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Abstract

The universal centralizer of a semisimple algebraic group G is the family of cen-
tralizers of regular elements, parametrized by their conjugacy classes. When G is of
adjoint type, we construct a smooth, log-symplectic fiberwise compactification Z of
the universal centralizer Z by taking the closure of each fiber in the wonderful com-
pactification G. We use the geometry of the wonderful compactification to give an
explicit description of the symplectic leaves of Z. We also show that its compactified
centralizer fibers are isomorphic to certain Hessenberg varieties—we apply this con-
nection to compute the singular cohomology of Z, and to study the geometry of the
corresponding universal Hessenberg family.
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Introduction

Let G be a semisimple complex algebraic group of adjoint type. Its Lie algebra g
contains a transversal slice S for the adjoint action, which was introduced by Kostant
[27]. The universal centralizer of G is the smooth affine variety

Z:={(a,x) €GxS8laeG}.

It can be obtained by Whittaker Hamiltonian reduction from the cotangent bundle of
G, and this equips it with a natural symplectic structure.

This variety appears as a prominent technical tool in the derived geometric Satake
equivalence of Bezrukavnikov and Finkelberg [6], in the work of Ng6 on the funda-
mental lemma [34, 35], and in the study of Coulomb branches by Braverman et al. [8,
9]. In particular, Bezrukavnikov et al. [5] have identified Z with the spectrum of the
equivariant homology of the affine Grassmannian of the Langlands dual group GV, so
Z is an example of a Coulomb branch as defined by Nakajima [33].

In this paper we construct a smooth relative compactification of Z. Its fibers are
centralizer closures inside the wonderful compactification G, a distinguished equiv-
ariant embedding of G first introduced by de Concini and Procesi [16] which encodes
the asymptotic behavior of the group “at infinity.” We prove the following theorem,
as Theorem 3.5:

Theorem The relative compactification
Z={(a,x) € GxS8|aec G}

is a smooth algebraic variety with a natural log-symplectic Poisson structure whose
open dense symplectic leaf is Z.

The log-symplectic Poisson structure on Z is inherited from the log-cotangent
bundle of G by Whittaker reduction. Using the geometry of G, we give an explicit
algebraic characterization of its symplectic leaves. Moreover, we explain how to obtain
Z directly from the Coulomb branch given by [5]. This approach, which involves a
Rees construction, uses the realization of G via the Vinberg monoid and is similar to
another example of a compactified Coulomb branch which appears in [9].

The compactified centralizer fibers of Z have been studied in [3], where they were
identified with closures of generic centralizer orbits on the flag variety 5. We refine
these results by studying them as a family. In Theorem 4.8 we show that they are
in fact isomorphic to certain subvarieties of B known as Hessenberg varieties, which
were first introduced by De Mari et al. [17].
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Theorem There is an isomorphism of Poisson varieties between the relative compact-
ification Z and the Hessenberg family

H:={(b,x) e BxS|beHess(x)}.

For any regular element x € g, this gives an isomorphism between the compactified
centralizer G* and the standard Hessenberg variety Hess(x).

Hessenberg varieties have many applications to combinatorics and representation
theory, notably in the recent proof of the Shareshian—Wachs conjecture [42] by Brosnan
and Chow [12], in the description of the quantum cohomology of flag varieties in the
work of Kostant and of Rietsch [30, 39, 40], and in the study of affine Springer fibers
by Goresky et al. [22]. We apply the theorem above and the geometry of nilpotent
Hessenberg varieties to compute the singular cohomology of Z, by constructing an
explicit affine paving derived from Schubert cells.

In the other direction, we use the connection between Z and the Hessenberg fam-
ily H to show that the natural Poisson structure on the universal family of standard
Hessenberg varieties is log-symplectic. We also identify more general, non-regular
Hessenberg varieties with moment map fibers of the log-cotangent bundle of G, prov-
ing a conjecture of Crooks and Roser [14] which was formulated based on an earlier
version of the present paper. This gives a natural way to embed any standard Hessen-
berg variety into the wonderful compactification.

Outline

In Sect.1 we review the construction of the universal centralizer Z as a Whittaker
reduction of the cotangent bundle of G. In Sect.2 we recall some facts about the
remarkable geometry of G. In Sect.3 we obtain Z as a Whittaker reduction of the
log-cotangent bundle of G, show that its induced Poisson structure is log-symplectic,
and describe its symplectic leaves.

In Sect.4 we place the relative compactification Z into the setting of Hessenberg
varieties by identifying it with the restriction of the standard universal Hessenberg
family to the Kostant slice, and use this to compute its singular cohomology. In Sect. 5
we apply this connection to show that the Poisson structure on the standard universal
Hessenberg family is log-symplectic. Lastly, in Sect. 6 we show how the relative com-
pactification Z is related to the realization of the universal centralizer as a Coulomb
branch.

1 The universal centralizer

Let G be a connected complex semisimple algebraic group of adjoint type, and let g
be its Lie algebra. Given an element x € g, we write

G'={geG|Adgx =x} and g':={yeg|adx =0}
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Fix a principal slp-triple {e, i, f}—a triple of regular elements in g that satisfy the sl
commutation relations. The corresponding Kostant slice

S=f+g¢

consists entirely of regular elements and intersects each regular adjoint orbit in g
exactly once and transversally. The restriction of the adjoint quotient map

g—>9/G (1.1

to the subvariety S is an isomorphism, and therefore S provides a regular section for
the adjoint quotient [27].

Definition 1.2 The universal centralizer of G is the affine variety

Z::{(a,x)erS|a€Gx}.

The variety Z is the family of centralizers of regular elements of g, parametrized
by representatives of their conjugacy classes. Because G is of adjoint type, the fibers
of Z over points in S are connected. Moreover, Z has a natural symplectic structure,
which is inherited from the cotangent bundle of G. We recall how to construct this
structure using Whittaker reduction, following Kostant [29].

Trivializing the cotangent bundle of G with respect to the left G-action, and using
the Killing form to identify g with its dual, we obtain an identification

T*G =G x g. (1.3)

Under this isomorphism, the cotangent lifts of left- and right-multiplication on G
correspond to the G x G-action

(g,h)-(a,x)= (gah_l, Adpx) forg,hegG, (a,x) e G x g.
Under the identification

gxg— g*xg*

(x’ )’) I ((x’ ')7 _(ya ))
given by the Killing form, the associated moment map is

w:T*"G=Gxg—>gxg
(a,x) —> (Adg x, x). (1.4)

Note that the image of u is the set of conjugate pairs inside g x g, and that the fiber
above the diagonal point (x, x) is

wlx, x) = GE.
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Let B be the unique Borel subgroup of G whose Lie algebra contains the regular
nilpotent e, let N be its unipotent radical, and write b and n for the corresponding Lie
algebras. Letting the maximal unipotent subgroup N x N act on T*G, and using the
Killing form to identify n* = g/b, the moment map

v: T*G — n* x n*
factors through the moment map for the G x G-action:

T*GEGXQL)gxg

T |

g/b x g/b.

The coset (f, f) € g/b x g/b, which corresponds to a regular character in n* x n*,
is fixed by the action of N x N. The fiber of v above this point is

v f)={a.x)eGxglxe f+b, Adgx € f+b}.

We will repeatedly use the essential fact [28, Theorem 1.2] that the action map
induces an isomorphism

Nx(f+g¢g)— f+b. (1.5)
In view of this, N x N acts freely on v (f, f). Since v is a moment map, this implies

that (f, f) is a regular value of v and therefore that the variety v=!(f, f) is smooth.
Moreover, there is a natural N x N-equivariant isomorphism

NxNxZ—v'(f, 1

(n1,n2, (a, x)) —> (nlanz_l, Ady, x) .
This gives an identification

Z=vI(f, /)/(N x N),

and the right-hand side, being a Hamiltonian reduction, is equipped with the structure
of a symplectic variety.

Remark 1.6 The symplectic structure on the universal centralizer can also be obtained
by considering the diagonal G-action on the open dense locus

Gxg CcT*G
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and taking a Hamiltonian reduction at O along the corresponding moment map

d:Gxg — g

(a,x) —> Ady, x — x.
The fiber of this moment map above 0 is
®71(0) = {(@.x) € G x g | a € G,

and its quotient by the diagonal action of G is an abelian group scheme over g / G.
The universal centralizer Z is then the pullback of this quotient along the isomorphism

S—g/G.

2 The wonderful compactification

To develop a compactified version of the construction outlined in the previous section,
we will use the wonderful compactification G of the group G. This is a canonical,
smooth, equivariant projective embedding of G which was introduced in [16]. A
detailed survey of its geometry can be found in [19], and here we collect only the facts
that we will need later.

2.1 Geometry of the wonderful compactification

Let [ be the rank of G. The G x G-equivariant compactification G contains G as an
open dense subset, and the complement

D =G\G
is a divisor with simple normal crossings and irreducible components Dy, ..., D;.
The group G x G acts on D with finitely many orbits, which are in bijection with the
proper subsets I C {1, ..., [}. The closure of the orbit Oy is
O_] = ﬂ D;
igl

the intersection of the divisor components not indexed by /. In particular, the G x G-
orbit closures are smooth, and there is a unique closed orbit of minimal dimension
obtained by intersecting all the irreducible components of D.

Let T = G” be the centralizer of the regular semisimple element /. Then T is a
maximal torus contained in the Borel B, and we write

A={ay,..., o)

for the corresponding set of simple roots. Let P; be the standard parabolic subgroup
generated by B and the negative simple root groups indexed by {¢; | i € I}, and let
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P, be the opposite parabolic with respect to 7. Write Uy and U, for their respective
unipotent radicals, L; = Py N P, for their shared Levi component, and Z (L) for its
center. We will denote by p?, uy, and [y the Lie algebras of these subgroups.

For each index set [ there is a distinguished basepoint z; € O; whose stabilizer is

Stabg G (z7) = {(us, vi) € P x Py lueUjvely s.telyst™ e Z(L,)}.

This implies that the orbit O, fibers over the product G/P; x G/P, with fiber
isomorphic to L;/Z (L), which is a semisimple group of adjoint type. Taking the
closure, we obtain a smooth fibration

Li/Z(Ly) — O

}

G/P; x G/P;,

where the fiber is the wonderful compactification of the adjoint group L;/Z(Ly). In
particular, the unique closed orbit of minimal dimension is isomorphic to the product
of full flag varieties

G/BxG/B™.
2.2 The logarithmic cotangent bundle
Because the divisor D has simple normal crossings, the sheaf of vector fields on G
which are tangent to D is locally free. The associated vector bundle TpG is called

the logarithmic tangent bundle of G. Because D is G x G-stable, the group action
induces a map of vector bundles

G xgxg— TpG,

which is surjective by [10, Example 2.5]. The kernel of this map is Lagrangian, and
therefore it is isomorphic to the logarithmic cotangent bundle T[";E—the bundle whose
sections are differential forms with logarithmic poles along D. This gives an equiv-
ariant embedding

TG — G x g x g, 2.1
of vector bundles over G, where G x G acts on the right-hand side by

(g, h) (a,y,x)= (gahil,Adgy,Adh x) forg,heG, (a,y,x)eG xgxag.
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Remark 2.2 Under our earlier identification (1.3), the map (2.1) extends the natural
embedding

T"G=Gxg—>Gxgxg
(a,x) —> (a, Adg x, x). 2.3)

The compactification G can also be realized [19, Section 3.2] as a subvariety of the
Grassmannian

Gr(dimg, g x g),
by taking the closure of the image of the embedding

G — Gr(dimg, g x g)

at— a-ga,
where
a-ga ={(Adyx,x) | x € g}.
Using (2.3), one sees that the log-cotangent bundle TgE is precisely the restriction of
the tautological bundle on the Grassmannian to this subvariety. It then follows from

[19, Remark 3.9] that, under the embedding (2.1), the fiber of T[’Sﬁ above the orbit
basepoint z; € Oy is identified with the subalgebra

Th. G =py xi, p. (2.4)
Consider the G x G-equivariant morphism

w:ThG — gxg
(a,y,x) — (y,x) 2.5)

given by projection onto the fibers of G x g x g. Because it extends the usual moment
map p defined in (1.4), the map w is called a compactified moment map in [10, 25].
We conclude this section by listing some properties of this morphism.

Lemma 2.6 The image of | is the variety g X gy @, which consists of pairs of elements
in g x g that lie in the closure of the same adjoint orbit.

Proof Since the fibers of the adjoint quotient are closures of regular adjoint orbits [27,
Theorem 0.7], the variety g xg/ g consists of pairs of elements in the same orbit
closure. Moreover, since this variety is the preimage of the diagonal under the adjoint
quotient map of g x g, it is closed.
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The map 7t is proper because it factors through the projection

T[’§6 s Gxgxg
x l
gxg
Because it is proper, its image is closed, so it is the closure of the image of w. Since
the image of u is the set of conjugate pairs in g x g, and since a function on g x g
vanishes on the locus of conjugate pairs if and only if it vanishes on g xg/¢ g, its
closure is g X g/ 8.

Lemma 2.7 The variety g Xgyc @ is normal.

Proof Since g x4/ ¢ g is the image of 1z, it is irreducible, and therefore it has dimension
2dim G —dim(g / G) =2dim G —[.
Let

fio..., fi €Clgl®

be a minimal set of generators for the algebra of G-invariant polynomials on g. Then

gxgrcg={x,y)egxgl filx) - fi(y)=0foralli =1,...,1}

is the vanishing locus of / algebraically independent polynomials, so it is a complete
intersection.

Because the differentials df1, . . . df; are linearly independent at every point of the
regular locus g" [13, Claim 6.7.10], the subset

g xgicd ={(x,y)eg xg |xeG-yJCg xg

is a smooth open subvariety of g x4/ g. Moreover, its complement has codimension
at least 2 because adjoint orbits are even-dimensional [13, Claim 6.7.10]. It follows
that g x4/ g is a complete intersection with no codimension-one singularities, so it
is normal. O

Lemma 2.8 The fibers of it are connected.
Proof The fiber of 1x above a regular semisimple pair is a connected toric variety [10,
Example 2.5]. Moreover, by Lemmas 2.6 and 2.7, the image of 7z is normal. Since & is

proper with normal image and the fiber above a generic point is connected, it follows
by Stein factorization that every fiber of i is connected. O
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3 The relative compactification of Z

In this section we compactify the fibers of the universal centralizer Z by taking their
closures inside the wonderful compactification G, and we describe how the symplectic
structure on Z extends to the boundary of this new variety. We begin by recalling some

standard facts about log-symplectic manifolds, and we refer to [38, Section 5] for a
more general introduction.

3.1 Log-symplectic structures
Suppose that X is a complex manifold containing a divisor
Z =UZ;
with simple normal crossings. A log-symplectic structure on (X, Z) is a closed, nonde-

generate 2-form with logarithmic poles along Z. Such a form restricts to a symplectic
form on X\ Z, and induces an isomorphism

TzX — T3X

between the log-tangent bundle and the log-cotangent bundle of X.
There is a corresponding isomorphism of associated sheaves

Txz — Ty 7
between the log-tangent sheaf, whose sections are vector fields parallel to Z, and
the log-cotangent sheaf, whose sections are differential forms with logarithmic poles
along Z. Reversing this isomorphism and restricting to the subsheaf of differential
forms without poles, we get a morphism

T"X — TX.

This bundle map corresponds to a generically non-degenerate Poisson bivector. In
other words, a log-symplectic structure is a type of Poisson structure.

Example Suppose that M is a complex manifold with a simple normal crossing divisor
D.Let X :=TjM, let

p: X=T/M — M
be the bundle map, and let Z := ¢~!(D) be the simple normal crossing divisor in
T}, M obtained by taking the preimage of D.
The dual of the differential of ¢, which we write as

ri THM — T3X,

W Birkhauser
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is a logarithmic 1-form on X analogous to the usual Liouville 1-form. Its differential
=dr

is a closed, nondegenerate logarithmic 2-form. In this way, the log-cotangent bundle
of any complex manifold with a simple normal crossing divisor has a canonical log-
symplectic structure.

Explicitly, if ay, . . ., a, are local coordinates on M such that the divisor D is cut out
by the vanishing of the productay - ... - ag, and if xq, ..., x, are induced coordinates
on the fiber, the log-symplectic form is given locally by

* da; Z
_=Za—'lAdxi+ Z da; Ndx;. (3.1

i=1 i=k+1

The associated Poisson bivector is

k n
= @iy Ay + Y g Ay (3.2)
i=1

i=k+1
In particular, the restriction of @ to the cotangent bundle 7*(X\Z) C T;X is the
canonical symplectic form.

For completeness, we include the following log-symplectic analogue of the
Marsden—Weinstein—-Meyer Theorem. Although it appears to be known to experts,
we were unable to find a reference in the existing literature. A similar statement is
discussed in [23, Section 7.7].

Proposition 3.3 Let (X, Z) be a log-symplectic Poisson manifold with log-symplectic
form w. Suppose that H is a connected Lie group with a Hamiltonian action on X, let

p: X — b¥,

be the moment map, and let x € b* be a point fixed by the coadjoint H - -action. Suppose
that H acts on the fiber X = p~ 1 (x) freely and that the intersection XNZisadivisor
in X. Then

(1) Xo:= X/H is smooth and Zy = ()? N Z)/H is a simple normal crossing divisor;
(2) there is a log-symplectic structure wg on (Xo, Zo) such that

o = q*wo, 3.4

where 1 : X —> X is the inclusion and q: X —> Xg is the quotient map.

Proof (1) Let L C X be any symplectic leaf that intersects the fiber X—since the
action of H is Hamiltonian and H is connected, L is H-stable, and we can consider
the restricted moment map

oL L — p*
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The group H acts freely on ,OI_L1 (x) and L is symplectic, so x is a regular value of p|r .
Being a regular value of p)z, for every symplectic leaf L, x is also a regular value of p.
This implies that X, and therefore Xy, are both smooth. Moreover, writing

Z=7Z1U---UZ

as a union of irreducible components, we obtain a stratification of Z indexed by the
subsets I C {1, ..., 1} which is given by the smooth submanifolds

Z' = (Mic1 Z\(Uig1 Z)).

Any such stratum S is an H -stable union of symplectic leaves, and x is a regular value
of ps, so X N §is smooth. Therefore Z = X N Z and Z are simple normal crossing
divisors.

(2) Since the action of H is Hamiltonian, it preserves the Poisson structure on X
and therefore also the degeneracy divisor Z. This induces an infinitesimal action map

h — I'(TzX)

X —> Uy

which assigns to each Lie algebra element a vector field tangent to Z.

The restriction of @ to X is a degenerate logarithmic 2-form whose kernel is gener-
ated by these Hamiltonian vector fields. The quotient morphism g induces a surjection
of logarithmic tangent bundles

gx 1 Tz X — Tz, Xo

whose kernel is exactly (¢, | x € g). Therefore, the 2-form o% descends to a non-
degenerate logarithmic 2-form wg on (X, Zo), which satisfies (3.4) by definition. O

3.2 Whittaker reduction of T},G
We now define a fiberwise compactification of the universal centralizer by
Z = {(a,x) GEXSIaG?}.

We will use a log-symplectic Hamiltonian reduction of Tgé to prove the following
theorem:

Theorem 3.5 The relative compactification Z is a smooth algebraic variety whose
boundary is a divisor with simple normal crossings. The variety Z has a natural
log-symplectic structure which extends the symplectic structure on Z.

Proof The log-cotangent bundle TBE is equipped with the canonical log-symplectic
form @ defined in Example 3.1, which restricts to the usual symplectic form on T*G.

W Birkhauser



The partial compactification of the universal centralizer Page 130f36 85

Therefore the action of G x G on Tg@ is Hamiltonian, and the corresponding moment
map is precisely the compactified moment map & defined in (2.5).

We follow the same reduction procedure as in Sect.2.1. Restricting to the action of
the maximal unipotent subgroup N x N, we obtain a moment map

v: THG — n* x n*.
Making once again the identification n* = g/b gives a commutative diagram

TgaLgxg

|

g/b x g/b.
The points in the fiber of v above (f, f) are of the form
(@a,x1,x)€eGxgxg
with x1, xo € f + b. By (1.5), this implies that N x N acts freely on v f, £). In
particular, (f, f) is a regular value of U and the fiber v~!(f, f) is smooth.

By Lemma 2.8, 7! (f, f) is connected. Being connected and smooth, it is irre-
ducible. It follows that the intersection

v HNTG =v7I(f, f)

is dense in v~ (f, f). But this intersection is precisely
v U ) = {(g, nix, npx) € TG |nj,np € N, x € f+¢° g€ an"n;l},
and therefore
v = {(a, nix, mx) € THG |ni,na e N,x € f+g° ac nlﬁnz_l},
This gives an isomorphism

Z=v I(f, f)/N x N.

By Proposition 3.3, Z is a smooth variety and its boundary is a divisor with simple
normal crossings. Moreover, Z has a natural log-symplectic structure. Its open dense

symplectic leaf is the reduction of the open dense leaf 7*G of T;;G—in other words,
it is the universal centralizer Z. O

As part of the proof of Theorem 3.5, we showed that the fibers of &z above regular
elements of g x g are precisely the closures of the fibers of the usual moment map .
In particular, we have the following immediate corollary.
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Corollary 3.6 Let x € g be a regular element. There is an isomorphism
ml(x,x) =G,

where the right-hand side is the closure of the centralizer of x in the wonderful com-
pactification.

Remark 3.7 The compactified centralizer fibers of Z are studied in [3], where they are
identified with the closures of generic centralizer orbits on the flag variety G/B. This
result will be extended in Sect. 4.

The fiber above a regular semisimple element is the projective toric variety whose
fan is the fan of Weyl chambers [19, Remark 4.5]. The fiber above the principal
nilpotent f is the Peterson variety [3, Theorem 4.1]. In particular, away from the
semisimple locus, the fibers of Z are singular and generally not normal [30, Theorem
14].

3.3 Symplectic leaves

The symplectic leaves of Z are Hamiltonian reductions of the symplectic leaves of
T}, G. Therefore, in order to describe the former, we first give a general description of
the latter. In view of (3.1), the restriction of the logarithmic cotangent bundle to each
G x G-orbit Oy is aunion of symplectic leaves. We will give an explicit characterization

of the leaves in each such restriction.
Fix asubset I C {1,...,1}. Let

cipr — pr/lpr vyl

be the quotient of the parabolic subalgebra p; by its derived subgroup. There is a
direct-sum decomposition

pr=1[pr. 10 Z{1p),

and the fibers of ¢; are the points in p; with the same component in the center Z([;)
of the Levi. Applying (2.4), we first give a criterion for when two points in the fiber

TE,QG =pp Xy Py
are in the same symplectic leaf.

Proposition 3.8 Let (x,x7),(y,y™) € p; Xy p;. The points (z7,x,x™) and

(z1,y,y™) are in the same symplectic leaf of T},G if and only if

cr(x) =c¢;(y).
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Proof Let n = dim N. Around the basepoint z; € Oy there are algebraic local coor-
dinates

(... a2z

such that D is cut out by the vanishing of the product I'l;¢;z; and such that the induced
coordinates on the fiber

I xE oL a)
have the property that the directions {¢; | i € I} are tangent to the diagonal copy

of Z(ly) [19, Section 2.2]. In these coodinates, the log-symplectic Poisson bivector
defined in (3.2) is

d 0 0 d d d
T=) g Axt ) o At ) s A
; Baj ij igl 0z 3C1 el 9z 8{,

This bivector is tangent to {z; = ¢; = 0 | i € I} and is nondegenerate along this
submanifold. Therefore, two points of

TB’ZIG =X by

are in the same symplectic leaf if and only if they have the same component in the
center Z(I;) of the Levi. m]

Recall that the orbit O; fibers over the product G/P; x G/P; of partial flag
varieties. Therefore we can associate to each a € G a pair of parabolic subalgebras

(Pa>9a) € G/Pr x G/ P}

If a = gzyh™', these parabolics satisfy p, = g -p; and q, = h - p; . There is a
canonical identification of algebras

pa/[pa’ pa] = pl/[pla pl]
We define the abelian algebra
ar =p;/lpr. bl

to be the “universal” Cartan algebra associated to the partial flag variety G/ P;, and
then for each @ € O; we have a corresponding quotient map

¢ i p, — aj.
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Let T}, , G be the restriction of 7};G to the orbit O;. Since T};G is an equivariant
vector bundle, there is an isomorphism

TB’IE = (G X G) X Stabgx g (z1) (pl X1y pI_)
This induces a smooth, well-defined morphism

TE,IE —> qay

(a,x,x7) —> cu(x).

In the next proposition we show that its fibers are precisely the symplectic leaves of

T} ,G.

Proposition 3.9 Two points (a, x,x~) and (b, y, y~) of TE’IE are in the same sym-

plectic leaf of T}, G if and only if
ca(x) = cp(y).

Proof Under the action of G x G, (a, x, x ™) is conjugate to some point (z;, xg, X, ) in
the fiber over zy and (b, y, y™) is conjugate to some (z7, Yo, ¥ ). Since the symplectic
leaves of TBE are G x G-stable, (a, x, x7) and (b, y, y™) are in the same symplectic
leaf if and only if the same is true of (zy, xo, X, ) and (z7, Yo, ¥, ). By Proposition 3.8,
this happens if and only if ¢; (xp) = ¢;(y0). Since ¢, (x) = ¢y (x0) and ¢, (y) = ¢;(ho),
the theorem follows. O

The symplectic leaves of the Hamiltonian reduction Z are the Hamiltonian reduc-
tions of the symplectic leaves of 7}5G. We obtain the following immediate corollary.

Corollary 3.10 Two points (a, x), (b, y) € Z are in the same symplectic leaf if and
only if a and b are contained in in the same G x G-orbit and c¢,(x) = cp(y).

4 The universal family of Hessenberg varieties

In this section we will show that each fiber of Z is isomorphic to a certain type of
subvariety of G/B known as a Hessenberg variety. This connection makes it possible
to compute the singular cohomology of Z, and to characterize more general fibers of
the moment map .

4.1 Hessenberg varieties

We keep the notation of the previous sections, and we begin with some general back-
ground. A Hessenberg subspace of g is a B-submodule of g that contains b. Let H
be such a space, and consider the associated vector bundle G x p H. It has a canon-
ical Poisson structure, observed also in a special case in [1], which comes from a
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Hamiltonian reduction as follows. The right action of G on T*G, given by
h-(g,x)= (gh_l,Adh x), forheG, (g,x) e G x g,
is Hamiltonian with moment map

Ur:T*G=G xg—>g

(g, x) —x

Restricting to the action of the Borel B and applying the Killing form to identify
b* = g/n, we get a moment map

TG — g/n,

and we consider the preimage of the B-stable subset H /n C g/n. Reducing, we obtain
the smooth Poisson variety

G xg H=pug'(H)/B.

Its symplectic leaves are in bijective correspondence with the B-orbits on the quotient
H /n, and it inherits a Hamiltonian action of G on the left, with moment map

ug: GxpH — g
[g:x] —> Adg x.

The Hessenberg variety associated to the point x € g is the moment map fiber
Hess(x) 1= puy'(x) = {gB € G/B | Ad,-1x € H}.

Because of this, the bundle G xp H is called the universal family of Hessenberg
varieties. We will consider its restriction

H:={(gB,x) € G/B xS | gB € Hess(x)}

to the Kostant slice S.

Proposition 4.1 The space 'H is a smooth Poisson variety and a proper flat family over
S of relative dimension dim(H /b).

Proof We will take a Whittaker reduction of the space G x p H. Restricting to the
action of N, we get a moment map

vy : G xp H — n*.
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Under the usual Killing form identification, it factors as

GxpH —1 5 g

A

a/b.
As before, we take the fiber above the coset of f in g/b:

v (f) = 1y (f +b)
={(gB,x) e G/Bxg|xe(f+b),gB ecHess(x)}.

By (1.5), the action of N on this fiber is free, so vgl (f) is smooth. The action map

N xH— v;ll(f)
(n, (gB,x)) —> (ngB, Ad, x)

is an isomorphism, and this realizes H as the smooth Poisson variety

H = v, (f)/N.
Let
an:H—S

be the structure morphism. Since it factors through the projection G/B x S — S,
it is proper. Moreover, the fibers of w3 are regular Hessenberg varieties, which all
have dimension dim(H /b) [37, Corollary 2.7]. Since H and S are both smooth and
the fibers of 7, are equidimensional, this morphism is flat. O

We end this section by showing that the flat family H has a contracting C*-actions
which allows us to compute its cohomology directly from the cohomology of the fiber
above the regular nilpotent point. Recall that {e, &, f} is our fixed principal sl-triple,
and choose a one-parameter subgroup

y:C*"— G

whose Lie algebra is spanned by the regular semisimple element /. The spaces S and
‘H have natural C*-actions given by

t-x:tzAdy(l)x, fort e C*, x € S,
t-(gB,x) = (y()gB, 1* Adyyx), fort e C*, (gB,x) € H, and

The structure morphism 74, is C*-equivariant with respect to these actions. Moreover,
both of these actions are contracting as t — 0—in the limit, the principal slice S
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is contracted to the principal nilpotent f € S and the variety H is contracted to the
C*-fixed points of Hess( f).

Proposition 4.2 There are isomorphisms of singular cohomology rings
H*(H,C) = H*(Hess(f), C).
Proof This follows from a standard fact in the topology of algebraic varieties. Suppose
f: X—S

is a proper C*-equivariant morphism between smooth varieties, and suppose that the
C*-action contracts the base S to the point 0 € S. Then the action gives a deformation
retraction of the family X onto a small Euclidean neighborhood U of f~!(0). This
implies that

H*(X,C) = H*(U,C) = H*(f ' (0), 0).

4.2 The standard Hessenberg space

From now on we let H be the standard Hessenberg space

H = (Z g_a> @b,

a€A

which is the sum of the positive Borel subalgebra and the negative simple root spaces.
We write ‘H for the corresponding universal family of regular Hessenberg varieties.

When s € g is regular and semisimple, the associated Hessenberg variety Hess(s)
is the complete toric variety whose fan is the fan of Weyl chambers [17, Theorem
11]. When f € g is regular and nilpotent, the regular Hessenberg variety Hess( f) is
precisely the Peterson variety.

Remark 4.3 When s € g is semisimple, the variety Hess(s) is connected [36]. Then
the moment map

ug :GxpH —¢g

is a proper map whose target is smooth and whose generic fibers are connected, so by
Stein factorization all of its fibers are connected. It follows that the standard Hessenberg
variety Hess(x) is connected for every element x € g.

We now relate the standard family of Hessenberg varieties to the compactified
universal centralizer of the previous section. First we will need the following two
elementary lemmas.
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Lemmad.4 Letx € S. Then G* N B = 1.

Proof Write x = f +v € f + g° and suppose that g € G* N B. Let g = tu with
t € T andu € N. The Lie algebra g is graded by eigenvalues for the adjoint action of
the regular semisimple /. The regular nilpotent f sits in degree —2, and the Borel b
is the sum of the non-negative eigenspaces. Then

fH+v=Ads(f +v) =Ady [+ Adgv = Ad, f + (higher degree terms).

It follows that 1 € G/, and therefore t = 1 and g € N. But by (1.5), N acts freely on
f+bsog=1. O

Write W for the Weyl group associated to the maximal torus 7. For any element
w € W, we abuse notation to denote by w € Ng(T) an arbitrary choice of preimage
in the normalizer of T'.

Lemma4.5 Let x € S and suppose that g € G is such that Adg x € b. Then g is
contained in the maximal Bruhat cell BwyN.

Proof Letx = f 4+ v € f + g and use the Bruhat decomposition to write g = bwu
forsome b € B,u € N,and w € Ng(T). Since

Adp(Adyu(f +v)) € b,
it follows that Ady,, (f + v) is an element of b. Writing
Ady(f+v)=f+v e f+b,
we obtain
Ady (f + ') €b.
Since, as a sum of root vectors, f has a nonzero component in each negative simple

root space [13, Lemma 3.2.12], this implies that w flips the sign of every simple root.
Therefore w = wy is the longest element of the Weyl group. O

Because the Kostant slice S is contained in the standard Hessenberg space H, we
can define the morphism

a: Z —H
(g,x) —> (gB, x), 4.6)

which is compatible with the structure maps over the slice S. If we equip Z with the
C*-action

t-(a,x) = (y@®ay®™ ", * Ad,x), fort e C* (a,x) € 2,
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then the open dense subset Z is C*-stable and the morphism « is C*-equivariant.
Moreover, the action map gives an isomorphism

BxS— H®:= (Z g_a\{O}) ®b.

aeA

Therefore, the image of « is the open subset of H given by

H° :={(gB,x) e G/B x S| g € G}
= {(gB, %) € G/B x S| Adg-1(x) € H} = H N (G xp H°).

As before, write
nz:Z— 8 and y:H— S

for the structure maps and let S* C S be the semisimple locus of the principal slice.
Consider the two open dense subsets

Z = 71%1(85) CZ and H = 71}_{1(85) C H.

Above a semisimple element of S, the fiber of Z and the fiber of H are both isomorphic
to the toric variety corresponding to the fan of Weyl chambers. Therefore o extends
to an isomorphism along every semisimple fiber.

Lemma 4.7 The restriction of the map « to S extends to an isomorphism of varieties
Z — H.

Proof The restriction of the adjoint quotient map (1.1) to the regular locus " of the
maximal Cartan is the W-cover

WS

The pullback of Z to t' along this map is the trivial group scheme t' x 7', and the
pullback of Zto t' is the trivial bundle t* x T. The pullback of H to t" is the variety

He = {(x,gB) € X G/B| Ad,-1x € H}.

In particular, the constant section of H given by the positive Borel B pulls back to a
smooth section

X — (x, gxB)

of the family H¢ and, since each point (x, g, B) is G-conjugate to a point (s, B) € H,
Lemma 4.5 implies that g, is contained in the maximal Bruhat cell BwoN . Lastly, the
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map « pulls back to the morphism

a:t'x T — He

(x,t) —> (x,tgyB).

Since & is the pullback of « through a W-invariant map, it is W-equivariant. To prove
the lemma, it is then sufficient to show that & extends to a morphism defined on all of
" x T. This morphism, being W-equivariant, will then descend through the covering
map to an extension of « defined on all of Z',and any such extension is an isomorphism
because it is an isomorphism on each fiber.

Consider the basepoint z5 € T of the closed G x G-orbit on G. If (x;, t,) is a
1-parameter family in t" x 7" which approaches (x, z) as & tends to infinity, it follows
from [19, Section 2.4] that

lim «;(t;) — o0
h— 00

for every simple root «;. Since the maximal Schubert cell is precisely the attracting
set of the point B € G /B under the action of T as the values of the simple roots tend
to infinity [13, Theorem 3.1.9],

lim a(xp, tp) = lim (xp, thgy, B) = (x, B).
h—o00 h—o0

Since this limit is independent of the chosen one-parameter family, it follows that the
map & extends continuously to the point (x, z). Because any T-fixed point of T is
W-conjugate to zg, this implies that & extends continuously to all 7-fixed points of
xT.

The set X C " x T of points to which the morphism & fails to extend continuously
consists exactly of those points above which the closure of the graph of & has fibers
of nonzero dimension (see, for example, the proof of [18, Lemma 7.4]). Since fiber
dimension is upper semi-continuous, X is a closed subvariety of {* x 7. Since & is
T-equivariant, X is also T'-stable. However, by the above discussion X contains no
T-fixed points—therefore, it must be the empty set. It follows that & extends to a
morphism on all of t* x T, and therefore that o extends to an isomorphism as desired.

]

Theorem 4.8 The map o extends to an isomorphism
a:Z— H.

Proof The fiber of Z above the regular nilpotent element f _€ Siis the closure of the
unipotent subgroup G/ in the wonderful compactification G. By [3, Theorem 4.1],
the restriction of « to the fiber above f extends to an isomorphism

G/ —> Hess(f).
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Let £ be an C*-equivariant ample line bundle on H. The pullback of its restriction
to Hess(f) is then an ample line bundle on G/ . Since the higher cohomology groups
of the structure sheaf of Hess(f) vanish [2, Theorem 1.1], the deformations of this
line bundle are unobstructed and therefore it extends to an ample line bundle on a
formal neighborhood of G/ in Z [41, Theorem 3.3.11(iii)]. Pulling back through the
contracting C*-action, it futher extends to an ample line bundle on Z. Because « is
C*-equivariant, along Z this extension agrees with the pullback o* L.

By Lemma 4.7, the map « extends to an isomorphism

ZUZ S HOUHS.

Because the fibers of 7% and 7y are connected, the complements of the open sets
Z U Z and H° U H* have codimension at least 2. Since both Z and H are projective
over S and smooth, and since the pullback «*L is an ample line bundle, it follows
from a Hartog argument [32] (see also [26, Theorem 11.39]) that « extends to an
isomorphism

o Z— H.

O

Since every regular element in g is conjugate to some element of the Kostant slice
S, Theorem 4.8 has the following immediate corollary.

Corollary 4.9 For any regular x € g, there is a G*-equivariant isomorphism of vari-
eties

G~ = Hess(x).

Remark 4.10 It was proved in [3] that there is an isomorphism between the compact-
ified regular centralizer G* and the closure of a generic G*-orbit on the flag variety
G /B. It then follows from Corollary 4.9 that the closure of a generic G*-orbiton G/B
is isomorphic to the standard Hessenberg variety associated to x.

4.3 Cohomology of Z

Proposition 4.2 shows that the cohomology of H is isomorphic to the cohomology
of the Peterson variety Hess(f). We improve this result by using the C*-action on H
described in the previous section to construct an affine paving. In view of Theorem
4.8, this gives a basis for the singular cohomology space H*(Z, C).

The C*-action contracts H to the C*-fixed points of the Peterson variety Hess( f).
Because 4 is regular, these coincide with the 7'-fixed points on the flag variety which
lie in Hess( f), which are known to be exactly

{w;BeG/B|ICA},
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where w; € W is the longest word of the parabolic Weyl group indexed by the subset
of simple roots I [24, Proposition 5.8].
For each I C A, consider the attracting set

X;={(gB,x) e H| gB € Hess(x) N Bw;B}.
It is shown in [3, Proposition 6.3] that
dim (Hess(f) N Bw;B) = |I|.

Since H is flat over S, it follows that the dimension of the attracting set X is [ + |/|.

Proposition 4.11 The attracting sets X give a stratification of 'H by affine spaces,
and the classes

{Xi111CA)

form an additive basis for the singular cohomology H*(H, C), where the degree of
the class [X[] is

21 —2)1).

Proof This is a direct consequence of the Bialynicki-Birula decomposition [7, Theo-
rem 4.3]. We remark that the result of loc. cit. is stated for smooth projective schemes.
However, the projectivity assumption is needed only to establish that the fixed set of
the C*-action is projective and that, in the limit, every point of the variety flows to
a fixed point. If these conditions are satisfied, the Bialynicki-Birula decomposition
holds more generally for any smooth quasi-projective variety. See for example [4,
Appendix B], where an action satisfying these conditions is called circle compact. O

4.4 General fibers of the moment map

Consider the moment map
Tr:ThG — g

corresponding to the right action of G on the log-cotangent bundle T;;E. Restricting
to the action of the maximal unipotent subgroup N, we have a moment map

Vg THG —> n*.
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Once again identifying n* = g/b, we obtain a commutative diagram

As in the previous sections, by (1.5) the action of N on the fiber EEI (f) is free, and
so this fiber is smooth.

Viewing T[*)E as a subbundle of the trivial bundle G x g x g as in (2.1), define the
closed subvariety

X = {(a,y,x) eT)HG | x ES}.
Through the action map we get an isomorphism
N x X = 55 (f),
and Proposition 3.3 implies that
x=v'(f)/N

is a smooth log-symplectic variety. The left action of G descends to a Hamiltonian
action on X, and the associated moment map is

pux: X — g

(a,y,x) —> y.

Let y : C* — G once again be the one-parameter subgroup whose Lie algebra is
spanned by the regular semisimple element %, and define an action of C* on G x g x g
by

t-(a,y,x)= (ay(t)_l, tzy, 12 Ad, ) x) forteC* (a,y,x) e G x gxg.
4.12)

Since this action stabilizes both the closed subvariety G x g x S and the locus (2.3)
of points of T*G, it induces a well-defined action on X.

The moment map 1y is then equivariant with respect to the C*-action on g which
scales by a factor of #2. In the limit as r — 0, this action therefore contracts the variety
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X to the fiber of uy above 0. This fiber is given by

13'(0) ={(@.0,x) e T}G | x € S}

={(gzoh™",0, ) | Adj1 f € b7}
=(GxB7) 7y
~ G/B,

where z is the basepoint of the closed orbit of minimal dimension in G [14, Corollary
4.22].

Via the embedding (2.3), the cotangent bundle T*G sits inside T;;E as the locus
of points of the form (a, Ad, x, x). Intersecting X’ with this open locus, we obtain

X ={(a,Adyx,x) e T)G |a € G,x € S}.

This variety, which is the Whittaker reduction of 7*G with respect to the right-action
of G, is the open dense symplectic leaf of X It is isomorphic to

Gxy(f+b) =G xS

the twisted cotangent bundle of the base affine space G/N.
We define a morphism

B A° — Gxgp H

(a,Ad, x,x) —> [a : x].

This map commutes with the moment maps wy and @y, and by Lemma 4.4 it is
injective. Moreover, it is C*-equivariant when the vector bundle G x g H with the
C*-action

t-la:x]=1[a:t?x] fort €C* [a:x]€G xg H

given by scaling along the fibers.

Lemma 4.13 The morphism B extends to an isomorphism between the fiber of wx
above 0 and the zero-section of the vector bundle G x g H.

Proof In the log-cotangent bundle TBE, the point (zg, 0, f) can be realized as the
limit

(g, 0, f) = limz- (1. . )

under the action (4.12). Since any point of u;,l(O) is a left translate of this one, we
can continuously extend g to this fiber by

P(g22.0. f) =limt- f(g. Adg(f), f) = lim7 - [g: f]=1[g: 0]
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Since the stabilizer of z under the left action of G is exactly the Borel subgroup B,
it follows that this extension is an isomorphism of varieties. O

We can now use Theorem 4.8 to prove the following proposition, which was con-
jectured in [14, Conjecture 4.26] based on an earlier version of the present paper.

Proposition 4.14 The map B extends to an isomorphism
B:X— GxgH

which commutes with the moment mapts (Lyx and |Ly.

Proof Consider the regular loci
Xo=py @) ={@ay.x)eT}G|xeS yeg])
and
1y (@) = {(gB.x) | x € ¢, gB € Hess(x)} = G xp H".

Since two regular elements are in the same adjoint orbit closure if and only if they are
conjugate, we have isomorphisms

Zxsg 2 X and Hxsg" =G xpH"
Therefore, the isomorphism
a:Z— H
of Theorem 4.8 induces an isomorphism
B X" —5 G xpg H".

which agrees with 8 on the overlap with A°.

We now bound the codimension of the complements of the subvarieties A" and
G xp H". First, since regular semisimple adjoint orbits are closed, each irreducible
component of the complement of A" is strictly contained in an irreducible component
of the complement of XN (G x g x g™), which has codimension at least 1. It follows
that

codimy(X\X") > 2.
Moreover, the codimension of the complement of G xp H" in G x g H is equal to
codimGx ,#)(G xp (H\H")) = codimy (H\H") > 3

where the last inequality follows, for instance, from the proof of [14, Lemma 4.15].
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Therefore S is a birational map between open subvarieties whose complements
have codimension at least 2. Moreover, by Lemma 4.13, 8 extends continuously to
an isomorphism between the zero-fiber of 1y and the zero-section G/B of G xp H.
Since any line bundle on G /B extends to a unique line bundle on the vector bundle
G x p H by pulling back along the bundle map, it follows once again that 8" intertwines
two ample line bundles. Therefore, once again by [26, Theorem 11.39] it follows that
B" extends to an isomorphism

B:X— G xpH.
O

Corollary 4.15 Let y € g and let x € S be the unique point in the Kostant slice such
that y is in the closure of the adjoint orbit of x. Then there is an isomorphism

7' (v, x) = Hess(y).

Proof The isomorphism of Proposition 4.14 induces an isomorphism between corre-
sponding moment map fibers

1y ) = g ).

The left-hand side is precisely 7z~ ! (v, x), and the right-hand side is Hess(y). O

5 The Poisson structure on the standard Hessenberg family

Both sides of the isomorphism
a:Z-—>H

constructed in Theorem 4.8 are equipped with natural Poisson structures. In this section
we will show that the morphism @ is Poisson. We will use this observation to prove
that the Poisson structure on the standard universal Hessenberg family G xp H is
log-symplectic. To do this we will apply the theory of Poisson transversals, which we
first briefly recall. See, for instance, [20, Section 2] for more details.

5.1 Poisson transversals

Let X be a complex Poisson manifold. A Poisson transversal in X is an embedded
submanifold V such that, for any symplectic leaf (L, wr) of X which meets V,

e V is transverse to L, and
e the pullback of w; to V N L is symplectic.
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The property of being a Poisson transversal induces a natural Poisson structure on V,
and the symplectic leaves of this structure are precisely the intersections

(VNL,oLvaL)-

Example (1) If X is symplectic, then the Poisson transversals in X are the symplectic
submanifolds, and the induced Poisson structures are simply the restrictions of the
symplectic form.

(2) Ifall the symplectic leaves of X have the same dimension, and if V is a submanifold
of complementary dimension which meets each leaf transversally, then V is a
Poisson transversal and its induced Poisson structure is trivial.

(3) If X is the semisimple Lie algebra g with the standard Kostant-Kirillov Poisson
structure, and {e, i, f} C g is any sl,-triple, the Slodowy slice f + g° is a Poisson
transversal [21, Section 3.2].

The following lemma appears in [20] in the setting of real differential manifolds.
For complex manifolds the proof is identical, so we do not reproduce it.

Lemma5.1 [20, Lemma 7] Let ¢ : X1 —> X» be a Poisson morphism between
smooth Poisson varieties, and suppose that V. C X» is a Poisson transversal. Then
the preimage ¢~ (V) is a Poisson transversal in X 1. In particular, o~ ' (V) is smooth.

Remark 5.2 1t follows from Lemma 5.1 that, for any Hamiltonian G-manifold M with
moment map

o:M— g,

the preimage ® ' (S) is a Poisson transversal in M and therefore has a natural Poisson
structure. Moreover, (1.5) gives an isomorphism

¢ (S =97 (f +B)/N, (5.3)
which is an isomorphism of Poisson manifolds. While this is true in full generality
[15, Proposition 3.13], in the symplectic and log-symplectic setting it is particularly

easy to see and seems to have been known to experts for some time, so we include
here a short explanation. The isomorphism (5.3) fits into the diagram

oS —— o (f+b) —L— M

>

¢ '(f +b)/N.

Letting @ be the 2-form induced by Whittaker reduction on the quotient o~ ( f +b)/N,
we have

g o =1"j*w,
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and therefore (5.3) is a Poisson map. In particular the Poisson manifolds H, Z, and Z
can be realized as the Poisson transversals

w9, nI(ExS), and pH(ExS)

inG xg H, T*G, and TBE respectively.

We prove the following result on log-symplectic Poisson transversals in the setting
of complex manifolds. Because in the next section all Poisson algebraic varieties are
smooth, we will be able to apply it to our algebraic setting as well.

Proposition 5.4 Let (X, ) be a complex Poisson manifold and suppose that V C X
is a Poisson transversal which intersects every symplectic leaf. If the induced Poisson
structure on'V is log-symplectic, then the Poisson structure on X is also log-symplectic.

Proof Choose a point x € V. By the Weinstein splitting theorem [31, Theorem
1.25], there is an open neighborhood U C X containing x such that U is Poisson-
diffeomorphic to the product of V N U and a symplectic manifold (L, pz)—that is,

U, muy)=UNV,my) x (L, pr).

If V is log-symplectic, then the Poisson structure 77|y is also log-symplectic. It follows
that there is an open neighborhood of V in X where the Poisson bivector is log-
symplectic at every point.

If V intersects every symplectic leaf, then any point in X is reached from a point of
V by flowing along Hamiltonian vector fields. Since the Poisson structure is invariant
under this flow, it follows that it is log-symplectic at every point of X. O

5.2 The log-symplectic structure on G xg H
The symplectic leaves of G x p H correspond bijectively to the B-orbits on the quotient
space H /n. They are described in detail in [1]. In particular, there is aunique open dense

orbit whose preimage in H is H°. It follows that the unique open dense symplectic
leaf of G xp H is

GXBHO.

Lemma 5.5 The open dense symplectic leaf of 'H is precisely the image H° of the
morphism o defined in (4.6).

Proof The open dense symplectic leaf of  is the Whittaker reduction of G x g H®,
which we can write as

Lo={(gB.x) € G/Bx S| Adg-1x €H°}.
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Recall that o was defined by

a:Z—H
(g, x) — (gB,x),

and that the points of Z are pairs (g, x) € G x g with the property that g centralizers
x. It follows immediately that H° C Lg. Therefore, it is enough to check that the fiber
of Lo over x € Sis a single G*-orbit.

Let g1 B, g2 B be elements of this fiber, so that Adgfl X, Adgz—l x € H°. By (1.5),

the action map gives an isomorphism
BxS— H°.

This implies that any two elements in H° that are G-conjugate are actually B-
conjugate, so there is an element b € B with

Adgfl X = Adbg;1 X.

It follows that g1bg, ' € G*, and therefore the flags g1 B and g» B are in the same

G*-orbit. O
Proposition 5.6 The isomorphism
:Z— H

defined in Theorem 4.8 is an isomorphism of Poisson manifolds. In particular, the
Poisson structure on 'H is log-symplectic.

Proof The isomorphism @ is Poisson if and only if its differential @, maps the Poisson
bivector of Z to the Poisson bivector of 7. It is sufficient to check this condition on
the open dense symplectic leaf—that is, to check that the isomorphism of varieties

a:Z— H°
is a symplectomorphism when Z is equipped with the Poisson structure described
in Sect. 1 and H° is equipped with the Poisson structure coming from Hamiltonian
reduction of G x g H®.

Consider again the moment map

ur: T*°G — g

(a,x) —> x

for the right action of G on T*G. Since pr is G-equivariant and Poisson, we have an
isomorphism of coisotropic varieties

T X ' (f +0) = pg' (H®)
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induced by the action map, where the coisotropic structure on 7 is zero. Quotienting
by the action of B gives a symplectomorphism

Gxn (f+0)Z g (f+0)/N = pp' (H)/B=G xpH®. (57

The universal centralizer Z is the Whittaker reduction of the left-hand side with
respect to the left action of N, and the leaf H° is the Whittaker reduction of the right-
hand side with respect to w . Since the isomorphism « is induced from (5.7) by taking
Whittaker reduction of both sides, it is a symplectomorphism. O

Theorem 5.8 The Poisson structure on the space G x g H is log-symplectic.

Proof The moment map
ug:GxpH — g
is a Poisson morphism and S'is a Poisson transversal in g. By Lemma 5.1, the preimage
1wy (S =M

is a Poisson transversal in G xp H, and by Proposition 5.6 it is log-symplectic. It
remains to show that it intersects every symplectic leaf of G x p H—then the theorem
will follow from Proposition 5.4.

The symplectic leaves of G x g H are in bijection with the B-orbits on the quotient
space H/n. If O C H /nis such an orbit, we write O 4 n for its preimage in H. Then
the corresponding symplectic leaf is G x g (O + n).

For each simple root & € A, let & be the corresponding coroot and let f, € g_, be
a fixed choice of negative simple root vector. Then the B-orbits on H /n are indexed
by the data

e asubset of simple roots / C A
e acollection of elements {h, € Ca | o ¢ I},

in the sense that each orbit O C H /n contains a unique coset of the form

(50) (35

Then O + n contains the element

y= <Zfa>+(2ha)+eeb+ecgr.

ael a¢l

Since y is regular, there is some g € G such that gy € S. The point
[g: 1€ Gxp H
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lies both in the symplectic leaf corresponding to O and in the Poisson transversal
1y (S). O
6 Relation to Coulomb branches

Let G be the Langlands dual group of G, and denote by K = C((7)) the field of

Laurent series and by O = C[[¢]] its ring of integers. The affine Grassmannian of G
is the ind-scheme

Grg = G(K)/G(O).

The é(O)—orbits on Grg are finite-dimensional varieties indexed by AT, the set of
dominant characters of the maximal torus T of G. They form a stratification of Gry;,
ordered by the standard partial order on the character lattice.

The equivariant homology space

H.é © (Gry)
has a ring structure given by the convolution product [13, Section 2.7]. It is a Poisson

algebra [5] whose Poisson structure comes from the non-commutative one-parameter
deformation

HOO"C (Gry,).

This is an example of a Coulomb branch in the sense of Nakajima [33].
In [5] the authors construct an isomorphism of Poisson algebras

HEO\(Grg) = C[2]. 6.1)

In this section we will explain, through the lens of this isomorphism, how to obtain

the partial compactification Z directly from the Coulomb branch H.G ©) (Grg).
First notice that both sides of (6.1) have natural filtrations indexed by the lattice A

of characters of T. The filtration on the equivariant homology ring H.G ©) (Gry) is
induced by the support in G (O)-orbit closures. The filtration on the coordinate ring

C[Z] is inherited through the surjection
CIG1® C[S] = C[G x S] — C[Z]
from the Peter-Weyl filtration on C[G].

Proposition 6.2 The isomorphism (6.1) is an isomorphism of filtered algebras.
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Proof We recall an outline of the construction of (6.1). Let R be the set of roots of g
and W the Weyl group. In [5, Proposition 2.8], the universal centralizer Z is identified
with the spectrum of the Weyl group invariants of an affine blow-up of T x t:

« W
C[éﬂ%@[Txt,MmeR} .

1 xa

Here we write o € R for the function on t and #* for the corresponding function on 7.
The right-hand side is filtered by dominant weights of 7', and from the construction it
is clear that this isomorphism is compatible with the filtrations on both sides.

Let T be the maximal torus of G. Using the fixed-point localization theorem, it is
shown in [5, Section 6.3] that there is an isomorphism of localized C[41" -modules

HOO (Grg)oyw = H' O (Gry) ity = CIT x 4ty = CLZwyw
The authors then prove that this restricts to the desired isomorphism (6.1). The filtra-
tions we are interested in are compatible with the localization and with the first and

third isomorphisms above. But it is clear that they also coincide under the second,
which is induced by

HT O (Gry) = CA @ HT O (pt) = CA ® C[t] = C[T x t].

O

Now, the wonderful compactification G admits a Rees-type construction from the
Peter-Weyl filtration on C[G] as follows. One considers the Rees algebra

Reess C[G] = @) CIGlut* € CIG x T1,
reA

where

ClGla =P VeV
H<h

is a sum over all dominant weights y which are less than or equal to A in the partial
ordering on A. The wonderful compactification G is obtained from Reesp C[G] by a
multi-proj construction [11, Chapter 6]:

G = Proj (Rees C[G]).
In other words, the Vinberg monoid

Vi = Spec (Reesp C[G])

W Birkhauser



The partial compactification of the universal centralizer Page350f36 85

carries a natural action of 7', and G is the quotient of an open dense subset by this
action.

An analogous procedure produces the partial compactification Z. We take the Rees
algebra of C[Z] with respect to the filtration by weights of 7' to obtain

Z = Projg (Reesy C[Z]),

where the right-hand side is a multi-proj relative to the Kostant slice S. In view of
Proposition 6.2, we have proved the following result:

Proposition 6.3 There is an isomorphism of projective
S-schemes Z = Projg (Rees A HC© (Gré)) .

Remark 6.4 This construction is similar to the approach suggested in [9, Remark 3.7].

Acknowledgements The author would like to thank Victor Ginzburg, Sam Evens, Ioan Mircut, Sergei
Sagatov, and Travis Schedler for many interesting discussions. Part of this work was completed while the
author was supported by a National Science Foundation MSPRF under award DMS-1902921.

References

1. Abe, H., Crooks, P.: Hessenberg varieties, Slodowy slices, and integrable systems. Math. Z. 291,
1093-1132 (2019)

2. Abe, H., Fujita, N., Zen, H.: Geometry of regular Hessenberg varieties. Transf. Groups 25(2), 305-333
(2020)

3. Balibanu, A.: The Peterson variety and the wonderful compactification. Represent. Theory 21, 132-150
(2017)

4. Behrend, K., Bryan, J., Szendroi, B.: Motivic degree zero Donaldson—Thomas invariants. Invent. Math.
192, 111-160 (2013)

5. Bezrukavnikov, R., Finkelberg, M., Mirkovic, I.: Equivariant K -homology of affine Grassmannian and
Toda lattice. Compos. Math. 141, 746-768 (2005)

6. Bezrukavnikov, R., Finkelberg, S.: Equivariant Satake category and Kostant—Whittaker reduction.
Mosc. Math. J. 8(1), 39-72 (2008)

7. Bialynicki-Birula, A.: Some theorems on actions of algebraic groups. Ann. Math. 98(3), 480-497
(1973)

8. Braverman, A., Finkelberg, M., Nakajima, H.: Towards a mathematical definition of Coulomb branches
of 3-dimensional N=4 Gauge theories, II. Adv. Theor. Math. Phys. 22, 1071-1147 (2018)

9. Braverman, A., Finkelberg, M., Nakajima, H.: Coulomb branches of 3d /= 4 quiver gauge theories
and slices in the affine Grassmannian, (with two appendices by A. Braverman, M. Finkelberg, J.
Kamnitzer, R. Kodera, H. Nakajima, B. Webster, and A. Weekes). Adv. Theor. Math. Phys. 23, 75-166
(2019)

10. Brion, M.: Vanishing theorems for Dolbeault cohomology of log-homogeneous varieties. Tohoku Math.
J. 61(3), 365-392 (2009)

11. Brion, M., Kumar, S.: Frobenius Splitting Methods in Geometry and Representation Theory.
Birkhduser, Basel (2005)

12. Brosnan, P., Chow, T.: Unit interval orders and the dot action on the cohomology of regular semisimple
Hessenberg varieties. Adv. Math. 329, 955-1001 (2018)

13. Chriss, N., Ginzburg, V.: Representation Theory and Complex Geometry. Birkhduser, Basel (2010)

14. Crooks, P, Roser, M.: Hessenberg varieties and Poisson slices. Contemporary Mathematics of the
AMS. to appear

15. Crooks, P., Roser, M.: The log symplectic geometry of Poisson slices. J. Symplectic Geom. 20(1),
135-190 (2022)

) Birkhauser



85 Page360f36 A. Bilibanu

16. de Concini, C., Procesi, C.: Complete symmetric varieties. In: Invariant Theory. Springer, Berlin,
Heidelberg (1983)

17. De Mari, F., Procesi, C., Shayman, M.: Hessenberg varieties. Trans. Am. Math. Soc. 332(2), 529-534
(1992)

18. Deopurkar, A., Han, C.: Stable log surfaces, admissible covers, and canonical curves of genus 4. Trans.
Am. Math. Soc. 374(1), 589-641 (2020)

19. Evens, S., Jones, B.F.: On the wonderful compactification. ArXiv e-prints (2008). arXiv:0801.0456

20. Frejlich, P., Marcut, 1.: The normal form theorem around Poisson transversals. Pac. J. Math. 287(2),
371-391 (2017)

21. Gan, W.L., Ginzburg, V.: Quantization of Slodowy slices. Int. Math. Res. Not. 2002(5), 243-255 (2002)

22. Goresky, M., Kottwitz, R., MacPherson, R.: Purity of equivalued affine Springer fibers. Represent.
Theory 10, 130-146 (2006)

23. Gualtieri, M., Li, S., Pelayo, A., Ratiu, T.: The tropical momentum map: a classification of toric
log-symplectic manifolds. Math. Ann. 367(3-4), 1217-1258 (2017)

24. Harada, M., Tymoczko, J.: Poset pinball, GKM-compatible subspaces, and Hessenberg varieties. J.
Math. Soc. Jpn. 69(3), 945-994 (2017)

25. Knop, F.: A Harish—Chandra isomorphism for reductive group actions. Ann. Math. 140(2), 253-288
(1994)

26. Kollar, J.: Families of Varieties of General Type. Cambridge University Press, Cambridge (2023)

27. Kostant, B.: Lie group representations on polynomial rings. Bull. Am. Math. Soc. 69(4), 518-526
(1963)

28. Kostant, B.: On Whittaker vectors and representation theory. Invent. Math. 48, 101-184 (1978)

29. Kostant, B.: The solution to a generalized Toda lattice and representation theory. Adv. Math. 34(3),
195-338 (1979)

30. Kostant, B.: Flag manifold quantum cohomology, the Toda lattice, and the representation with highest
weight p. Sel. Math. 2(1), 43-91 (1996)

31. Laurent-Gengoux, C., Pichereau, A., Vanhaecke, P.: Poisson Structures. Springer, Berlin (2013)

32. Matsusaka, T., Mumford, D.: Two fundamental theorems on deformations of polarized varieties. Am.
J. Math. 86(3), 668-684 (2014)

33. Nakajima, H.: Introduction to a provisional mathematical definition of Coulomb branches of 3-
dimensional " = 4 gauge theories. In: Modern Geometry: A Celebration of the Work of Simon
Donaldson. Proceedings of Symposia of Pure Mathematics (2018)

34. Ngo, B.C.: Fibration de Hitchin et endoscopie. Invent. Math. 164(2), 399453 (2004)

35. Ngo, B.C.: Le lemme fondamental pour les algebres de Lie. Publ. Math. Inst. Hautes Etudes Sci. 111,
1-169 (2010)

36. Precup, M.: The connectedness of Hessenberg varieties. J. Algebra 437, 34-43 (2015)

37. Precup, M.: The Betti numbers of regular Hessenberg varieties are palindromic. Transf. Groups 23(2),
491-499 (2017)

38. Pym, B.: Constructions and classifications of projective Poisson varieties. Lett. Math. Phys. 108, 573—
632 (2018)

39. Rietsch, K.: Quantum cohomology rings of Grassmannians and total positivity. Duke Math. J. 110(3),
523-553 (2001)

40. Rietsch, K.: Totally positive Toeplitz matrices and quantum cohomology of partial flag varieties. J.
Am. Math. Soc. 16(2), 363-392 (2003)

41. Sernesi, E.: Deformations of Algebraic Schemes. Springer, Berlin (2006)

42. Shareshian, J., Wachs, M.L.: Chromatic quasisymmetric functions. Adv. Math. 295, 497-551 (2016)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

W Birkhauser


http://arxiv.org/abs/0801.0456

	The partial compactification of the universal centralizer
	Abstract
	Introduction
	Outline

	1 The universal centralizer
	2 The wonderful compactification
	2.1 Geometry of the wonderful compactification
	2.2 The logarithmic cotangent bundle

	3 The relative compactification of mathcalZ
	3.1 Log-symplectic structures
	3.2 Whittaker reduction of T*DoverlineG
	3.3 Symplectic leaves

	4 The universal family of Hessenberg varieties
	4.1 Hessenberg varieties
	4.2 The standard Hessenberg space
	4.3 Cohomology of overlinemathcalZ
	4.4 General fibers of the moment map

	5 The Poisson structure on the standard Hessenberg family
	5.1 Poisson transversals
	5.2 The log-symplectic structure on GtimesBH

	6 Relation to Coulomb branches
	Acknowledgements
	References




