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Particles obeying non-Abelian braid statistics have been predicted to emerge in the fractional
quantum Hall e↵ect. In particular, a model Hamiltonian with short-range three-body interaction
(V̂ Pf

3 ) between electrons confined to the lowest Landau level provides exact solutions for quasiholes,
and thereby allows a proof of principle for the existence of quasiholes obeying non-Abelian braid
statistics. We construct, in terms of two- and three- body Haldane pseudopotentials, a model
Hamiltonian that can be solved exactly for both quasiholes and quasiparticles, and provide evidence
of non-Abelian statistics for the latter as well. The structure of the quasiparticle states of this model
is in agreement with that predicted by the bipartite composite-fermion model of quasiparticles
with exact lowest Landau level projection. We further demonstrate adiabatic continuity for the
ground state, the ordinary neutral excitation, and the topological exciton as we deform our model
Hamiltonian continuously into the lowest Landau-level V̂ Pf

3 Hamiltonian.

I. INTRODUCTION

The phenomenon of the fractional quantum Hall ef-
fect (FQHE) [1], which occurs when electrons confined
to two-dimensions are subjected to a strong magnetic
field, has proved to be a treasure-trove of exotic emer-
gent structures. According to the Moore-Read (MR) pro-
posal [2, 3], the FQHE at filling factor ⌫ = 5/2 [4] arises
from a succession of remarkable emergences: First, elec-
trons in the first excited Landau level (LL), which is half
full, bind two vortices each to form composite fermions
(CFs) [5, 6]. CFs experience no net magnetic field and at-
tempt to form the Halperin-Lee-Read Fermi sea, as they
are known to do in the lowest LL (LLL) [7]. The Fermi
sea in the first excited LL, however, is unstable to a topo-
logical p-wave pairing of CFs, which opens a gap to pro-
duce FQHE. Furthermore, the Abrikosov vortices of this
paired state are thought to harbor Majorana zero modes,
which obey non-Abelian braid statistics [2, 3, 8].

Intense e↵ort has been expended into testing various
aspects of this proposal. Convincing evidence exists that
the 5/2 FQHE derives from the CF Fermi sea: the CF
Fermi sea has been seen at ⌫ = 5/2 at somewhat ele-
vated temperatures where the FQHE state is no longer
present [9], and also at low temperatures in the close
vicinity of filling factor ⌫ = 5/2 [10]. A measurement of
the non-Abelian statistics has been sought in interference
experiments [11, 12] that test certain theoretical predic-
tions [13, 14], and also through the thermal Hall e↵ect
[15]. Theoretically, the MR ground state wave function
has been found to provide a reasonable approximation for
the exact Coulomb wave function [16], and also shown to
be a better variational state than the CF Fermi sea [17].
A recent work has constructed a BCS wave function for
CFs and shown a p-wave pairing instability at ⌫ = 5/2
but none at ⌫ = 1/2 [18]. However, a convincing the-
oretical demonstration of non-Abelian statistics for the
excitations of the Coulomb interaction has not been pos-
sible so far.

A crucial theoretical development in this context has

been a rigorous demonstration of non-Abelian braid
statistics of the quasiholes (QHs) for a model three-body
interaction in the LLL, denoted V̂

Pf
3 [2, 8, 19–21], which

obtains the MR ground state as well as QH wave func-
tions as the exact zero energy states [19]. (This interac-
tion is a generalization of previous two-body model inter-
actions for the Laughlin state [22, 23].) For this model,
the quasiholes are non-interacting. Besides a proof of
principle for non-Abelian braid statistics, this provides
a starting point from which one can hope to establish
non-Abelian braid statistics for the QHs of the Coulomb
interaction through adiabatic continuity as the V̂

Pf
3 in-

teraction is continuously deformed into the Coulomb in-
teraction.

An analogous demonstration of non-Abelian braid
statistics for the quasiparticles (QPs) for any model in-
teraction has been missing, however. The V̂

Pf
3 interac-

tion does not lend itself to an exact solution for QPs,
and its numerical solutions do not bring out a well sep-
arated a low-energy band of QP states that is consistent
with the expectation from QPs with non-Abelian braid
statistics[24, 25]. In this article, we construct a model
Hamiltonian, defined in terms of two- and three-body
Haldane pseudopotentials[22], that produces exact solu-
tions also for QPs, which are degenerate (that is, the
quasiparticles are non-interacting, as is the case for quasi-
holes) and separated from other states by a gap. Our
results for the QP spectrum are consistent with the pre-
diction of the bipartite CF (BCF) model with exact LLL
projection, as considered by Rodriguez et al. [25]. This
model further allows exact solutions for the topological
as well as the ordinary exciton. (The system with an odd
number of composite fermions, i.e. with an unpaired CF,
contains a topological exciton[24]; it has been referred to
in the literature as a neutral fermion also [26].) We also
demonstrate, for finite systems accessible to our exact di-
agonalization (ED) study, that a path can be identified
from our model to the V̂

Pf
3 interaction along which both

the ordinary and the topological neutral excitons evolve
continuously, without any level crossings.
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We briefly outline the motivation for our model here.
Our starting point is a re-expression of the MR Pfa�an
wave function as

 Pf
1/2 = A[

Y

j<k

(zj � zk)3 ⇥

Y

j<k

(wj � wk)3 ⇥

Y

j,k

(zj � wk)],

(1)
where we have divided the N particles into two parti-
tions of N/2 particles each and denoted their positions

by {z1, · · · zN/2} and {w1, · · · wN/2}, wj ⌘ zj+N/2, with
j, k = 1, · · · , N/2. We have defined zj = xj � iyj , as-
sumed even N , set the magnetic length to unity, and
suppressed the gaussian factor. The symbol A refers to
antisymmetrization with respect to all of the coordinates.
The equality of this wave function and the MR wave func-
tion follows from a Cauchy identity. The wave function
inside the square brackets [· · · ] is the so-called Halperin
331 bilayer state [27]. In the spirit of the CF theory for
bilayer states [28], we rewrite it as

 Pf
1/2 = A[

Y

j<k

(zj � zk)2�1({zj}) ⇥

Y

j<k

(wj � wk)2�1({wj}) ⇥

Y

i,j

(zi � wj)], (2)

where �1 is the wave function of one filled LL andQ
j<k(zj � zk)2�1({zj}) is the CF representation of the

Laughlin wave function. A wave function with this struc-
ture, i.e. A[ CF({zj}) CF({wj})

Q
i,j(zi � wj)m], is re-

ferred to as the bipartite CF, or BCF wave function.
(The corresponding bilayer wave functions represent two-
component composite fermions that bind 2p intra-layer
flux quanta and m inter-layer flux quanta. These are
denoted by 2p

m CFs [29]. Many bilayer CF states have
been observed in double quantum wells and double layer
graphene [29–33]. Their antisymmetrization produces
single layer states, which are relevant to the present
work.)

An advantage of the BCF form is that it can be gener-
alized to other fractions by replacing �1 by �n [24, 34].
More relevant to our present work is the observation that
this form allows a construction of candidate wave func-
tions for QPs, QHs and neutral excitations, which cor-
respond to analogous (but known) excitations at ⌫ = 1
in the factors �1. Consider, for example, the state ob-
tained by adding n flux quanta to the system, which cor-
responds to creating n QHs in each factor of �1, and thus
contains a total of 2n QHs. The basis for these QHs can
be straightforwardly constructed. The BCF description
of QHs can be shown to be equivalent to the MR QHs in
the Pfa�an construction, again using the Cauchy iden-
tity. The origin of non-Abelian statistics lies in the fact
that simply identifying the positions {⌘1, ⌘2, . . . ⌘2n} of
the QHs does not uniquely fix the wave function, be-
cause there are several ways of distributing the QHs into

the two partitions. One would expect a degeneracy of
(2n)!/[2(n!)2] for 2n QHs with fixed locations. It turns
out that because of the non-trivial linear dependencies
of these basis functions [8, 20, 35], the actual degener-
acy is 2n�1, which is crucial for identifying the QHs with
Majorana zero modes.

We note here the conceptual, and perhaps also practi-
cal, significance of the availability of an exactly solvable
model for the QH states. The exact linear dependencies
of the QH basis functions are special to the MR wave
functions. Though one expects that slight perturbations
should not change the physics, they can eliminate lin-
ear dependencies. In such a case, a simple counting of
linearly independent basis functions would miss the un-
derlying physics. It is therefore conceptually useful to
have the model interaction V̂

Pf
3 , which produces the MR

ground state and QH wave functions as exact zero en-
ergy states, separated from excited states by a gap. The
counting of zero energy QH states of this model is con-
sistent with the expectation with non-Abelian statistics.
Adding a weak perturbation to the Hamiltonian would
produce eigenstates di↵erent from the MR QHs, but the
physics of the MR model would remain valid so long as
the QH states evolve adiabatically.

The BCF formulation also allows a construction of can-
didate wave functions for QPs [24, 25] (a conformal field
theory based construction of the non-Abelian QP states
is given in Refs. [36, 37]). The BCF state with 2n QPs is
obtained by replacing �1 by a state �n�qp

1 in which the
LLL is full and there are n electrons in the second LL:

 BCF, 2n-qp
1/2 = PLLLA[

Y

j<k

(zj � zk)2�n�qp
1 ({zj}) ⇥

Y

j<k

(wj � wk)2�n�qp
1 ({wj}) ⇥

Y

j,k

(zj � wk)]. (3)

The number of linearly independent QP states depends
on how the LLL projection is performed. Ref. [24] used
the Jain-Kamilla method for the LLL projection[38, 39]

and found that the QP states do not show any linear de-
pendencies. This would suggest that the quasiparticles
may behave di↵erently from quasiholes. In an insightful
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work, Rodriguez et al.[25] showed that if the LLL pro-
jection of the BCF wave functions is performed slightly
di↵erently (namely the “exact” projection, as opposed
to the Jain-Kamilla projection), then there exist exact
linear dependencies for the QP wave functions too. (As
the exact and Jain-Kamilla projected wave functions are
very close, approximate linear dependencies are expected
for the latter as well. We have explicitly checked this
through singular value decomposition of the overlap ma-
trix.) Ref. [25] found that counting of the quasiparticles
is the same as that of the quasiholes except in the small-
est few angular momentum sectors, and concluded that
edge physics of both the QP and QH states are essentially
consistent with the expectation from the conformal field
theory of MR Pfa�an state.

Independently of how these wave functions are pro-
jected into the LLL, these wave functions are not exact
eigenstates of the V̂

Pf
3 interaction model. The spectrum

of the V̂
Pf
3 interaction obtained by ED does not exhibit a

well separated band of states that can be identified with
QP states.

This background motivates us to construct a reference
Hamiltonian for QP states, analogous to V̂

Pf
3 for the QH

problem, for which the QPs are noninteracting, and thus
the QP states are unambiguously identifiable. That is the
objective of the present work. Motivated by the strategy
in Anand et al.[40] we proceed as follows:

• We do not confine to the LLL but allow higher LLs.
We introduce an interaction in terms of generalized
intra- as well as inter-LL Haldane pseudopotentials.
This interaction has two- and three-body terms and
penalizes pairs and triplets that are absent in the
BCF form, shown pictorially in Fig. 1 for electrons
occupying the lowest three LLs. The general form
of the interaction, including arbitrary LLs, is given
below.

• We construct the interaction such that it preserves
the LL index (i.e., does not alter the LL occupa-
tion). It thus commutes with the kinetic energy
part of the Hamiltonian.

• Finally, we take the limit where the interaction en-
ergy is much larger than the cyclotron energy ~!c.
The low-energy spectrum thus consists of states
that have zero interaction energy and are eigen-
states of the kinetic energy. These form bands sep-
arated by an integer multiple of the cyclotron en-
ergy. This allows an unambiguous identification of
the QP states as the degenerate states with the
lowest kinetic energy.

The important question is if we can understand the
“counting” of the low energy states which allows us to
infer the braid statistics of the QPs. To this end, we can
compare the counting of the QP states in three reference
systems: (i) the exact spectrum of the model interaction;
(ii) the exactly projected BCF wave functions [25]; and

(a)

(b)

Mrel = 3, 4 0, 1 -3, -2

Mrel = -1 -2 -3

-3, -2, -1, 0 0, 1, 2

-3, -2, -1-4, -3, -2-1, 0, 1-3, -2, -1-1, 0, 1

FIG. 1. This figure shows all of the (a) pairs and (b) triplets
residing within the lowest three LLs that are absent in wave
functions of the BCF form. The integers in each panel are
the relative angular momenta of these pairs / triplets. The
model interaction penalizes these configurations.

(iii) the “equivalent” QH systems (defined below). In ev-
ery case that we could test, we find that the counting
of QP states of the model is identical to the counting
predicted by the BCF model defined through an exact
LLL projection[25]. A non-trivial aspect of the model
is that the actual number of degenerate QP states is in
general (for four or more QPs) smaller than the appar-
ent expectation from the BCF model, indicating exact
linear dependencies for the QP basis functions (as seen
previously for QH basis functions), even though the QP
wave functions are much more complicated than the QH
wave functions. The equivalent QP and QH systems also
match in their edge behaviors as indicated by the agree-
ment between the counting of QH and the counting of
QP states at large angular momenta.

This model also allows for exact solutions for the ordi-
nary neutral excitation, which corresponds to a particle
hole excitation in one of the �1 factors. The system with
an odd N has one unpaired CF (or a “neutral fermion”).
In the BCF formulation, this maps into a particle hole
pair in which the particle and the hole reside in di↵erent
�1 factors; this has been called a topological exciton. We
show below that both the ordinary and the topological
excitons evolve continuously, without gap closing, as we
deform our model Hamiltonian into the LLL V̂

Pf
3 inter-

action.
It ought to be stressed that even though our model is

inspired by the BCF structure, its QP solutions are not

given by wave functions of the type in Eq. (3), because
the projected BCF wave functions do not involve higher
LLs whereas the unprojected BCF wave functions are
in general not eigenstates of the kinetic energy. As in
Ref. 40, we can formally write the wave functions for 2n

QPs that have zero interaction energy:
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 2n-qp
1/2 = A[

Y

j<k

(Ẑj � Ẑk)2 ⇥

Y

j<k

(Ŵj � Ŵk)2 ⇥

Y

i,j

(Ẑi � Ŵj) ⇥ �n-qp
1 ({zj})�n-qp

1 ({wj})], (4)

where Ẑj and Ŵj are guiding center operators. As the
guiding center coordinates commute with the kinetic en-
ergy, these wave functions are eigenstates of the kinetic
energy with eigenvalue 2n in units of the cyclotron en-
ergy. These wave functions are not amenable to explicit
evaluation, however. Analogous wave functions can be
constructed for all states in the zero interaction energy
sector. We conjecture that all zero interaction energy
eigenstates have this form.

The paper is organized as follows. In Sec. II, we re-
view the MR wave function, the BCF wave function, and
an exact model for Abelian FQH states. In Sec. III, our
solvable model and its exact solutions are constructed.
In Sec. IV, we clarify the non-Abelian braiding statis-
tics of QPs by showing that the degeneracy of QP states
is in agreement with that of QH states at large angu-
lar momenta. In Sec. V, we provide numerical evidence
of the fractional charge of QPs by using our exact wave
functions. In Sec. VI, we demonstrate adiabatic continu-
ity for the ordinary exciton and the topological exciton
as we deform our model Hamiltonian into the LLL V̂

Pf
3

interaction.

II. BACKGROUND

A. Moore Read Pfa�an wave function

We begin by reviewing the MR Pfa�an state and the
multi-fold degeneracy of its quasiholes leading to non-
Abelian excitations. The ⌫ = 1/2 MR Pfa�an wave
function, for even particle number N , is defined as [2]

 Pf
1/2 = Pf

✓
1

zi � zj

◆ NY

i<j

(zi � zj)
2
. (5)

This is identical to Eq. (1) through a Cauchy identity.
An excited state

Q
i(zi � ⌘) Pf

1/2, generated by piercing
a flux quantum at ⌘, has a vortex with a local charge
of e/2. Since the MR wave function describes a paired
state of CFs [3, 5], it can support half quantum vortices
of charge e/4. These are the quasihole excitations of the
system. A state with two such quasiholes located at ⌘1

and ⌘2 is given by the wave function

 Pf,2-qh
1/2 = Pf

✓
(zi � ⌘1)(zj � ⌘2) + (i $ j)

zi � zj

◆ NY

i<j

(zi � zj)
2
.

(6)
This formulation can be generalized to the case of 2n

QHs:

 Pf,2n-qh
1/2 = Pf (Mij)

NY

i<j

(zi � zj)
2
, (7)

where

Mij =

Qn
↵=1(zi � ⌘↵)(zj � ⌘n+↵) + (i $ j)

zi � zj
. (8)

The wave functions  Pf
1/2 and  Pf,2n-qh

1/2 are zero energy
eigenfunctions of a Hamiltonian with a short-range three-
body interaction [8, 19]: H =

P
i<j<k V̂

Pf
3 (i, j, k) with

V̂
Pf
3 = V Pijk(Mmin), (9)

where Pijk(Mrel) is the projection onto a three particle
state of relative angular momentum Mrel (we will use
the symbol Mrel for the relative angular momentum) and
Mmin is 3 here, corresponding to the closest approach of
three particles.

While  Pf
1/2 is the unique zero mode at exactly ⌫ = 1/2,

the QH states are generally degenerate. The wave func-
tion  Pf,2n-qh

1/2 has 2n QHs at ⌘1, . . . , ⌘2n and in the con-
struction of the wave function, these are partitioned into
two groups of n each as (⌘1, . . . , ⌘n) and (⌘n+1, . . . , ⌘2n)
as shown in Eq. (8). Due to the multiple ways of mak-
ing this partition, we can write (2n)!/[2(n!)2] wave func-
tions, all of them having QHs located at (⌘1, . . . , ⌘2n).
Remarkably, however, only 2n�1 of these are linearly in-
dependent [2, 8, 20].

This linear dependence can be associated with 2n Ma-
jorana modes on each QH. A collection of 2n Majorana
fermions can be combined into n complex fermions, each
of which can be occupied or unoccupied, resulting in a di-
mension of 2n for the space of QHs. However, the parity
of the fermions is conserved, which reduces the dimension
to 2n�1 [8, 20, 41]. This degenerate subspace gives an ir-
reducible representation of the braid group, resulting in
the non-Abelian braid statistics.

B. Bipartite CF description

The BCF description proposes a set of wave functions
for incompressible states and their excitations at a se-
quence of filling fractions ⌫ = n/[(2p + 1)n ± 1], where
n and p are integers [24]. The BCF wave functions have
the general form

 BCF,(↵1,↵2)
n

(2p+1)n±1
= A[ CF,↵1

n
2pn±1

({zi}) CF,↵2
n

2pn±1
({wj})

Y

i,j

(zi�wj)],

(10)
where the factor

 CF,↵
n/(2pn±1) = PLLL�

↵
±n({zi})

Y

j<k

(zj � zk)2p (11)

is the Jain CF wave function. �↵
+n is a Slater determi-

nant state of single particle Landau eigenstates at filling
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FIG. 2. BCF wave function of (a) the ground state  Pf
1/2

and (b)-(e) various excitations at filling fraction 1/2 is shown
schematically. The pictures inside the square brackets de-
pict the particle occupancies of Slater determinant states �↵

1

in each partition, J represents the Jastrow factor defined in
Eq. (13), and A refers to antisymmetrization. (The LLL pro-
jection operator PLLL is not shown explicitly.)

n, where ↵ labels the distinct states and �↵
�n ⌘ (�↵

n)⇤.
For the incompressible state, �↵

±n is the ground state
completely occupying the nth LLs.

Di↵erent BCF excited states labeled by (↵1, ↵2) in
Eq. (10) have excited states labeled by ↵1 and ↵2 of the
Jain CF states in the two partitions. A pair of QPs/QHs
of the BCF state corresponds to one QP/QH each in the
two CF states formed in the two partitions. Each BCF
QP/QH have charges 1/[(2p+1)n+1] and the incompress-
ible states occur at a shift of ±(n + 2p) on the spherical
geometry. Note that though the BCF wave function is
constructed in terms of product of two wave functions
each containing only one part of the full number of par-
ticles, the wave function obtained at the end of antisym-
metrization is a fully valid many identical fermion wave
function.

For later convenience, let us rewrite Eq. (10) with n =
1, p = 1, occurring at a filling fraction ⌫ = 1/2, as

 BCF,(↵1,↵2)
1/2 = A [PLLLJ({zj}, {wj})�↵1

1 ({zj})�↵2
1 ({wj})] ,

(12)
where

J ⌘

Y

j<k

(zj � zk)2
Y

j<k

(wj � wk)2
Y

j,k

(zj � wk). (13)

The incompressible state is identical to the MR wave-
function  Pf

1/2. Its bulk QHs and QPs can be created

only in pairs:  BCF,2n-qh
1/2 and  BCF,2n-qp

1/2 are constructed

from �n-qh
1 �n-qh

1 or �n-qp
1 �n-qp

1 via Eq. (12). These are

schematically shown in Figs. 2(a)-(c).  BCF,2n-qh
1/2 are

identical to the MR QH states Pf,2n-qh
1/2 and thus have the

linear dependencies among them.  BCF,2n-qp
1/2 also show

either approximate or exact linear dependencies depends
on how they are projected into the LLL [25].

There are two possible ways to construct neutral exci-
tations of the state [Figs. 2(d) and (e)]. We can create

a QP-QH pair in either one of the partitions, which pro-
duces an ordinary neutral exciton. Alternatively, if the
QP and QH reside in di↵erent partitions, we get what
is variously known as a topological exciton, an unpaired
CF, or a neutral fermion. (This is referred to as topolog-
ical exciton below.)

In the spherical geometry, the incompressible state for
the short-range three-body interaction occurs at a flux
2Q = 2N � 3, when the number of particles is even.
The incompressible state and its ordinary neutral exci-
tations are well approximated by the BCF description.
When N is odd, however, the spectrum instead has a
low energy dispersing mode rather than an incompress-
ible state. This dispersing mode is well described by the
topological exciton mode. Note that the topological ex-
citon mode has odd number of particles; consistency of
the topological exciton wave function demands that the
number of particles in the partition with the QP has one
additional particle compared to the partition that holds
the QH excitation [42].

C. Model Hamiltonian for ⌫ = n/(2pn+ 1) FQH
states

In this section, we present a review of the exactly solv-
able model introduced in Ref. 40 for Abelian FQH states
at Jain fractions ⌫ = n/(2pn + 1). The model Hamilto-
nian has the form

Ĥ =
X

j

⇡̂2
j /2m +

X

i<j

V̂ (i, j), (14)

where ⇡̂ is the kinetic momentum and V̂ is the model
interaction between two particles defined below. This
model produces the energy spectrum of non-interacting
CFs when the interaction is infinitely larger than the cy-
clotron energy.

The interaction V̂ is constructed so that an analog of
the Jain CF wave functions is a zero-energy eigenfunc-
tion. The standard Jain wave function is constructed
by multiplying the integer quantum Hall (IQH) state �↵

n
by the Jastrow factor

Q
j<k(zj � zk)2p and projecting it

into the LLL, as shown in Eq. (11). This Jastrow factor
increases the relative angular momentum Mrel of each
electron pair in �↵

n by 2p.
Keeping this in mind, let us consider two electrons in

the n1th and n2th LLs. Since the nth LL can have single
particle angular momenta m = �n, �n + 1, . . ., the min-
imum Mrel of the pair is M

n1n2
min,ele = �n1 � n2 + �n1n2 , as

shown in Figs. 3(a) and (b). Electron pairs with relative
angular momentum smaller than M

n1n2
min,ele are disallowed

by the Pauli principle. Converting electrons into compos-
ite fermions increases Mrel of each pair by 2p, while at
the same time preserving their LL indices. The smallest
Mrel in the resulting state is M

n1n2
min,CF = M

n1n2
min,ele + 2p,

i.e., pairs with Mrel < M
n1n2
min,CF are absent. A model

interaction is introduced to penalize only these absent



6

0 1-1

(c)

2 3m = -2

0 1-1

(a)

2 3m = -2 0 1-1 2 3

(b)

-2

0 1-1 2 3

(e)

-20 1-1 2 3

(d)

-2

<latexit sha1_base64="uL+8jNEt3j9PZ5RO2O5LL05rMxY="></latexit>

M02
min,ele = �2

<latexit sha1_base64="IZt4gYvhQnjGHYZl556LRv4yneE="></latexit>

M11
min,ele = �1

<latexit sha1_base64="HWmG1s7zYkIV6qtaRuM9QyViNp8="></latexit>

M000
min,ele = 3

<latexit sha1_base64="4LuCfYEpR980NvbuF70BqoS/uNg="></latexit>

M012
min,ele = �3

<latexit sha1_base64="U0VnxTWiQ3f7Y6q3zIxn5PzgPbE="></latexit>

M011
min,ele = �1

FIG. 3. This figure shows the minimum relative angular mo-
mentum for (a)(b) electron pairs as well as (c)-(e) electron
triplets for certain LL occupations. M

n1n2
min,ele is the minimum

relative angular momentum for two electrons in n
th
1 and n

th
2

LLs, and M
n1n2n2
min,ele is the minimum relative angular momen-

tum for three electrons in n
th
1 , nth

2 and n
th
3 LLs. The y-axis

shows LLs, labeled n = 0, 1, · · · ; the x-axis labels the single
particle angular momentum m = �n,�n+ 1, · · · .

pairs:

V̂ =
1X

n1,n2=0

M
n1n2
min,CF�1X

Mrel=M
n1n2
min,ele

V
n1n2
Mrel

Pn1n2(Mrel), (15)

where Pn1n2(Mrel) is the projection operator on states of
a pair from the n1th and n2th LLs with relative angu-
lar momentum Mrel and V

n1n2
Mrel

is a generalization of the
Haldane’s pseudopotentials.

The interaction conserves the LL index, i.e., the parti-
cle number in each LL is preserved. It does not yield the
unprojected Jain CF state as the eigenstate because it is
not an eigenstate of the kinetic energy and mixes basis
functions with di↵erent LL occupancies. The following
set of CF-like wave functions, where the coordinates in
the Jastrow factor are replaced by LL preserving guiding
center operators, are zero interaction energy eigenstates:

 ↵
⌫⇤/(2p⌫⇤+1) =

Y

j<k

(Ẑj � Ẑk)2p
⇥ �↵

⌫⇤ , (16)

where Ẑ = ẑ � i(⇡̂x � ⇡̂y)/~ is the guiding center co-
ordinate and �↵

⌫⇤ is a Slater determinant state at filling
fraction ⌫

⇤. This follows because the Jastrow operatorQ
j<k(Ẑj � Ẑk)2p increases Mrel of every pair by 2p with-

out changing the LLs. Thus each pair of particles has
Mrel greater than M

n1n2
min,CF. Numerically, it could be

demonstrated that linearly independent basis functions
�↵

⌫⇤ produce linearly independent states  ↵
⌫⇤/(2p⌫⇤+1),

which, furthermore, span the full zero energy eigenspace
of the interaction [40]. Thus there is a one-to-one corre-
spondence between states �↵

⌫⇤ at filling ⌫
⇤ and the zero

interaction energy states  ↵
⌫⇤/(2p⌫⇤+1). Incompressible

states are obtained for ⌫
⇤ = n.

If we take the strong interaction limit, V
n1n2
Mrel

/~!c !

1, all other states, which have finite interaction eigen-
values, are projected out. The degeneracy of the zero
interaction energy space is lifted by the kinetic energyP

j ⇡̂2
j /2m. The guiding center Ẑk, and therefore the

guiding center Jastrow factor
Q

i<j(Ẑi�Ẑj)2p, commutes
through the kinetic energy; we see that the kinetic energy
of each zero interaction energy state [Eq. (16)] is same as
that of the Slater determinant �↵

⌫⇤ . Thus the spectrum
of Ĥ at ⌫ = ⌫

⇤
/(2p⌫

⇤ + 1) is the same as that of non-
interacting particles at filling fraction ⌫

⇤.

III. MODEL HAMILTONIAN FOR
NON-ABELIAN STATE AT ⌫ = 1/2

In this section, we construct a model Hamiltonian for
the ⌫ = 1/2 state by using a strategy similar to that
in the previous section, which gives not only the ground
state and the QHs, but also QPs, neutral excitations, and
all other excitations. The BCF representation would be
the key to our construction. As one may anticipate, the
exact solutions are given by wave functions of the form

 (↵1,↵2)
1/2 = A[Ĵ�↵1

1 (zj)�
↵2
1 (wj)], (17)

which are obtained by replacing the Jastrow factor J with
an operator Ĵ in the BCF wave function in Eq. (12),
where

Ĵ ⌘ J({Ẑj}, {Ŵj})

=
Y

j<k

(Ẑj � Ẑk)2
Y

j<k

(Ŵj � Ŵk)2
Y

j,k

(Ẑj � Ŵk). (18)

Note that the action of Ĵ on �↵1
1 �

↵2
1 does not a↵ect the

LL indices of the particles in the Slater determinants.
Thus we can associate well-defined LL occupancies to

the particles in the full wavefunction  (↵1,↵2)
1/2 .

We argue below that the suitable interaction Hamilto-

nian for which  (↵1,↵2)
1/2 are the zero interaction energy

states has the following form:

Ĥ =
X

i

⇡̂2
i

2m
+

X

i<j

V̂2(i, j) +
X

i<j<k

V̂3(i, j, k). (19)

The interactions V̂2 and V̂3 are constructed in such a
manner that they penalize pairs and triplets missing in

the modified BCF wavefunctions  (↵1,↵2)
1/2 . The essential

idea behind which pseudopotentials are included in the
Hamiltonian is pictorially explained in Fig. 4. Briefly,
the total relative angular momentum of the pair / triplet
gets contributions from the Slater determinants of the
two partitions as well as from Ĵ . Once we specify the LL
indices of the electrons in the pair / triplet, the minimum
relative angular momentum is obtained by distributing
particles in a given LL into di↵erent partitions to the
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Ĵ
<latexit sha1_base64="rrw5St1B2n8HbD7joTNxH1gumb4="></latexit>

(
<latexit sha1_base64="rsPf250YmWYQphMmjRCCbRuWLxo="></latexit>

A
<latexit sha1_base64="huyJ1RFx3O6+3EportpU7AEs4Bw="></latexit>

Ĵ
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FIG. 4. This figure pictorially explains the calculation of the
minimum relative angular momentum in the BCF description
for pairs and triplets with specified LL occupations. Mn1n2

min,BCF

is the minimum relative angular momentum for a pair in n
th
1

and n
th
2 LLs, and M

n1n2n2
min,BCF is the minimum relative angular

momentum for a triplets in n
th
1 , nth

2 and n
th
3 LLs. The x-axis

labels the single particle angular momentum m, the y-axis
shows LLs, labeled n = 0, 1, and occupied orbitals are indi-
cated by filled circles. The number (colored in blue) below
the upper underbrace is the minimum angular momentum in
the state �↵1

1 ({zj})�↵2
1 ({wj}); the number below the lower

underbrace is the minimum relative angular momentum in
the full state, noting that the Jastrow operator Ĵ adds two
(one) to the relative angular momentum of an intra (inter)
partition pair. (The contribution of Ĵ to the relative angular
momentum is shown in red.) The symbol A refers to antisym-
metrization. The interaction in Eq. (19) imposes a penalty for
all smaller relative angular momenta.

extent allowed by the Pauli principle. This allows mini-
mization of the angular momentum contribution from the
Slater determinants as well as from the Jastrow operator
Ĵ , which contributes 2 to intra-partition pairs but only
1 for inter-partition pairs. Once we have determined the
minimum relative angular momentum in the BCF state,
we construct an interaction Hamiltonian that imposes a
penalty on all pairs / triplets with smaller relative angu-
lar momenta.

We now discuss this in greater detail.

A. Two body component V̂2

We begin with the construction of the interaction V̂2.
Consider two filled orbitals from LLs n1 and n2 located
in partitions p1 and p2 in the Slater determinant product
�↵1

1 �
↵2
1 . (The partition index pi can take values 1 and

2. p1 = p2 if the two orbitals are in the same partition
and p1 6= p2 if the orbitals are in di↵erent partitions).
It can be seen, by inspection of individual cases, that its
minimum possible Mrel in a general BCF wavefunction is
given by �n1 � n2 + �n1n2�p1p2 . Action of Ĵ on �↵1

1 �
↵2
1

increases this by 1 + �p1p2 to

M
n1,n2

min (p1, p2) = �n1 �n2 +�n1n2�p1p2 +1+�p1p2 . (20)

In  (↵1,↵2)
1/2 , the orbitals from LLs n1 and n2 can be in

the same or di↵erent partitions; these cases are associ-
ated with di↵erent values of M

n1,n2

min (p1, p2). Therefore
the smallest possible Mrel for such a pair in a general BCF
wave function is given by the minimum of M

n1n2
min (p1, p2)

across all choices of p1, p2:

M
n1n2
min,BCF = min

p1,p2

[Mn1n2
min (p1, p2)]

= �n1 � n2 + 1. (21)

[Figures 4(a) and (b) show examples of pairs producing
Mrel = M

n1n2
min,BCF channels.] Namely, pairs with Mrel <

M
n1n2
min,BCF are absent in  (↵1,↵2)

1/2 . We construct V̂2 in such
a way that these absent pairs are penalized:

V̂2 =
1X

n1,n2=0

M
n1n2
min,BCF�1X

Mrel=M
n1n2
min,ele

V
n1n2
Mrel

Pn1n2(Mrel)

where V
n1n2
Mrel

are positive numbers and M
n1n2
min,ele = �n1 �

n2 + �n1n2 is the minimum possible Mrel of two elec-
trons from LLs n1 and n2 in the full Hilbert space of all
fermionic many-body states. Using explicit expressions
for M

n1n2
min,ele and M

n1n2
min,BCF here, one obtains

V̂2 =
1X

n1=0

X

n2 6=n1

V
n1n2
Mrel=�n1�n2

Pn1n2(�n1 � n2). (22)

This interaction obtains  (↵1,↵2)
1/2 as zero energy states.

However, this contains interactions only between inter-
LL pairs and thus, any wave function projected into the
LLL also becomes a zero energy state. We need at least
a three-body interaction to break this enormous degen-
eracy.

B. Three body component V3

The three-body model component of the interaction is
obtained in the same way as the two-body case. The
minimum Mrel of three particles from the LLs n1, n2, n3

of partitions p1, p2, p3 in the state �↵1
1 �

↵2
1 is

�n123 +
3X

i<j

�pipj�ninj , (23)

where n123 =
P3

i=1 ni. Acting Ĵ [Eq. (13)] on �↵1
1 �

↵2
1

further increases this by 3 + �p1p2 + �p1p3 + �p2p3 to

M
n1n2n3
min (p1, p2, p3)

= � n123 +
3X

i<j

�pipj�ninj + 3 + �p1p2 + �p1p3 + �p2p3 .

(24)
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Thus, the minimum possible Mrel in  (↵1,↵2)
1/2 is given by

M
n1n2n3
min,BCF = min

p1,p2,p3

[Mn1n2n3
min (p1, p2, p3)]

=4 � n123 + �n1n2�n2n3 . (25)

Figures 4(c) and (d) show examples of triplets producing
the Mrel = M

n1n2n3
min,BCF channel. The interaction for which

 (↵1,↵2)
1/2 has zero interaction energy should eliminate all

relative momenta Mrel < M
n1n2n3
min,BCF:

V̂3 =
1X

n1,n2,n3=0

M
n1n2n3
min,BCF�1X

Mrel=M
n1n2n3
min,ele

V
n1n2n3
Mrel

Pn1n2n3(Mrel),

(26)

where M
n1n2n3
min,ele = �n123 + �n1n2 + �n1n3 + �n2n3 is

the smallest possible Mrel for three electrons in the full
Hilbert space [see Figs. 3(c)-(e)], and Pn1n2n3(Mrel) is
the projection operator on states of three particles in
LLs n1, n2, n3 with a relative momentum of Mrel.

Using the expressions for M
n1n2n3
min,ele and M

n1n2n3
min,BCF ob-

tained above, we see that V̂3 interaction penalizes the
following relative angular momentum channels:

(i) For three particles in the same LL (n1 = n2 = n3):
Mrel = �n123 + 3 and �n123 + 4.

(ii) For three particles in three di↵erent LLs (n1 < n2 <

n3):�n123  Mrel  �n123 + 3.
(iii) When only two of the three are in the same LL

(n1 = n2 6= n3): �n123 + 1  Mrel  �n123 + 3.

Figure 1 summarizes these interaction terms pictorially.

C. Null space of the interaction

The wave function  (↵1,↵2)
1/2 in Eq. (17) is an eigenstate

of H in Eq. (19), for the interaction constructed in the
previous subsections, with zero interaction energy. Then,
using [Ẑk,

P
j ⇡̂2

j /2m] = [Ŵk,
P

j ⇡̂2
j /2m] = 0, we obtain

Ĥ (↵1,↵2)
1/2 = (E↵1 + E↵2) 

(↵1,↵2)
1/2 , (27)

where E↵i is the kinetic energy of �↵i
1 .

In particular, the Pfa�an ground state  Pf
1/2 and its

QH states  Pf,2n-qh
1/2 are reproduced by  (↵1,↵2)

1/2 . As a
result, these states have zero interaction energy in our
model. This can also be seen by noting that

PLLL(V̂2 + V̂3)PLLL = V̂
Pf
3 . (28)

As for the Abelian case in Ref. 40, we conjecture that

the states  (↵1,↵2)
1/2 in Eq. (17) provide a complete basis

for the zero interaction energy Hilbert space. An “appar-
ent” prediction for the number of degenerate states and
their quantum numbers can be obtained by considering

the “parent” system �↵1
1 ({zj})�↵2

1 ({wj}), which would
produce the correct answer provided that the linearly in-
dependent basis functions �↵1

1 ({zj})�↵2
1 ({wj}) produce

linearly independent basis functions  ↵1,↵2

1/2 . However, we
know that not to be the case for QHs, where the number
of linearly independent basis functions is smaller than
the apparent value [24]. Whether the same is true for
the QPs is a priori not known, but would be crucial for
establishing their non-Abelian braid statistics. This is
one of the issues that we address by ED below.

IV. NUMERICAL DIAGONALIZATION

A. Method

Our numerical studies are performed in the standard
spherical geometry [22], where N electrons move on the
surface under a radial magnetic field. The total flux
through this spherical surface is 2Q�0, where �0 ⌘ hc/e

is the flux quantum and 2Q is an integer as required
by the Dirac quantization condition. Rotational sym-
metry enables us to label the single-particle states by
the orbital angular momentum l and its z-component m.
Their possible values are l = |Q|, |Q| + 1, |Q| + 2, . . . and
m = �l, �l + 1, . . . , l, respectively. The 2l + 1 states
with l = |Q| + n form the nth LL. Many-body states
are labeled by the total angular momentum L as long as
interactions are rotationally invariant.

By using the correspondence L = 2Q � Mrel, where
Mrel is the relative angular momentum of the disk dis-
cussed above, the two-body interaction in Eq. (22) is
transformed to

V̂2 =
1X

l1=|Q|

X

l2 6=l1

V
l1l2
L=l1+l2

Pl1l2(L = l1 + l2). (29)

In the same way but with the correspondence L = 3Q �

Mrel for a triplet, Eq. (26) is transformed to

V̂3 =
1X

l1,l2,l3=|Q|

L
l1l2l3
min,eleX

L=L
l1l2l3
min,BCF+1

V
l1l2l3
L Pl1l2l3(L), (30)

where L
l1l2l3
min,BCF ⌘ l123 � 4 � �l1l2�l2l3 , L

l1l2l3
min,ele ⌘ l123 �

�l1l2 � �l1l3 � �l2l3 , and we abbreviate l1 + l2 + l3 = l123.
In second-quantized form, our total Hamiltonian

[Eq. (19)] on a sphere is written as H = Hkin + V2 + V3,
where

Hkin =
1X

l=|Q|

lX

m=�l

(l � |Q|)~!cn̂lm (31)

V2 =
1

2

2Y

i=1

0

@
1X

li,l0i=|Q|

liX

mi=�li

l0iX

m0
i=�l0i

1

A⇥

ĉ
†
l1m1

ĉ
†
l2m2

V12;1020 ĉl02m0
2
ĉl01m0

1
(32)
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FIG. 5. (a1)-(a5) Energy spectra for N = 8 electrons for 2Q = 11, . . . , 15 as a function of the total angular momentum L. The
number above a dash indicates the degeneracy of that state. The energy E is in units of ~!c. (b1)-(b5) Schematic depiction
of the lowest energy BCF state, with the exponent “⌦2” indicating two partitions. The L values of the lowest kinetic energy
states as predicted by apparent BCF construction are also shown (which is what would be obtained if there were no linear
dependencies for the basis functions).
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@
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ĉ
†
l1m1

ĉ
†
l2m2

ĉ
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V123;102030 ĉl03m0
3
ĉl02m0

2
ĉl01m0

1
. (33)

In these expressions, ĉ
†
lm is the electron creation oper-

ator, n̂lm = ĉ
†
lmĉlm. In Eq. (31), we measure the ki-

netic energy relative to zero-point energy N~!c/2 and
also set, for simplicity, the separation between all suc-
cessive LLs to be the same (for finite systems in the
spherical geometry, the LL spacing depends slightly on
the LL index). The symbols V12;1020 and V123;102030

are shorthands for the matrix element, e.g., V12;1020 ⌘

(hl2, m2| ⌦ hl1, m1|) V̂2 (|l01, m
0
1i ⌦ |l

0
2, m

0
2i). These reduce

to

V12;1020 = �l1l01
�l2l02

1X

l1=|Q|

X

l2 6=l1

LX

Lz=�L

V
l1l2
L C

L,Lz

(l1,m1),(l2,m2)
C

L,Lz

(l1,m0
1),(l2,m0

2)

���
L=l1+l2

, (34)

V123;102030 = �l1l01
�l2l02

�l3l03

1X

l1,l2,l3=|Q|

L
l1l2l3
minX

L=L
l1l2l3
min,BCF+1

LX

Lz=�L

X

a

V
l1l2l3
L C

L,Lz,a
(l1,m1),(l2,m2),(l3,m3)

C
L,Lz,a
(l1,m0

1),(l2,m0
2),(l3,m0

3)
, (35)

where C
L,Lz

(l1,m1),(l2,m2)
and C

L,Lz,a
(l1,m1),(l2,m2),(l3,m3)

are the
Clebsch Gordan coe�cients for two and three particles,
and a labels three-body degenerate states with same
values of (l1, l2, l3, L, Lz); for example, the states with
L = l1 + l2 + l3 � 3 and l1 = l2 6= l3 are doubly degener-
ate apart from the 2L + 1 degeneracy.

The Hamiltonian H conserves the total angular mo-
mentum L, its z-component Lz, and the particle num-
ber in each LL. Within the subspace specified by them,
except for L, we diagonalize H by using the Lanczos
method. The ED is performed in the Hilbert space re-
stricted in the lowest two LLs unless otherwise stated.

B. Results

Let us now discuss the spectra obtained from ED of
the model described above. The ⌫ = 1/2 Pfa�an state
on a sphere occurs at 2Q = 2N � 3. In Figs. 5(a1)-(a5),
we plot the energy spectra in the vicinity of 2Q = 13
with N = 8. L is the total angular momentum, and
each dash represents a multiplet with 2L + 1 degener-
ate states; the degeneracy discussed below refers to the
number of degenerate multiplets. We set ~!c to unity
and take all nonzero pseudopotentials to be su�ciently
large so that states with nonzero interaction energies are
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FIG. 6. Schematic view of a 2n-QP state and the equivalent
2n-QH state. In this example, the parameters are set as n = 2
and Norb = 5.

pushed out of the figures. In Figs. 5(a1) and (a2), the
ground state with 2n QPs has E = 2n~!c, which matches
the energy of the exact solution  2n-qp

1/2 in Eq. (17). The
number shown above a dash indicates the number of
degenerate multiplets at that L value. (We have con-
firmed that no new states appear at E = 2n~!c when
we include the lowest four LLs in our ED study.) Fig-
ures 5(b1)-(b5) show the BCF representations of these
states, along with the apparent prediction for the L val-
ues of the lowest QP and QH states. The degeneracy
in the exact spectrum is not always in agreement with
the apparent prediction from the BCF theory. While the
apparent BCF prediction is correct for the ground state
and the 2-QP / 2-QH states, it fails for 4-QP / 4-QH
states. The 4-QP state has L = 0, 22, 4 in Fig. 5(a1)
(the superscript denotes the number of degenerate mul-
tiplets), to be compared to L = 02, 22, 4 from the appar-
ent BCF prediction. Similarly, for the 4-QH state, ED
produces L = 02, 23, 3, 43, 5, 62, 8, whereas the apparent
BCF counting gives L = 03, 24, 3, 44, 5, 62, 8. This im-
plies nontrivial linear dependencies for the  2n-qp

1/2 basis

functions. (Note that the degeneracy of the 2n-QH state
is greater than 2n�1, and also depends on N , because the
positions of the QHs are not fixed.)

This observation raises the question: What is the
statistics of the QPs? Are the QPs Majoranas? If so, the
degeneracies for QPs and QHs should be the same. Actu-
ally, the 2-QP and the 2-QH states [Figs. 5(a2) and (a4)]
have states with the same quantum numbers. However,
the 4-QP state in Fig. 5(a1) exhibits a quite di↵erent
structure from the 4-QH state in Fig. 5(a5).

The resolution to this apparent discrepancy is pro-
vided by the BCF model itself. A little thought shows
that it is not appropriate to compare the 4-QP state in
Fig. 5(a1) with the 4-QH state in Fig. 5(a5). That be-
comes clear by noting that in the BCF representations
shown in Fig. 5(b1) and Fig. 5(b5), the two QHs in each
partition are in a LL with Norb = 6, whereas the two QPs
are in a LL with Norb = 4, where Norb is the total number
of single particle orbitals. One must compare equivalent
systems which are defined so that they have (i) the same
number of QPs and QHs, and (ii) they reside in a LL with
the same orbital degeneracy Norb. (This correspondence
was also noted by Rodriguez et al. [25].) Figure 6 gives an
example of equivalent QP and QH systems. Specifically,
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FIG. 7. (a) Spectrum with (N, 2Q) = (4, 7). The ex-
act counting is in agreement with that in Fig. 5(a1). (b)
Schematic description of the lowest energy BCF state. Two
QHs reside in the LLL in each partition, which should be
compared to Fig. 5(b1).

the following two states are equivalent:

2n-QP state with N = 2Norb + 2n � 4

l

2n-QH state with N = 2Norb � 2n. (36)

Our ED calculation shows (wherever we have been able
to test) that equivalent QP and QH systems have the
same counting for 2n = 2 and 2n = 4. For example,
the system in Fig. 5(a1) is equivalent through the above
relations to a system with N = 4. Figures 7(a) and
(b) show its spectrum and the schematic BCF depiction,
clearly demonstrating the same counting as in Fig. 5(a1).

We have performed ED for many systems and summa-
rize the results in Table I. We can compare the spectra
of equivalent QP and QH systems. They are in com-
plete agreement for 2-QP and 4-QP states. For the 2-
QP states, we have the same counting as apparently pre-
dicted by the BCF construction. In other words, we ob-
tain same states as our exact solutions  2-qp

1/2 in Eq. (17)
as we conjectured. For 4-QP states, we obtain a counting
smaller than the apparent BCF prediction. This implies
a linear dependence of  4-qp

1/2 basis functions as mentioned
above, which, interestingly, results in the same counting
of states as that for the QHs. For 6-QP states, we again
find linear dependencies, producing a smaller set of states
than the apparent BCF prediction. In this case, however,
the counting of states is not identical to that of the equiv-
alent 6-QH system. This behavior is in agreement with
that found in Ref. [25].

To give an example, the 6-QP state with N = 12 in
Table I has L = 02, 22, 3, 42, 6. We compare it with the
number of approximately linear indepdnent states in a
set of the BCF trial wave functions  BCF,6-qp

1/2 in Eq. (10)
using the Jain-Kamilla method. This number is inferred
from the significant singular values of their overlap ma-
trix. As shown in Fig. 8, the two countings match exactly
at each angular momentum.
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TABLE I. Number of the degenerate angular momentum L multiplets in the ground state. Here N is the number of electrons,
and 2n is the number of QPs / QHs. The QP and QH systems in the same row are equivalent (related through Eq. (36)).
The number in parentheses shows the “apparent” degeneracy predicted by the BCF approach whenever it is di↵erent from the
actual degeneracy. dimH represents the dimension of the Hilbert space with Lz = 0 and (NLLL, NSLL) = (N � 2n, 2n), where
NLLL and NSLL are the particle numbers in the lowest and second LLs, respectively. The result for the 2n-QH state is the same
as Table I in Ref. 8.

2n-QP state 2n-QH state

N n L = 0 1 2 3 4 5 6 7 8 dimH N n L = 0 1 2 3 4 5 6 7 8

4 1 1 1 26 4 1 1 1
6 1 1 1 452 6 1 1 1
8 1 1 1 1 7658 8 1 1 1 1
10 1 1 1 1 126510 10 1 1 1 1
12 1 1 1 1 1 2069194 12 1 1 1 1 1
14 1 1 1 1 1 33630328 14 1 1 1 1 1
6 2 1 1 410 2 2 1 1
8 2 1(2) 2 1 21007 4 2 1(2) 2 1
10 2 2 2(3) 1 2 1 728380 6 2 2 2(3) 1 2 1
12 2 2(3) 3(4) 1 3(4) 1 2 1 20691552 8 2 2(3) 3(4) 1 3(4) 1 2 1
10 3 1 1 527102 2 3 1 1
12 3 2 2(3) 1 2 1 33699452 4 3 1(2) 2(3) 1 2 1

FIG. 8. Eigenvalues ⇠ of the overlap matrix of 6-QP BCF
states (Eq. 10) projected into the LLL by the Jain-Kamilla
method for di↵erent total angular momentum channels L (all
in the Lz = 0 sector). While the apparent counting at L = 2
is 3, one of the states is approximately linearly dependent
on the others as indicated by a low lying eigenvalue here.
(The linear dependence is rendered exact if exact projection
is considered.)

Independent of the comparison with the equivalent QH
systems, the primary conclusion is that the counting of

QP states, of our model Hamiltonian is always consistent

with that predicted by the BCF model with exact LLL pro-

jection for all cases we have considered. The conclusions
made by Rodriguez et al. [25] on the basis of the BCF
model also apply to our exact Hamiltonian. In particu-
lar, the edge spectra, which correspond to large angular
momentum states, are consistent with the MR predic-
tion.

The counting of the QP states of the model Hamilto-
nian considered here is consistent with a Majorana mode
associated with each QP. So far, we have demonstrated
non-Abelian statistics of QPs. Let us now discuss neutral

TABLE II. Number of the degenerate angular momentum L

multiplets for an ordinary exciton. The total flux is 2Q =
2N � 3. dimH represents the dimension of the Hilbert space
with Lz = 0 and (NLLL, NSLL) = (N � 1, 1).

N L = 1 2 3 4 5 6 7 dimH

4 1 1 18
6 1 1 1 196
8 1 1 1 1 2342
10 1 1 1 1 1 29828
12 1 1 1 1 1 1 396126
14 1 1 1 1 1 1 1 5415354

excitations in terms of our exact solutions.

The ordinary exciton is described in the BCF descrip-
tion as a QP-QH pair in one partition, which implies that
this state occurs in our Hamiltonian at 2Q = 2N �3 with
energy E = ~!c. In Fig. 5(a3) with N = 8, the states
with E = ~!c have L = 1, 2, 3, 4. Table II summarizes
other results for various systems with 4  N  14. In all
cases, we find ordinary excitons at L = 1, 2, . . . , N/2.
This counting is consistent with the BCF prediction,
which confirms that  1-exciton

1/2 in Eq. (17) at each L is
a unique solution of this model at energy ~!c, as we con-
jectured.

The topological exciton is also a QP-QH pair like a
ordinary one, but the QP and QH reside in a di↵erent
partition. This state occurs in our Hamiltonian with odd
N and 2Q = 2N � 3 with E = ~!c as the lowest energy
state. Table III summarizes the results for systems with
3  N  15. In all cases, we find topological excitons at
L = 1/2, 3/2, . . . , N/2. As in the case of ordinary exci-
tons, the counting is consistent with the BCF prediction,
i.e., our exact solution at each L is a unique solution of
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TABLE III. Number of the degenerate angular momentum L

multiplets for a topological exciton. The total flux is 2Q =
2N � 3. dimH represents the dimension of the Hilbert space
with Lz = 0 and (NLLL, NSLL) = (N � 1, 1)

.

N L = 1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 dimH

3 1 1 6
5 1 1 1 59
7 1 1 1 1 670
9 1 1 1 1 1 8298
11 1 1 1 1 1 1 108182
13 1 1 1 1 1 1 1 1459692
15 1 1 1 1 1 1 1 1 20185883

this model, as we conjectured.

V. QUASIPARTICLE CHARGE

We next discuss the local charge of a QP in our model.
Conceptually, one can show that the QPs (QHs) have
a local charge of magnitude 1/4 of an electron charge
straightforwardly by noting that 8 QPs (QHs) are gen-
erated in the BCF state when one adds (removes) two
electrons [24]. We now explicitly evaluate the QP charge
by using our exact wave functions.

We first consider the system with 2Q = 2N � 4, where
2-QP states occur at L = N/2, N/2 � 2, . . . as shown
in Table I. In the BCF description, the two QPs with
L = Lz = N/2 are localized at the north pole. Their
existence results in excess charge in the vicinity of the
north pole, which can be calculated as the saturation
value of [40]

Q(✓) = 2⇡

Z ✓

0
d✓

0 sin ✓
0 [⇢(✓0) � ⇢0] , (37)

where ⇢(✓) is the local charge density at the polar angle
✓ and ⇢0 ⌘ ⇢(⇡). (The charge density is independent of
the azimuthal angle � due to rotational symmetry around
the z-axis.) Figure 9(a) shows Q(✓) for various systems.
The value of Q(✓) approaches 0.5 at ✓/⇡ ⇡ 0.7 and then
saturates. This is consistent with the fact that two QPs
exist at the north pole and each of them has a charge of
1/4. As the particle number N increases, Q(✓) begins to
saturate faster. The slight deviation of charge from 0.5
is a finite size e↵ect.

Let us next consider states with a neutral exciton. As
shown in Tables II and III, these states occur at L =
N/2, N/2 � 1, . . .. When L = Lz = N/2, an exciton is
described as a pair of a QP at the north pole and a QH at
the south pole. Approximating ⇢0 by ⇢(⇡/2) in Eq. (37),
we plot Q(✓) for various systems in Fig. 9(b). In the
thermodynamic limit, Q(✓) would be flat with the value
0.25 in the middle region of ✓ and Q(0) = Q(⇡) = 0.
Although such a flat region is not clearly seen in our
results, implying that the QH and QP sizes are larger

<latexit sha1_base64="hpX943SNIsvVvSyDiS2cEcFKjzA="></latexit>

0
<latexit sha1_base64="DIrXnv3p4KNNBzcOlvy31ikzS6o="></latexit>

1

(a)

<latexit sha1_base64="yflwS7vGdLPRGfm6fy2iJLSzepc="></latexit>

�/⇡

<latexit sha1_base64="/rC6TzSVsnobqqYMzbljqqQ1RHs="></latexit>

0.25
<latexit sha1_base64="9gDo8O+fWJ2+af9l665zNx20Sz4="></latexit>

0.5
<latexit sha1_base64="hS4nWNo0kTI8AOGxDmtoFww3lwI="></latexit>

0.75

<latexit sha1_base64="srlG2a+nxfTRRzHSNEHKzYvomRo="></latexit>

0.1

<latexit sha1_base64="P5s93ZlyDCC9vojZSWWwq/uZ2/w="></latexit>

0.2

<latexit sha1_base64="QO+h1OhUOYtlhgUSNHj15pm3nyg="></latexit>

0.3

<latexit sha1_base64="nnGoguWAugVR5qfK3WDyHVOXz7I="></latexit>

0.4

<latexit sha1_base64="1z8CfmvGqMg3hyyxALylvG20N3k="></latexit>

0.6
<latexit sha1_base64="9gDo8O+fWJ2+af9l665zNx20Sz4="></latexit>

0.5

<latexit sha1_base64="hpX943SNIsvVvSyDiS2cEcFKjzA="></latexit>

0

<latexit sha1_base64="hpX943SNIsvVvSyDiS2cEcFKjzA="></latexit>

0

<latexit sha1_base64="srlG2a+nxfTRRzHSNEHKzYvomRo="></latexit>

0.1

<latexit sha1_base64="P5s93ZlyDCC9vojZSWWwq/uZ2/w="></latexit>

0.2

<latexit sha1_base64="QO+h1OhUOYtlhgUSNHj15pm3nyg="></latexit>

0.3

<latexit sha1_base64="6wiNBbXdlKYHf2UQBp2Basi4TEU="></latexit>

�0.1
<latexit sha1_base64="DIrXnv3p4KNNBzcOlvy31ikzS6o="></latexit>

1
<latexit sha1_base64="yflwS7vGdLPRGfm6fy2iJLSzepc="></latexit>

�/⇡

<latexit sha1_base64="/rC6TzSVsnobqqYMzbljqqQ1RHs="></latexit>

0.25
<latexit sha1_base64="9gDo8O+fWJ2+af9l665zNx20Sz4="></latexit>

0.5
<latexit sha1_base64="hS4nWNo0kTI8AOGxDmtoFww3lwI="></latexit>

0.75
<latexit sha1_base64="hpX943SNIsvVvSyDiS2cEcFKjzA="></latexit>

0

<latexit sha1_base64="WZJyGbwv6s1/QRbBxbaBK/dNvfE="></latexit>

2-QP (b)

<latexit sha1_base64="uRw4j3+lLDaPM//FbuQvGYm+sH0="></latexit> Q
(�

)

<latexit sha1_base64="uRw4j3+lLDaPM//FbuQvGYm+sH0="></latexit> Q
(�

)

<latexit sha1_base64="BuZdT9InKt6DOLt+QLti5CEdGJk="></latexit>

Neutral exciton

○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○

□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□□
□
□

◇◇◇◇◇◇◇◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

◇
◇
◇

▽▽▽▽▽▽▽▽▽▽▽▽
▽▽▽▽▽

▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽
▽
▽
▽
▽
▽

△△△△△△△
△△△

△△
△△
△△△△△△△△△△△△△△△

△△
△△△△△△△

△
△
△
△

△

△

△

■■■■■■
■■■

■■
■■
■■
■■■

■■■■■■■■■■
■■■

■■
■■■■■■

■
■
■
■

■

■

■

■

●●●●●●
●●
●●
●●
●●
●●
●●
●●●●●●●●●●

●●
●●
●●
●●●●●

●
●
●
●

●

●

●

●
●
●
●●

◆◆◆◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆◆

◆◆◆◆◆◆◆◆
◆◆
◆◆
◆◆
◆◆◆◆

◆
◆
◆

◆

◆

◆

◆
◆
◆
◆◆

▲▲▲▲▲
▲▲
▲▲
▲
▲
▲
▲
▲
▲
▲
▲▲
▲▲
▲▲▲▲▲▲▲▲

▲▲▲
▲▲
▲▲
▲▲
▲▲▲

▲
▲
▲

▲

▲

▲

▲
▲
▲
▲▲▼▼▼▼

▼▼
▼▼
▼▼
▼
▼
▼
▼
▼▼
▼▼
▼▼
▼▼▼

▼▼▼▼▼▼▼▼▼
▼▼
▼
▼▼
▼▼▼▼

▼
▼

▼

▼

▼

▼

▼
▼
▼▼

0 π
4

π
2

3 π
4

π

-0.1

0.0

0.1

0.2

0.3

θ

Q
=
 0

θ [ρ
(x
)-
ρ(
π/
2)
]2
π
si
nx
dx

Quasiparticle-quasihole pair

○○
□□
◇◇
▽▽
△△
■■
●●
◆◆
▲▲
▼▼

0.5 1.0 1.5 2.0
2
4
6
8
10

N = 12
N = 11
N = 10
N = 9
N = 8
N = 7
N = 6

N = 15
N = 14
N = 13

○○
□□
◇◇
▽▽
△△
■■
●●
◆◆
▲▲
▼▼

0.5 1.0 1.5 2.0
2
4
6
8
10

○○○○
○○
○○
○○
○○
○○
○○
○○
○○
○
○
○
○
○
○
○○
○○
○○
○○
○○
○○○

○○○○○○○○○○○○

□□□□
□□
□□
□□
□□
□□
□
□
□
□
□
□
□
□
□□
□□
□□
□□
□□□

□□□□
□□□□□□□□□□□□□□

◇◇◇◇
◇◇
◇◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇◇
◇◇
◇◇
◇◇◇

◇◇◇◇◇
◇◇◇◇◇◇◇◇◇◇◇◇◇◇◇

▽▽▽▽
▽▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽▽
▽▽
▽▽
▽▽▽

▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽▽

△△△
△△
△
△
△
△
△
△
△
△
△
△
△
△
△
△
△△
△△
△△
△△△△

△△△△△△△△△△△△△△△△△△△△△△

0 π
4

π
2

3 π
4

π

0.0

0.1

0.2

0.3

0.4

0.5

0.6

θ

Q
=
2π

 0

θ d
θ'[

ρ(
θ')
-
ρ(
π)
]s
in
θ'

Two-quasiparticle

N = 14
N = 12
N = 10
N = 8
N = 6○○

□□
◇◇
▽▽
△△
■■
●●
◆◆
▲▲
▼▼

0.5 1.0 1.5 2.0
2
4
6
8
10

FIG. 9. Cumulative charge Q(✓) for (a) two QPs and (b) an
ordinary exciton (N even) or a topological exciton (N odd).
The x-axis is the polar angle ✓. The horizontal dashed orange
lines indicate (a) Q(✓) = 1/2 and (b) Q(✓) = 1/4.

than half the perimeter of the sphere, the charge at ✓/⇡ ⇠

0.5 is beginning to saturate at 0.25 in the large systems.

VI. ADIABATIC CONTINUITY

We now ask if our exact solutions with QPs or neu-
tral excitons are adiabatically connected to states of V̂

Pf
3

in the LLL. While numerical solutions of the LLL V̂
Pf
3

problem do not show a clear separation of energy scale
for QPs, one obtains clear branches of states with an or-
dinary or a topological exciton [24, 42]. We investigate
adiabatic continuity for these neutral excited states.

One can continuously deform our model Hamiltonian
into the LLL V̂

Pf
3 interaction simply by increasing the cy-

clotron energy ~!c to a limit where it is much larger than
the interaction energy. This is su�cient for the demon-
stration of the adiabatic continuity of the MR Pfa�an
ground state and its QH states, which remain at zero
energy during this process. The situation is more com-
plicated for states with non-zero kinetic energies, how-
ever. We consider here the states with an ordinary or a
topological exciton. As we increase ~!c, these states con-
tinue to remain exact solutions, while simply floating up
in energy and eventually crossing states where all parti-
cles occupy the LLL. To convert these level crossings into
anti-crossings, we introduce a two-body interaction that
breaks the conservation of particle number in each LL:

V̂
0 =

1X

l1,l2,l01,l02=|Q|

V
0l1l2l01l02
Lmax

Pl1l2,l01l02
(Lmax), (38)

where Pl1l2,l01l02
(L) =

PL
Lz=�L |l1, l2, L, Lzi hl

0
1, l

0
2, L, Lz|,

Lmax = min{l1 + l2 � �l1l2 , l
0
1 + l

0
2 � �l01l02

}, and we set

V
0|Q||Q||Q||Q|
Lmax

= 0 to remove two-body interactions within
the LLL. We denote the second quantization representa-
tion of this interaction by V

0.



13

<latexit sha1_base64="CwcN5IgCswdA34+gKLeNE3yifHg="></latexit>

7
<latexit sha1_base64="fPSAkRKpkA7yGZJrR/PgJtGhXlw="></latexit>

8
<latexit sha1_base64="DIrXnv3p4KNNBzcOlvy31ikzS6o="></latexit>

1
<latexit sha1_base64="Ulu8CZ5Be0LBLNQ1345G/QytPFc="></latexit>

2
<latexit sha1_base64="fGOZC14/bZbmR0X49hyffDre7vk="></latexit>

3
<latexit sha1_base64="7X3CYstRJCnMwoaRBg35NmCENa4="></latexit>

4
<latexit sha1_base64="wL32BIYTyy351TluONsAiy7nidA="></latexit>

5
<latexit sha1_base64="+XToXmp0aTsJ3HmvpQ9mPqKtlUI="></latexit>

6
<latexit sha1_base64="dlMQ4c9gVzy074C5DbBR2yZJlao="></latexit>

9

(a) (b)

<latexit sha1_base64="DIrXnv3p4KNNBzcOlvy31ikzS6o="></latexit>

1

<latexit sha1_base64="Ulu8CZ5Be0LBLNQ1345G/QytPFc="></latexit>

2

<latexit sha1_base64="fGOZC14/bZbmR0X49hyffDre7vk="></latexit>

3

<latexit sha1_base64="7X3CYstRJCnMwoaRBg35NmCENa4="></latexit>

4

<latexit sha1_base64="hpX943SNIsvVvSyDiS2cEcFKjzA="></latexit>

0

<latexit sha1_base64="b279r+osvq82jGXfCDNYo3lFdGs="></latexit> G
a
p

<latexit sha1_base64="LgTPqf4UR3IEkziuLKFm0eP/X4A="></latexit>�
<latexit sha1_base64="CwcN5IgCswdA34+gKLeNE3yifHg="></latexit>

7
<latexit sha1_base64="fPSAkRKpkA7yGZJrR/PgJtGhXlw="></latexit>

8
<latexit sha1_base64="DIrXnv3p4KNNBzcOlvy31ikzS6o="></latexit>

1
<latexit sha1_base64="Ulu8CZ5Be0LBLNQ1345G/QytPFc="></latexit>

2
<latexit sha1_base64="fGOZC14/bZbmR0X49hyffDre7vk="></latexit>

3
<latexit sha1_base64="7X3CYstRJCnMwoaRBg35NmCENa4="></latexit>

4
<latexit sha1_base64="wL32BIYTyy351TluONsAiy7nidA="></latexit>

5
<latexit sha1_base64="+XToXmp0aTsJ3HmvpQ9mPqKtlUI="></latexit>

6
<latexit sha1_base64="dlMQ4c9gVzy074C5DbBR2yZJlao="></latexit>

9

<latexit sha1_base64="DIrXnv3p4KNNBzcOlvy31ikzS6o="></latexit>

1

<latexit sha1_base64="Ulu8CZ5Be0LBLNQ1345G/QytPFc="></latexit>

2

<latexit sha1_base64="fGOZC14/bZbmR0X49hyffDre7vk="></latexit>

3

<latexit sha1_base64="7X3CYstRJCnMwoaRBg35NmCENa4="></latexit>

4

<latexit sha1_base64="hpX943SNIsvVvSyDiS2cEcFKjzA="></latexit>

0

<latexit sha1_base64="b279r+osvq82jGXfCDNYo3lFdGs="></latexit> G
a
p

<latexit sha1_base64="LgTPqf4UR3IEkziuLKFm0eP/X4A="></latexit>�

<latexit sha1_base64="wL32BIYTyy351TluONsAiy7nidA="></latexit>

5

<latexit sha1_base64="9sJuEkJUj+i+mXp+ccRXseGdShk="></latexit>

Topological exciton

○○
□□
◇◇
▽▽
△△
■■
●●
◆◆
▲▲
▼▼

0.5 1.0 1.5 2.0
2
4
6
8
10

<latexit sha1_base64="IKd3sHtrB7j9EwH6M9KpbPwk0o0="></latexit>

L = 1

<latexit sha1_base64="238YLcXs13fuQvwjIR2ghrUVxHA="></latexit>

L = 2

<latexit sha1_base64="iHJGsDjoYOC9Sh/Z/sPOQTGy6dc="></latexit>

L = 3

<latexit sha1_base64="g49pKPDVQSYkeu8lNIDnibJedIU="></latexit>

L = 4

○
○
○
○
○
○
○
○
○
○
○
○
○
○○

○○○○○
○
○
○

○

○

○

○

○
○○○

○

○

○

○

○

○

○

○

□
□
□
□
□
□
□
□
□
□
□□□

□
□

□
□
□
□
□□

□
□
□

□

□

□

□
□□
□

□
□
□
□
□
□
□
□
□
□
□
□

◇
◇
◇
◇
◇
◇◇◇

◇
◇
◇
◇◇◇◇

◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇◇◇◇◇

◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇

▽
▽
▽
▽
▽
▽
▽
▽
▽▽▽

▽
▽
▽
▽
▽
▽▽▽

▽
▽
▽

▽

▽

▽

▽

▽

▽
▽▽▽▽

▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽

1 2 3 4 5 6 7 8 9
0

1

2

3

4

5

α
ga
p

(N,2Q)=(7,11), NLL=2

○○
□□
◇◇
▽▽
△△
■■
●●
◆◆
▲▲
▼▼

0.5 1.0 1.5 2.0
2
4
6
8
10

<latexit sha1_base64="cbGeaiRAuFsclsA/8RLwN8RY92Y="></latexit>

L = 7/2
<latexit sha1_base64="EW4u9O/T1DWT92RFyrTMu7f0FzA="></latexit>

L = 5/2
<latexit sha1_base64="lzpXhfoa7sOBFwaARGeQqNh7du8="></latexit>

L = 3/2
<latexit sha1_base64="zfxDlVU7xnrVDvLHFgdJVCamymw="></latexit>

L = 1/2

○
○
○
○
○
○
○
○
○
○
○
○○

○○○
○
○
○
○
○

○

○

○

○
○
○
○
○

○

○

○

○

○

○

○

□
□
□
□
□
□
□
□
□
□
□□□□

□
□

□

□

□
□
□

□
□
□

□
□
□
□
□□□□□□□□□□□□□□□□

◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇◇

◇

◇

◇

◇

◇

◇
◇◇◇

◇

◇

◇

◇
◇
◇
◇
◇

◇

◇◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇
◇

▽
▽
▽
▽
▽
▽
▽▽

▽

▽

▽

▽
▽
▽▽

▽
▽

▽

▽
▽
▽

▽

▽
▽▽▽▽▽▽

▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽
▽

1 2 3 4 5 6 7 8 9
0

1

2

3

4

α

ga
p

(N,2Q)=(8,13), NLL=2<latexit sha1_base64="Jp1BxEQcmNlzQw7dbdy/PC+D4aQ="></latexit>

Ordinary exciton

FIG. 10. Energy gap separating the two lowest energy states
in various L sectors as a function of the tuning parameter
↵ for (a) an ordinary neutral exciton for an N = 8 particle
system, and (b) a topological exciton for an N = 7 particle
system.

In Fig. 10, we plot the evolution of the gap for a neutral
and a topological exciton at all relevant L values for the
Hamiltonian:

H(↵) = ↵Hkin + (10 � ↵) (V2 + V3) +
↵ � 1

8
V
0
, (39)

where ~!c and all nonzero pseudopotentials are set to
unity. H(1) = Hkin + 9 (V2 + V3) has strong interactions
so that our exact solutions become the ground states,
whereas H(9) = 9Hkin + V2 + V3 + V

0 has large kinetic
energy and is thus e↵ectively equivalent to V̂

Pf
3 . The par-

ticle number in each LL is not conserved in the intermedi-
ate region. The results in Figs. 10(a) and (b) demonstrate
adiabatic continuity for the ordinary and the topological
exciton, respectively. The only exceptions are the states
with the smallest L [i.e., L = 1 in Fig. 10(a) and L = 1/2
in Fig. 10(b)], where this gap appears to close, which is
consistent with the absence of excitons at these angu-
lar momenta for the LLL V̂

Pf
3 interaction; the BCF wave

functions at these angular momenta are annihilated upon
LLL projection, as noted in Refs. [24, 42].

VII. CONCLUDING REMARKS

In summary, we have constructed an exactly solvable
model that produces QPs of the Pfa�an state as exact
eigenstates. The counting of states in the QP Hilbert
space has been found to be in agreement with that pre-
dicted from the BCF wave functions [25]. This provides a
compelling demonstration, for a model interaction, that
the QPs of the ⌫ = 1/2 state are associated with Majo-
rana modes. We have also numerically confirmed adia-

batic continuity for states with a neutral exciton, as we
deform our model Hamiltonian into the LLL V̂

Pf inter-
action. Whether the adiabatic continuity of the QHs and
QPs of our model (or of the V̂

Pf interaction) extends to
the QHs and QPs of the Coulomb interaction remains
an important open problem. Unfortunately, small sys-
tem studies are not likely to be su�cient to address this
question as the sizes of the QPs and QHs are comparable
to the system sizes currently accessible.

It is tempting to ask if the degeneracies for the QP
states can be calculated analytically following the work
of Read and Rezayi for the QH states [8]. We have not
succeeded in that goal. It may be noted that the QP wave
functions are more complicated than the QH wave func-
tions, as they involve more than one LL and a Jastrow
operator rather than a Jastrow factor. Our QP wave
functions also cannot be expressed in a Pfa�an form,
which played a crucial role in Ref. [8]. The last point
also underscores the usefulness of the BCF form in our
construction of the exact solutions for the excitations.

Our work lends itself to generalization in many direc-
tions, which we mention here, but whose detailed study is
left for the future. Although we have focused on ⌫ = 1/2
and its vicinity, our formulation is valid for all BCF states
and thus applies to ⌫ = 2⌫

⇤
/[(2p + 1)⌫⇤ + 1] [24], where

⌫
⇤ is arbitrary. In particular, it will produce non-Abelian

states at ⌫ = 2n/[(2p + 1)n + 1], which, for p = 1, cor-
respond to ⌫ = 1/2, 4/7, 3/5, · · · . The issue of the non-
Abelian statistics of the QHs / QPs of these states can
be in principle studied by our method. An exact model
for the QPs of the Zk Read-Rezayi states [43] can also be
constructed using the k-partite CF description including
up to k + 1-body interactions (e.g., see [44]). Abelian
and non-abelian states can also be constructed from the
parton theory of the FQHE [45, 46]. For many of these
states, exact Hamiltonians have been constructed [47–
51]. It remains an open problem whether our approach
can suggest an alternative construction for parent Hamil-
tonians of these states.
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Rev. B 87, 245125 (2013), URL http://link.aps.org/

doi/10.1103/PhysRevB.87.245125.
[45] J. K. Jain, Phys. Rev. B 40, 8079 (1989), URL http:

//link.aps.org/doi/10.1103/PhysRevB.40.8079.
[46] X. G. Wen, Phys. Rev. Lett. 66, 802 (1991), URL http:

//link.aps.org/doi/10.1103/PhysRevLett.66.802.

[47] J. K. Jain, Phys. Rev. B 41, 7653 (1990).
[48] Y. Wu, T. Shi, and J. K. Jain, Nano Let-

ters 17, 4643 (2017), pMID: 28649831,
http://dx.doi.org/10.1021/acs.nanolett.7b01080, URL
http://dx.doi.org/10.1021/acs.nanolett.7b01080.

[49] L. Chen, S. Bandyopadhyay, and A. Seidel, Phys. Rev.
B 95, 195169 (2017), URL https://link.aps.org/doi/

10.1103/PhysRevB.95.195169.
[50] S. Bandyopadhyay, G. Ortiz, Z. Nussinov, and A. Sei-

del, Phys. Rev. Lett. 124, 196803 (2020), URL https://

link.aps.org/doi/10.1103/PhysRevLett.124.196803.
[51] M. T. Ahari, S. Bandyopadhyay, Z. Nussinov, A. Seidel,

and G. Ortiz, arXiv preprint arXiv:2204.09684 (2022).

http://link.aps.org/doi/10.1103/PhysRevLett.107.136802
http://link.aps.org/doi/10.1103/PhysRevLett.107.136802
http://link.aps.org/doi/10.1103/PhysRevB.59.8084
http://link.aps.org/doi/10.1103/PhysRevB.59.8084
http://link.aps.org/doi/10.1103/PhysRevB.87.245125
http://link.aps.org/doi/10.1103/PhysRevB.87.245125
http://link.aps.org/doi/10.1103/PhysRevB.40.8079
http://link.aps.org/doi/10.1103/PhysRevB.40.8079
http://link.aps.org/doi/10.1103/PhysRevLett.66.802
http://link.aps.org/doi/10.1103/PhysRevLett.66.802
http://dx.doi.org/10.1021/acs.nanolett.7b01080
https://link.aps.org/doi/10.1103/PhysRevB.95.195169
https://link.aps.org/doi/10.1103/PhysRevB.95.195169
https://link.aps.org/doi/10.1103/PhysRevLett.124.196803
https://link.aps.org/doi/10.1103/PhysRevLett.124.196803

	Exactly Solvable Hamiltonian for Non-Abelian Quasiparticles
	Abstract
	Introduction
	Background
	Moore Read Pfaffian wave function
	Bipartite CF description
	Model Hamiltonian for =n/(2pn+1) FQH states

	Model Hamiltonian for non-Abelian state at =1/2
	Two body component 2
	Three body component V3
	Null space of the interaction

	Numerical diagonalization
	Method
	Results

	Quasiparticle charge
	Adiabatic continuity
	Concluding remarks
	Acknowledgments
	References


