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Measurement uncertainty plays a critical role in the process of experimental physics. It is useful to be able to
assess student proficiency around the topic to iteratively improve instruction and student learning. For the topic
of measurement uncertainty, we developed an assessment tool called the Survey of Physics Reasoning on Un-
certainty Concepts in Experiments (SPRUCE), which aims to assess students’ knowledge, and use of, a variety
of concepts related to measurement uncertainty. This assessment includes two isomorphic questions focused on
comparing two measurements with uncertainty. One is presented numerically and the other pictorially. Despite
the questions probing identical concepts, students answer them in different ways, indicating that they rely on
distinct modes of representation to make sense of measurement uncertainty and comparisons. Specifically, stu-
dents score much higher on the pictorially represented item, which suggests possible instructional changes to
leverage students’ use of representations while working with concepts of measurement uncertainty.
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I. INTRODUCTION & BACKGROUND

All measured quantities have associated uncertainties,
making measurement uncertainty a crucial aspect of exper-
imental physics. Using measurement uncertainty correctly
is essential for interpreting measurements, presenting results,
and drawing reliable conclusions based on those results. The
Effective Practices for Physics Programs (EP3) Guide [1] also
emphasizes the significance of learning measurement uncer-
tainty techniques as taught in physics laboratories. Despite
its critical role, students frequently struggle with concepts
and practices surrounding measurement uncertainty, includ-
ing propagation of error, comparison of measurements, cal-
culating standard deviations and standard errors, and taking
several measurements to get a distribution of results, even af-
ter taking a course emphasizing these areas [2–7].

As part of efforts to improve student learning of mea-
surement uncertainty, we have developed a new research-
based assessment instrument (RBAI) called the Survey of
Physics Reasoning on Uncertainty Concepts in Experiments
(SPRUCE) [8, 9]. SPRUCE is an online assessment intended
to be utilized in a pre-post format allowing instructors to mea-
sure the impact of a course on students’ proficiency with con-
cepts and practices of measurement uncertainty. We devel-
oped SPRUCE using the framework of Evidence-Centered
Design (ECD) [10], a robust method of creating and vali-
dating an RBAI. Although validation is an ongoing project
(with a future paper in progress), SPRUCE still offers a wide
variety of insights into how students handle measurement un-
certainty. Its design provides instructors with their students’
progress along 14 dimensions referred to as Assessment Ob-
jectives (AOs) [11] after one term of a laboratory class.

AOs are “concise, specific articulations of measurable de-
sired student performances regarding concepts and/or prac-
tices targeted by the assessment [11].” AOs are similar to
course learning goals and are essentially the constructs the as-
sessment aims to measure. We developed the SPRUCE AOs
with input from introductory laboratory instructors to deter-
mine which aspects of measurement uncertainty they find im-
portant and want their students to learn in their courses [8].
These AOs then aided in writing the SPRUCE assessment
items: each item on SPRUCE addresses at least one of these
objectives. In this way, we focused the scope of SPRUCE
to topics instructors frequently deem important to their intro-
ductory laboratory courses.

Here, we examine one particular SPRUCE AO: Determine
if two measurements (with uncertainty) agree with each other.
SPRUCE has two isomorphic questions for this objective.
First, the assessment presents students with numerical mea-
surements and asks about agreement between these measure-
ments. Then, later in the assessment, with several questions
in between, a similar question appears with the data repre-
sented pictorially, as symbols with error bars. Students are
not explicitly informed about the relationship between these
two items. This allows us to probe how students are able to
compare measurements when presented with the same data
with two different representations.

TABLE I. Institutions and student responses in the dataset after re-
moving student answers for incorrect filter/nonconsent to research

Number of Institutions Institution Type Number of post responses
1 2 Year 7
1 4 Year 7
1 Master’s 39
5 PhD 617

Existing literature has explored the use of multiple repre-
sentations while students problem solve [12–16]. For exam-
ple, Kohl et al. found that students frequently view a mathe-
matical problem and a pictorial problem as ‘opposites,’ where
students consider pictorial problems as more aligned with
“concepts,” which are frequently treated distinctly from nu-
merical problems. Further, they found statistically significant
differences in performance based on different representations
of isomorphic problems on homework and quizzes. Students
tended to perform worse on problems in a mathematical or
numerical format than with problems in other formats (e.g.,
pictorial, verbal, or graphical)[12].

The work presented here aims to identify whether student
performance in comparing measurements similarly depends
on representation. To do this, we will answer the following
research questions.

• Do students respond differently to questions about
comparing measurements when presented with differ-
ent representations?

• How do students reason about comparing measure-
ments when presented with different representations?

II. METHODOLOGY
We use a mixed methods approach, as the data collection

and the analysis involve qualitative and quantitative compo-
nents. To study students’ handling of measurement uncer-
tainty, we administered SPRUCE in a pre-post online format
during the Fall 2022 semester in 12 courses at eight institu-
tions (See Table I). We received 670 valid post-instruction
responses after we removed responses from students who did
not consent to have their data used for research, did not cor-
rectly answer the filter question, or did not answer both items
of interest.

We also conducted interviews during the Fall 2022
semester. These interviews aimed to determine whether stu-
dents interpreted all of the items on SPRUCE as intended, as
well as to probe student reasoning for each answer option on
the assessment. Students were recruited from seven courses
at four institutions (2-year, Master’s and PhD granting) al-
ready participating in the administration of SPRUCE during
this semester. Each of the 27 interviews conducted lasted
approximately one hour and students were compensated for
their time. Interviewers (two of the authors) observed as stu-
dents completed SPRUCE and inquired about students’ rea-
soning for each answer selected, as well as about why they
did not select certain answer options. The interviews were
audio/video recorded for future reference. Analysis of these
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interviewsconsistedoftakingnotesduringinterviewsand
transcribingstudentquotesasneeded.
Fortheanalysis,wefocusedontheresponsestotwoiso-

morphicmultiple-responseitems,focusingonboththedifi-
culty[17,18]oftheseitemsandstudentreasoningfortheir
answerstoboth.Theirstitem,asshownintheupperhalf
ofFig.1,presentsstudentswiththeir‘own’numericaldata
(withuncertainty)forameasurementofaspringconstant;
theyarethenaskedtoselectallanswerchoicesofnumerical
data(meanswithuncertainties)thatagreewiththeirmeasure-
ment.Theseconditempresentsthesesimilardatainpictorial
form,asshowninthelowerhalfofFig.1. Forbrevity,
wewillrefertothenumericallyrepresenteditemasNRI
andthepictoriallyrepresenteditemasPRIfortheremain-
derofthispaper.Studentsreceivecreditonthesemultiple
responseitemsbyansweringwiththecombination‘ABCD’
or‘ABCDF,’basedonexpertresponses.Theuncertaintiesin
bothitemsrepresentthestandarderror;therefore,overlapor
nearoverlapoftheerrorbarsisrequiredforagreement.No
otheranswercombinationsearncredit,andnopartialcredit
isawardedfortheseitems.Notethatwechangedtheorderof
answeroptionsforthePRIforthispapertomakediscussion
oftheitemseasier.

III. RESULTS&DISCUSSION

A. Overalldificultyscores

Whilelaboratoryinstructioncommonlyfocusesonmea-
surementcomparison[8],lowscoresonbothoftheseitems
attheendofthetermindicatepersistentstudentdificulties
inhandlingcomparisonwithuncertainties.Studentsscorean
averageof(25±3)%ontheNRIandanaverageof(40±4)%
onthePRIonthepost-test,withtheerrorindicating95%con-
idenceinterval.Thesescoresindicatethat,whilenotmany
studentsansweredtheseitemscorrectly,studentsanswered
thePRIcorrectlymoreoften.WeconductedaMann-Whitney
Utest(anonparametrictestforindependentmeasures)[19]to
determineifthisrepresentssigniicantstatisticaldifference,
andfoundthep-valuefortheseitemsasp=2.1×10−8,in-
dicatingastatisticallysigniicantdifferenceinstudentperfor-
manceontheseitems.Additionally,wecalculatedtheeffect
sizetocomparethesetwoitemsusingCohen’sd[20,21],
indingd=0.31±0.05,showingamoderateeffectsize.
WealsocalculatedthePearsoncoeficienttodeterminethe

correlationbetweenthetwoitems.ThePearsoncoeficient
variesbetweenr= −1andr=1,whereamoreposi-
tivecoeficientindicatesastrongerpositivecorrelation[17].
Anythingabover≈0.30indicatesafairlysigniicantposi-
tivecorrelation.Fortheseitems,weindr=0.45±0.04,
whichshowsafairlysigniicantcorrelationinthatifastu-
dentcorrectlyansweredoneitem,theyaremorelikelyto
havecorrectlyansweredtheother.However,thecorrelation
isnotperfect(r=1):manystudentscorrectlyansweronly
oneoftheseitems.Thenumberofstudentswhoanswered
eachquestioncorrectlyispresentedinTableII.Onlyabout
halfofthestudentswhocorrectlyansweredthePRIalsocor-
rectlyansweredtheNRI,butabout75%ofthestudentswho

FIG.1.TwoIsomorphicItemsonSPRUCE.Theseitemsprobestu-
dentunderstandingofmeasurementcomparisonswithuncertainty
bypresentingthesamedataintwodifferentrepresentations-anu-
mericallyrepresenteditem(NRI)andapictoriallyrepresenteditem
(PRI).ThestudentsirstencountertheNRIandthen,afteranswer-
ingseveralunrelatedquestions,theyencounterthePRI.Notethat
theansweroptionsonthePRIareinadifferentorderwhenpre-
sentedtostudents(DAEBFCG)thanshownhere;wepresentthem
inthesameorderastheansweroptionsfortheNRIinthispaperfor
easeofunderstanding.
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correctlyansweredtheNRIalsocorrectlyansweredthePRI.
Thissuggeststhatstudentswhoareabletoreasonthrough
thenumericallypresenteddataseembetterequippedtohan-
dlethepictoriallypresenteddata,butthereverseisnottrue
onaverage.

Weturntothequalitativeinterviewdatatohelptoun-



TABLE II. Number of students who answered the NRI, PRI, or both
correctly [N = 670]; error shown as 95% confidence interval

Only NRI Only PRI Both Correct
Number of Students 38 134 131
Percent of Students 6 ± 1 20 ± 3 20 ± 3

derstand these results. During interviews, some students de-
scribe mentally switching from a numeric to a pictorial repre-
sentation easily and using this skill to solve the numeric item:

I just looked at the values and saw it – like I kind of
picture if they have that little bar with their error bars
to see if they overlap.

This student essentially converted the numeral data into pic-
torial data in their mind and then used that representation
to reason about the comparisons. Using this skill of men-
tally changing representations, they were able to answer both
items correctly. This finding is similar to ones from Kohl et
al. [12] and Weliweriya et al. [22], in which students were
often able to switch between different representations when
forming mental models of data.

B. Individual answer analysis

In addition to comparing how well students scored on each
question, we want to look at which answer options students
choose to gain more insight into student reasoning. We deter-
mined how many students selected each of the seven answer
options (due to the multiple response nature of the question,
students could select multiple options, hence we do not ex-
pect these numbers to add up to 100%). Table III shows these
data with 95% confidence intervals.

For both the PRI and the NRI, students most commonly se-
lect B, in which the means of both measurements lie within
each other’s error bars. The second most common choices
were A and D, in which the error bars of only one of the
measurements overlaps with the mean of the other measure-
ment. This shows that, frequently, students require one of the
means to be within the error bars of another measurement, as
opposed to accepting error bar overlap as agreement between
two measurements with uncertainty.

Again from Table III, many more students selected answer
option E for the NRI than the PRI; this answer option is
the only one where the two measurements definitely do not
agree. Students identify this disagreement more frequently
when presented with the data pictorially, where it is clear that
the error bars are very far from one another, rather than when
presented with this same data numerically. During interviews,
one student selected all answer options (aside from “None of
the above”) on the NRI, and said:

Honestly I would just say all of them... that’s still
at the end of the day what they got... We don’t have
enough data to say like ‘no yours are all wrong be-
cause they don’t exactly match ours’ because there are
a lot of factors that could have altered their numbers

and their uncertainty. I know that’s a very idealized
way of thinking about science.

However, this student provided expert-like reasoning regard-
ing overlap of the full range of each measurement when cor-
rectly answering the PRI, showing a clear difference in think-
ing about measurement comparison between the two repre-
sentations.

Knowing the most commonly selected answer options al-
lows us to delve further into common incorrect answer com-
binations and reasonings for these choices. Figure 2 shows a
heat map of the most common answer combinations to each
of the two questions (representing 409 of the 670 total stu-
dent answers). The diagonal represents students who chose
the same answer options for both the NRI and the PRI; the
off-diagonal elements are students who selected different an-
swers for each of these items.

FIG. 2. Heat map showing the most common answer combina-
tions for the NRI and PRI [N = 409]. Answer combinations ABCD
and ABCDF were marked as correct; no other combinations earned
credit. Diagonal elements indicate students who answered identi-
cally to both the NRI and PRI, and off-diagonal elements indicate
students who answered the items differently.

One of the more common incorrect combinations on both
items is ‘AB’ [NRI: 54/670 = (8± 2)%, PRI: 79/670 = (12±
2)%]. This incorrect response aligns with students who con-
sider their measurement more important in some sense, and
therefore believe that the other groups’ mean must be within
their own error bars in order the measurements to agree with
one another as compared to the other way around (requiring
their mean to be within the other measurement’s error bars),
as would be indicated by the selection of ‘BD’ [NRI: 45/670
= (7± 2)%, PRI: 63/670 = (9± 2)%].

For example, one student who selected only ‘AB’ on the
numeric item gave said:

For the other four groups, the uncertainties for their
values did not put them in the same range as my values
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TABLE III. Percentage of students who selected each answer option with 95% confidence interval

Numeric Representation (NRI) Percent of Students Pictorial Representation (PRI) Percent of Students
N = 670 N = 670

A. 3.71± 0.06 58 ± 4 A. 72 ± 3
B. 3.71± 0.17 66 ± 4 B. 79 ± 3
C. 3.76± 0.06 45 ± 4 C. 46 ± 4
D. 3.76± 0.17 55 ± 4 D. 69 ± 4
E. 3.91± 0.06 10 ± 2 E. 1.3 ± 0.9
F. 3.91± 0.17 15 ± 3 F. 7 ± 2
G. None of these agree with my data 6 ± 2 G. None of these agree with my data 1.5 ± 0.9

with its uncertainty so I don’t believe they agree with
my value.

In other words, when comparing numeric measurements with
uncertainty, they placed more weight on their own measure-
ment — in order for agreement to occur, the uncertainty of the
other measurement had to encompass their own mean. When
solving this problem, they only added and subtracted their un-
certainty to their own value and then selected the two answers
whose means fell within that range; they ignored the uncer-
tainties in the measurements in the answer options. However,
we note that When answering the PRI, this same student se-
lected a correct response of ‘ABCD’, and provided expert-like
reasoning. Thus, their reasoning changed with representation.

This theme of placing more importance on their own mea-
surements frequently appeared in student interviews. Occa-
sionally it was present when students provided reasoning for
the PRI, but it was more typically found in student answers to
the NRI.

Another common incorrect answer for both items is ABD
[NRI: 57/670 = (9 ± 2)%; PRI: 60/670 = (10±2)%]. In this
line of incorrect reasoning, students did not consider answer
option C to be correct, in which just the error bars overlap:
they required at least one of the means to be within the error
bars of the other measurement in order for agreement between
measurements to occur.

Student reasoning from interviews supports this interpreta-
tion. For example, one student interviewed selected ‘ABD’
on the PRI because:

Not only do a large portion of their error bars overlap,
it also contains the measurement itself,

when referring to answer option B and D. They then chose A
because:

I would include [A] because now that measurement
is included in mine, but [C] I am not sure about be-
cause... I don’t necessarily know for sure they agree.

In this example, the student did not consider answer option
C to show agreement despite the error bar overlap - instead,
they placed additional emphasis on requiring the mean to be
included in at least one of the uncertainties of the other mea-
surement.

Figure 2 also shows that very few students chose ‘ABCDF’
for the PRI [4/670, or (0.60± 0.06)%], but many more stu-
dents chose this for the NRI [the heat map shows 32 of the

35/670 = (5 ± 2)% students who chose this option]. In the
PRI, answer option F is one in which the error bars do not
overlap, but are very close to each other, showing that agree-
ment might be possible, hence why selection of F was not
considered when scoring this item – this option’s correctness
largely depends on which guidelines instructors teach stu-
dents. Additionally, interview data showed mixed reasoning
for students who selected this option.

IV. CONCLUSIONS & TAKEAWAYS
Overall, students performed better on the PRI than the NRI,

showing a more expert-like understanding of measurement
comparison when presented with a pictorial format. However,
students’ did not perform as well as desired on either item,
indicating room for improvement in teaching this important
skill to students. Only about 40% of students correctly identi-
fied whether measurements with uncertainties agree with one
another in a pictorial format, and this drops to only about
25% when presented numerically instead. Since many sci-
entific papers generally provide numbers with uncertainties
for measurements, this is a valuable skill needed in their fu-
ture scientific careers to interpret experimental results. It is
also vital for students to be able to work with many repre-
sentations of data and convert between them. This study sug-
gests that having students work with multiple representations,
and convert between them, could be beneficial for developing
expertise with measurement uncertainty and comparing mea-
surements.

In future work, we will examine pre-post gains across this
objective by examining scores prior to, and after, instruction
in introductory laboratory courses. Additionally, we will ex-
plore other research directions using SPRUCE data, such as
students’ ideas around accuracy and precision and their abil-
ity to propagate errors to obtain an uncertainty in a calculated
quantity. Finally, we will examine the alignment of student
performance on SPRUCE with a variety of variables, includ-
ing race, gender, institution type, and instructional methods.
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