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ABSTRACT. We construct conforming finite element elasticity complexes on Worsey-Farin splits
in three dimensions. Spaces for displacement, strain, stress, and the load are connected in the
elasticity complex through the differential operators representing deformation, incompatibility, and
divergence. For each of these component spaces, a corresponding finite element space on Worsey-
Farin meshes is exhibited. Unisolvent degrees of freedom are developed for these finite elements,
which also yields commuting (cochain) projections on smooth functions. A distinctive feature of
the spaces in these complexes is the lack of extrinsic supersmoothness at subsimplices of the mesh.
Notably, the complex yields the first (strongly) symmetric stress finite element with no vertex or
edge degrees of freedom in three dimensions. Moreover, the lowest order stress space uses only
piecewise linear functions which is the lowest feasible polynomial degree for the stress space.

1. INTRODUCTION

The elasticity complex, also known as the Kroner complex, can be derived from simpler complexes
by an algebraic technique called the Bernstein-Gelfand-Gelfand (BGG) resolution [5/10,11}/18]. The
utility of the BGG construction in developing and understanding stress elements for elasticity is
now well appreciated [4]. However even with this machinery, the construction of conforming, inf-sup
stable stress elements on simplicial meshes is still a notoriously challenging task [§]. It was not until
2002 that the first conforming elasticity elements were successfully constructed on two-dimensional
triangular meshes by Arnold and Winther [7]. There, they argued that degrees of freedom (“dofs”)
on vertices are necessary when using polynomial approximations on triangular elements. They in
fact constructed an entire discrete elasticity complex and showed how the last two spaces there are
relevant for discretizing the Hellinger-Reissner principle in elasticity.

Following the creation of the first two-dimensional (2D) conforming elasticity elements, the first
three-dimensional (3D) elasticity elements were constructed in |1, 2], which paved the way for many
other similar elements, as demonstrated in [24]. A natural question that arose was whether these
elements could be seen as part of an entire discrete elasticity complex, similar to what was done in
2D. Although the work in [2] laid the foundation, the task of extending it to 3D was bogged down
by complications. This is despite the clearly understood BGG procedure to arrive at an elasticity
complex of smooth function spaces,

(1.1) 0 —= RS2 0%V —<5 s 2 0*gs -, C® gV —— 0.

Here and throughout, V.=R3 M =R3>*3 R={a+bx z:a,b € R3} denotes rigid displacements,
inc = curl o7 o curl with 7 denoting the transpose, curl and divergence operators are applied row
by row on matrix fields, S = sym(M), and ¢ = sym o grad denotes the deformation operator.
The complex is exact on a 3D contractible domain. We assume throughout that our domain
Q) is contractible. To give an indication of the aforementioned complications, first note that the
techniques leading up to those summarized in [5] showed how the BGG construction can be extended
beyond smooth complexes like . For example, applying the BGG procedure to de Rham

This work was supported in part by NSF grants DMS—1913083, DMS—2245077, and DMS—-2011733.



2 S. GONG, J. GOPALAKRISHNAN, J. GUZMAN, AND M. NEILAN

complexes of Sobolev spaces H® = H?®(Q), the authors of [5] arrived at the following elasticity
complex of Sobolev spaces:

(1.2) R—So H'@V —— Hles 2 gs3gs I, gsigy —— 0.

However, one of the problems in constructing finite element subcomplexes of is the increase
of four orders of smoothness from the last space (H*™*) to the first space (H*). A search for finite
element subcomplexes of elasticity complexes with different Sobolev spaces seemed to hold more
promise [2].

It was not until 2020 that the first 3D discrete elasticity subcomplex was established in [13]. To
understand that work, it is useful to look at it from the perspective of applying the BGG procedure
to a different sequence of Sobolev spaces. Starting with a Stokes complex, lining up another de
Rham complex with different gradations of smoothness, and applying the BGG procedure, one gets

(1.3) R—S5 H2®V — Hl(inc) /2 H(div,S) 2% 2@V —— 0,

where H'(inc) = {g € H' ®S : incg € L? ® S}. The proof of exactness of is described in
more detail in [28, p. 38-40]. The key innovation in [13] was the construction of two sequences of
finite element spaces on which this BGG argument can be replicated at the discrete level, resulting
in a fully discrete subcomplex of . These new finite element sequences were inspired by
the “smoother” discrete de Rham complexes (smoother than the classical Nédélec spaces [29])
recently being produced in a variety of settings [14,15,[19L21,22]. Specifically, the 3D discrete sub-
complex of in |13] was built on meshes of Alfeld splits, a particular type of macro element.
Soon after the results of [13] were publicized, Chen and Huang [12] obtained another 3D discrete
elasticity sequence on general triangulations. There, they produced a finite element subcomplex
of another exact sequence obtained from by replacing H2 ® V and H'(inc) with H! ® V and
H(inc) = {g € L? ® S : incg € L? ® S}, respectively. A related work is [11], where several finite
element elasticity complexes are constructed with various smoothness. The BGG construction was
also applied to obtain discrete tensor product spaces in [9).

In this paper, we apply the methodology presented in [13] to construct a new discrete elasticity
sequence on Worsey-Farin splits [30]. One of the expected benefits of using triangulations of
macroelements is the potential reduction of polynomial degree and the potential escape from the
unavoidability 2] of vertex degrees of freedom in stress elements. We will see that Worsey-Farin
splits offer structures where these benefits can be reaped easier than on Alfeld splits. Unlike Afleld
splits, which divide each tetrahedron into four sub-tetrahedra, Worsey-Farin triangulations split
each tetrahedron into twelve sub-tetrahedra. Using the Worsey-Farin split, we are able to reduce
the polynomial degree. Previous works have used either quadratics [13] or quartics [12] as the
lowest polynomial order for the stress spaces. However, our approach results in stress spaces that
are piecewise linear stress elements, which is the lowest possible polynomial degree. Furthermore,
it results in the first 3D symmetric conforming stress finite element without edge and vertex dofs.
This is comparable to the 2D elasticity element without vertex dofs constructed in [3,23,25]. Note
that discrete symmetric stress spaces without vertex or edge dofs have also been constructed in [17]
using a virtual element methodology. Moreover, following the work of Hu and Zhang [24], Gong et
al. [20] gave an inf-sup stable elasticity solver without explicitly imposing vertex continuity on the
stress space. However, degrees of freedom are not provided for the stress space. One other notable
feature of our Worsey-Farin elements is the lack of extrinsic supersmoothness, i.e., our dofs do not
impose more smoothness than what is intrinsic to Worsey-Farin splits. In contrast, the dofs of the
discrete elements in [13] on Alfeld splits impose additional extrinsic supersmoothness.
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Although we have the framework in [13] to guide the construction of the discrete complex on
Worsey-Farin splits, as we shall see, we face significant new difficulties peculiar to Worsey-Farin
splits. The most troublesome of these arises in the construction of dofs and corresponding com-
muting projections. Unlike Alfeld splits, Worsey-Farin triangulations induce a Clough-Tocher split
on each face of the original, unrefined triangulation. As a result, discrete 2D elasticity complexes
with respect to Clough-Tocher splits play an essential role in our construction and proofs. These
2D complexes are more complicated than their analogues on Alfeld splits (where the faces are not
split). The resulting difficulties are most evident in the design of dofs for the space before the
stress space (named U} later) in the complex, as we shall see in Lemma

The paper is organized as follows. In the next section, we present the main framework to
construct the elasticity sequence, define the construction of Worsey-Farin splits, and state the
definitions and notation used throughout the paper. Section [3| gives useful de Rham sequences
and elasticity sequences on Clough-Tocher splits. Section [4] gives the construction of the discrete
elasticity sequence locally on Worsey-Farin splits with the dimensions of each spaces involved.
This leads to our main contribution in Section [5| where we present the degrees of freedom of the
discrete spaces in the elasticity sequence with commuting projections. We finish the paper with
the analogous global discrete elasticity sequence in Section [7]and state some conclusions and future
directions in Section Bl

2. PRELIMINARIES

2.1. A derived complex from two complexes. Our strategy to obtain an elasticity sequence
uses the framework in [5] and utilizes two auxiliary de Rham complexes. In particular, we will use
a simplified version of their results found in |13].

Suppose A;, B; are Banach spaces, r; : A; — Ai11, ti : B; — Biy1, and s; : B; — A;4q are
bounded linear operators such that the following diagram commutes:

Ao T0 N Al T1 A2 T2 A3
(2.1 P A
By —» B, -+ B, —2 B4

The following recipe for a derived complex, borrowed from [13, Proposition 2.3], guides the gathering
of ingredients for our construction of the elasticity complex on Worsey-Farin splits.

Proposition 2.1. Suppose s1 : B1 — As is a bijection.

(1) If A; and B; are exact sequences and the diagram (2.1) commutes, then the following is an
exact sequence:

AO [7’0 50} t105;10T1 [?;] |:A3:|
2.2 A B .
( ) |:BO:| 1 2 Bs
Ag 52 As .
Here the operators [ro so) : By — A7 and ty : By — Bs are defined, respectively, as

al s2|,  |s2b
[ro 20] [b] = roa + zgb, |:t2:| b= [th} .

(2) For the surjectivity of the last map in (2.2)), namely [fg], it is sufficient that ro and to are
surjective, t1 oto = 0, and sot1 = ro87.
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2.2. Construction of Worsey-Farin Splits. For a set of simplices S, we use A;(S) to denote
the set of s-dimensional simplices (s-simplices for short) in S. If S is a simplicial triangulation of
a domain D with boundary, then Al(S) denotes the subset of A(S) that does not belong to the
boundary of the domain. If S is a simplex, then we use the convention A4(S) = As({S}). For a
non-negative integer r, we use P,(S) to denote the space of polynomials of degree < r on S, and
we define

Po(S) = [[ Pr(S), L3(D) = {q € L*(D): / g dz =0},
Ses D

Let 2 C R3 be a contractible polyhedral domain, and let {7;,} be a family of shape-regular and
simplicial triangulations of 2. The Worsey-Farin refinement of 7, denoted by f , is obtained by
splitting each T € T, by the following two steps (cf. [22, Section 2] and Figure :

(1) Connect the incenter zr of T to its (four) vertices.
(2) For each face F' of T choose my € int(F'). We then connect my to the three vertices of F

and to the incenter zp.

Note that the first step is an Alfeld-type refinement of 7' with respect to the incenter [13]. We
denote the local mesh of the Alfeld-type refinement by 7%, which consists of four tetrahedra. The
choice of the point my in the second step needs to follow specific rules: for each interior face
F =T NTy with Ty, Ty € Ty, let mp = LN F where L = [z, z15], the line segment connecting
the incenters of T} and Tb; for a boundary face F with F = T N 0Q with T € Ty, let my be the
barycenter of F. The fact that such a my exists is established in [26, Lemma 16.24].

For T € Ty, we denote by T%f the local Worsey-Farin mesh induced by the global refinement
7;:'”8 , 1.e.,

™ ={KeT" : KcT)}.

For any face F' € Ay(Ty), the refinement 77;”" induces a Clough-Tocher triangulation of F', i.e., a
two-dimensional triangulation consisting of three triangles, each having the common vertex my; we
denote this set of three triangles by F'“; see Figure We then define

E(TY) = {e e AL(F): for all F € AS(T;)}

to be the set of all interior edges of the Clough-Tocher refinements in the global mesh.

For a tetrahedron T' € T, and face F' € Ao(T'), we denote by np := n| the outward unit normal
of OT restricted to F. Consider the triangulation F* of F' with three triangles labeled as Q;,
1=1,2,3. Let e = 0Q1 N OQ>2 and t. be the unit vector tangent to e pointing away from m;. Then
the jump of p € P.(T™f) across e is defined as

[ple = (plg, — plQ,)se;

where s = ny X t. is a unit vector orthogonal to t. and np. In addition, let f be the internal
face of T/ that has e as an edge. Now let ny be a unit-normal to f and set £, = ny x t. to be a
tangential unit vector on the internal face f.

Let T1 and 75 be two adjacent tetrahedra in 7 that share a face F', and let Q;, i = 1,2, 3 denote
three triangles in the set F°'. Let e = Q1 N 0Q2, and for a piecewise smooth function defined on
Ty U Ty, we define

(23) ee(p) = p|3T1ﬁQ1 - p|8TlﬁQ2 +p|aTgﬂQ2 - p‘aszle on e.
Note that 6.(p) = 0 if and only if [p|7,]e = [pIn]e-



DISCRETE ELASTICITY EXACT SEQUENCES ON WORSEY-FARIN SPLITS 5

Fct

X 1 X
(B) Alfeld refinement and
(A) A representation of F° and Worsey-Farin refinement (local) (c) Worsey-Farin refinement
AL(Fet) (indicated in blue). indicated in red (global)

FiGure 1. The Worsey-Farin Splits

2.3. Differential identities involving matrix and vector fields. We adopt the notation used
in . Let F' € Ay(T), and recall ny is the unit normal vector pointing out of 7. Fix two tangent
vectors t1, to such that the ordered set (b1, b2, b3) = (t1,t2,nr) is an orthonormal right-handed basis

of R3. Any matrix field u : T — R3*3 can be written as Zf’ =1 uijbib;- with scalar components

wij : T — R. Let upp = nfuny and trpu = 2?21 thut;. With s € R3, let

2 2

2
(2.4) Upp = Z uijtit’, Ups = Z(s'uti)t;, Usp = Z(t;us)ti,.

1,j=1 i=1 =1

Equivalently, upp = Qu@, ups = s'u@, and usp = Qus, where P = nyn), and @ = I — P. Next, for
scalar-valued (component) functions ¢, w;, ¢; and u;;, we write the standard surface operators as

grad,¢ = (O d)t1 + (01, )12, grad,(wity + wata) = t1(grad ;w1)' + ta(grad pws)’,
rotpg = (O, ¢)t1 — (O, @)t2, rotp(qith + qaty) = t1(rotrqr)’ + ta(rotrga)’,
curlp(wity + wate) = Oy wa — O, wi, curly upe =t curlp(upy, ) + th curlp(upe, ),
divp(wity + wats) = Oy wy + Oy, we, divpupe = t) dive(upy ) + th dive(ups, )’

These operators are defined such that they are consistent with the conventions in . In particular,
we define roty, such that the resulting operator airy, mimics the three-dimensional operator, inc.
For a vector function v, denote vy = QU = np X (v X ng). It is easy to see that

ny - curlv = curl vy, (grad v)mr = grad vp,
(2.5) . .
np X rotp¢ = grad ¢, divoy = divepvg.
2
Definition 2.2. For a tangential vector function v on the face F' € Ay(T), write v = > v;t; with
i=1

v; = v - t;. We define the orthogonal complement of v as

’UL == ’U2t1 — U1t2.
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Using this definition and the standard surface operators introduced above, it is easy to see the
following identities:

(2.6) diveot = curlpv, vt te=v-S., v-=0vXng.
We also define the space of rigid body displacements within R? and the face F:
(2.7) R={a+bxz:a,bcR}
(2.8) R(F) = {at; + bta + c((z - t1)ta — (x - t2)t1) : a,b,c € R}.
Definition 2.3. Set V = R3, and My, = RF*¥k,
(1) The skew-symmetric operator skw : Mgxr — Mgy, and the symmetric operator sym :
My — Mgy are defined as follows: for any M € Mgy,

skw (M) = %(M _ M) sym(M) = %(M + M),

Denote the range of skw and sym as Ky = skw(Mpyx) and Sy, = sym(Myxx), respectively.
(2) Define the operator Z : Mizy3 — Msyx3 by EM = M’ — tr(M)IL, where I is the 3 x 3 identity
matrix.

(3) The three-dimensional symmetric gradient and incompatibility operators are given, respec-
tively, by:
e =symgrad, inc = curl(curl)’.

(4) The operators mskw : V — K3 and vskw : M35 — V are given by

(% 0 —vV3 V2
mskw [vo | = | w3 0 —-wv], vskw := mskw ~! o skw.
V3 —V2 V1 0

(5) The two-dimensional surface differential operators on a face F' are given by
ep = symgrad,, airy, = rotp(roty)’, incp := curlg(curlp)’.

(6) The two-dimensional skew operator defined on either a scalar or matrix-valued function is
defined, respectively, as

0 u U u
skew u = ; skew - U9l — UL.
—u 0 U21 U222

(7) The transpose operator 7 is defined as: 7u = u/.

It is simple to see that = is invertible with =~1M = M’ — %tr(M)]I. Furthermore, the following
identities hold:

(2.9a) div E = 2vskw curl,

(2.9b) Egrad = —curl mskw,

(2.9¢) curl 2 teurl mskw = —curl 271 2grad = —curl grad = 0,

(2.9d) 2 vskw curl 2~ curl = divE=E"'curl = divecurl =0,

(2.9¢) tr(curlsym) = 0, curl 2~ 'curlsym = curl(curl sym)’ = inc sym.
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On a two-dimensional face F', there also holds

(2.10a) divy airy, = divproty 7 (rotz) = 0,
(2.10b) incp sym = incp, incpep = curly 7 curle grad, = 0,
(2.10c) curly skew = 7 grad,..

The following lemma states additional identities used throughout the paper. Its proof is found
in |13, Lemma 5.7].

Lemma 2.4. For a sufficiently smooth matriz-valued function u,
(2.11a) s’ (curlu) np = curlp(ups)’, for any s € R3,
(2.11b) [(curlu)’] L T

If in addition u is symmetric, then

(2.11¢) (inc u)pp = INCp Upp,

(2.11d) (incw) pn, = curly [(curlu)’]

(2.11e) trpcurlu = — curlp(up,)' .

For a sufficiently smooth vector-valued function v,

(2.11f) 2(curle(v)) = grad curl v,

(2.11g) 2 [(curle(v))'] ,,, = grad,(curlv)r,

(2.11h) curlv = ng(curlg vg) + rotp(v - ng) + np X Oy,
(2.11i) 2[e(V)]nr = 2[e(0)pn)’ = grad (v - ng) + Opvp,
(2.11j) trp(rotpvl) = curl pvp.

2.4. Hilbert spaces. We summarize the definitions of Hilbert spaces which we use to define the
discrete spaces. For any T' € T, we commonly use (-) to denote the corresponding spaces with
vanishing traces; see the following two examples:

o o

H(div,T) :={v € H(div,T) : v-nlgr =0}, H(curl,T):={v e H(curl,T) : v X n|sgr = 0}.
In addition, for any face F' € Ay(T) with T € Ty, we define the following spaces by using surface
operators in Section [2.3}

H(divy, F) := {v € [L*(F)]? : divpv € L*(F)}, H(divy, F) := {v € H(divy, F) : v - s|gp = 0},
H(curly, F) = {v € [L*(F)]? : cutlpv € L*(F)}, H(curly, F) := {v € H(curly, F) : v - t|gp = 0},
H(grad,, F) := {v € L*(F) : gradpv € L*(F)}, H(grad,, F) := {v € H(grad,, F) : v|pp = 0},

where s denotes the outward unit normal of OF and t denotes the unit tangential of OF.

3. DISCRETE COMPLEXES ON CLOUGH-TOCHER SPLITS

Recall a Worsey-Farin split of a tetrahedron induces a Clough-Tocher split on each of its faces. As
a result, to construct degrees of freedom and commuting projections for discrete three-dimensional
elasticity complexes on Worsey-Farin splits, we first derive two-dimensional discrete elasticity com-
plexes on Clough-Tocher splits. Throughout this section, F' € Ay(Ty) is a face of the (unrefined)
triangulation 7j, and F° denotes its Clough-Tocher refinement with respect to the split point mp
(arising from the Worsey-Farin refinement of 7y,).
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3.1. de Rham complexes. As an intermediate step to derive elasticity complexes on F, we first
state several discrete de Rham complexes with various levels of smoothness. First, we define the
Nédélec spaces (without and with boundary conditions) on the Clough—Tocher split:

Vi (F) = {v € H(divy, F) s vlg € [Po(r), 7 € U}, Vi o(F) = Vi, ,(F*") 0 H(div,., F)

Vi (F) = {v € H(cwtly, F) s v|; € [Po(7)]?, 7 € F}, ﬁiurl,r(FCt) = Vot (FY) N H(curly, F),
VZ(F®) .= {v e L*(F) :v|, € Py(1),7 € F}, f/f(Fct) = V2(F) N Li(F),

and the Lagrange spaces,

XO(Fet) := VA(F) N H(grad,., F), X, (F) := X2(F) N H (grad,, F),
XL(F) = [XUF)P2, X (F°) = X (F)]2,
X2(Fe) = XO(F), X (FY) = X, (F) N L3(F).

Note that superscripts in the notation for the spaces refer to the order of the corresponding differ-
ential forms.
Finally, we define the (smooth) piecewise polynomial subspaces with C'! continuity.

SUF) = {v e XAF™) : grad, v e X!, (F))},
SPF) = fo € XA(F) : grad, v e X, (F)},
RUF) .= {v € SYFY) : v|pp = 0}.

The first space SY(F") is the so-called Hsieh-Clough-Tocher C! finite element space [16]. Several
combinations of these spaces form exact sequences, as summarized in the following theorem.

Theorem 3.1. Let r > 3. The following sequences are exact [6,/19)].

grad p curlp
(3.1a) R — XU(F) — Vo1 (F) — VI,(F) — 0,
grad g curlp
(3.1b) R — SY(F) — Xi_ (F) — V2,(F) — 0,
) gradp 4 curlp o
(31C) 0— XT(FCt) — chrl,r—l(FCt) E— VT—Z(FCt) E— 07
.0 gradp 1 curlp 9
(3.1d) 0 — S, (F) — X,_{(F®) — V, 5(F*) — 0.

Theorem [3.1] has an alternate form that follows from a rotation of the coordinate axes, where
the operators grady and curly are replaced by roty and divr, respectively.

Corollary 3.2. Let r > 3. The following sequences are exact [0,/19].

(3.2a) R — XO(F) ! (F°) U (F") — 0

e r div,r—1 r—2 ’
0 ct rotp 1 ct dive 2 ct

(3.2b) R — S (F) — X (F) — V2o(F") — 0,
o rot o div o

(3.2¢) 0 — XO(F) —5 Vot (F) — Vo,(F) — 0,
) ot rotp o1 ot divp ) ot

(3.2d) 0— S, (F%") — X,_{(F%) — V. 5(F®) — 0.
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3.2. Elasticity complexes. In order to construct elasticity sequences in three dimensions, we
need some elasticity complexes on the two-dimensional Clough-Tocher splits. The main results of
this section are very similar to the ones found [15] (with spaces slightly different) and can be proved
with the techniques there. However, to be self-contained, we provide the proof of the main result,
Theorem in an appendix. Let Vo denote the plane n'- where n is a unit normal to F°; clearly
Vy is isomorphic to R?. Then the two-dimensional elasticity complexes utilize these:

(3.3a) Qiner(F) = {0 € Xu(FY) @ Vy : curlev € Vg, 1 (F)),
(3.3b) Qi (FY) 1= {sym(u) : u € Qi (F)},

(3.3¢) Qr(F) :={u € Vi, .(F*) ® V3 : skew(u) = 0},

(3.3q) Qu(F) = {u e XLF™) @ Vy : skew(u) = 0} C QL(F),
(3.3¢) Qr(F) = {u € VAF®) :u L Pi(F)}.

We further let Q;- be the subspace of QL(F) that is L?(F)-orthogonal to Qi (F°*). We then have
QHE) = Qf & Qu(F™), and

(3.4) dim QF = dim Q1 (F*) — dim Q. (F°).

Lemma 3.3 (Lemma 5.8 in [13]). Let u be a sufficiently smooth matriz-valued function, and let ¢
be a smooth scalar-valued function. Then there holds the following integration-by-parts identity:

(3.5) /F (incp 1) 6 = /F u: airy . (6) + /6 (el wtods + / ut - (ot 8)'.

oF

1
inc,r—1 (

Consequently, if u € Q F°*) is symmetric and ¢ € P1(F), then [p(incpu)$ = 0.

The next theorem is the main result of this section, where exact local discrete elasticity complexes
are presented on Clough-Tocher splits. Its proof is given in Appendix [A]

Theorem 3.4. Let r > 3. The following elasticity sequences are exact.

o 1l,s

o £ inc o

(3.6) 00— S (FY @V, — Que (F) — Qr_y(F) — 0,
c 0 ct airyF 1 ct dive 2 ct

(3.7) PLF) — SUF) —5 QLy(F) — V2, (F) @V, —> 0.

3.3. Dimension counts. We summarize the dimension counts of the discrete spaces on the Clough-
Tocher split in Table [T]which will be used in the construction elasticity complex in three dimensions.
These dimensions are mostly found in [22] and follow from Theorem and the rank-nullity theo-
rem. Likewise, the dimension of QL(F) follows from Theorem

4. LOCAL DISCRETE SEQUENCES ON WORSEY-FARIN SPLITS

4.1. de Rham complexes. Similar to the two-dimensional setting in Section [3] the starting point
to construct discrete 3D elasticity complexes are the de Rham complexes consisting of piecewise
polynomial spaces. The Nédélec spaces with respect to the local Worsey-Farin split 7%/ are given
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TABLE 1. Dimension counts of the canonical (two—dimensional) Nédélec, Lagrange,
and smooth spaces with respect to the Clough-Tocher split. Here, dim V}  (F) =

1 tY —. 1 1/ et
dim Vo (F) = dim V' (F)
k=0 k=1 k=2

dlmvk(FC ) — 3(r+1)2 Ir+1D(r+2)
dlmVT(FCt) — 3r(r+1) %(7‘4—1)(7"4—2) -1
dim XE(Fet) 1(3r2+3r+2) 3r2 4 3r +2 1(3r2+3r+2)
dlmX]:(F“) 1(3r2 —3r+2) 3r2 —3r+2 r(r—1)
dlmSk(FCt) 3(r2—r+2) — —
dim RE(F<) | 3(r —1)(r —2) [27) — —
dim Q{f(FCt ) — 2(3r2 +5r +2) —

VITUT) o= [P (TP A H(ewl, T), V(T = VT 0 H(cwl, T),
V2T = [P(T%))? N H(div, T), V(T .= V(T n H(div, T),

V3T = P (T™7), Vo (T = v3(TY N L3(T).

T

The Lagrange spaces on T/ are defined by

XAT) = P (T VHNT),  XT) = XTI N H (T,
X" ) = (X, X (1) i= (X, ()P,
X2(T) = XN(T™T), X (T ) = X, (T,
and the discrete spaces with additional smoothness are
SUTF) i= {u € XUT™) : gradu € X!_, (T"7)},
S (wa) ={ue X rgradu € )0(1, (TN},

(T7)
SHTwTy = {u e XL (T : curlu € XL, (T
SHTYY = {u € Xo(T®F) : curlu € Xo_y (TF)}.
We also define the intermediate spaces
VA1) .= {v e VA(T") : v x n|p is continuous on each F € Ay(T)},
VATUF) = {v € VAT
ATy = {q eV}

V2= V3T LA(T).

(T%) :v-n|p =0 on each F € Ay(T)},
(T"7) : g|F is continuous on each F € Ay(T)},
and note that
SO(Tl)y & XUT), SHTI) € XL(TI) € VAT,
X2(Tuf) C VATl € VAT, VETed) ¢ V3T,

with similar inclusions holding for the analogous spaces with boundary conditions.
The next lemma summarizes the exactness properties of several (local) complexes using these
spaces. Its proof is found in |22, Theorem 3.1-3.2].
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Lemma 4.1. The following sequences are exact for any r > 3.

(4.1a) R S XUTY) B vl (1) S v2 1) B vE (1) o,
(4.1b) 0 = Xo(rwfy 22yl pefy b 2 pedy S50 eefy g,
(4.1c) R S SO(Te) B2 X1 (1) S v, (1) B vB (1) o,
(4.1d) 0 — Sy B2 ) (efy 2 P2 refy B 0 ey o,
(4.1¢) R S SO(Twfy 229 gt (pefy b w2 pefy &Yy pefy g,
(4.1f) 0— 80(rwsy B2 g1 (pwsy el )2 redy B 00 ey o,

4.2. Dimension counts. The dimensions of the spaces in Section are summarized in Table
These counts essentially from Lemma and the rank-nullity theorem; see [22] for details.

TABLE 2. Dimension counts of the canonical Nédélec, Lagrange spaces and
smoother spaces on a WF split. Here a™ = max(a, 0).

E=0 E=1 k=2 k=3

VE(@weT) @r+D)(EZ+r+1) 2(r +1)(3r% + 61 + 4) 3r+1D)(r+2)2r+3) 20+ 1)(r+2)(r+3)
\”/f (Twf) @2r—-1@2—-r+1) 2(r +1)(3r2 +1) 3r+D(r+2)2r+1)  2r3+12r2 +22r +11
XE(Twf) @r+1)E2+r+1) 32r+1)(r2 +r+1) 32r +)(r2 +7r+1) @Qr+1)@E2+r+1)
>°<f(wa) @2r—-1)@E2—-r+1) 32r —)(r2 —r+1) 32r —1)(r2 —r+1) (r—1)(2r2 —r+2)
VE(wr) — — 6r3 + 2172 + 9r + 2 2r3 +12¢2 +10r + 3
Sk(Twr) 273 — 6r2 4+ 10r — 2 3r(2r2 — 3r +5) 613 + 8r + 2 Qr+1D)(F2+r4+1)
Srefy | -2 -3)r-2)" BEr-r-2r-3)" Q@r-2)Br2-6r+4)"  (r-D@2-r+2)

4.3. Elasticity complex for stresses with weakly imposed symmetry. In this section we
will apply Proposition to the de-Rham sequences on Worsey-Farin splits. This gives rise to
a derived complex useful for analyzing mixed methods for elasticity with weakly imposed stress
symmetry. From this intermediate step, an elasticity sequence with strong symmetry will readily
follow. We start with the following definition and lemma.

Definition 4.2. Let p € )o((l)(T“’f ) be the unique continuous, piecewise linear polynomial that
vanishes on 07 and takes the value 1 at the incenter of T'.
Lemma 4.3.
(1) The map Z : XL(T*) @ V = X2(T"f) @V is a bijection.
(2) The following inclusions hold vskw (V2 o(T*") @ V) C V3 o(T%) @V and
vskw (lo)i,g(wa) ®@V) C V2 (T ®V, for any r > 3.
(8) The mappings vskw : V2 ,(T*) @V — V2 ,(T%) ® V and vskw : f)i,Q(wa) ®V —
VE_Q(T“’f) ® YV are both surjective, for any r > 3.
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Proof. Both (1) and (2) are trivial to verify and hence we only prove (3). For any r > 3, let
v € V3,(T%) ® V. By the exactness of (#.1¢), there exists a function z € X2 ,(T%/) ® V
such that divz = v. Since Z is a bijection from X! ,(T%) @ V to X2_,(T%/) ® V, we have
q=E"12e X! ,(T*)®V. Thus, by setting w = curlq € V2 ,(T"/) ® V we obtain

2vskw(w) = 2vskw curl (q) = 2vskw curl (2712) = divE(E™2) = v,
where we used (2.9a). We conclude vskw : V2 ,(T%/) @ V — V3 ,(T%/) ® V is a surjection.

We now prove the analogous result with boundary condition. Let v € V3 ,(T%/) ® V, and let
M € M3x3 be a constant matrix such that fT 2vskw M = %fTU Then, by taking w = uM, we
have @ € Vl(wa) ®V with [, 2vskw @ = [, v. Therefore, we have v —2 vskw(w) € V,. (TN @V
and the exactness of ([4.1f)) yields the existence of z € XT_l(T @V, such that div z = v—2vskw ().
Let g = =712 € )o(i,l(T“’f) ® V, and from (4.1d)), we have w := curl(q) + w € f/i,Q(T“’f) ® V.
Finally, using ([2.9a)

2vskw(w) = 2vskw curl (27'2) + 2vskw (@) = div 2 4 2vskw(@) = v.

This shows the surjectivity of vskw : f)f_Q(wa) ®V — V3 ,(T%) @V, thus completing the
proof. O

Using the complexes (|4.1¢ - - and the two identities ([2.9a -, we construct the following
commuting diagrams:

rad cur iv
SO (TN eV 225 SHTUH eV —Ms X2 (T eV~ V2 (T*)aV — 0

(4.2) AW / %

AT eV 29, X1 (T eV <, v2 ,(1wh)ev v, v3  (Tuh)eVv — o,
(N ev £, gl rel)gy i, 5C (rul)ey v, vsruley L g

(43) Aw / %v

SN ey £ X! (rehev < Y (rehey Y, 7P el ey — 0.

Note that the top sequence of (4.3)) is slightly different from (4.1f), as the mean-value constraint
is not imposed on V,_o(T™f) ® V. This is due to the surjective property of the mapping vskw :

()}i,Q(T“’f) ®V) = V3 ,(T") @ V established in Lemma

Theorem 4.4. The following sequences are exact for any r > 3:

(4.4)
- 2vskw r
ST,Jrl (wa) ®V| [grad,—mskw] g wf curl 2~ tcurl 2 wf [ div ] ‘/r372(wa) QV
(4.5)
30 (wa) & V_ [grad —mSkW] o1 curl 2= tcurl  »,2 [2\(?11\5“]] _V3 2(wa) ® \Y
ril Jgrad mmelw], g (pufy gy calETeurl, )2 pufy gy by
S (T @ V) | V(T eV

Moreover, the last operator in (4.4)) is surjective.
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Proof. Lemma tells us that = : X! (T%) @V = X2_,(T%) @ V is a bijection. With the

exactness of (4.1c)-(4.1]) for » > 3 and Proposmon -, we see that these two sequences are exact.
The surjectivity of the last map is guaranteed by Proposition [2.1) and Lemma ]

4.4. Elasticity sequence. Now we are ready to describe the local discrete elasticity sequence on
Worsey-Farin splits. The discrete elasticity complexes with strong symmetry are formed by the
following spaces:

Ul () = S () o v, ﬁg—&-l(wa) = §S+1(wa) ®V,

UNT"T) = {sym(u) : u € SHT") @ V}, U(T%F) = {sym(u) : u € 5,(T") © V},

U2 (T = {u e V2, (T @V : skwu = 0}, f]i_Q(wa) ={ue 10272"_2(wa) @V :skwu =0},
U2 4(T) = V3 (1) 0 V, Uy 5(T) = {ue V2 4(T") @V :u LR},

where we recall R, defined in (2.7)), is the space of rigid body displacements.

Theorem 4.5. The following two sequences are discrete elasticity complexes and are exact for
r>3:

(4.6) R — UL (TF) 5 UL Ty 2% v y(1F) 5 U3 y(1vf) — 0,
and
(4.7) 0— U, (1) S T ery 28 07y 25 70 (1) = 0.

Proof. We first show that is a complex. In order to do this, it suffices to show the operators
map the space they are acting on into the subsequent space. To this end, let u € UP +1(T“’f ),
then by we have grad (u) € SHT%/) ® V. Hence, e(u) = symgrad (u) € UNT™F). Now
let u € Ul(wa) which irnplies that u = sym(w) with w € SHT%/) ® V. Thus by we
have curl 2~ tcurlu = curl 2~ teurlw € V2 ,(T%) ® V and skw(u) = 0 due to (2.9d)). Therefore,
there holds curl = lcurl (u) € U2, (wa). Finally, for any u € U2 (T%/) c V2 (T*)®V,
divu € V3 ,(T*) @ V.

Next, we prove exactness of the complex (4.6). Let w € U 3 (T*/) and consider (0,w) €
V3 ,(T%) @ V] x [V3 5(T*F) ® V]. Due to the exactness of in Theorem [4.4 . there exists
v € V2, (T%) ®V such that divv = w and 2vskw(v) = 0. Thus v e U2 ,(TY).

Now let w € U2 ,(T™/) with divw = 0. Then by the exactness of ., we have the existence
of v € SHT™f) ® V such that curlZ~'curlv = w. Setting u = sym(v) € U}(T*7) yields incu = w
by 2.99).

Finally, let w € UNT™/) with incw = 0. Then w = sym(v) for some v € SH(T/) ® V and with
, curl 2 tcurlv = curl 2 'curlw = 0. Due to the exactness of , we could find (u,z) €
[SO+1(wa) ® V] x [SY(T*/) ® V] such that v = grad u — mskw (z). Therefore, £(u) = sym(v) = w.

We can prove that is a complex and it is exact very similar to above. The main difference
is the surjectivity of the last map which we prove now. Let w € ﬁi_g(wa) C 10/3_3 ® V. Then by

)
the exactness of (4.1d)), there exists v € V,_o(T%/) ® V such that divv = w. For any ¢ € R? we
have grad (¢ X ) = mskw ¢ and hence, using integration by parts

/2vskwv-c:/v:mskwc:/v:grad(cxx):—/divv-(cxx):—/w-(cxx):O,
T T T T T
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where the last equality uses the fact w L R. Therefore, vskw v € 1023_2(wa )@V and by the exactness

02
of ([&.1f), we have an m € X_;(T%/) ® V such that divm = 2vskwv. Let u = v — curl (E7'm) €
]O/i_Q(T“’f) ®V and we see that 2vskwu = 2vskw v — 2vskw curl (E7!m) = 0 by (2.9a). Hence,

u € f]i_Q(wa) and divu = w. O
When r > 4, there holds R C U§_3(T“’f), o it is clear that

(4.8) U3 (T =R@U._4(T")  forr > 4.

On the other hand, when r = 3, we need the following lemma for the calculation of dimensions of

ﬁ§_3(wa). Let P, be the L%-orthogonal projection onto U3(T%/) and let P,R := {P,yu: u € R}.
The proof of the following lemma is provided in the appendix.

Lemma 4.6. It holds,
(4.9) U™y = PyR @ Ug(T™),
and dim P,R = dim R = 6.

Using the exactness of the complexes (4.6)—(4.7)) along with Table [2| we calculate the dimensions
of the spaces in the next lemma.

Lemma 4.7. When r > 3, we have:

(4.10)  dim U2, (T) = 6r® + 12r + 12, dim U, , (T"F) = 613 — 3612 + 66r — 36,
(411)  dimUMNT") =123 — 9r2 + 157 + 6, dim U, (T") = 12/* — 63r% + 87r — 18,
(4.12)  dim U2 ,(T%) = 12r® — 2772 + 157, dimU°_,(T%F) = 12/% — 45/ + 331 + 12,
(4.13)  dimU2_5(T*7) = 6r3 — 1872 + 12r, dimU°_y(T%) = 6r3 — 1872 + 12 — 6.

Proof. By Lemma [£.3] and the rank-nullity theorem, we have

dim U2 ,(T%) = dimker(V2 o(T%)) @ V, vskw) = dim V2 ,(T%/) @ V — dim V2 ,(T%/) @ V
= (61 —9r% +3r) x 3 —2r(r + 1)(r — 1) x 3 = 129> — 2772 4 157,
dim U°_,(T%F) = dimker (V> (T%') @ V, vskw) = dim V>, (T%/) @ V — dim V3_,(T"/) @ V
=(6(r—2)°4+21(r—22+9(r—2)+2)x3
—2((r—2)3+6(r—2)2+5(r—2)+2)x3
=183 — 4572 — 9r + 60 — (61> — 427 +48) = 12> — 45r% + 33r + 12.

The dimensions of U2, | (T%), U (T) 1 (T%7) and U2_4(T™/) are computed similarly using the dimen-
sions of SO, (T*/), §2+1(T“’f) and V2 5(T"/). Also, using Lemma when r = 3 or (4.8)) when
r > 4, we obtain

dim U, _(T"F) = dim U3 _4(Tf) — 6.
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Using the exactness of the sequences (4.6) and (4.7]) in Theorem with the rank-nullity theorem,

we have
dim UHT"") = dim U2, (T*)) + dim U2 (T*/) — dim U?_4(T*f) — dimR
=12r3 — 972 4+ 15r + 6,
dim U, (T"F) = dim U7, | (T"F) + dim UT>_o(T"F) — dim T, _o(T™7)
=12r® — 6312 + 87r — 18.
O

4.5. An equivalent characterization of U!(T"/) and U i (T*7F). We will now show that U} (T*7)
admits a characterization as a conforming subspace of the Sobolev space H!(inc) appearing in ((1.3)).

The next result will also help us find the local degrees of freedom of UH(Tf) and U i (T*7).

Theorem 4.8. We have the following equivalent definitions of U}(T*) and if,l,(wa):
(4.14) UNTY) = {u e HYT;S) : u € P(TY/;S), (curlu)’ € V1 (T*) @ V},
(4.15) Un(T) = {u € H'(T;S) : u € P(T"F;S), (curlw) € V,_(T") &V,
inc(u) € Vo_y(T%7) @ V1.

Proof. Let the right-hand side of and (4.15) be denoted by M, and M r, respectively. If
u € UNT™), then u = sym(z) for some z € S1 (T“’f )@V, so (2.9¢), and Definition [2.3| give
(4.16) (curlu) = E7 curlu = =~ curl 2 + grad vskw(z),
from which we conclude (curlu)’ € V1 | (T%/) @ V. This proves the inclusion
(4.17) vty ¢ M,.
Similarly, if u € Ui (T™f), then for z € S'i(T“’f)Q@V, hence we have (curlu)’ € f/?l_l(wa)@V.
Moreover, using and the exact sequence , we obtain

inc(u) = curl 2 teurl (u) = curl 2 teurl (2) € curl (XT (T @ V) V (T ®V.
This proves
(4.18) U (1) C M, .

We continue to prove the reverse inclusion of (4.14). For any m € M,, let o = curl (curlm)’
Which immediately implies that dive = 0. Moreover, by o = curl Z teurl (m ) and by
d) vskw(c) = 0. Hence, we have o € V2 ,(T"%f) ® V, and by the exact sequence there
exists w € SH(T*') ® V such that curl = tcurl (w) = o. Therefore, w—m € V;l(T“’f) ® V with
curl Z~teurl (w — m) = 0 and hence, by the exact sequence (£.1a)), there exists v € X2(T%/) @ V
such that gradv = Z~'curl (w — m). Setting z = m + vskw(v ) gives sym(z) = m and by (2.9D)),

curl z = curlm + curl mskw v = curlm — Egrad v = curlw € X! (T*) @ V.
We conclude
(4.19) M, c UHT"T).
The reverse inclusion to prove follows similar arguments, using the exact sequence

and (4.1b)) in place of (4.4) and (4.1a)), respectively. O
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5. LOCAL DEGREES OF FREEDOM FOR THE ELASTICITY COMPLEX ON WORSEY-FARIN SPLITS

In this section we present degrees of freedom for the discrete spaces arising in the elasticity
complex. We first need to introduce some notation as follows. Recall that T is the set of four
tetrahedra obtained by connecting the vertices of T with its incenter. For each K € T, we denote
the local Worsey-Farin splits of K as K%/, i.e.,

KY ={Se1% .S CK}.

Then, similar to the discrete functions spaces on T%/ defined in Section we define spaces on
KT by taking their restriction:

XK"Y = fulie w € XAT™ )} SUK™) = fulie s u € SAT)).

Lemma 5.1. Let T € Ty, and let F € Ao(T). If p € XU(TF) with p = 0 on F, then gradp
is continuous on F. In particular, the normal derivative Onp is continuous on F. In addition, if
p € SUTY) withp =0 on F, then gradp|r € S | (F*)®V and in particular, Opp|r € SO_,(F).

Proof. Let K € T* such that F' € Ag(K). Then, since p vanishes on F', we have that p = ug
on K where ¢ € X?_;(K®/) and y is the piecewise linear polynomial in Definition We write
grad p = pgrad g + ggrad p, and since p vanishes on F' and grad p is constant on F, we have gradp
is continuous on F'.

Furthermore, if p € S}?(wa), then p = pg on K where g € Sg_l(wa) because p is a strictly
positive polynomial on K. Hence by the same reasoning as the previous case, grad p|» € S?,l (FH®
V. 0

5.1. Dofs of U° space.
Lemma 5.2. A function u € UTQH(T“’f), with r > 3, is fully determined by the following dofs :

(5.1a) u(a), a € Ao(T), 12 dofs,

(5.1b) grad u(a), a e Ao(T), 36 dofs,

(5.1c) /u ‘K, k€ [Pr_3(e)]?, e € A(T), 18(r — 2) dofs,

ou 3

(5.1d) preal k€ [Pr_2(e)]®, e € A (T), 36(r — 1) dofs,
e ONe

(5.1e) / ep(urp): ex(K), K€ [S’SJrl(FCt)]Q, F e Ay(T) 120 — 367 + 24 dofs,
F

(5.1f) /[5(u)]pn ‘R, K€ gradF§2+1(FCt), F e Ay(T) 6r? — 18r + 12 dofs,
F

(5.1g) On(u - np)K, K € RAF), F € Ao(T) 6r® — 187 + 12 dofs,
F

(5.1h) / Opup - K, k€ [RYUFN? F e Ao(T) 12r2 — 367 + 24 dofs,
F

. N
(5.1i) /Te(u): e(k), k€U, (T, 6(r — 1)(r — 2)(r — 3) dofs,

where 2= represents two normal derivatives to edge e and {nt,n=,t.} forms an edge-based or-
ﬁ D g e e g

thonormal basis of R3.
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Proof. The dimension of U?, | (/) is 6r® + 12r + 12, which is equal to the sum of the given dofs.

Let u € U% (T"f) such that it vanishes on the dofs (5.1). On each edge e € Ay(T), ule =0
by (5.1a - i Furthermore gradule = 0 by (]ml) and (5.1d)). Hence on any face F' € Aqo(T),
we have up € [S,,H(FCt)] Then with dofs (5.1€)), ur = 0 on F. Now with Lemma applied to
up € SO, (T%) ® Vy, we have dpup € SO(FCt) ® Va. In addition, since grad up|gp = 0 it follows
that d,up € [RO(F))? and with (5.1h), we have d,uy = 0.

Using the identity (2.11i)), we have 2[e(u)|rn, = Opur + grad,(u - np) = grad,(u - np). With
uw-ng € SY 4 (F), we have in (5.1f), [e(v)]rn = 0 and thus u-n; = 0 on F. Now similar to
up, with Lemma applied to u - ng, we have Op(u - ny) € RIUF) and with (5.1g), we have
Op(u-np) =0.

Since u|gr = 0, all the tangential derivatives of u vanish. With 9, (u-nz) =0 and d,ur = 0, we
conclude that grad ulgy = 0. Thus u € U S 1 (T%7), and shows that u vanishes. O

5.2. Dofs of U! space. Before giving the dofs of the space U' we need preliminary results to see
the continuity of the functions involved. In the following lemmas, we use the jump operator [-] and
the set of internal edges of a split face Al(F°!) given in Section The proofs of the next four
results are found in the appendix.

Lemma 5.3. Let 0 € V2(T%) @V with skw(o) = 0. If ol = 0 on OT for some £ € R3, then
Ope € leiVW(FCt) on each F' € Ay(T).

Lemma 5.4. Let w € V! [(T%) ® V such that w' € V2 (T%) @ V. If wpn = 0 on some
F € Ay(T), then we have

(5.2) [tiwngle = 0;  [slwse]e =0, for all e € AI(F).
On the other hand, if wgr =0 on F', then we have
(5.3) [ttwngle =0;  [t.wnp]e =0, for all e € AL(F).

Lemma 5.5. Let T' be a tetrahedron, and let ¢,m be two tangent vectors to a face F € Aqo(T)
such that £-m =0 and £ x m = np. Let u € XY (T @V for some r > 0. If up = 0 on some
F € Ay(T), then

(5.4) [¢'(curl w)m]. = —[grad,(wen - £) - e, for all e € AL(F),
(5.5) [0 (curlu)f]. = —[grad,(wpy, - £) - m]e, for all e € AL(F).
On the other hand, if uny =0 on F', then

(5.6) [np(curl w)f]. = [(grad upny,) - m]e, for all e € AI(F).

Lemma 5.6. Suppose u € UNT®/) and w = (curlu)’ are such that ugp and we, vanish on a
face F € Ao(T). Then wep — grad,uy, is continuous on F. Furthermore, if u = (v) for some
vE U79+1(T”“”f), then the following identity holds:

(5.7) Wi = [(curle(v))]pr = gradpu, + grad, (8,0, X np).

In addition to (3.5) in Lemma we need another identity to proceed with our construction.
The following result is shown in [13, Lemma 5.8].

Lemma 5.7. Let u be a symmetric matriz-valued function with [(curlu)|pptlor = 0, ulgr = 0.
Let ¢ € R(F) be defined in (2.8). Then there holds

(5.8) /F(inc W)pn - q=0.
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Lemma 5.8. A function v € UNTYT), with r > 3, is fully determined by the following vertex
degrees of freedom

(5.9a) u(a), a € Ao(T), 24 dofs

the following edge dofs on all e € A1(T),

(5.9b) /u: K, K€ sym[Pr_g(e)]?’XS, 36(r — 1) dofs
(5.9¢) /(curl u)te - K, K € [Pr1(e))?, 18r dofs
e
the following face dofs on all F € Ay(T),
(5.9d) /F(inc W) pr: Ky KEQF,, 12(r — 2) dofs
(5.9¢) /(inc UW)nn K, K € é)i_z(FCt ), 6r2 — 67 — 12 dofs
F
(5.9f) /(inc W)+ K, K€ leiw,_Z(FCt)/R(F), 1207 — 247 dofs
F
(5.9g) /Fuppz K, K€ eF([E’SH(FCt)]Z), 12(r® — 31 + 2) dofs
(5.9h) /([(curl w)]pr — grad, (ui,)): &, K € grad, [(ROUFD]?, 1262 — 30+ 2) dots
F
(5.91) /F — i € grad . ([Sre1 (FNY]), 60 — 504 2) dots
(5.9j) /Funn/i, Kk € RAFT), 6(r? — 3r + 2) dofs

and the following interior dofs,

(5.9k) inc(u): inc(k), K€ (ofi(wa), 6r® — 270 4 21r + 18 dofs

S—

(5.91) / u: e(k), K € ﬁSH(wa), 6(r — 1)(r — 2)(r — 3) dofs.
T

Proof. The dimension of U}(T*f) is 1213 — 972 + 157 + 6, which is equal to the sum of the given
dofs. Suppose that all dofs (5.9) vanish for a u € U} (T7).
Step 0: Using the dofs (5.9a}, [5.9b)) and (5.9¢)), we conclude

(5.10) ule =0, (curlu)'t|e =0, for e € A(T).

Step 1: We show incu € 9?,2(wa) ®V.

By (2.11b) and (5.10)), we have

0 = n)(curlu)'t = (curly upe)t on OF for each F € Ao(T).

Since w is symmetric and continuous, by (2.11c|), we see that (incu)n, = incpupr with ug. €
01 01
Qir’;r (F) C Qiper(FY). Thus, the complex (3.6) in Theorem and the dofs (5.9¢]) yield

(5.11) (incu)p, =0 on each F' € Ay(T).
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Next, Lemma (with £ = ny and 0 = incu) shows (incu)p, € Vi, ,_o(F). Therefore using

the dofs (5.9f) and (5.8) in Lemma we conclude (incu)g, = 0.

The identities (incu)y, = 0 and (incu)g, = 0 yield (incu)ny = 0. So, by Lemma (with ¢ =
t1,t9), we see that (incu)pr € leiv,rq(FCt) ® V. In particular, since (incu)gr is symmetric, there
holds (incu)gr € QF o(F) (cf. (3:3d)). Thus by the dofs (5.9d) and the definition of Q;- ,(F)
in Section we have (incu)p € LL(F) ® V,. Therefore, we conclude incu € 9?_2(T“’f) ® V.

Step 2: We show (curlu)’ € f/i_l(T“’f) ®V.

Using (5.11) and (2.11c|), we have 0 = (incu),, = incpuge. Thus by the exact sequence (3.6) in

Theorem (3.4} there holds upr = (k) for some k € §2+1(F“) ® Va. We then conclude from the
dofs (5.9g) that up- = 0 on each F' € Ay(F'). Furthermore by (2.11b)), [(curlu)]F, = curlpug = 0.
Since (curlu) € V.1 (T*F) ® V by Theorem 4.8/ and from ([5.10))

[(curlu)’] prtele = (curlu)'te|e = 0, for all e € A1(T),

we have [(curlu)]q € f/iuﬂ,,ﬂ_l(FCt) ®Vyon F € Ay(T). In addition, by the identity (incu)p, =

curlp[(curlw)] g (cf. (2.11d)) and (incw)p, = 0 derived in Step 1, there exists ¢ € )O(S(FCt) ® V,
such that grad ¢ = [(curlw)] sr. With Lemmal.6] we further have ¢—u;r, € [R(F°)]2. Therefore,
using the dofs ([5.9h]) we conclude

(5.12) [(curl u)] e = grad,u;-.

Since with (2.11€]), we have

—curlp(up,) = trpcurlu = trp(curlu) = trp(curlu)’,.

With (5.12) and (2.6]), we have

—curly (upy)" = trp(curlu)y, = diveus, = curly (unr)= curly (up,),

and this implies that curlg(uz,)" = 0. Since up, € Xi(F t), the exact sequence (3.1d]) yields
Upn € grad, ([Sr4+1(F)]). Therefore by (5.9i), we have up, = 0. Now with (5.12) and up, = 0, we
have [(curlu)]z = 0 and so (curlu) € V,_(T*/) @ V.

Step 3: We show u € fIl(T;S).
From Step 2, we already see that uz = 0 and ug, = 0, so we only need to show u,, = 0. Since

(curlu) € \O/i_l(wa) ® V with curlu € V2 (T%f) ® V and [(curlu)']z = 0 on F, then by (5.3)),

we have

(5.13) [t.(curlu) ng]e = 0, for all e € AL(F<t).

We know that u € X}(T%f), up, = 0 and by in Lemmawith L=te, m =S,
0 = [t,(curl w)'n, L. = [l (curl w)t.]. = [(grad piunn) - el

Therefore, we have u,, € R2(F) and (5.9j) implies u,,, = 0 on F. Thus u|sr = 0.

Step 4:
Using the second characterization of Theorem wuel i (T™7). Hence (5.9K) implies incu = 0 on
T and using the exactness of the sequence (4.7)) and the dofs of (5.91), we see that u =0on 7. O
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ﬁ nn-moments
- nrF-moments

¥  Fr-moments

FIGURE 2. An illustration of coupling dofs of UZ(T%/). Here, rr-moments, nn-

moments and nr-moments are associated with the dofs (5.14a)), (5.14b)), and ([5.14c)),

respectively. Note the absence of vertex or edge dofs.

5.3. Dofs of the U? and U?® spaces.
Lemma 5.9. A function u € UTQ_Q(wa), with r > 3, is fully determined by the following dofs :

(5.14a) / Upp: K, KEQL, FelAyT), 12(r — 2) dofs,
F

(514b) / UnnkK, K € ‘/;,2_2(F6t), F e AQ(T), 61> — 61 dofs,
F

.14c Upp * K K€ Viiyro € Ao 12r% — 247 + 12 dofs

(5.140) [ e Vivoa(F), F € Ao(T), ,
F

(5.14d) / divu - &, K€ fj*i,g(wa), 6r® — 18r2 4 12r — 6 dofs,
T

(5.14e) / U K, K € inc (ofi(wa), 6r® — 27r 4 21r 4 18 dofs.
T

Proof. The dimension of UTQ_Q(T“’f ) is 12r3 — 27r% 4 157, which is equal to the sum of the given
dofs.

Let u € U? ,(T"f) such that u vanishes on the dofs (5.14). By dofs (5.14b)), we have wu, = 0
on each F' € Ay(T). By Lemma [5.3| and dofs ([5.14c)), we have u,» = 0 on each F' € Ay(T'). Then,

u € ‘7?_2(wa) ®V. With the definition of Q- , in Sectionand (5.14a)), we have u € f/z(wa) ®V
and thus u € ﬁf_Q(T’“’f). In addition, since divu € div (ﬁz_z(T“’f)) C ﬁi_g(T“’f), we have
dive = 0 by dofs (5.14d)). Using the exactness of (4.7), there exist x € lo]i(T“’f) such that
inck = u. With dofs (5.14€)), we have u = 0, which is the desired result. O

A pictorial depiction of the lowest-order space U? (T™/f) is given in Figure [2, We only show the
dofs associated to one face of the macro tetrahedron in the figure. These are the only dofs that
couple adjacent elements.

Lemma 5.10. A function u € Uf’_g(T“’f), with r > 3, is fully determined by the following dofs :
(5.15a) / u- K, k€R, 6 dofs,
T

-3
(5.15b) / u- K, ke U, 5(T%), 6r> — 18r2 + 12r — 6 dofs.
T
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Remark 5.11. Note that (5.15a]) is equivalent to

/u-m, Kk € PyR,
T

since by the definition of L?-projection, for any € R,

/U-E:/U-PUH, u e U 5(TY).
T T

6. COMMUTING PROJECTIONS

In this section, we show that the degrees of freedom constructed in the previous sections induce
projections which satisfy commuting properties.

Theorem 6.1. Letr > 3. Let 110, , : C°(T)®V — UL, | (T"7) be the projection defined in Lemma

. 5.9, let TIL : C°(T)®V — UNT™F) be the proyection defined in Lemma letT2_, : C°(T)®V —
(T“’f) be the projection defined in Lemma and let TI3_5 : C°°(T )®V — U3 _(T™7) be the

proyectzon defined in Lemma[5.9. Then the following commuting properties are satzsﬁed

(6.1a) e(IV u) = I}e(u), ueC®(T)V
(6.1b) incllv =112 ,incv, wveC®(T)®S
(6.1c) divIl2_yw =TI _sdivw, weC®T)®S

Proof. (i) Proof of (6.1a): Given u € C*(T) @V, let p = (II%, ju) — ITle(u) € UHT™S). To
prove that holds, it suffices to show that p vanishes on the dofs in Lemma Since
inc oe = 0, we have dofs of (5.9d)), (5.9¢]), (5.9) and (5.9k|) applied to p vanish. Next, with ,
(5.1e), (5.1f), (5-1g)), (5.1i) applied to u, and with (5.9a)), (5.9g), (5.9i), (5.9j), (5.91) applied to
e(u), each term respectively imply that (5.9a)), (5.9g), (5.91), (5.9j), (5.91) applied to p vanish. By
the identity in Lemma for any x € grad, [(RY(F)]?, for all F € Ay(T), we have:

] Wt p)oe = grads (b)) = [ g, (0,00, su)s = D) : =0,

where the last equality holds with (5.1h]) applied to w. Thus, the dofs applied to p vanish.
It only remains to prove that the dofs of (5.9b)), (5.9¢) applied to p vanish. To show this, we
need to employ the edge based orthonormal basis {nJ,n_,t.} and write x € sym[P,_2(e)]?*3 as
k= kung (nd) + ki2(nd (n2) +ng (nd)) + kiz(nftl + te(nf)') + raang (ng) + kaz(nd (ng) +
ng (nf)') + kastetl, where k;; € PT_Q( ). Then,

[oin= [l ) et s o= [ <12 yu—w)ix by
/grad( U — U)K

/egrad( Piu — w)te - (kignd + Kaste) by

= /e(HQHu —u) - (92 (k13n) + Kaste) integration by parts

- by (T3) and (19,
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Thus the dofs of (5.9b) applied to p vanish. Next, letting x € [P,_1(e)]3, we note that

/(curl p)te - K :/ [curle(TY, ju — u)]lte ‘K by (5.9¢)

1
=5 / [grad curl(IT2, yu — w)]te -k by ([2-11)
1
=73 /Curl(ﬂ9+1u —u)- Ok by (5-1a) and (5.1b)

where in the last step, we have integrated by parts, and put d;x = (gradk)t.. The curl in
the integrand above can be decomposed into terms involving d;(TI? 41w — u) and those involving
0+ (1Y +1u — u). The former terms can be integrated by parts yet again, which after using (5.1a)),

Ne
(5.1b) and (5.1c)), vanish. The latter terms also vanish by (5.1d)), noting that J;x is of degree at
most r — 2.

(ii) Proof of (6.10): Given v € C®(T) ® S, let p = inc v — TI2_,incv € U2 ,(T*7). To prove
that (6.1b)) holds, we need to show that p vanishes on the dofs (5.14]) in Lemma By using
(5.14b)) on inc v, we have

(6.2) / Pnnk = /[inc (ITkv — 0)]pnk, for all k € V2 o(F<).
F F

From (5.9¢)), we have that the right-hand side of (6.2]) vanishes for x € V2 ,(F")/Py(F). With
(3.5)) of Lemma we have for any x; € P1(F),

(6.3) / Prnkl = / (curl p(TT v — v) o ) tk1 +/ (TT v — v) ppt - (rotpry).
F OF oF

By ([2.110), curlp(ITlv — v) ppt k1 = [curl(TTtv — v)/]ppt k1 = curl(TIllv — v) : K1nt', so the first term
on the right-hand side of ((6.3]) vanishes by (5.9¢c)). The last term in (6.3) also vanishes because

/ (IT'v — v) pet - (votpky) = Q(Ilv — v)Qt - (rotpky) = / (ITlv — v)Qt - Q(rotpry)
oF oF OF
= / (ITlv — v) : sym(Q(rotpr1)'t) = 0,
oF

where we used (5.9b)) in the last equality. Thus, the right-hand side of (6.3|) vanishes, and therefore
the right-hand side of (6.2) vanishes, i.e., the dofs ([5.14b]) vanish for p.

Next using ([5.14¢|) we have
(6.4) / Pnr - K = /[inc (Ml — 0)]pr - &, for all k € leivv,,_Q(FCt).
F F

The dofs imply the right-hand side of vanishes for all xk € leiv,T,_Q(F )/R(F). Con-
sidering k € R(F) in , we may conduct a similar argument as above, but now using (|5.8
of Lemma to conclude the right-hand side of vanishes. Thus, we conclude that ([5.14¢
vanishes for p.

In addition, note that (5.9d)) and (5.14a)) imply that the dofs vanish for p. Finally, the
remaining dofs of (5.14d}) and (5.14€|) applied to p also vanish, thus leading to .

(iii) Proof of (6.1d): Given w € C®(T) ® S, let p = divII?_yw — II3_,divw € U2 _5(T%/). To
prove that holds, we will show that p vanishes on the dofs in Lemma Using
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(5.14d) and (5.15b)), we have for any x € (O]i_g(T“’f),
/ prK= /(diVH,%Qw —divw) -k = /(divw —divw) -k = 0.
T T T
For k € R, we find
/ prK= /(diVHE_Zw —divw) - k by (5.15al)
T T
= / (I1?_,w — w)ng - K
oT

-y / (I 50 — W) (5 - ) — / (I g0 — wW)r - 5
Feny(T)” OF oF

=0 by (5.14b)) and (5.14c)),
Thus, p = 0, and so the commuting property (6.1c) is satisfied. O

7. GLOBAL COMPLEXES

In this section, we construct the discrete elasticity complex globally by putting the local spaces
together. Recall that @ C R3 is a contractible polyhedral domain, and 7;:”f is the Worsey-Farin
refinement of the mesh 7, on €.

We first present below the global exact de Rham complexes on Worsey-Farin splits which are
needed to construct elasticity complexes; for more details, see [22, Section 6]:

(7.1a) 0 — SUT ) 224 £h (1) S 2 () B vE (el - o,
(7.1b) 0 — SUTP) B2 S (1) <2 22 (1) &5 93 (1) — o,

where the spaces involved are defined as follows:

SUT) = {q e CHQ) : gl € SUT™T), for all T € Ty},
S (T = {w e [COQ)? : curlv € [C(Q)?, v|r € S (T for all T € T},
L (TP = {v e [C@Q)P : vlp € X\ (1), for all T € Ty},
£2 (T = {w € [COQP s w|r € X2_,(T), for all T € Ty},
V2 o(T0) = {w € H(div; Q) : wlp € V2 o(T%7), forall T € T,

Oe(w-t) =0, forall ee 5(77wa)},
V3 (T = {p e LA(Q) : plr € V2 4(TY), for all T € Tp,, 6(p) = 0 and e € E(T*T)},
V;ﬂ3—3(7-le]f) = Pr—3(77zwf)a

and we recall 0,(-) is defined in (2.3). Above, these spaces are defined through their continuity
requirements. They can also be defined using their local dofs given in |22} Section 5.1 and Section
5.3]. The two definitions are proven to be equivalent in |22, Lemma 6.6 and Lemma 6.7]. We will
follow a similar approach for the elasticity complex and define the global spaces in the elasticity
complex in terms of their continuity requirements and show that the spaces are the same as those
given through local dofs. With the global spaces defined, the global analogue of Theorem [£.4] is
now given.
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Theorem 7.1. The following sequence is exact for any r > 3:

2vskw ]

f = : 3 f
r+1(7-w ) ®@ V| [grad,—mskw] Sl f % curl =~ tcurl 52 f 4 [ div %_2(7-1:0 RV
Siriew | T SV ST e Vi e v

Moreover, the kernel of the first operator is isomorphic to R and the last operator is surjective.

Proof. The result follows from the exactness of the complexes ([7.1a})— (7.1b)), Proposition and
the exact same arguments in the proof of Theorem [1.4] O

Similar to the local spaces defined in Section [£.4] the global spaces involved in the elasticity
complex are derived as follows:

Ul (T = 80 (T @ v UNTET) = {sy <u>-uesl<7wf>®w'},
U2 (T = {ue 2T @ Viskwu =0}, U2 4(72) = V24T @

f

):

(7.2)

Theorem 7.2. We have the following equivalent characterization of Ul(
Uﬁ(ﬁwf) = {u e HY(Q;S) u|r € UNTY), for all T € Ty,
(curlu) € V,},l(ﬁwf) ® V,inc(u) € %2,2(7;:”]0) ® V}.

Proof. This is proved similarly as the proof of Theorem [£.8 using Theorem [7.1]in place of Theorem
44 O

Now, we show that the global spaces defined in ([7.2)) are equivalent to those induced by the local
dofs presented in Section [l To be more precise, we denote the global spaces induced by the local
b

dofs in Lemmaa Lemma Lemma and Lemma 5| as UTH('wa) i('T;Uf), [73_2(7',;”f)
and U 3_3(77wa ), respectively. For example,

Uy (T2) = {u: ulp € UTH(wa), for all T € T,*/, such that

the dofs 1} applied to u from adjacent elements coincide}.

The next lemma shows that such spaces are the same as those in ((7.2]). Its proof is similar to |22,
Lemma 6.7], so we will be brief.

Lemma 7.3. The global spaces USH( 5 T, U (’wa), f],% (wa) and Ur 3(wa) are the same as
the spaces r+1(TLUf) UNT™), U2 5 (TPF) and UB_4(TT), respectively.

Proof. We only show the proof for U} ('77wa ) as the remaining cases follow by the same reasoning. To

prove that U i (’T,Z”f ) =U} (’T,:”f ), we use the characterization of U} (77wa ) in Theorem Clearly,
U} (771wf yc U i(Tgﬂf ) since the continuity conditions in the characterization of Theorem imply
that the dofs applied to any u in U} (7'}:”f ) are single valued.

For the other direction, let function x(S) denote the characteristic function of a simplex S. Let
T1 and T3 be adjacent tetrahedra in 7;, that share a face F'. Let K; and K5 be two tetrahedra in
the Alfeld splits 77" and 7%, respectively, such that K; and K2 share the face F. Let K" ’ be the
triangulation of K; in ,wa’ where 1 < i < 2. Let u; € UMNTY" ) and uy € UMNT. wf) such that u
and uy have the same dof values — associated with the common vertices, common edges
and the triangulation F<. Note that the natural extension of u; (resp., ug) from K™/ (resp., K¥7)

to all of K}’ Iy Ky 7 maintains its original smoothness properties across the interior faces of Ky’ /
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(resp., K7’ I ). Thus, by applying the unisolvency argument in the proof of Lemma verbatim

to w := uy — ug, we conclude that w = 0, (curl w),, = 0, (curl w),,, = 0, (inc w)ny = 0 and
(inc w)pr = 0 on F. Therefore, u := uix(T1) + uax(Ts) € UMT™ UTYY), and we conclude the
reverse inclusion ffi(T,:”f ) C U} (77wa ). O

Then we have the global complex summarized in the following theorem. Its proof follows along
the same lines as Theorem with Theorem [7.1] in place of Theorem [4.4]

Theorem 7.4. The following sequence of global finite element spaces
(7.3) 0= RS UL (T S UNT) 25 UL () S5 Uy () = 0

is a discrete elasticity complex and is exact for r > 3.

8. CONCLUSIONS

This paper constructed both local and global finite element elasticity complexes with respect
to three-dimensional Worsey-Farin splits. A notable feature of the discrete spaces is the lack of
extrinsic supersmoothess and accompanying dofs at vertices in the triangulation. For example,
the H(div,S)-conforming space does not involve vertex or edge dofs and is therefore conducive
for hybridization. The efficient implementation of these elements with hybridization, with an
emphasis on the lowest-order pair, is a subject of future work. Our results suggest that the last
two pairs in the sequence are suitable to construct mixed finite element methods for three-
dimensional elasticity. However, due to the assumed regularity in Theorem [6.1] the result does not
automatically yield an inf-sup stable pair. Further study of commuting projections for the pair
UE_Q(T}:”JC ) X Uf_3(7',z”f ) is required to prove inf-sup stability.

APPENDIX A. PROOF OF THEOREM [3.4]

We require a few intermediate results to prove Theorem First, we state a corollary of
Theorem [B.11

Corollary A.1. Let r > 1. The following sequence is exact.

gradp curlp .4

50 o 2
(Al) 0— ST(FCt ) ®Vy — inc,rfl(FCt) E— chrl,er(FCt ) N (Vr72(FCt ) ®V2) — 0.
Proof. This directly follows from the exactness of the sequence (3.1d)). O

Lemma A.2. The following sequences are exact for r > 2:

€
y frad, skow Jp
S (FCt ) ® Vg gradp skew o1 inc F VQ
A2 7~+1O : Fct \Y F V2 Fct ,
( ) Xg(FCt ) anc,r( ) ® Va ? r72( ) ’ R
[ } [skew]
1 .
R c z 0 cty AYF 1 ct divp ‘/;2_1 (FCt )
(A3) |:V2:| SrJrl(F ) Vdiv,r—l (F ) ® VQ ? ‘/7“2_2(Fct ) ® VQ .

Here, fFL U= fF ztu dr with 1 defined in Definition
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Proof. Using (2.10d]) and the identity f curlp u = [, 7u for any u € chrl —1(F), we find that
the following sequence commutes:

gradp o1 curlF

ST’+1(F t)®V Qinc,r(FCt)®V ocurlr 1 FCt *> V?

(A4) y‘ y

° 0 d o 1
XT(FCt) g chrl,'r—l(FCt) Cu—rlF> FCt fF

Moreover, the transpose operator 7 from chrl 1 (F°) to chﬂ +—1(F°") is a bijection, and the top
and bottom sequences in are exact by Corollary u and Theorem respectively. Using
the identity incp = curly 7 curlF and Proposition 2.1 we conclude that [A.2] is exact.

Likewise, using the identity divy7u = skew roty u for any u € (XO(F") ® Vy) and rotzz+ = 7,
we find that the following sequence commutes:

R —S s S0, (Fet) — U XL(pet) —E__, y2 (pet)

(A5) % / V

Vo “50 XUF) @ Vy 5 VL (F) © V; VP Y2 (F) @ V.

The top and bottom sequences in (|A.5)) are exact by Corollary We then find that (A.3) is exact
by Proposition using the identity airy, = rotp7rotp.
([l

Now we are ready to prove Theorem

Proof. (i) Proof of (3.6): from the definitions of the discrete spaces and operators, we see that (3.6))
is a complex, so we only need to show exactness.

Let v € @i_Q(FCt). Then since v L Py(F), we have [ v =0 and fFlv = 0. By the exactness
of (A.2)), there exists u € @ilnc,r(FCt) such that incru = v. But by ([2.10b)), we have inc, symu =
incp u = v. Thus we found a function w = symwu € QllnzT (F°*) such that inc, w = v.

Next, let u € QIHCT(FCt) with incpu = 0. Then uw = sym(z) for some z € QmCT(FCt) and
incp z = 0 due to 1) By exactness of -, we have z = grad,w + skew s for some w €
SSH(F Y@V, and s € XT(FCt ). Then u = sym(z) = ex(w) — sym(skew s) = ep(w).

(ii) Proof of (3.7)): again, it is easy to see that (3.7) is a complex, so we only need to show

exactness.
Let v € V2 5(F°) ® Va. Then by the exactness of (A.3)), we have u € V(iliV’PQ(FCt) ® Vg such

that divy u = v and skewu = 0 and thus making u € QL_,(F*).
Next, let u € QL_o(F°") with divpu = 0. Then again using and skew u = 0, there exists
z € SY(F°) such that airy, z = u.
Finally, for any u € SO(F°) with airy,u = 0, we have u = w + 2 - s for some w € R, s € Vs,
and z a point on the face F. Therefore, u € Py (F).
U

ApPPENDIX B. PROOF OF LEMMA [4.6]

Proof. We first show that dim P;R = dimR = 6. This follows if we show that the kernel of Py
is empty. Let v € R and assume that Pyv = 0. Then, by the definition of P, and the fact that
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v is a linear function, we must have that v vanishes on the barycenter of each K € T%f. This
implies that v = 0 if there are three such barycenters that are not collinear. To see that there are
such barycenters, recall that the barycenter of K € T%f is the average of the four vertices of K.
Hence the line connecting barycenters of two adjacent K4 € T%/ is parallel to the line connecting
the two vertices opposite to the common face FF = 0K N dK_. Thus taking, for example, three
subtetrahedra in 7%/ with a face contained in a common F € Ay(Ty), we see that their barycenters
cannot be collinear, since no three of their vertices are collinear.

We now prove ([£.9). Since dim R = 6 and by the definition of U 3 (T*7), we have
dim Uy (T%7) > dim U3 (1) — dimR = 36 — 6 = 30.
We use that
US(T) = Ug(1")) @ [U(T)]
and obtain dim[ﬁg(T“}f)]L < 6. However, one can easily show that P,R C [ﬁg(T“’f)]L which
implies dim[Ug(T“/)]* = 6 and PR = [Ug(T™)] L.
0

AprpPENDIX C. PROOF OF LEMMA [5.3]

Proof. Fix F € Ao(T), and let e € Al(F®) be an internal edge in the induced Clough-Tocher split
of F. Let f be the corresponding internal face of 7%/ with e as an edge, and let n  is a unit-normal
to f. We further set t. to be a unit tangent vector to e and s, = ng X t. to be a unit tangent vector
of I orthogonal to ..

Since ny -t = 0, we have ny = (ny - np)ne + (nf - Se)se. Since o € VTQ(T“’f) ® V, we have ony
is single-valued on e and hence, by symmetry of o, () - ns is single-valued on e. Therefore, on e,
with (of) - np = nf.ol =0, we have (c/) -nf = (nf-se)(0l) - se and s0 [op - Se]e = [(04) - se]e =0
for any e € A{(F®). Therefore, oy € Vi, .(F) on each F € Ay(T). O

ApPENDIX D. PROOF OF LEMMA [5.4]

Proof. Since w € V! ((T*/) @V and w' € V2 ,(T%/) ® V, then n'sw, wte and wts are continuous
cross e on F:

(D.1) [[n’fw]]e =0, [wt]e=0, [wts]e=0.
Let s, = ainy + Bits, np = agny + Bats, and note oy # 0 and B2 # 0.
Since n/,wQ|r = 0, for any e € Al(F),
0 = [nfwse]e = [[(agn/f + 62t;)w(a1nf + Bits)]e
= ajagnfjwngle + agfi[nfwt]e + o1 faltswngle + Bafi[tiwts]e
= a1/ [[t’swnf]]e.
Thus, we have
[thwng]e =0,
and therefore
[siwse]e = o2 [[n'fwnf]]e + a1 [[n}wts]]e + a1 B [thiwng]e + B2 [tiwts]e = 0.

We have [t,wny]e = 0 since wg = 0 and

0 = [tLwse]e = [thw(cang + Bits)]e = an[tbwng]e + Bi[tiwts]e= ai[tLwng]e,
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where we use (D.1]). This implies that
[tiwngp]e =0

since
[[t/ewnF]]e = [[tiBUJ(Oégnf + /BQtS)]]e =0.

APPENDIX E. PROOF OF LEMMA

Proof. Write £ = ait1 4+ asta, m = ayts — asty, where t1,ts are tangential basis defined in Section
2.3l We also set t3 = np, and write u = i uijtit;. We then have the following identities for the
components of curlu (s € {1,2,3}): o
th(curlu)ty = Oy, uss — Oy Uusa,
(E.1) th(curlu)ty = Oyyusy — Oy Us3,
th(curlu)ts = Oy usa — Oy s -
We then compute
! (curlu)m = (aity + aotz)’(curlu)(aity — asty)
= (a1)2(at3U11 — Oyu13) — (a2)2(8t2u23 — Oryu2)
+ a1a(0;uz1 — O u23 — Opu13 + Opyu12)
(E.2) = Oy ((a1)?un1 + (a2)?u22 + aras(ugr + uia))
— a1(a20,u13 + @10y, u13) — az(a10y ugz + a20,us3)
= Oy (C'uppl) — a10pu13 — azdpuag
= O (Cuppl) — Oy (upn - ) = Op(l'uppl) — grad(upy - £) - £.
Similarly, by using , we have
¢ (curlu)l = (arty + asta)'(curlu)(aity + asts)
= (a1)*(Or,u13 — Oyur2) + (a2)® (O u1 — Oy uzs)
+ araz (0, u23 — Oizuz + Ogurr — Oy ui3)
(E.3) = 01, (—(a1)*ur2 + (a2)u21 + araz(uir — ua2))
— a1(—a10r,u13 + a20;, u13) + az(a10y,uzs — az0y, uss3)
= — 0Oy (M uppl) + a10mu13 + a20muss
= —Op(m'uppl) + O (tpn - £) = —On (M uppl) + grad, (upp - £) - m.
Finally, again by using , we have
n’p(curlu)l = th(curlu)(ait; + asts)
(E.4) = (a10,u33 — a20y, us3) + O, (agugy — arasz)

= Opuss — Op(upp - m) = (gradpuss) - m — Op (Uppr - m).

Lemma [5.5| now follows from (E.2)—(E.4) and the first case in Lemma O
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APPENDIX F. PROOF OF LEMMA

Proof. (i) Continuity: we show the continuity of wz»—grad u;-.. Recall the notation from Section
Since w € V! (T*/) @ V (by Theorem , for any e € Al(F) we have [wpptc]. = 0 due to
wte]e = 0. Consequently, because u is continuous, we have

(F.l) [[(wFF - gradpui_p)te]]e =0.

Now to prove the continuity of wpr — grad ,u;-,. on F, it suffices to prove [(wgr — grad u,)se]e = 0
for all e € Al(F). Using w' € V2 ((T*/) ® V and wp,, = 0, by Lemma [5.4| we have

(F.2) [stwerse]e = [stwse]e = 0.

Next we show that [s\grad, (u.,)sc]e = 0 and [t)(wpr — t;)se]e = 0. Since u € XLH(T*) @V
and uzr = 0 on F', we have

[s egrad (u nF)Se]]e = [[gradFW?J{F - 5¢) " Sele = [[gra‘dF(ui:n “Se)  Sele
(F.3) = [grad, (upp - te) - se]e = —[tL(curlu)’t.]. = 0,

where the third equality comes from ([2.6) and the fourth equality uses (5.5) in Lemma with
¢ =t. and m = s,. Similarly by (5.4) in Lemma with ¢ = s., m = —t. and (2.6)), we have
[t'grad, (ul.)s e]]e = [t.(curlu)'s¢]e. Therefore, we have

(F.4) o(Wpp — gradpunF)se]]e = [tL[(curlu)] prse]e — [th(curlu) se]e = 0.

Combining ([F.1] ) and 1.’ we conclude that wgp — grad Fu,J;F is continuous on F.
(ii) Proof of W1th (2-11g), (2.11h) and (2.5)), we have

2wpp = grad . (grad (v - nF) X np — (Opvp) X ng).

Then with (2.111)), (2.11j) and (2.6]), we obtain
2grad pul, = 2grad,[(€(v))nr|t = grad, (grad, (v - np) X np + (Jpvp) X Np).

Therefore, by computing the difference of the above two equations, we conclude that wp —
grad pup, = grad,(0,vp X np). O
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