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Abstract. We construct conforming finite element elasticity complexes on Worsey-Farin splits
in three dimensions. Spaces for displacement, strain, stress, and the load are connected in the
elasticity complex through the differential operators representing deformation, incompatibility, and
divergence. For each of these component spaces, a corresponding finite element space on Worsey-
Farin meshes is exhibited. Unisolvent degrees of freedom are developed for these finite elements,
which also yields commuting (cochain) projections on smooth functions. A distinctive feature of
the spaces in these complexes is the lack of extrinsic supersmoothness at subsimplices of the mesh.
Notably, the complex yields the first (strongly) symmetric stress finite element with no vertex or
edge degrees of freedom in three dimensions. Moreover, the lowest order stress space uses only
piecewise linear functions which is the lowest feasible polynomial degree for the stress space.

1. Introduction

The elasticity complex, also known as the Kröner complex, can be derived from simpler complexes
by an algebraic technique called the Bernstein-Gelfand-Gelfand (BGG) resolution [5,10,11,18]. The
utility of the BGG construction in developing and understanding stress elements for elasticity is
now well appreciated [4]. However even with this machinery, the construction of conforming, inf-sup
stable stress elements on simplicial meshes is still a notoriously challenging task [8]. It was not until
2002 that the first conforming elasticity elements were successfully constructed on two-dimensional
triangular meshes by Arnold and Winther [7]. There, they argued that degrees of freedom (“dofs ”)
on vertices are necessary when using polynomial approximations on triangular elements. They in
fact constructed an entire discrete elasticity complex and showed how the last two spaces there are
relevant for discretizing the Hellinger-Reissner principle in elasticity.

Following the creation of the first two-dimensional (2D) conforming elasticity elements, the first
three-dimensional (3D) elasticity elements were constructed in [1,2], which paved the way for many
other similar elements, as demonstrated in [24]. A natural question that arose was whether these
elements could be seen as part of an entire discrete elasticity complex, similar to what was done in
2D. Although the work in [2] laid the foundation, the task of extending it to 3D was bogged down
by complications. This is despite the clearly understood BGG procedure to arrive at an elasticity
complex of smooth function spaces,

(1.1) 0 R C∞ ⊗ V C∞ ⊗ S C∞ ⊗ S C∞ ⊗ V 0.
⊂ ε inc div

Here and throughout, V = R3, M = R3×3, R = {a+ b× x : a, b ∈ R3} denotes rigid displacements,
inc = curl ◦τ ◦ curl with τ denoting the transpose, curl and divergence operators are applied row
by row on matrix fields, S = sym(M), and ε = sym ◦ grad denotes the deformation operator.
The complex (1.1) is exact on a 3D contractible domain. We assume throughout that our domain
Ω is contractible. To give an indication of the aforementioned complications, first note that the
techniques leading up to those summarized in [5] showed how the BGG construction can be extended
beyond smooth complexes like (1.1). For example, applying the BGG procedure to de Rham
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complexes of Sobolev spaces Hs ≡ Hs(Ω), the authors of [5] arrived at the following elasticity
complex of Sobolev spaces:

(1.2) R Hs ⊗ V Hs−1 ⊗ S Hs−3 ⊗ S Hs−4 ⊗ V 0.
⊂ ε inc div

However, one of the problems in constructing finite element subcomplexes of (1.2) is the increase
of four orders of smoothness from the last space (Hs−4) to the first space (Hs). A search for finite
element subcomplexes of elasticity complexes with different Sobolev spaces seemed to hold more
promise [2].

It was not until 2020 that the first 3D discrete elasticity subcomplex was established in [13]. To
understand that work, it is useful to look at it from the perspective of applying the BGG procedure
to a different sequence of Sobolev spaces. Starting with a Stokes complex, lining up another de
Rham complex with different gradations of smoothness, and applying the BGG procedure, one gets

(1.3) R H2 ⊗ V H1(inc) H(div,S) L2 ⊗ V 0,
⊂ ε inc div

where H1(inc) = {g ∈ H1 ⊗ S : inc g ∈ L2 ⊗ S}. The proof of exactness of (1.3) is described in
more detail in [28, p. 38–40]. The key innovation in [13] was the construction of two sequences of
finite element spaces on which this BGG argument can be replicated at the discrete level, resulting
in a fully discrete subcomplex of (1.3). These new finite element sequences were inspired by
the “smoother” discrete de Rham complexes (smoother than the classical Nédélec spaces [29])
recently being produced in a variety of settings [14,15,19,21,22]. Specifically, the 3D discrete sub-
complex of (1.3) in [13] was built on meshes of Alfeld splits, a particular type of macro element.
Soon after the results of [13] were publicized, Chen and Huang [12] obtained another 3D discrete
elasticity sequence on general triangulations. There, they produced a finite element subcomplex
of another exact sequence obtained from (1.3) by replacing H2 ⊗ V and H1(inc) with H1 ⊗ V and
H(inc) = {g ∈ L2 ⊗ S : inc g ∈ L2 ⊗ S}, respectively. A related work is [11], where several finite
element elasticity complexes are constructed with various smoothness. The BGG construction was
also applied to obtain discrete tensor product spaces in [9].

In this paper, we apply the methodology presented in [13] to construct a new discrete elasticity
sequence on Worsey-Farin splits [30]. One of the expected benefits of using triangulations of
macroelements is the potential reduction of polynomial degree and the potential escape from the
unavoidability [2] of vertex degrees of freedom in stress elements. We will see that Worsey-Farin
splits offer structures where these benefits can be reaped easier than on Alfeld splits. Unlike Afleld
splits, which divide each tetrahedron into four sub-tetrahedra, Worsey-Farin triangulations split
each tetrahedron into twelve sub-tetrahedra. Using the Worsey-Farin split, we are able to reduce
the polynomial degree. Previous works have used either quadratics [13] or quartics [12] as the
lowest polynomial order for the stress spaces. However, our approach results in stress spaces that
are piecewise linear stress elements, which is the lowest possible polynomial degree. Furthermore,
it results in the first 3D symmetric conforming stress finite element without edge and vertex dofs .
This is comparable to the 2D elasticity element without vertex dofs constructed in [3,23,25]. Note
that discrete symmetric stress spaces without vertex or edge dofs have also been constructed in [17]
using a virtual element methodology. Moreover, following the work of Hu and Zhang [24], Gong et
al. [20] gave an inf-sup stable elasticity solver without explicitly imposing vertex continuity on the
stress space. However, degrees of freedom are not provided for the stress space. One other notable
feature of our Worsey-Farin elements is the lack of extrinsic supersmoothness, i.e., our dofs do not
impose more smoothness than what is intrinsic to Worsey-Farin splits. In contrast, the dofs of the
discrete elements in [13] on Alfeld splits impose additional extrinsic supersmoothness.
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Although we have the framework in [13] to guide the construction of the discrete complex on
Worsey-Farin splits, as we shall see, we face significant new difficulties peculiar to Worsey-Farin
splits. The most troublesome of these arises in the construction of dofs and corresponding com-
muting projections. Unlike Alfeld splits, Worsey-Farin triangulations induce a Clough-Tocher split
on each face of the original, unrefined triangulation. As a result, discrete 2D elasticity complexes
with respect to Clough-Tocher splits play an essential role in our construction and proofs. These
2D complexes are more complicated than their analogues on Alfeld splits (where the faces are not
split). The resulting difficulties are most evident in the design of dofs for the space before the
stress space (named U1

r later) in the complex, as we shall see in Lemma 5.8.
The paper is organized as follows. In the next section, we present the main framework to

construct the elasticity sequence, define the construction of Worsey-Farin splits, and state the
definitions and notation used throughout the paper. Section 3 gives useful de Rham sequences
and elasticity sequences on Clough-Tocher splits. Section 4 gives the construction of the discrete
elasticity sequence locally on Worsey-Farin splits with the dimensions of each spaces involved.
This leads to our main contribution in Section 5 where we present the degrees of freedom of the
discrete spaces in the elasticity sequence with commuting projections. We finish the paper with
the analogous global discrete elasticity sequence in Section 7 and state some conclusions and future
directions in Section 8.

2. Preliminaries

2.1. A derived complex from two complexes. Our strategy to obtain an elasticity sequence
uses the framework in [5] and utilizes two auxiliary de Rham complexes. In particular, we will use
a simplified version of their results found in [13].

Suppose Ai, Bi are Banach spaces, ri : Ai → Ai+1, ti : Bi → Bi+1, and si : Bi → Ai+1 are
bounded linear operators such that the following diagram commutes:

(2.1)

A0 A1 A2 A3

B0 B1 B2 B3

r0 r1 r2

t0
s0

t1
s1

t2
s2

The following recipe for a derived complex, borrowed from [13, Proposition 2.3], guides the gathering
of ingredients for our construction of the elasticity complex on Worsey-Farin splits.

Proposition 2.1. Suppose s1 : B1 → A2 is a bijection.

(1) If Ai and Bi are exact sequences and the diagram (2.1) commutes, then the following is an
exact sequence:

(2.2)

[︃
A0

B0

]︃
[ r0 s0 ]−−−−→ A1

t1◦s−1
1 ◦r1−−−−−−→ B2

[︂
s2
t2

]︂
−−−→

[︃
A3

B3

]︃
.

Here the operators [r0 s0] :

[︃
A0

B0

]︃
→ A1 and

[︃
s2
t2

]︃
: B2 →

[︃
A3

B3

]︃
are defined, respectively, as

[r0 z0]

[︃
a
b

]︃
= r0a+ z0b,

[︃
s2
t2

]︃
b =

[︃
s2b
t2b

]︃
.

(2) For the surjectivity of the last map in (2.2), namely
[︁ s2
t2

]︁
, it is sufficient that r2 and t2 are

surjective, t1 ◦ t2 = 0, and s2t1 = r2s1.
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2.2. Construction of Worsey-Farin Splits. For a set of simplices S, we use ∆s(S) to denote
the set of s-dimensional simplices (s-simplices for short) in S. If S is a simplicial triangulation of
a domain D with boundary, then ∆I

s(S) denotes the subset of ∆s(S) that does not belong to the
boundary of the domain. If S is a simplex, then we use the convention ∆s(S) = ∆s({S}). For a
non-negative integer r, we use Pr(S) to denote the space of polynomials of degree ≤ r on S, and
we define

Pr(S) =
∏︂
S∈S

Pr(S), L2
0(D) := {q ∈ L2(D) :

ˆ
D
q dx = 0}.

Let Ω ⊂ R3 be a contractible polyhedral domain, and let {Th} be a family of shape-regular and

simplicial triangulations of Ω. The Worsey-Farin refinement of Th, denoted by T wf
h , is obtained by

splitting each T ∈ Th by the following two steps (cf. [22, Section 2] and Figure 1):

(1) Connect the incenter zT of T to its (four) vertices.
(2) For each face F of T choose mF ∈ int(F ). We then connect mF to the three vertices of F

and to the incenter zT .

Note that the first step is an Alfeld-type refinement of T with respect to the incenter [13]. We
denote the local mesh of the Alfeld-type refinement by T a, which consists of four tetrahedra. The
choice of the point mF in the second step needs to follow specific rules: for each interior face
F = T1 ∩ T2 with T1, T2 ∈ Th, let mF = L ∩ F where L = [zT1 , zT2 ], the line segment connecting
the incenters of T1 and T2; for a boundary face F with F = T ∩ ∂Ω with T ∈ Th, let mF be the
barycenter of F . The fact that such a mF exists is established in [26, Lemma 16.24].

For T ∈ Th, we denote by Twf the local Worsey-Farin mesh induced by the global refinement

T wf
h , i.e.,

Twf = {K ∈ T wf
h : K̄ ⊂ T̄}.

For any face F ∈ ∆2(Th), the refinement T wf
h induces a Clough-Tocher triangulation of F , i.e., a

two-dimensional triangulation consisting of three triangles, each having the common vertex mF ; we
denote this set of three triangles by F ct; see Figure 1a. We then define

E(T wf
h ) = {e ∈ ∆I

1(F
ct) : for all F ∈ ∆I

2(Th)}

to be the set of all interior edges of the Clough-Tocher refinements in the global mesh.
For a tetrahedron T ∈ Th and face F ∈ ∆2(T ), we denote by nF := n|F the outward unit normal

of ∂T restricted to F . Consider the triangulation F ct of F with three triangles labeled as Qi,
i = 1, 2, 3. Let e = ∂Q1∩∂Q2 and te be the unit vector tangent to e pointing away from mF . Then
the jump of p ∈ Pr(T

wf ) across e is defined as

[[p]]e = (p|Q1 − p|Q2)se,

where se = nF × te is a unit vector orthogonal to te and nF . In addition, let f be the internal
face of Twf that has e as an edge. Now let nf be a unit-normal to f and set ts = nf × te to be a
tangential unit vector on the internal face f .

Let T1 and T2 be two adjacent tetrahedra in Th that share a face F , and let Qi, i = 1, 2, 3 denote
three triangles in the set F ct . Let e = ∂Q1 ∩ ∂Q2, and for a piecewise smooth function defined on
T1 ∪ T2, we define

(2.3) θe(p) = p|∂T1∩Q1 − p|∂T1∩Q2 + p|∂T2∩Q2 − p|∂T2∩Q1 , on e.

Note that θe(p) = 0 if and only if [[p|T1 ]]e = [[p|T2 ]]e.
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(a) A representation of F ct and
∆I

1(F
ct) (indicated in blue).

(b) Alfeld refinement and
Worsey-Farin refinement (local)
indicated in red

(c) Worsey-Farin refinement
(global)

Figure 1. The Worsey-Farin Splits

2.3. Differential identities involving matrix and vector fields. We adopt the notation used
in [13]. Let F ∈ ∆2(T ), and recall nF is the unit normal vector pointing out of T . Fix two tangent
vectors t1, t2 such that the ordered set (b1, b2, b3) = (t1, t2, nF ) is an orthonormal right-handed basis

of R3. Any matrix field u : T → R3×3 can be written as
∑︁3

i,j=1 uijbib
′
j with scalar components

uij : T → R. Let unn = n′
FunF and trFu =

∑︁2
i=1 t

′
iuti. With s ∈ R3, let

(2.4) uFF =
2∑︂

i,j=1

uijtit
′
j , uFs =

2∑︂
i=1

(s′uti)t
′
i, usF =

2∑︂
i=1

(t′ius)ti, .

Equivalently, uFF = QuQ, uFs = s′uQ, and usF = Qus, where P = nFn
′
F and Q = I−P . Next, for

scalar-valued (component) functions ϕ,wi, qi and uij , we write the standard surface operators as

gradFϕ = (∂t1ϕ)t1 + (∂t2ϕ)t2, gradF (w1t1 + w2t2) = t1(gradFw1)
′ + t2(gradFw2)

′,

rotFϕ = (∂t2ϕ)t1 − (∂t1ϕ)t2, rotF (q1t
′
1 + q2t

′
2) = t1(rotF q1)

′ + t2(rotF q2)
′,

curlF (w1t1 + w2t2) = ∂t1w2 − ∂t2w1, curlF uFF = t′1 curlF (uFt1)
′ + t′2 curlF (uFt2)

′,

divF (w1t1 + w2t2) = ∂t1w1 + ∂t2w2, divFuFF = t′1 divF (uFt1)
′ + t′2 divF (uFt2)

′.

These operators are defined such that they are consistent with the conventions in [13]. In particular,
we define rotF , such that the resulting operator airyF mimics the three-dimensional operator, inc .
For a vector function v, denote vF = Qv = nF × (v × nF ). It is easy to see that

(2.5)
nF · curl v = curl FvF , (grad v)FF = gradFvF ,

nF × rotFϕ = gradFϕ, div vF = divFvF .

Definition 2.2. For a tangential vector function v on the face F ∈ ∆2(T ), write v =
2∑︁

i=1
viti with

vi = v · ti. We define the orthogonal complement of v as

v⊥ = v2t1 − v1t2.
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Using this definition and the standard surface operators introduced above, it is easy to see the
following identities:

(2.6) divFv
⊥ = curlF v, v⊥ · te = v · se, v⊥ = v × nF .

We also define the space of rigid body displacements within R3 and the face F :

R = {a+ b× x : a, b ∈ R3}(2.7)

R(F ) = {at1 + bt2 + c((x · t1)t2 − (x · t2)t1) : a, b, c ∈ R}.(2.8)

Definition 2.3. Set V = R3, and Mk×k = Rk×k.

(1) The skew-symmetric operator skw : Mk×k → Mk×k and the symmetric operator sym :
Mk×k → Mk×k are defined as follows: for any M ∈ Mk×k,

skw(M) =
1

2
(M −M ′); sym(M) =

1

2
(M +M ′).

Denote the range of skw and sym as Kk = skw(Mk×k) and Sk = sym(Mk×k), respectively.
(2) Define the operator Ξ : M3×3 → M3×3 by ΞM = M ′ − tr(M)I, where I is the 3× 3 identity

matrix.

(3) The three-dimensional symmetric gradient and incompatibility operators are given, respec-
tively, by:

ε = symgrad, inc = curl(curl)′.

(4) The operators mskw : V → K3 and vskw : M3×3 → V are given by

mskw

⎛⎝v1
v2
v3

⎞⎠ =

⎛⎝ 0 −v3 v2
v3 0 −v1
−v2 v1 0

⎞⎠ , vskw := mskw−1 ◦ skw.

(5) The two-dimensional surface differential operators on a face F are given by

εF = symgradF , airyF = rotF (rotF )
′, incF := curlF (curlF )

′.

(6) The two-dimensional skew operator defined on either a scalar or matrix-valued function is
defined, respectively, as

skew u =

[︃
0 u
−u 0

]︃
; skew

[︃
u11 u12
u21 u22

]︃
= u21 − u12.

(7) The transpose operator τ is defined as: τ u = u′.

It is simple to see that Ξ is invertible with Ξ−1M = M ′ − 1
2tr(M)I. Furthermore, the following

identities hold:

div Ξ = 2vskw curl ,(2.9a)

Ξgrad = −curl mskw ,(2.9b)

curl Ξ−1curlmskw = −curl Ξ−1Ξgrad = −curl grad = 0,(2.9c)

2 vskw curl Ξ−1curl = div ΞΞ−1curl = div curl = 0,(2.9d)

tr(curl sym) = 0, curl Ξ−1curl sym = curl(curl sym)′ = inc sym.(2.9e)
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On a two-dimensional face F , there also holds

divF airyF = divF rotF τ (rotF ) = 0,(2.10a)

incF sym = incF , incF εF = curlF τ curlF gradF = 0,(2.10b)

curlF skew = τ gradF .(2.10c)

The following lemma states additional identities used throughout the paper. Its proof is found
in [13, Lemma 5.7].

Lemma 2.4. For a sufficiently smooth matrix-valued function u,

s′ (curlu)nF = curlF (uFs)
′, for any s ∈ R3,(2.11a) [︁

(curlu)′
]︁
Fn

= curlF uFF .(2.11b)

If in addition u is symmetric, then

(incu)nn = incF uFF ,(2.11c)

(incu)Fn = curlF
[︁
(curlu)′

]︁
FF
,(2.11d)

trF curlu = − curlF (uFn)
′.(2.11e)

For a sufficiently smooth vector-valued function v,

2(curl ε(v))′ = grad curl v,(2.11f)

2
[︁
(curl ε(v))′

]︁
FF

= gradF (curl v)F ,(2.11g)

curl v = nF (curlF vF ) + rotF (v · nF ) + nF × ∂nv,(2.11h)

2[ε(v)]nF = 2[ε(v)Fn]
′ = gradF (v · nF ) + ∂nvF ,(2.11i)

trF (rotFv
′
F ) = curl FvF .(2.11j)

2.4. Hilbert spaces. We summarize the definitions of Hilbert spaces which we use to define the

discrete spaces. For any T ∈ Th, we commonly use (·)̊ to denote the corresponding spaces with
vanishing traces; see the following two examples:

H̊(div, T ) := {v ∈ H(div, T ) : v · n|∂T = 0}, H̊(curl , T ) := {v ∈ H(curl , T ) : v × n|∂T = 0}.
In addition, for any face F ∈ ∆2(T ) with T ∈ Th, we define the following spaces by using surface
operators in Section 2.3:

H(divF , F ) := {v ∈ [L2(F )]2 : divFv ∈ L2(F )}, H̊(divF , F ) := {v ∈ H(divF , F ) : v · s|∂F = 0},

H(curlF , F ) := {v ∈ [L2(F )]2 : curlF v ∈ L2(F )}, H̊(curlF , F ) := {v ∈ H(curlF , F ) : v · t|∂F = 0},

H(gradF , F ) := {v ∈ L2(F ) : gradF v ∈ L2(F )}, H̊(gradF , F ) := {v ∈ H(gradF , F ) : v|∂F = 0},
where s denotes the outward unit normal of ∂F and t denotes the unit tangential of ∂F .

3. Discrete complexes on Clough-Tocher splits

Recall a Worsey-Farin split of a tetrahedron induces a Clough-Tocher split on each of its faces. As
a result, to construct degrees of freedom and commuting projections for discrete three-dimensional
elasticity complexes on Worsey-Farin splits, we first derive two-dimensional discrete elasticity com-
plexes on Clough-Tocher splits. Throughout this section, F ∈ ∆2(Th) is a face of the (unrefined)
triangulation Th, and F ct denotes its Clough-Tocher refinement with respect to the split point mF

(arising from the Worsey-Farin refinement of Th).
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3.1. de Rham complexes. As an intermediate step to derive elasticity complexes on F ct, we first
state several discrete de Rham complexes with various levels of smoothness. First, we define the
Nédélec spaces (without and with boundary conditions) on the Clough–Tocher split:

V 1
div,r(F

ct ) := {v ∈ H(divF , F ) : v|Q ∈ [Pr(τ)]
2, τ ∈ F ct }, V̊

1
div,r(F

ct ) := V 1
div,r(F

ct ) ∩ H̊(divF , F )

V 1
curl,r(F

ct ) := {v ∈ H(curlF , F ) : v|τ ∈ [Pr(τ)]
2, τ ∈ F ct }, V̊

1
curl,r(F

ct ) := V 1
curl,r(F

ct ) ∩ H̊(curlF , F ),

V 2
r (F

ct ) := {v ∈ L2(F ) : v|τ ∈ Pr(τ), τ ∈ F ct }, V̊
2
r(F

ct ) := V 2
r (F

ct ) ∩ L2
0(F ),

and the Lagrange spaces,

X0
r(F

ct ) := V 2
r (F

ct ) ∩H(gradF , F ), X̊
0

r(F
ct ) := X0

r(F
ct ) ∩ H̊(gradF , F ),

X1
r(F

ct ) := [X0
r(F

ct )]2, X̊
1

r(F
ct ) := [X̊

0

r(F
ct )]2,

X2
r(F

ct ) := X0
r(F

ct ), X̊
2

r(F
ct ) := X̊

0

r(F
ct ) ∩ L2

0(F ).

Note that superscripts in the notation for the spaces refer to the order of the corresponding differ-
ential forms.

Finally, we define the (smooth) piecewise polynomial subspaces with C1 continuity.

S0
r (F

ct ) := {v ∈ X0
r(F

ct ) : gradF v ∈ X1
r−1(F

ct )},

S̊
0
r(F

ct ) := {v ∈ X̊
0

r(F
ct ) : gradF v ∈ X̊

1

r−1(F
ct )},

R0
r(F

ct ) := {v ∈ S0
r (F

ct ) : v|∂F = 0}.

The first space S0
r (F

ct ) is the so-called Hsieh-Clough-Tocher C1 finite element space [16]. Several
combinations of these spaces form exact sequences, as summarized in the following theorem.

Theorem 3.1. Let r ≥ 3. The following sequences are exact [6, 19].

R −−→ X0
r(F

ct )
gradF
−−→ V 1

curl,r−1(F
ct )

curlF
−−→ V 2

r−2(F
ct ) −−→ 0,(3.1a)

R −−→ S0
r (F

ct )
gradF
−−→ X1

r−1(F
ct )

curlF
−−→ V 2

r−2(F
ct ) −−→ 0,(3.1b)

0 −−→ X̊
0

r(F
ct )

gradF
−−→ V̊

1
curl,r−1(F

ct )
curlF
−−→ V̊

2
r−2(F

ct ) −−→ 0,(3.1c)

0 −−→ S̊
0
r(F

ct )
gradF
−−→ X̊

1

r−1(F
ct )

curlF
−−→ V̊

2
r−2(F

ct ) −−→ 0.(3.1d)

Theorem 3.1 has an alternate form that follows from a rotation of the coordinate axes, where
the operators gradF and curlF are replaced by rotF and divF , respectively.

Corollary 3.2. Let r ≥ 3. The following sequences are exact [6, 19].

R −−→ X0
r(F

ct )
rotF
−−→ V 1

div,r−1(F
ct )

divF
−−→ V 2

r−2(F
ct ) −−→ 0,(3.2a)

R −−→ S0
r (F

ct )
rotF
−−→ X1

r−1(F
ct )

divF
−−→ V 2

r−2(F
ct ) −−→ 0,(3.2b)

0 −−→ X̊
0

r(F
ct )

rotF
−−→ V̊

1
div ,r−1(F

ct )
divF
−−→ V̊

2
r−2(F

ct ) −−→ 0,(3.2c)

0 −−→ S̊
0
r(F

ct )
rotF
−−→ X̊

1

r−1(F
ct )

divF
−−→ V̊

2
r−2(F

ct ) −−→ 0.(3.2d)
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3.2. Elasticity complexes. In order to construct elasticity sequences in three dimensions, we
need some elasticity complexes on the two-dimensional Clough-Tocher splits. The main results of
this section are very similar to the ones found [15] (with spaces slightly different) and can be proved
with the techniques there. However, to be self-contained, we provide the proof of the main result,
Theorem 3.4 in an appendix. Let V2 denote the plane n⊥ where n is a unit normal to F ct ; clearly
V2 is isomorphic to R2. Then the two-dimensional elasticity complexes utilize these:

Q̊
1
inc,r(F

ct ) := {v ∈ X̊
1

r(F
ct )⊗ V2 : curlF v ∈ V̊

1
curl,r−1(F

ct )},(3.3a)

Q̊
1,s
inc,r(F

ct ) := {sym(u) : u ∈ Q̊
1
inc,r(F

ct )},(3.3b)

Q1
r(F

ct ) := {u ∈ V 1
div,r(F

ct )⊗ V2 : skew(u) = 0},(3.3c)

Q̃
1
r(F

ct ) := {u ∈ X1
r(F

ct )⊗ V2 : skew(u) = 0} ⊂ Q1
r(F

ct ),(3.3d)

Q̊
2
r(F

ct ) := {u ∈ V 2
r (F

ct ) : u ⊥ P1(F )}.(3.3e)

We further let Q⊥
r be the subspace of Q1

r(F
ct ) that is L2(F )-orthogonal to Q̃

1
r(F

ct ). We then have

Q1
r(F

ct ) = Q⊥
r ⊕ Q̃

1
r(F

ct ), and

(3.4) dimQ⊥
r = dimQ1

r(F
ct )− dim Q̃

1
r(F

ct ).

Lemma 3.3 (Lemma 5.8 in [13]). Let u be a sufficiently smooth matrix-valued function, and let ϕ
be a smooth scalar-valued function. Then there holds the following integration-by-parts identity:

(3.5)

ˆ
F
(incF u)ϕ =

ˆ
F
u : airyF (ϕ) +

ˆ
∂F

(curlF u)t ϕds+

ˆ
∂F

ut · (rotFϕ)′.

Consequently, if u ∈ Q̊
1
inc,r−1(F

ct ) is symmetric and ϕ ∈ P1(F ), then
´
F (incF u)ϕ = 0.

The next theorem is the main result of this section, where exact local discrete elasticity complexes
are presented on Clough-Tocher splits. Its proof is given in Appendix A.

Theorem 3.4. Let r ≥ 3. The following elasticity sequences are exact.

0 −−→ S̊
0
r+1(F

ct )⊗ V2

εF
−−→ Q̊

1,s
inc,r(F

ct )
incF
−−→ Q̊

2
r−2(F

ct ) −−→ 0,(3.6)

P1(F )
⊂

−−→ S0
r (F

ct )
airyF
−−→ Q1

r−2(F
ct )

divF
−−→ V 2

r−3(F
ct )⊗ V2 −−→ 0.(3.7)

3.3. Dimension counts. We summarize the dimension counts of the discrete spaces on the Clough-
Tocher split in Table 1 which will be used in the construction elasticity complex in three dimensions.
These dimensions are mostly found in [22] and follow from Theorem 3.1 and the rank-nullity theo-
rem. Likewise, the dimension of Q1

r(F
ct) follows from Theorem 3.4.

4. Local discrete sequences on Worsey-Farin splits

4.1. de Rham complexes. Similar to the two-dimensional setting in Section 3, the starting point
to construct discrete 3D elasticity complexes are the de Rham complexes consisting of piecewise
polynomial spaces. The Nédélec spaces with respect to the local Worsey-Farin split Twf are given
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Table 1. Dimension counts of the canonical (two–dimensional) Nédélec, Lagrange,
and smooth spaces with respect to the Clough–Tocher split. Here, dimV 1

div,r(F
ct ) =

dimV 1
curl,r(F

ct ) =: dimV 1
r (F

ct )

k = 0 k = 1 k = 2

dimV k
r (F ct ) — 3(r + 1)2 3

2
(r + 1)(r + 2)

dim V̊
k
r (F

ct ) — 3r(r + 1) 3
2
(r + 1)(r + 2)− 1

dimXk
r (F

ct ) 1
2
(3r2 + 3r + 2) 3r2 + 3r + 2 1

2
(3r2 + 3r + 2)

dim X̊
k
r (F

ct ) 1
2
(3r2 − 3r + 2) 3r2 − 3r + 2 3

2
r(r − 1)

dimSk
r (F

ct ) 3
2
(r2 − r + 2) — —

dimRk
r (F

ct ) 3
2
(r − 1)(r − 2) [27] — —

dimQk
r (F

ct ) — 3
2
(3r2 + 5r + 2) —

as

V 1
r (T

wf ) := [Pr(T
wf )]3 ∩H(curl, T ), V̊

1
r(T

wf ) := V 1
r (T

wf ) ∩ H̊(curl, T ),

V 2
r (T

wf ) := [Pr(T
wf )]3 ∩H(div, T ), V̊

2
r(T

wf ) := V 2
r (T

wf ) ∩ H̊(div, T ),

V 3
r (T

wf ) := Pr(T
wf ), V̊

3
r(T

wf ) := V 3
r (T

wf ) ∩ L2
0(T ).

The Lagrange spaces on Twf are defined by

X0
r(T

wf ) := Pr(T
wf ) ∩H1(T ), X̊

0

r(T
wf ) := X0

r(T
wf ) ∩ H̊

1
(T ),

X1
r(T

wf ) := [X0
r(T

wf )]3, X̊
1

r(T
wf ) := [X̊

0

r(T
wf )]3,

X2
r(T

wf ) := X1
r(T

wf ), X̊
2

r(T
wf ) := X̊

1

r(T
wf ),

and the discrete spaces with additional smoothness are

S0
r (T

wf ) := {u ∈ X0
r(T

wf ) : gradu ∈ X1
r−1(T

wf )},

S̊
0
r(T

wf ) := {u ∈ X̊
0

r(T
wf ) : gradu ∈ X̊

1

r−1(T
wf )},

S1
r (T

wf ) := {u ∈ X1
r(T

wf ) : curlu ∈ X1
r−1(T

wf )},

S̊
1
r(T

wf ) := {u ∈ X̊
1

r(T
wf ) : curlu ∈ X̊

1

r−1(T
wf )}.

We also define the intermediate spaces

V2
r (T

wf ) := {v ∈ V 2
r (T

wf ) : v × n|F is continuous on each F ∈ ∆2(T )},

V̊2
r(T

wf ) := {v ∈ V2
r (T

wf ) : v · n|F = 0 on each F ∈ ∆2(T )},

V3
r (T

wf ) := {q ∈ V 3
r (T

wf ) : q|F is continuous on each F ∈ ∆2(T )},

V̊3
r := V3

r (T
wf ) ∩ L2

0(T ).

and note that

S0
r (T

wf ) ⊂ X0
r(T

wf ), S1
r (T

wf ) ⊂ X1
r(T

wf ) ⊂ V 1
r (T

wf ),

X2
r(T

wf ) ⊂ V2
r (T

wf ) ⊂ V 2
r (T

wf ), V3
r (T

wf ) ⊂ V 3
r (T

wf ),

with similar inclusions holding for the analogous spaces with boundary conditions.
The next lemma summarizes the exactness properties of several (local) complexes using these

spaces. Its proof is found in [22, Theorem 3.1-3.2].
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Lemma 4.1. The following sequences are exact for any r ≥ 3.

(4.1a) R ⊂−→ X0
r(T

wf )
grad−−−→ V 1

r−1(T
wf )

curl−−→ V 2
r−2(T

wf )
div−−→ V 3

r−3(T
wf ) → 0,

(4.1b) 0 → X̊
0

r(T
wf )

grad−−−→ V̊
1
r−1(T

wf )
curl−−→ V̊

2
r−2(T

wf )
div−−→ V̊

3
r−3(T

wf ) → 0,

(4.1c) R ⊂−→ S0
r (T

wf )
grad−−−→ X1

r−1(T
wf )

curl−−→ V 2
r−2(T

wf )
div−−→ V 3

r−3(T
wf ) → 0,

(4.1d) 0 → S̊
0
r(T

wf )
grad−−−→ X̊

1

r−1(T
wf )

curl−−→ V̊2
r−2(T

wf )
div−−→ V̊

3
r−3(T

wf ) → 0.

(4.1e) R ⊂−→ S0
r (T

wf )
grad−−−→ S1

r−1(T
wf )

curl−−→ X2
r−2(T

wf )
div−−→ V 3

r−3(T
wf ) → 0.

(4.1f) 0 → S̊
0
r(T

wf )
grad−−−→ S̊

1
r−1(T

wf )
curl−−→ X̊

2

r−2(T
wf )

div−−→ V̊3
r−3(T

wf ) → 0.

4.2. Dimension counts. The dimensions of the spaces in Section 4.1 are summarized in Table 2.
These counts essentially from Lemma 4.1 and the rank-nullity theorem; see [22] for details.

Table 2. Dimension counts of the canonical Nédélec, Lagrange spaces and
smoother spaces on a WF split. Here a+ = max(a, 0).

k = 0 k = 1 k = 2 k = 3

V k
r (Twf ) (2r + 1)(r2 + r + 1) 2(r + 1)(3r2 + 6r + 4) 3(r + 1)(r + 2)(2r + 3) 2(r + 1)(r + 2)(r + 3)

V̊
k
r (T

wf ) (2r − 1)(r2 − r + 1) 2(r + 1)(3r2 + 1) 3(r + 1)(r + 2)(2r + 1) 2r3 + 12r2 + 22r + 11
Xk
r (T

wf ) (2r + 1)(r2 + r + 1) 3(2r + 1)(r2 + r + 1) 3(2r + 1)(r2 + r + 1) (2r + 1)(r2 + r + 1)

X̊
k
r (T

wf ) (2r − 1)(r2 − r + 1) 3(2r − 1)(r2 − r + 1) 3(2r − 1)(r2 − r + 1) (r − 1)(2r2 − r + 2)

V̊k
r (T

wf ) — — 6r3 + 21r2 + 9r + 2 2r3 + 12r2 + 10r + 3
Sk
r (T

wf ) 2r3 − 6r2 + 10r − 2 3r(2r2 − 3r + 5) 6r3 + 8r + 2 (2r + 1)(r2 + r + 1)

S̊
0
r(T

wf )
(︁
2(r − 2)(r − 3)(r − 4)

)︁+ (︁
3(2r − 3)(r − 2)(r − 3)

)︁+ (︁
2(r − 2)(3r2 − 6r + 4)

)︁+
(r − 1)(2r2 − r + 2)

4.3. Elasticity complex for stresses with weakly imposed symmetry. In this section we
will apply Proposition 2.1 to the de-Rham sequences on Worsey-Farin splits. This gives rise to
a derived complex useful for analyzing mixed methods for elasticity with weakly imposed stress
symmetry. From this intermediate step, an elasticity sequence with strong symmetry will readily
follow. We start with the following definition and lemma.

Definition 4.2. Let µ ∈ X̊
0

1(T
wf ) be the unique continuous, piecewise linear polynomial that

vanishes on ∂T and takes the value 1 at the incenter of T .

Lemma 4.3.

(1) The map Ξ : X1
r(T

wf )⊗ V → X2
r(T

wf )⊗ V is a bijection.
(2) The following inclusions hold vskw (V 2

r−2(T
wf )⊗ V) ⊂ V 3

r−2(T
wf )⊗ V and

vskw (V̊2
r−2(T

wf )⊗ V) ⊂ V3
r−2(T

wf )⊗ V, for any r ≥ 3.

(3) The mappings vskw : V 2
r−2(T

wf ) ⊗ V → V 3
r−2(T

wf ) ⊗ V and vskw : V̊2
r−2(T

wf ) ⊗ V →
V3
r−2(T

wf )⊗ V are both surjective, for any r ≥ 3.
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Proof. Both (1) and (2) are trivial to verify and hence we only prove (3). For any r ≥ 3, let
v ∈ V 3

r−2(T
wf ) ⊗ V. By the exactness of (4.1e), there exists a function z ∈ X2

r−2(T
wf ) ⊗ V

such that div z = v. Since Ξ is a bijection from X1
r−2(T

wf ) ⊗ V to X2
r−2(T

wf ) ⊗ V, we have

q = Ξ−1z ∈ X1
r−2(T

wf )⊗ V. Thus, by setting w = curl q ∈ V 2
r−2(T

wf )⊗ V we obtain

2vskw(w) = 2vskw curl (q) = 2vskw curl (Ξ−1z) = div Ξ(Ξ−1z) = v,

where we used (2.9a). We conclude vskw : V 2
r−2(T

wf )⊗ V → V 3
r−2(T

wf )⊗ V is a surjection.

We now prove the analogous result with boundary condition. Let v ∈ V3
r−2(T

wf ) ⊗ V, and let

M ∈ M3×3 be a constant matrix such that
´
T 2vskwM = 1´

T µ

´
T v. Then, by taking w̃ = µM , we

have w̃ ∈ V̊2
1(T

wf )⊗V with
´
T 2vskw w̃ =

´
T v. Therefore, we have v−2 vskw(w̃) ∈ V̊3

r−2(T
wf )⊗V

and the exactness of (4.1f) yields the existence of z ∈ X̊
2

r−1(T
wf )⊗V, such that div z = v−2vskw(w̃).

Let q = Ξ−1z ∈ X̊
1

r−1(T
wf ) ⊗ V, and from (4.1d), we have w := curl (q) + w̃ ∈ V̊2

r−2(T
wf ) ⊗ V.

Finally, using (2.9a)

2vskw(w) = 2vskw curl (Ξ−1z) + 2vskw(w̃) = div z + 2vskw(w̃) = v.

This shows the surjectivity of vskw : V̊2
r−2(T

wf ) ⊗ V → V3
r−2(T

wf ) ⊗ V, thus completing the
proof. □

Using the complexes (4.1c)-(4.1f) and the two identities (2.9a)-(2.9b), we construct the following
commuting diagrams:

(4.2)

S0
r+1(T

wf )⊗V S1
r (T

wf )⊗V X2
r−1(T

wf )⊗V V 3
r−2(T

wf )⊗V 0

S0
r (T

wf )⊗V X1
r−1(T

wf )⊗V V 2
r−2(T

wf )⊗V V 3
r−3(T

wf )⊗V 0,

grad curl div

grad
−mskw

curl

Ξ

div
2vskw

(4.3)

S̊
0
r+1(T

wf )⊗V S̊
1
r(T

wf )⊗V X̊
2

r−1(T
wf )⊗V V3

r−2(T
wf )⊗V R

S̊
0
r(T

wf )⊗V X̊
1

r−1(T
wf )⊗V V̊2

r−2(T
wf )⊗V V̊

3
r−3(T

wf )⊗V 0.

grad curl div
´

grad

−mskw

curl

Ξ

div

2vskw

Note that the top sequence of (4.3) is slightly different from (4.1f), as the mean-value constraint
is not imposed on Vr−2(T

wf ) ⊗ V. This is due to the surjective property of the mapping vskw :

(V̊2
r−2(T

wf )⊗ V) → V3
r−2(T

wf )⊗ V established in Lemma 4.3.

Theorem 4.4. The following sequences are exact for any r ≥ 3:
(4.4)[︃
S0
r+1(T

wf )⊗V
S0
r (T

wf⊗V)

]︃
[grad,−mskw ]−−−−−−−−→ S1

r (T
wf )⊗V curl Ξ−1curl−−−−−−−→ V 2

r−2(T
wf )⊗V

[︂
2vskw
div

]︂
−−−−−→

[︃
V 3
r−2(T

wf )⊗V
V 3
r−3(T

wf )⊗V

]︃
.

(4.5)[︄
S̊
0
r+1(T

wf )⊗ V
S̊
0
r(T

wf ⊗ V)

]︄
[grad,−mskw ]−−−−−−−−→ S̊

1
r(T

wf )⊗V curl Ξ−1curl−−−−−−−→ V̊2
r−2(T

wf )⊗V

[︂
2vskw
div

]︂
−−−−−→

[︄
V3
r−2(T

wf )⊗ V
V̊

3
r−3(T

wf )⊗ V

]︄
.

Moreover, the last operator in (4.4) is surjective.
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Proof. Lemma 4.3 tells us that Ξ : X1
r−1(T

wf ) ⊗ V → X2
r−1(T

wf ) ⊗ V is a bijection. With the
exactness of (4.1c)-(4.1f) for r ≥ 3 and Proposition 2.1, we see that these two sequences are exact.
The surjectivity of the last map is guaranteed by Proposition 2.1 and Lemma 4.3. □

4.4. Elasticity sequence. Now we are ready to describe the local discrete elasticity sequence on
Worsey-Farin splits. The discrete elasticity complexes with strong symmetry are formed by the
following spaces:

U0
r+1(T

wf ) = S0
r+1(T

wf )⊗ V, Ů
0
r+1(T

wf ) = S̊
0
r+1(T

wf )⊗ V,

U1
r (T

wf ) = {sym(u) : u ∈ S1
r (T

wf )⊗ V}, Ů
1
r(T

wf ) = {sym(u) : u ∈ S̊
1
r(T

wf )⊗ V},

U2
r−2(T

wf ) = {u ∈ V 2
r−2(T

wf )⊗ V : skw u = 0}, Ů
2
r−2(T

wf ) = {u ∈ V̊2
r−2(T

wf )⊗ V : skw u = 0},

U3
r−3(T

wf ) = V 3
r−3(T

wf )⊗ V, Ů
3
r−3(T

wf ) = {u ∈ V 3
r−3(T

wf )⊗ V : u ⊥ R},

where we recall R, defined in (2.7), is the space of rigid body displacements.

Theorem 4.5. The following two sequences are discrete elasticity complexes and are exact for
r ≥ 3:

(4.6) R → U0
r+1(T

wf )
ε−→ U1

r (T
wf )

inc−−→ U2
r−2(T

wf )
div−−→ U3

r−3(T
wf ) → 0,

and

(4.7) 0 → Ů
0
r+1(T

wf )
ε−→ Ů

1
r(T

wf )
inc−−→ Ů

2
r−2(T

wf )
div−−→ Ů

3
r−3(T

wf ) → 0.

Proof. We first show that (4.6) is a complex. In order to do this, it suffices to show the operators
map the space they are acting on into the subsequent space. To this end, let u ∈ U0

r+1(T
wf ),

then by (4.1e) we have grad (u) ∈ S1
r (T

wf ) ⊗ V. Hence, ε(u) = symgrad (u) ∈ U1
r (T

wf ). Now
let u ∈ U1

r (T
wf ) which implies that u = sym(w) with w ∈ S1

r (T
wf ) ⊗ V. Thus by (2.9c) we

have curl Ξ−1curlu = curl Ξ−1curlw ∈ V 2
r−2(T

wf ) ⊗ V and skw(u) = 0 due to (2.9d). Therefore,

there holds curl Ξ−1curl (u) ∈ U2
r−2(T

wf ). Finally, for any u ∈ U2
r−2(T

wf ) ⊂ V 2
r−2(T

wf ) ⊗ V,
div u ∈ V 3

r−3(T
wf )⊗ V.

Next, we prove exactness of the complex (4.6). Let w ∈ U3
r−3(T

wf ) and consider (0, w) ∈
[V 3

r−2(T
wf ) ⊗ V] × [V 3

r−3(T
wf ) ⊗ V]. Due to the exactness of (4.4) in Theorem 4.4, there exists

v ∈ V 2
r−2(T

wf )⊗ V such that div v = w and 2vskw(v) = 0. Thus, v ∈ U2
r−2(T

wf ).

Now let w ∈ U2
r−2(T

wf ) with divw = 0. Then by the exactness of (4.4), we have the existence

of v ∈ S1
r (T

wf )⊗ V such that curl Ξ−1curl v = w. Setting u = sym(v) ∈ U1
r (T

wf ) yields incu = w
by (2.9c).

Finally, let w ∈ U1
r (T

wf ) with incw = 0. Then w = sym(v) for some v ∈ S1
r (T

wf )⊗V and with
(2.9c), curl Ξ−1curl v = curl Ξ−1curlw = 0. Due to the exactness of (4.4), we could find (u, z) ∈
[S0

r+1(T
wf )⊗V]× [S0

r (T
wf )⊗V] such that v = gradu−mskw (z). Therefore, ε(u) = sym(v) = w.

We can prove that (4.7) is a complex and it is exact very similar to above. The main difference

is the surjectivity of the last map which we prove now. Let w ∈ Ů
3
r−3(T

wf ) ⊂ V̊
3
r−3 ⊗ V. Then by

the exactness of (4.1d), there exists v ∈ V̊2
r−2(T

wf ) ⊗ V such that div v = w. For any c ∈ R3 we
have grad (c× x) = mskw c and hence, using integration by partsˆ

T
2vskw v · c =

ˆ
T
v : mskw c =

ˆ
T
v : grad (c× x) = −

ˆ
T
div v · (c× x) = −

ˆ
T
w · (c× x) = 0,
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where the last equality uses the fact w ⊥ R. Therefore, vskw v ∈ V̊3
r−2(T

wf )⊗V and by the exactness

of (4.1f), we have an m ∈ X̊
2

r−1(T
wf ) ⊗ V such that divm = 2vskw v. Let u = v − curl (Ξ−1m) ∈

V̊2
r−2(T

wf ) ⊗ V and we see that 2vskw u = 2vskw v − 2vskw curl (Ξ−1m) = 0 by (2.9a). Hence,

u ∈ Ů
2
r−2(T

wf ) and div u = w. □

When r ≥ 4, there holds R ⊂ U3
r−3(T

wf ), so it is clear that

(4.8) U3
r−3(T

wf ) = R⊕ Ů
3
r−3(T

wf ) for r ≥ 4.

On the other hand, when r = 3, we need the following lemma for the calculation of dimensions of

Ů
3
r−3(T

wf ). Let PU be the L2-orthogonal projection onto U3
0 (T

wf ) and let PUR := {PUu : u ∈ R}.
The proof of the following lemma is provided in the appendix.

Lemma 4.6. It holds,

(4.9) U3
0 (T

wf ) = PUR⊕ Ů
3
0(T

wf ),

and dimPUR = dimR = 6.

Using the exactness of the complexes (4.6)–(4.7) along with Table 2, we calculate the dimensions
of the spaces in the next lemma.

Lemma 4.7. When r ≥ 3, we have:

dimU0
r+1(T

wf ) = 6r3 + 12r + 12, dim Ů
0
r+1(T

wf ) = 6r3 − 36r2 + 66r − 36,(4.10)

dimU1
r (T

wf ) = 12r3 − 9r2 + 15r + 6, dim Ů
1
r(T

wf ) = 12r3 − 63r2 + 87r − 18,(4.11)

dimU2
r−2(T

wf ) = 12r3 − 27r2 + 15r, dim Ů
2
r−2(T

wf ) = 12r3 − 45r2 + 33r + 12,(4.12)

dimU3
r−3(T

wf ) = 6r3 − 18r2 + 12r, dim Ů
3
r−3(T

wf ) = 6r3 − 18r2 + 12r − 6.(4.13)

Proof. By Lemma 4.3 and the rank-nullity theorem, we have

dimU2
r−2(T

wf ) = dimker(V 2
r−2(T

wf )⊗ V, vskw) = dimV 2
r−2(T

wf )⊗ V− dimV 3
r−2(T

wf )⊗ V
= (6r3 − 9r2 + 3r)× 3− 2r(r + 1)(r − 1)× 3 = 12r3 − 27r2 + 15r,

dim Ů
2
r−2(T

wf ) = dimker(V̊2
r−2(T

wf )⊗ V, vskw) = dim V̊2
r−2(T

wf )⊗ V− dimV3
r−2(T

wf )⊗ V
= (6(r − 2)3 + 21(r − 2)2 + 9(r − 2) + 2)× 3

− 2((r − 2)3 + 6(r − 2)2 + 5(r − 2) + 2)× 3

= 18r3 − 45r2 − 9r + 60− (6r3 − 42r + 48) = 12r3 − 45r2 + 33r + 12.

The dimensions of U0
r+1(T

wf ), Ů
0
r+1(T

wf ) and U3
r−3(T

wf ) are computed similarly using the dimen-

sions of S0
r+1(T

wf ), S̊
0
r+1(T

wf ) and V 3
r−3(T

wf ). Also, using Lemma 4.6 when r = 3 or (4.8) when
r ≥ 4, we obtain

dim Ů
3
r−3(T

wf ) = dimU3
r−3(T

wf )− 6.
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Using the exactness of the sequences (4.6) and (4.7) in Theorem 4.5, with the rank-nullity theorem,
we have

dimU1
r (T

wf ) = dimU0
r+1(T

wf ) + dimU2
r−2(T

wf )− dimU3
r−3(T

wf )− dimR

= 12r3 − 9r2 + 15r + 6,

dim Ů
1
r(T

wf ) = dim Ů
0
r+1(T

wf ) + dim Ů
2
r−2(T

wf )− dim Ů
3
r−3(T

wf )

= 12r3 − 63r2 + 87r − 18.

□

4.5. An equivalent characterization of U1
r (T

wf ) and Ů
1
r(T

wf ). We will now show that U1
r (T

wf )
admits a characterization as a conforming subspace of the Sobolev space H1(inc) appearing in (1.3).

The next result will also help us find the local degrees of freedom of U1
r (T

wf ) and Ů
1
r(T

wf ).

Theorem 4.8. We have the following equivalent definitions of U1
r (T

wf ) and Ů
1
r(T

wf ):

U1
r (T

wf ) = {u ∈ H1(T ;S) : u ∈ Pr(T
wf ;S), (curlu)′ ∈ V 1

r−1(T
wf )⊗ V},(4.14)

Ů
1
r(T

wf ) = {u ∈ H̊
1
(T ;S) : u ∈ Pr(T

wf ;S), (curlu)′ ∈ V̊
1
r−1(T

wf )⊗ V,(4.15)

inc(u) ∈ V̊2
r−2(T

wf )⊗ V}.

Proof. Let the right-hand side of (4.14) and (4.15) be denoted by Mr and M̊ r, respectively. If
u ∈ U1

r (T
wf ), then u = sym(z) for some z ∈ S1

r (T
wf )⊗V, so (2.9e), (2.9b) and Definition 2.3 give

(4.16) (curlu)′ = Ξ−1curlu = Ξ−1curl z + grad vskw(z),

from which we conclude (curlu)′ ∈ V 1
r−1(T

wf )⊗ V. This proves the inclusion

(4.17) U1
r (T

wf ) ⊂ Mr.

Similarly, if u ∈ Ů
1
r(T

wf ), then (4.16) for z ∈ S̊
1
r(T

wf )⊗V, hence we have (curlu)′ ∈ V̊
1
r−1(T

wf )⊗V.
Moreover, using (2.9c) and the exact sequence (4.1d), we obtain

inc(u) = curl Ξ−1curl (u) = curl Ξ−1curl (z) ∈ curl (X̊
1

r−1(T
wf )⊗ V) ⊂ V̊2

r−2(T
wf )⊗ V.

This proves

(4.18) Ů
1
r(T

wf ) ⊂ M̊ r.

We continue to prove the reverse inclusion of (4.14). For any m ∈ Mr, let σ = curl (curlm)′

which immediately implies that div σ = 0. Moreover, by (2.9e) σ = curl Ξ−1curl (m) and by
(2.9d) vskw(σ) = 0. Hence, we have σ ∈ V 2

r−2(T
wf ) ⊗ V, and by the exact sequence (4.4) there

exists w ∈ S1
r (T

wf ) ⊗ V such that curl Ξ−1curl (w) = σ. Therefore, w − m ∈ V 1
r (T

wf ) ⊗ V with
curl Ξ−1curl (w − m) = 0 and hence, by the exact sequence (4.1a), there exists v ∈ X0

r(T
wf ) ⊗ V

such that grad v = Ξ−1curl (w −m). Setting z = m+ vskw(v) gives sym(z) = m and by (2.9b),

curl z = curlm+ curlmskw v = curlm− Ξgrad v = curlw ∈ X1
r−1(T

wf )⊗ V.

We conclude

(4.19) Mr ⊂ U1
r (T

wf ).

The reverse inclusion to prove (4.15) follows similar arguments, using the exact sequence (4.5)
and (4.1b) in place of (4.4) and (4.1a), respectively. □



16 S. GONG, J. GOPALAKRISHNAN, J. GUZMÁN, AND M. NEILAN

5. Local degrees of freedom for the elasticity complex on Worsey-Farin splits

In this section we present degrees of freedom for the discrete spaces arising in the elasticity
complex. We first need to introduce some notation as follows. Recall that T a is the set of four
tetrahedra obtained by connecting the vertices of T with its incenter. For each K ∈ T a, we denote
the local Worsey-Farin splits of K as Kwf , i.e.,

Kwf = {S ∈ Twf : S̄ ⊂ K̄}.

Then, similar to the discrete functions spaces on Twf defined in Section 4.1, we define spaces on
Kwf by taking their restriction:

X0
r(K

wf ) := {u|K : u ∈ X0
r(T

wf )}; S0
r (K

wf ) := {u|K : u ∈ S0
r (T

wf )}.

Lemma 5.1. Let T ∈ Th, and let F ∈ ∆2(T ). If p ∈ X0
r(T

wf ) with p = 0 on F , then grad p
is continuous on F . In particular, the normal derivative ∂np is continuous on F . In addition, if
p ∈ S0

r (T
wf ) with p = 0 on F , then grad p|F ∈ S0

r−1(F
ct)⊗V and in particular, ∂np|F ∈ S0

r−1(F
ct ).

Proof. Let K ∈ T a such that F ∈ ∆2(K). Then, since p vanishes on F , we have that p = µq
on K where q ∈ X0

r−1(K
wf ) and µ is the piecewise linear polynomial in Definition 4.2. We write

grad p = µgrad q+ qgradµ, and since µ vanishes on F and gradµ is constant on F , we have grad p
is continuous on F .

Furthermore, if p ∈ S0
r (T

wf ), then p = µq on K where q ∈ S0
r−1(K

wf ) because µ is a strictly

positive polynomial onK. Hence by the same reasoning as the previous case, grad p|F ∈ S0
r−1(F

ct)⊗
V. □

5.1. Dofs of U0 space.

Lemma 5.2. A function u ∈ U0
r+1(T

wf ), with r ≥ 3, is fully determined by the following dofs :

u(a), a ∈ ∆0(T ), 12 dofs,(5.1a)

gradu(a), a ∈ ∆0(T ), 36 dofs,(5.1b) ˆ
e
u · κ, κ ∈ [Pr−3(e)]

3, e ∈ ∆1(T ), 18(r − 2) dofs,(5.1c)

ˆ
e

∂u

∂n±
e
· κ, κ ∈ [Pr−2(e)]

3, e ∈ ∆1(T ), 36(r − 1) dofs,(5.1d)

ˆ
F

εF (uF ) : εF (κ), κ ∈ [S̊
0
r+1(F

ct)]2, F ∈ ∆2(T ) 12r
2 − 36r + 24 dofs,(5.1e)

ˆ
F

[ε(u)]Fn · κ, κ ∈ gradF S̊
0
r+1(F

ct), F ∈ ∆2(T ) 6r
2 − 18r + 12 dofs,(5.1f)

ˆ
F

∂n(u · nF )κ, κ ∈ R0
r(F

ct), F ∈ ∆2(T ) 6r
2 − 18r + 12 dofs,(5.1g)

ˆ
F

∂nuF · κ, κ ∈ [R0
r(F

ct)]2, F ∈ ∆2(T ) 12r
2 − 36r + 24 dofs,(5.1h)

ˆ
T
ε(u) : ε(κ), κ ∈ Ů

0
r+1(T

wf ), 6(r − 1)(r − 2)(r − 3) dofs,(5.1i)

where ∂
∂n±

e
represents two normal derivatives to edge e and {n+

e , n
−
e , te} forms an edge-based or-

thonormal basis of R3.
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Proof. The dimension of U0
r+1(T

wf ) is 6r3 + 12r+ 12, which is equal to the sum of the given dofs .

Let u ∈ U0
r+1(T

wf ) such that it vanishes on the dofs (5.1). On each edge e ∈ ∆1(T ), u|e = 0
by (5.1a)-(5.1c). Furthermore, gradu|e = 0 by (5.1b) and (5.1d). Hence on any face F ∈ ∆2(T ),

we have uF ∈ [S̊
0
r+1(F

ct)]2. Then with dofs (5.1e), uF = 0 on F . Now with Lemma 5.1 applied to

uF ∈ S0
r+1(T

wf ) ⊗ V2, we have ∂nuF ∈ S0
r (F

ct) ⊗ V2. In addition, since graduF |∂F = 0, it follows

that ∂nuF ∈ [R0
r(F

ct)]2 and with (5.1h), we have ∂nuF = 0.
Using the identity (2.11i), we have 2[ε(u)]Fn = ∂nuF + gradF (u · nF ) = gradF (u · nF ). With

u · nF ∈ S0
r+1(F

ct), we have in (5.1f), [ε(u)]Fn = 0 and thus u · nF = 0 on F . Now similar to

uF , with Lemma 5.1 applied to u · nF , we have ∂n(u · nF ) ∈ R0
r(F

ct) and with (5.1g), we have
∂n(u · nF ) = 0.

Since u|∂T = 0, all the tangential derivatives of u vanish. With ∂n(u · nF ) = 0 and ∂nuF = 0, we

conclude that gradu|∂T = 0. Thus u ∈ Ů
0
r+1(T

wf ), and (5.1i) shows that u vanishes. □

5.2. Dofs of U1 space. Before giving the dofs of the space U1 we need preliminary results to see
the continuity of the functions involved. In the following lemmas, we use the jump operator [[·]] and
the set of internal edges of a split face ∆I

1(F
ct) given in Section 2.2. The proofs of the next four

results are found in the appendix.

Lemma 5.3. Let σ ∈ V 2
r (T

wf ) ⊗ V with skw(σ) = 0. If n′
Fσℓ = 0 on ∂T for some ℓ ∈ R3, then

σFℓ ∈ V 1
div,r(F

ct) on each F ∈ ∆2(T ).

Lemma 5.4. Let w ∈ V 1
r−1(T

wf ) ⊗ V such that w′ ∈ V 2
r−1(T

wf ) ⊗ V. If wFn = 0 on some
F ∈ ∆2(T ), then we have

(5.2) [[t′swnf ]]e = 0; [[s′ewse]]e = 0, for all e ∈ ∆I
1(F

ct).

On the other hand, if wFF = 0 on F , then we have

(5.3) [[t′ewnf ]]e = 0; [[t′ewnF ]]e = 0, for all e ∈ ∆I
1(F

ct).

Lemma 5.5. Let T be a tetrahedron, and let ℓ,m be two tangent vectors to a face F ∈ ∆2(T )
such that ℓ · m = 0 and ℓ × m = nF . Let u ∈ X1

r(T
wf ) ⊗ V for some r ≥ 0. If uFF = 0 on some

F ∈ ∆2(T ), then

[[ℓ′(curlu)m]]e = −[[gradF (uFn · ℓ) · ℓ]]e, for all e ∈ ∆I
1(F

ct),(5.4)

[[ℓ′(curlu)ℓ]]e = −[[gradF (uFn · ℓ) ·m]]e, for all e ∈ ∆I
1(F

ct).(5.5)

On the other hand, if unF = 0 on F , then

(5.6) [[n′
F (curlu)ℓ]]e = [[(gradFunn) ·m]]e, for all e ∈ ∆I

1(F
ct).

Lemma 5.6. Suppose u ∈ U1
r (T

wf ) and w = (curlu)′ are such that uFF and wFn vanish on a
face F ∈ ∆2(T ). Then wFF − gradFu

⊥
nF is continuous on F . Furthermore, if u = ε(v) for some

v ∈ U0
r+1(T

wf ), then the following identity holds:

(5.7) wFF = [(curl ε(v))′]FF = gradFu
⊥
nF + gradF (∂nvF × nF ).

In addition to (3.5) in Lemma 3.3, we need another identity to proceed with our construction.
The following result is shown in [13, Lemma 5.8].

Lemma 5.7. Let u be a symmetric matrix-valued function with [(curlu)′]FF t|∂F = 0 , u|∂F = 0.
Let q ∈ R(F ) be defined in (2.8). Then there holds

(5.8)

ˆ
F
(incu)Fn · q = 0.
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Lemma 5.8. A function u ∈ U1
r (T

wf ), with r ≥ 3, is fully determined by the following vertex
degrees of freedom

u(a), a ∈ ∆0(T ), 24 dofs(5.9a)

the following edge dofs on all e ∈ ∆1(T ),ˆ
e
u : κ, κ ∈ sym[Pr−2(e)]

3×3, 36(r − 1) dofs(5.9b)

ˆ
e
(curlu)′te · κ, κ ∈ [Pr−1(e)]

3, 18r dofs(5.9c)

the following face dofs on all F ∈ ∆2(T ),ˆ
F
(inc u)FF : κ, κ ∈ Q⊥

r−2, 12(r − 2) dofs(5.9d)

ˆ
F

(inc u)nnκ, κ ∈ Q̊
2
r−2(F

ct ), 6r
2 − 6r − 12 dofs(5.9e)

ˆ
F

(inc u)Fn · κ, κ ∈ V 1
div,r−2(F

ct)/R(F ), 12r
2 − 24r dofs(5.9f)

ˆ
F
uFF : κ, κ ∈ εF ([S̊

0
r+1(F

ct)]2), 12(r
2 − 3r + 2) dofs(5.9g)

ˆ
F

([(curlu)′]FF − gradF (u
⊥
nF )) : κ, κ ∈ gradF [(R0

r(F
ct)]2, 12(r

2 − 3r + 2) dofs(5.9h)

ˆ
F
uFn · κ, κ ∈ gradF ([S̊r+1(F

ct)]), 6(r
2 − 3r + 2) dofs(5.9i)

ˆ
F
unnκ, κ ∈ R0

r(F
ct), 6(r

2 − 3r + 2) dofs(5.9j)

and the following interior dofs ,ˆ
T

inc(u) : inc(κ), κ ∈ Ů
1
r(T

wf ), 6r
3 − 27r

2
+ 21r + 18 dofs(5.9k)

ˆ
T
u : ε(κ), κ ∈ Ů

0
r+1(T

wf ), 6(r − 1)(r − 2)(r − 3) dofs.(5.9l)

Proof. The dimension of U1
r (T

wf ) is 12r3 − 9r2 + 15r + 6, which is equal to the sum of the given
dofs . Suppose that all dofs (5.9) vanish for a u ∈ U1

r (T
wf ).

Step 0: Using the dofs (5.9a, 5.9b) and (5.9c), we conclude

(5.10) u|e = 0, (curlu)′t|e = 0, for e ∈ ∆1(T ).

Step 1: We show incu ∈ V̊2
r−2(T

wf )⊗ V.
By (2.11b) and (5.10), we have

0 = n′
F (curlu)

′t = (curlF uFF )t on ∂F for each F ∈ ∆2(T ).

Since u is symmetric and continuous, by (2.11c), we see that (incu)nn = incF uFF with uFF ∈
Q̊

1,s
inc,r(F

ct ) ⊂ Q̊
1
inc,r(F

ct ). Thus, the complex (3.6) in Theorem 3.4 and the dofs (5.9e) yield

(5.11) (incu)nn = 0 on each F ∈ ∆2(T ).
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Next, Lemma 5.3 (with ℓ = nF and σ = incu) shows (incu)Fn ∈ V 1
div,r−2(F

ct). Therefore using

the dofs (5.9f) and (5.8) in Lemma 5.7, we conclude (incu)Fn = 0.
The identities (incu)nn = 0 and (incu)Fn = 0 yield (incu)nF = 0. So, by Lemma 5.3 (with ℓ =

t1, t2), we see that (incu)FF ∈ V 1
div,r−2(F

ct)⊗ V2. In particular, since (incu)FF is symmetric, there

holds (incu)FF ∈ Q1
r−2(F

ct) (cf. (3.3c)). Thus by the dofs (5.9d) and the definition of Q⊥
r−2(F

ct)

in Section 3, we have (incu)FF ∈ L1
r(F

ct )⊗ V2. Therefore, we conclude incu ∈ V̊2
r−2(T

wf )⊗ V.
Step 2: We show (curlu)′ ∈ V̊

1
r−1(T

wf )⊗ V.
Using (5.11) and (2.11c), we have 0 = (incu)nn = incFuFF . Thus by the exact sequence (3.6) in

Theorem 3.4, there holds uFF = εF (κ) for some κ ∈ S̊
0
r+1(F

ct) ⊗ V2. We then conclude from the
dofs (5.9g) that uFF = 0 on each F ∈ ∆2(F ). Furthermore by (2.11b), [(curlu)′]Fn = curlFuFF = 0.

Since (curlu)′ ∈ V 1
r−1(T

wf )⊗ V by Theorem 4.8 and from (5.10)

[(curlu)′]FF te|e = (curlu)′te|e = 0, for all e ∈ ∆1(T ),

we have [(curlu)′]FF ∈ V̊
1
curl,r−1(F

ct)⊗ V2 on F ∈ ∆2(T ). In addition, by the identity (incu)Fn =

curlF [(curlu)
′]FF (cf. (2.11d)) and (incu)Fn = 0 derived in Step 1, there exists ϕ ∈ X̊

0

r(F
ct )⊗ V2

such that gradFϕ = [(curlu)′]FF . With Lemma 5.6, we further have ϕ−u⊥nF ∈ [R0
r(F

ct )]2. Therefore,
using the dofs (5.9h) we conclude

(5.12) [(curlu)′]FF = gradFu
⊥
nF .

Since with (2.11e), we have

− curlF (uFn)
′ = trF curlu = trF (curlu)

′ = trF (curlu)
′
FF .

With (5.12) and (2.6), we have

− curlF (uFn)
′ = trF (curlu)

′
FF = divFu

⊥
nF = curlF (unF )= curlF (uFn)

′,

and this implies that curlF (uFn)
′ = 0. Since uFn ∈ X̊

1

r(F
ct ), the exact sequence (3.1d) yields

uFn ∈ gradF ([S̊r+1(F
ct)]). Therefore by (5.9i), we have uFn = 0. Now with (5.12) and uFn = 0, we

have [(curlu)′]FF = 0 and so (curlu)′ ∈ V̊
1
r−1(T

wf )⊗ V.
Step 3: We show u ∈ H̊

1
(T ; S).

From Step 2, we already see that uFF = 0 and uFn = 0, so we only need to show unn = 0. Since

(curlu)′ ∈ V̊
1
r−1(T

wf ) ⊗ V with curlu ∈ V 2
r−1(T

wf ) ⊗ V and [(curlu)′]FF = 0 on F , then by (5.3),
we have

(5.13) [[t′e(curlu)
′nF ]]e = 0, for all e ∈ ∆I

1(F
ct ).

We know that u ∈ X1
r(T

wf ), uFn = 0 and by (5.6) in Lemma 5.5 with ℓ = te, m = se,

0 = [[t′e(curlu)
′nF ]]e = [[n′

F (curlu)te]]e = [[(gradFunn) · se]].

Therefore, we have unn ∈ R0
r(F

ct) and (5.9j) implies unn = 0 on F . Thus u|∂T = 0.
Step 4:

Using the second characterization of Theorem 4.8, u ∈ Ů
1
r(T

wf ). Hence (5.9k) implies incu = 0 on
T and using the exactness of the sequence (4.7) and the dofs of (5.9l), we see that u = 0 on T . □
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nn-moments

nF -moments

FF -moments

Figure 2. An illustration of coupling dofs of U2
1 (T

wf ). Here, FF-moments, nn-
moments and nF-moments are associated with the dofs (5.14a), (5.14b), and (5.14c),
respectively. Note the absence of vertex or edge dofs .

5.3. Dofs of the U2 and U3 spaces.

Lemma 5.9. A function u ∈ U2
r−2(T

wf ), with r ≥ 3, is fully determined by the following dofs :ˆ
F
uFF : κ, κ ∈ Q⊥

r−2, F ∈ ∆2(T ), 12(r − 2) dofs,(5.14a)

ˆ
F

unnκ, κ ∈ V 2
r−2(F

ct), F ∈ ∆2(T ), 6r
2 − 6r dofs,(5.14b)

ˆ
F

unF · κ, κ ∈ V 1
div,r−2(F

ct), F ∈ ∆2(T ), 12r
2 − 24r + 12 dofs,(5.14c)

ˆ
T
div u · κ, κ ∈ Ů

3
r−3(T

wf ), 6r
3 − 18r

2
+ 12r − 6 dofs,(5.14d)

ˆ
T
u : κ, κ ∈ inc Ů

1
r(T

wf ), 6r
3 − 27r

2
+ 21r + 18 dofs.(5.14e)

Proof. The dimension of U2
r−2(T

wf ) is 12r3 − 27r2 + 15r, which is equal to the sum of the given
dofs .

Let u ∈ U2
r−2(T

wf ) such that u vanishes on the dofs (5.14). By dofs (5.14b), we have unn = 0
on each F ∈ ∆2(T ). By Lemma 5.3 and dofs (5.14c), we have unF = 0 on each F ∈ ∆2(T ). Then,

u ∈ V̊
2
r−2(T

wf )⊗V. With the definition of Q⊥
r−2 in Section 3 and (5.14a), we have u ∈ V̊2

r(T
wf )⊗V

and thus u ∈ Ů
2
r−2(T

wf ). In addition, since div u ∈ div (Ů
2
r−2(T

wf )) ⊂ Ů
3
r−3(T

wf ), we have

div u = 0 by dofs (5.14d). Using the exactness of (4.7), there exist κ ∈ Ů
1
r(T

wf ) such that
incκ = u. With dofs (5.14e), we have u = 0, which is the desired result. □

A pictorial depiction of the lowest-order space U2
1 (T

wf ) is given in Figure 2. We only show the
dofs associated to one face of the macro tetrahedron in the figure. These are the only dofs that
couple adjacent elements.

Lemma 5.10. A function u ∈ U3
r−3(T

wf ), with r ≥ 3, is fully determined by the following dofs :ˆ
T
u · κ, κ ∈ R, 6 dofs,(5.15a)

ˆ
T
u · κ, κ ∈ Ů

3
r−3(T

wf ), 6r
3 − 18r

2
+ 12r − 6 dofs.(5.15b)
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Remark 5.11. Note that (5.15a) is equivalent toˆ
T
u · κ, κ ∈ PUR,

since by the definition of L2-projection, for any κ ∈ R,ˆ
T
u · κ =

ˆ
T
u · PUκ, u ∈ U3

r−3(T
wf ).

6. Commuting projections

In this section, we show that the degrees of freedom constructed in the previous sections induce
projections which satisfy commuting properties.

Theorem 6.1. Let r ≥ 3. Let Π0
r+1 : C

∞(T̄ )⊗V → U0
r+1(T

wf ) be the projection defined in Lemma

5.2, let Π1
r : C

∞(T̄ )⊗V → U1
r (T

wf ) be the projection defined in Lemma 5.8, let Π2
r−2 : C

∞(T̄ )⊗V →
U2
r−2(T

wf ) be the projection defined in Lemma 5.9, and let Π3
r−3 : C

∞(T̄ )⊗V → U3
r−3(T

wf ) be the
projection defined in Lemma 5.9. Then the following commuting properties are satisfied.

ε
(︁
Π0

r+1u
)︁
= Π1

rε(u), u ∈ C∞(T̄ )⊗ V(6.1a)

incΠ1
rv = Π2

r−2inc v, v ∈ C∞(T̄ )⊗ S(6.1b)

divΠ2
r−2w = Π3

r−3divw, w ∈ C∞(T̄ )⊗ S(6.1c)

Proof. (i) Proof of (6.1a): Given u ∈ C∞(T̄ ) ⊗ V, let ρ = ε
(︁
Π0

r+1u
)︁
− Π1

rε(u) ∈ U1
r (T

wf ). To
prove that (6.1a) holds, it suffices to show that ρ vanishes on the dofs (5.9) in Lemma 5.8. Since
inc ◦ ε = 0, we have dofs of (5.9d), (5.9e), (5.9f) and (5.9k) applied to ρ vanish. Next, with (5.1b),
(5.1e), (5.1f), (5.1g), (5.1i) applied to u, and with (5.9a), (5.9g), (5.9i), (5.9j), (5.9l) applied to
ε(u), each term respectively imply that (5.9a), (5.9g), (5.9i), (5.9j), (5.9l) applied to ρ vanish. By
the identity (5.7) in Lemma 5.6, for any κ ∈ gradF [(R0

r(F
ct)]2, for all F ∈ ∆2(T ), we have:ˆ

F

([(curl ρ)′]FF − gradF (ρ
⊥
Fn)) : κ =

ˆ
F

gradF (∂n(Π
0
r+1u)F − ∂nuF ) : κ = 0,

where the last equality holds with (5.1h) applied to u. Thus, the dofs (5.9h) applied to ρ vanish.
It only remains to prove that the dofs of (5.9b), (5.9c) applied to ρ vanish. To show this, we
need to employ the edge-based orthonormal basis {n+

e , n
−
e , te} and write κ ∈ sym[Pr−2(e)]

3×3 as
κ = κ11n

+
e (n

+
e )

′ + κ12
(︁
n+
e (n

−
e )

′ + n−
e (n

+
e )

′)︁ + κ13
(︁
n+
e t

′
e + te(n

+
e )

′)︁ + κ22n
−
e (n

−
e )

′ + κ23
(︁
n+
e (n

−
e )

′ +

n−
e (n

+
e )

′)︁+ κ33tet
′
e where κij ∈ Pr−2(e). Then,ˆ

e
ρ : κ =

ˆ
e
[ε(Π0

r+1u)−Π1
rε(u)] : κ =

ˆ
e
ε(Π0

r+1u− u) : κ by (5.9b)

=

ˆ
e
grad (Π0

r+1u− u) : κ

=

ˆ
e
grad (Π0

r+1u− u)te · (κ13n+
e + κ33te) by (5.1d)

=

ˆ
e
(Π0

r+1u− u) · ∂

∂te
(κ13n

+
e + κ33te) integration by parts

= 0 by (5.1a) and (5.1c).
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Thus the dofs of (5.9b) applied to ρ vanish. Next, letting κ ∈ [Pr−1(e)]
3, we note that

ˆ
e
(curl ρ)′te · κ =

ˆ
e

[︁
curl ε(Π0

r+1u− u)
]︁′
te · κ by (5.9c)

=
1

2

ˆ
e

[︁
grad curl(Π0

r+1u− u)
]︁
te · κ by (2.11f)

=− 1

2

ˆ
e
curl(Π0

r+1u− u) · ∂tκ by (5.1a) and (5.1b)

where in the last step, we have integrated by parts, and put ∂tκ = (gradκ)te. The curl in
the integrand above can be decomposed into terms involving ∂t(Π

0
r+1u − u) and those involving

∂n±
e
(Π0

r+1u− u). The former terms can be integrated by parts yet again, which after using (5.1a),

(5.1b) and (5.1c), vanish. The latter terms also vanish by (5.1d), noting that ∂tκ is of degree at
most r − 2.

(ii) Proof of (6.1b): Given v ∈ C∞(T̄ ) ⊗ S, let ρ = incΠ1
rv − Π2

r−2inc v ∈ U2
r−2(T

wf ). To prove
that (6.1b) holds, we need to show that ρ vanishes on the dofs (5.14) in Lemma 5.9. By using
(5.14b) on inc v, we have

ˆ
F

ρnnκ =

ˆ
F

[inc (Π1
rv − v)]nnκ, for all κ ∈ V 2

r−2(F
ct).(6.2)

From (5.9e), we have that the right-hand side of (6.2) vanishes for κ ∈ V 2
r−2(F

ct)/P1(F ). With
(3.5) of Lemma 3.3, we have for any κ1 ∈ P1(F ),

(6.3)

ˆ
F

ρnnκ1 =

ˆ
∂F

(curlF (Π
1
rv − v)FF )tκ1 +

ˆ
∂F

(Π1
rv − v)FF t · (rotFκ1)′.

By (2.11b), curlF (Π
1
rv − v)FF t κ1 = [curl(Π1

rv − v)′]Fnt κ1 = curl(Π1
rv − v)′ : κ1nt

′, so the first term
on the right-hand side of (6.3) vanishes by (5.9c). The last term in (6.3) also vanishes because
ˆ
∂F

(Π1
rv − v)FF t · (rotFκ1)′ =

ˆ
∂F

Q(Π1
rv − v)Qt · (rotFκ1)′ =

ˆ
∂F

(Π1
rv − v)Qt ·Q(rotFκ1)

′

=

ˆ
∂F

(Π1
rv − v) : sym(Q(rotFκ1)

′t) = 0,

where we used (5.9b) in the last equality. Thus, the right-hand side of (6.3) vanishes, and therefore
the right-hand side of (6.2) vanishes, i.e., the dofs (5.14b) vanish for ρ.

Next using (5.14c) we have
ˆ

F

ρnF · κ =

ˆ
F

[inc (Π1
rv − v)]nF · κ, for all κ ∈ V 1

div,r−2(F
ct).(6.4)

The dofs (5.9f) imply the right-hand side of (6.4) vanishes for all κ ∈ V 1
div,r−2(F

ct)/R(F ). Con-

sidering κ ∈ R(F ) in (6.4), we may conduct a similar argument as above, but now using (5.8)
of Lemma 5.7, to conclude the right-hand side of (6.4) vanishes. Thus, we conclude that (5.14c)
vanishes for ρ.

In addition, note that (5.9d) and (5.14a) imply that the dofs (5.14a) vanish for ρ. Finally, the
remaining dofs of (5.14d) and (5.14e) applied to ρ also vanish, thus leading to (6.1b).

(iii) Proof of (6.1c): Given w ∈ C∞(T̄ ) ⊗ S, let ρ = divΠ2
r−2w − Π3

r−3divw ∈ U3
r−3(T

wf ). To
prove that (6.1c) holds, we will show that ρ vanishes on the dofs (5.15) in Lemma 5.10. Using
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(5.14d) and (5.15b), we have for any κ ∈ Ů
3
r−3(T

wf ),ˆ
T
ρ · κ =

ˆ
T
(divΠ2

r−2w − divw) · κ =

ˆ
T
(divw − divw) · κ = 0.

For κ ∈ R, we findˆ
T
ρ · κ =

ˆ
T
(divΠ2

r−2w − divw) · κ by (5.15a)

=

ˆ
∂T

(Π2
r−2w − w)nF · κ

=
∑︂

F∈∆2(T )

ˆ
∂F

(Π2
r−2w − w)nn(κ · nF )−

ˆ
∂F

(Π2
r−2w − w)nF · κ

= 0 by (5.14b) and (5.14c),

Thus, ρ = 0, and so the commuting property (6.1c) is satisfied. □

7. Global complexes

In this section, we construct the discrete elasticity complex globally by putting the local spaces

together. Recall that Ω ⊂ R3 is a contractible polyhedral domain, and T wf
h is the Worsey-Farin

refinement of the mesh Th on Ω.
We first present below the global exact de Rham complexes on Worsey-Farin splits which are

needed to construct elasticity complexes; for more details, see [22, Section 6]:

(7.1a) 0 → S0
r (T

wf
h )

grad−−−→ L1
r−1(T

wf
h )

curl−−→ V 2
r−2(T

wf
h )

div−−→ V 3
r−3(T

wf
h ) → 0,

(7.1b) 0 → S0
r (T

wf
h )

grad−−−→ S1
r−1(T

wf
h )

curl−−→ L2
r−2(T

wf
h )

div−−→ V 3
r−3(T

wf
h ) → 0,

where the spaces involved are defined as follows:

S0
r (T

wf
h ) = {q ∈ C1(Ω) : q|T ∈ S0

r (T
wf ), for all T ∈ Th},

S1
r−1(T

wf
h ) = {v ∈ [C(Ω)]3 : curl v ∈ [C(Ω)]3, v|T ∈ S1

r−1(T
wf ) for all T ∈ Th},

L1
r−1(T

wf
h ) = {v ∈ [C(Ω)]3 : v|T ∈ X1

r−1(T
wf ), for all T ∈ Th},

L2
r−2(T

wf
h ) = {w ∈ [C(Ω)]3 : w|T ∈ X2

r−2(T
wf ), for all T ∈ Th},

V 2
r−2(T

wf
h ) = {w ∈ H(div; Ω) : w|T ∈ V 2

r−2(T
wf ), for all T ∈ Th,

θe(w · t) = 0, for all e ∈ E(T wf
h )},

V 3
r−3(T

wf
h ) = {p ∈ L2(Ω) : p|T ∈ V 3

r−3(T
wf ), for all T ∈ Th, θe(p) = 0 and e ∈ E(T wf

h )},

V 3
r−3(T

wf
h ) = Pr−3(T wf

h ),

and we recall θe(·) is defined in (2.3). Above, these spaces are defined through their continuity
requirements. They can also be defined using their local dofs given in [22, Section 5.1 and Section
5.3]. The two definitions are proven to be equivalent in [22, Lemma 6.6 and Lemma 6.7]. We will
follow a similar approach for the elasticity complex and define the global spaces in the elasticity
complex in terms of their continuity requirements and show that the spaces are the same as those
given through local dofs . With the global spaces defined, the global analogue of Theorem 4.4 is
now given.
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Theorem 7.1. The following sequence is exact for any r ≥ 3:[︄
S0
r+1(T

wf
h )⊗ V

S0
r (T

wf
h ⊗ V)

]︄
[grad,−mskw ]−−−−−−−−→ S1

r (T
wf
h )⊗V curl Ξ−1curl−−−−−−−→ V 2

r−2(T
wf
h )⊗V

[︂
2vskw
div

]︂
−−−−−→

[︄
V 3
r−2(T

wf
h )⊗V

V 3
r−3(T

wf
h )⊗ V

]︄
.

Moreover, the kernel of the first operator is isomorphic to R and the last operator is surjective.

Proof. The result follows from the exactness of the complexes (7.1a)– (7.1b), Proposition 2.1, and
the exact same arguments in the proof of Theorem 4.4. □

Similar to the local spaces defined in Section 4.4, the global spaces involved in the elasticity
complex are derived as follows:

U0
r+1(T

wf
h ) = S0

r+1(T
wf
h )⊗ V U1

r (T
wf
h ) = {sym(u) : u ∈ S1

r (T
wf
h )⊗ V},

U2
r−2(T

wf
h ) = {u ∈ V 2

r−2(T
wf
h )⊗ V : skw u = 0}, U3

r−3(T
wf
h ) = V 3

r−3(T
wf
h )⊗ V.

(7.2)

Theorem 7.2. We have the following equivalent characterization of U1
r (T

wf
h ):

U1
r (T

wf
h ) = {u ∈ H1(Ω; S) :u|T ∈ U1

r (T
wf ), for all T ∈ Th,

(curlu)′ ∈ V 1
r−1(T

wf
h )⊗ V, inc(u) ∈ V 2

r−2(T
wf
h )⊗ V}.

Proof. This is proved similarly as the proof of Theorem 4.8 using Theorem 7.1 in place of Theorem
4.4. □

Now, we show that the global spaces defined in (7.2) are equivalent to those induced by the local
dofs presented in Section 5. To be more precise, we denote the global spaces induced by the local

dofs in Lemma 5.2, Lemma 5.8, Lemma 5.14 and Lemma 5.15 as Ũ
0
r+1(T

wf
h ), Ũ

1
r(T

wf
h ), Ũ

2
r−2(T

wf
h )

and Ũ
3
r−3(T

wf
h ), respectively. For example,

Ũ
0
r+1(T

wf
h ) := {u : u|T ∈ U0

r+1(T
wf ), for all T ∈ T wf

h , such that

the dofs (5.1a)-(5.1h) applied to u from adjacent elements coincide}.
The next lemma shows that such spaces are the same as those in (7.2). Its proof is similar to [22,
Lemma 6.7], so we will be brief.

Lemma 7.3. The global spaces Ũ
0
r+1(T

wf
h ), Ũ

1
r(T

wf
h ), Ũ

2
r−2(T

wf
h ) and Ũ

3
r−3(T

wf
h ) are the same as

the spaces U0
r+1(T

wf
h ), U1

r (T
wf
h ), U2

r−2(T
wf
h ) and U3

r−3(T
wf
h ), respectively.

Proof. We only show the proof for U1
r (T

wf
h ) as the remaining cases follow by the same reasoning. To

prove that Ũ
1
r(T

wf
h ) = U1

r (T
wf
h ), we use the characterization of U1

r (T
wf
h ) in Theorem 7.2. Clearly,

U1
r (T

wf
h ) ⊂ Ũ

1
r(T

wf
h ) since the continuity conditions in the characterization of Theorem 7.2 imply

that the dofs (5.9) applied to any u in U1
r (T

wf
h ) are single valued.

For the other direction, let function χ(S) denote the characteristic function of a simplex S. Let
T1 and T2 be adjacent tetrahedra in Th that share a face F . Let K1 and K2 be two tetrahedra in

the Alfeld splits T a
1 and T a

2 , respectively, such that K1 and K2 share the face F . Let Kwf
i be the

triangulation of Ki in T wf
h , where 1 ≤ i ≤ 2. Let u1 ∈ U1

r (T
wf
1 ) and u2 ∈ U1

r (T
wf
2 ) such that u1

and u2 have the same dof values (5.9a)-(5.9j) associated with the common vertices, common edges

and the triangulation F ct . Note that the natural extension of u1 (resp., u2) from Kwf
1 (resp., Kwf

2 )

to all of Kwf
1 ∪Kwf

2 maintains its original smoothness properties across the interior faces of Kwf
2
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(resp., Kwf
1 ). Thus, by applying the unisolvency argument in the proof of Lemma 5.8 verbatim

to w := u1 − u2, we conclude that w = 0, (curl w)′FF = 0, (curl w)′Fn = 0, (inc w)nF = 0 and

(inc w)FF = 0 on F . Therefore, u := u1χ(T1) + u2χ(T2) ∈ U1
r (T

wf
1 ∪ Twf

2 ), and we conclude the

reverse inclusion Ũ
1
r(T

wf
h ) ⊂ U1

r (T
wf
h ). □

Then we have the global complex summarized in the following theorem. Its proof follows along
the same lines as Theorem 4.5, with Theorem 7.1 in place of Theorem 4.4.

Theorem 7.4. The following sequence of global finite element spaces

(7.3) 0 → R
⊂−→ U0

r+1(T
wf
h )

ε−→ U1
r (T

wf
h )

inc−−→ U2
r−2(T

wf
h )

div−−→ U3
r−3(T

wf
h ) → 0

is a discrete elasticity complex and is exact for r ≥ 3.

8. Conclusions

This paper constructed both local and global finite element elasticity complexes with respect
to three-dimensional Worsey-Farin splits. A notable feature of the discrete spaces is the lack of
extrinsic supersmoothess and accompanying dofs at vertices in the triangulation. For example,
the H(div, S)-conforming space does not involve vertex or edge dofs and is therefore conducive
for hybridization. The efficient implementation of these elements with hybridization, with an
emphasis on the lowest-order pair, is a subject of future work. Our results suggest that the last
two pairs in the sequence (7.3) are suitable to construct mixed finite element methods for three-
dimensional elasticity. However, due to the assumed regularity in Theorem 6.1, the result does not
automatically yield an inf-sup stable pair. Further study of commuting projections for the pair

U2
r−2(T

wf
h )× U3

r−3(T
wf
h ) is required to prove inf-sup stability.

Appendix A. Proof of Theorem 3.4

We require a few intermediate results to prove Theorem 3.4. First, we state a corollary of
Theorem 3.1.

Corollary A.1. Let r ≥ 1. The following sequence is exact.

(A.1) 0 −−→ S̊
0
r(F

ct )⊗V2

gradF
−−→ Q̊

1
inc,r−1(F

ct )
curlF
−−→ V̊

1
curl,r−2(F

ct )∩
(︁
V̊

2
r−2(F

ct )⊗V2

)︁
−−→ 0.

Proof. This directly follows from the exactness of the sequence (3.1d). □

Lemma A.2. The following sequences are exact for r ≥ 2:

(A.2)

[︄
S̊
0
r+1(F

ct )⊗ V2

X̊
0

r(F
ct )

]︄ [︂
gradF skew

]︂
−−−−−−−−−−−→ Q̊

1
inc,r(F

ct )⊗ V2
incF−−−→ V 2

r−2(F
ct )

⎡⎣´ ⊥F́
F

⎤⎦
−−−−→

[︃
V2

R

]︃
,

(A.3)

[︃
R
V2

]︃ [︂
⊂ x⊥·

]︂
−−−−−−−→ S0

r+1(F
ct )

airyF−−−→ V 1
div,r−1(F

ct )⊗ V2

[︄
skew
divF

]︄
−−−−−→

[︃
V 2
r−1(F

ct )
V 2
r−2(F

ct )⊗ V2

]︃
.

Here,
´ ⊥
F

u :=
´
F
x⊥u dx with x⊥ defined in Definition 2.2.
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Proof. Using (2.10c) and the identity
´ ⊥
F

curlF u =
´
F
τ u for any u ∈ V̊

1
curl,r−1(F

ct ), we find that
the following sequence commutes:

(A.4)

S̊
0
r+1(F

ct )⊗ V2 Q̊
1
inc,r(F

ct )⊗ V2 V̊
1
curl,r−1(F

ct ) V2

X̊
0

r(F
ct ) V̊

1
curl,r−1(F

ct ) V 2
r−2(F

ct ) R,

gradF curlF
´
F

gradF

skew

curlF

τ

´
F

´⊥
F

Moreover, the transpose operator τ from V̊
1
curl,r−1(F

ct ) to V̊
1
curl,r−1(F

ct ) is a bijection, and the top
and bottom sequences in (A.4) are exact by Corollary A.1 and Theorem 3.1, respectively. Using
the identity incF = curlF τ curlF and Proposition 2.1, we conclude that A.2 is exact.

Likewise, using the identity divF τ u = skew rotF u for any u ∈ (X0
r(F

ct )⊗ V2) and rotFx
⊥ = τ ,

we find that the following sequence commutes:

(A.5)

R S0
r+1(F

ct ) X1
r(F

ct ) V 2
r−1(F

ct )

V2 X0
r(F

ct )⊗ V2 V 1
div,r−1(F

ct )⊗ V2 V 2
r−2(F

ct )⊗ V2.

⊂ rotF divF

⊂

x⊥·

rotF

τ

divF

skew

The top and bottom sequences in (A.5) are exact by Corollary 3.2. We then find that (A.3) is exact
by Proposition 2.1, using the identity airyF = rotF τrotF .

□

Now we are ready to prove Theorem 3.4:

Proof. (i) Proof of (3.6): from the definitions of the discrete spaces and operators, we see that (3.6)
is a complex, so we only need to show exactness.

Let v ∈ Q̊
2
r−2(F

ct ). Then since v ⊥ P1(F ), we have
´
F
v = 0 and

´ ⊥
F

v = 0. By the exactness

of (A.2), there exists u ∈ Q̊
1
inc,r(F

ct ) such that incF u = v. But by (2.10b), we have incF symu =

incF u = v. Thus we found a function w = symu ∈ Q̊
1,s
inc,r(F

ct ) such that incF w = v.

Next, let u ∈ Q̊
1,s
inc,r(F

ct ) with incF u = 0. Then u = sym(z) for some z ∈ Q̊
1
inc,r(F

ct ) and
incF z = 0 due to (2.10b). By exactness of (A.2), we have z = gradFw + skew s for some w ∈
S̊
0
r+1(F

ct )⊗ V2 and s ∈ X̊
0

r(F
ct ). Then u = sym(z) = εF (w)− sym(skew s) = εF (w).

(ii) Proof of (3.7): again, it is easy to see that (3.7) is a complex, so we only need to show
exactness.

Let v ∈ V 2
r−3(F

ct ) ⊗ V2. Then by the exactness of (A.3), we have u ∈ V 1
div,r−2(F

ct ) ⊗ V2 such

that divF u = v and skew u = 0 and thus making u ∈ Q1
r−2(F

ct ).

Next, let u ∈ Q1
r−2(F

ct ) with divF u = 0. Then again using (A.3) and skew u = 0, there exists

z ∈ S0
r (F

ct ) such that airyF z = u.
Finally, for any u ∈ S0

r (F
ct ) with airyF u = 0, we have u = w + x⊥ · s for some w ∈ R, s ∈ V2,

and x a point on the face F . Therefore, u ∈ P1(F ).
□

Appendix B. Proof of Lemma 4.6

Proof. We first show that dimPUR = dimR = 6. This follows if we show that the kernel of PU

is empty. Let v ∈ R and assume that PUv = 0. Then, by the definition of PU and the fact that
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v is a linear function, we must have that v vanishes on the barycenter of each K ∈ Twf . This
implies that v ≡ 0 if there are three such barycenters that are not collinear. To see that there are
such barycenters, recall that the barycenter of K ∈ Twf is the average of the four vertices of K.
Hence the line connecting barycenters of two adjacent K± ∈ Twf is parallel to the line connecting
the two vertices opposite to the common face F = ∂K+ ∩ ∂K−. Thus taking, for example, three
subtetrahedra in Twf with a face contained in a common F ∈ ∆2(Th), we see that their barycenters
cannot be collinear, since no three of their vertices are collinear.

We now prove (4.9). Since dimR = 6 and by the definition of Ů
3
0(T

wf ), we have

dim Ů
3
0(T

wf ) ≥ dimU3
0 (T

wf )− dimR = 36− 6 = 30.

We use that

U3
0 (T

wf ) = Ů
3
0(T

wf )⊕ [Ů
3
0(T

wf )]⊥,

and obtain dim[Ů
3
0(T

wf )]⊥ ≤ 6. However, one can easily show that PUR ⊂ [Ů
3
0(T

wf )]⊥ which

implies dim[Ů
3
0(T

wf )]⊥ = 6 and PUR = [Ů
3
0(T

wf )]⊥.
□

Appendix C. Proof of Lemma 5.3

Proof. Fix F ∈ ∆2(T ), and let e ∈ ∆I
1(F

ct) be an internal edge in the induced Clough-Tocher split
of F . Let f be the corresponding internal face of Twf with e as an edge, and let nf is a unit-normal
to f . We further set te to be a unit tangent vector to e and se = nF × te to be a unit tangent vector
of F orthogonal to te.

Since nf · te = 0, we have nf = (nf · nF )nF + (nf · se)se. Since σ ∈ V 2
r (T

wf )⊗ V, we have σnf

is single-valued on e and hence, by symmetry of σ, (σℓ) · nf is single-valued on e. Therefore, on e,
with (σℓ) · nF = n′

Fσℓ = 0, we have (σℓ) · nf = (nf · se)(σℓ) · se and so [[σFℓ · se]]e = [[(σℓ) · se]]e = 0

for any e ∈ ∆I
1(F

ct). Therefore, σFℓ ∈ V 1
div,r(F

ct ) on each F ∈ ∆2(T ). □

Appendix D. Proof of Lemma 5.4

Proof. Since w ∈ V 1
r−1(T

wf ) ⊗ V and w′ ∈ V 2
r−1(T

wf ) ⊗ V, then n′
fw, wte and wts are continuous

cross e on F :

(D.1) [[n′
fw]]e = 0, [[wte]]e = 0, [[wts]]e = 0.

Let se = α1nf + β1ts, nF = α2nf + β2ts, and note α1 ̸= 0 and β2 ̸= 0.

Since n′
FwQ|F = 0, for any e ∈ ∆I

1(F
ct),

0 = [[n′
Fwse]]e = [[(α2n

′
f + β2t

′
s)w(α1nf + β1ts)]]e

= α1α2[[n
′
fwnf ]]e + α2β1[[n

′
fwts]]e + α1β2[[t

′
swnf ]]e + β2β1[[t

′
swts]]e

= α1β2[[t
′
swnf ]]e.

Thus, we have

[[t′swnf ]]e = 0,

and therefore

[[s′ewse]]e = α2
1[[n

′
fwnf ]]e + α1β1[[n

′
fwts]]e + α1β1[[t

′
swnf ]]e + β2

1 [[t
′
swts]]e = 0.

We have [[t′ewnf ]]e = 0 since wFF = 0 and

0 = [[t′ewse]]e = [[t′ew(α1nf + β1ts)]]e = α1[[t
′
ewnf ]]e + β1[[t

′
ewts]]e= α1[[t

′
ewnf ]]e,
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where we use (D.1). This implies that

[[t′ewnF ]]e = 0

since

[[t′ewnF ]]e = [[t′ew(α2nf + β2ts)]]e = 0.

□

Appendix E. Proof of Lemma 5.5

Proof. Write ℓ = a1t1 + a2t2, m = a1t2 − a2t1, where t1, t2 are tangential basis defined in Section

2.3. We also set t3 = nF , and write u =
3∑︁

i,j=1
uijtit

′
j . We then have the following identities for the

components of curlu (s ∈ {1, 2, 3}):

t′s(curlu)t1 = ∂t2us3 − ∂t3us2,

t′s(curlu)t2 = ∂t3us1 − ∂t1us3,

t′s(curlu)t3 = ∂t1us2 − ∂t2us1.

(E.1)

We then compute

ℓ′(curlu)m = (a1t1 + a2t2)
′(curlu)(a1t2 − a2t1)

= (a1)
2(∂t3u11 − ∂t1u13)− (a2)

2(∂t2u23 − ∂t3u22)

+ a1a2(∂t3u21 − ∂t1u23 − ∂t2u13 + ∂t3u12)

= ∂t3((a1)
2u11 + (a2)

2u22 + a1a2(u21 + u12))

− a1(a2∂t2u13 + a1∂t1u13)− a2(a1∂t1u23 + a2∂t2u23)

= ∂t3(ℓ
′uFF ℓ)− a1∂ℓu13 − a2∂ℓu23

= ∂n(ℓ
′uFF ℓ)− ∂l(uFn · ℓ) = ∂n(ℓ

′uFF ℓ)− gradF (uFn · ℓ) · ℓ.

(E.2)

Similarly, by using (E.1), we have

ℓ′(curlu)ℓ = (a1t1 + a2t2)
′(curlu)(a1t1 + a2t2)

= (a1)
2(∂t2u13 − ∂t3u12) + (a2)

2(∂t3u21 − ∂t1u23)

+ a1a2(∂t2u23 − ∂t3u22 + ∂t3u11 − ∂t1u13)

= ∂t3(−(a1)
2u12 + (a2)

2u21 + a1a2(u11 − u22))

− a1(−a1∂t2u13 + a2∂t1u13) + a2(a1∂t2u23 − a2∂t1u23)

= −∂t3(m
′uFF ℓ) + a1∂mu13 + a2∂mu23

= −∂n(m
′uFF ℓ) + ∂m(uFn · ℓ) = −∂n(m

′uFF ℓ) + gradF (uFn · ℓ) ·m.

(E.3)

Finally, again by using (E.1), we have

n′
F (curlu)ℓ = t′3(curlu)(a1t1 + a2t2)

= (a1∂t2u33 − a2∂t1u33) + ∂t3(a2u31 − a1a32)

= ∂mu33 − ∂n(unF ·m) = (gradFu33) ·m− ∂n(unF ·m).

(E.4)

Lemma 5.5 now follows from (E.2)–(E.4) and the first case in Lemma 5.1. □
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Appendix F. Proof of Lemma 5.6

Proof. (i) Continuity: we show the continuity of wFF−gradFu
⊥
nF . Recall the notation from Section

2.2. Since w ∈ V 1
r−1(T

wf )⊗V (by Theorem 4.8), for any e ∈ ∆I
1(F

ct) we have [[wFF te]]e = 0 due to
[[wte]]e = 0. Consequently, because u is continuous, we have

(F.1) [[(wFF − gradFu
⊥
nF )te]]e = 0.

Now to prove the continuity of wFF −gradFu
⊥
nF on F , it suffices to prove [[(wFF − gradFu

⊥
nF )se]]e = 0

for all e ∈ ∆I
1(F

ct). Using w′ ∈ V 2
r−1(T

wf )⊗ V and wFn = 0, by Lemma 5.4 we have

(F.2) [[s′ewFFse]]e = [[s′ewse]]e = 0.

Next we show that [[s′egradF (u
⊥
nF )se]]e = 0 and [[t′e(wFF − u⊥nF )se]]e = 0. Since u ∈ X1

r(T
wf ) ⊗ V

and uFF = 0 on F , we have

[[s′egradF (u
⊥
nF )se]]e = [[gradF (u

⊥
nF · se) · se]]e = [[gradF (u

⊥
Fn · se) · se]]e

= [[gradF (uFn · te) · se]]e = −[[t′e(curlu)
′te]]e = 0,(F.3)

where the third equality comes from (2.6) and the fourth equality uses (5.5) in Lemma 5.5 with
ℓ = te and m = se. Similarly by (5.4) in Lemma 5.5 with ℓ = se, m = −te and (2.6), we have
[[t′egradF (u

⊥
nF )se]]e = [[t′e(curlu)

′se]]e. Therefore, we have

(F.4) [[t′e(wFF − gradFu
⊥
nF )se]]e = [[t′e[(curlu)

′]FFse]]e − [[t′e(curlu)
′se]]e = 0.

Combining (F.1), (F.2), (F.3) and (F.4), we conclude that wFF − gradFu
⊥
nF is continuous on F .

(ii) Proof of (5.7): With (2.11g), (2.11h) and (2.5), we have

2wFF = gradF (gradF (v · nF )× nF − (∂nvF )× nF ).

Then with (2.11i), (2.11j) and (2.6), we obtain

2gradFu
⊥
nF = 2gradF [(ε(v))nF ]

⊥ = gradF (gradF (v · nF )× nF + (∂nvF )× nF ).

Therefore, by computing the difference of the above two equations, we conclude that wFF −
gradFu

⊥
nF = gradF (∂nvF × nF ). □
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