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ARTICLE INFO ABSTRACT

Keywords: Hypothesis: Surface tension gradient driven Marangoni flows originating from multiple sources are important to
Solutal Marangoni flow many industrial and medical applications, but the theoretical literature focuses on single surfactant sources.
Surfactant

Understanding how two spreading surfactant sources interact allows insights from single source experiments to
be applied to multi-source applications. Two key features of multi-source spreading — source translation and
source deformation — can be explained by transport modeling of a two-source system.

Modeling: Numerical simulations of two oleic acid disks placed at varying initial separation distances on a
glycerol subphase were performed using COMSOL Multiphysics and compared to spreading of a single surfactant
source.

Findings: Interaction of two spreading sources can be split into three regimes: the independent regime — where
each source is unaffected by the other, the interaction regime — where the presence of a second source alters one
or more features of the spreading dynamics, and the quasi-one disk regime — where the two sources merge
together. The translation of the sources, manifested as increasing separation distance between disk centers of
mass, is driven by the flow fields within the subphase and the resultant surface deformation, while deformation
of the sources occurs only once the surfactant fronts of the two sources meet.

Surface tension
Transport phenomena
Numerical model

1. Introduction regions to high surface tension regions. This has been shown both
experimentally for disks[1,2] and drops[3-5] of surfactants and theo-

Localized adsorption of surfactant on a liquid/vapor interface creates retically for disks[6-9] and drops[10]. Such solutal Marangoni

a surface tension gradient along the interface. The resulting Marangoni spreading phenomena are critical in a variety of applications including
stresses cause the surface to deform and flow from low surface tension oil spill remediation[11], pulmonary drug delivery[3,5,12-17], and
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various coating processes|[18-20].

The case of a single source of surfactant spreading along a simple
liquid subphase has been well-studied for a variety of conditions. Sur-
face height profiles and surfactant distributions have been constructed
for many different conditions resulting in a better understanding of the
effects of subphase depth[8], spreading parameter[8], presence of pre-
existing endogenous surfactant[12,21-24], surfactant solubility
[3,10,25-27], subphase viscoelasticity[28], fingering instabilities
[29,30], depletion of surfactant[31], surfactant synergism[14], and
coupling of Marangoni and capillary waves[15]. While these funda-
mental studies provide detailed insights into Marangoni spreading, this
prior research focused on single surfactant sources. It is yet unknown
how the described behaviors would apply to the case of multiple sur-
factant sources as would occur, for example, in aerosol or spray delivery
where a field of droplets is deposited. The mutual interaction of two
impinging Marangoni spreading fields is not understood.

During a Marangoni spreading event the surface tension gradient is
the driving force for spreading. At the surfactant front (the edge of the
region of the surface where the surfactant is located), a shock-like
distortion is formed[7]. The surface tension gradient is largest at the
front, but the entire gradient is important for the flow behavior[1]. The
resulting ridge moves out radially from the original region containing
the surfactant([7,8]. There is liquid motion in front of the ridge and if the

gravity parameter G = W%Z (where p is the suphase density, H is the
subphase height, g is the gravitational acceleration, and S = v, —7source>
with y, being the surface tension of the clean interface and y,,,,., being
the surface tension in the surfactant source) is greater than 0.5, radial
recirculation flows can form beneath the surface in the area of deposi-
tion[7,13].

There has been significantly less study of the spreading of droplet
fields. A two-part experimental study conducted by Sharma, Khanal, and
collaborators[16,17] examined the effects of aerosol deposition rate on
the spreading of a field of surfactant-laden droplets. At high deposition
fluxes the droplets coalesced after deposition and behaved as one large
drop[17]. At lower deposition fluxes the droplets spread as a field of
distinct droplets which behaved as a group[16] (see Supporting Infor-
mation Figure S1). Specifically for this second case, nearby droplets
became deformed (Figure S2) as they came into contact with each other,
and it was unclear whether these drops deformed through their in-
teractions after having deposited on the surface at approximately the
same time or if instead one droplet deposited on top of another after the
first to deposit had spread out. While that work marked the first step into
understanding the spreading behavior of surfactant-laden aerosols, it
cannot be easily related to the more well-defined single source experi-
ments which give deeper understanding of why the systems behave as
they do. There is a smaller body of literature focusing on the coalescence
of viscous lenses on viscous subphases[32-35].

This study begins to bridge the knowledge gap between single and
multiple source Marangoni spreading. We modeled the interactions of
two disks of insoluble surfactant placed on an initially clean subphase.
We tracked the changes in subphase velocity, surface deformation, and
surface tension, varying distance between the disks and paying partic-
ular attention to the maximum and minimum interface heights during
spreading. Also, we examined how the disks spread apart from each
other and the deformation of each disk. The more complex flow fields
which result from the coupled surfactant sources were also explored.
This begins the process of connecting single source surfactant spreading
behavior to the spreading of droplet fields relevant in pulmonary drug
delivery and other aerosol or spray applications.

2. Methods: Problem formulation
We consider the spreading of two monolayer disks of surfactant on an

initially flat liquid subphase with uniform height Hy (Fig. 1) and origin
at (x=0, y=0, z=0). The surfactant sources were located with their edges
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Fig. 1. Schematic of spreading simulation. Two fluid phases, a lower phase of
glycerol and an upper phase of air. The blue circles show the location of the
surfactant disks for the two disk case with the red outline on one of those disks
indicating where the disk for the one disk case is located. The horizontal red
dashed line is referred to as the centerline and the dotted vertical green line is
referred to as the midline. The diagram also shows several directionalities used
throughout the manuscript: Proximal (from the disk center along the centerline
to the midpoint), distal (from the disk center along the centerline away from the
midpoint), and orthogonal (from the disk center parallel to the midline. (For
interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

separated by a distance d and had an initial surfactant distribution
described by Equation 17 where I is the surfactant surface excess con-
centration, 'y is the maximum surface excess concentration, ry is the
initial radius of the disk, and the Cartesian coordinate system is
described by (x,y,2z). For convenience when describing the disks, r =

(x+ (d+70))* +y2.

nr

'(x,y,Hy) = Tnax (0.5cos L—} + 0.5> (r<n) €D)
0

0(r > ry)

For illustrative purposes, the initial surfactant distribution (equation (1)
and the corresponding surface pressure distribution are plotted for one
value of d in Supporting Information Figure S3. This construction
allowed the disk of surfactant to have a smooth concentration profile
(both continuous and continuously differentiable) connecting the
initially surfactant-free surface regions to the surfactant-rich disk where
the surfactant had an initial surface excess concentration I'jq, at the
center of the disk. The size of the “dish” containing the liquid was set to
rwal = d/2 + 25 ry, far enough that the edge of the domain did not
significantly affect the Marangoni spreading during the times studied,
thus minimizing extrinsic effects of dish size. This also represents the
dishes typically used to contain subphases in experimental work on the
subject. To model the one disk case, only one of the disks (located at x <
0) had surfactant in it at the initial time with the other having a surface
excess concentration of zero. Fig. 1 also describes three key directions
discussed throughout the manuscript: proximal (from one disk center



S. Iasella et al.

along the centerline toward the midpoint between the two disks), distal
(from one disk center pointing away from the other disk along the
centerline), and orthogonal (from one disk center perpendicular to the
centerline). As in previous work on a single disk’, the surface equation of
state was constructed by fitting experimental data for oleic acid on a
glycerol subphase reported by Sinz and co-workers[36] to Equation (2),
giving an empirical expression for the relationship between the surface
excess concentration and the surface tension,

2
7A< " )
Tmax
Y = Viin + Tpaxe

where y is the surface tension, yp;, is the minimum surface tension
achieved at I'mgy, Zmayx is the maximum surface pressure (Zmex = Yo —Ymin,
the reduction of surface tension achieved by the surfactant at I',qy), and
A is a fitting parameter specific to the surfactant and subphase (A =
6.125 for oleic acid on glycerol). Glycerol was chosen as the subphase, as
its viscosity is sufficiently large to dampen the capillary waves that
would otherwise be launched by the Marangoni stress[14,15], thereby
matching most of the prior theoretical literature. Although we adopt a
particular equation of state (Equation (2) and subphase, the basic fea-
tures of Marangoni spreading for a single source do not depend on the
properties of the surfactant system.[3,15,37] Thus, the general features
described here for two sources are expected to be relevant to two-source
Marangoni spreading in a variety of systems. We have made the stan-
dard assumption of microscopic reversibility, whereby the instanta-
neous local surface tension is dictated by the local surface excess
concentration according to the equilibrium equation of state at all times
during the dynamic spreading event.

The Navier-Stokes equation (Equation (3), continuity equation
(Equation (4), and surface transport equation (Equation (5) were used to
describe the transport of the glycerol subphase and a thin layer of air
above the liquid surface (set to a thickness of Hy/2, whereby the upper
boundary of the air layer was located at (Hgir = 1.5 Hp).

@

ou — —
p(a—‘:> FuVii= — VP4 V4 pg ®3)
Sa—0 )
o —
5+ V,-(Tal,_, ) = D,V,’T (5)

In Equations (3) - (5), U is the fluid velocity, u is the fluid viscosity, t is
time, P is the pressure, V is the three dimensional gradient operator, V;
is the surface gradient operator, H is the height of the interface, and D; is
the surface diffusion coefficient. As the Mach number is always below
0.1 during a spreading event, we neglected the compressibility in both
fluid phases.

Boundary conditions were defined for the bounding surfaces and the
interface between the subphase and air layers. No-slip boundary con-
ditions were imposed at the bottom of the dish and the top of the air
phase:

il.—op,, =0 6
Around the edge of the dish, a Navier slip condition was imposed at the
three-phase contact line on the container wall in order to avoid a ve-
locity discontinuity and the associated unbounded tangential force on

the wall exerted by the interface[38],

@)

Pa

s

Tpia Mwan = —

where ,,q is the unit normal vector to the container wall, ?ﬂuid is the
stress tensor for the liquid, ?ﬂuid =PI+ u (vﬁ +WT) , Pis the isotropic
pressure, Iis the identity matrix, and p is the slip length, set to 0.2
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Relement, Where Rejement is the mesh element size in the numerical solution
of the model. This allowed the stress tangential to the wall at the three-
phase contact line to be proportional to the tangential velocity of the
liquid. The contact angle of the liquid at the wall is set to 6 = 90°, though
recent work shows that this contact angle does not significantly affect
the Marangoni spreading behavior[14]. A no-flux condition was
imposed at the outer wall of the container normal to the outer wall both
for the fluids (Equation (8) and the surfactant (Equation (9):

E‘A2+.‘.2:r““”2'/ﬁwall = 0 (8)

V| )

x2+y2=ran® Tan = 0
At the fluid/air interface, continuity of velocity (Equation (10) and a
stress balance (Equation. (11)), were imposed:

10)

Utia |z:/, = Ugas {::h

n- (Tair - Tﬂuid) = gﬁ(vsﬁ) - V:U(Z

=h) 11
where 7 is the unit normal vector to the liquid surface.

The simulations were carried out with COMSOL Multiphysics 5.1
using a transient study and the two phase flow, moving mesh and gen-
eral form PDE physics modules. This approach uses the arbitrary
Lagrangian-Eulerian (ALE) finite element method to calculate the sur-
face shape and species transport by locating the surface at mesh points in
the simulation, which are allowed to change position with time. Times
ranging from 0.0001 to 2000 s were simulated, and 75 data points were
recorded within every decade of time with a relative error[39] of 10°>.
Values used for the parameters are reported in Table S1.

While most dimensionless parameters were held constant during the
simulations, the values of these parameters are useful for understanding
the broad behavior of the system (Table S2). The aspect ratio (subphase
depth/radius of the surfactant disk) was 0.4. For very small aspect ratios,
the lubrication approximation can be used to simplify the transport
equations[7,8]; however, as the value was fairly large in this case in
order to match conditions commonly used in experiments, the lubrica-
tion approximation would not be appropriate. This necessitated the use
of a simulation method such as ALE. The Peclet number (Pe = f{%ﬁ‘) was >
1, so the convective Marangoni transport would be much more impor-

tant than surfactant diffusion. The gravity parameter (G = %"Zg ywas of
order 10, indicating that recirculation flows would be expected to occur
[7,8,13] and prevent dewetting of the substrate. The Reynolds number
(Re = SI:—;’”) was < 1, so viscous forces would dominate the inertial

forces. The Marangoni number (Ma = %827"‘%') was 0.19 , so the Mar-
angoni and capillary stresses would both contribute to stresses at the
surface, with the Marangoni stresses generally exceeding capillary
stresses.

3. Results and discussion

We first present and describe snapshots of important events that
occur during spreading. Once the general behaviors of the two spreading
disks have been established, we will more carefully examine how key
properties change with direction and time. Finally, we will discuss the
difference between lateral disk translation (disks moving away from
each other) and deformation (changes in shape) as well as the effects of
the initial separation distance on the spreading behavior. Nomenclature
for directionality was indicated in Fig. 1, with additional terms
describing position defined in Figure S4.

3.1. Spreading behavior for the two-disk system

The simulation of two spreading surfactant disks was performed for
initial edge separation distances of d/r, =1, 2, 3, 4, and 5. An animation
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of the overall spreading behavior for d/r, = 2 is provided in Figure S5.
To analyze the complex behavior of the system, key properties of the
spreading event will be examined at different time points representative
of different spreading regimes with distinct characteristics. Figs. 2 - 6
show the evolution of subphase height, surface excess concentration,
and velocity fields during the spreading process. These results naturally
divide the behavior of the system into three distinct regimes: the inde-
pendent regime (Fig. 2), the interaction regime (Figs. 3 — 5), and the
quasi-one disk regime (Fig. 6). Each figure includes direct comparisons
of the surface height profile and surfactant surface excess concentration
profile for the two-disk situation with those for the one-disk situation
modeled separately at the same time point. Each of these figures were

Journal of Colloid And Interface Science 653 (2024) 807-820

generated with a separation of d/Ry = 2. However, the key trends were
similar for all separation distances tested, with larger separation dis-
tances leading to characteristic regime transitions happening at later
times, and with decreased magnitudes of the effects caused by the two-
disk interaction: consequences of two-disk interactions were progres-
sively delayed and attenuated with increasing initial disk separation
distance. The effects of initial separation distance will be summarized at
the end of the Results and Discussion section. The results will also show
how the velocity fields and subphase deformation are related and
propagate faster than the surfactant surface concentration (and corre-
sponding surface pressure) gradients that drive them.
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Fig. 2. Independent Regime, illustrated at t = 0.006 s. From top to bottom: top-down view heatmap of surface deformation (A), top down view heatmap of surface
excess concentration (B), surface deformation along the centerline (C), surface excess concentration along the centerline (D), velocity field along the centerline for
two disk case (E), and velocity field along the centerline for one disk case (F). The initial disk edge separation was d = 2.0 cm in the two-disk case. For C and D the
solid line shows the two disk case while the dashed line show the one disk case. Largest velocity arrows in panels E and F are 4.2x10° m/s.
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Fig. 3. The Interaction regime illustrated at 0.6 s. From top to bottom: top down view heatmap of surface deformation (A), top down view heatmap of surface excess
concentration (B), surface deformation along the centerline (C), surface excess concentration along the centerline (D), velocity field along the centerline for two disk
case (E), velocity field along the centerline for one disk case (F). The initial disk edge separation was d = 2.0 cm in the two-disk case. For C and D the solid line shows
the two disk case while the dashed line shows the one disk case. Largest velocity arrows in panels E and F are 1.5x10° m/s.
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Fig. 4. The Interaction regime illustrated at 30 s. From top to bottom: top down view heatmap of surface deformation (A), top down view heatmap of surface excess
concentration (B), surface deformation along the centerline (C), surface excess concentration along the centerline (D), velocity field along the centerline for two disk
case (E), velocity field along the centerline for one disk case (F). The initial disk edge separation was d = 2.0 cm in the two-disk case. For C and D the solid line shows
the two disk case while the dashed line shows the one disk case. Largest velocity arrows in panels E and F are 8.5x10° m/s.

3.1.1. The independent regime

The independent regime occurred at the earliest times, before the
two disks significantly interacted with each other. Initially, a disk of
radius 1 cm was placed at x = -2 cm (for the one-disk case) or two disks
at x = +2 cm (for the two-disk case). Heatmaps of the surface height and
surface excess concentration show distinct circles for the two disks
(Fig. 2A and B). The surface deformation defined as H-Hy (Fig. 2C) and
surface excess concentration profiles (Fig. 2D) measured along the
midline of the disks, were indistinguishable for the one- and two-disk
cases (see x < 0 region), and all disk features were symmetrical about
their centers. (See Figure S6 for corresponding surface pressure

812

distributions.) The scope of the comparisons are restricted to x <
0 because for x > 0 the mere presence of the second disk means that
there are trivial differences not related to the interaction of the Mar-
angoni sources. Marangoni spreading caused a depression in the surface
height, i.e., a negative surface deformation, in the central part of the
disk, surrounded by an outwardly moving ridge, as has been well
established in the prior literature[7,8,13]. The Marangoni ridge
(observed in Fig. 2C as the surface deformation maxima at x ~ £+3 cm
and x ~ £+1 cm) was slightly further from the center of each disk than the
surfactant front (defined as the position where the surface excess con-
centration fell below 0.01 % of I'max in Fig. 2D). The Marangoni ridge
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Fig. 5. The Interaction regime illustrated at 100 s. From top to bottom: top down view heatmap of surface deformation (A), top down view heatmap of surface excess
concentration (B), surface deformation along the centerline (C), surface excess concentration along the centerline (D), velocity field along the centerline for two disk
case (E), velocity field along the centerline for one disk case (F). The initial disk edge separation was d = 2.0 cm in the two-disk case. For C and D the solid line shows
the two disk case while the dashed line shows the one disk case. Largest velocity arrows in panels E and F are 1.3x10° m/s and 1.4x10" m/s, respectively.

advanced ahead of the surfactant front throughout the entire extent of
the simulation. The midline velocity field (Fig. 2E) showed symmetrical
outward flow around the initial disk centers (positioned at x = +2 cm)
and was similar to the flow behavior for the one disk case (Fig. 2F). The
flow behavior was consistent with the shape of the surface, as the
growing depression in the center with a surrounding ridge coincided
with a net outward flow from the initial disk location. The two-disk
situation is simply a linear combination of individual one-disk
spreading behaviors in the independent regime. This will not be true
in the subsequent regimes.

813

3.1.2. The interaction regime - maximum height at midpoint: Marangoni
ridge interaction

Whereas the independent regime yielded little symmetry breaking
around the disk center for x < 0, the interaction regime was charac-
terized by significant breaking of symmetry in the surface deformation
on the distal and proximal sides of a disk. Key behaviors are depicted
here at three distinct times within the interaction regime that are
important to the overall spreading event: when a global maximum in
suphase deformation occurred at the midpoint between the two disks
(Fig. 3, t ~ 0.6 s), when the surfactant fronts from each disk met at the
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Fig. 6. The Quasi-one disk regime illustrated at 2000 s. From top to bottom: top down view heatmap of surface deformation (A), top down view heatmap of surface
excess concentration (B), surface deformation along the centerline (C), surface excess concentration along the centerline (D), velocity field along the centerline for
two disk case (E), velocity field along the centerline for one disk case (F). The initial disk edge separation was d = 2.0 cm in the two-disk case. For C and D the solid
line shows the two disk case while the dashed line shows the one disk case.. Largest velocity arrows in panels E and F are 3.5x10® m/s and 3.3x10° m/s, respectively.
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midpoint (Fig. 4, t ~ 30 s), and when a global minimum height occurred
at the midpoint between the disks (Fig. 5, t ~ 100 s).

The maximum height at the midpoint occurred shortly after the two
Marangoni ridges collided (0.6 s) at the midpoint between the two disks,
as can be seen by the maximum deformation in Fig. 3A and C occurring
at the midpoint and deviating slightly from the one disk case. It is
important to note while the height profile reached a global maximum
here, the surfactant fronts from the two disks had yet to interact (Fig. 3B
and D) and were nearly identical to the one disk case (compare curves
for x < 0). (See Figure S6 for corresponding surface pressure distribu-
tions.) The flow profile (Fig. 3E) along the centerline exhibited the
beginning of the recirculation flows typical in Marangoni flows on deep
subphases (seen in Fig. 3E and 4F where along a vertical set of arrows,
those near the top of the subphase point away from the disk center and
those near the bottom point toward it). The flows were still largely
symmetric about the initial disk centers (x = + 2 cm). The flow fields
near each disk were still qualitatively similar to the field for the one disk
case (Fig. 4F).

3.1.3. The interaction regime - surfactant front interaction at midpoint

As time proceeded, the next major feature to arise during the inter-
action regime was when the two surfactant fronts made contact at the
midpoint (Fig. 4, t = 30 s). The edges of the surfactant front just touched
each other (extending to precisely the midpoint, x =0 cm, in Fig. 4B and
D), however, the surface excess concentration profiles were still similar
for the one disk and two disk cases: compare curves for x < 0. (See
Figure S6 for corresponding surface pressure distributions.) We define
that surfactant front interaction has occurred when the surface excess
concentration at the midpoint increases beyond 0.01 % of ['max. The
surface deformation at the midpoint, which had produced a global
maximum at the previously shown time point (Fig. 3, t = 0.6 s), had now
begun to decrease and become negative at t = 30 s (Fig. 4A and C). The
most negative surface deformations were still located near the initial
centers of the surfactant disks (at x = +2 cm). Notably, the surface
deformation at the midpoint had gone from being positive for the one
disk case, to negative for two interacting disks. As time further pro-
gressed, the difference in the deformation between the one and two disk
cases at the midpoint continued to increase. Though subtle, the proximal
and distal recirculation fields (Fig. 4E) were no longer symmetric around
the disk center. The velocity arrows at x = 0 cm were smaller in
magnitude than those at x = 4 cm because the flow near the midpoint
was impeded by the flow field generated by the second disk. The distal
recirculation flow for the two-disk case (x < -2 cm) was very similar to
the one disk case (Fig. 4F) while the proximal recirculation (-2 cm < x <
0 cm) flow showed the same subtle compression near the midpoint (x =
0 cm). As we continue forward in time these differences between the
distal originating flow field and the proximal originating flow field will
continue to increase.

3.1.4. The interaction regime - minimum height at midpoint: merging of
concentration profiles

With further progression of time, the last key feature of the inter-
action regime to develop was the appearance of a global minimum in
surface deformation at the midpoint (Fig. 5, t = 100 s). From the surface
deformation profiles, (Fig. 5A and C) the most negative deformation was
now at the midpoint between the two disks rather than the disk centers,
and the proximal and distal deformation profiles now both deviated
from the single disk case for x > -3 cm (Fig. 5A and C). The surface
concentration profiles had now begun to merge, (Fig. 5B and D) and
there was now a maximum in surface excess concentration (with a value
~ 5 % of I'pax) at the midpoint between the two disks (Fig. 5B). (See
Figure S6 for corresponding surface pressure distributions.) Comparing
Fig. 4E with 5E shows that the distal originating recirculation flow had
extended towards x = 0 cm (recirculation can be seen in the arrows at x
= -2cm), and the proximal recirculation flow had been significantly
disrupted (flow was significantly lessened in this region). Comparing the
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velocity fields for the one disk (Fig. 5F) case shows how much the
proximal recirculation flows have been weakened by the interaction of
the two opposing flow fields.

3.1.5. Quasi-one disk regime

After the interaction regime, all key features of the two disks started
to merge and behave as if they were one combined, nearly elliptical,
source, as shown in Fig. 6 for t = 2000 s. The surface distortion profiles
(Fig. 6A and C), surfactant fronts (Fig. 6B and D), and two-disk velocity
field (Fig. 6E) were all centered at the midpoint. (See Figure S6 for
corresponding surface pressure distributions.) Deformation profiles
were monotonically decreasing centered around the midpoint (Fig. 6A)
as opposed to two deformed but distinct disks that existed at earlier
times. The surfactant disks had merged into one nearly elliptical source.
The proximal originating recirculation flow had ceased and the distal
originating recirculation flow had extended all the way to the midpoint
(flow was outward near the top of the subphase and directed inward
toward the midpoint near the bottom of the subphase). In this quasi-one
disk regime, the overall flow field resembled that of the one-disk flow
field, but with an increased span along the centerline. The span of these
recirculation flows was more extensive than that generated for the one
disk case. At this point, all profiles and fields had deviated from the one
disk case, but still resembled the flow in the distal direction for x < -5
cm. The velocity fields between the one and two disk cases were nearly
identical for x < -4 cm.

To summarize, three key features characterize Marangoni spreading:
the surface deformation, the surface excess concentration (and corre-
sponding surface pressure) distribution, and the velocity field in the
subphase. The velocity fields and subphase deformation are closely
related to each other, and two disk interactions manifested at earlier
times for these properties than for the surface excess concentration
distribution that drives them. At early times, before any of the features
interact, each disk behaves as a single, independent surfactant source of
the same size. The first features to interact are the surface height
distortion profiles and the velocity fields, indicated by a maximum
distortion at the center and the deviation of the recirculation flows on
either side of the disk. At these times, recirculation flows are still
centered about the center of each disk. Eventually, the height distortion
at the midpoint begins to decrease and the surfactant fronts meet at the
midpoint, followed by the midpoint distortion achieving a minimum. At
very late times, the surface excess concentration (and corresponding
surface pressure) reaches a maximum at the midpoint and the recircu-
lation flows become centered at the midpoint between the disks. The
overall evolution of the disk shapes is consistent with the experimental
observations in Figures S1 and S2. Next, we examine the temporal and
directional dependence of key features in more detail.

3.2. Temporal evolution of spreading characteristics

3.2.1. Formation of recirculation flows at the midpoint

Flow fields in Figs. 3-6 were shown in the direction along the
centerline connecting the two disks (distal and proximal directions).
Fig. 7 shows the development of a recirculation flow in the orthogonal
direction. For the midpoint between the two disks (at x = 0, shown in
Fig. 7A-C), at early times in the interaction regime, the flow was all
outward from the midpoint (Fig. 7A) but recirculation flows had already
developed in the plane passing through the center of a disk in the
orthogonal direction for the one- and two-disk cases (at x -2 cm,
Fig. 7D for the two disks and Fig. 7G for the one disk case). Later in the
Interaction regime (t = 30 s), an orthogonal recirculation flow had
begun to develop at the midpoint (Fig. 7B) but was significantly weaker
than the flow in the orthogonal direction in the plane passing through
the center of a disk for the one- and two-disk cases (Fig. 7E and H).
Finally, even later into the interaction regime (t = 300 s) the full
recirculation flow had developed (Fig. 7C). The orthogonal recirculation
flow that developed was nearly identical to the flow in the plane passing
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Fig. 7. Flow behavior orthogonal to the centerline. The early interaction regime (0.6 s) is shown in A, D, and G. The late interaction regime (30 s) is shown in B, E,
and H, and the quasi-one disk regime (300 s) is shown in C, F, and I. The orientation and locus for each set of flowfields is designated by the corresponding diagram.
A, B, and C show the profile along the midline; D, E, and F show the profiles along the orthogonal direction at the disk center for the two disk case, and G, H, and I
show the corresponding flowfield for the one disk case. Arrows on a single subfigure are proportional the flow velocity in that subfigure but should not be compared
between subfigures. Largest arrows in each panel correspond to A: 4.1x10°° m/s, B: 3.0x10° m/s, C: 4.8x10° m/s, D: 1.5x10°° m/s, E: 8.6x10°° m/s, F: 1.4x10°° m/s,

G: 1.5x10°° m/s, H: 8.6x10° m/s, I: 1.3x10°° my/s.

through the center of a disk in the orthogonal direction in the two-disk
case (Fig. 7F) and the one that developed for the one disk case (Fig. 71).
In this way, the flow fields in the orthogonal direction at the midpoint of
the two disks at long times were similar to the orthogonal flow fields
through the center of the disk in the one disk case. The flow along the
two-disk midline evolves differently from the orthogonal flow field
centered on a disk, but recirculation flows centered on the midpoint
eventually develop that closely resemble the orthogonal recirculation
flow and the one disk recirculation flow. This sets the stage for the quasi-
one disk regime, where the flowfield behaves as if it came from a single
source centered at the midpoint.

3.2.2. Directional dependence of key properties

The discussion above presented key features at selected times; next
we examine the temporal evolution of the features in more detail with
respect to different directions. A more holistic way to understand the
effect of the second disk on the spreading of the first uses differences
between the key properties of the one- and two-disk cases, integrated
over the domain of spreading. If we limit our scope to only the left disk
(x < 0 cm) and compare the results for the one disk case and two disk
case, any differences that exist must result from the interaction with the
second disk. This is expressed as a total difference

AZ() = SVt x, 3, )’ — £33, D)’ (12)
x),2

where AE is the total difference of some chosen property, &4 is that
property value at a specified x,y, z location for the two disk case, &; g iS
the property value at the same x, y, z location for the one disk case, and
the sum is for all points in the region of interest for (x < 0 cm, y, 2). To
better show the temporal ordering and relative magnitude of the effects
of the second disk on the first, we normalize each of the total difference
quantities AZ(t) by the maximum value of the total difference across all
times and directions AZ},4x. While these normalized standard differences
are important when understanding the ordering of events as a whole (see
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section 3.2.4 below), normalized total differences can also be taken
along specific directions (proximal, orthogonal, and distal) to under-
stand how this ordering changes with direction (Fig. 8).

Fig. 8 shows the normalized total differences for the velocity
magnitude, the surface height distortion, and the surface concentration
over the course of the simulation for the initial separation d = 2 cm case
for the proximal (Fig. 8A), orthogonal (Fig. 8B) and distal (Fig. 8C) di-
rections. Each of these properties is affected differently by the second
disk. Looking first at the proximal direction, as time proceeds from the
independent regime to the interaction regime (marked by Roman nu-
meral I in Fig. 8A), the velocity magnitude total difference is the first
property to change. This change is the first significant difference be-
tween the one disk and two disk cases and defines where the transition
between the independent and interaction regime occurs. Shortly after, at
approximately t = 0.02 s, this is followed by the onset of the surface
height total difference increasing. The total velocity difference then
reaches a maximum at t = 0.6 s (at Roman numeral II in Fig. 8A), fol-
lowed shortly thereafter by a maximum in the total height difference,
both occurring at nearly the same time as the maximum height at the
midpoint (Fig. 3). Both of these total differences then quickly decrease to
relatively low values as the surfactant front interaction approaches (at
Roman numeral III in 8A, Fig. 4). A local minimum occurs in the total
height difference at this time as the surface height goes from being larger
for the two disk case (global maximum at the midpoint at Roman Nu-
meral II in 8A) to smaller for the two disk case (global minimum at the
midpoint at Roman numeral IV in 8A). During this time we also see a
local maximum in the total surface concentration difference (at ~ 3 s),
which we will later (section 3.2.3) correlate to the disks being pushed
apart by the Marangoni flow.

After the point when the surfactant fronts begin to interact (Roman
numeral ITin Fig. 8A, Fig. 3), the surface excess concentration difference
starts increasing significantly, which is associated with deformation of
the surfactant front due to the presence of the second disk. The surface
excess concentration total difference reaches a maximum as the surface
excess concentration stops increasing at the midpoint between the disks
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Fig. 8. Normalized total difference for the velocity magnitude (V), surface height (H), and surface concentration (I') over the duration of the simulation for the d = 2
cm case in the proximal (A) orthogonal (B) and distal (C) directions. Important times are denoted by the vertical lines and marked with roman numerals I) Onset of
interaction regime, II) Maximum height at the midpoint, III) Surfactant front interaction, IV) Minimum height at the midpoint, and V) Onset of the quasi-one disk
regime. The onset of the increase in a property difference is defined as when it increases above the baseline by an amount equal to 1 % of the maximum value for that
property difference.
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and starts decreasing (see Fig. 4D, 6D, and 7D), while the velocity dif-
ference has approached zero, and the surface height total difference
continues to decrease. In summary, these different properties are most
affected by the second disk at different times: first the velocity fields,
then the surface deformation, and finally the surfactant surface con-
centration. Although the timings for when these properties are affected
by the second source differ from each other, attempting to interpret this
in terms of physical cause-and-effect relations may be oversimplifying
since they are inextricably linked in the physics of the coupled transport
processes. Furthermore, while the precise timing for when surfactant
fronts interact would depend on the definition of the surface concen-
tration marking the location of the front (currently taken as 0.01 % of
I'max), the interpretation of the relative sequence of the various events
based on the total property differences AE does not depend on the
chosen threshold, and thus conclusions about the sequence of events are
robust.

Next, we compare the sequence of events in the proximal direction
(Fig. 8A) with the orthogonal (Fig. 8B) and distal (Fig. 8C) directions.
For both of these latter directions, the same temporal ordering is
observed: first the onset of a difference in velocity, then subphase height,
and finally surface concentration. However, the times when each of
these property differences become significant occur at later times than
for the proximal direction, and the onsets are closer together. This is
especially clear for the total height differences where the maximum
occurs first for the proximal direction, then the orthogonal direction,
and finally the distal direction. This corresponds as expected to the
larger distance from the second disk when considering the orthogonal
and distal directions. The property differences are mainly smallest in the
distal direction and largest in the proximal direction, although there are
some exceptions. First, for the local maximum observed in the surface
concentration difference, this maximum is larger in the distal direction
than the orthogonal direction. This is because this maximum is induced
by the disk of surfactant being moved by the Marangoni stresses that
originated from the other disk, as will be shown in section 3.2.3. This
results in a relatively large effect for the proximal and distal differences

1
Time ()

K X oK, e = e Y Ko X Ko 3 5
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as they are in the direction of the shift, but a smaller effect in the di-
rection orthogonal to the translation. Second, for the total surface con-
centration difference the largest value is for the orthogonal direction at
late times. This is a result of the surface excess concentration at the
midpoint reaching a maximum and starting to decrease again (getting
closer to the one disk case value) for the proximal direction, while
deformation of the surfactant front results in a higher concentration in
the orthogonal direction that only continues to increase (see next
section).

3.2.3. Measures of surface transport

Next, we consider the origin of the two experimentally observed
phenomena discussed in the introduction: the disks spreading apart from
one another and the disks deforming each other (Figures S1 and S2).
Fig. 9A shows the displacement of the center of mass of the left disk (x <
0), calculated as

1
= M_WZ m;x;

where xcoum is the location of the center of mass of the surfactant dis-
tribution, My, is the total mass of surfactant in the system, m; is the mass
of surfactant associated with a single area element on the interface, and
x; is the distance from the original disk center along the midline. The
center of mass displacement is xcom (t) —Xcom(to ). Across all tested initial
separation distances, two key features emerge as shown in Fig. 9: first, a
local maximum in center of mass displacement and second, a sharp in-
crease in the center of mass displacement at later times. As the initial
separation distance between the disk edges (d) is increased, all features
of the plot are delayed to later times.

The center of mass is sensitive to both translation of the disk and
deformation of the disk, so a second measurement, the circularity C is
needed to distinguish the two effects:

13)
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Fig. 9. The center of mass displacement A) and circularity B) of the left disk for d = 1, 2, 3, 4, and 5 cm. The onset of change in center of mass displacement is defined
to occur at the time point just before the displacement becomes greater than 10 pm. The onset of change in circularity is defined as when it decreases below 0.99.
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Fig. 10. Ordering of significant events in time: This includes initial increase in total velocity difference ([J) [Fig. 8], initial increase in total height difference (o)
[Fig. 8], onset of center of mass displacement (a) [Fig. 9A], initial increase in total surface concentration difference () [Fig. 8], time of surfactant front interaction

(w) [Fig. 4], and onset of change in circularity (@) [Fig. 9B].

where A is the area bounded within the surfactant front, and P is the
perimeter of the surfactant front. Circularity is 1 for a circle, and
decreasing values indicating deviation from a circle. Circularity can only
measure deformations to the surfactant disk and not translations. Fig. 9B
shows that while there was no longer a local extremum at early times as
there was in the center of mass displacement, the circularity changed
abruptly at later times that coincided with the large increase in center of
mass displacement. In all cases, the change in circularity began after the
center of mass displacement had already begun. This alignment of
temporal effects on center of mass displacement and circularity occurred
for each initial disk separation distance. This indicates that the local
maxima in center of mass displacement (Fig. 9A) are not caused by a
deformation of the disk, but instead by motion of the disks away from
each other. This manifests as an effective repulsion that results from the
Marangoni flow fields.

3.2.4. Impact of initial separation distance on overall timing of events

Fig. 10 summarizes when the key events occur, and how this timing
is affected by changing the initial disk separation distance. These events
can be separated into four main groups. Regardless of initial separation
distance, the first event is the interaction of the disk velocity fields,
followed by the distortion of the surface height profile. This is followed
by the center of mass displacement, which is closely followed in time by
the total change in the surface concentration field. Finally, the surfactant
fronts begin to interact, followed closely in time by the change in
circularity. These groupings are significantly separated in time. Trans-
lation of the surfactant disk centers of mass is directly associated with
the interacting velocity fields and precedes the direct surfactant front
interaction. The latter is more closely associated with the change in
circularity of the disks. The relative ordering of all these events remains
the same for increasing initial separation distance. The sensitivity of the
onset times to initial separation distance is significant: a five-fold in-
crease in initial distance can produce up to a two order of magnitude
delay in onset times.

4. Conclusions

Solutal Marangoni spreading from multiple sources is relevant to
many applications including spray coating and lung disease treatment.
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Here we have modeled the interaction of two spreading surfactant disks,
in order to start to bridge the gap between the single source[6,7] and
multi-source Marangoni spreading research literature[16,17]. This work
has elucidated the cause of the mutual distortion and the effective
repulsion of interacting surfactant sources previously noted in multi-
source surfactant spreading experiments.

The interaction of two Marangoni spreading sources occurs in three
distinct regimes: the independent regime in which two spreading disks
behave similarly to a single disk with no significant interaction between
them, the interaction regime where velocity fields originating from the
two disks interact and are associated with significant alterations in
surface deformation and surface concentration fields compared to
spreading from a single source, and finally the quasi-one disk regime
where the spreading fields effectively merge and exhibit spreading
characteristics that resemble those of a single source.

During the interaction regime, the presence of the second disk first
makes a noticeable change in the velocity fields and then the surface
deformation until the surface height at the midpoint between the disks
reaches a maximum. At this point, a recirculation flow has developed in
the bulk liquid centered around the initial center of the surfactant disks.
This is associated with a displacement of the disk centers of mass,
indicating the surfactant disks are being pushed apart from each other.
Eventually, the surfactant fronts touch and only then do significant
changes in the shape of the spreading disks occur.

In the quasi-one disk regime, the spreading features of the two disks
merge with a new center at the original midpoint between the two disks.
The two recirculation flows that had originated from each disk have now
merged and become centered around the midpoint between the disks
rather than the initial disk centers. All behaviors described here occur
similarly for each separation distance studied. Increasing the initial
separation distance significantly increases the onset time but preserves
the relative temporal ordering of each key event in the two-disk inter-
action. While the numerical modeling results reported here help eluci-
date the origin of visual observations in multi-source surfactant
spreading, this work should motivate future flow visualization experi-
ments[16,17] to directly test the detailed predictions of the two-source
model.
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