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A multiplayer multiteam nonlocal game for the toric code
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Nonlocal games yield an unusual perspective on entangled quantum states. The defining property of such
games is that a set of players in joint possession of an entangled state can win the game with higher probability
than is allowed by classical physics. Here we construct a nonlocal game that can be won with certainty by 2N
players if they have access to the ground state of the toric code on as many qubits. By contrast, the game cannot
be won by classical players more than half the time in the large N limit. Our game differs from previous examples
because it arranges the players on a lattice and allows them to carry out quantum operations in teams, whose
composition is dynamically specified. This is natural when seeking to characterize the degree of quantumness
of nontrivial many-body states, which potentially include states in much more varied phases of matter than the
toric code. We present generalizations of the toric code game to states with ZM topological order.
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I. INTRODUCTION

Quantum pseudotelepathy refers to the notion that players
who are allowed to share entangled quantum states can win
certain cooperative games with higher probability than a set
of purely classical players [1]. Games that exhibit quantum
pseudotelepathy are called nonlocal games; some well-known
examples are the magic square game [2,3] and the parity
game [4,5]. Optimal quantum strategies for nonlocal games
typically involve a specific choice of quantum state tailored
to the rules of the game. Conversely, if quantum players are
able to win a nonlocal game with high probability and without
communicating classically with one another, this can impose
strong constraints on the state that they are using to play the
game. A prominent recent application of this idea was the
demonstration of so-called “device-independent self-testing”
for the two-singlet state [6–10].

The advantage that quantum mechanics provides for non-
local games ultimately arises from the feature of entangled
quantum states known as contextuality [11,12], or the impos-
sibility of reproducing the statistical ensemble of outcomes
of a quantum mechanical experiment from a set of local,
classical hidden variables. Thus, nonlocal games provide
an appealingly intuitive method for capturing the degree of
“quantumness” of a given physical state. Among such games,
the parity game has the unusual property that it is scalable
[1]; for any N � 3, it is possible to define a parity game on N
players that exhibits quantum pseudotelepathy and can be won
with certainty if the players share an N-qubit Greenberger-
Horne-Zeilinger (GHZ) state before playing the game. This
scalability property mimics the scaling behavior of extensive
many-body quantum systems, and therefore suggests a natu-
ral point of departure towards condensed matter physics. In

particular, the question arises of whether nonlocal games can
be used to verify contextuality of the ground states of realistic
physical systems.

This question is of basic theoretical interest, in part because
of recent evidence that contextuality is the resource that allows
for universal quantum computation [13], rather than entangle-
ment [14]. At the same time, the vast majority of studies of the
information-theoretic aspects of many-body quantum states
have focused on their entanglement structure rather than their
contextuality properties [15], with some notable exceptions
[16–24].

Here we report some concrete progress on verifying con-
textuality in many-body systems, in the form of a nonlocal
game that can be won with certainty if the players share the
ground state of a toric code Hamiltonian [25]. This game is
based on the parity game, but differs from previous examples
of nonlocal games in some important respects. For example,
in this game the players reside on the bonds of a lattice,
and may be organized dynamically in “teams” whose spatial
arrangement inherits the geometry of the lattice. The multiple
possibilities for organizing the players in teams reflect the
extensively large number of generators of the stabilizer group
of the toric code, and endow the rules of our “toric code game”
with a similarly large degree of flexibility, which is ultimately
a consequence of the model’s Z2 topological order.

In our analysis, we shall focus solely on ground states
of the ideal toric code Hamiltonian, rather than the gapped
topological phase that arises when the toric code Hamiltonian
is perturbed [25,26]. More generally, one might ask how far
quantum pseudotelepathy can arise within entire phases of
quantum matter, rather than at isolated points within these
phases. We note that the latter question has previously been
explored for the Z2 × Z2 symmetry-protected topological
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phase [23]. In a companion paper [27], we study this question
systematically for both conventional symmetry-breaking or-
der, as in the ferromagnetic phase of the quantum Ising model,
and for more exotic kinds of order, such as the topological
order under scrutiny below.

The paper is structured as follows. We begin by describing
the rules of the toric code game for 2N players arranged on
a square lattice, and present a perfect quantum strategy that
always wins this game. We next prove a uniqueness theorem
for the toric code game, to the effect that a perfect quantum
strategy for the toric code game can be used to uniquely
determine ground states of the toric code Hamiltonian. The
full details of this proof are provided in Appendix. Finally, we
exhibit a generalization of the toric code game to toric code
states with ZM topological order, based on Boyer’s moduloM
game [28].

II. THE TORIC CODE GAME

The toric code game is a 2N player game, with one player
for every bond of a square lattice L and N � 3. We assume
periodic boundary conditions in the vertical and horizontal
directions, so that L lies on the surface of a torus. The game is
supervised by a referee, who we will call a “verifier” by anal-
ogy with the theory of interactive proof systems in computer
science [8]. From this point of view the players are “proving”
to the verifier that they are in joint possession of a toric code
ground state; we will return to this idea later on.

Before the toric code game is played, any given player does
not know in advance whether they will participate in the game.
At the beginning of the game, the verifier assigns a subset
of the players to T nonintersecting vertical loops of the torus
{�i}Ti=1, with one player per bond. They assign another subset
of players to each bond of a horizontal dual loop �̃, which
intersects each of the vertical loops {�i}Ti=1 in a single bond
ti. The players on the bonds of a given vertical loop �i form
a “team,” and may communicate freely with one another, but
may not communicate classically outside their team. Also, the
players on the bonds of the dual loop �̃ may not communicate
classically with one another. See Fig. 1 for one example of an
allowed configuration of active players.

The verifier gives each team a bit ai ∈ {0, 1}, with the
promise that

∑T
i=1 ai is even. In order to win the game, each

player on a bond of the dual loop �̃ must return a bit yb to the
verifier such that

∑
b∈�̃

yb ≡
∑T

i=1 ai
2

mod 2. (1)

We emphasize that once the underlying square lattice L is
fixed, the verifier may choose the vertical loops �i, the number
of teams T , and the dual loop �̃ arbitrarily, subject to the
constraints described above. For all such choices, there is a
perfect quantum strategy that uses the same ground state of
the toric code Hamiltonian on L. We now describe this perfect
quantum strategy.

We define plaquette and star operators Âp = ∏
b∈∂ p Ẑb and

B̂s = ∏
b∈s X̂b in the usual fashion, in terms of which the toric

FIG. 1. One valid arrangement of players for the toric code game.
The vertical loops �1, �2, . . . , �T correspond to “teams” of players
who may communicate classically with one another, but may not
communicate between teams. Another subset of players is assigned
to the dual loop �̃, and there are no doubly occupied bonds, i.e.,
exactly one player sits on each bond of the union (∪T

i=1�i ) ∪ �̃.
Players on distinct bonds of �̃ may not communicate classically with
one another.

code Hamiltonian is given by [25,26]

Ĥ = −K
∑
p

Âp − K ′ ∑
s

B̂s, (2)

where K, K ′ > 0. The state

|00〉 = N
∏
s

(1 + B̂s)
⊗
b

|Ẑb = 1〉, (3)

where N is a normalization constant, and is a ground state of
the toric code Hamiltonian on any closed manifold, since it is
an eigenstate with eigenvalue 1 for any Âp or B̂s.

However, on the torus, this ground state is not unique. To
label the full set of degenerate ground states of Ĥ , we de-
fine Wilson loop operators Ŵx/y = ∏

b∈�x/y
Ẑb and dual Wilson

loop operators V̂x/y = ∏
b∈�̃x/y

X̂b as depicted in Fig. 2. The
topologically degenerate ground states | jk〉, j, k = 0, 1 of the
model can be labeled by the eigenvalues

Ŵx| jk〉 = (−1) j | jk〉, Ŵy| jk〉 = (−1)k| jk〉, (4)

FIG. 2. Labelling conventions for Wilson loop operators on the
square lattice (left) and plaquettes and stars in the ZM toric code
(right).
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of the Wilson loops, and are obtained from the zero-flux
ground state by acting with dual Wilson loop operators | jk〉 =
(V̂y) j (V̂x )k|00〉. A perfect quantum strategy then proceeds as
follows:

(1) Before playing the game, all players share the “topo-
logical cat” state

|ψ〉 = 1√
2
(|00〉 + |01〉). (5)

(2) Team i acts with a power Ŵ ai/2
i of their Wilson loop

Ŵi = ∏
b∈�i

Ẑb on the shared state |ψ〉.
(3) The players on the bonds of the dual loop �̃ each

measure their qubit in the X̂ or Hadamard basis and return
its value yb ∈ {0, 1}.

To be explicit, the square root of the Wilson loop operator
Ŵi in Step 2 is defined by the eigenspace projection Ŵ ai/2

i =
( 1+Ŵi

2 ) + iai ( 1−Ŵi
2 ). Note that this branch of the square root is

nonlocal, i.e., Ŵ 1/2
i �= ∏

b∈�i
Ẑ1/2
b .

Let us now verify that this quantum strategy always wins
the toric code game. After Step 2, the players’ shared state is
given by

|ψ ′〉 = 1√
2
(|00〉 + (−1)

∑T
i=1 ai/2|01〉). (6)

Step 3 is equivalent to the players on the dual loop �̃ collec-
tively measuring the dual Wilson loop operator V̂�̃ = ∏

b∈�̃ X̂b

on their shared state to yield an eigenvalue (−1)
∑

b∈�̃ yb . But the
shared state after Step 2 is an eigenstate of V̂�̃ with eigenvalue
(−1)

∑T
i=1 ai/2. It follows that

(−1)
∑

b∈�̃ yb = (−1)
∑T

i=1 ai/2, (7)

which implies the winning condition Eq. (1) and therefore that
the players have won the game. Thus we have shown that the
topological cat state Eq. (5) yields a perfect quantum strategy
for the toric code game for any choice of teams and dual loop
consistent with the geometry depicted in Fig. 1.

To prove that this defines a genuine nonlocal game, we
must check that the best possible classical strategy wins with
probability less than 1. In fact, the condition of no classical
communication between the players on the bonds of �̃ implies
[29] that the optimal classical strategy is achieved if the play-
ers at the intersecting bonds {ti} = �i ∩ �̃ apply an optimal
classical strategy for the T qubit parity game, as tabulated by
Brassard-Broadbent-Tapp [5], while the remaining players on
bonds b ∈ �̃\ ∪T

i=1 {ti} return yb = 0. Thus the best classical
strategy for the toric code game with T teams wins with
probability

p∗
cl = 1

2
+ 1

2�T/2� , (8)

and the toric code game is a genuine nonlocal game whenever
the number of teams T � 3. Since it is possible for the verifier
to assign up to T = O(

√
N ) teams in an instance of the toric

code game, the “most quantum” instance of the game has
classical probability of winning tending to 1/2 as the number
of players tends to infinity,

p∗
cl = 1

2
+ 1

2O(
√
N )

→ 1

2
, N → ∞, (9)

and always defines a nonlocal game provided the lattice L is
more than three qubits wide.

Finally, we note that the version of the toric code game
described above explicitly pairs a set of teams with a single
generator of the fundamental group of the torus, in the sense
that all the teams in Fig. 1 lie along vertical loops. More gen-
erally, one can define analogous nonlocal games on surfaces
of arbitrary genus, with arbitrary allowed lattice geometries
such as honeycomb lattices [30], and assign a set of teams
to any generator of the fundamental group. Furthermore, the
game can be played simultaneously by multiple sets of teams
who are each assigned to independent generators of the fun-
damental group. One could also consider reducing the number
of fundamental group generators and playing the toric code
game with a single logical qubit, for example on the surface
of a cylinder or on a patch of the surface code with appropriate
boundary conditions [31].

For each of these generalizations, there is a perfect quan-
tum strategy that uses the appropriate topological cat state.
For example, in one simple generalization of the genus g = 1
square lattice toric code game described above, the verifier
assigns players to horizontal teams and a vertical dual loop;
then the perfect quantum strategy is a spatial reflection of
the strategy described above, and involves the players sharing
the topological cat state |ψ〉 = (|00〉 + |10〉)/√2 before play-
ing the game. Moreover, the operations carried out by these
reflected teams commute with the operations of the original
teams, such that the two sets of teams can play simultaneously
and both sets can win with certainty.

III. UNIQUENESS THEOREM FOR THE
TORIC CODE GAME

We now prove that a perfect quantum strategy for the toric
code game can be used to uniquely determine ground states
of the toric code Hamiltonian. We first adapt some definitions
from a companion paper [27] to the present context. We define
a quantum strategy S = (|ψ〉,P ) for an instance of the toric
code game to consist of

(1) a 2N-qubit pure state |ψ〉, which is shared by all play-
ers before the game begins.

(2) a protocol P , which is a set of quantum gates and
measurements that each team or player applies to their qubits.

We define a perfect quantum strategy for an instance of
the toric code game to be any quantum strategy S that always
wins that game for all allowed inputs [5]. For concreteness, we
will follow the conventions for the toric code game defined in
Se. II and in Fig. 1, and let PTC denote the quantum protocol
described in that section. By an “instance” of the toric code
game, we mean a specific choice of the number of teams T �
3, vertical loops {� j}Tj=1 and a horizontal dual loop �̃.

Our uniqueness theorem relies upon the following Lemma,
whose proof we defer to the Appendix:

Lemma 1. Let |ψ〉 be a 2N-qubit pure state. Then for a
given instance of the toric code game, the quantum strategy
S = (|ψ〉,PTC) wins the toric code game with probability

pqu(|ψ〉) − 1/2

=
∑

{�σ∈{0,1}2N :Ŵj |�σ 〉=|�σ 〉}

1

2
(|〈ψ |ϕ+

�̃
(�σ )〉|2 − |〈ψ |ϕ−

�̃
(�σ )〉|2),

(10)
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where the summation is over all computational basis states
|�σ 〉 = ⊗

b |σb〉 that satisfy Ŵj |�σ 〉 = |�σ 〉 for j = 1, 2, . . . ,T ,
and the states

|ϕ±
�̃
(�σ )〉 = 1√

2
(1 ± V̂�̃ )|�σ 〉. (11)

This Lemma allows us to prove the following result.
Theorem 1. Let S = (|ψ〉,PTC) be a perfect quantum

strategy for all instances of the toric code game. Then |ψ〉
is a ground state of the toric code with

|ψ〉 ∈ span

{
1√
2
(|00〉 + |01〉), 1√

2
(|10〉 + |11〉)

}
. (12)

Proof. Suppose S = (|ψ〉,PTC) is a perfect quantum strat-
egy for all instances of the toric code game. We assume that
the state |ψ〉 is unit normalized. By Lemma 1, it follows that

|ψ〉 ∈
⋂

(T,{� j }Tj=1,�̃)

span

{{
1√
2
(1 + V̂�̃ )|�σ 〉 : �σ ∈ {0, 1}2N ,

Ŵj |�σ 〉 = |�σ 〉, j = 1, 2, . . . ,T

}}
. (13)

Thus for any horizontal dual Wilson loop V̂x, it must be true
that

|ψ〉 = 1√
2
(1 + V̂x )|φ〉, (14)

where |φ〉 is some state for which

Ŵy|φ〉 = |φ〉, (15)

for any vertical Wilson loop Ŵy that intersects V̂x in a single
bond. Note that unit normalization of |ψ〉 implies

1 = 〈ψ |ψ〉 = 〈φ|(1 + V̂x )|φ〉 = 〈φ|φ〉, (16)

since V̂x changes the Ŵy quantum number of |φ〉. Now let B̂s

be any star operator and choose horizontal dual loops V̂1 and
V̂2 such that V̂1V̂2 = B̂s. It follows that

|ψ〉 = 1√
2
(1 + V̂1)|φ1〉 = 1√

2
(1 + V̂2)|φ2〉, (17)

for some |φ1〉, |φ2〉 on which any allowed Ŵy = 1, with
〈φ1|φ1〉 = 〈φ2|φ2〉 = 1. Normalization of |ψ〉 can be written
as

1
2 〈φ1|1 + V̂1 + V̂2 + V̂1V̂2|φ2〉 = 1. (18)

Since V̂1 and V̂2 individually change the Ŵy quantum number
of |φ2〉, we deduce that

〈φ1|φ2〉 + 〈φ1|B̂s|φ2〉 = 2. (19)

But this equality requires both terms to attain their maximum
possible values consistent with the Cauchy-Schwartz inequal-
ity, so that 〈φ1|φ2〉 = 1 and 〈φ1|B̂s|φ2〉 = 1. The first relation
implies that

|φ2〉 = |φ1〉, (20)

proving that the state |φ〉 in Eq. (14) is independent of the
choice of horizontal dual loop V̂ , while the second relation
implies that

B̂s|φ〉 = |φ〉. (21)

We next let Âp be any plaquette operator and choose vertical
Wilson loops Ŵ1 and Ŵ2 such that Ŵ1Ŵ2 = Âp. Note that it
is always possible to choose Ŵ1, Ŵ2, and a dual loop V̂x that
intersects both Ŵ1 and Ŵ2 in a single bond, so that |ψ〉 =
1√
2
(1 + V̂x )|φ〉 with Ŵ1|φ〉 = Ŵ2|φ〉 = |φ〉. It follows that

Âp|φ〉 = Ŵ1Ŵ2|φ〉 = |φ〉. (22)

Equations (21) and (22) guarantee that |φ〉 is locally a ground
state of the toric code Hamiltonian. Equation (15) then fixes
the quantum number of vertical Wilson loops, so that

|φ〉 ∈ span{|00〉, |10〉}. (23)

The result follows by Eq. (14). �
We note that an analogous result holds for the doubled

semion state [30]. To be precise, just as a quantum winning
strategy using the Wilson loops of the toric code serves to
determine toric code ground states, the analogous quantum
winning strategy using Wilson loops of the doubled semion
model can be used to determine doubled semion ground states.

IV. ZM TORIC CODE GAMES

In this section, we introduce nonlocal games that can be
won with certainty if the players share a ground state of the
toric code with ZM topological order (M > 2) before play-
ing the game. These games are based on Boyer’s modulo
M divisor M generalizations of the parity game [28]. At the
level of assigning players to bonds and teams, the rules of
this ZM toric code game are identical to those of the toric
code game described in Sec. II. However, in the ZM toric
code game, the verifier provides each team with a number
ai ∈ {0, 1, . . . ,M − 1}, rather than a single bit. Similarly, to
win the game, the players at each bond of �̃ must return
numbers yb ∈ {0, 1, . . . ,M − 1} to the verifier such that

∑
b∈�̃

yb ≡
∑T

i=1 ai
M

modM. (24)

An example of a valid arrangement of players is depicted in
Fig. 1. This recovers the toric code game in the caseM = 2.

To define the ZM toric code Hamiltonian, let ωM = ei2π/M

denote anMth root of unity and defineZM “clock” and “shift”
operators

Ĉ =

⎛
⎜⎜⎜⎝
1 0 . . . 0
0 ωM . . . 0

0 0 . . . 0
0 0 . . . ωM−1

M

⎞
⎟⎟⎟⎠, Ŝ =

⎛
⎜⎜⎝
0 0 . . . 1
1 0 . . . 0

0 1 . . . 0
0 0 . . . 0

⎞
⎟⎟⎠,

(25)

which satisfy the commutation relations ĈŜ = ωMŜĈ.
We next label plaquettes and stars as shown in Fig. 2 and

define plaquette and star operators Âp = 1
2 (Ĉ

†
p1Ĉ

†
p2Ĉp3Ĉp4 +

H.c.) and B̂s = 1
2 (Ŝ

†
s1 Ŝ

†
s2 Ŝs3 Ŝs4 + H.c.), which mutually com-

mute thanks to the labeling convention. In terms of
these operators, the Hamiltonian of the ZM toric code is
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given by [25]

Ĥ = −K
∑
p

1

M

M−1∑
j=0

(Âp)
j − K ′ ∑

s

1

M

M−1∑
j=0

(B̂s)
j, (26)

with K,K ′ > 0.
The zero-flux ground state can be obtained by projecting a

Ĉb = 1 product state into a B̂s = 1 state, and we can write it
as

|00〉 = N
∏
s

1

M

M−1∑
j=0

(B̂s)
j

N⊗
b=1

|Ĉb = 1〉. (27)

To label all M2 ground states of Ĥ , we introduce clock
Wilson loop operators Ŵx/y = ∏

b∈�x/y
Ĉb and their dual shift

Wilson loop operators V̂x/y = ∏
b∈�̃x/y

Ŝb, with labeling con-
ventions for loops and dual loops as in Fig. 2. The degenerate
ground states | jk〉 can be labeled by the eigenvalues

Ŵx| jk〉 = ω
j
M | jk〉, Ŵy| jk〉 = ωk

M | jk〉, (28)

of the clock loops, and are obtained from the zero-flux ground
state by repeated action of the shift loops, namely | jk〉 =
(V̂y) j (V̂x )k|00〉.

Then the following quantum strategy always wins:
(1) Before playing the game, all players share the state

|ψ〉 = 1√
M

(|00〉 + |01〉 + · · · |0M − 1〉). (29)

(2) Team i acts with an Mth root Ŵ−ai/M
i of their clock

Wilson loop Ŵi = ∏
b∈�i

Ĉb.
(3) The players on the bonds of the dual loop �̃ each

measure their qudit in the shift basis and return its value yb.
Let us briefly verify that this always yields a perfect quan-

tum strategy for theZM toric code game. After Step 2, the new
state is

|ψ ′〉 = 1√
M

M−1∑
k=0

ω
−k

∑T
i=1 ai/M

M |0k〉, (30)

by definition of the ground states | jk〉. This is an eigen-
state of the shift Wilson loop V̂�̃ = ∏

b∈�̃ Ŝb with eigenvalue

ω
∑T

i=1 ai/M
M . Step 3 yields numbers yb ∈ {0, 1, . . . ,M − 1} with

the property that ω
∑

b∈�̃ yb
M is the eigenvalue of the shift Wilson

loop V̂�̃ acting on the final state. But since the state |ψ ′〉 was
already an eigenstate of that shift Wilson loop, it follows that

ω
∑

b∈�̃ yb
M = ω

∑T
i=1 ai/M

M , (31)

which implies the winning condition Eq. (1).
Our observation in Sec. II that the optimal classical strategy

on the intersecting bonds ti induces an optimal classical strat-
egy for the toric code game applies equally to the ZM case,
and demonstrates that the ZM toric code game is a nonlocal
game for a lattice L that is more than three qubits wide. This
is because the T qudit moduloM divisorM game is a nonlocal
game [28] for T � 3 qudits. For the “most quantum” instance
of the ZM toric code game with T = O(

√
N ) teams, it also

follows [27] that the probability of winning for the optimal

classical strategy

p∗
cl → 1/M, N → ∞, (32)

with corrections that are exponentially small in
√
N .

Similarly, the ZM toric code game has all the freedom of
the toric code game described in Sec. II: it can be played on
any surface of genus greater than one, on any lattice geometry,
with teams assigned according to any generator of the fun-
damental group, or even with multiple sets of teams that are
associated with different fundamental group generators and
play simultaneously.

V. CONCLUSION

We have proposed a nonlocal game that can be won
with certainty if the players share ground states of the toric
code before playing the game. This game has several fea-
tures that distinguish it from previous examples of nonlocal
games, including the spatial arrangement of the players on
a lattice, the dynamical organization of players into “teams”
and the topological invariance of quantum winning strate-
gies under continuous deformations of these teams. We have
further shown that a perfect quantum strategy for the toric
code game can be used to uniquely determine toric code
states (see Theorem 1), and exhibited generalizations of the
toric code game to toric code states with ZM topological
order.

The former result can be seen as a first step towards device-
independent self-testing [6–10] or certification of nontrivial
ground states of condensed matter Hamiltonians. A desirable
goal would be to extend Theorem 1 to a full “rigidity” result
of the type proved for the two-singlet state [9], whereby the
rules of the toric code game alone could suffice to determine
the toric code ground state, up to local unitary operations.
We emphasize that the latter ambiguity cannot be removed;
for example, if a set of quantum players share a toric code
eigenstate containing some number of electric and magnetic
excitations, they can always win the toric code game with
certainty by applying suitably chosen unitaries [26] at their
bonds to remove these excitations, before applying the perfect
quantum strategy described in Sec. II.

More broadly, the possibility of using quantum games to
certify ground states of realistic physical systems up to lo-
cal unitary operations suggests a novel information-theoretic
approach to the problem of classifying phases of matter. A
natural question related to this idea is whether games can be
used to characterize states with non-Abelian global symme-
tries, such as Pfaffian quantum Hall states, beyond the Abelian
examples studied in this paper.
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APPENDIX: PROOF OF LEMMA 1

In this Appendix, we prove Lemma 1 of the main text.
Proof. First fix an input to the game, aj ∈ {0, 1} with∑T
j=1 a j even. Write the (normalized) state |ψ〉 as

|ψ〉 =
∑

�σ∈{0,1}2N
c�σ |σ1σ2 . . . σ2N 〉, (A1)

in the computational basis. After Step 2, we have

|ψ ′〉 =
∑

�σ∈{0,1}2N
c�σ i

∑T
j=1 a jw j (�σ )|σ1σ2 . . . σ2N 〉, (A2)

where to fix the correct branch of Ŵ aj/2
j , we define w j (�σ ) ∈

{0, 1} by
w j (�σ ) ≡

∑
b∈� j

σbmod 2. (A3)

Before performing Step 3, it will be useful to work in the
X̂ basis at every bond and write |yb〉 = |X̂b = (−1)yb〉. This
yields

|ψ ′〉 =
∑

�y∈{0,1}2N

⎛
⎝ 1

2N
∑

�σ∈{0,1}2N
ei(π/2)

∑T
j=1 a jw j (�σ )eiπ

∑2N
j=1 σ j y j c�σ

⎞
⎠|y1y2 . . . y2N 〉. (A4)

Then the probability of winning the game with the state |ψ〉 given the input �a is given by

p(|ψ〉, �a) =
∑

�y∈{0,1}2N∑
b∈�̃ yb≡rmod 2

1

22N

∣∣∣∣∣∣
∑

�σ∈{0,1}2N
ei(π/2)

∑T
j=1 a jw j (�σ )eiπ

∑2N
j=1 σ j y j c�σ

∣∣∣∣∣∣
2

, (A5)

where r = ∑T
j=1 a j/2. We can write this as

p(|ψ〉, �a) = 1

22N
∑

�σ ,�σ ′∈{0,1}2N
c�σ c

∗
�σ ′ei(π/2)

∑T
j=1 a j (w j (�σ )−w j (�σ ′ ))

∑
�y∈{0,1}2N∑

b∈�̃ yb≡rmod 2

eiπ
∑2N

j=1(σ j−σ ′
j )y j . (A6)

Then ∑
�y∈{0,1}2N∑

b∈�̃ yb≡rmod 2

eiπ
∑2N

j=1(σ j−σ ′
j )y j =

∑
�y∈{0,1}2N−|�̃|

eiπ
∑

b�∈�̃ (σb−σ ′
b)yb

∑
�y∈{0,1}|�̃|∑

b∈�̃ yb≡rmod 2

eiπ
∑

b∈�̃ (σb−σ ′
b)yb . (A7)

By the identity

∑
{�y:∑M

j=1 y j≡rmod 2}

M∏
j=1

z
y j
j = 1

2

⎛
⎝ M∏

j=1

(1 + z j ) + (−1)r
M∏
j=1

(1 − z j )

⎞
⎠, (A8)

we have ∑
�y∈{0,1}2N−|�̃|

eiπ
∑

b�∈�̃ (σb−σ ′
b)yb = 22N−|�̃| ∏

b�∈�̃

δσb,σ
′
b
, (A9)

and

∑
�y∈{0,1}|�̃|∑

b∈�̃ yb≡rmod 2

eiπ
∑

b∈�̃ (σb−σ ′
b)yb = 2|�̃|−1

⎛
⎝∏

b∈�̃

δσb,σ
′
b
+ (−1)r

∏
b∈�̃

δσb,1−σ ′
b

⎞
⎠. (A10)

Thus

∑
�y∈{0,1}2N∑

b∈�̃ yb≡rmod 2

eiπ
∑2N

j=1(σ j−σ ′
j )y j = 22N−1

⎛
⎝∏

b

δσb,σ
′
b
+ (−1)r

∏
b�∈�̃

δσb,σ
′
b

∏
b∈�̃

δσb,1−σ ′
b

⎞
⎠,

which implies that

p(|ψ〉, �a) = 1

2

⎛
⎝1 + (−1)r

∑
�σ ,�σ ′∈{0,1}2N

c�σ c
∗
�σ ′ei(π/2)

∑T
j=1 a j (w j (�σ )−w j (�σ ′ ))

∏
b�∈�̃

δσb,σ
′
b

∏
b∈�̃

δσb,1−σ ′
b

⎞
⎠. (A11)
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In the second term, we note that since w j ∈ {0, 1} by definition,

w j (�σ ′) =
⎛
⎝∑

b∈� j

σb + 1 − 2σt j

⎞
⎠mod 2 = 1 − w j (�σ ), (A12)

so that

w j (�σ ) − w j ( �σ ′) = 1 − 2w j (�σ ). (A13)

Thus

ei(π/2)
∑T

j=1 a j (w j (�σ )−w j (�σ ′ )) = (−1)r+
∑T

j=1 a jw j (�σ ), (A14)

which finally yields

p(|ψ〉, �a) = 1

2

⎛
⎝1 +

∑
�σ∈{0,1}2N

(−1)
∑T

j=1 a jw j (�σ )c�σ�̃,�σ�̃c
c∗
�1−�σ�̃,�σ�̃c

⎞
⎠. (A15)

We now average uniformly over allowed inputs aj to yield the quantum winning probability

pqu(|ψ〉) = 1

2T−1

∑
�a∈{0,1}T∑T
j=1 a j even

p(|ψ〉, �a) = 1

2
+ 1

2T
∑

�σ∈{0,1}2N
c�σ�̃,�σ�̃c

c∗
�1−�σ�̃,�σ�̃c

∑
�a∈{0,1}T∑T
j=1 a j even

(−1)
∑T

j=1 a jw j (�σ ).

By Eq. (A8),

∑
�a∈{0,1}T∑T
j=1 a j even

(−1)
∑T

j=1 a jw j (�σ ) = 2T−1

⎛
⎝ T∏

j=1

δw j (�σ ),0 +
T∏
j=1

δw j (�σ ),1

⎞
⎠. (A16)

Then, imposing the Kronecker delta constraints above, we find that

pqu(|ψ〉) = 1

2
+ 1

2

∑
{�σ∈{0,1}2N :w j (�σ )=0}

(
c�σ�̃,�σ�̃c

c∗
�1−�σ�̃,�σ�̃c

+ c�1−�σ�̃,�σ�̃c
c∗

�σ�̃,�σ�̃c

)
. (A17)

The physical interpretation of this result is a summation over fidelities to “topological cat states.” To be explicit, we define the
22N pairs of GHZ-like states

|ϕ±
�̃
(�σ )〉 = 1√

2

⎛
⎝⊗

b∈�̃

|σb〉 ±
⊗
b∈�̃

|1 − σb〉
⎞
⎠ ⊗

b∈�̃c

|σb〉. (A18)

Defining the dual Wilson line V̂�̃ = ∏
b∈�̃ Xb and writing |�σ 〉 = ⊗

b |σb〉, these states can be written as

|ϕ±
�̃
(�σ )〉 = 1√

2
(1 ± V̂�̃ )|�σ 〉. (A19)

In terms of these states, the quantum winning probability is given by

pqu(|ψ〉) = 1

2

⎛
⎝1 +

∑
{�σ∈{0,1}2N :Ŵj |�σ 〉=|�σ 〉}

|〈ψ |ϕ+
�̃
(�σ )〉|2 − |〈ψ |ϕ−

�̃
(�σ )〉|2

⎞
⎠.

�
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