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Abstract
During the COVID-19 pandemic, renewal equation estimates of time-varying effec-
tive reproduction numbers were useful to policymakers in evaluating the need for
and impact of mitigation measures. Our objective here is to illustrate the utility
of mechanistic expressions for the basic and effective (or intrinsic and realized)
reproduction numbers, R0, RE , and related quantities derived from a Susceptible-
Exposed-Infectious-Removed (SEIR) model including features of COVID-19 that
might affect transmission of SARS-CoV-2, including asymptomatic, pre-symptomatic,
and symptomatic infections, withwhich peoplemay be hospitalized. Expressions from
homogeneous host population models can be analyzed to determine the effort needed
to reduce RE from R0 to 1 and contributions of modeled mitigation measures. Our
model is stratified by age, 0–4, 5–9, …, 75+ years, and location, the 50 states plus
District of Columbia. Expressions from such heterogeneous host population models
include subpopulation reproduction numbers, contributions from the above-mentioned
infectious states, metapopulation numbers, subpopulation contributions, and equilib-
rium prevalence. While the population-immunity at which RE � 1 has captured the
popular imagination, the metapopulationRE ≤ 1 could be attained in an infinite num-
ber of ways even if only one intervention (e.g., vaccination) were capable of reducing
RE . However, gradients of expressions derived from heterogeneous host population
models,∇RE , can be evaluated to identify optimal allocations of limited resources
among subpopulations.We illustrate the utility of such analytical results by simulating
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two hypothetical vaccination strategies, one uniform and other indicated by ∇RE , as
well as the actual program estimated fromone of theCDC’s nationwide seroprevalence
surveys conducted from mid-summer 2020 through the end of 2021.

Keywords SEIR metapopulation modeling · SARS-CoV-2 transmission · COVID-19
in the United States · Reproduction numbers and related expressions · Optimal
vaccination strategies

Mathematics Subject Classification 34C60 · 92B05 · 92D25 · 92D30

1 Introduction

We have developed several metapopulation SEIR models including biological fea-
tures of COVID-19 that might affect the transmission of SARS-CoV-2. Our objective
here is to demonstrate the utility of reproduction numbers and analytical quantities
derived from them.While derivation of expressions frommechanisticmodels typically
involves equilibrium assumptions, dynamic analogues related to Hawkes processes
in mathematics, together with statistical approximations of the requisite ingredients
(Thompson et al. 2019), indicated the need for and impact of public health interven-
tions during the COVID-19 pandemic.

We used information from the CDC’s nationwide seroprevalence studies (Bajema
et al. 2021; Jones et al. 2021) to parameterize, initialize, and evaluate an age- and
location-stratified model of SARS-CoV-2 transmission in the United States (Fig. 1).
Serological observations are less timely than conventional surveillance, butmuchmore

Fig. 1 Diagram of a modified SEIR model. This metapopulation model includes asymptomatic and pre-
symptomatic stages, disease-induced mortality, vaccination, and the waning and boosting of immunity,
features of COVID-19 that affect SARS-CoV-2 transmission. It is cross classified by age and location
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accurate. Because we used parameter values with which our model reproduces sero-
logical observations reasonably well, our reproduction numbers and related analytical
quantities are unusually reliable.

Setting the expression for RE (average infections per infectious person) from our
homogeneous host population model equal to 1 (below which new infections must
decline) and solving for equilibrium immunity, we describe how immunization and
non-pharmaceutical interventions (NPIs) each contribute to control. Evaluating the
gradient of RE derived from our age- and location-stratified host population model
with respect to vaccination rates,∇RE (χi ), we describe whom to vaccinate to reduce
transmission most expeditiously. We compare that hypothetical strategy’s impact with
(a) immunization rates derived from seroprevalence among blood donors (to which
we refer as the actual strategy) and (b) rates determined solely by the doses available
and eligible recipients at each location, whereupon age groups would be vaccinated
proportionately (i.e., at uniform rates).

Similarly, invasion reproduction numbers (which must exceed one for novel
pathogen strains to become established when ancestral ones are at their endemic equi-
libria) from models in which hosts are stratified by the pathogens to which they have
been exposed can help to explain the successive dominance of a few of the many vari-
ants to emerge during pandemics. As such models differ fundamentally from those
whose hosts are stratified by age or location, we will describe models in which immu-
nity from one strain confers complete or partial immunity to another and illustrate the
utility of reproduction numbers derived from them elsewhere.

Because our models are suitable for the respiratory pathogens most likely to cause
pandemics, their evaluation may increase the utility of metapopulation modeling in
future. We hope that it will also increase our understanding of the transmission and
control of those pathogens.

2 Methods

As our age- and location-stratified SARS-CoV-2 transmission model has been
described in detail elsewhere (Glasser et al. 2023), we summarize insofar as possible
here.

2.1 Model equations

Our models can be represented as systems of ordinary differential equations, where
Si is the number who are susceptible in group i (here i indexes ages, locations, or
combinations; there are n such groups); Bi is the number whose immunity has waned
and could be boosted by (re)infection or (re)vaccination; Ei is the number who have
been infected, but are not yet infectious, Vi is the number who have received one dose
of vaccine (≥ 14 days ago), Iiw (w � a,p,s,h) are the numbers infectious in group
i who are asymptomatic, pre-symptomatic, symptomatic, or hospitalized, Ri is the
number who are temporarily immune due to recovery from infection, completion of
the primary vaccination series or receipt of a booster dose (≥ 14 days ago), andMi is
the number in group i who have died:
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S′
i � qiωBi + ωvVi − [λi (t) + χ1i ]Si ,

B ′
i � ωRi − [qiω + (1 − qi )ε3χ3i + (1 − ε3)λi (t)]Bi

E ′
i � λi (t)Si + (1 − ε1)λi (t)Vi + (1 − ε3)λi (t)Bi − kEi ,

V ′
i � χ1i Si − [(1 − ε1)λi (t) + ωv + ε2χ2i ]Vi ,

I ′
ia � kpi Ei − γia Iia ,

I ′
i p � k(1 − pi )Ei − ξ Iip,

I ′
is � ξ Iip − [γis + δiγis→h]Iis ,

I ′
ih � δiγis→h Iis − γih Iih ,

R′
i � γia Iia + θisγis Iis + θihγih Iih + ε2χ2i Vi + (1 − qi )ε3χ3i Bi − ωRi ,

M ′
i � (1 − θis)γis Iis + (1 − θih)γih Iih , i � 1, 2, ..., n,

where the force or hazard rate of infection among susceptible people in group i (and
those having received only one vaccine dose, whose susceptibility to infection is 1 –
ε1, where ε1 is the efficacy of a single dose) is

λi (t) � ψi Saiβi

n∑

j�1

ci jψ j I
η ja I ja(t) + η j p I jp(t) + I js(t) + η jh I jh(t)

N j
, where

N j � S j + Bj + E j + Vj + I ja + I jp + I js + I jh + R j + Mj and N �
n∑

j�1

N j .

In this expression, ψi S � 1 − ci bi S and ψi I � 1 − cibi I represent reductions in
susceptibility and infectiousness, respectively, due to physical-distancing if possible
and mask-wearing otherwise, ci is the proportion of group i that comply with such
recommendations and biS and biI are their respective efficacies. The parameter ai is
the per capita contact rate, β i is the probability of transmission per contact between
susceptible and infectious people (ai × β i is the effective contact rate), and cij is the
proportion of their contacts that members of group i have with those of group j. As a
convenience, we include Mj in Nj, so that N is constant.

2.2 Parameter values

We obtained values for most biological parameters, which in this model are either
constant or vary only with age (Glasser et al. 2023, Tables 1 and 2), from the primary
literature (notably Clark et al. 2020; Hale et al. 2021; He et al. 2020; Jones 2020; Levin
et al. 2020; Prem et al. 2017) or subject-matter experts.

We calculated the probabilities of infection on contact, the β i, from seroprevalence
– the humoral (versus cell-mediated) component of the adaptive immune response – as
a function of age and time from a study of residual sera from commercial laboratory
testing in the United States from mid-2020 through 2021 for purposes other than
SARS-CoV-2 infection assessment (Bajema et al. 2021).
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Initializing our model from seroprevalence on 7 September 2020, we estimated the
efficacies, bI � bS , required for simulated proportions immune, Ri, to approximate
seroprevalence on 25 December 2020. Using those parameter values and vaccination
rates derived from reports of weekly doses administered, we simulated through 4April
2021 and compared Ri to seroprevalence from a study of blood-donors (Jones et al.
2021), which captures vaccination- as well as infection-induced antibodies.

We use a single subscript when possible, but our model of SARS-CoV-2 trans-
mission in the United States, detailed by Glasser et al. (2023) and analyzed here, is
stratified by age and location. In the next two sections, we summarize information
described in greater detail by those authors.

2.3 Mixing

We multiply the age-specific US mixing matrix of Prem et al. (2017), denoted ca j aq
below, by ratios of the natural logs of location-specific and overall population densities

to obtain c(p)a j aq � ca j aq × ln(ρ(p))
ln(ρ) , 1 ≤ i , p ≤ m; 1 ≤ j , q ≤ n.

Consequently, marginal contacts within more (less) densely populated locations
are greater (less) than the US average, but most differ by a factor of less than two
(Hethcote and van Ark 1987). Between locations, contacts decline exponentially with
distance at age-specific rates, baq whose calculation Feng et al. (2017) describe. In
this model, distances are “as the crow flies” between population centers. Thus, mixing
matrix elements are

cli a j l paq � c(p)a j aq e
−baq dli l p

n∑
r�1

m∑
s�1

c(s)a j ar e
−bar dli ls

.

In these expressions, ρ is population density, the quotient of population and land
(i.e., habitable) area, with the indices i and p denoting locations, of which there are
m � 51 (the 50 states plus District of Columbia), and j and q denoting age groups, of
which there are n � 16 (0–4, 5–9, …, 75 + years). Thus, the m mixing matrices c(p)a j aq

and onematrix cli a j l paq have n
2 � 256 and (m× n)2 � 665,856 elements, respectively.

We retain this compound notation only when describing our mixing functions.

2.4 Reproduction numbers

We derive expressions for the metapopulation reproduction numbers for single and
multiple strata (e.g., age or location alone and together) via the next-generation matrix
approach of van den Driessche and Watmough (2002) in the appendix. These have
the same form as those from other SEIR models without demographic dynamics,
but are complicated by our inclusion of vaccination and expansion of the infectious
compartment.
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2.5 Optimal control

In metapopulation models, we wish to know how to allocate resources (i.e., to which
subpopulation or combination of subpopulations) for most expeditious control (i.e.,
RE ≤ 1). Negative gradients of effective reproduction numbers,−∇RE with respect
to parameters of functions by which mitigation measures are modeled describe how
to reduce the metapopulation RE most expeditiously (Feng et al. 2015, 2017, 2019).

When there are more than a few groups, explicit expressions for reproduction num-
bers cannot be derived unless mixing is proportional, when they become traces of the
above-mentioned next-generation matrices, explicit expressions whose partial deriva-
tives can be calculated with respect to functions by which mitigation measures are
modeled. Thus, gradient calculations require the assumption that mixing is propor-
tional,

c(p)a j aq � aa j Nlpa j∑
r
∑

k aak Nlr ak
× ln(ρ(p))

ln(ρ)
, 1 ≤ r , p ≤ m; 1 ≤ k, q ≤ n,

where aa j � ∑
aq Ca j aq are marginal contact rates (e.g., from Prem et al. 2017) and

Nlpa j are subpopulation sizes. If mixing is proportional to the n age group contribu-
tions to the total number of contacts at each of the p locations, the metapopulation
reproduction numbers are traces of thematrixH (appendix), whosemultivariate partial
derivatives we calculate with respect to the vaccination rates, χ1(i,j), χ2(i,j), or χ3(i,j).

2.6 Non-pharmaceutical interventions

During the COVID-19 pandemic, very effective vaccines and monoclonal antibod-
ies were developed and evaluated with astonishing speed by historical standards.
Simultaneously, existing anti-viral medications were screened for efficacy against
SARS-CoV-2. Nonetheless, only non-pharmaceutical interventions (e.g., physical-
distancing, closing non-essential businesses, limiting gathering sizes, ventilating
indoor spaces, and requiring mask-wearing) were available for most of 2020. Because
state and local governments imposed and relaxed various combinations independently,
modeling particular NPIs throughout the United States was impractical.

Instead, we multiplied age-specific contact rates within jurisdictions by time-
varying complements of Oxford Stringency Indices (Hale et al. 2021) expressed as
proportions. For compliance, we scored responses to “How often have you worn a face
mask outside your home (e.g., when on public transport, going to a supermarket, going
to a main road)?” by n � 33,940 US YouGov survey participants aged 18 to 99 years
queried from March to December of 2020 (Jones 2020). Our parameter values are
age-group averages from logistic regressions of scored responses as a cubic function
of age (Glasser et al. 2023).

123



Analysis of metapopulation models of the transmission of… Page 7 of 24 24

2.7 Vaccination

In theUnited States, vaccination began on 14December 2020with healthcare and other
essential workers, followed by those at risk of serious illness, hospitalization, or death
(i.e., older adults and otherwise immunocompromised people), and then progressively
younger and healthier people (Fig. 2a).

For simulations reported by Glasser et al. (2023), we determined age- and location-
specific numbers of people eligible for vaccination (i.e., susceptible and vaccinated
with one dose) at the beginning of each week by simulation, calculated the proportions
vaccinated from the reported first and second doses administered that week, simulated
with the corresponding rates, χ1(i,j) and χ2(i,j), and repeated the next week.

In the simulations reported here, susceptible people move directly to the removed
(temporarily immune) class at weekly immunization rates calculated from a nation-
wide survey of seroprevalence among blood donors (Jones et al., 2021) or the
alternatives described below. We calculate the observed immunization rates the same
way that Glasser et al. (2023) calculated the infection rates.

As those authors describe in much greater detail, we fit bivariate logistic regres-
sions to proportions with anti-nucleocapsid (anti-N) and anti-spike (anti-S) antibodies,
which indicate previous infection (and possibly vaccination) and to those with anti-S
antibodies alone, which indicate vaccination (without a history of infection), as a func-
tion of age and time, both modeled as cubic polynomials and, because those variables
are related biologically (i.e., subjects aged a at time t are aged a + 1 at time t + 1), all
interactions (Fig. 2b).

Denoting the proportion susceptible among blood donors aged aj-1 ≤ a < aj at time
tk-1 ≤ t < tk as S (j, k) � 1 – IV (j, k), where Iv is the proportion with anti-S (i.e.,
immune by virtue of vaccination), and denoting the proportion immune at time k as a
function of that at time k – 1 as S( j , k) � S( j , k−1)exp{− [χ ( j , k)]}, we obtain the
desired result,χ( j , k) � −ln{[1 − IV ( j , k)]/[1 − IV ( j , k − 1)]} by rearrangement
and substitution.

We calculated such vaccination rates from surfaces like that for the entire United
States (Fig. 2b) for each jurisdiction i, so could write χ (i , j , k). In the next section,

Fig. 2 Proportions immune by virtue of a) infection, vaccination and both and b) vaccination by age and
time during 2021 in the United States. These data are from a subset of blood-donors who were queried
about their vaccination status (Busch et al. 2022)
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we switch to continuous time, writing χ(i , j)(t), where i denotes location, j age, and t
time in days (since 31 December 2019).

2.8 Alternative strategies

As mentioned, the strategy enacted in the United States initially prioritized vaccina-
tion of those whose risk of exposure to SARS-CoV-2 or severe disease if exposed was
greatest. Younger and healthier members of the general population were vaccinated
subsequently. While vaccinating these high-risk groups was meant to result in protec-
tive immunity, some older adults or those with immunocompromising or certain other
health conditions might not develop sufficient immunity for protection from severe
disease.

As fewer such people might be infected if those who otherwise might infect them
were vaccinated instead,we compare observed immunization rateswith two alternative
strategies: In the first, eligible people at each location were vaccinated at rates deter-
mined solely by the number of doses administered. Were our simulations stochastic
(Renshaw 1991), we could term this strategy random. The second alternative reduces
the average number of secondary infections per primary most expeditiously given
available vaccine.

2.9 Experimental conditions

Among the capabilities of transmission models is investigating alternative scenarios,
typically in public health interventions to mitigate undesirable outcomes (e.g., infec-
tions, hospitalizations, deaths). Insofar as these models reproduce observations under
actual conditions, evaluations of actual measures or hypothetical ones being contem-
plated are reliable. The essence of any experiment is that only one factor is varied at
a time to deduce its impact conditional on others. In our experiments, all else equal
amounts to NPIs and available doses being the same at each time in each location.

To facilitate identifying the strategy that would minimize ∇RE , we reduced the
original 16 age groups to the six aged 0–4, 5–19, 20–39, 40–59, 60–74, and 75 + years,
which correspond to pre-school and schoolchildren, reproductive-,middle-aged, older,
and elderly adults.

We let the first week begin on 13 December 2020 (w � 1 that week; https://www.
medscape.com/viewarticle/976734#) and consider the doses administered during that
and successive weeks at each location. We calculate the number of doses administered
as

∑6
j�1

∫ tw
tw0

χ(i , j)(t)Si , j (t)dt � dw(i) for i � 1, . . . , m, where tw0 is the beginning
of any given week and tw is its end. We denote the set of all χ(i , j ,w) values as χw �
{χ(i , j ,w)} for i � 1, . . . , m; j � 1, . . . , 6, and the set of χ(i , j ,w) values for
a specific location i for all age groups as χi ,w � (χ(i , 1,w), . . . , χ(i , 6,w)). Finally,
we let D :� {dw(i)} be the set of weekly doses used to calculate the location- and
age-dependent rates, χ(i , j ,w), where the index i denotes locations, j age groups, and
w weeks, to ensure that the dw(i) � ∑6

j�1 χ(i , j ,w)Si , j (tw0) are the same in these
alternatives as in the actual strategy:
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1) Uniform rates: the doses available to people at each location during each week
are allocated in proportion to the numbers susceptible in each age group. In other
words, for a given week w at location i, the immunization rates are the same over
all age groups, ki � χ(i , j ,w) and

∑6
j�1 χ(i , j ,w)Si , j (tw0) � ki

∑6
j�1 Si , j (tw0) �

dw(i).
2) Gradient rates: rates that minimize the metapopulation RE accounting for the

limited number of doses available. First we note that, because the doses of vaccine
available at each location are independent, but the vaccination rates are location-
dependent, minimizing RE (χi ,w) for each location is equivalent to minimizing
RE (χw). Then we calculate ∇RE (χi ,w) and use it to solve simultaneously the
equations

∇RE (χi ,w) + λ
[
Si , 1(tw0), Si , 2(tw0), . . . , Si , 6(tw0)

] � 0 and∑6
j�1 χ(i , j ,w)Si , j (tw0) � dw(i), where λ is a Lagrange multiplier (Feng et al.

2015, 2017, 2019), for each location i.
To describe a practical matter, we let χ̂i ,w � (χ̂(i , 1,w), χ̂(i , 2,w), . . . , χ̂(i , 6,w))

denote the optimal solution, RE (χ̂i ,w) � RE min. When dose availability suffices, a
solution exists such that χ̂i ,w > 0. When too few doses are available, there does not
exist a solution satisfying the equations above with χ̂i ,w > 0. In those instances, we
checked all boundary conditions where a subset of the χi ,w were zero. Then, for the
set of possible solutions such that χi ,w ≥ 0, we evaluated RE (χi ,w) and determined
which χi ,w minimized RE (χi ,w).

3 Analytical results

3.1 Reproduction numbers

The effective number for a single group i is RE(i) � �i Saiβi [s∗
i + (1 − ε1)ν∗

i + (1 −
ε3)b∗

i ]�i I Qi , with s∗
i �

(
1+ χ1i

ωv+ε2χ2i
+ ε2χ1iχ2i
q jω(ωv+ε2χ2i )

+
q jωε2χ2iχ1i+(1−q)ε3χ3i ε2χ1iχ2i

q jω
2(ωv+ε2χ2i )

)−1
,

v∗
i �

(
χ1i

ωv+ε2χ2i

)
s∗
i , b∗

i �
(

ε2χ1iχ2i
qiω(ωv+ε2χ2i )

)
s∗
i , and Qi � ηia PiaTia + ηi p PipTip +

PipTis + ηih Pip PihTih .
The expressions for the starred variables are equilibrium proportions susceptible,

s∗
i vaccinated with one dose, v

∗
i and partially immune, b∗

i . In the expression for s
∗
i , the

four terms correspond to scaling constants for those susceptible, vaccinated, boosted,
and recovered, respectively, in relation to s∗

i . In the expression for Qi , Pia � pi ,

Pip � (1 − pi ), and Pih � δiγis→h
γis+δiγis→h

denote probabilities of transition from Ei

to I ia, from Ei to Iip, and from Iis to I ih, respectively, while Tia � 1
γia

, Tip � 1
ξi
,

Tis � 1
γis+δiγis→h

, and Tih � 1
γih

denote mean residence times or sojourns in the Iia,
Iip, I is and I ih stages, respectively. The basic reproduction number, R0(i) is obtained
by setting the control parameters (i.e., c, δ, χ ) to zero.

The metapopulation numbers are derived in the appendix. Our estimate of R0
during fall of 2020, when the ancestral variant was circulating, is 5.2; RE varies
with the Oxford Stringency Indices (i.e., NPIs), but we estimate that it was 1.3 on 25
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Fig. 3 Subpopulation and contributions to the metapopulationR0(a and b), which we estimate to have been
5.2 for the ancestral variant circulating during the fall of 2020, and subpopulation and contributions to the
metapopulationRE (c and d), which we estimate to have been 1.3 on 25 December 2020. The legends for
Figs. 3, 4, 5 are the same as Fig. 7, but Figs. 3, 4, 5 are repeated by HHS Region in the Supplement, where
jurisdictions are more easily distinguished

December 2020. It also varies with vaccination, which however had only just begun,
so was omitted in that calculation and figures described in the next paragraph.

The subpopulation reproduction numbers and contributions to the metapopulation
numbers (left eigenvectors associated with the above-mentioned dominant eigenval-
ues, Caswell 2001) are juxtaposed in Fig. 3, components of the subpopulation effective
numbers, asymptomatic, pre-symptomatic, symptomatic, and hospitalized infections
(i.e.,RE(i) � RA(i) +RP(i) +RS(i) +RH (i)) in Fig. 4, and the equilibrium prevalence
associated with those metapopulation numbers (right eigenvectors) in Fig. 5.

Because the 51 jurisdictions are impossible to distinguish, Figs. 3, 4, 5 are repeated
– with vaccination on 25 December 2020 and 4 April 2021 – by US Department of
Health and Human Services (HHS) Region in the on-line Supplement, which includes
a discussion of spatial patterns.

3.2 Population-immunity threshold

The population-immunity threshold is the proportion immune at which RE(i) � 1. If
n � 1 (i.e., the host population is homogeneous), RE(i) � RE . Setting RE � 1,
substituting R0 for aβQ, and solving for s*, the equilibrium proportion susceptible,

s∗ � 1
�S�IR0

[
1 + (1 − ε1)

(
χ1

ωv+ε2χ2

)
+ (1 − ε3)

(
ε2χ1χ2

qω(ωv+ε2χ2)

)]−1
.
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Fig. 4 Infectious state contributions to the m × n age- and location-specific effective reproduction numbers
RE(i) � RA(i) +RP(i) +RS(i) +RH (i), where i � 1, …, 816, a) asymptomatic, b) pre-symptomatic,
c) symptomatic, and d) hospitalized (for legend, see Fig. 7b). On 25 December 2020, Florida, New Jersey,
and Washington, DC, dominated

Fig. 5 Prevalence of infection implied by themetapopulation a) basic and b) effective reproduction numbers.
Had interventions remained at their levels on 25 December 2020, the prevalence of infection would have
been greater in Florida and New Jersey than the District of Columbia

Thepopulation-immunity threshold is 1– s*,whichhas the same form, 1−1
/R0, as

that from simpler models, but includes terms for vaccination, the waning of immunity,
and other mitigation measures that may contribute (Fig. 6). Our estimate varies with
RE , but – again ignoring vaccination – was 0.66 on 25 December 2020.

We do not derive such expressions for our stratified models because an infinite
number of combinations of subpopulation immunity would attain RE � 1 (Feng
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Fig. 6 Contribution of NPIs to the population-immunity threshold. Using our homogeneous population
model,whose parameters areUSpopulationweighted averages of the age-specific ones in our heterogeneous
population models (Glasser et al. 2023, Table 2), we estimate that this threshold would have been 0.83
without NPIs, the lower left corner of this figure, but was 0.66 with them on 25 Dec 2020. Contours curve
towards increasing values of NPIs, represented as products of coverage and efficacy

et al. 2015), pairs if there were two subpopulations, triples if there were three, and so
on. Thus, the policy-relevant question becomes, “Which is optimal?”.

3.3 The gradient

In Fig. 7, we illustrate the magnitude and direction of the gradient ofRE with respect
toχ (i,j,w) shortly before vaccination began (whenχ (i,j,w) � 0, i� 1,…,m; j� 1,…, n).
And, in Fig. 8,we illustrate those components during successiveweeks of January 2021
(when χ (i,j,w) ≥ 0, i � 1, …, m; j � 1, …, n) in California, the jurisdiction in which
the gradient magnitude is greatest (Fig. 8a), and Washington, DC, the jurisdiction
whose age-distribution differs most from the others (Fig. 8b). Utah’s age distribution
is younger than most, but the difference is not as striking as that of Washington, DC.

4 Numerical results

In this section,wepresent simulation results in sixfigures that illustrate outcomesunder
three vaccination strategies labeled “Actual”, “Gradient”, and “Uniform,” in which
the same numbers of doses were administered. To compare them, we consider both
absolute differences and percent efficacies relative to results without vaccination. We
calculate percent efficacies by subtracting the cumulative outcomes for each scenario
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Fig. 7 Components of the gradient of the metapopulation effective reproduction number,∇RE , with respect
to χ1i , where i� 1,…, 816; a) magnitude and b) direction. Themagnitude is greatest in California, Florida,
and Texas and least in Alaska. The directions reflect the marginal contact rates

Fig. 8 Gradients for a) California and b) the District of Columbia, which differ in gradient magnitude and
age distribution, respectively, during the first four weeks of January 2021
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Fig. 9 Absolute differences between cumulative asymptomatic and symptomatic infections, hospitalizations
and deaths from 13 December 2020 to 4 April 2021 with the three vaccination strategies and no vaccination

from that without vaccination, dividing by those absent vaccination, and multiplying
by one hundred.

Figure 9 illustrates absolute differences between cumulative numbers of asymp-
tomatic and symptomatic infections, hospitalizations and deaths from 13 December
2020 to 4 April 2021 with and without vaccination by scenario and Fig. 10 illustrates
percent efficacies. Figures 11, 12, 13, 14 illustrate the prevalence of asymptomatic and
symptomatic infections, hospitalizations, and deaths by scenario from 13 December
2020 to 4 April 2021, when incidence was declining, with one panel for each of the
six age groups.

5 Discussion

We have developed several metapopulation SEIRmodels including biological features
of COVID-19 that might affect the transmission of SARS-CoV-2. Glasser et al. (2023)
describe one in detail, demonstrate its ability to reproduce serological observations
in the United States (without having been fit to those observations), and evaluate the
initial vaccination program.Our objective here is to demonstrate the utility of analytical
quantities derived from that model with and without host population structure (i.e.,
age groups and spatial locations).

Weestimate that less thanhalf of SARS-CoV-2 infectionswere reported.Andunder-
reporting almost certainly varied with age (Couture et al. 2019) and possibly location.
In contrast, serology captures most infections (Petersen et al. 2021). In the calculations
and simulations reported here, we use parameter values with which our age- and
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Fig. 10 Efficacy of three vaccination strategies at preventing asymptomatic and symptomatic infections,
hospitalizations and deaths from 13 December 2020 to 4 April 2021 calculated as quotients of differences
with and without vaccination and those without vaccination times 100

Fig. 11 Prevalence of asymptomatic infections by age in six groups (ages 0–4, 5–19, 20–39, 40–59, 60–74,
and 75+ years) from 13 December 2020 through 4 April 2021 without and with three vaccination scenarios

location-stratified model of the transmission of SARS-CoV-2 in the United States
either reproduces observations from serial, cross-sectional, nationwide serological
surveys or deviates in ways that we believe that we understand (Glasser et al. 2023).
Thus, our results are as accurate as is presently possible.
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Fig. 12 Prevalence of symptomatic infections by age in six groups (ages 0–4, 5–19, 20–39, 40–59, 60–74,
and 75+ years) from 13 December 2020 through 4 April 2021 without and with three vaccination scenarios

Fig. 13 Prevalence of hospitalizations by age in six groups (ages 0–4, 5–19, 20–39, 40–59, 60–74, and 75
+ years) from 13 December 2020 through 4 April 2021 without and with three vaccination scenarios

We use the unstructured model to demonstrate that the population immunity at
which RE � 1, the so-called population-immunity threshold, depends on other
mitigation measures. Recalling that the ψ’s are reductions in susceptibility and infec-
tiousness byvirtue of physical-distancingwhere possible andmask-wearingotherwise,
evidently those NPIs can help to attain RE ≤ 1. On 25 December 2020, we estimate
that the population-immunity threshold was 0.66, approximately 0.15 less than the
value absent NPIs (i.e., 1 − 1

/R0), and vaccination had only just begun. The more
effective those measures, the lower the requisite immunity (Fig. 6). This is fortunate
insofar as vaccines were not equally accessible throughout the world.
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Fig. 14 Cumulative deaths by age in six groups (ages 0–4, 5–19, 20–39, 40–59, 60–74, and 75 + years) from
13 December 2020 through 4 April 2021 without and with three vaccination scenarios

To illustrate the utility of our metapopulation results, we compare subpopulation
reproduction numbers (Fig. 3a and c) with their contributions to the metapopulation
numbers (Fig. 3b and d). Per capita, Washington, DC, has the largest subpopulation
R0 (Fig. 3a), but Florida and New Jersey have larger subpopulationRE (Fig. 3c), sug-
gesting that mitigation measures were more effective in Washington on 25 December
2020. As the contributions resemble the marginal contact rates with magnitudes pro-
portional to population density, they illustrate the impact of mixing. Western states
generally are larger than eastern ones, so distances between their population centers
are greater. Because, in our models, contacts decline with distance faster among older
age groups than younger ones, the contributions of older age groups decline east to
west (on-line Supplement).

The age-distribution of co-morbidities, together with assumptions about the infec-
tiousness of people in different epidemiological states, determines the per capita
contributions to subpopulation RE(i) (Fig. 4). We assume that people with asymp-
tomatic infections are only half as infectious as those with symptomatic ones, who are
more infectious the few days before than on average during their symptomatic stages,
and that the infectiousness of hospitalized people is limited by infection-control proce-
dures (Glasser et al. 2023, Table 1). These assumptions effectively limit the impact of
interventions directed at symptomatic infections (e.g., case investigation and contact
tracing). Rather, they emphasize the importance of NPIs and of course vaccination
whenever and wherever available.

Then we consider equilibrium prevalence absent and present interventions on 25
December 2020 (Fig. 5). This metric is more evenly distributed, reflecting the age-
distributions and infectiousness just described togetherwithmixing,with peaks among
adults with young children and possibly grandchildren, but the difference between that
associated with the basic and effective reproduction numbers (a and b, respectively)
again illustrates the impact of mitigation measures on 25 December 2020. Were such
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measures constant at their levels on that date, Florida and New Jersey would have
higher equilibrium prevalence than Washington, DC.

Even if vaccination were the only intervention, in metapopulation models, if not the
real world, an infinite number of combinations of subpopulation immunity would sat-
isfy the condition that the metapopulation RE � 1 (Feng et al. 2015). Consequently,
the population-immunity threshold is of little practical utility.Moreover, heterogeneity
– not only in contact rates, an oft rediscovered result, but any parameter appearing in
subpopulation reproduction numbers – increases overall or metapopulation reproduc-
tion numbers, as does nonrandommixing. The conclusion of Britton et al. (2020), that
heterogeneity facilitates attaining population immunity thresholds, is not consistent
with those results.

Policymakers need to know which combination (i.e., not only of vaccination rates,
but compliance with physical-distancing, mask-wearing, and so on) is optimal. To
identify that combination, Feng et al. (2015) suggested, and have since employed
(Feng et al. 2017, 2020; Hao et al. 2019; Su et al. 2021), the gradient of the effective
reproduction number with respect to mitigation measures.

Gradients are vector-valued functions. Their magnitude reflects both the size and
density of subpopulations (Fig. 7a) and their direction the marginal contact rates
(Fig. 7b). Figure 8 again reflects the marginal contact rates and indicates the need to
vaccinate children to reduce the metapopulationRE . While only two jurisdictions are
illustrated, the patterns are similar elsewhere: negative gradient magnitudes among
older age groups – whose members were being vaccinated – declined, while those
among children – whose vaccination would not begin until fall – remained greater.
One cannot help but wonder what would have happened had children been vaccinated
earlier and schools remained open.

Figures 9 and 10 indicate that, while the gradient vaccination rates would have
reduced infections the most, particularly among those young and middle-aged, the
actual rates more effectively reduced hospitalizations and deaths among older people,
at least during the first few months of 2021. Thus, whether the gradient rates are
optimal or not depends on the policy goal. It may also depend on the situation. If
immunity is less protective or wanes more quickly among elderly people (Wang et al.
2021), the gradient rates might well have become the optimal means of protecting
them during later pandemic phases.

Figures 11, 12, 13, 14 illustrate the dynamics of these effects during the first few
months of 2021, when the pandemic was waning, despite ascendance of the alpha
variant (Lambrou et al. 2022), due presumably to infection- and vaccination-induced
immunity.

5.1 Limitations

We began modeling the transmission of SARS-CoV-2 long before effective vaccines
were developed or approved for use, but – to keep pacewith vaccination policy – added
one, then two doses, and finally boosting of infection- or vaccine-induced immunity,
which however had not yet begun. Glasser et al. (2023) evaluate the actual vacci-
nation strategy. Here, to compare actual and alternative strategies fairly, we assume
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100% efficacy (i.e., hypothetical vaccination and observed immunization rates are
equivalent).

We reviewed the literature and consulted subject matter experts, but absent infor-
mation (e.g., compliance with NPIs among those aged < 18 years, infectiousness of
people with asymptomatic infections, …) or present conflicting information (e.g.,
about the efficacy of NPIs), made assumptions (Glasser et al. 2023, Tables 1 and 2).

In the model described by Glasser et al. (2023) and used here, vaccination- and
infection-induced immunity are equivalent. We have since learned that the duration
and possibly other characteristics of immunity may depend on whether individuals
were infected, vaccinated or both, and possibly even the sequence of those events
(Goldberg et al. 2022). These developments and the evolution of variants, several
successively dominant, motivate us to develop different models for later pandemic
periods.

6 Summary

Here we endeavor to illustrate the public health utility of analytical results derived
from an age- and location-stratified SEIR model of the transmission of SARS-CoV-2
in theUnited States that includes features of COVID-19 that might affect transmission.
These include the subpopulation and metapopulationR0 andRE , subpopulation con-
tributions to the metapopulationR0 andRE , subpopulationRE(i) by infectious state,
and ∇RE with respect to all possible vaccination rates before and after vaccination
began. To evaluate these expressions, we use parameter values with which this model
reproduces seroprevalence reasonably well during the fall of 2020 and spring of 2021
(Glasser et al. 2023). We also compare results of simulated transmission during that
period with the actual vaccination strategy and two alternatives.
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Appendix

Reproduction numbers for themetapopulationmodels

Let v denote the vector of infected state variables in the following order:

v �

⎛

⎜⎜⎝

E(1, 1), Ia(1, 1) , Ip(1, 1) , Is(1, 1), Ih(1, 1) , E(1, 2) , Ia(1, 2) , Ip(1, 2), Is(1, 2) , Ih(1, 2) , . . . , E(1, n) , Ia(1, n) , Ip(1, n) , Is(1, n) , Ih(1, n) ,

E(2, 1), Ia(2, 1) , Ip(2, 1) , Is(2, 1), Ih(2, 1) , E(2, 2) , Ia(2, 2) , Ip(2, 2), Is(2, 2) , Ih(2, 2) , . . . , E(2, n) , Ia(2, n) , Ip(2, n) , Is(2, n) , Ih(2, n) , . . . ,

E(m, 1) , Ia(m, 1) , Ip(m, 1) , Is(m, 1) , Ih(m, 1) , E(m, 2) , Ia(m, 2) , Ip(m, 2) , Is(m, 2) , Ih(m, 2) , . . . , E(m, n) , Ia(m, n) , Ip(m, n) , Is(m, n) , Ih(m, n)

⎞

⎟⎟⎠

and consider the system composed of fractions of these variables within each group;
i.e.,

s(i , j) � S(i , j)
N(i , j)

, b(i , j) � B(i , j)

N(i , j)
, v(i , j) � V(i , j)

N(i , j)
, r(i , j) � R(i , j)

N(i , j)
,

m(i , j) � M(i , j)

N(i , j)
, x(i , j) � E(i , j)

N(i , j)
, ya(i , j) � Ia(i , j)

Ni
, yp(i , j) � Ip(i , j)

N(i , j)
,

ys(i , j) � Is(i , j)
N(i , j)

, yh(i , j) � Ih(i , j)
N(i , j)

, i � 1, 2, · · · , m, j � 1, 2, · · · , n.

At the Disease-Free Equilibrium (DFE), we have the following from the system of
equations in the main text:

0 � q jωb
∗
(i , j) + ωvv

∗
(i , j) − χ1(i , j)s

∗
(i , j),

0 � ωr∗
(i , j) − [

q jω +
(
1 − q j

)
ε3χ3(i , j)

]
b∗
(i , j),

0 � χ1(i , j)s
∗
(i , j) −

[
ωv + ∫

2
χ2(i , j)

]
v∗
(i , j),

0 � ε2χ2(i , j)v
∗
(i , j) +

(
1 − q j

)
ε3χ3(i , j)b

∗
(i , j) − ωr∗

(i , j), i � 1, 2, . . . , m, j � 1, 2, . . . , n.

We can solve for v∗
(i , j) in terms of s∗

(i , j) using the third equation immediately above,

v∗
(i , j) � χ1(i , j)

ωv + ε2χ2(i , j)
s∗
(i , j).

We can solve for b∗
(i , j) in terms of s∗

(i , j) using the first DFE equation and that
immediately above,

b∗
(i , j) �

(
ε2χ1(i , j)χ2(i , j)

q jω(ωv + ε2χ2(i , j))

)
s∗
(i , j).
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And we can solve for r∗
(i , j) in terms of s∗

(i , j) using last DFE equation and two
immediately above,

r∗
(i , j) �

(
q jωε2χ2(i , j)χ1(i , j) +

(
1 − q j

)
ε3χ3(i , j)ε2χ1(i , j)χ2(i , j)

q jω2(ωv + ε2χ2(i , j))

)
s∗
(i , j).

At the DFE, we have

1 � s∗
(i , j) + v∗

(i , j) + b∗
(i , j) + r∗

(i , j).

So, together with the previous three equations, we can solve for s∗
(i , j),

s∗
(i , j) �

(
1 +

χ1(i , j)

ωv + ε2χ2(i , j)
+

ε2χ1(i , j)χ2(i , j)

q jω(ωv + ε2χ2(i , j))
+
q jωε2χ2(i , j)χ1(i , j) +

(
1 − q j

)
ε3χ3(i , j)ε2χ1(i , j)χ2(i , j)

q jω2(ωv + ε2χ2(i , j))

)−1

.

The effective reproduction number for group (i , j) is

RE (i , j) � � j Sa(i , j)β j cli a j li a j

[
s∗
(i , j) +(1−ε1)v

∗
(i , j) +(1−ε3)b∗

(i , j)

]
� j I Q j , where

Q j � ηa PjaTja + ηp PjpTjp + PjpTjs + ηh Pjp PjhTjh , with

Pja � p j , Pjp � (
1 − p j

)
, and Pjh � δ jγ js→h

γ js+δ jγ js→h
denoting probabilities of

transition from E(i , j) to Ia(i , j), from E(i , j) to Ip(i , j), and from Is(i , j) to Ih(i , j),
respectively, and Tja � 1

γ ja
, Tjp � 1

ξ j
, Tjs � 1

γ js+δ jγ js→h
, Tjh � 1

γ jh
denoting

mean residence times in the Ia(i , j), Ip(i , j), Is(i , j), and Ih(i , j) states, respectively. The
effective reproduction number for group i is

RE(i) � ∑n
j�1 � j Sa(i , j)β j cli a j li a j

[
s∗
(i , j) + (1 − ε1)v

∗
(i , j) + (1 − ε3)b∗

(i , j)

]
� j I Q j .

For the age- and location-stratified models, we follow the method outlined by van
denDriessche andWatmough (2002). The next-generationmatrix is anmn×mn block
matrix K � (Krs) with

Krs �

⎛

⎜⎜⎜⎜⎜⎝

�π (r )Sa(φ(r ), π (r ))βπ (r )z∗(φ(r ), π (r ))�π (s)I Qπ (s)clφ(r )aπ (r )lφ(s)aπ (s) ∗ ∗ ∗ ∗
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎠

for r , s � 1, 2, . . . , mn, where z∗(i , j) � s∗
(i , j) + (1− ε1)v

∗
(i , j) + (1− ε3)b∗

(i , j), φ(x) �

x/n�, and ρ(x) � (x − 1 mod n) + 1; the “*” entries do not affect the result.
Because only the first row of the Ki j matrix is non-zero, the next-generation matrix
K has 4mn rows of zeros and mn rows with non-zero elements. Consequently, K has
4mn zero eigenvalues and mn non-zero ones, given by the following matrix (whose
(i , j)th element is the (1, 1) element of matrix Ki j ):

H �
(

�π (r )Sa(φ(r ), π (r ))βπ (r )z∗(φ(r ), π (r ))�π (s)I Qπ (s)clφ(r )aπ (r )lφ(s)aπ (s)

)

� Z∗�SA� I ,
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where

A �

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a(1, 1)β1Q1cl1a1l1a1 a(1, 1)β1Q2cl1a1l1a2 . . . a(1, 1)β1Qncl1a1lman
a(1, 2)β2Q1cl1a2l1a1 a(1, 2)β2Q2cl1a2l1a2 . . . a(1, 2)β2Qncl1a2lman

...
...

. . .
...

a(1, n)βnQ1cl1anl1a1 a(1, n)βnQ2cl1anl1a2 . . . a(1, n)βnQncl1anlman
a(2, 1)β1Q1cl2a1l1a1 a(2, 1)β1Q2cl2a1l1a2 . . . a(2, 1)β1Qncl2a1lman

...
...

. . .
...

a(m, n)βnQ1clmanl1a1 a(m, n)βnQ2clmanl1a2 . . . a(m, n)βnQnclmanlman

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

� (
a(φ(r ), π (r ))βπ (r )Qπ (s)clφ(r )aπ (r )lφ(s)aπ (s)

)

,

Z∗ � diag
{
z∗(1, 1), . . . , z∗(1, n), z∗(2, 1), . . . , z∗(2, n), . . . , z∗(m, 1), . . . , z∗(m, n)

}
,

�S � diag{�1S , . . . , �nS , �1S , . . . , �1S , . . . , �1S , . . . , �nS}, and � I � diag
{�1I , . . . , �nI , �1I , . . . , �nI , . . . , �1I , . . . , �nI }.

Letting ρ(H) denote the dominant eigenvalue of H, the effective reproduction
number for the metapopulation is given by RE � ρ(H). Note that matrix A does not
depend on control parameters, and thatmatricesZ∗, �S and� I represent the effects of
immunity, reduction in susceptibility, and reduction in infectivity, respectively. Thus,
the basic reproduction number is given by R0 � ρ(A).

Matrix A can also be written as a product of matrices representing transmission,
mixing, and weighted sojourns; i.e., A � BCQ, where

C � (
clφ(r )aπ (r )lφ(s)aπ (s)

)
, r , s � 1, 2, . . . , mn is the mixing matrix,

B � diag
{
a(1, 1)β1, . . . , a(1, n)βn , . . . , a(m, 1)β1, . . . , a(m, n)βn

}
consists of the

transmission rates, and Q � diag{Q1, . . . , Qn , . . . , Q1, . . . , Qn} of the weighted
sojourns.

Matrix Q can be further decomposed by writing Q j � P jT j , where η � (
ηa , ηp,

1, ηh
)
, the relative infectiousness of the several infectious states, P j � diag

{
Pja ,

Pjp, Pjs , Pjh
}
, the transition probabilities, and T j � (

Taj , Tjp, Tjs , Tjh
)
, the mean

sojourns.
If we let RA(i , j), RP(i , j), RS(i , j) and RH (i , j) denote the number of secondary

infections per infected individual in the Ia(i , j), Ip(i , j), Is(i , j) and Ih(i , j) stages, respec-
tively, RE(i , j) � RA(i , j) +RP(i , j) +RS(i , j) +RH (i , j), where

RA(i , j) � � j Sa(i , j)β j z
∗
(i , j)� j Iη ja PjaTja

RP(i , j) � � j Sa(i , j)β j z
∗
(i , j)� j Iη j p PjpTjp

RS(i , j) � � j Sa(i , j)β j z
∗
(i , j)� j I PjpTjs

RH (i , j) � � j Sa(i , j)β j z
∗
(i , j)� j Iη jh Pjp PjhTjh , i � 1, 2, . . . , m, j � 1, 2, . . . , n,

are the contributions of the infectious stages to the metapopulation reproduction num-
ber.

Finally, the reproduction number expression under proportionate mixing
is given by the trace of the next-generation matrix. When mixing is
proportional, cli a j l paq � a(i , j)N(i , j)/

∑m
r�1

∑n
s�1 a(r , s)N(r , s). So, RE �∑m

i�1
∑n

j�1 � j Sa(i , j)β j z∗(i , j)� j I Qi cli a j li a j when mixing is proportional.
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