d W[V ;.1 ]
admits a 2-clique factorization in the sense of Definition 5.3. To show this, we will
use Girsanov’s theorem to identify a conditional density given the realization of the
tree, and then note that d P'[V,, ,,1/d W[V, »] is nothing but the product of this con-
ditional density with the density of the law of (1(,e7})vev, , With respect to the law
of (§y)vev, ,» the form of which was identified in Lemma 6.1.
To identify this conditional density, we need a bit more notation. Define

Dyn = {1 wervev,, €10, 1}WVnn o TV, is a tree).

Define 7\; :Dpp — 2V by setting ﬁ((l{ver})vewm) =T foreachtree T C V), ,
and extend 7, to all of {0, 1}V»» by (arbitrarily) setting 7, (a) := {¢} for a ¢ Dy .n.
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Note that (1{ye7;))vev,, belongs ass. to D, , and that (§,)yev, , is measurable with
respect to ’/T\n ((6v)vev, ) ontheevent {(§,)vev, , € Dn,n}. We may additionally extend
the domain f, to all of ({0, 1} x C)Vnn by the identification ’j\;,((av, Xo)veV,,) =
?n ((ay)vev,,)- Intuitively, under the measure P;'[V;, ], ’f; will represent the truncated
random UGW(p) tree 7,,, with the advantage that ﬁ is defined on the canonical space
({0, 1} x C)Vnn,

Given these definitions, we may now identify the density of P/'[V,, ,] with respect
to W,[V,,.,], conditionally on ’T; Since V,, ,, is a finite set, we may apply Girsanov’s
theorem in the form of Lemma B.1 (which is applicable since (B.2) is satisfied due
to Assumption (A.1) and Remark B.2): recalling the definition of X" in (6.1), the
conditional density of P/'[V,, ,] with respect to W[V, ,,] given ﬁ is

APV, 1C | T)
—_—_— = E (MM, 6.6
AWVl 1 T) 1;[ ) (00

where &; is the Doleans exponential defined in (4.1), and M} = M ((ay, Xp)veV,.,)
is given by

t
My () (ay, %0)vev,,) = 1ez) /0 (00 )7 'b(s, X0, xy (7)) - dxu(s),

where we suppressed the arguments (ay)yev,, , Of ’f; Observe that foreach vy € V,, ,
My depends on (ay, Xy)vev, , only through ay,, xy, and (@, xv)ven, v, ), recalling
that N, (V,, ,) denotes the set of neighbors of v within the tree V,, ,,.

Letting F, be as in Lemma 6.1, the entire (joint) density takes the form

dP"[V,u.0] AP (Vuul(-17y)
TNA N vs AvJve =Fn vJve TNAr twr 4, o vy AvJve .
dW[[Vn,n]((a Xp)vev,.,) ((av) V"’")th[Vn,n](-lTn)((a Xv)veV,,)

Together, (6.6) and Lemma 6.1 imply that this can be rewritten as

dP'[Vynl

dW, [Vn,n] ((ay, xv)vEVn,n) = l_[ g;'((av, Xy), (ay, x“)ueNv(Vn,n))v

veVy,

for appropriate functions (g} )vev, , - More precisely, with fi and fi asin Lemma 6.1,
we have

fﬁ(aQ)v (ak)zzl)gt(Mg) lfl) =9,
gy ((ay, xv), (au, Xu)ueN, V) = 3 f1(ay, (avk)zzl)gz(MS) ifveV,—,\{o},
& (M) ifveV, \Vy_1.

Observing that for each v € V,, ,,, the set {v} U N, (V,, ;) is a2-clique in V,, ,,, property
(i) now follows from Theorem 5.2. O
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6.2 Convergence to the infinite system

With the second-order MRF property now established for the truncated systems P”,
we wish to pass to the limit n — oo to deduce a similar property for the infinite
system. We begin by checking that the law P" of (1{,e7;}, X}))vev converges to the
law P of (1{ye7y, Xv)vev and also that conditional laws converge in a suitable sense,
where we recall that X" and X, respectively, denote the solutions of the SDE systems
(6.1) and (3.1).

Lemma 6.3 Suppose Assumption A holds. Assume also that p has a finite nonzero first
moment. Then P" — P weakly on ({0, 1} x C)V. Moreover, foranyk € N, any t > 0,
and any bounded continuous function ¢ : CtV — R, we have

E[o (X .13[1), Xy iy [1D) | XTy 1y [11] = E[o(Xw\o.0 (1], Xio 13 [1]) | X (o 19111]
6.7)

where we recall that = denotes convergence in law.

Proof Recall 7, = 7 NV, ,, where 7 is a UGW(p) tree, and V,, ,, is as defined in
(2.3), and note that (1;,¢7;})vev therefore converges in law to (1{,e71)vev in {0, 1V,
It is straightforward to check that the family of C-valued random variables {X] :
v € V, n € N} is tight, by standard arguments or by using the relative entropy
estimates of Lemma 4.1. Hence, {(1{,e7,}, Xi)vev : n € N} is a tight family of
({0, 1} x C)V-valued random variables. Let (IweTys X3°)vev denote any weak limit
point, and assume by Skorokhod representation thatitis in fact an a.s. limit. Form € N,
we have N, (7)) = Ny (7 ) foralln > m+1andv € V,,, and using weak convergence
of stochastic integrals (see [25, Theorem 2.2]) we deduce that (X{°),cv,, satisfies

AXP(t) = e (b(t, X, X5 )t + o (@, XSO)deO(t)) . veV,

for some independent Brownian motions (W;°),cv,,. As this is true for each m,
we deduce that (X5°),ev and (X,)ypey solve the same SDE system (3.1). The SDE
(3.1) is unique in law by Assumption (A.1) (and Remark 3.1), and so the law of
(LweTys X3)vev must be P := L((1{yeT), Xv)vev), which shows that P* — P.

The second claim requires more care, and we will ultimately appeal to [9, Theorem
2.1], which gives a criterion for the weak convergence of conditional expectations.
We introduce the following systems that are parallel to X" and X but are driftless for
nodes in V5. Let Q" € P(({0, 1} x C)Y) denote the law of

n
(1{ueT}, Y, )vev’ (6.8)
where (Y] (0))yev = (X(0))yev and (¥]'),ev solves the SDE system
dy) (1) = lyer, (b(t, YL YN (r)dt +olt, Yv")dWU(t)) . veV\Vy, ©69)

dY'(t) = lyyer) 0 (6, YYAW, (1), v € Va.
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Recall that the tree 7, the initial conditions (X,(0)),cv, and the driving Brownian
motions (Wy)y,ey are independent. To see that the SDE (6.9) is unique in law (and
hence, Q" is well-defined), condition on the (finite) tree 7,,, use the independence
properties just stated, the fact that the driftless SDE is unique in law by Assumption
(A.4) and Lemma B.1 (along with Remark B.2 and Assumption (A.1)).

Similarly, let Q € P(({0, 1} x C)V) denote the law of

(1{U67}, YU)UGV, (6.10)

where (Y, (0))yev = (Xy(0))yev and (Yy)yev solves the SDE system

dY, (1) = ey (b(t, Yy, Yy )t + 0 (1, Y, )dW, (1)), ve V\Va,

(6.11)

dY,(t) = lyeyo (¢, Y))dWy (1), v e V.

That the SDE (6.11) is unique in law (and thus Q is well-defined) can be deduced
by applying Lemma B.4 with X 2 -(x 2)UGV equal to the solution to the SDE (3.1),
which is unique in law by Remark 3.1, and X' = (Yy)pev as above, noting that the
two differ only for v in the finite set V»,, and that condition (B.5) of Lemma B.4 holds
by Remark B.2 and Assumption (A.1).

It is easily checked that Q" — Q weakly, using the same argument which showed
that P" — P above. Fix t > 0. We may now apply Girsanov’s theorem, in the precise
infinite-dimensional form developed in Lemma B.4, whose application is justified by
the uniqueness in law of the SDEs in (6.9) and (6.11) and the fact that the condition
(B.5) holds on account of Remark B.2 and Assumption (A.1), to obtain

dpP!
dQ,,((lveT Mvev) = &(2/ weT o (s, Y7 'b(s, V)L YR 7)) - dwu(s))

UEVZ

Q B ey, Yohuer) = & (Zf ey (5. ¥o) 7'b(s. Yo, Y1) - de))

UEVz

Note that the summations are a.s. finite, since all but finitely many of the indicators
lyyeT,y and 17y are zero for v € V.

From the weak convergence Q" — Q (of the laws of (1,¢7,, ¥;})vev to that of
(1yeT, Yy)vev) and using weak convergence of stochastic integrals (see [25, Theorem
2.2]), we easily deduce the following weak convergence in ({0, 1} x cHY x R:

. dp!
((l{vem, ) gor(eem Vi )er)>

(6.12)
= ((1{1)6’2'}7 Yv[ﬂ) Q ((I{UET}v Y )veV))

To use this to deduce the desired convergence of related conditional distributions, we
now verify an additional condition in [9, Theorem 2.1]. Fix k € N and a bounded
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continuous function g on ({0, 1} x C;)V\?*! Tt is clear from the form of (6.9) that
(LweTy, Yo ltDvev\ip.xy and (Y} [f])ve(o, k) are conditionally independent given {k €
T}, and similarly with (7, Y") replaced by (7, Y), whenn > k. For n > k, we have
{k € 7,} = {k € T}, and thus

E [& ((lnem: YDvenon) | (Luezys YiltDuewn ]

=E [g (Qezys YO Dven\io.k}) ‘l{keT}]

- %E (g ((Lipezyys YT Dvew\io.k)) LikeT) ]
+ pz]ik%ﬂz (¢ (Qpezyys YD vevion)) LikgT) ]

= %E [¢ ((LweT)s YoltDveniohy) likeT) ]
+ P;,{f;fz})E [¢ (et YoltDvewnoiy) Liee)]

=E [g (A wetys YoltDvenrion) ‘l{keT}]

=K [g ((l{veT}» Yv[t])UEV\{Qk}) ‘(1{1167'}7 Yv[t])ve{(é,k}] .

This and (6.12) are precisely the two conditions assumed in [9, Theorem 2.1], which
we may now apply to deduce that

E[g ((pery Xalhey) | (per), XalDueon |
=>E [g ((l{veT}, Xv[t])veV) ‘(1{1;6’]'}, Xv[t])ve{(a,k}:l s

for each bounded continuous function g on ({0, 1} x C)V. Specializing to functions
onCV yields the claim (6.7). O

6.3 Proof of Proposition 3.17
We finally prove Proposition 3.17, starting with claim (i). Fix k € N and let C; =

{ki : i € N}. Fix two bounded continuous functions f and g on th ¥ and CtV '. From
Lemma 6.3 we have that

SIELS(XE 1D | Xy iy [2]] + s2E[g (X, [1]) | X 4y [21]
quad = s1E[f(Xc, [t]) | Xyg,63[2]] + $2E[g (X, [1]) | X{g 13 [2]]
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for every s1, s2 € R. Therefore, by the Cramér-Wold theorem,

(BLF (XD | Xy 111, LK, (1) | Xy 1111)

= (ELf (Xa D | X1l Elg (X, 1) | X101
By Proposition 6.2(i), X gk [t]and X Q,l [¢] are conditionally independent given X ?Q, k) [£]
for each n; indeed, apply Definition 5.1 of a second-order MRF with the set A given
as the set of all descendants of k, so that 32A = {g, k}. Thus, we have

E[f(Xc [thg(Xw, [1D] = lim E[f(X¢, [1Dg (X5, [1D]

Tim B [B[£OCE 1) | X 1] E[g X, 1) | Xy 1 111]]
=E[E[fXc,[1D) | X601 E[g(Xv,[1]) | X(o.6[21]] -

As this holds for any pair of bounded continuous functions (f, g), we conclude as
desired that X, [f] and X, [t] are conditionally independent given X g s} [f].

To prove part (ii) of Proposition 3.17, we use a symmetry argument. Fix k € N, and
let ¢ : V. — V denote the transposition of the subtrees rooted at 1 and k, defined by
setting ¢ (lu) = ku and ¢(ku) = lu forallu € V as well as ¢(v) = v forallv e V
which satisfy neither v > 1 nor v > k (i.e., for all v € V that are not descendants of
1 or k). Due to the recursive structure of the tree 7 ~ UGW(p), we have L(7 |k €
T) = L(¢(T) | k € T). Using uniqueness of the SDE system in Assumption (A.4),
we deduce that £(Xy, X1, (X1))jen |k € T) = L(Xy, Xk, (X)) jen |k € T). Now,
fixt >0andlet A; : C xC — P(C,N) denote a version of the conditional law of
(X1j[t]) jen given (X1[t], X4[t]). Then, for bounded measurable functions f, g, &,
we combine this symmetry property with the conditional independence of Proposi-
tion 3.17(i) proven above to obtain

E [ f(XgltDg(Xi[tDh(Xij[t]) jen) L ke |
=E[f(XsltDg(X1[tDA((X1[1]) jen) LikeT)]
=E[f(Xel1Dg(X1[tD{A(X1, Xg), h) LkeT ]
=E[f(XgltDg(XiltD(A:(Xx, Xg), 1) LeeT ] -

Indeed, the second step followed from the conditional independence of (X1;[t])jen

and {k € 7} (which is X[t]-measurable by Remark 4.2) given (X4[¢], X1[¢]). This
shows that

(At (Xk, Xg), h) = E[R((Xijl1]) jen) | Xelt], Xglt]], a.s. onf{k € T}. (6.13)

Recalling how A; was defined above, the proof would now be complete if not for
the qualification “on {k € 7}," so we lastly take care of the complementary set. Let
Y,(t) = X,(0) forallz > 0 and v € V, and note that Y, = X, a.s. on {v ¢ 7T}
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by construction. Note also that (Yy),cy are i.i.d. On the event {k ¢ 7}, we know
Xij = Yij forall j € N, and so

E [h((Xk;[1]) jen) | Xilt], Xolt]] = E [R((Yij[1]) jen) ] = E [R((Y1;1tD) jew)] . a.s.
(6.14)

Repeating this independence argument with k£ = 1 and using the definition of A;, we
find

(A(X1, Xg), by =E[h((Y1;[1])jen)], a.s. on{l ¢ T} (6.15)

Recalling from Remark 4.2 that there is a measurable function 7 such that 1j,c7; =
7(Xy) a.s. for each v, it is straightforward to deduce from (6.14) and (6.15) that the
same identity (6.13) holds also on the event {k ¢ 7}. m]

7 Proof of the symmetry property

The last remaining point is to prove Proposition 3.18, which was the second key
ingredient in the first (verification) part of Theorem 3.12. As a first step, in Sect.7.1
we show that the children of the root are exchangeable, in a suitable conditional sense.
Then, in Sect.7.2, we use unimodularity to prove Proposition 3.18. Recall here that
for a finite set A and for x4 € X4 we write (x4) for the corresponding element
(equivalence class) in SY(X).

7.1 Conditional exchangeability at the generation level

We first show how to use Proposition 3.17 to derive a useful conditional exchange-
ability property.

Lemma 7.1 Suppose Assumption A holds, and assume that p € P(Ny) has a finite
nonzero first moment. For each t > 0 and each bounded measurable function h :
Ct2 x §9(C))? — R, it holds almost surely on the event {1 € T} that

1
IE|: S h(Xlel Xelt] Xy [0 (X, erl])) | Xoltl, <XN¢,<T>[r]>}

VoD,

=E [1(Xolt], X11e1, (Xny) [11)s Xy [1D) | Xolt], (Xwy([1D)] - (7.1)

Proof We first prove (7.1) assuming that & has the following form: there exists a
bounded measurable mapping f : C> — R such that

h(x7y7i7y)=f(x5y)7 x5yect7 i,SIESu(Ct). (7'2)

Fix k,n € N with k < n, and let ¢ : V — V denote the transposition of the
subtrees rooted at 1 and k, defined by setting ¢ (lu) = ku and ¢(ku) = lu for all
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u € Vas well as ¢(v) = v for all v € V which satisfy neither v > 1 nor v > k
with respect to the Ulam—Harris—Neveu labeling (i.e., for all v € V that are neither
descendants of 1 nor k). Due to the recursive structure of the tree 7 ~ UGW(p), we
have L(7 | |Ng(T)| = n) = L(o(T) ||Ng(T)| = n). Using uniqueness of the SDE
system in Assumption (A.4), we deduce that

L(Xolt], X1[t]] Xolt], (Xny()[2]), [Ng(T)| = n)
= L(X,lt], Xilt]] Xolt], (Xny()l2]), [Ng(T) = n).

From this we have
1 1
" Z f(Xglt], Xil2]) = E |: . Z F(Xglt], XiltD) | Xglt], (Xny(lt]), INg(T)| = n}
k=1 k=1
=E[f(Xole]. X112]) | Xol1]. (Xnyerl2]). INg(T)I =n]. (7.3)
In other words, it holds a.s. on {1 € 7} = {Ny4(7) # ¥} that

1
INo(T)I

D FXolt), Xelt]) = E[ £ (Xolt], XD | Xolt], (Xnyer[t]), [N(T)I].

keNy(T)
Because |Ny(7)| is a.s. (X n,(7)[?])-measurable for each ¢ > 0, this implies

1

IN, (T)| Z f(X(D[f], Xt = E[f(X¢[t], X1[t]) } ngj[t], <XN¢(T)[t]>] ;
[

keN,(T)

again on the event {1 € 7 }. Thus, the proof is complete for /4 of the form (7.2).

We now prove (7.1) for general 4. Since both sides of (7.1) are conditional on X4[#]
and (X y,(7)[?]), by general measure-theoretic considerations, it suffices to prove the
relation (7.1) for h(x, y, X, y) = g(y, y) depending only on the variables that are not
being conditioned upon. That is, it suffices to show that for all bounded measurable
functions g : C; x SY(C;) — R we have

D eXilt], (X [11) | Xoltl, (Xny [t
keNgs(T)

=E[gX1[t], (Xn, D) | Xoltl, (Xnynlt])], aws., on{l € T}. (7.4)

|Ng(T)]

To prove this, recall first from Proposition 3.17(ii) that there is a measurable function
A; 1 C? — P(CY) such that

A (Xilt], Xolt]) = LOXkiltDien | Xklr], Xglt]), a.s., on {k € T}.
Using the conditional independence of Proposition 3.17(i), we have also

Ap(Xilr], Xolt]) = LA(XkiltDien | Xv, (1], a.s., onf{k € T}. (1.5)
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Noting again that [N (7)| is (X n,(7)[¢])-measurable, we may use the tower property
of conditional expectation (and other relations specified below) to obtain, on {1 € 7},

1
INg(T)] keNXa(:T)g(Xk[t]’ (XN [t1) | Xglt], (X nge[2])
1
—E E[g(Xil1], (X A1 X 1] | X, (X ;
INo(T)| ke;,,(T) [g(Xklt] AX Ny D) | X, [11] | Xolt], (Xnyelt])
“E| D (AL XoltD, g(Xilr), ()| Xolt], (X1
|N¢(T)| keNy(T) 8

= E [(A:(X1lt], XoltD), g(X1l], (D) | Xole], (Xnyer[1])],

where the second equality used (7.5) and our short-hand notation (v, f) = [ fdv
for any measure v and v-integrable function f, and the last equality used the relation
(7.3) with f(xg, xx) = (As(xk, Xg), 8(xk, (-))) for x4, xi € Ctz. Now, apply (7.5) once
again to rewrite the right-hand side as

E[E[g(Xule], Xy, 1) | X, 1] | Xolel, (X, 11D ]
=E[gX1lt], (Xn, ) [11) | Xolt], (Xnyr D], on{l €T}

This shows (7.4), thus completing the proof of the lemma. O

7.2 Unimodular random graphs

So far we only needed the notion of a unimodular Galton—Watson tree, which could be
defined simply as in Definition 3.8. However, the final step of the proof of Proposition
3.18 uses crucially the notion of unimodularity on general graphs, which we now
briefly define; refering to [1] for a more thorough discussion. For this, we will need
to introduce the notation for (doubly) rooted (marked) graphs. We recall the general
graph terminology introduced in Sect.2.1.

A rooted graph (G, o) is a connected graph equipped with a distinguished vertex o,
where we assume G has finite or countable vertex set and is locally finite, meaning each
vertex has finitely many neighbors. An isomorphism from one rooted graph (G1, o1)
to another (G, 02) is a bijection ¢ from the vertex set of G to that of G, such that
¢(01) = 0 and such that (u, v) is an edge in G if and only if (¢(u), ¢(v)) is an
edge in G,. We say two rooted graphs are isomorphic if there exists an isomorphism
between them, and we let G, denote the set of isomorphism classes of rooted graphs.
Similarly, a doubly rooted graph (G, o, 0) is arooted graph (G, 0) with an additional
distinguished vertex o’ (which may equal o). Two doubly rooted graphs (G;, 0;, 0})
are isomorphic if there is an isomorphism from (G, 01) to (G2, 03) which also maps
0} to 0},. We write G for the set of isomorphism classes of doubly rooted graphs.
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There are analogous definitions for marked rooted graphs. An X-marked rooted
graph is a tuple (G, x, 0), where (G, 0) is a rooted graph and x = (x,)yeg € X is
a vector of marks, indexed by vertices of G. We say that two marked rooted graphs
(Gq, xL 01) and (G3, x2, 07) are isomorphic if there exists an isomorphism ¢ between
the rooted graphs (G, 01) and (G2, 02) that maps the marks of one to the marks of
the other (i.e., for which x} = x2  for all v € G). Let G,[X] denote the set of
isomorphism classes of X'-marked rooted graphs. A doubly rooted marked graph is
defined in the obvious way, and G,.[X] denotes the set of isomorphism classes of
doubly rooted marked graphs.

These spaces of graphs come with natural topologies. Forr € Nand (G, 0) € G, let
B, (G, o) denote the induced subgraph of G (rooted at 0) containing only those vertices
with (graph) distance at most » from the root o. The distance between (G, 01) and
(G2, 02) is defined as the value 1/(1 4 7), where 7 is the supremum over r € Ny such
that B, (G1, o1) and B, (G2, 0) are isomorphic, where we interpret By (G;, 0;) = {0;}.
The distance between two marked graphs (G;, xi, 0;),1 = 1, 2, is likewise defined as
the value 1/(1 + r), where 7 is the supremum over r € Ny such that there exists an
isomorphism ¢ from B,(G1, 01) to B,(G2, 02) such that d(x,%, xé(v)) < 1/r for all
v € B, (Gy, 01). We equip Gss and G, [X] with similar metrics, just using the union
of the balls at the two roots in place of the ball around a single root. Metrized in this
manner, the spaces G, and G, are Polish spaces, as are G,[X] and G,.[X] if X is
itself a Polish space. See [6, Lemma 3.4] (or [29, Appendix A]) for a proof that G, [ X]
is a Polish space. Each space G.[X] and G,[X] is equipped with its Borel o -algebra.

We are now ready to introduce the definition of unimodularity for general graphs.

Definition 7.2 For a metric space X, we say that a G,[X]-valued random element
(G, X, o) is unimodular if the following mass-transport principle holds: for every
(non-negative) bounded Borel measurable function F : G, [X] — Ry,

E [Z F(G,X,o, 0/):| =E [Z F(G,X,o, o)i| . (7.6)

0'eG 0'eG

A G,-valued random variable (G, o) is said to be unimodular if the same identity
holds, but with X removed, that is, if for every bounded Borel measurable function
F: Gy — Ry,

E [Z F(G, o, 0/):| =E [Z F(G,0, 0)} .

0'eG o'eG

Recalling the canonical Ulam—Harris—Neveu labeling introduced in Sect.2.1.2, as
described therein, a (countable, locally finite) tree may always be viewed as a subset of
V satisfying the appropriate properties. Recall that ¢ € V denotes the root of any tree
in this canonical labeling, and let T, denote the collection of subsets of V described
in Sect.2.1.2 that define a rooted tree. A tree 7 € T, induces an element (7, @) of
G, and we say a random (T-valued) tree 7 is unimodular if (7, @) is a unimodular
random graph in the sense of Definition 7.2.
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Recall from Assumption (A.4) and Remark 3.1 that there is a unique solution X T -
(XUT)UEV to the system (3.1) for any tree 7 € T,. We may then view (7, (XUT),,ET, @)
as arooted graph marked by the trajectories of the process X 7 ie., as a G,[C]-valued
random element.

Proposition 7.3 Suppose Assumption A holds. Let T be any unimodular (T y-valued)
random tree, and let XT = (X UT Yvev be the unique solution of the SDE system (3.1).
Then the G.[Cl-valued random variable (T , (X UT)UET, @) is unimodular.

Proof Tt will help to temporarily free ourselves from the canonical labels of V. For any
(countable, locally finite) tree 7 (labeled in any manner), consider the SDE system

dXT () =b. XT. X% 7pdt + ot XDdW, (1), veT, (7.7)

where N,(7) denotes the neighbors of v in 7, (W,),c7 are independent Brownian
motions, and (X, (0)),e7 are i.i.d. with law X¢. Note that this SDE system is unique
in law by Assumption (A.4), as the tree 7 can always be viewed up to isomorphism as
a subset of V. For any non-random doubly rooted tree (7, 01, 03), the unique solution
of (7.7) gives rise to a ¢7 -valued random variable X7 = (X UT)veT, which in turn
induces a G, [C]-valued random variable (7, (X UT)ueT» 01, 02), whose law we denote
by O[7, 01, 02].

We claim first that Q[7,01,02] = Q[7’,0},0,] whenever (7,01,02) and
(T', 0/, 05) are isomorphic as doubly rooted graphs. To see this, let ¢ : T — T’
denote any isomorphism. It is clear from the structure of the SDE (7.7) that the cT-
valued random elements (X (ZZU))UGT and (X UT)veT solve the same SDE and thus have
the same law, due to the aforementioned uniqueness in law. In particular, the G,.[C]-
valued random variables (7, (XUT)UET, 01, 02) and (77, (XZ/)UET/, 0}, 05) have the
same law.

This shows that Q[7, o1, 02] depends on (7, 01, 02) only through its isomorphism
class. We may thus view Q as a (measurable) map from the set T,y C G4 of doubly
rooted trees to P(G.«[C]). (For a justification of the measurability of Q, see Remark 7.4
below.) For a bounded measurable function F : G,, — R, the function Ty, >
(T, 01,00) — (QI(T,01,00)], F) € Ry is also bounded and measurable, and we
extend it to be zero on G\ Ty Then, for a given unimodular (T-valued) random
tree 7, we have (as justified subsequently)

E [Z F(T,(XD)yer, 0, o)} =E [Z E[F(T, (X])yer. 6. 0) |T]]
ocT oeT

=E| ) (QUT, 9,0, F)}

LoeT

=E|Y (QUT.0.0)l. F)} =E [Z E[F(T,(XD)yer,0.9)| T]}
LoeT oeT

=E Z F(T, (X;;T)veT’ o, ¢):| :
LoeT
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Indeed, the second and fourth steps used the fact that a random tree 7 C V in the SDE
system (3.1) is always assumed to be independent of the Brownian motions and initial
conditions, which ensures that the conditional law of (7, (X Z—)vey, @, 0) given 7 is
precisely Q[7, @, o]. O

Remark 7.4 For completeness, we sketch here a proof of the measurability of Q intro-
duced in the last proof. For r € N and (G, 01, 02) for which the graph distance
dg (01, 07)is atmost r, let B, (G, 01, 02) € G4y denote the union of the balls of radius
r around o1 and 0,. The topology of the subspace {(7, 01, 02) € Tys : (7, 01,02) =
B, (T, 01, 02)} is discrete for each r, so the map (7, 01,02) — Q[B,(7, 01, 02)]
is trivially measurable for each r. To complete the proof, it suffices to argue that
lim, 00 Q[B, (T, 01,02)] = QO[(T, 01, 02)] for each (7T, 01, 03) € Tys. If we fix a
doubly rooted tree (7, o1, 03) (with labels, i.e., not an element of G,, but rather a
representative from an equivalence class therein), then straightforward weak conver-
gence arguments show that, for each k € N, (X f " (T’OI’OZ))UE Bi(T ,01,0,) CONVETEES in

law 10 (XS791%)) g (T o1.0y) a8 F — 00, which proves the claim.

Remark 7.5 1t is well known that a UGW(p) tree (7, ¢) is unimodular (hence the
name), for p € P(Np) with finite nonzero first moment, and from Proposition 7.3 we
then deduce that (7, (X UT )veT, 8) is unimodular. A direct proof of the mass-transport
principle for (7, @) is attributed to [34], but one can argue instead by approximation
by finite uniformly rooted graphs; see [1, Example 10.2] or [11, Proposition 2.5].

7.3 Proof of Proposition 3.18

As in the statement of Proposition 3.18, let & : C,2 x SY(C;) — R be bounded and
measurable. To prove the proposition, we may assume without loss of generality that in
addition 2 > 0.Fixt > 0,and let g : C,2 — R, be any bounded measurable function.
Because ¢ is fixed, throughout this proof we will omit the argument [7] for the sake
of readability, with the understanding that every appearance of X, below should be
written more precisely as X,[f]. Recall once more that for a finite set A and for
xa € X4 we write (x4) for the corresponding element (equivalence class) in SY(X).
We will take advantage of the unimodularity of (7, X, ¢) shown in Proposition 7.3,
by applying the mass-transport principle with

F(G, x,8,0) 1= g(xg, Xo)h (X0, X5, (XN,(G))) LioeNy(G)}/ I Ng(G)].

Note that F is well defined on G,.[C,] because it is invariant under isomorphisms of
(G, x, @, 0). We recall also that {v € 7} is measurable with respect to X, for each
v € V, as explained in Remark 4.2, which in particular implies that {1 € 7} and
[Ng(7)| are (X y,(7))-measurable, and | Ng(7)| is (X, (7))-measurable. The follow-
ing calculation will use Lemma 7.1 and the aforementioned measurability properties
in the first and last equality, unimodularity as in (7.6) with F as above in the third
equality, and the fact that ¢ € N, (7) if and only if v € Ng(7) in the fourth equality
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(recalling also our convention that m 2 keny (1) = 0 when Ny(T) = 9):

E[g(Xg. XDh(X1, Xo, (Xn, ) 11eTy]

1
INo(T)I

=E > 8(Xg XOh(Xe, Xg. (Xne(1)))

keNg(T)

1
=E Z g(Xg, X)h(Xy, Xg, <XNU(T)))1{UEN¢(T)}W]
o

LveT
—F -E (Xy, Xe)h(Xg, X, (Xn.oD)1 b
= _UETg Vs 0] @ Vo NQ(T) {QENU(T)} |NU (T)|
1 |Ng (7))
=E Xi, Xg)h( Xy, Xi, (X )
No(D)] E 8(Xk, Xg)h(Xg, Xk, (Xn, (1)) N (D]

keNy(T)

=E|g(X1. Xo)h(Xg, X1, (Xny(1)))

|No(T)] ]
ECSRIF P (1.8)
N e

If g, : C> — R is defined by

|No(T)]
[N (D)

on(Xg, X1) = l{leT}EI: h(Xg, X1, (Xny1))) ‘ Xg, Xl] ,

then (7.8) can be rewritten as

E[g(Xg, XDh(X1, Xg, (Xn, (0D 1iery] = E[8(X1, Xo)on(Xg, XD 117y ] -
(7.9)

Similarly, define ¢; : C> — R by

INg(T)]
01(Xg, X1) = 1gen)E X, X1 |-

INI(T)I

Apply the identity (7.9), with & replaced by the constant function 1 and with g(xg, x1)
replaced by g(x1, xg)@)(xg, x1), to obtain

E[g(X1, Xo)on(Xg, XD 1pemy] = E[g(Xg, XDon (X1, Xo)01(Xg, X1 117y ] -
Substitution of this identity into the right-hand side of (7.9) yields

E[g(Xg, XDh(X1, Xg, (Xn, () 1p1e)]
=E[g(Xg, XDon (X1, Xg)01 (X, XD 11e73] - (7.10)
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The fact that this holds for any g implies that, a.s. on {1 € 7},
E[h(X1, Xg, (Xny1) | Xoo X1] = 0n (X1, Xo)91(Xg, X1).

On the other hand, applying (7.10) with A replaced by the constant function 1, we
deduce that ¢ (X1, Xg)¢1(Xg, X1) = 1 a.s.on {1 € 7}, and so

en (X1, Xg)
E|h(X1, Xo, (Xny))) | Xpo X1 | = —F———-
[ [ 1(7) | 4 ] 1(X1, X(Z’)
Now recalling the definition of E; given in the statement of Proposition 3.18, (still
omitting [#] from the notation), it follows that

- ¢n(Xg, X1)
B (Xg, X1) = l1er) et
(pl (XQ) ) X 1 )

Thus, the last two displays establish (3.9) with k = 1. In light of the symmetry provided
by Proposition 3.17(ii), this is enough to complete the proof. O

Acknowledgements We would like to thank the reviewer for feedback that improved the exposition of the
paper.

Appendix A: A projection theorem

Here we state and prove a result, used crucially in deriving the local equation, which
can be seen as a projection or mimicking theorem for Itd processes. Theorem A.2
below seems to be reasonably well known, particularly in filtering theory, appearing
(in various different forms) for instance in [32, Theorem 7.17], [7, Corollary 3.11], and
[41, Section VI.8] but we give a short and mostly self-contained proof. Theorem A.2
can be seen also as a path-dependent counterpart of the famous mimicking theorem
of Gyongy [18].

We begin with a technical lemma to clear up any concerns about the existence of
suitable versions of conditional expectations, of the sort that appear in the definitions
of y; in (3.4) and (3.7). As usual, write C = C(R4; ]Rd) and C; = C([0, ¢]; Rd) for the
spaces of R?-valued paths, for # > 0, and x[¢] for the path up to time ¢ of any x € C.
Recall that we call a function f from R4 x C to a measurable space S progressively
measurable if it is jointly measurable and satisfies f (¢, x) = f(¢, y) whenever t > 0
and x, y € C satisfy x[t] = y[t].

Lemma A.1 Suppose ' = (I'(t));>0 and Y = (Y (t));>0 are stochastic processes with

values in R* and R¢, respectively. Suppose Y is continuous, and [ fOT |T'(¢)|dt] < o0
foreach T > 0. Then there exists a progressively measurable function y : Ry x C —
R* such that

y(,Y)=E[l@)|YI[t]l, a.s., forae t>0.
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Proof Apply [7, Proposition 5.1], taking the Polish-space-valued process Z; therein to
be the C-valued process Y[], to find a Borel measurable function 7 : R, x C — RK
such that

y(t,Y[t]) = E[[(¢) | Y[f]], as., forae.t> 0.

Then set y (¢, x) = Y (t, x[t]) for (t,x) € Ry x C. O

Theorem A.2 Let (2, F,F,P) be a filtered probability space supporting an TF-
Brownian motion W of dimension m as well as a continuous F-adapted process X of
dimension d such that X admits the differential

dX(t) = b(t)dt + o (1)dW (1),

where b and o are F-progressively processes taking values in R¢, and R4*™, respec-
tively, with

t
E [/ <|b(s)| +Tr[aoT(s)]) dsi| <00, fort>0. (A1)
0

Leth : Ry xC — R and & : Ry x C — R pe any progressively measurable
functions satisfying

b(t, X[1) = E[b(t) | X[1]], 35" (t, X[r) =E[oo " ()| X[]], a.s., forae t>0.
Let FX = (]:IX )i>0 denote the filtration generated by X, defined by .EX = o (X[t]).

Then there exists an extension (SVZ, ﬁ,vﬁ?, If”) of the probabﬂity space (2, F, FX, P)
supporting a standard d-dimensional F-Brownian motion W such that

dX(t) = b(t, X)dt +5(t, X)dW (), t>0.

Proof Let C2° (R) denote the set of smooth functions on R? with compact support.
Write V and V? for the gradient and Hessian operators, respectively. By It’s formula
and the condition (A.1), for each ¢ € C° (R?) the process

! 1
P(X(1) — /0 <b<u) V(X ) + 5Tr[aaT(u>v2«><X<u)>]) du

is a F-martingale. In particular, if + > s, and if Z is any bounded F-measurable
random variable then

! 1
0=E [Z <¢(X(t)) —@(X(s) — / (b(u) V(X (W) + QTr[aoT(u)vzmxw))]) du)] .
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Now, If Z is measurable with respect to F, SX C Fy, then we may use Fubini’s theorem
and the tower property of conditional expectations to obtain

t
0=E [Z (ga(X(t)) —@(X(s)) — / (Z(u, X) - Vo(X)) + %Tr[?f?fT(u, X(u))Vzga(X(u))]> du):| .

This shows that the process
! 1
(X (1)) — /O (b(u X) - Vo(Xw) + 2Tr[aoT<u X)Vzgo(X(u))])

is a FX-martingale, for every ¢ € C°(R?).

The claim now follows from the usual construction of weak solutions from solutions
to martingale problems (e.g., using the arguments in Proposition 5.4.6 and Theorem
3.4.2 of [21] or [41, Theorem (20.1), p. 160]). O

Appendix B: Forms of Girsanov’s theorem

We develop here two simple forms of Girsanov’s theorem tailored to the needs of
proofs of results in this paper. No aspects of these results should come as a surprise to
specialists, but we were unable to locate a reference that covered our precise require-
ments, which fall beyond the scope of the standard Novikov condition. Our drift b in
Assumption A has linear growth, and thus, at least for the first lemma below, fairly
standard results could cover some of our needs, such as [21, Corollary 3.5.16] or [32,
Theorem 7.7]. But those results, strictly speaking, do not allow a general diffusion
coefficient o. The result [32, Theorem 7.7] is extended in [32, Section 7.6] but still
requires Lipschitz coefficients, which is not good enough for us because of the y; term
in the local equation (3.5), which need not be Lipschitz even when b is. Our second
result below, Lemma B.4, is not directly covered by the aforementioned results either,
because it involves an infinite-dimensional SDE system, though we only consider a
change in drift for a finite number of coordinates. In any case, we give simple proofs
of our two results using an elegant recent criterion of [5].

LemmaB.1 Letd € Nand Lo € P(Rd). For T € (0, 00), suppose b : [0, T] x C —
RY and o : [0,T] x C — R4 gre progressively measurable. Assume o(t,x)
is invertible for each (t,x) and that o and o' are uniformly bounded. For i =
1,2, suppose (', FI,F = {f }i=0. ) is a filtered probability space supporting
a d-dimensional F'-Brownian motion W' and continuous d-dimensional F' -adapted
process X', which satisfy for t € [0, T],

dX' () = b, XYdt + o (r, XHYdW' (@), X'(0) ~ Ao,
dX*(t) = o (t, X2)dW? (1), X2(0) ~ Ao. (B.1)
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Assume the latter SDE is unique in law, and that
P (f |b(z, X’)Izdt<oo> =1, i=1,2. (B.2)
0

Then L(X'[T1) and L(X*[T]) are equivalent, and for x € Cr,

dCx'[T) oo
m(x)—exp(/o (co Y7 b, x) - dx ()
T
_l/ "’_lb(“‘)'2df>- (B3)
2 Jo

RemarkB.2 If + — b(t,x) is continuous for each x, then fOT |b(t, x)|2dt <
T sup,cpo. 1 16(2, x)|? < oo for each x, and the key assumption (B.2) in Lemma B.1
holds automatically.

Proof of Lemma B.1 1f b is uniformly bounded, then uniqueness in law of the SDE for
X! and (B.3) are completely standard, following from Girsanov’s theorem. Now,
fix T € (0,00) and assume more generally that P(fOT |b(t, XH|2dt < o0) =
P(fOT |b(t, X*)|>dt < 00) = 1. Define 7, : C — [0, T]U{oo}and b, : [0, T] x C —
R by

t
bu(t, x) = i <g,()b(t, x),  T(x) :=inf [t €[0,T]: / |b(s, x)ds = n}
0
Abbreviate P2 = L(X?[T1). Now, define R : [0, T] x C — R by
t 1 t
R(t, x) := exp (/ (oo )7 b(s, x) - dx(s) — 5/ |a—1b(s,x)|2ds>.
0 0

Note that the uniform boundedness of o~!' and the bound (B.2) ensure that
(R(t, *))ref0,11 1s well defined P2-a.e. Moreover, the uniform boundedness of o ~! and

the definition of b, guarantee that [, |0~ b, (¢, ) 2dr = [ "™ |6~ b(1, x)|%ds <
n for all x € C, and thus Novikov’s condition is satisfied. Hence, (R(t A
Ty (Xz), X2), .7-',2),6[0,7] isa Pz-martingale for each n [21, Corollary 3.5.13]. Thus, by
Girsanov’s theorem (see, e.g., [21, Theorem 3.5.1]), the SDE

dXV (1) = by(t, X"™Mdt + o (1, X"dW (1), XV"(0) ~ A,
is unique in law, with its law P! satisfying P!"* « P2, where

dP'"
d P2

T T
= exp (/ (oo ) by(t, x) - dx(t) — %/ lo " b (t, x)|2dt) ,
0 0

(x) == R(T A 1,;(x), x)
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for P2-almost every x € C. Assume X' is constructed on a probability space
(Ql,n ]:1,n Fl,n ]P)l,n)‘

We will now apply the criterion of [5, Corollary 2.1] to prove that under P2,
the process (R(¢, -), -Ez)te[O,T] is not only a local martingale but is in fact a true
martingale. To this end, note that the assumption P2( fOT |b(t, X 2)|2dt <o) =1
from (B.2) and the uniform boundedness of o and o —! ensure that 7, (X2) — oo and
R(t A 1o (X?), X?) — R(t, X?) a.s. asn — 00. Now, foreachn € Nand ¢ € [0, T],
define Q! « P? by

do!,

1 p2 (x) =R Aty(x),x), xe€C.

Then [5, Corollary 2.1] states that (R(f, -))se[0,7] 1S @ Pz-maningale if and only if

lim Q! (r, <t)=0, foreachte[0,T]. (B.4)
n—0oo

But the latter follows from the assumption P! (fOT Ib(t, XH)|?dt < o0) =1 imposed
in (B.2), since recalling P> = P? o (X*)~!and P = P o (X1")~! and letting
[E? and E!" denote expectation under P> and P!, respectively, we have

OL(ty <) = E[R(t Aa(X?), X)) (5, (x2)<ny] = EX[R(T A 0 (X?), XP) 17, x2)<n)])

=P (1, (X" < 1) =P (r,(X") <) = P! (/ b(s, X" [*ds > n) :
0

where the penultimate step used the fact that (X tlmn x! )),e[o,T] satisfies the SDE (B.1)
with b replaced by b, and thus, by uniqueness in law of the latter SDE, the law
of (X}Ar’l(xl)),e[oj] under P! coincides with that of (th;\’ll’,l(le”))tE[O'T] under P17,
Since the right-hand side of the last display vanishes as n — oo due to (B.2), this
proves (B.4).

Hence, under P2, we have shown that R is a martingale on a finite time horizon,
and thus a uniformly integrable martingale on that time horizon. Since d P! /d P? =
R(T Aty(+), -) foreach n, we deduce easily thathl/dP2 = R(T, -).Since R(T, -) >
0, we deduce that P! and P2 are equivalent. O

Recalling the definition of relative entropy functional H from (4.2), we record the
following well-known relative entropy identity as a corollary:

CorollaryB.3 Let d € N and 1o € PRY). Suppose b',b*> : [0,T] x C — R4
and o : [0,T] x C — RI*? gre progressively measurable and bounded. Assume
o (t, x) is invertible for each (t, x) and that o Lis uniformly bounded. Fori = 1,2,
suppose (Q!, F', F', P! is afiltered probability space supporting a d-dimensional F' -
Brownian motion W' and continuous d-dimensional F! -adapted process X' satisfying

dX'(t) = b (t, X)dt + o (t, XHdW (), X' (0) ~ Ap.
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Assume the driftless SDE
dX(@t) =0, X)dW(), X(0)~ Ao

is unique in law. Then the following relative entropy identity holds:
1 2 1 p! L 1 —12 1y2
H(LX[TD | LXT[T]) = EE lo='b (t, X)) —o b7 (t, X )| dt|.
0

Proof Abbreviate P! = L(X'[T]) for i = 1, 2. The boundedness of b’ ensures that
(B.2) holds trivially. We may therefore apply Lemma B.1 twice to get

dpP!

T
Spr () =exp (/0 (co D' — b (1, x) - dx (1)

1 T
+5/ (o2, x) > — |a‘b‘(t,x)|2>dt).
0
Hence, it follows that
H(P'|P?)
| T
—EP [/ (oo LB = b, XY - dX ()
0
1 T
+5/ (o2, X")* — |a—1b1(r,x1)|2>dr}

0

1 T
— EEPI [/ lo b, XY — o B2, X1)|2dt} .
0

This completes the proof. O

Lastly, we prove an infinite-dimensional result similar to Lemma B.1, tailor-made
for its use in the proof of Lemma 6.3.

LemmaB.4 Letd € N, and let V be a countable set. Let Ay € P((RY)Y). Suppose
b}j,b% ([0, T] x CV - Rdfor veVando : [0,T] x C — R* gre progres-
sively measurable. Assume o (t, x) is invertible for each (t, x) and that o and o1
are uniformly bounded. For i = 1,2, suppose (QF, FILF = {ff}tzo, Py is a fil-
tered probability space supporting independent d-dimensional ! -Brownian motions
(Wl’;)vev as well as continuous d-dimensional ! -adapted processes (X f))vev satis-

fying
dXi@) = bl (¢, X)dt + o (t, X)dWi(r), veV, X(0)= (X (0)yev ~ ro,
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where the SDE system for X? is assumed to be unique in law. Assume that bi = b%
except for at most finitely many v € V, and that fori =1, 2,

P <f IbL(r, X7y — b2(1, X')2dr < oo) =1, foreachveV. (B.S5)
0

Then, if P € P(C") denotes the law of X' = (X{;)vev under P for i = 1,2, then
Pl and P? are equivalent, and

dP'

T
apr? Z(/O ol b) = b2, X*) - aW, (1)

1 T
—5/0 lo B! — b2, X2)|2dt>}

almost surely, where 071(b11) — b%) denotes the function [0, T] x ¢V s (t,x)
oVt x,) B, x) — B2(t, x)) forv e V.

(X?) =exp {

Proof Let Vy := V\{v e V : b,ﬂ = b%}, and note that Vj is finite by assumption.
It Zvevo |bll) - b%|2 is uniformly bounded, then the claim is a standard application

of Girsanov’s theorem. For the general case, define 7, : C V 5 [0, T]U {oo} and
bl 10,71 x CV — RY forv € V by

t
T,(x) :=inf {7 € [0, T]: Z[ bl (s, x) — b2(s,x)|*ds = n
0

veVp

by (8, %) = L=, (o) byt X) + Lsm,coyba (2, ).

With these definitions, the remainder of the proof follows that of Lemma B.1 very
closely, so we give fewer details. Define R : [0, T] x CV — R, by

t
R(t.x):=expy (/ (0o )T BY — b2)(s, x) - (dxu(s) — by (s, x)ds)
0

veV

1
—5/0 o ‘(b,‘,—b%)(s,x>|2ds>,

which is well-defined for P?-a.e. x = (x,)yey € CV. Note that b} = bl = b2 for
v € V\ Wy, so that the summation in the definition of R is actually over the finite set Vj.
Since also Y, .y, Ot”(x) lo =1 (b! — b2)(¢, x)|?dt < n forall x € CV by construction,
Novikov’s condition ensures that (R(f A tn(Xz), Xz), j’-',z),e[o,T] is a Pz—martingale,
for each n. Hence, by Girsanov’s theorem and uniqueness in law of the X2 equation,
the SDE system

dxm@y = b @, XMde + o (e, XEMaw, (), ve v, XM(0) ~ i,

@ Springer



D. Lacker et al.

is unique in law, and its law PL7 gatisfies P17 « P? and, ass.,

dP"
dpP?

T
> (f o Bl —bH (e, X?) - dW2 (1)
0

veV

(X% =exp{
l T
_5/ lo =t @Bl —b%)(r,X2)|2dt> }
0

Assume X" is defined on a filtered probability space (Ql"’, Fln Fln ]P’l'”).

To complete the proof, as in Lemma B.1, it suffices to show that the local martingale
R is a true martingale. To this end, note that the assumption (B.5) and boundedness
of o and 6! ensure 7,(X%) — oo and R(r A 1,(X?), X2) — R(r, X?) as. as
n — oo. Foreacht € [0,T] and n € N, we define Q! < P? by dQ! /d P*(x) =
Rt AT, (x),x),x € CV. Then, by [5, Corollary 2.1], Ris a P2-martingale if and only
if lim,, o Qﬁl (t, < t) = 0foreacht € [0, T]. The latter follows from assumption
(B.5) by means of a calculation similar to that used in Lemma B.1: Since the laws of
(X5t ATy (X1))seg0.77 under P17 and (X! (2 A1, (X1)))sej0.7) under P! coincide,
we have

0l (ty < 1) =P (g, (X" < 1) = Pl (r,(X") < 1)
t
=p! (/ Ibl(s, XV = b2(s, X?ds > n> ,
0

which converges to zero as n — oo due to (B.5). O

Appendix C: Proof of Lemma 4.1

Recall that (X, (0))cy are independent of 7 and are i.i.d. and square-integrable by
Assumption (A.3), X = (X UT)veT satisfies the SDE system (3.1). Using the linear
growth of Assumption (A.1) and the boundedness of o of Assumption (A.2), we thus
find, for all r € [0, T'],

t

B2, 171 = (14 [ (B2, 171+

> BIXE, 1T1)ds ).

1
IN(DI | )

where C < oo is a constant depending only on 7', ¢, and the constants of Assumptions
(A.1) and (A.2). (As usual, the average over N,(7) is understood to be zero when
Ny(T) =@ orv ¢ 7T.) This implies

t
sup E[|| X, |12, 7] < 20(1 +/ sup E[|| X, 12, mds).
veV 0 veV

The proof of (4.4) can be completed using Gronwall’s inequality.
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To derive the entropy bounds, fix a finite set A C V and a time horizon T' € (0, 00).
Suppose first that the tree 7 is a.s. finite. Define a change of probability measure PA
by the Radon-Nikodym derivative

dPA
=&
dP T(

3 / “Ub(t, X, Xnyr) dwvm)

veA
Working conditionally on the (finite) tree, we may apply Girsanov’s theorem in the

form of Lemma B.1, due to Assumption ~(A.l) and Remark B.2, to deduce that this
change of measure is well defined (i.e., dPA /dP has mean 1), and the processes

t
WA = W+ [ o7 lb Xy Xy r)ds. veV. rel0.T)
0

are independent Brownian motions under pA by Girsanov’s theorem. Thus, under pA s
we find that (X),e4 satisfy the driftless SDE

dXy(t) = lperyo (&, Xy)dWy(t), veA.
As this SDE is unique in law by Assumption (A.2b), we deduce that
PAox,' =PoX,",
where X = (X )vev, is the solution to t the SDE system (4.3) and we have assumed

(for notational simplicity) that X and X are defined on the same probability space
(2, F, P). By the data processing inequality of relative entropy, we have

H(LXAITD | L(XAITD) = H(Po Xa[T17 Po Xa[T]7)
= H(Po XTI |PA o XA[T]7)

< HP|PY) = ZEP [Zf lo~'b(t, Xy, Xn, (1) dt:|.

veA
The proof of (4.5) can be completed by using the boundedness of ¢ ~!, the linear

growth of b, and the result (4.4) of the first part (possibly changing the constant).
Similarly, to prove (4.6), still in the case of an a.s. finite tree 7, we compute

H(LXAITD | LXAITD) = H(Po XA[T1™' [Po X4[T]7))
=H([Po XA[T]—1 IPoXA[TT)

<HP'|P)=E [Z/ lo ' b(t, X, Xn, 1) dz}
veA
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The SDE system (3.1) under PA takes the form

dX,(1) = lyer) (b(r, Xy, Xy, (1))t + o (t, Xv)dW;“a)), veV\A,
dX,(t) = lyeryo (t, X)dW2A(1), ve A,

and it is straightforward to argue that the SDE system under PA enjoys an identical
second moment bound as in (4.4). This completes the proof under the additional
assumption that 7 is a.s. finite. We prove the case of a general random tree 7 by
truncating the tree to the first n generations, 7, := 7 NV, and deducing from
above that the bounds (4.5) and (4.6) hold when 7 is replaced with 7,,. The particle
system (X ?’)Uev clearly converges to (XUT)Uev = (Xy)pev in law, and the lower
semicontinuity of relative entropy lets us take limits as n — 0o on both sides of (4.5)
and (4.6) to show that these bounds hold for 7. O
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