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non-idle ranges from 0.006 to 0.83 in the Frequentist bubble plot, while it only

ranges from 0.01 to 0.022 in the Bayesian bubble plot. This scale issue is unusual

and can be attributed to the small sample size for this initial action in this cluster.

Among 536 observations that have initial action request (a3) in group 1 cluster 2,

530 of them transit to idle (a1), while only three observations choose to reply (a2)

and three choose to request (a4) as the next action. When the sample size is small,

the MLE may have a large variance, and the distribution may not be well ap-

proximated by a normal distribution, which is assumed in many of the asymptotic

results for MLE. However, the Bayesian approach can alleviate this data scarcity

problem since it does not rely on asymptotic properties. The Bayesian approach is

more °exible and can provide more accurate estimates of the parameters even with a

small sample size. Therefore, the Bayesian bubble plot may be more reliable in this

particular case. These data were chosen to highlight di®erences in the two

approaches.

Figure 7 presents bubble plots of all clusters in one group. In the ¯rst row of

plots, where the initial state is idle (a1), Figs. 7(a) and 7(b) show that four clusters

in group 2 are well separated and the activity level is ascending, supporting the

rationality of clustering players by behavior. It is also seen that players in clusters 3

and 4 in the Bayesian framework have higher probabilities of forming words and

being non-idle than those using the Frequentist approach, so they are more active,

indicating a better performance of DP-means clustering than k-means clustering. In

the second row of plots, where the initial state is request (a3) in group 1, all players'

next action is idle (a1) in cluster 1. Therefore, the probability of being non-idle in

this cluster is 0, and it is not shown in the ¯gures. In the other three clusters

(clusters 2, 3, and 4), none of the players' next action is forming words, resulting in

probabilities of forming words being 0. To avoid overlapping, we assign a di®erent

value of probabilities of forming words for bubbles in clusters 3 and 4 and compare

their probabilities of being non-idle. Notably, Figs. 7(c) and 7(d) have di®erent

scales on the y-axis, demonstrating that the Bayesian approach can alleviate

data scarcity problems, as claimed earlier. Similar patterns can be observed in

Figs. 7(e) and 7(f).

5. Agent-Based Simulations of Networked Anagram Games and Results

In this section, we describe ABMs and the simulation process used to model the

NGrAG. The uncertainty deduced in Sec. 4, derived from our experimental data, is

utilized as inputs that guide the dynamic behavior of agents in our ABM simulation

in this section. In this way, the variability obtained from the real-world data can be

incorporated into the ABM simulations, thus ensuring that the behaviors of the

simulated agents can accurately re°ect the observed real-world complexities. For

particular input conditions and models, we provide results for individual agents

(also referred to as nodes or players) as well as all agents, under a wide range of

conditions.
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(a) (b)

(c) (d)

(e) (f)

Fig. 7. (a) and (b) Bubble plots of group 2 where initial action is idle (a1) for Frequentist approach and

Bayesian approach, respectively. (c) and (d) Bubble plots of group 1 where initial action is request (a3) for
Frequentist approach and Bayesian approach, respectively. Note that in group 1 cluster 1 where initial action is

request (a3), all the players' next action is idle (a1), so in this cluster, the probability of being non-idle is 0 and is

not shown in the ¯gures. In the other three clusters (clusters 2, 3, and 4), none of the players' next action is

forming words, so the probabilities of forming words are 0. We assign a di®erent value for bubbles in clusters 3
and 4 to avoid overlapping. (e) and (f) Bubble plots of group 2 where initial action is forming words (a4) for

Frequentist approach and Bayesian approach, respectively. While Fig. 6 provided these data for one group and

cluster combination (½g; c�), this plot shows that data across all clusters can be compared.
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5.1. Simulation process and computations

First, the initial conditions of a simulation are described, followed by a description of

the simulation steps. Then the models of agent behaviors in the game are presented.

Key parameters are summarized in Table 1.

The network GðV ;EÞ of Fig. 8 represents the possible interactions among the

seven game players. It contains ¯ve players with two neighbors each (degree d ¼ 2)

and two agents with three neighbors each (d ¼ 3). Each player is provided four initial

letters, and the letters are purposely speci¯ed to enable players to form words, e.g.

one player v2 is given letters fi; l;m;ng and neighboring players are given comple-

mentary letters, e.g. v3 is assigned letters fo; p; r; sg. In this way, di®erences in

models are highlighted (e.g. consider the opposite extreme where players are only

given letters like x and z and no vowels��� then agents cannot form words irrespective

Table 1. Summary of parameters and their values used in simulations of NGrAGs.

Parameter Description

Networks GðV ;EÞ. The graph of Fig. 8.

Number nl of owned letters. The number of owned letters initially assigned to a player.

Initial letters L init
k . The set of initial nl letters assigned to a player vk.

Word corpus CW . The corpus of 5000 words available at www.wordfrequency.info.

According to the website, these are the 5000 most frequently

used words in English.

Player actions a. The set A of actions a is given in Fig. 1: think or idle a1, reply to
request with a letter a2, request a letter from a neighbor a3, and

form a word a4.

Duration of NGrAG tg. NGrAG duration is ¯xed at tg ¼ 300 s.

Group, g. There are two groups: g ¼ 1 corresponds to nodes with degree d � 2
in the game network and g ¼ 2 corresponds to nodes with de-

gree d � 3.

Cluster, c. For each group g, there are four clusters (c): c ¼ 1 through 4.

Group-cluster ½g; c�. The group-cluster pair ½g; c� determines the behavior regime for
each node.

Behavior classes B. There are three behavior classes for each ½g; c� pair: the worst class
BW , the mean or average class BA, and the best class BB. These
three categories correspond to the least, average, and greatest

activity in terms of performing actions in a game.

Model approach R. There are two modeling approaches: a Frequentist approach RF

and a Bayesian approach RB. See Sec. 3. Each R has a separate
model for each combination of ½g; c;B�.

Game player behavior models M . Each player in a NGrAG is assigned a behavior model M , which

consists of the quadruple M ¼ ½g; c;B;R�.
Number of iterations niters. Each simulation is composed of niters ¼ 100 individual dynamics

instances, where each instance starts from time t ¼ 0, with

initial conditions reset, and then the dynamics of the system are
executed for tg discrete time steps.

Notes: The ¯rst section contains variables that are physical entities that map directly to a NGrAG. The
second section contains model parameters that prescribe node (i.e. player, agent) behaviors. The third

section contains the simulation parameter. Sections are delineated by three horizontal lines.

X. Liu et al.
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of behavior model so there is no way to contrast model results). Each agent may

request all of its neighbors' initial letters (but not letters that neighbors receive from

other players), as in the experiments.

One simulation is composed of 100 iterations or runs. Each iteration models one

NGrAG, from time t ¼ 0 through t ¼ 300 s, as described in Sec. 1.1 and Fig. 1. An

iteration uses discrete time steps, i.e. t 2 N where t 2 ½0; 300�, and computations are

performed at 1-s steps. Conditions at t ¼ 0 s are the initial conditions above. At each

t 2 ð1; 2; . . . ; 299; 300Þ, each player vk 2 V (simultaneously) computes the probabil-

ity of performing each of the four actions in A. That is, given the last action ai
(i 2 f1; 2; 3; 4g) and z for vk at time t, the four �ij (j 2 f1; 2; 3; 4g) are computed

using Eq. (2). The speci¯c action is chosen based on a Bernoulli trial. If the selected

action (i.e. form word a4, request a letter a3, or reply to a request a2) is not possible,

then the action for that agent and time step is changed to idle a1. This latter

condition can arise in multiple ways, e.g. a player may choose to request a letter from

a neighbor, but all letters have already been requested; a player may choose to reply

to a neighbor's letter request, but may have already replied to all requests made of it

thus far. Our discrete 1-s time step interval is justi¯ed by the fact that players do not

take successive actions among request letter, reply to letter request, and form word

within 1 s in the online experiments. Indeed, actions at time steps are mostly idle or

thinking.

The di®erence among iterations within a simulation is the stochasticity of

choosing an action for each agent at each time step via the Bernoulli trial, which over

time, can lead to di®erent action histories of agents. The initial conditions for each of

the 100 iterations within a simulation are identical. Consequently, when we refer to

\average" results below, we mean time point-wise averages across the 100 iterations,

unless speci¯ed otherwise.

The remaining speci¯cations for a simulation is the behavior model assigned to

each agent. A behavior model M is given by the 4-tuple M ¼ ½g; c;B;R�. The ¯rst

two parameters are the group g and cluster c assigned to an agent; these are described

in Sec. 2. The ¯ve agents with d ¼ 2 in Fig. 8 are in group 1 and the two agents with

d ¼ 3 are in group 2; the game network ¯xes the group of an agent. The cluster is a

free input parameter; there are four clusters per group, and an agent is generally

more active (i.e. forms more words, requests more letters, and replies to more letter

requests) as cluster number increases from 1 to 4 (e.g. see Fig. 7). We examine all

Fig. 8. (Color online) Seven node (agent) game network on which simulations are run. Red (respectively,
brown) nodes are low (respectively, high) degree nodes of degree d ¼ 2 (resp., d ¼ 3). Therefore, red

(respectively, brown) nodes are in group g ¼ 1 (respectively, g ¼ 2).

Uncertainty Visualization
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combinations ½g; c� in these simulations. For each ½g; c� pair, there are three possible

behavior classes B that are also free parameters: worst, average, and best. These

three classes denote a further partitioning of each cluster into, respectively, a cate-

gory of behavior that is least active BW (in terms of taking actions request letter,

reply to request, and form word), of average activity BA, and most active BB. See

Table 1. We also evaluate all three classes in these simulations. In each simulation

reported on herein, all agents are assigned the same class. Finally, the modeling

approach R is either Bayesian RB or Frequentist RF . Thus, the behavior models of

ABMs are designed and constructed from the models and results of Sec. 2 through 4.

5.2. Simulation results

In the results sections in what follows, several topics are explored: (i) variability

across iterations of one simulation; (ii) variability across heterogeneous modeling

classes worst, average, and best, both for individual iterations and for averages across

all iterations of a simulation; (iii) action probabilities as explanations for actions

taken by agents; (iv) variability in average action histories for agents with nominally

the same behavior models; (v) contrasting the heterogeneity and variability in

numbers of words formed in games generated by the Frequentist and Bayesian

approaches; and (vi) neighbor interaction e®ects. We also demonstrate the utility of

uncertainty visualizations in Sec. 4 for explaining simulation results. In the interest

of space, and because the RF and RB modeling approaches produce qualitatively

similar results, we focus mainly on the Bayesian approach results, i.e. the model

M ¼ ½g; c;B;RB�, although some results are provided for ½g; c;B;RF �.

5.2.1. E®ect of model stochasticity and variability in results

Figure 9 provides three plots of counts of actions for agent 3 in a simulation where

degree-2 and degree-3 agents are assigned, respectively, ½g; c� ¼ ½1; 3� and ½2; 3�. All

(a) ave: agent 3, iter 10 (b) ave: agent 3, iter 30 (c) ave: agent 3, iter 50

Fig. 9. Representative results for the Bayesian RB model of anagram simulations with seven players.

Results are for agent 3. Agents 1 and 3 with d ¼ 3 are in ½g; c� ¼ ½2; 3� and the other agents with d ¼ 2 are in

½g; c� ¼ ½1; 3�. Within these clusters c, each agent is assigned the average behavior BA. The plots are action
counts for agent 3 for three of the 100 iterations or runs: (a) iteration 10, (b) iteration 30, and (c) iteration

50. Numbers of actions change across these three iterations and indeed across all iterations. All

100 iterations use the same initial conditions, so di®erences in results are manifestations of model sto-

chasticity. This stochasticity in the models can be viewed in Figs. 6 and 7.

X. Liu et al.
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agents use BA (the average behavior class) within their respective cluster 3. The

actions are replies received (replRec), a passive action; replies sent (replSent), an

active action a2; requests received (reqRec), a passive action; requests sent (reqSent),

an active action a3; and words formed, an active action a4. All 100 iterations use the

same properties and initial conditions, so that the di®erences in results among the

iterations are solely due to stochasticity. Results from iterations 10, 30, and 50 are

provided.

The most apparent di®erence among the three iterations is that the number of

words formed varies from 7 (iteration 50) to 39 (iteration 10). However, requests sent

(reqSent) also vary, from6 to 10 (with three neighbors and four initial letters per agent,

the maximum number of requests is 12). Iteration 50 has the least requests sent, but

replies to more letter requests from its neighbors. In iteration 30, the number of

requests sent is greater than the number of replies sent, and in iteration 10, they are

equal. These results give a sense of the variability in results, for ¯xed conditions.

5.2.2. Variability across modeling class B for di®erent groups and clusters

Figure 10 contains results for agent 5 of Fig. 8. All agents use the Bayesian RB

approach for modeling, and degree-2 agents use cluster c ¼ 1 while degree-3 agents

use c ¼ 3. Results from multiple simulations are shown, where the classes are, from

left to right BW , BA, and BB (respectively, the worst, average, and best performing

classes for the respective cluster). The ¯rst row of results provides simulation data for

one iteration (iteration 51), while the second row provides time point-wise averages

for the same actions (see legends) over all 100 iterations.

There are several interesting points. First, these are the ¯rst heterogeneous results

because we are contrasting all three behavior classes. Second, the top row demon-

strates that individual iterations for the worst (i.e. least active) class of behavior can

show greater activity than selected iterations for the best (i.e. most active) class

(formation of 10 words in Fig. 10(a), versus one word in Fig. 10(c)). However, the

average results in the second row for the same three classes indicate that the number

of words formed does increase in traversing worst to best classes of behavior, as one

would expect. The increase in average numbers of words from worst to best is from

4.0 to 6.9, a 72% increase.

Figure 11 provides results for agent 3 (a degree-3 agent) for the same simulations

reported for Fig. 10 for a degree-2 node. The collection of plots is also the same as

those in the previous ¯gure. First, a quick comparison of the two ¯gures indicates

that there is much more activity (in terms of numbers of actions) for this degree-3

node. While the degree plays a role (e.g. more neighbors to request letters from and

reply to with requested letters, and more letters to form words), another key dif-

ference is the cluster. The degree-2 agent 5 in Fig. 10 has assigned cluster c ¼ 1 from

group g ¼ 1, whereas here, agent 3 is assigned ½g; c� ¼ ½2; 3�. From Fig. 7, it is ob-

served that cluster 3 is generally much more active than cluster 1. This highlights the

utility of uncertainty visualization to explain simulation results.

Uncertainty Visualization
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Second, the ¯rst row of plots in Fig. 11 shows again that the number of formed

words (\words" in the legend) does not increase monotonically in going from worst

to best classes, just as in Fig. 10 ��� for these particular iterations. But also, the

character of these curves changes: in Fig. 11(a), agent 3 forms all of its words

between roughly 120 and 180 s; in Fig. 11(c), agent 3 forms most of its words before

100 s and after 200 s; and in Fig. 11(b), words are essentially formed after 100 s. The

requests sent histories (reqSent in legends) are also di®erent, even though the

number of requests is the same over the entire game. In particular, the best class

requests most letters late in the game (Fig. 11(c)), the average class makes requests

comparatively early in the game (Fig. 11(b)), and the worst model makes requests at

a more consistent pace (Fig. 11(a)). While these are individual iterations, the results

do highlight the variability possible in simulation results.

The averaged results over the 100 iterations in Fig. 11(d) through Fig. 11(f) show

the expected trends in numbers of words formed: they increase as the model class

becomes more active. Average numbers of words formed increases, in going from

(a) worst agent 5, one iter (b) ave agent 5, one iter (c) best agent 5, one iter

(d) worst agent 5, ave (e) ave agent 5, ave (f) best agent 5, ave

Fig. 10. Bayesian RB model results of anagram simulations with seven players, focusing on the results for

player 5 (a degree-2 agent). All players have behaviors assigned based on ½1; 1� for degree-2 agents and ½2; 3�
for degree-3 agents (agent 5 is a degree-2 player). Worst performance model BW (left column): (a) worst

action histories for agent 5 in one of 100 iterations, and (d) average of worst action histories for agent 5,
averaged over 100 iterations. Average performance modelBA (middle column): (b) average action histories

for agent 5 in one of 100 iterations, and (e) average of average action histories for agent 5 averaged over 100

iterations. Best performance model BB (right column): (c) best action histories for agent 5 in one of 100

iterations, and (f) average of best action histories for agent 5, averaged over 100 iterations. The main point
is that when averaged over all 100 iterations, player performance (e.g. in terms of numbers of words

formed) increases in going from worst to average to best average behavior. But within each behavior class,

individual iterations can vary: the performance in (a) is better than that in (c).

X. Liu et al.
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worst BW to best BB behavior classes, from 15.7 to 29.9 words, a 90% increase in

forming words. This demonstrates the utility of re¯ning the behavior of ½g; c� ¼ ½2; 3�
into these classes. However, this increase in numbers of words formed is accompa-

nied, for the best class, by a slight decrease in numbers of letters requested.

5.2.3. Probability histories as explanations for action histories

Figure 12 provides average probability histories over the 100 iterations for agents 5

and 3, to help explain the results for agent 5 in Fig. 10(d) through Fig. 10(f), and for

agent 3 in Fig. 11(d) through Fig. 11(f), respectively. Like the previous ¯gures, this

¯gure shows worst, average, and best classes of behavior in moving from left to right.

In all plots, the probabilities of idle (action a1) are greatest. The probabilities of

action forming words (action a4) are most often the second greatest in magnitude,

followed by requests (action a3) and then replies (action a2). Although it is slightly

harder to discern for agent 5, because its cluster c ¼ 1 is generally the least active of

all clusters, the probabilities for forming words �i4, for requesting letters �i3, and for

(a) worst agent 3, one iter (b) ave agent 3, one iter (c) best agent 3, one iter

(d) worst agent 3, ave (e) ave agent 3, ave (f) best agent 3, ave

Fig. 11. Bayesian model results of anagram simulations with seven players, focusing on the results for

player 3. All players have behaviors assigned based on ½1; 1� for degree-2 agents and ½2; 3� for degree-3

agents (agent 3 is a degree-3 player). Worst performance model BW (left column): (a) worst action

histories for agent 3 in one of 100 iterations, and (d) average of worst action histories for agent 3, averaged
over 100 iterations. Average performance model BA (middle column): (b) average action histories for

agent 3 in one of 100 iterations, and (e) average of average action histories for agent 3 averaged over 100

iterations. Best performance model BB (right column): (c) best action histories for agent 3 in one of 100

iterations, and (f) average of best action histories for agent 3, averaged over 100 iterations. A main point is
the same as that in Fig. 10. Moreover, since node 3's behavior is from cluster 3, the counts of activities are

greater than those in the previous ¯gure.
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replying to letter requests �i2 do increase slightly in going from BW to BB. These

trends are easier to see for agent 3 and its c ¼ 3 cluster because this cluster has

greater probabilities of actions (again see Fig. 7). The probabilities for forming

words, in particular, show increasing values with time for ½2; 3�, while those for ½1; 1�
decrease (asymptotically) in time. The increased probability values �i2, �i2, and �i4

for agent 3, compared to those for agent 5, generate more actions for agent 3, as has

been observed.

5.2.4. Heterogeneity of agent action histories for the same behavior models

Figure 13 contains action histories for agents 4 (top row) and 1 (bottom row). The

point is to compare this top row of plots with the second row of plots in Fig. 10, as

both are degree-2 nodes in the same simulations. It is observed that almost all of the

actions for agent 4 are greater than those for node 5, across the three behavior classes

BW , BA, and BB. On the other hand, comparing the bottom row of plots in Fig. 11

with the bottom row of plots in Fig. 13, it is observed that the action histories for

(a) worst agent 5, ave (b) ave agent 5, ave (c) best agent 5, ave

(d) worst agent 3, ave (e) ave agent 3, ave (f) best agent 3, ave

Fig. 12. Bayesian model RB results of anagram simulations with seven players, focusing on the proba-

bility results for agent 5 (top row) and agent 3 (bottom row). All players have behaviors assigned based on

½g; c� ¼ ½1; 1� for degree-2 agents (agent 5 is a degree-2 player) and ½2; 3� for degree-3 agents (agent 3 is a
degree-3 player). All probabilities are the time point-wise averages over the 100 runs of a simulation. Worst

performance model BW (left column): worst probability histories averaged over 100 iterations, (a) for

agent 5, and (d) for agent 3. Average performance model BA (middle column): average probability his-

tories averaged over 100 iterations, (b) for agent 5, and (e) for agent 3. Best performance model BB (right
column): best probability histories averaged over 100 iterations, (c) for agent 5, and (f) for agent 3.

Probabilities are greater for agent 3 (cluster 3) than for agent 5 (cluster 1), per Fig. 7, and these greater

probabilities give rise to greater activity for agent 3 (compare Fig. 11 versus Fig. 10). The uncertainty
visualizations help interpret and explain simulation results.
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nodes 3 and 1 (both degree-3 agents) are quite similar. The conclusion is that nodes

with the same models M may exhibit the same behavior, but they need not.

5.2.5. Heterogeneity of words formed by agents for all group and cluster combinations

Figure 14 uses the same network, the average behavior class BA, and the Bayesian

modeling approach RB, for all combinations of ½g; c�, i.e. models M ¼ ½g; c;BA;RB�.
Since each group g can be assigned one of four clusters c, the result is 16 combinations

of conditions. Each row ¯xes the group g ¼ 2 cluster, and each column ¯xes the g ¼ 1

cluster. In each plot, the number of words each agent generates in a simulation of

100 iterations is given as a box plot.

Data in Fig. 7 illustrate that as cluster number increases, the activity of agents

increases. Hence, we would expect the box plots to move up (in increasing y-axis

value) as we move left-to-right (increasing g ¼ 1 cluster numbers) and as we move

top-to-bottom (increasing g ¼ 2 cluster numbers). This is indeed the case. Also, the

rise in numbers of words formed is much greater for the g ¼ 2 (i.e. degree-3) agents 1

and 3 than for the degree-2 agents.

(a) worst agent 4, ave (b) ave agent 4, ave (c) best agent 4, ave

(d) worst agent 1, ave (e) ave agent 1, ave (f) best agent 1, ave

Fig. 13. Bayesian model RB average results over 100 iterations of anagram simulations with seven

players, focusing on the results for players 4 (degree-2 agent) and 1 (degree-3 player). All players have
behaviors assigned based on ½1; 1� for degree-2 agents and ½2; 3� for degree-3 agents. Agent 4 (top row):

(a) worst BW , (b) average BA, and (c) best BB behavior classes. Agent 1 (bottom row): (d) worst,

(e) average, and (f) best behavior classes. The activity counts for agent 4 are greater than those for agent 5
(both degree-2 agents); compare with Fig. 10. The activity counts for agent 1 are similar to those for

agent 3 (both degree-3 agents); compare with Fig. 11. Results show that agents with the same game player

behavior model M may produce the same action counts, but need not.

Uncertainty Visualization
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Figure 15 provides analogous data for the Frequentist model

M ¼ ½g; c;BA;RF �. Comparing corresponding plots of the last two ¯gures, it is

observed that the Bayesian approach model produces more words than does the

Frequentist model. This is suggested by Figs. 6(a) and 6(b), where the proba-

bilities on both axes (indicating activity) are greater for the Bayesian approach

(a) ave, [2,1], [1,1] (b) ave, [2,1], [1,2] (c) ave, [2,1], [1,3] (d) ave, [2,1], [1,4]

(e) ave, [2,2], [1,1] (f) ave, [2,2], [1,2] (g) ave, [2,2], [1,3] (h) ave, [2,2], [1,4]

(i) ave, [2,3], [1,1] (j) ave, [2,3], [1,2] (k) ave, [2,3], [1,3] (l) ave, [2,3], [1,4]

(m) ave, [2,4], [1,1] (n) ave, [2,4], [1,2] (o) ave, [2,4], [1,3] (p) ave, [2,4], [1,4]

Fig. 14. Bayesian average class model M ¼ ½g; c;BA;RB� model results over 100 iterations of anagram

simulations with seven players. Each box in each plot represents the ¯nal number of words formed for each

agent at the end of the game (i.e. at t ¼ 300 s). Each plot represents di®erent combinations of cluster (i.e.

behavior) assignment for high and low degree nodes. For the ½g; c� combination under each plot, ½2; c�
represents high degree nodes and ½1; c� represents low degree nodes. For each group, as cluster c increases,

the number of words formed over the entire game generally increases. Changes in word counts across

clusters, per group, are explained by uncertainty visualizations such as those in Fig. 7.
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than are those for the Frequentist model, and by Fig. 7, where in most cases, the

probabilities of activities are greater for the Bayesian approach. This is another

example of the utility of uncertainty visualization in reasoning about simulation

results.

(a) ave, [2,1], [1,1] (b) ave, [2,1], [1,2] (c) ave, [2,1], [1,3] (d) ave, [2,1], [1,4]

(e) ave, [2,2], [1,1] (f) ave, [2,2], [1,2] (g) ave, [2,2], [1,3] (h) ave, [2,2], [1,4]

(i) ave, [2,3], [1,1] (j) ave, [2,3], [1,2] (k) ave, [2,3], [1,3] (l) ave, [2,3], [1,4]

(m) ave, [2,4], [1,1] (n) ave, [2,4], [1,2] (o) ave, [2,4], [1,3] (p) ave, [2,4], [1,4]

Fig. 15. Frequentist average class model M ¼ ½g; c;BA;RF � results over 100 iterations of anagram
simulations with seven players. Each box in each plot represents the ¯nal number of words formed for each

agent at the end of the game (i.e. at t ¼ 300 s). Each plot represents di®erent combinations of cluster (i.e.

behavior) assignment for high and low degree nodes. For the ½g; c� combination under each plot, ½2; c�
represents high degree nodes and ½1; c� represents low degree nodes. For each group, as cluster c increases,
the number of words formed over the entire game generally increases. Comparing the Frequentist and

Bayesian data in Fig. 7 explains why the cluster 4 word counts for the Bayesian model in Fig. 14 are greater

than those in this ¯gure for the Frequentist model.
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5.2.6. Neighborhood e®ects

The edges in a game network represent interactions between pairs of players.

The issue here is whether simulation results produce interaction e®ects. In Fig. 14,

interaction e®ects are observed for the Bayesian approach. In going from Figs. 14(i)

to 14(j), the group 1 cluster for low degree (i.e. degree-2) agents increases from 1 to 2.

The high degree (i.e. degree-3) agent model is constant. Yet, is it observed that the

numbers of words for the g ¼ 2 agents (agents 1 and 3) increase in going from the

¯rst plot to the second one. That is, changes in the models of neighbors of agents 1

and 3 change the behaviors of agents 1 and 3. This same e®ect, but more pronounced,

is observed in Figs. 14(m) and 14(n). Conversely, changing the g ¼ 2 cluster from 1

to 2 (for agents 1 and 3) in Figs. 14(d) and 14(h) causes an increase in numbers of

words formed in g ¼ 1 agents, even though their model is ¯xed in the two simula-

tions. Similar results are obtained from the Frequentist model of Fig. 15. Thus,

changing the behaviors of an agent vk's neighbors, keeping vk's model ¯xed, can

produce changes in the performance of vk, thus demonstrating that agents do in-

teract and a®ect each others' behaviors.

6. Related Work

Modeling of network games and data. Modeling of network games refers to the

use of mathematical models to analyze and understand strategic interactions among

multiple agents in a networked environment. There are multiple works [48, 59, 60]

related to the proposed method. Hu et al. [48] proposed a versatile uncertainty

quanti¯cation framework for modeling behaviors of the networked anagram game

using asymptotic normal distributions for the model parameter. The paper [59]

introduces a Bayesian model for analyzing human behavior in anagram games to

alleviate the data scarcity problem appearing in [48], while [60] (the preliminary

version of this work) proposes a Bayesian approach for visualizing uncertainty and

identifying the best, average, and worst behaviors in a networked anagram game

model. This work involves a comparison of the results obtained from uncertainty

visualization using both Frequentist and Bayesian approaches. The goal of this

comparison is to evaluate the strengths and limitations of each approach and to

determine which approach is best suited for a particular modeling problem or ap-

plication. By comparing the results of the two approaches, we can gain insights into

the underlying assumptions and limitations of each approach and develop a better

understanding of how uncertainty a®ects models and predictions. Other games in-

corporate multiple player actions over time, e.g. [53, 61, 83]. These games, like ours,

use ¯xed networks. Other types of network models, for other phenomena, use

evolving networks, e.g. [26].

Our anagram game ¯ts within the larger context of human subject games. This

research area is vast, and we do not cover it in detail here. Instead, we refer the reader

to two recent large surveys of games [51, 69]. Among the topics covered in [69] are

X. Liu et al.
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di®erent games that investigate behaviors that could be active in NGrAGs,

including tit-for-tat, trust, cooperation, and coordination. Other behaviors, that are

not part of our game, include punishment and tolerance; see [69] for details. In [51],

several subjects, such as tra±c °ow, crime, climate change, and epidemiology are

used as contexts to examine social behaviors. In both works, use of networks is

prominent, since they enable one to control which subjects or entities interact, as is

done here.

Estimating transition probability. A Markov chain is a frequently used math-

ematical model that describes a system that transitions between a ¯nite number of

states over time. In a discrete-time Markov chain (also known as a stochastic pro-

cess), the system evolves in time in a series of discrete steps, and the probability of

transitioning from one state to another depends only on the current state and not on

any previous history. This property is known as the Markov property, and it is the

de¯ning characteristic of a Markov chain [54, 66]. The maximum likelihood esti-

mation of the transition probability is easily derived as the sample proportion of

transitions from each state to all possible states of the system. Serval researchers

have examined in detail the statistical properties of these estimators and developed

tests for a series of hypotheses [9, 17]. Lee et al. [58] suggested a Bayesian estimation

that used multivariate beta distribution as the prior probability density function. If a

system is observed at infrequent time intervals, there may be missing data in the

Markov chains. In such cases, an Expectation–Maximization (EM) algorithm can be

used to estimate the transition probabilities [28, 78, 81]. In our model, we also want

to explore covariates e®ects (e.g. players' activity levels) on transition probabilities,

so the Multinomial logistic model is employed to explore the dynamics in the

NGrAGs.

Uncertainty visualization. Visualization is a powerful tool for exploring and

understanding data, and it is particularly valuable in identifying any sources of

uncertainty or variability that may exist in data [24, 25]. The e®ective visualization

of uncertainty is commonly recognized as a challenging task [50]. Pang et al. [67]

proposed a classi¯cation system for uncertainty visualization techniques and de-

scribed various methods for representing uncertainty. Since their work, signi¯cant

advances have been made in uncertainty visualization, and several research

papers have provided a summary of the state-of-the-art techniques and challenges in

the ¯eld [18, 19, 52, 71]. For the Bayesian approach, Gabry et al. [36] illustrated the

role of visualization in exploratory data analysis in the context of a Bayesian

work°ow. House et al. [46] developed Bayesian visual analytics (BaVA) to justify

Bayesian sequential update of parameters. The objective of our work is to develop

e®ective visualizations that enable accurate identi¯cation of uncertainties present in

the data, as well as the heterogeneous behaviors of players. By visualizing uncer-

tainty, we can facilitate a more thorough understanding of the complexities and

limitations of the data, thus seeking to contribute to the scienti¯c understanding of

complex systems.

Uncertainty Visualization
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7. Discussion and Conclusion

In this paper, we introduce and assess two uncertainty visualization methods for a

complex system, i.e. multi-player games. We demonstrate the e®ectiveness of these

methods through a step-by-step implementation on a networked group anagram

game, where players cooperate to form words by sharing letters. The visualizations

produced by our methods provide a valuable tool for evaluating model uncertainties

and facilitating the interpretation of player behaviors. Additionally, we have de-

veloped software modules based on these models that enable the simulation of game

conditions beyond the scope of the experiments.

The visualization of uncertainty in multi-player game data holds signi¯cant value

in various aspects. On one hand, it enables game designers to gain a better under-

standing of the level of uncertainty present in the game data, aiding in identifying

areas where the game can be improved and input spaces where more (or fewer)

experiments need to be run. On the other hand, it can enhance the performance of

players by providing them with a clearer comprehension of the risks and rewards

associated with di®erent actions, thus enabling them to be more engaged in the game

and make more informed decisions. Overall, uncertainty visualization is an impor-

tant tool for analyzing and understanding multi-player game data. It can help

players make better decisions, enhance player engagement, and aid in game devel-

opment and design.

It is worth to remark that the increase in population size might in°uence the

results. Speci¯cally, a larger population size on data points will alleviate the data

imbalance issue in model estimation. Increasing the number of players in the game,

restricted by experimental budget and experimental setup (e.g. number of neighbors

each player has), could lead to heterogeneity of players' actions and potentially

enhance the e±cacy of uncertainty quanti¯cation. In the ABM simulation, a larger

number of agents often implies more complex networks and could help gain deep and

comprehensive understanding of the NGrAGs.

Further study includes modeling the feature-dependent Markov chains [11] and

higher-order Markov chains [73]. Feature-dependent Markov chains are particularly

useful in situations where the probability of transitioning between states varies

depending on speci¯c conditions or attributes of the complex system. By incorpo-

rating these features into the model, it becomes possible to more accurately predict

the behavior of the complex system and deal with data that has missing values.

Higher-order Markov models are valuable when the accuracy of predictions can be

improved by considering a larger number of past observations.
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