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Abstract
In 1908, Felix Klein suggested that to mend the discontinuity that prospective secondary teachers face, university instruction 
must account for teachers’ needs. More than a century later, problems of discontinuity remain. Our project addresses the 
dilemma of discontinuity in university mathematics courses through simulating core teaching practices in mathematically 
intensive ways. In other words, we interpret teachers’ needs to include integrating content and pedagogy. We argue that doing 
so has the potential to impact teachers’ competence. To make this argument, we report findings from the Mathematics of 
Doing, Understanding, Learning, and Educating for Secondary Schools (MODULE(S2)) project. The results are based on 
data from 324 prospective secondary mathematics teachers (PSMTs) enrolled in courses using curricular materials devel-
oped by the project in four content areas (algebra, geometry, modeling, and statistics). We operationalized competence in 
terms of PSMTs’ content knowledge for teaching and their motivation for enacting core teaching practices. We examined 
pre- and post-term data addressing these constructs. We found mean increases in PSMTs’ outcomes in content knowledge 
for teaching and aspects of motivation.

Keywords  University mathematics · Secondary mathematics teacher education · Mathematical knowledge for teaching · 
Expectancy-value theory · Core teaching practices

1  Introduction

Secondary teacher education faces a disconnection problem: 
a perceived incongruity between tertiary mathematics expe-
riences and secondary mathematics teachers’ needs (e.g., 
Gueudet et al., 2016; Winsløw & Grønbæk, 2014). Win-
sløw and Grønbæk (2014) identified various dimensions of 
disconnection, including the contrasting positions of future 
secondary teacher and current university student. In line 

with this observation, we along with others advocate that 
tertiary mathematics courses should provide explicit bridges 
from their content to secondary mathematics teaching (see 
Lai et al. (in press) for a review). Consistent with Baumert 
et al.’s (2010) conception of content knowledge for second-
ary mathematics teaching, we explore university mathemat-
ics courses that develop teachers’ “profound mathematical 
understanding” of secondary mathematics (p. 142). Such 
courses address secondary level topics with a sophistication 
commensurate with tertiary level coursework.

We hypothesize that for teachers to experience the great-
est connection between university mathematics courses and 
secondary teaching, bridging must take place in two ways. 
First, the prospective secondary teachers themselves must 
have opportunities to simulate core teaching practices that 
draw on the content taught in the university mathematics 
course. We operationalize core teaching practices to be those 
that promote discussion and elicit student thinking about 
content in ways rooted in disciplinary norms. Second, the 
university instructor must showcase these teaching practices 
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in their own instruction. We argue that such pedagogical 
coordination supports the development of teachers’ compe-
tence in secondary mathematics teaching.

In our research, we operationalized competence as cog-
nitive and affective, and examined content knowledge, 
expectancy, and value. We examined data in four content 
areas—algebra, geometry, mathematical modeling, and 
statistics. These data were collected by the Mathematics 
of Doing, Learning, and Educating for Secondary Schools 
(MODULE(S2)) project, which we lead. We address 
research questions:

RQ1. How did prospective secondary mathematics 
teachers (PSMTs)’ content knowledge for teaching 
change over the duration of a term-long experience 
with coordinated instruction and applications to teach-
ing?
RQ2. How did PSMTs’ expectancy and value for car-
rying out core teaching practices change?
RQ3. What aspects of this experience influenced 
changes in PSMTs’ potential competence for enacting 
core teaching practices?

1.1 � Terminology

We use PSMT to refer to a prospective secondary mathe-
matics teacher, student to refer to a secondary student, and 
instructor or faculty to refer to university faculty. Content 
refers to areas of mathematics or statistics. Secondary refers 
to grades 6–12. Over 90% of participants in the study pre-
pared to teach grades 6–12. Our project data is collected pri-
marily from the United States, with some participants from 
Canada. Term refers to an academic term in the US, typically 
10- to 15-weeks in duration depending on institution.

2 � Background and perspective

Overall, PSMTs have opportunities to learn many areas of 
mathematics–and yet, there is scant evidence that university 
mathematics course taking impacts future teaching or its 
underlying cognitive or motivational aspects (see Tatto et al., 
2018 for a review). Among results that indicate a positive 
influence of tertiary coursework on prospective and prac-
ticing secondary teachers (e.g., Buchholtz & Kaiser, 2013; 
Burroughs et al., 2023; Wasserman & McGuffey, 2021), 
there is a commonality. One can explain positive results 
in terms of intentional course design that meets second-
ary teachers’ needs. These needs may involve how tertiary 
faculty teach (Buchholtz & Kaiser, 2013), or whether there 
are explicit links from course content to secondary teaching 
practice (Burroughs et al., 2023; Wasserman & McGuffey, 
2021).

To our knowledge, there has been no systematic evalua-
tion of university mathematics coursework that does both. 
That is, evaluation of coursework offering tasks that explic-
itly connect content to secondary teaching practice, and 
whose materials support university instructors in modeling 
exemplary teaching practices. Our project incorporates such 
tasks, and coordinates the teaching practices showcased in 
these tasks with guidance for instructors’ teaching of the 
course as a whole. We see our work as an answer at last to 
Tatto et al.’s (2018) lament that “studies exploring the dis-
tinct impact of coherent course offerings are rare” (p. 416); 
the latest citation in their statement dates to 1999.

2.1 � Applications of content to teaching

In examining the nature of discontinuity, Winsløw and 
Grønbæk (2014) described three dimensions: institution 
(university vs. school), positioning (student vs teacher), and 
content (elementary vs advanced). Historically, mending 
discontinuity has focused on the last dimension (e.g., Klein, 
1908/1932; Murray & Star, 2013). Yet the discontinuity 
remains (e.g., Zazkis & Leikin, 2010). One potential expla-
nation is that other dimensions need attention as well. To 
support PSMTs experiencing their tertiary mathematics con-
tent as coherent with secondary teaching, university courses 
may need embedded and explicit connections to secondary 
teaching practice. In particular, teachers should be asked to 
simulate the work of secondary teaching in ways that draw 
on the tertiary course experiences. In this way, course mate-
rials attend to the dimensions of institution and positioning, 
by engaging teachers’ images of the role of teachers in the 
institution of secondary school.

Bass (2005) and Stylianides and Stylianides (2010) 
argued that connections to school teaching practice, where 
teachers simulate content intensive work of teaching, enact a 
form of applied mathematics. Álvarez et al. (2020) used their 
arguments to advocate for these connections in university 
mathematics courses where PSMTs may enroll. In parallel to 
Álvarez et al., we refer to these connections as applications 
of content to teaching.

Such applications have only recently been systematically 
embedded in university mathematics curricula (Lai et al., in 
press). There are few reports of the effects of incorporating 
applications to secondary mathematics teaching. Wasserman 
and McGuffey (2021) documented secondary classroom 
teachers attributing teaching decisions to prior experience 
with real analysis materials designed with such applications. 
This study is unique and promising—and it only examined 
six teachers. Burroughs et al. (2023) studied calculus, dis-
crete mathematics, abstract algebra, and statistics courses 
featuring applications to teaching. They reported that under-
graduates in these courses valued understanding secondary 
students’ thinking. Their study demonstrates the possibility 
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of incorporating applications to teaching in a wide range of 
courses. It is limited in that it did not systematically examine 
change in cognitive or affective aspects.

There is a need to further examine the impact of embed-
ding applications to teaching into university mathematics 
courses. Our project does so in a way that moves beyond 
a ‘proof of concept’ study. We examine data across multi-
ple content areas and multiple institutions, and we report 
on changes in PSMTs’ content knowledge, expectancy, and 
value.

2.2 � Operationalizing competence and socialization

In their professional work, teachers simultaneously call 
on knowledge, affect, and beliefs. Competence for teach-
ing, then, must reflect both the situations to which teachers 
respond and underlying cognitive and motivational disposi-
tions (Blömeke et al., 2015). As Blömeke et al. (2015) theo-
rized, situation-specific skills—which depend on intentions, 
knowledge, and the particular circumstances—may mediate 
between underlying dispositions and ultimate performance. 
We now discuss our project’s perspective on cognitive 
aspects, situation-specific skills, and then motivation.

Cognitively, we focus on content knowledge for teaching. 
We refer here to the disciplinary knowledge for teaching 
entailed in recurrent work of teaching mathematics or statis-
tics (cf. Baumert et al., 2010). Content knowledge for teach-
ing depends on the domain; for instance, content knowledge 
for teaching geometry differs from that for teaching other 
areas of secondary mathematics (Herbst & Kosko, 2014). 
Moreover, we are interested in the influence of tertiary expe-
riences on teachers’ knowledge in specific areas (namely, 
algebra, geometry, mathematical modeling, and statistics). 
Hence we designed our study to have separate assessments 
for each area.

We see assessments of content knowledge for teaching 
as proxies for situation-specific skills. As early work in this 
area indicates, assessment items with teaching context can 
simulate situation-specific skills (Hill et al., 2004). Scholars 
who have worked on assessing content knowledge for teach-
ing at the secondary level broadly agree that instruments 
should contain at least some items of this sort, in that they 
describe context such as lesson goals or student talk (e.g., 
Baumert et al., 2010; Tatto, 2013).

Blömeke et al. (2015) observed that approaches to com-
petence stemming from educational research tend to focus 
on “identifying a person’s [underlying characteristics] and 
how these best can be developed” (p. 5). In line with this 
aim, our project operationalized motivation in terms of 
expectancy and value (Eccles & Wigfield, 2020) for carry-
ing out core teaching practices. Teachers’ expectancy and 
value, and motivation more broadly, have been shown to 

predict instructional quality (e.g., Holzberger et al., 2014; 
Zee & Koomen, 2016).

A person’s expectancy is the expectation of success at 
enacting a task in a particular situation (Wigfield & Eccles, 
2000). Value is the importance of carrying out a task well, 
and can encompass utility, enjoyment, and personal fulfill-
ment (see Eccles & Wigfield, 2020, for a review). We use 
core teaching practices to refer to teaching practices that 
promote discussion and elicit student thinking about content 
in ways rooted in disciplinary norms. Such teaching prac-
tices are associated with instructional quality and student 
learning outcomes at the secondary levels (e.g., Baumert 
et al., 2010). Our notion of core practices is also consistent 
with various unpackings of mathematically intensive teach-
ing practices (e.g., Baumert et al., 2010; Tatto et al., 2018).

A person’s cognitive and motivational dispositions are 
influenced by socialization. The form and orientation of 
teacher education influences what teachers’ learn (Werler 
& Tahirsylaj, 2020). We operationalize PSMTs’ socializa-
tion as their opportunities to learn and use content (including 
its applications to teaching), the tasks an instructor uses to 
enact these opportunities, and the instructor’s own teaching 
practices (cf. Schmidt et al., 2008).

To examine the role of socialization, we distinguish two 
perspectives: PSMTs-as-university-students and PSMTs-as-
future-secondary-teachers. We investigate whether PSMTs-
as-university-students experienced and observed core prac-
tices in their tertiary instruction. We explore the relationship 
between this perception and PSMTs-as-future-secondary-
teachers’ expectancy and value.

Figure 1 provides a visual outline of our conceptual per-
spective. In our diagram, we specialize the schematic shown 
in Blömeke et al. (2015) to our constructs of interest, and we 
expand their schematic to account for socialization (Eccles 
& Wigfield, 2020).

To summarize, the scope of our study allows us to 
address two main gaps in the literature. First, there is a 
need for more recent studies on mathematics courses that 
intentionally provide coherence across mathematics and 
pedagogy (Tatto et al., 2018), where pedagogy means both 
what PSMTs learn about teaching and what PSMTs expe-
rience as university students. This coherence is provided 
in MODULE(S2) through applications that connect course 
content to core teaching practices and support for instruc-
tors in enacting these practices. Second, although there 
are indications that courses with applications of content 
to teaching may promote teachers’ dispositions and shape 
future teaching decisions, systematic investigations that 
also measure change in teachers’ cognitive or motivational 
aspects is scant. Our study explores relationships between 
tertiary instruction and PSMTs’ dispositions in the context 
of instructional coherence. We examine PSMTs’ change in 
content knowledge, expectancy, and value. The results of 
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this study are important to the field to begin filling these 
gaps, particularly as teachers’ motivation-related beliefs tend 
to be malleable early in their career and resistant to change 
later (Holzberger et al., 2014). If we find positive change in 
teacher traits, this suggests that instructional coherence may 
be an effective approach to designing mathematics courses 
for PSMTs. If we are not able to find positive change, we 
may need to reconsider how exactly to address the dilemma 
of discontinuity.

3 � Study context

In our context, many PSMTs take separate “methods” and 
“content” courses. Education faculty typically teach meth-
ods, which address pedagogy, and mathematics faculty 
typically teach content, which addresses mathematics and 
statistics (Tatto et al., 2010). In this respect, MODULE(S2) 
integrates what has typically been bifurcated: we offer 
opportunities to apply content to teaching in content courses.

For each of the areas of algebra, geometry, mathematical 
modeling, and statistics, the MODULE(S2) team designed 
curriculum modules intended to span approximately 
3 months of instruction. These modules were intended for 
use in content courses for PSMTs. We designed modules to 
coordinate content with a selection of core teaching practices 
related to generating discussion and understanding learners’ 
thinking. All modules featured routine opportunities to use 
content learned to address teaching situations such as using 
student work to seed a class discussion. Further, each area 
featured multiple extended opportunities to apply recently 
learned content to teaching. Here, PSMTs were asked to 
depict teaching moves in writing or in video in response 
to a given context. Figures 2 and 3 show example prompts. 

Finally, all materials came in PSMT-facing and instructor-
facing versions. Instructor-facing versions described how 
instructors might enact core practices in their own instruc-
tion, and discussed features of core practices in applications 
of content to teaching. We delivered in-person and virtual 
professional development sessions for instructors using the 
modules.

Course content treated secondary mathematics from an 
advanced perspective. In some assignments, PSMTs in alge-
bra and geometry were asked to generate proofs of a com-
plexity commensurate with tertiary level coursework. Simi-
larly, PSMTs in statistics and mathematical modeling were 
asked to write mathematical analyses of situations that were 
of a depth and rigor expected in tertiary education. Assign-
ments offered opportunities for PSMTs to connect math-
ematical practice and content across secondary and tertiary 
levels based on teaching scenarios. Figure 2 depicts an Alge-
bra teaching scenario. Based on the scenario PSMTs were 
asked to describe how they would lead a whole class discus-
sion of the approaches in Group 1 and Group 2 to advance 
students’ understanding of the connections between proce-
dures for finding intercepts and the definition of a graph of 
an equation. Figure 3 depicts a modeling teaching scenario. 
Based on the scenario PSMTs were asked to describe how 
they would lead a whole class discussion where students 
practice articulating the benefits, drawbacks, and similarities 
of multiple approaches to a mathematical modeling problem.

4 � Data and method

We investigated changes in participating PSMTs’ con-
tent knowledge for teaching (RQ1). We then examined 
changes in their expectancy and value for enacting core 

Fig. 1   Conceptual perspective
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teaching practices (RQ2). Finally, we analyzed PSMTs’ 
perceptions of the extent to which they experienced and 
observed core practices in the course and their reports of 
influential course features (RQ3).

4.1 � Participants

Participants for RQ1 were 132 PSMTs enrolled in tertiary 
mathematics courses using MODULE(S2) materials at 22 
different institutions across the US and Canada. These 
courses were intended for PSMTs. Participants for RQ2 
were 192 PSMTs at 31 different institutions across the 
United States and Canada. Participants for RQ3 were 70 
of the 192 PSMTs for RQ2. All participants consented 
to participate. For all forms, we defined “completion” as 
completing a majority of questions.

We recruited PSMTs through their instructors. Insti-
tutions ranged from large public research universities to 
small private colleges to regional public universities, and 
from those that served predominantly white to predomi-
nantly minoritized populations. Hence a variety of class-
room sizes and teacher characteristics are present in our 
sample. (Note: “college” here refers to 4-year bachelors 
granting institutions without graduate programs.)

4.2 � Instruments

4.2.1 � Content knowledge for teaching

We measured content knowledge for teaching in each area 
at the beginning and end of the term. All content knowledge 
for teaching assessments included applications of content 
to teaching.

For algebra, we used items from the Exponential, Quad-
ratics, and Linear assessment (Howell et al., 2016). Analysis 
of cognitive interviews from 186 responses from 23 practic-
ing and prospective secondary teachers were used to validate 
that its items represented teachers’ reasoning and that the 
contexts provided were authentic to secondary mathemat-
ics teaching (Howell et al., 2016). The mathematical topics 
aligned with the algebra modules for the project. The items 
were refinements of those developed for the Measures of 
Effective Teaching Study for Algebra I, and follow the item 
design theory reported in Hill et al. (2004). Some items 
asked PSMTs to write mathematical proof. Some items used 
notation typically introduced in tertiary mathematics.

For geometry, we used Geometry Assessments for Sec-
ondary Teaching (GAST; Mohr-Schroeder et al., 2017), 
in consultation with author Mohr-Schroeder on selecting 
items aligned with our geometry materials. Through a study 

Fig. 2   Teaching scenario provided in algebra materials
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involving 157 practicing and prospective secondary teachers 
and 3,698 students, Mohr-Schroeder et al. (2017) reported 
that the GAST has predictive validity for student outcomes. 
Some items required PSMTs to analyze mathematical proof 
and geometric transformations using knowledge typically 
taught at the tertiary level.

For mathematical modeling, we used Anhalt and Cortez’s 
(2016) questionnaire on conceptions of mathematical mod-
eling. These authors triangulated 11 PSMTs’ responses to 
the questionnaire with mathematical modeling work done 
over the duration of a semester. There is no other instrument 
that we are aware of for assessing teachers’ proficiency with 
modeling. For this study, we developed a rubric for scoring 
questionnaire responses. To test and refine the completeness 
of this rubric, we used data from PSMTs enrolled in courses 
using MODULE(S2) mathematical modeling materials col-
lected prior to the data reported in the present study.

For statistics, we were not aware of any instrument that 
measured teachers’ statistical knowledge for teaching grades 
6–12 topics, so we developed a 7-item Statistical Knowledge 
for Teaching (Groth, 2013) test and an accompanying scor-
ing rubric (Casey et al., 2022). We designed the instrument 
to assess secondary teachers’ knowledge for teaching the 

statistics standards in the Common Core State Standards 
for Mathematics (National Governors Association Center 
for Best Practices & Council of Chief State School Officers, 
2010). Multiple items used released student work on tasks 
from the LOCUS project (n.d.) to represent student concep-
tions of statistics.

4.2.2 � Expectancy and value for enacting core teaching 
practices

We measured expectancy and value for enacting core teach-
ing practices at the beginning and end of the term. To meas-
ure expectancy, we asked PSMTs to evaluate their comfort 
carrying out a selection of core teaching practices when 
teaching middle or high school students. The phrasing was 
drawn from instruments validated to measure subject-area 
expectancy (e.g., Wigfield & Eccles, 2000) The selection of 
core teaching practices were:

•	 (Conjecture) Ask students questions so that they make 
conjectures;

•	 (Explain) Ask students questions that help them come up 
with explanations;

Fig. 3   Teaching scenario provided in mathematical modeling materials



Enhancing prospective secondary teachers’ potential competence for enacting core teaching…

1 3

•	 (Connect representations) Ask students questions that 
help them make connections between different represen-
tations of the same idea;

•	 (Build upon) Ask questions so that students understand 
how to build on their thinking and what to revise; and

•	 (Analyze thinking) Analyze students’ responses to under-
stand their reasoning.

PSMTs responded using a Likert scale from 0 (not at all) 
to 5 (very much) for each of these teaching practices across 
a set of key concepts in each area, shown in Table 1.

A typical item read: “Suppose you are teaching middle 
or high school algebra students how to think about func-
tions in terms of how changes in one variable may impact 
the value of the other variable. How well does this statement 
describe how you feel? I would be comfortable regularly 
asking questions so that middle or high school students make 
conjectures.” Here, boldface represents content area; in 
actual items, this was “algebra”, “geometry”. “mathematical 
modeling”, or “statistics”. Underlining represents key con-
cepts. For each key concept, PSMTs were asked to respond 
to 5 statements corresponding to the listed teaching practices 
(italicized). For each content area, we averaged responses 
over all key concepts to produce one expectancy rating per 
respondent per core practice.

To measure value for enacting core teaching practices, we 
used items parallel to the expectancy items, e.g., “How much 
do you personally agree with these ideas about teaching mid-
dle and/or high school students about algebra? I think it is 
important to regularly ask questions so that middle or high 
school students make conjectures.” One item was posed for 

each of the five core teaching practices. We used a scale of 
0 (not at all) to 5 (very much).

In a prior round of piloting, PSMTs remarked how they 
learned things that they did not know could be learned. This 
phenomenon has been observed elsewhere as response shift 
bias and identified as problematic for the internal validity of 
pre-/post-difference analysis (Howard, 1980). To account for 
the possibility that this bias was at work in our study, the end 
of term surveys included two ratings for each expectancy 
and value item—a post-rating and a retrospective pre-rating. 
We used the stem, “Looking back, how well did these state-
ments describe you at the beginning of the course, AND 
now at the end of the course?” Likert scales were identical 
to those above. In total, we asked PSMTs to provide three 
ratings: an actual pre-rating at the beginning of term, and 
a retrospective pre-rating and actual post-rating at the end 
of term.

Internal reliability (Cronbach’s α) was α = 0.91 for the 
expectancy assessment, and α = 0.79 for the value assess-
ment. A common guideline for Cronbach’s α is to consider 
values over 0.7 as acceptable and over 0.9 as excellent (Nun-
nally, 1978).

To assess validity, we used Kane’s (2004) argument-
based approach. See Sect. 4.3.2.

4.2.3 � Perceptions of learning

At the end of the term, we measured PSMTs’ percep-
tions of the extent to which their instructors enacted core 
teaching practices. We examined whether each PSMT: (1) 
individually contributed to conjectures, explanations, and 

Table 1   Key concepts for each 
area featured in expectancy 
measures

Area Key concepts

Algebra 1. Using the definitions of graph and coordinate plane to help explain the concepts of func-
tions and relations

2. Correspondence and co-variational views of functions support and complement each 
other

3. The parallels between exponential properties and the number and operation properties 
that students learn in elementary and middle grades

4. How the process of solving equations relies on structural properties of the real numbers 
that we often take for granted

Geometry 1. Axiomatic systems and how axioms are used logically to prove theorems
2. Definitions of rigid transformations (translations, rotations, reflections, glide reflections)
3. Similarity in terms of transformations

Mathematical 
Modeling

1. Aspects of the mathematical modeling process
2. The process of fitting modeling parameters to data
3. How to validate models by comparing them with real data

Statistics 1. Designing statistical studies to anticipate variability and variables not controlled by the 
study

2. Gaining insight through visualization and analysis
3. How inferential statistics enable us to infer, though with uncertainty, beyond the data we 

have to a broader set of individuals or circumstances
4. How association means that information about one variable changes our idea about what 

happened with the other variable, but does not necessarily establish a causation relation-
ship
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representations; (2) felt that the instructor led discussions 
where conjectures, explanations, and representations took 
place; and (3) felt that the instructor made efforts to build 
on PSMTs’ thinking. The Perceptions of Learning survey 
included items such as “I made mathematical explanations 
throughout the course”, “My class participated in many 
discussions where we made conjectures”, and “My instruc-
tor regularly asked us questions that helped us understand 
each other’s ideas.” Items used a scale from 0 (not at all) to 
5 (very much). Instrument reliability (Cronbach’s α) was 
α = 0.93 for this measure, which is considered excellent 
(α > 0.9; Nunnally, 1978).

The survey concluded with open-response items asking 
PSMTs what they learned about content, teaching the con-
tent, and what was most helpful for this learning.

4.3 � Analysis

4.3.1 � Change in PSMTs’ content knowledge for teaching, 
expectancy, and value

We quantified change in PSMT traits using differences in 
actual pre-, retrospective pre-, and post-term ratings. We 
computed paired pre/post differences and analyzed how 
meaningfully different from zero they were with a focus on 
effect size, as measured by Cohen’s d (Cohen, 1988). We 
noted where p-values are less than 0.05 (statistical signifi-
cance), but we focused on effect size (practical significance) 
rather than p-values. Effect size provides a standardized 
measure of the magnitude of the difference between pre 
and post scores, whereas small p-values provide evidence 
for whether a difference exists (no matter how small) in 
the theoretical population (here, all PSMTs who learn with 
MODULE(S2) materials). Recent quantitative analyses often 
favor a focus on effect size because it is easier to interpret 
(e.g., a smaller p-value does not mean evidence of a larger 
difference, but larger effect size does), and p-value is sample 
size dependent while effect size is not (Sullivan & Feinn, 
2012). Common benchmarks for interpreting Cohen’s d are 
0.2 for a small but non-negligible effect, 0.5 for a medium 
effect, 0.8 for a large effect, and 1.3 for a very large effect 
(Sullivan & Feinn, 2012). We also used comparative dotplots 

of percentage of maximum score to analyze changes in con-
tent knowledge for teaching.

4.3.2 � Validating measures of expectancy and value

We used Kane’s (2004) argument-based approach to vali-
dating the measures of expectancy and value. To test the 
assumption that our measures capture change in PSMTs’ 
expectancy and value, we examined PSMTs’ open responses 
to the Perceptions of Learning survey. We determined the 
percentage of PSMTs who made statements of expectancy, 
value, and attributions as operationalized in Table 2. Attri-
bution here means that PSMTs attribute a change in their 
expectancy or value to a course feature. We coded each state-
ment as positive or negative.

Our logic is as follows. If PSMTs made more positive 
than negative statements of expectancy and value while 
attributing learning to course features, and the measures 
indicated increases in these constructs, then we have evi-
dence that the measures capture change. However, if we do 
not generally find positive statements from PSMTs, and the 
measures indicate increases in the constructs, then we have 
evidence against the validity of the measures for capturing 
change.

4.3.3 � Examining factors in changes in expectancy 
and value

To examine instructional factors in changes in PSMTs’ 
expectancy and value, we used Likert and open responses to 
the Perceptions of Learning survey. Using Likert responses, 
we analyzed relationships between PSMTs’ expectancy and 
value and instructors’ use of core teaching practices. To 
do so, we used Pearson’s correlation coefficient r to meas-
ure effect size of correlations of perception of instruction, 
expectancy, and value. We report p-values to determine if 
there is evidence of a non-zero correlation in the theoreti-
cal population, but focus on practical significance. Common 
benchmarks for practical significance with r are roughly the 
same as those for Cohen’s d. We triangulated results with 
PSMTs’ open response statements.

Table 2   Open response codes

Code Description

Expectancy Statement of confidence or facility, or change in confidence or facility, in aspects of doing mathematics, learning mathematics, or 
teaching mathematics

Value Statement of importance, benefit, worth, or enjoyment ascribed to aspects of doing mathematics, learning mathematics, or teaching 
mathematics

Attribution Statement that attributes change in expectancy or value to instruction, where instruction includes course activities, norms, or inter-
action (e.g., Cohen et al., 2003)
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5 � Results

5.1 � Change in PSMTs’ content knowledge 
for teaching (RQ1)

PSMTs in all areas exhibited a mean increase in content 
knowledge for teaching as shown in Table 3. As Fig. 4 
shows, 75% of content scores increased from pre to post. 
All differences are statistically significant (p < 0.05). More 
importantly, three effect sizes are above the threshold for 
large practical significance, and the fourth is above the 
threshold for a medium effect. Because the maximum 
possible score differed across content areas, we expressed 

mean scores as a percent of the maximum possible score 
on the applicable assessment.

5.2 � PSMTs’ change in expectancy and value 
for carrying out core teaching practices (RQ2)

We analyzed differences in PSMTs’ expectancy and value 
for carrying out core teaching practices. We report results 
for pre/post differences using actual pre-ratings and then 
retrospective pre-ratings. All ratings were self-reported on a 
Likert scale from 0 (not at all) to 5 (very much). (See Appen-
dices 1 and 2 in the electronic supplementary material for 
mean, standard deviation, sample size, and Cohen’s d values. 
Measures referenced here are shaded.)

Table 3   Pre-term and post-
term means and effect size, 
reported in terms of percentage 
of maximum possible score on 
each area content assessment

* p < 0.05

Area Mean pre Mean post Mean pre–post 
difference

SDd Cohen’s d

Algebra (n = 9) 20.8% 39.2% 18.3%* 13.5% 1.36
Geometry (n = 63) 25.6% 35.9% 10.3%* 10.1% 1.02
Mathematical modeling 

(n = 20)
31.3% 44.4% 13.1%* 17.9% 0.73

Statistics (n = 40) 26.6% 42.2% 15.6%* 16.4% 0.95

Fig. 4   Content knowledge for teaching measures: pre-term and post-term paired dotplots
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Across all content areas, PSMTs’ expectancy means in 
actual pre-ratings for teaching practices ranged from 3.42 to 
3.77, and post-rating means ranged from 4.08 to 4.54. Across 
all 4 content areas and all 5 core teaching practices, the 20 
(= 4 × 5) mean differences for expectancy (paired by PSMT) 
were statistically significantly greater than zero—providing 
evidence that the larger post-term means for each teaching 
practice are likely not due to chance alone. Differences were 
also practically significant; Cohen’s d values ranged from 
0.42–0.5 (non-negligible to medium significance) for the 
statistics content area, and 0.71–0.99 (medium to strong sig-
nificance) for other areas. Across all content areas, PSMTs’ 
value means in actual pre-ratings ranged from 4.39–4.75, 
and post-rating means ranged from 4.56–4.89. Only 5 of 
the 20 differences were statistically significantly above zero, 
and they indicated only non-negligible to medium practi-
cal significance. Thus, as a result of our analysis of actual 
pre- to post-term expectancy means, we have evidence that 
a difference exists. We also have evidence that a meaningful 
difference exists for the scale we used. However, we have 
less evidence that these differences exist for value means 
using these actual pre-ratings.

We now turn to differences in post- and retrospective pre-
ratings. All PSMTs’ mean expectancy and value differences, 
across all core practices and all content areas, were statis-
tically significant. All differences in PSMTs’ expectancy 
means, across all areas, indicated strong practical signifi-
cance. Differences in PSMTs’ value means indicated strong 
practical significance in algebra and mathematical modeling, 
and medium to strong practical significance in geometry and 
statistics. For the scale we used, our analysis thus provides 
evidence that a meaningful difference exists in retrospective 
pre- to post-term expectancy and value means for enacting 
core practices.

5.3 � Validity of expectancy and value surveys using 
an argument‑based approach

Analysis of 277 statements in open responses to the Percep-
tion of Learning survey provided evidence for the validity of 

our expectancy and value measures for capturing change in 
these constructs. Table 4 reports the percentage of PSMTs 
who made at least one statement regarding expectancy, 
value, or course attribution to their learning, and the number 
of those statements that were positive or negative in nature.

Negative statements were rare (15 statements) compared 
to positive statements (262 statements) across all areas. In 
positive statements, PSMTs described increased facility in 
content knowledge and working with students. In algebra 
and geometry, multiple PSMTs cited increased knowledge 
of “why things work” and benefit to their future teaching 
(e.g., “I learned that algebra could be understood in a more 
general way. This was shown by demonstrating how to use 
the general proof structure in order to prove certain math-
ematical ideas”, “Being challenged to dig deeper into these 
ideas will be helpful in my future career”). In mathemati-
cal modeling and statistics, multiple PSMTs described little 
prior knowledge of these topics and more confidence that 
they could teach the topic as a result of the course (e.g., 
“I think viewing and practicing modeling problems our-
selves made it easier to see what modeling is and does … 
I think class discussions about other students’ modeling 
approaches … helped me better understand what to look at 
when teaching”).

As for negative statements, two PSMTs stated that con-
tent in algebra was overly theoretical for their context; five 
characterized experiences with mathematical modeling as 
redundant; three discussed “unnecessary” inclusion of social 
justice issues; three stated that though they had learned sta-
tistics, they still felt uncomfortable with some statistical 
concepts; and 1 stated they had insufficient opportunity to 
apply statistics to teaching. In other words, the PSMTs who 
made negative statements may have learned content, but they 
perhaps did not learn it as well as they wanted to, or in the 
manner that they wanted to.

PSMTs’ descriptions of learning were readily charac-
terized through expectancy and value as they attributed 
their learning to aspects of the course. Overall, the positive 
statements overshadowed the negative statements in sub-
stance and quantity. There were more than 17 times as many 

Table 4   Expectancy and value statements in open responses to perceptions of learning survey

* Pos positive statement; Neg negative statement

% Participants men-
tioning expectancy

% Participants 
mentioning value

% Participants men-
tioning attributions

Expectancy state-
ments (Pos + Neg)*

Value statements 
(Pos + Neg)*

Attribution 
statements 
(Pos + Neg)*

Algebra (n = 28) 82.1% 60.7% 67.9% 37 + 0 25 + 2 29 + 0
Geometry (n = 6) 100.0% 83.3% 50.0% 12 + 0 7 + 0 5 + 0
Mathemati-

cal modeling 
(n = 23)

78.3% 95.7% 73.9% 30 + 0 48 + 2 25 + 5

Statistics (n = 13) 92.3% 76.9% 61.5% 21 + 1 14 + 2 9 + 3
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positive statements as negative statements. Although only 
50% of PSMTs in geometry mentioned attributions, there 
were only 6 participants. These participants made positive 
statements about expectancy and value, but did not make an 
explicit attribution as to why. The lack of attribution does 
not contradict an apparent mean increase in expectancy and 
value. Altogether, the analysis of open responses provides 
evidence that our measures captured change in teachers’ 
expectancy and value in alignment with Kane’s (2004) 
argument-based approach to validity.

5.4 � Potential factors influencing PSMTs’ 
competence (RQ3)

To explore potential explanations for changes in PSMTs’ 
competence, we analyzed quantitative and qualitative data 
collected with the Perceptions of Learning survey (described 
in Sect. 4.2.3).

Quantitatively, we observed statistically significant 
positive correlations with non-negligible effects (p < 0.05, 
r > 0.2) between PSMTs’ perception of experiencing each 
core teaching practice during the semester studied and the 
increase in their expectancy actual pre- and retrospective 
pre-ratings differences (see Table 5). Correlations are similar 
between differences with actual pre-ratings (0.25 < r < 0.32) 
and retrospective pre-ratings (0.21 < r < 0.28). All correla-
tions between PSMTs’ perception of experiencing each core 
teaching practice and the increase in their value actual pre- 
and retrospective pre-ratings differences are positive, but 
not statistically significant. In summary, perceptions of core 
teaching practices are weakly correlated with changes in 
expectancy, and we see little to no correlation with changes 
in value.

Qualitatively, we identified emergent themes for factors in 
PSMTs’ learning using open responses to the Perception of 
Learning survey. We now discuss the most frequently occur-
ring themes in the 277 statements across the content areas.

Quality of instruction was mentioned in all content areas 
(35 mentions; e.g., “Having conversations with peers and 
being given time to absorb and reflect on ideas was really 
helpful”, “In this class, [instructor] was probably the most 
helpful. She did a great job pushing us to talk and discuss 
each problem. Then looking back, you can see the results 
of those discussions. Being able to do that myself will be a 
massive help”).

Structure and content of materials were mentioned in 
all areas (23 mentions; e.g., “When I heard the phrase ‘in 
the future your students will ask you’ I never really thought 
about it, but after witnessing it firsthand [in my field experi-
ence] and with the exact same topics from class […] I was 
shook and thankful that I have this class”; “I learned about 
the modeling cycle. The most helpful part of this course 
was the practice with modeling”; “I was able to learn some 
statistics throughout this course and a lot of that was through 
visual aids, CODAP, StatKey, etc.”).

Finally, applications of content to teaching were men-
tioned in all areas (22 mentions; e.g., “The videos we had 
to create where we looked at a student’s answer… get them 
to think where they might come up with the answer on their 
own without me giving them the answer I found very benefi-
cial and helpful!”; “Understanding the principles of statistics 
and applying them to student answers was most helpful.”).

Across these statements, PSMTs described the positive 
effect of discussion, instructional practices, or instruc-
tor demeanor. Some PSMTs expressed a desire to mirror 
the instructional practices they experienced in their future 
teaching. PSMTs also praised the topics and mathematical 
practices addressed. In discussing applications to teaching, 
PSMTs alluded to aspects of core teaching practices. They 
valued their encounters with student ideas and opportunities 
to anticipate teaching moves in response to these ideas.

Altogether, qualitative results suggest that PSMTs ben-
efited from instructors’ enactment of core teaching practices, 
and the quantitative results do not contradict this. The quali-
tative results indicate that PSMTs found the applications of 
content to teaching useful, that they drew on course content 
in applications to teaching, and that they attended to core 
practices within these applications.

6 � Discussion

According to Baumert et al. (2010), ‘‘One of the major 
findings of qualitative studies on mathematics instruction 
is that the repertoire of teaching strategies and the pool of 
alternative mathematical representations and explanations 

Table 5   Correlations of PSMTs’ perceptions of learning and their 
change in expectancy and value (n = 192)

*p < 0.05

Correlation to change 
in expectancy or value

Core 
practice 
perceived

Pearson’s correlation coef-
ficient r

Using actual 
pre-ratings

Using retrospec-
tive pre-ratings

Expectancy Conjecture 0.25* 0.25*
Explain 0.32* 0.28*
Connect 0.27* 0.28*
Build 0.25* 0.21*
Analyze 0.27* 0.24*

Value Conjecture 0.07 0.14
Explain 0.08 0.08
Connect 0.06 0.12
Build 0.01 0.05
Analyze 0.03 0.00
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available to teachers in the classroom are largely dependent 
on the breadth and depth of their conceptual understand-
ing of the subject’’ (p. 138). This “repertoire” includes core 
teaching practices, which promote students’ explanations 
and representations. In our study, we investigated the impact 
of university mathematics courses on PSMTs’ competence, 
operationalized as their content knowledge for teaching, and 
their expectancy and value for carrying out core teaching 
practices. We further examined course factors that PSMTs 
attributed to their learning.

Course materials in four areas were intended to develop 
teachers’ “profound mathematical understanding” of second-
ary mathematics; such an understanding is deeper than what 
is addressed at the secondary level, and is akin to secondary 
mathematics from an advanced perspective (Baumert et al., 
2010, p. 142). A principal design feature of the materials is 
instructional coherence; the materials feature applications to 
apply course content to core teaching practices, while sup-
porting instructors themselves in enacting these practices.

6.1 � Enhancing teachers’ potential competence 
through experiences in university mathematics 
courses

Our results address two gaps in the literature. First, there 
are preliminary indications that courses with applications 
of content to teaching may benefit PSMTs. However, there 
is to date no systematic measurement of PSMTs’ changes 
as a result of such courses. Our results for RQ1 (content 
knowledge for teaching) and RQ2 (expectancy and value) 
address this gap. Our results showed increases in teachers’ 
content knowledge for teaching. Across all content areas, 
these increases were statistically significant, with moderate 
to very strong effects. We also found retrospective increases 
in expectancy and value for carrying out core teaching 
practices. These increases were statistically significant with 
moderate to very strong effects. With actual pre-ratings, we 
found statistically significant increases in expectancy, but 
not in value. Our qualitative analysis for RQ3 (course fac-
tors) indicate that PSMTs benefit from integrating course 
content and core practices through applications of content 
to teaching.

It is worth considering possible factors for these increases 
outside of the mathematics courses. For instance, increases 
in content knowledge and expectancy may be influenced by 
field experiences or methods course taking. Pedagogical 
experience could enhance responses to content knowledge 
items. We cannot discount these effects.

Nonetheless, we believe that PSMTs’ opportunities to 
apply content to teaching can explain these results. Apply-
ing content to teaching offers a way for PSMTs to develop 
stronger understanding of the content and see how it is rel-
evant to their future. These opportunities may also set up an 

expectation of enacting core practices in teaching, and at the 
same time scaffold these practices. However, they may not 
necessarily change PSMTs’ valuing of core practices. For 
instance, PSMTs may not have been asked to reflect on the 
utility of core practices; they were only asked to simulate 
them.

Our results overall contribute empirical evidence toward 
the benefits of applications to teaching embedded into uni-
versity content courses. These opportunities may enhance 
teachers’ potential competence by developing PSMTs’ con-
tent knowledge for teaching and their expectancy for carry-
ing out core practices.

The second gap we address pertains to the promise of 
instructional coherence in the preparation of teachers. 
Despite its potential, there is a lack of recent studies on the 
effects of content courses for teachers adhering to this char-
acteristic (Tatto et al., 2018). In view of the conceptual and 
empirical advances made in the past decades on secondary 
content knowledge for teaching (see Baumert et al., 2010 for 
a review), it is time to revisit this notion.

Our results for RQ3 (course factors) indicate that PSMTs 
noticed that their instructors used core practices. Moreover, 
PSMTs referred to features of core practices in their state-
ments about applications of content to teaching. We observe 
that these statements came from end-of-semester surveys 
associated with the course, and so the PSMTs may have felt 
an obligation to make positive statements. However, PSMTs 
made overwhelmingly more positive statements than nega-
tive statements across different content areas, instructors, 
and institutions. Thus we find it plausible that the materi-
als’ instructional coherence may explain our results. When 
PSMTs’ instructors model core practices, the PSMTs may 
then see these core practices as part of the course context. 
Thus the PSMTs may feel more disposed to activities featur-
ing descriptions of these core practices, such as the applica-
tions of content to teaching. We conclude that instructional 
coherence is indeed a desirable design feature for university 
mathematics courses for teachers.

6.2 � Response shift bias

In our study, we analyzed changes in expectancy and value, 
which are aspects of motivation. As motivation is typically 
measured by self-report, we wanted to account for response 
shift bias (Howard, 1980). We therefore collected and ana-
lyzed actual and retrospective differences in PSMTs’ expec-
tancy and value for enacting core practices. When compar-
ing actual pre-ratings to retrospective pre-ratings, we found 
evidence consistent with response shift bias.

Based on our findings, we recommend that when 
evaluating programmatic impact on teachers’ affective 
dispositions—when using measures that rely on self-
report—researchers measure both actual and retrospective 
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differences. At the beginning of their programs, PSMTs may 
not be aware how much there is to grow, or how valuable it 
is to enact core practices skillfully. Although retrospective 
differences may be more useful for capturing PSMTs’ per-
ception of growth, actual pre-ratings are useful for capturing 
PSMTs’ actual dispositions when beginning their program.

6.3 � Putting PSMTs’ content knowledge for teaching 
into perspective

Despite the PSMTs’ mean gains in content knowledge hav-
ing a medium/large effect size and being statistically signifi-
cant, the mean post-scores still fell below 50% of maximum 
possible scores. The mean post-score percentages appear 
comparable across areas, ranging from 39.2% to 44.4% 
across areas. Our findings are consistent with Milewski 
et al.’s (2019) report of PSMT performance compared to 
practicing mathematics teacher performance on an instru-
ment validated to measure mathematical knowledge for 
teaching geometry. In their results, PSMTs’ mean score, 
even after taking a university mathematics course in geom-
etry, was comparable to scores in the bottom quartile of 
practicing teachers’ scores.

In concert with Milewski et al.’s (2019) results, our find-
ings appear to suggest the hypothesis that there is a ceiling 
on how much content knowledge for teaching can be learned 
by PSMTs. Yet what is unknown is the cumulative effect of 
the mathematical teacher preparation as a whole; our results, 
and Milewski et al.’s, only address changes from a semes-
ter’s worth of instruction. If we were to compare PSMTs’ 
performance on these knowledge measures in their first year 
of university to their end-of-program performance, would 
we see more of an effect? In other words, part of putting 
these findings into perspective may involve understanding 
PSMTs’ knowledge trajectory before mathematics courses 
likely taken in their final years of university.

6.4 � Limitations

Although many factors influence teacher competence, we 
focused our study on enhancements to individual PSMTs’ 
content knowledge for teaching, and their expectancy and 
value for enacting core practices. As a result, our study only 
addresses competence as an individual trait, and it does not 
address competence as a social trait. We did not examine 
PSMTs’ work with actual students, nor did we examine the 
impacts of their larger social context.

We are limited in conclusions that we can draw about 
socialization. We did not directly analyze enactments of 
instruction; we focused on PSMTs’ perceptions of instruc-
tion. We provided professional development to instructors, 
and we relied on the design of the course materials to pro-
vide guidance and structure for instructors’ enactment of 

core practices, but instruction will vary in response to spe-
cific contexts. We also cannot ignore the fact that PSMTs 
have experiences outside of their mathematics courses.

We acknowledge limitations in instrumentation. The 
sample sizes were not large enough within each content 
area to quantify reliability for measures of content knowl-
edge for teaching beyond the work that had already been 
done on those instruments that were the basis for our meas-
ures. As is common practice, we used identical pre-/post-
instruments and surveys, and so test familiarity may have 
impacted results. Additional reliability and validity studies 
for our measures would strengthen our design, particularly 
for affective aspects.

7 � Conclusion

It has been more than a century since Klein (1908/1932) 
named a problem of discontinuity in secondary teacher 
education. Our strategy for tackling discontinuity was to 
simulate core teaching practices in mathematically intensive 
ways. We mean this in two ways. First, PSMTs are given 
the opportunity to do so, through applications of content to 
teaching. Second, the university instructors are supported 
in modeling these core practices while teaching secondary 
mathematics from an advanced perspective.

Winsløw and Grønbæk (2014) proposed that resolving 
any discontinuities required distinct attention to three inter-
dependent dimensions: position (student or teacher), con-
tent (secondary or advanced), and institution (university or 
school). Our project confirms the relevance of these three 
dimensions. Applications of content to teaching formed 
links from PSMT-as-university-student to PSMT-as-future-
secondary-teacher. We treated secondary level content from 
an advanced perspective. In doing so, we connected second-
ary mathematics to tertiary complexity and depth. We have 
only so far referred to assignments and activities. The final, 
but perhaps most important design feature is instructional 
coherence. We designed the materials to support instructors’ 
enactment of the core practices featured in applications to 
teaching. In this way, university instruction in these courses 
can reinforce the bridge formed through the applications of 
content to teaching.

Our results indicate that PSMTs noticed the instruc-
tors’ enactment of core teaching practices and attended to 
core practices through applications to teaching. Further-
more, their content knowledge for teaching and expectancy 
for carrying out core teaching practices increased. These 
results held across four content areas and multiple types 
of tertiary institutions. Our findings provide evidence that 
instructional coherence may enhance teachers’ potential 
competence. At the same time, we observe that enacting 
instructional coherence means more than changing written 
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curriculum. Resolving the dilemma of discontinuity may 
call for changing participation structures within and across 
tertiary classrooms.

Supplementary Information  The online version contains supplemen-
tary material available at https://​doi.​org/​10.​1007/​s11858-​023-​01485-4.

Acknowledgements  We are grateful to our advisory board, external 
evaluators, prior data manager Lindsay Czap, undergraduate student 
Cleve Young who sharpened the qualitative analysis, and numerous 
graduate students who assisted in the scoring and analysis of this 
data. We thank our piloting instructors for their willingness to join 
us in improving the MODULE(S2) materials through their thoughtful 
insights, contributions, and conversations. Finally, we appreciate the 
PSMTs who agreed to help us learn how to better prepare secondary 
mathematics teachers through sharing their work and thinking with us. 
This project is partially supported by a multi-institutional collabora-
tive National Science Foundation grant for Improving Undergraduate 
STEM Education #DUE-1726707, #1726098, #1726252, #1726723, 
#1726744, and #1726804. The views expressed here are those of the 
authors and do not necessarily represent those of the National Science 
Foundation.

References 

Álvarez, J. A., Arnold, E. G., Burroughs, E. A., Fulton, E. W., & 
Kercher, A. (2020). The design of tasks that address applica-
tions to teaching secondary mathematics for use in undergradu-
ate mathematics courses. The Journal of Mathematical Behavior, 
60, 100814.

Anhalt, C. O., & Cortez, R. (2016). Developing understanding of math-
ematical modeling in secondary teacher preparation. Journal of 
Mathematics Teacher Education, 19, 523–545.

Bass, H. (2005). Mathematics, mathematicians, and mathematics edu-
cation. Bulletin of the American Mathematical Society, 42(4), 
417–430.

Baumert, J., Kunter, M., Blum, W., Brunner, M., Voss, T., Jordan, 
A., Klusmann, U., Krauss, S., Neubrand, M., & Tsai, Y. (2010). 
Teachers’ mathematical knowledge, cognitive activation in the 
classroom, and student progress. American Educational Research 
Journal, 47(1), 133–180.

Blömeke, S., Gustafsson, J. E., & Shavelson, R. J. (2015). Approaches 
to competence measurement in higher education. Zeitschrift für 
Psychologie, 223(1), 3–13.

Buchholtz, N., & Kaiser, G. (2013). Improving mathematics teacher 
education in Germany: Empirical results from a longitudinal 
evaluation of innovative programs. International Journal of Sci-
ence and Mathematics Education, 11, 949–977. https://​doi.​org/​
10.​1007/​s10763-​013-​9427-7

Burroughs, E. A., Arnold, E. G., Álvarez, J. A., Kercher, A., Tremaine, 
R., Fulton, E., & Turner, K. (2023). Encountering ideas about 
teaching and learning mathematics in undergraduate mathematics 
courses. ZDM – Mathematics Education. https://​doi.​org/​10.​1007/​
s11858-​022-​01454-3

Casey, S., Ross, A., & Strayer, J. (2022). Development and measure-
ment of statistical knowledge for teaching. In A. E. Lischka, E. 
B. Dyer, R. S. Jones, J. N. Lovett, J. Strayer, & S. Drown (Eds.), 
Proceedings of the forth-fourth annual meeting of the North 
American Chapter of the International Group for the Psychol-
ogy of Mathematics Education (pp. 615–619). Middle Tennessee 
State University.

Cohen, J. (1988). Statistical power analysis for the behavioral sciences 
(2nd ed.). Lawrence Erlbaum Associates.

Cohen, J., Cohen, P., West, S. G., & Aiken, L. S. (2003). Applied mul-
tiple regression/correlation analysis for the behavioral sciences 
(3rd ed.). Lawrence Erlbaum Associates.

Eccles, J. S., & Wigfield, A. (2020). From expectancy-value theory to 
situated expectancy-value theory: a developmental, social cogni-
tive, and sociocultural perspective on motivation. Contemporary 
Educational Psychology, 61, 101859.

Groth, R. E. (2013). Characterizing key developmental understandings 
and pedagogically powerful ideas within a statistical knowledge 
for teaching framework. Mathematical, Thinking and Learning, 
15, 121–145.

Gueudet, G., Bosch, M., diSessa, A. A., Kwon, O. N., & Verschaffel, L. 
(2016). Transitions in mathematics education. Springer.

Herbst, P., & Kosko, K. (2014). Mathematical knowledge for teaching 
and its specificity to high school geometry instruction. In J.-J. 
Lo, K. R. Leatham, & L. R. Van Zoest (Eds.), Research trends in 
mathematics teacher education (pp. 23–45). Springer.

Hill, H. C., Schilling, S. G., & Ball, D. L. (2004). Developing measures 
of teachers’ mathematics knowledge for teaching. The Elementary 
School Journal, 105(1), 11–30.

Holzberger, D., Philipp, A., & Kunter, M. (2014). Predicting teachers’ 
instructional behaviors: The interplay between self-efficacy and 
intrinsic needs. Contemporary Educational Psychology, 39(2), 
100–111.

Howard, G. S. (1980). Response-shift bias: A problem in evaluating 
interventions with pre/post self-reports. Evaluation Review, 4(1), 
93–106.

Howell, H., Lai, Y., & Phelps, G. (2016). Challenges in assessing 
mathematical knowledge for secondary teaching: Do elementary 
models extend? [Paper presentation]. 13th International Congress 
in Mathematics Education, Hamburg, Germany.

Kane, M. (2004). Certification testing as an illustration of argument-
based approach validation. Measurement: Interdisciplinary 
Research and Perspectives, 2(3), 135–170.

Klein, F. (1908). Elementarmathematik vom höheren Standpunkte aus, 
I. (B. G. Leubner, English translation in 1932). Macmillan.

Lai, Y., Wasserman, N., Strayer, J., Casey, S., Weber, K., Fukawa-
Connelly, T., & Lischka, A. (in press). Making advanced math-
ematics work in secondary teacher education. In B. M. Benken 
(Ed.), AMTE Professional Book Series (Vol. 5): Reflection on past, 
present and future: Paving the way for the future of mathemat-
ics teacher education (Chapter 6). Association of Mathematics 
Teacher Educators.

LOCUS (n.d.). LOCUS: Levels of conceptual understanding in statis-
tics. https://​locus.​stati​stics​educa​tion.​org/

Milewski, A., Lai, Y., Prasad, P.V., Akbuga, E., & Shultz, M. (2019). 
Improving teaching and learning in undergraduate geometry 
courses for secondary teachers [Presentation]. Annual Conference 
of the Special Interest Group of the Mathematical Association of 
America on Research in Undergraduate Education.

Mohr-Schroeder, M., Ronau, R. N., Peters, S., Lee, C. W., & Bush, 
W. S. (2017). Predicting student achievement using measures of 
teachers’ knowledge for teaching geometry. Journal for Research 
in Mathematics Education, 48(5), 520–566.

Murray, E., & Star, J. R. (2013). What do secondary preservice math-
ematics teachers need to know? Notices of the AMS, 60(10), 
1297–1299.

National Governors Association Center for Best Practices & Council 
of Chief State School Officers. (2010). Common Core State Stand-
ards for Mathematics. Authors.

Nunnally, J. C. (1978). Psychometric theory (2nd ed.). McGraw-Hill.
Schmidt, W. H., Houang, R. T., Cogan, L., Blömeke, S., Tatto, M. 

T., Hsieh, F. J., Santillan, M., Bankov, K., Han, S. I., Cedillo, 
T., Schwille, J., & Paine, L. (2008). Opportunity to learn in the 
preparation of mathematics teachers: Its structure and how it 
varies across six countries. ZDM - The International Journal on 

https://doi.org/10.1007/s11858-023-01485-4
https://doi.org/10.1007/s10763-013-9427-7
https://doi.org/10.1007/s10763-013-9427-7
https://doi.org/10.1007/s11858-022-01454-3
https://doi.org/10.1007/s11858-022-01454-3
https://locus.statisticseducation.org/


Enhancing prospective secondary teachers’ potential competence for enacting core teaching…

1 3

Mathematics Education, 40(5), 735–747. https://​doi.​org/​10.​1007/​
s11858-​008-​0115-y

Stylianides, G. J., & Stylianides, A. J. (2010). Mathematics for teach-
ing: A form of applied mathematics. Teaching and Teacher Edu-
cation, 26(2), 161–172.

Sullivan, G. M., & Feinn, R. (2012). Using effect size—Or why the 
p value is not enough. Journal of Graduate Medical Education, 
4(3), 279–282. https://​doi.​org/​10.​4300/​JGME-D-​12-​00156.1

Tatto, M. T. (2013). The teacher education and development study in 
mathematics Policy, practice, and readiness to teach primary and 
secondary mathematics in 17 countries. Technical report. Interna-
tional Association for the Evaluation of Educational Achievement. 
https://​files.​eric.​ed.​gov/​fullt​ext/​ED545​287.​pdf

Tatto, M. T., Lerman, S., & Novotna, J. (2010). The organization of the 
mathematics preparation and development of teachers: A report 
from the ICMI Study 15. Journal of Mathematics Teacher Educa-
tion, 13(4), 313–324.

Tatto, M. T., Rodriguez, M. C., Smith, W. M., Reckase, M. D., & 
Bankov, K. (2018). Exploring the mathematical education of 
teachers using TEDS-M data. Springer.

Wasserman, N. H., & McGuffey, W. (2021). Opportunities to learn 
from (advanced) mathematical coursework: A teacher perspective 
on observed classroom practice. Journal for Research in Math-
ematics Education, 52(4), 370–406.

Werler, T. C., & Tahirsylaj, A. (2020). Differences in teacher edu-
cation programmes and their outcomes across Didaktik and 

curriculum traditions. European Journal of Teacher Education, 
45(2), 154–172.

Wigfield, A., & Eccles, J. S. (2000). Expectancy-value theory of moti-
vation. Contemporary Educational Psychology, 25, 68–81.

Winsløw, C., & Grønbæk, N. (2014). Klein’s double discontinuity 
revisited: Contemporary challenges for universities preparing 
teachers to teach calculus. Recherches en Didactique des Mathé-
matiques, 34(1), 59–86.

Zazkis, R., & Leikin, R. (2010). Advanced mathematical knowledge in 
teaching practice: Perceptions of secondary mathematics teachers. 
Mathematical Thinking and Learning, 12(4), 263–281.

Zee, M., & Koomen, H. M. (2016). Teacher self-efficacy and its effects 
on classroom processes, student academic adjustment, and teacher 
well-being: A synthesis of 40 years of research. Review of Educa-
tional Research, 86(4), 981–1015.

Publisher's Note  Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds 
exclusive rights to this article under a publishing agreement with the 
author(s) or other rightsholder(s); author self-archiving of the accepted 
manuscript version of this article is solely governed by the terms of 
such publishing agreement and applicable law.

https://doi.org/10.1007/s11858-008-0115-y
https://doi.org/10.1007/s11858-008-0115-y
https://doi.org/10.4300/JGME-D-12-00156.1
https://files.eric.ed.gov/fulltext/ED545287.pdf

	Enhancing prospective secondary teachers’ potential competence for enacting core teaching practices—through experiences in university mathematics and statistics courses
	Abstract
	1 Introduction
	1.1 Terminology

	2 Background and perspective
	2.1 Applications of content to teaching
	2.2 Operationalizing competence and socialization

	3 Study context
	4 Data and method
	4.1 Participants
	4.2 Instruments
	4.2.1 Content knowledge for teaching
	4.2.2 Expectancy and value for enacting core teaching practices
	4.2.3 Perceptions of learning

	4.3 Analysis
	4.3.1 Change in PSMTs’ content knowledge for teaching, expectancy, and value
	4.3.2 Validating measures of expectancy and value
	4.3.3 Examining factors in changes in expectancy and value


	5 Results
	5.1 Change in PSMTs’ content knowledge for teaching (RQ1)
	5.2 PSMTs’ change in expectancy and value for carrying out core teaching practices (RQ2)
	5.3 Validity of expectancy and value surveys using an argument-based approach
	5.4 Potential factors influencing PSMTs’ competence (RQ3)

	6 Discussion
	6.1 Enhancing teachers’ potential competence through experiences in university mathematics courses
	6.2 Response shift bias
	6.3 Putting PSMTs’ content knowledge for teaching into perspective
	6.4 Limitations

	7 Conclusion
	Anchor 30
	Acknowledgements 
	References


