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Abstract

The class-S theories of type E8 were analyzed in [1]. The basic building blocks consisted
of 49,836 isolated SCFTs (three-punctured spheres). In 244 cases, there were undetermined
levels for the flavour symmetry current algebra. Here, we rectify that omission. Using S-
duality and nilpotent Higgsing we compute the levels of 235 of the 244. There remain 9 three-
punctured spheres with unknown levels. Along the way, we provide a detailed discussion of
the Drinfeld-Sokolov reduction of the VOA, which captures various features of the Higgs
branch RG flows arising from giving a VEV to a nilpotent moment map.
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1. Introduction

The 6D (2,0) theories, and hence the class-S theories that arise as their compactifications on
punctured Riemann surfaces, have an ADE classification. The most formidable of these is,
naturally, the E8 theory. Its basic building blocks consist of 49,836 three-punctured spheres
(“fixtures”), whose basic properties were computed in [1]. Among these basic properties
are the current-algebra levels for every simple factor in the flavour symmetry algebra of the
SCFT. In the analysis of [1], 244 fixtures, out of 49836, had current algebra levels that the
authors of [1] were unable to determine.

In this work, we rectify that deficiency, determining the previously unknown levels for
235 of the 244 fixtures. Our main tool is the Higgs branch RG flows induced by turning on
a VEV for the highest root moment map for some simple factor in the flavour symmetry
associated to a puncture.

These “nilpotent Higgsings” have a realization in the 2D VOA associated to the N = 2
SCFT as Drinfeld-Sokolov reduction [2]. We discuss that DS reduction in detail in §2.2.
Since the DS reduction manifestly preserves the rest of the flavour symmetry algebra (and
its levels), it allows us to track those levels through the RG flow. We previously applied
similar techniques to class-S theories of types E6, E7 in [3]. In the E8 theory, a few of our
results — when one of the punctures is the simple puncture, E8(a1) (entries 158–167 and
224–230 in Table 1 below) — have previously been determined by the methods of [4]. In
those cases, our results agree with theirs.

2. Determining Unknown Current-Algebra Levels

Fixtures are class-S theories obtained by compactifying the (2,0) theory on a sphere with
three punctures. Each puncture has an associated flavour symmetry and the fixture has a
flavour symmetry which is (possibly an enhancement of) the product of the flavour symme-
tries associated to each puncture. The latter (the “manifest” flavour symmetry) embeds as
a subalgebra of the full flavour symmetry. The flavour symmetries of fixtures obtained from
the E8 (2,0) theories were determined in [1].

To each simple flavour symmetry factor one may associate a positive integer k that is the
flavour central charge or “level”. The flavour central charge of a simple factor of the flavour
symmetry is defined by

Ja
µ(x)J

b
ν(0) ∼

3k

4π4
δab

x2gµν − 2xµxν

x8
+

2

π2
fabcxµxνx · J c(0)

x6
+ . . .

where the normalization is such that k = 1 for a free half-hypermultiplet in the defining
representation of Sp(n). The levels of the manifest flavour symmetries are readily determined
from the decomposition of the adjoint representation [5], as described in §2.4.1 of [6].

In most cases, when the flavour symmetry is enhanced, knowing the levels of the “man-
ifest” subalgebra suffices to determine the levels of the full flavour symmetry. There are,
however, two notable exceptions.

• When a manifest factor of Gk (we denote the level k by a subscript) is enhanced to
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Gk1 ×Gk2 , where G is embedded diagonally in G×G, then we know that k1 + k2 = k,
but — without more information — we cannot determine k1,2 individually.

• When a manifest U(1) factor is enhanced to some nonabelian Gk, the freedom to change
the normalization of the U(1) generator prevents us, in most cases, from being able to
compute the level k.

Often (indeed, in the overwhelming majority of cases), S-dualities, or other considera-
tions, can be used to determine these levels. In the E8 theory, only 244 out of the 924
fixtures with enhanced symmetries were not amenable to those techniques. Here, we intro-
duce a new one, supplementing the analysis of [1], thereby determining almost all of the
previously unknown levels.

2.1. Nilpotent Higgsing

Let f ⊂ fT be a simple subalgebra of the flavour symmetry of some SCFT, T , of class-S. We
will restrict ourselves to the case where f is a simple factor in the manifest flavour symmetry
associated to a puncture, O1. Turning on a VEV for the moment map (B̂1 operator) which
is the highest root of f induces an RG flow which, in favourable circumstances [7], yields in
the infrared another class-S SCFT, T ′, with the puncture O1 replaced by the puncture O2,
where the nilpotent orbit O1 lies in the closure of the orbit O2. The key observation of [2],
which we will review in §2.2, is that the flow from T to T ′ is implemented on the level of
the chiral algebras as Drinfeld-Sokolov reduction.

In the nilpotent Higgsing of the flavour symmetry associated to a puncture, there are two
distinct types. They can most succinctly be characterized by their effect on the Coulomb
branch. In the first type, turning on the highest root moment map for some simple factor
in the flavour symmetry, f2l, decreases the Coulomb branch dimension by 1, because we lose
a Coulomb branch generator of dimension ∆ = l.

O1
f2l−−→ O2 : ∆ dimH(Higgs) = ȟ(f)− 1, ∆nv = 2l − 1 (1a)

In the second type, the Coulomb branch dimension is preserved. The puncture O1 is Higgsed
to O2 in the same special piece. When1 A(d2O1) = Zk

2, this results in replacing a Coulomb
branch generator of dimension ∆ = 2l with a generator of dimension ∆ = l. This is a
nilpotent Higgsing, in the sense we have been using the term: it is triggered by turning
on a VEV for the highest root moment map. More generally, in type E (including the
twisted sector of E6, whose punctures are labeled by nilpotent orbits in F4), A(d

2O1) can
be nonabelian (S3, S4 or S5), so that the Sommers-Achar group can contain a Zn factor for
n > 2. In that case there is a Higgsing where a Coulomb branch parameter of dimension
∆ = nl is replaced by a Coulomb branch parameter of dimension ∆ = l. This is not quite
a nilpotent Higgsing, in that the chiral ring relations require us to turn on VEVs for more

1A(O) is the equivariant fundamental group of the nilpotent orbit O (see [8]). d is the Spaltentstein-
Barbasch-Vogan operator [9, 10], an order-reversing map from the set of nilpotent orbits in g to the set
of nilpotent orbits in Lg. d2O is the special orbit in the special piece containing O. See [5] for a physics
introduction.

2



than just the moment map2. Nevertheless, in both case, the Higgsing has the effect:

O1

sp(p)(n−1)(nl+1)−−−−−−−−−−→ O2 : ∆ dimH(Higgs) = p, ∆nv = 2(n− 1)l (1b)

Note that, in both (1a) and (1b), the decrease in Higgs branch dimension is ȟ(f)− 1.
There is a finite list of special pieces with nonabelian equivariant fundamental group

(and hence Higgsings of type (1b) with n > 2). Let us list them here, labeling explicitly the
Higgsings with n > 2.

For E6, we have

l = 4 : 2A2 + A1
SU(2)26−−−−−→
(n=3)

A3 + A1
SU(2)9−−−−→ D4(a1)

For F4 (twisted E6) we have

l = 3 : A2 + Ã1

B2

Ã2 + A1

C3(a1) F4(a3)

SU(2)39
(n=4)

SU(2)20
(n=3)

SU(2)7

SU(2)7

For E7, we have

l = 4 : A5 + A1
SU(2)26−−−−−→
(n=3)

D6(a2)
SU(2)9−−−−→ E7(a5)

l = 6 : 2A2 + A1
SU(2)38−−−−−→
(n=3)

(A3 + A1)
′ SU(2)13−−−−−→ D4(a1)

And, finally, for E8,

l = 4 : E6 + A1
SU(2)26−−−−−→
(n=3)

E7(a2)
SU(2)9−−−−→ E8(b5)

l = 6 : A4 + A3

A5 + A1

D5(a1) + A2

E6(a3) + A1

D6(a2)

E7(a5) E8(a7)

SU(2)124
(n=5)

SU(2)13

SU(2)38
(n=3)

SU(2)75 (n=4)

(n=3)

SU(2)38

SU(2)13

SU(2)13

l = 10 : 2A2 + A1
SU(2)62−−−−−→
(n=3)

A3 + A1
SU(2)21−−−−−→ D4(a1)

2A2 + 2A1
Sp(2)62−−−−−→
(n=3)

A3 + 2A1
SU(2)21−−−−−→ D4(a1) + A1

The full diagram of nilpotent Higgsings for E8 is

2For instance, in the l = 4, n = 3 cases below, there is a B̂3/2 operator, transforming in the spin-3/2
representation of the su(2)26, which gets a VEV.
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A2 4A1

A2 + A1

A2 + 2A1

A2 + 3A1
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A3 + A1
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A3 + A2

A3 + A2 + A1

D4(a1) + A2

2A3

A4

A4 + A1

A4 + 2A1

A4 + A2

D4(a1)

D4

D4 + A1

D5(a1)

D5(a1) + A1 A4 + A2 + A1

A5

A4 + A3 D4 + A2

E6(a3)

A5 + A1

D5(a1) + A2

E6(a3) + A1

D6(a2)

D5

E7(a5)

D5 + A1

E8(a7)

D6(a1) A6

E7(a4)
A6 + A1

E6(a1)
D5 + A2

D7(a2)

E6

A7
E6(a1) + A1 D6

E8(b6)
E7(a3)

E6 + A1
D7(a1)

E7(a2) E8(a6)

E8(b5) D7

E7(a1)
E8(a5)

E8(b4)

E7
E8(a4)

E8(a3)

E8(a2)

E8(a1)

(E8)60

(E7)48

Spin(13)40

SU(2)31 (F4)36

(E6)36 Sp(4)31

SU(6)30

Spin(7)28

SU(2)25

(G2)24

Spin(11)28

SU(2)62
(G2)24

Sp(2)62
Spin(7)24SU(2)21

Sp(2)21

SU(2)20

Spin(8)24

Sp(2)20

(F4)24
SU(2)19

SU(5)20

SU(3)18

Sp(3)19

Sp(2)31

SU(2)30

SU(2)30

SU(4)18

SU(4)18
SU(2)16

SU(2)16

SU(2)13 (G2)16
SU(2)124 SU(3)28

(G2)16 SU(2)13

SU(2)38

SU(2)75

SU(2)38
SU(2)13

Spin(7)16

SU(2)13

SU(2)13

SU(2)12
SU(2)60 SU(2)12

SU(2)12 SU(2)60

SU(3)12

(G2)12

SU(2)31

Sp(2)11

SU(2)10

SU(2)26

SU(2)9

SU(2)13

SU(2)8

SU(2)7
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This is a decorated version of the Hasse diagram for nilpotent orbit closure. Solid lines
indicate nilpotent Higgsings, while dashed lines indicate nilpotent orbit closures with no
corresponding nilpotent Higgsing. The blue lines represent Higgsings of type (1b) with
n > 2. Nilpotent orbits marked in red have simple flavour symmetry factors whose possible
Higgsing do not correspond to nilpotent orbit closure.

For (1a) and for (1b) when n = 2, the nilpotent Higgsings we described have an elegant
interpretation, in terms of the 2D Vertex Operator Algebra associated to the 4D N = 2
SCFT, which we review in the next subsection

2.2. Drinfeld-Sokolov Reduction

After restricting to a plane in R4, and applying a suitable twisted notion of translations in the
plane, the Schur operators of a 4D N = 2 SCFT form a 2D chiral algebra [11]. The moment
map (B̂1) operators which generate the flavour symmetry algebra become the currents of a
2D current algebra, whose level

k2D = −1
2
k4D (2)

Similarly, the Virasoro central charge of the 2D theory is related to the Weyl anomaly
coefficient of the 4D theory by

c2D = −12c4D (3)

Now, say we want to turn on a VEV for the highest root moment map of some simple factor fk
in the 4D theory. This has an elegant description in terms of the 2D chiral algebra [12,13,2].

Let λ be the highest root of f and let βa, a = 1, 2, . . . , ȟ(f)− 2 be a collection of positive
roots with the property that

λ · βa = 1 (4a)

βa + βa′ is not a root (4b)

Up to some obvious automorphisms of the algebra, the choice of {βa} is unique, and we list
them in Appendix A.

Let Jλ(z) and Jβa(z) be the corresponding 2D currents and let Hi(z) be the currents
corresponding to the Cartan generators. Because of (4b), the only singular OPEs between
these currents are

Hi(z)Hj(w) =
k2Dδij

(z − w)2

Hi(z)Jβa(w) =
βaiJβa(w)

z − w

(5)

Introduce a set of (ȟ(f) − 2) spin-1/2 bc systems and one spin-1 bc system. If T (z) is the
stress tensor of the original VOA, construct the “improved” stress tensor

Tnew = T − 1
2
λ · ∂H + (∂bλ)c

λ +

ȟ(f)−2∑︂
a=1

1
2
(∂ba)c

a − 1
2
ba(∂c

a) (6)
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With this improved stress tensor, the conformal weights h(Jλ) = 0 and3 h(Jβa) = 1/2. We
now define a nilpotent BRST operator

Q =

∮︂
dz

2πi

[︂
(Jλ(z)− e)cλ(z) +

ȟ(f)−2∑︂
a=1

Jβa(z)c
a(z)

]︂
(7)

where e is some nonzero complex constant. It is evident that Q2 = 0 and [Q, Tnew(z)] = 0.
The claim of [12,2] is that the VOA of the IR SCFT is the Q-cohomology of the (improved)
VOA of the UV theory.

This has some immediate consequences. The Virasoro central charge of the new VOA is
read off from the most singular term of the OPE of Tnew with itself.

cnew = c− 3k|λ|2 − 2 + (ȟ(f)− 2)

= c− 6k + ȟ(f)− 4
(8)

Using (2),(3), the c Weyl anomaly coefficient of the 4D theory is

12cnew4D = 12c4D − 3(k4D − 1)− (ȟ(f)− 1) (9)

In turn, the Weyl anomaly coefficient is related to the effective number of vectors and hypers
in the 4d theory by

12c4D = 2nv + nh

= 3nv + (nh − nv)

= 3nv + dimH Higgs

(10)

where we used that we are in the situation where there is no unbroken gauge symmetry
on the Higgs branch. Taking the BRST cohomology killed (ȟ(f) − 1) generators, so the
quaternionic dimension of the Higgs branch decreased by ȟ(f)− 1. Combining this with (9)
and (10), we find the decrease in the effective number of vector multiplets is

δnv = k4D − 1 (11)

in accord with (1a) and with (1b) for n = 2.
For n > 2, there’s no simple realization of the Higgsing as Drinfeld-Sokolov reduction.

Nevertheless, there is such a realization if we are willing to back up one step in the Hasse
diagram and Higgs down using a non-highest-root moment map. We’ll defer a complete

3Overall, 2ȟ(f) − 4 currents corresponding to positive roots have their conformal weights shifted to
h = 1/2. We need to choose a collection of half of them which together satisfy (4b). Given a positive root
βa satisfying (4), then γa = λ − βa is another positive root which satisfies λ · γa = 1. The corresponding
currents satisfy

Jβa(z)Jγb
(w) =

δabJλ
z − w

Because our BRST fixing sets Jλ to a nonzero constant, the Jβa
are a maximal set of spin-1/2 currents

that we can set to zero. In the BRST cohomology, both sets of currents drop out: Jβa
(z) = {Q, ba(z)} and

[Q, Jγa
(z)] ∼ eca(z).
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treatment to a followup paper [14], and here just illustrate the construction for the cases we
need for our E8 analysis.

Consider

E6 E6 + A1 E7(a2) E8(b5)
(G2)12 SU(2)26 SU(2)9

(G2)12

The Higgsing from E6 to E6 + A1 is the conventional one, triggered by turning on a VEV
for the highest root moment map of G2. The DS reduction is just as we have described. Let
λ = 3α1 + 2α2 be the highest root and β1 = 3α1 + α2, β2 = 2α1 + α2 and γa = λ− βa. The
stress tensor for the VOA where the E6 puncture is replaced by E6 + A1 is

TE6+A1 = TE6 − 1
2
λ · ∂H + (∂b1)c1 +

1
2
(∂b2)c2 − 1

2
b2∂c2 +

1
2
(∂b3)c3 − 1

2
b3∂c3

on which we take the BRST cohomology of

Q =

∮︂
dz

2πi

[︂
(Jλ(z)− e1)c1(z) + Jβ1(z)c2(z) + Jβ2(z)c3(z)

]︂
Here, we introduced one spin-1 bc system and two spin-1/2 bc systems; δ dimH Higgs = 3 and
δnv = k − 1 = 11, as we expect when losing one Coulomb branch parameter with ∆ = 6.

The Higgsing from E6 to E7(a2) is instead triggered by turning on a VEV for the β2

moment map. The stress tensor is

TE7(a2) = TE6 − 3
2
β2 ·∂H+ 3

2
(∂b1)c1+

1
2
b1∂c1+

3
2
(∂b2)c2+

1
2
b2∂c2+(∂b3)c3+

1
2
(∂b4)c4− 1

2
b4∂c4
(12)

where we introduced two spin-3/2 bc systems, one spin-1 bc system and one spin-1/2 bc
system. The BRST operator is

Q =

∮︂
dz

2πi

[︂
Jλ(z)c1(z)+Jβ1(z)c2(z)+(Jβ2(z)−e2)c3(z)+Jγ2(z)c4(z)−b1(z)c3(z)c4(z)

]︂
(13)

The Virasoro central charge

cE7(a2) = cE6 − 12
(︁
3
2

)︁2 |β2|2k2D + 2(−11) + (−2) + (1)

= cE6 − 18k2D − 23

As before, we relate these to the 4D quantities, using (2), (3) and (10), which yield

3δnv + δ dimH Higgs = 9k − 23 (14)

From (13), we have that the decrease in the Higgs branch dimension δ dimH Higgs = 4. Thus,
since k = 12, we have

δnv = 3k − 9 = 27

which is the correct answer when we lose one Coulomb branch generator with ∆ = 6 and
replace another Coulomb branch generator having ∆ = 12 with one having ∆ = 3.
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Finally, we will have recourse to a Higgsing which turns on a moment map in the regular
nilpotent orbit of su(3). As before, let λ = α1 + α2 be the highest root, and consider the
“improved” stress tensor

Tnew = T − λ · ∂H + 2(∂bλ)c
λ + bλ∂c

λ + (∂b1)c
1 + (∂b2)c

2 (15)

(Notice the factor of 2 relative to (6).) With this stress tensor, h(Jλ) = −1 and h(Jα1) =
h(Jα2) = 0. So the BRST operator in this case

Q =

∮︂
dz

2πi

[︂
Jλ(z)c

λ(z) + (Jα1(z)− e1)c
1(z) + (Jα2(z)− e2)c

2(z)− bλ(z)c
1(z)c2(z)

]︂
(16)

has two c-number parameters, e1,e2.
Applying the same relations between the 2D and 4D quantities as before, this gives

δnv = 4k4D − 11

δ dimHiggs = 3
(17)

We’ll use this for

E6(a1) E6(a1) + A1 E8(b6)
SU(3)12

SU(3)12

3. The E8 Theory

3.1. Results

Of the 49,836 fixtures in the E8 theory, 924 have enhanced global symmetry and/or free
hypermultiplets. Of these 924, 244 had undetermined levels. We fix 235 of those (see Table
1), leaving the levels in 9 fixtures undetermined (see Table 2). We also fix 23 typos in the
application (these are marked in red in table 1).

Table 1: Corrected Fixtures

# Fixture Old Flavour Symmetry New Flavour Symmetry

1 A6, E6, E6

SU(2)12 × SU(2)60−k

×SU(2)k × (G2)
2
12

SU(2)12 × SU(2)48

×SU(2)12 × (G2)
2
12

2 A6, E6, E6 +A1

SU(2)12 × SU(2)60−k

×SU(2)k × (G2)12
×SU(2)26

SU(2)12 × SU(2)48
×SU(2)12 × (G2)12

×SU(2)26

3 A6 +A1, E6, E6 +A1

SU(2)60−k × SU(2)k
×(G2)12 × SU(2)26

SU(2)48 × SU(2)12
×(G2)12 × SU(2)26

8
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# Fixture Old Flavour Symmetry New Flavour Symmetry

4 A6, E6 +A1, E6 +A1

SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)
2
26

SU(2)12 × SU(2)48

×SU(2)12 × SU(2)
2
26

5 A6 +A1, E6 +A1, E6 +A1

SU(2)60−k × SU(2)k

×SU(2)
2
26

SU(2)48 × SU(2)12

×SU(2)
2
26

6 A6, E6, E7(a2)

SU(2)12 × SU(2)60−k

×SU(2)k × (G2)12
×SU(2)9

SU(2)12 × SU(2)48
×SU(2)12 × (G2)12

×SU(2)9

7 A6 +A1, E6, E7(a2)
SU(2)60−k × SU(2)k
×(G2)12 × SU(2)9

SU(2)48 × SU(2)12
×(G2)12 × SU(2)9

8 A6, E6 +A1, E7(a2)

SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)26
×SU(2)9

SU(2)12 × SU(2)48
×SU(2)12 × SU(2)26

×SU(2)9

9 A6 +A1, E6 +A1, E7(a2)
SU(2)60−k × SU(2)k
×SU(2)26 × SU(2)9

SU(2)48 × SU(2)12
×SU(2)26 × SU(2)9

10 A6, E6 +A1, D7

SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)26
×SU(2)13

SU(2)12 × SU(2)36
×SU(2)24 × SU(2)26

×SU(2)13

11 A6 +A1, E6 +A1, D7

SU(2)60−k × SU(2)k
×SU(2)26 × SU(2)13

SU(2)36 × SU(2)24
×SU(2)26 × SU(2)13

12 A6, E6, E8(b5)
SU(2)12 × SU(2)60−k

×SU(2)k × (G2)12

SU(2)12 × SU(2)48
×SU(2)12 × (G2)12

13 A6 +A1, E6, E8(b5)
SU(2)60−k × SU(2)k

×(G2)12

SU(2)48 × SU(2)12
×(G2)12

14 A6, E6 +A1, E8(b5)
SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)26

SU(2)12 × SU(2)48
×SU(2)12 × SU(2)26

15 A6 +A1, E6 +A1, E8(b5)
SU(2)60−k × SU(2)k

×SU(2)26

SU(2)48 × SU(2)12
×SU(2)26

16 A6, D6, E7(a1)

SU(2)12 × SU(2)60−k

×SU(2)k × Sp(2)11
×SU(2)8

SU(2)12 × SU(2)40
×SU(2)20 × Sp(2)11

×SU(2)8

17 A6 +A1, D6, E7(a1)
SU(2)60−k × SU(2)k
×Sp(2)11 × SU(2)8

SU(2)40 × SU(2)20
×Sp(2)11 × SU(2)8

18 A4 +A2, E6, E7(a1)

SU(2)16 × SU(2)200−k

×SU(2)k × (G2)12
×SU(2)8

SU(2)16 × SU(2)160
×SU(2)40 × (G2)12

×SU(2)8

19 A4 +A2 +A1, E6, E7(a1)
SU(2)200−k × SU(2)k
×(G2)12 × SU(2)8

SU(2)160 × SU(2)40
×(G2)12 × SU(2)8

20 A6, E7(a3), E7(a1)

SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)10
×SU(2)8

SU(2)12 × SU(2)40
×SU(2)20 × SU(2)10

×SU(2)8
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# Fixture Old Flavour Symmetry New Flavour Symmetry

21 A6 +A1, E7(a3), E7(a1)
SU(2)60−k × SU(2)k
×SU(2)10 × SU(2)8

SU(2)40 × SU(2)20
×SU(2)10 × SU(2)8

22 A6, D7(a1), E7(a1)

SU(2)12 × SU(2)60−k

×SU(2)k × U(1)

×SU(2)8

SU(2)12 × SU(2)40
×SU(2)20 × U(1)

×SU(2)8

23 A6 +A1, D7(a1), E7(a1)
SU(2)60−k × SU(2)k
×U(1)× SU(2)8

SU(2)40 × SU(2)20
×U(1)× SU(2)8

24 A4 +A2, E6 +A1, E7(a1)

SU(2)16 × SU(2)k
×SU(2)200−k × SU(2)26

×SU(2)8

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)26

×SU(2)8

25 A4 +A2 +A1, E6 +A1, E7(a1)
SU(2)k × SU(2)200−k

×SU(2)26 × SU(2)8

SU(2)160 × SU(2)40
×SU(2)26 × SU(2)8

26 A4 +A2, E7(a2), E7(a1)

SU(2)16 × SU(2)200−k

×SU(2)k × SU(2)9
×SU(2)8

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)9

×SU(2)8

27 A4 +A2 +A1, E7(a2), E7(a1)
SU(2)200−k × SU(2)k
×SU(2)9 × SU(2)8

SU(2)160 × SU(2)40
×SU(2)9 × SU(2)8

28 A4 +A2, E8(b5), E7(a1)
SU(2)16 × SU(2)200−k

×SU(2)k × SU(2)8

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)8

29 A4 +A2 +A1, E8(b5), E7(a1)
SU(2)200−k × SU(2)k

×SU(2)8

SU(2)160 × SU(2)40
×SU(2)8

30 A2 + 2A1, E7(a1), E7(a1)
SO(7)28 × SU(2)k

×SU(2)144−k × SU(2)
2
8

SO(7)28 × SU(2)96

×SU(2)48 × SU(2)
2
8

31 E6(a1), D7(a1), E8(a5) SU(3)12 × U(1) SU(3)12 × U(1)
3

32 A6, E6 +A1, E8(a5)

SU(2)12 × SU(2)k1

×SU(2)k2
× SU(2)60−k1−k2

×SU(2)26

SU(2)
3
12 × SU(2)36

×SU(2)26

33 A6 +A1, E6 +A1, E8(a5)
SU(2)k1

× SU(2)k2

×SU(2)60−k1−k2
× SU(2)26

SU(2)
2
12 × SU(2)36

×SU(2)26

34 A6, D6, E8(b4)
SU(2)12 × SU(2)60−k

×SU(2)k × Sp(2)11

SU(2)12 × SU(2)40
×SU(2)20 × Sp(2)11

35 A6 +A1, D6, E8(b4)
SU(2)60−k × SU(2)k

×Sp(2)11

SU(2)40 × SU(2)20
×Sp(2)11

36 A4 +A2, E6, E8(b4)
SU(2)16 × SU(2)200−k

×SU(2)k × (G2)12

SU(2)16 × SU(2)160
×SU(2)40 × (G2)12

37 A4 +A2 +A1, E6, E8(b4)
SU(2)200−k × SU(2)k

×(G2)12

SU(2)160 × SU(2)40
×(G2)12

38 A6, E7(a3), E8(b4)
SU(2)12 × SU(2)k

×SU(2)60−k × SU(2)10

SU(2)12 × SU(2)40
×SU(2)20 × SU(2)10
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# Fixture Old Flavour Symmetry New Flavour Symmetry

39 A6 +A1, E7(a3), E8(b4)
SU(2)k × SU(2)60−k

×SU(2)10

SU(2)40 × SU(2)20
×SU(2)10

40 A6, D7(a1), E8(b4)
SU(2)12 × SU(2)k
×SU(2)60−k × U(1)

SU(2)12 × SU(2)40
×SU(2)20 × U(1)

41 A6 +A1, D7(a1), E8(b4)
SU(2)k × SU(2)60−k

×U(1)

SU(2)40 × SU(2)20
×U(1)

42 A4 +A2, E6 +A1, E8(b4)
SU(2)16 × SU(2)k

×SU(2)200−k × SU(2)26

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)26

43 A4 +A2 +A1, E6 +A1, E8(b4)
SU(2)k × SU(2)200−k

×SU(2)26

SU(2)160 × SU(2)40
×SU(2)26

44 A4 +A2, E7(a2), E8(b4)
SU(2)16 × SU(2)k

×SU(2)200−k × SU(2)9

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)9

45 A4 +A2 +A1, E7(a2), E8(b4)
SU(2)k × SU(2)200−k

×SU(2)9

SU(2)160 × SU(2)40
×SU(2)9

46 A6, E8(a6), E8(b4)
SU(2)12 × SU(2)k1

×SU(2)k2
× SU(2)60−k1−k2

SU(2)12 × SU(2)
3
20

47 A6 +A1, E8(a6), E8(b4)
SU(2)k1

× SU(2)k2

×SU(2)60−k1−k2

SU(2)
3
20

48 A4 +A2, D7, E8(b4)
SU(2)16 × SU(2)k

×SU(2)200−k × SU(2)13

SU(2)16 × SU(2)120
×SU(2)80 × SU(2)13

49 A4 +A2 +A1, D7, E8(b4)
SU(2)k × SU(2)200−k

×SU(2)13

SU(2)120 × SU(2)80
×SU(2)13

50 A4 +A2, E8(b5), E8(b4)
SU(2)16 × SU(2)k

×SU(2)200−k

SU(2)16 × SU(2)160
×SU(2)40

51 A4 +A2 +A1, E8(b5), E8(b4) SU(2)k × SU(2)200−k SU(2)160 × SU(2)40

52 A2 + 2A1, E7(a1), E8(b4)
SO(7)28 × SU(2)k

×SU(2)144−k × SU(2)8

SO(7)28 × SU(2)96
×SU(2)48 × SU(2)8

53 A4 +A2, E8(a5), E8(b4)
SU(2)16 × SU(2)k1

×SU(2)k2
× SU(2)200−k1−k2

SU(2)16 × SU(2)
2
40

×SU(2)120

54 A4 +A2 +A1, E8(a5), E8(b4)
SU(2)k1

× SU(2)k2

×SU(2)200−k1−k2

SU(2)
2
40 × SU(2)120

55 A2 + 2A1, E8(b4), E8(b4)
SO(7)28 × SU(2)144−k

×SU(2)k

SO(7)28 × SU(2)96
×SU(2)48

56 A4 +A2, D5, E7

SU(2)16 × SU(2)k
×SU(2)200−k × SO(7)16

×SU(2)7

SU(2)16 × SU(2)160
×SU(2)40 × SO(7)16

×SU(2)7

57 A4 +A2 +A1, D5, E7

SU(2)k × SU(2)200−k

×SO(7)16 × SU(2)7

SU(2)160 × SU(2)40
×SO(7)16 × SU(2)7
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# Fixture Old Flavour Symmetry New Flavour Symmetry

58 A4 +A2, D5 +A1, E7

SU(2)16 × SU(2)k
×SU(2)200−k × SU(2)13
×SU(2)24 × SU(2)7

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)13
×SU(2)24 × SU(2)7

59 A4 +A2 +A1, D5 +A1, E7

SU(2)k × SU(2)200−k

×SU(2)13 × SU(2)24
×SU(2)7

SU(2)160 × SU(2)40
×SU(2)13 × SU(2)24

×SU(2)7

60 D4 +A1, A6, E7

Sp(3)19 × SU(2)12
×SU(2)k × SU(2)60−k

×SU(2)7

Sp(3)19 × SU(2)
2
12

×SU(2)48 × SU(2)7

61 D5(a1), A6, E7

SU(4)18 × SU(2)12
×SU(2)k × SU(2)60−k

×SU(2)7

SU(4)18 × SU(2)
2
12

×SU(2)48 × SU(2)7

62 D5(a1) +A1, A6, E7

SU(2)16 × SU(2)112
×SU(2)12 × SU(2)k

×SU(2)60−k × SU(2)7

SU(2)16 × SU(2)112

×SU(2)
2
12 × SU(2)48

×SU(2)7

63 D4 +A2, A6, E7

SU(3)28 × SU(2)12
×SU(2)k × SU(2)60−k

×SU(2)7

SU(3)28 × SU(2)
2
12

×SU(2)48 × SU(2)7

64 A4 +A2, D6(a1), E7

SU(2)16 × SU(2)k

×SU(2)200−k × SU(2)
2
12

×SU(2)7

SU(2)16 × SU(2)160

×SU(2)40 × SU(2)
2
12

×SU(2)7

65 A4 +A2 +A1, D6(a1), E7

SU(2)k × SU(2)200−k

×SU(2)
2
12 × SU(2)7

SU(2)160 × SU(2)40

×SU(2)
2
12 × SU(2)7

66 D4 +A1, A6 +A1, E7

Sp(2)19 × SU(2)k
×SU(2)60−k × SU(2)7

Sp(3)19 × SU(2)48
×SU(2)12 × SU(2)7

67 D5(a1), A6 +A1, E7

SU(4)18 × SU(2)k
×SU(2)60−k × SU(2)7

SU(4)18 × SU(2)48
×SU(2)12 × SU(2)7

68 D5(a1) +A1, A6 +A1, E7

SU(2)16 × SU(2)112
×SU(2)k × SU(2)60−k

×SU(2)7

SU(2)16 × SU(2)112
×SU(2)48 × SU(2)12

×SU(2)7

69 D4 +A2, A6 +A1, E7

SU(3)28 × SU(2)k
×SU(2)60−k × SU(2)7

SU(3)28 × SU(2)48
×SU(2)12 × SU(2)7

70 A4 +A2, E7(a4), E7

SU(2)16 × SU(2)k
×SU(2)200−k × SU(2)12

×SU(2)7

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)12

×SU(2)7

71 A4 +A2 +A1, E7(a4), E7

SU(2)k × SU(2)200−k

×SU(2)12 × SU(2)7

SU(2)160 × SU(2)40
×SU(2)12 × SU(2)7

72 A3 +A2, E6(a1), E7

Sp(2)20 × U(1)

×SU(2)k × SU(3)12
×SU(2)7

Sp(2)20 × U(1)

×SU(2)96 × SU(3)12
×SU(2)7

73 D4(a1) +A2, E6(a1), E7

SU(3)k × SU(3)96−k

×SU(3)12 × SU(2)7

SU(3)
2
48 × SU(3)12

×SU(2)7
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# Fixture Old Flavour Symmetry New Flavour Symmetry

74 A4 +A2, D5 +A2, E7

SU(2)16XSU(2)k × SU(2)200−k

×U(1)× SU(2)7

SU(2)16 × SU(2)160
×SU(2)40 × U(1)

×SU(2)7

75 A4 +A2 +A1, D5 +A2, E7

SU(2)k × SU(2)200−k

×U(1)× SU(2)7

SU(2)160 × SU(2)40
×U(1)× SU(2)7

76 A2 + 2A1, D6, E7

SO(7)28 × SU(2)144−k

×SU(2)k × Sp(2)11
×SU(2)7

SO(7)28 × SU(2)96
×SU(2)48 × Sp(2)11

×SU(2)7

77 A4 +A2, D7(a2), E7

SU(2)16 × SU(2)k
×SU(2)200−k × U(1)

×SU(2)7

SU(2)16 × SU(2)160
×SU(2)40 × U(1)

×SU(2)7

78 A4 +A2 +A1, D7(a2), E7

SU(2)k × SU(2)200−k

×U(1)× SU(2)7

SU(2)160 × SU(2)40
×U(1)× SU(2)7

79 D4(a1), E6(a1) +A1, E7
SO(8)24 × U(1)

2

×SU(2)7

SO(8)24 × U(1)
3

×SU(2)7

80 A3 +A2, E6(a1) +A1, E7
Sp(2)20 × U(1)

2

×SU(2)k × SU(2)7

Sp(2)20 × U(1)
2

×SU(2)96 × SU(2)7

81 D4(a1) +A2, E6(a1) +A1, E7

SU(3)k × SU(3)96−k

×U(1)× SU(2)7

SU(3)
2
48 × U(1)

×SU(2)7

82 A2 + 2A1, E7(a3), E7

SO(7)28 × SU(2)k
×SU(2)144−k × SU(2)10

×SU(2)7

SO(7)28 × SU(2)96
×SU(2)48 × SU(2)10

×SU(2)7

83 A3 +A2, E8(b6), E7

Sp(2)20 × U(1)

×SU(2)k × SU(2)7

Sp(2)20 × U(1)

×SU(2)96 × SU(2)7

84 D4(a1) +A2, E8(b6), E7

SU(3)k × SU(3)96−k

×U(1)× SU(2)7
SU(3)

2
48 × SU(2)7

85 A2 + 2A1, D7(a1), E7

SO(7)28 × SU(2)k
×SU(2)144−k × U(1)

×SU(2)7

SO(7)28 × SU(2)96
×SU(2)48 × U(1)

×SU(2)7

86 2A2, E8(a6), E7 SO(8)
2
48 × SU(2)7 SO(8)

2
24 × SU(2)7

87 A6, E6(a1), E8(a4)
SU(2)12 × SU(2)k

×SU(2)60−k × SU(3)12

SU(2)12 × SU(2)
2
30

×SU(3)12

88 A6 +A1, E6(a1), E8(a4)
SU(2)k × SU(2)60−k

×SU(3)12
SU(2)

2
30 × SU(3)12

89 A3 +A2, E6, E8(a4)
Sp(2)20 × U(1)

×SU(2)k × (G2)12

Sp(2)20 × U(1)

×SU(2)96 × (G2)12

90 D4(a1) +A2, E6, E8(a4)
SU(3)96−k × SU(3)k

×(G2)12
SU(3)

2
48 × (G2)12

91 A6, E6(a1) +A1, E8(a4)
SU(2)12 × SU(2)k
×SU(2)60−k × U(1)

SU(2)12 × SU(2)
2
30

×U(1)
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# Fixture Old Flavour Symmetry New Flavour Symmetry

92 A6 +A1, E6(a1) +A1, E8(a4)
SU(2)k × SU(2)60−k

×U(1)
SU(2)

2
30 × U(1)

93 E6(a3), E7(a3), E8(a4) (G2)16 × U(1)
2

(G2)16×SU(2)10

×U(1)
2

94 A3 +A2, E6 +A1, E8(a4)
Sp(2)20 × U(1)

×SU(2)26 × SU(2)k

Sp(2)20 × U(1)

×SU(2)26 × SU(2)96

95 D4(a1) +A2, E6 +A1, E8(a4)
SU(3)k × SU(3)96−k

×SU(2)26
SU(3)

2
48 × SU(2)26

96 A3 +A2 +A1, E8(a5), E8(a4) SU(3)96−k × SU(3)k
SU(3)96−k × SU(3)k

×SU(2)19

97 2A1, E8(b4), E8(a4) SO(8)24 × U(1) SO(14)40 × U(1)

98 A4 +A2, D5, E8(a3)
SU(2)16 × SU(2)200−k

×SU(2)k × SO(7)16

SU(2)16 × SU(2)160
×SU(2)40 × SO(7)16

99 A4 +A2 +A1, D5, E8(a3)
SU(2)200−k × SU(2)k

×SO(7)16

SU(2)160 × SU(2)40
×SO(7)16

100 A4 +A2, D5 +A1, E8(a3)

SU(2)16 × SU(2)200−k

×SU(2)k × SU(2)13
×SU(2)24

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)13

×SU(2)24

101 A4 +A2 +A1, D5 +A1, E8(a3)
SU(2)200−k × SU(2)k
×SU(2)13 × SU(2)24

SU(2)160 × SU(2)40
×SU(2)13 × SU(2)24

102 D4, A6, E8(a3)
(F4)24 × SU(2)12

×SU(2)k × SU(2)60−k

(F4)24 × SU(2)12
×SU(2)48 × SU(2)12

103 D4 +A1, A6, E8(a3)
Sp(3)19 × SU(2)12

×SU(2)k × SU(2)60−k

Sp(3)19 × SU(2)
2
12

×SU(2)48

104 D5(a1), A6, E8(a3)
SU(4)18 × SU(2)12

×SU(2)k × SU(2)60−k

SU(4)18 × SU(2)
2
12

×SU(2)48

105 D5(a1) +A1, A6, E8(a3)

SU(2)16 × SU(2)112
×SU(2)12 × SU(2)k

×SU(2)60−k

SU(2)16 × SU(2)112

×SU(2)
2
12 × SU(2)48

106 D4 +A2, A6, E8(a3)
SU(3)28 × SU(2)12

×SU(2)k × SU(2)60−k

SU(3)28 × SU(2)
2
12

×SU(2)48

107 A4 +A2, D6(a1), E8(a3)
SU(2)16 × SU(2)200−k

×SU(2)k × SU(2)
2
12

SU(2)16 × SU(2)160

×SU(2)40 × SU(2)
2
12

108 A4 +A2 +A1, D6(a1), E8(a3)
SU(2)200−k × SU(2)k

×SU(2)
2
12

SU(2)160 × SU(2)40

×SU(2)
2
12

109 D4 +A1, A6 +A1, E8(a3)
Sp(3)19 × SU(2)60−k

×SU(2)k

Sp(3)19 × SU(2)48
×SU(2)12

110 D5(a1), A6 +A1, E8(a3)
SU(4)18 × SU(2)60−k

×SU(2)k

SU(4)18 × SU(2)48
×SU(2)12
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# Fixture Old Flavour Symmetry New Flavour Symmetry

111 D5(a1) +A1, A6 +A1, E8(a3)
SU(2)16 × SU(2)112

×SU(2)60−k × SU(2)k

SU(2)16 × SU(2)112
×SU(2)48 × SU(2)12

112 D4 +A2, A6 +A1, E8(a3)
SU(3)28 × SU(2)60−k

×SU(2)k

SU(3)28 × SU(2)48
×SU(2)12

113 D5(a1) +A2, A6 +A1, E8(a3)
SU(2)75 × SU(2)60−k

×SU(2)k

SU(2)75 × SU(2)48
×SU(2)12

114 A4 +A2, E7(a4), E8(a3)
SU(2)16 × SU(2)k

×SU(2)200−k × SU(2)12

SU(2)16 × SU(2)160
×SU(2)40 × SU(2)12

115 A4 +A2 +A1, E7(a4), E8(a3)
SU(2)k × SU(2)200−k

×SU(2)12

SU(2)160 × SU(2)40
×SU(2)12

116 A3 +A2, E6(a1), E8(a3)
Sp(2)20 × U(1)

×SU(3)12 × SU(2)k

Sp(2)20 × U(1)

×SU(3)12 × SU(2)96

117 D4(a1) +A2, E6(a1), E8(a3)
SU(3)k × SU(3)96−k

×SU(3)12
SU(3)

2
48 × SU(3)12

118 A4 +A2, D5 +A2, E8(a3)
SU(2)16 × SU(2)k

×SU(2)200−k × U(1)

SU(2)16 × SU(2)160
×SU(2)40 × U(1)

119 A4 +A2 +A1, D5 +A2, E8(a3)
SU(2)k × SU(2)200−k

×U(1)

SU(2)160 × SU(2)40
×U(1)

120 A2 + 2A1, D6, E8(a3)
SO(7)28 × SU(2)144−k

×SU(2)k × Sp(2)11

SO(7)28 × SU(2)96
×SU(2)48 × Sp(2)11

121 A4 +A2, D7(a2), E8(a3)
SU(2)16 × SU(2)k

×SU(2)200−k × U(1)
2

SU(2)16 × SU(2)160
×SU(2)40 × U(1)

122 A4 +A2 +A1, D7(a2), E8(a3)
SU(2)k × SU(2)200−k

×U(1)

SU(2)160 × SU(2)40
×U(1)

123 A3 +A2, E6(a1) +A1, E8(a3)
Sp(2)20 × U(1)

2

×SU(2)k

Sp(2)20 × U(1)
2

×SU(2)96

124 D4(a1) +A2, E6(a1) +A1, E8(a3)
SU(3)k × SU(3)96−k

×U(1)
SU(3)

2
48 × U(1)

125 A2 + 2A1, E7(a3), E8(a3)
SO(7)28 × SU(2)144−k

×SU(2)k × SU(2)10

SO(7)28 × SU(2)96
×SU(2)48 × SU(2)10

126 A3 +A2, E8(b6), E8(a3)
Sp(2)20 × U(1)

×SU(2)k

Sp(2)20 × U(1)

×SU(2)96

127 D4(a1) +A2, E8(b6), E8(a3) SU(3)k × SU(3)96−k SU(3)
2
48

128 A2 + 2A1, D7(a1), E8(a3)
SO(7)28 × SU(2)144−k

×SU(2)k × U(1)

SO(7)28 × SU(2)96
×SU(2)48 × U(1)

129 0, E6 +A1, E8(a3)
(E8)60−k × (E8)k

×SU(2)26

(E8)48 × (E8)12
×SU(2)26

130 0, E7(a2), E8(a3)
(E8)60−k × (E8)k

×SU(2)9

(E8)48 × (E8)12
×SU(2)9
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# Fixture Old Flavour Symmetry New Flavour Symmetry

131 A2 + 2A1, E8(a6), E8(a3)
SO(7)28 × SU(2)144−k

×SU(2)k × U(1)
SO(7)28 × SU(2)

3
48

132 A2 + 3A1, E8(a6), E8(a3)
SO(7)48 × SU(2)25

×U(1)
SO(8)48 × SU(2)25

133 2A2, E8(a6), E8(a3) SO(7)
2
24 × U(1) SO(8)

2
24

134 0, E8(b5), E8(a3) (E8)60−k × (E8)k (E8)48 × (E8)12

135 D4, A4 +A2, E8(a2)
(F4)24 × SU(2)16

×SU(2)k × SU(2)200−k

(F4)24 × SU(2)16
×SU(2)160 × SU(2)40

136 D4 +A1, A4 +A2, E8(a2)
Sp(3)19 × SU(2)16

×SU(2)k × SU(2)200−k

Sp(3)19 × SU(2)16
×SU(2)160 × SU(2)40

137 D5(a1), A4 +A2, E8(a2)
SU(4)18 × SU(2)16

×SU(2)k × SU(2)200−k

SU(4)18 × SU(2)16
×SU(2)160 × SU(2)40

138 A4 +A2, D5(a1) +A1, E8(a2)
SU(2)k × SU(2)200−k

×SU(2)
2
16 × SU(2)112

SU(2)160 × SU(2)40

×SU(2)
2
16 × SU(2)112

139 D4, A4 +A2 +A1, E8(a2)
(F4)24 × SU(2)k
×SU(2)200−k

(F4)24 × SU(2)160
×SU(2)40

140 D4 +A1, A4 +A2 +A1, E8(a2)
Sp(3)19 × SU(2)k
×SU(2)200−k

Sp(3)19 × SU(2)160
×SU(2)40

141 D5(a1), A4 +A2 +A1, E8(a2)
SU(4)18 × SU(2)k

×SU(2)200−k

SU(4)18 × SU(2)160
×SU(2)40

142 D5(a1) +A1, A4 +A2 +A1, E8(a2)
SU(2)k × SU(2)200−k

×SU(2)16 × SU(2)112

SU(2)160 × SU(2)40
×SU(2)16 × SU(2)112

143 A4 +A2, D4 +A2, E8(a2)
SU(2)k × SU(2)200−k

×SU(2)16 × SU(3)28

SU(2)160 × SU(2)40
×SU(2)16 × SU(3)28

144 A4 +A2 +A1, D4 +A2, E8(a2)
SU(2)k × SU(2)200−k

×SU(3)28

SU(2)160 × SU(2)40
×SU(3)28

145 A2 + 2A1, D5, E8(a2)
SO(7)28 × SU(2)k

×SU(2)144−k × SO(7)16

SO(7)28 × SU(2)96
×SU(2)48 × SO(7)16

146 A4, A5 +A1, E8(a2)
SU(5)20 × SU(2)38

×SU(2)13

SU(5)20 × SU(2)38
×SU(2)13×U(1)

147 A2 + 2A1, D5 +A1, E8(a2)

SO(7)28 × SU(2)144−k

×SU(2)k × SU(2)13
×SU(2)24

SO(7)28 × SU(2)96
×SU(2)48 × SU(2)13

×SU(2)24

148 A3, A6, E8(a2)
SO(11)38 × SU(2)12
×SU(2)k × SU(2)60−k

SO(11)28 × SU(2)12
×SU(2)40 × SU(2)20

149 A3 +A2, A6, E8(a2)

Sp(2)20 × Sp(2)k
×U(1)× SU(2)12
×SU(2)60−2k

Sp(2)20 × Sp(2)20
×U(1)× SU(2)12

×SU(2)20
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# Fixture Old Flavour Symmetry New Flavour Symmetry

150 A2 + 2A1, D6(a1), E8(a2)
SO(7)28 × SU(2)144−k

×SU(2)k × SU(2)
2
12

SO(7)28 × SU(2)96

×SU(2)48 × SU(2)
2
12

151 A3, A6 +A1, E8(a2)
SO(11)28 × SU(2)k

×SU(2)60−k

SO(11)28 × SU(2)40
×SU(2)20

152 A3 +A2, A6 +A1, E8(a2)
Sp(2)20 × Sp(2)k

×U(1)× SU(2)60−2k

Sp(2)20 × Sp(2)20
×U(1)× SU(2)20

153 A2 + 2A1, E7(a4), E8(a2)
SO(7)28 × SU(2)144−k

×SU(2)k × SU(2)12

SO(7)28 × SU(2)96
×SU(2)48 × SU(2)12

154 A2 + 2A1, D5 +A2, E8(a2)
SO(7)28 × SU(2)144−k

×SU(2)k × U(1)

SO(7)28 × SU(2)96
×SU(2)48 × U(1)

155 0, D6, E8(a2)
(E8)60−k × (E8)k

×Sp(2)11

(E8)40 × (E8)20
×Sp(2)11

156 A2 + 2A1, D7(a2), E8(a2)
SO(7)28 × SU(2)144−k

×SU(2)k × U(1)

SO(7)28 × SU(2)96
×SU(2)48 × U(1)

157 0, D7(a1), E8(a2)
(E8)60−k × (E8)k

×U(1)

(E8)40 × (E8)20
×U(1)

158 A2 + 2A1, A3, E8(a1)
SO(7)28 × SU(2)144−k

×SU(2)k × SO(11)28

SO(7)28 × SU(2)96
×SU(2)48 × SO(11)28

159 A2, A3 +A2, E8(a1)
(E6)36 × Sp(2)20
×U(1)× SU(2)k

(E6)36 × Sp(2)20
×U(1)× SU(2)96

160 A2 +A1, A3 +A2, E8(a1)
SU(6)30 × Sp(2)20
×U(1)× SU(2)k

SU(6)30 × Sp(2)20
×U(1)× SU(2)96

161 0, D4 +A1, E8(a1)
(E8)60−k × (E8)k

×Sp(3)19

(E8)48 × (E8)12
×Sp(3)19

162 A2, D4(a1) +A2, E8(a1)
(E6)36 × SU(3)96−k

×SU(3)k
(E6)36 × SU(3)

2
48

163 A2 +A1, D4(a1) +A2, E8(a1)
SU(6)30 × SU(3)96−k

×SU(3)k
SU(6)30 × SU(3)

2
48

164 A1, A4 +A2, E8(a1)
(E7)48 × SU(2)200−k

×SU(2)k × SU(2)16

(E7)48 × SU(2)160
×SU(2)40 × SU(2)16

165 0, D5(a1) +A1, E8(a1)
(E8)60−k × (E8)k

×SU(2)16 × SU(2)112

(E8)48 × (E8)12
×SU(2)16 × SU(2)112

166 A1, A4 +A2 +A1, E8(a1)
(E7)48 × SU(2)200−k

×SU(2)k

(E7)48 × SU(2)160
×SU(2)40

167 0, D4 +A2, E8(a1)
(E8)60−k × (E8)k

×SU(3)28

(E8)48 × (E8)12
×SU(3)28

168 2A2 +A1, E7(a1), E7(a1)
SO(7)24 × SU(2)61−k

×SU(2)k × SU(2)
2
8

SO(7)24 × SU(2)21

×SU(2)40 × SU(2)
2
8

169 2A2 + 2A1, E7(a1), E7(a1)
Sp(2)61−k × Sp(2)k

×SU(2)
2
8

Sp(2)40 × Sp(2)21

×SU(2)
2
8
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# Fixture Old Flavour Symmetry New Flavour Symmetry

170 A4 +A3, E6 +A1, E8(b4)
SU(2)123−k × SU(2)k

×SU(2)26

SU(2)75 × SU(2)48
×SU(2)26

171 A4 +A3, E7(a2), E8(b4)
SU(2)123−k × SU(2)k

×SU(2)9

SU(2)75 × SU(2)48
×SU(2)9

172 A4 +A3, D7, E8(b4)
SU(2)110−k × SU(2)k

×Sp(2)13

SU(2)72 × SU(2)38
×Sp(2)13

173 A4 +A3, E8(b5), E8(b4) SU(2)123−k × SU(2)k SU(2)75 × SU(2)48

174 2A2 +A1, E7(a1), E8(b4)
SO(7)24 × SU(2)61−k

×SU(2)k × SU(2)8

SO(7)24 × SU(2)40
×SU(2)21 × SU(2)8

175 2A2 + 2A1, E7(a1), E8(b4)
Sp(2)61−k × Sp(2)k

×SU(2)8

Sp(2)40 × Sp(2)21
×SU(2)8

176 A4 +A3, E8(a5), E8(b4)
SU(2)122−k1−k2−k3

× SU(2)k1

×SU(2)k2

SU(2)38 × SU(2)
2
36

×SU(2)12

177 2A2 +A1, E8(b4), E8(b4)
SO(7)24 × SU(2)61−k

×SU(2)k

SO(7)24 × SU(2)40
×SU(2)21

178 2A2 + 2A1, E8(b4), E8(b4) Sp(2)61−k × Sp(2)k Sp(2)40 × Sp(2)21

179 2A2 +A1, D6, E7

SO(7)24 × SU(2)61−k

×SU(2)k × Sp(2)11
×SU(2)7

SO(7)24 × SU(2)40
×SU(2)21 × Sp(2)11

×SU(2)7

180 2A2 + 2A1, D6, E7

Sp(2)61−k × Sp(2)k
×Sp211× SU(2)7

Sp(2)40 × Sp(2)21
×Sp(2)11 × SU(2)7

181 A4 +A2, A7, E7

SU(2)16 × SU(2)192−k

×SU(2)k × SU(2)28
×SU(2)7

SU(2)16 × SU(2)108
×SU(2)84 × SU(2)28

×SU(2)7

182 2A2 +A1, E7(a3), E7

SO(7)24 × SU(2)61−k

×SU(2)k × SU(2)10
×SU(2)7

SO(7)24 × SU(2)40
×SU(2)21 × SU(2)10

×SU(2)7

183 2A2 + 2A1, E7(a3), E7

Sp(2)61−k × Sp(2)k
×SU(2)10 × SU(2)7

Sp(2)40 × Sp(2)21
×SU(2)10 × SU(2)7

184 2A3, E8(b6), E7 SU(4)30 × SU(2)7
SU(4)30 × SU(2)7

×U(1)

185 2A2 +A1, D7(a1), E7

SO(7)24 × SU(2)61−k

×SU(2)k × U(1)

×SU(2)7

SO(7)24 × SU(2)40
×SU(2)21 × U(1)

×SU(2)7

186 2A2 + 2A1, D7(a1), E7

Sp(2)61−k × Sp(2)k
×U(1)× SU(2)7

Sp(2)40 × Sp(2)21
×U(1)× SU(2)7

187 2A2 +A1, E8(a6), E7

SO(8)24 × SU(2)60−k1−k2

×SU(2)k1
× SU(2)k2

×SU(2)7

SO(8)24 × SU(2)
3
20

×SU(2)7
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# Fixture Old Flavour Symmetry New Flavour Symmetry

188 2A2 + 2A1, E8(a6), E7

Sp(2)60−k1−k2
× Sp(2)k1

×Sp(2)k2
× SU(2)7

Sp(2)
3
20 × SU(2)7

189 D5 +A2, A7, E8(a4) U(1)× SU(2)30 U(1)
2 × SU(2)30

190 A4 +A3, D5 +A1, E8(a3)
SU(2)123−k × SU(2)k
×SU(2)13 × SU(2)24

SU(2)75 × SU(2)48
×SU(2)13 × SU(2)24

191 A4 +A3, D6(a1), E8(a3)
SU(2)123−k × SU(2)k

×SU(2)
2
12

SU(2)75 × SU(2)48

×SU(2)
2
12

192 A4 +A3, E7(a4), E8(a3)
SU(2)123−k × SU(2)k

×SU(2)12

SU(2)75 × SU(2)48
×SU(2)12

193 A4 +A3, D5 +A2, E8(a3)
SU(2)123−k × SU(2)k

×U(1)

SU(2)75 × SU(2)48
×U(1)

194 2A2 +A1, D6, E8(a3)
SO(7)24 × SU(2)61−k

×SU(2)k × Sp(2)11

SO(7)24 × SU(2)40
×SU(2)21 × Sp(2)11

195 2A2 + 2A1, D6, E8(a3)
Sp(2)61−k × Sp(2)k

×Sp(2)11

Sp(2)40 × Sp(2)21
×Sp(2)11

196 A4 +A3, D7(a2), E8(a3) SU(3)k × SU(2)123−k SU(3)48 × SU(2)75

197 A4 +A2, A7, E8(a3)
SU(2)16 × SU(2)192−k

×SU(2)k × SU(2)28

SU(2)16 × SU(2)108
×SU(2)84 × SU(2)28

198 2A2 +A1, E7(a3), E8(a3)
SO(7)24 × SU(2)61−k

×SU(2)k × SU(2)10

SO(7)24 × SU(2)40
×SU(2)21 × SU(2)10

199 2A2 + 2A1, E7(a3), E8(a3)
Sp(2)61−k × Sp(2)k

×SU(2)10

Sp(2)40 × Sp(2)21
×SU(2)10

200 2A2 +A1, D7(a1), E8(a3)
SO(7)24 × SU(2)61−k

×SU(2)k × U(1)

SO(7)24 × SU(2)40
×SU(2)21 × U(1)

201 2A2 + 2A1, D7(a1), E8(a3)
Sp(2)61−k × Sp(2)k

×U(1)

Sp(2)40 × Sp(2)21
×U(1)

202 2A2 +A1, E8(a6), E8(a3)
SO(8)24 × SU(2)60−k1−k2

×SU(2)k1
× SU(2)k2

SO(8)24 × SU(2)
3
20

203 2A2 + 2A1, E8(a6), E8(a3)
Sp(2)60−k1−k2

× Sp(2)k1

×Sp(2)k2

Sp(2)
3
20

204 2A2 +A1, D5, E8(a2)
SO(7)24 × SU(2)61−k

×SU(2)k × SO(7)16

SO(7)24 × SU(2)40
×SU(2)21 × SO(7)16

205 2A2 + 2A1, D5, E8(a2)
Sp(2)61−k × Sp(2)k

×SO(7)16

Sp(2)40 × Sp(2)21
×SO(7)16

206 D4 +A1, A4 +A3, E8(a2)
Sp(3)19 × SU(2)123−k

×SU(2)k

Sp(3)19 × SU(2)75
×SU(2)48

207 D5(a1), A4 +A3, E8(a2)
SU(4)18 × SU(2)123−k

×SU(2)k

SU(4)18 × SU(2)75
×SU(2)48
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# Fixture Old Flavour Symmetry New Flavour Symmetry

208 D5(a1) +A1, A4 +A3, E8(a2)
SU(2)16 × SU(2)112

×SU(2)123−k × SU(2)k

SU(2)16 × SU(2)112
×SU(2)75 × SU(2)48

209 D4 +A2, A4 +A3, E8(a2)
SU(3)28 × SU(2)123−k

×SU(2)k

SU(3)28 × SU(2)75
×SU(2)48

210 A4 +A3, D6(a2), E8(a2)

SU(2)109−k1−k2−k3
× SU(2)k1

×SU(2)k2
× SU(2)k3

×SU(3)
2
13

SU(2)96−k1−k2
× SU(2)k1

×SU(2)k2
× Sp(2)

2
13

211 A4 +A3, E6(a3) +A1, E8(a2)
SU(2)84−k1−k2

× SU(2)k1

×SU(2)k2
× SU(3)38

SU(2)
2
36 × SU(2)12

×Sp(2)38

212 A4 +A3, E7(a5), E8(a2)

SU(2)108−k1−k2−k3−k4−k5
× SU(2)k1

×SU(2)k2
× SU(2)k3

×SU(2)k4
× SU(2)k5

×SU(3)13

SU(2)
3
24 × SU(2)

3
12

×Sp(2)13

213 2A2 +A1, D5 +A1, E8(a2)

SO(7)24 × SU(2)61−k

×SU(2)k × SU(2)13
×SU(2)24

SO(7)24 × SU(2)40
×SU(2)21 × SU(2)13

×SU(2)24

214 2A2 + 2A1, D5 +A1, E8(a2)
Sp(2)61−k × Sp(2)k
×SU(2)13 × SU(2)24

Sp(2)40 × Sp(2)21
×SU(2)13 × SU(2)24

215 A4 +A3, E8(a7), E8(a2)

SU(2)120−k1−k2−k3−k4−k5−k6−k7−k8−k9

×SU(2)k1
× SU(2)k2

×SU(2)k3
× SU(2)k4

×SU(2)k5
× SU(2)k6

×SU(2)k7
× SU(2)k8

×SU(2)k9

SU(2)
10
12

216 2A2 +A1, D6(a1), E8(a2)
SO(7)24 × SU(2)61−k

×SU(2)k × SU(2)
2
12

SO(7)24 × SU(2)40

×SU(2)21 × SU(2)
2
12

217 2A2 + 2A1, D6(a1), E8(a2)
Sp(2)61−k × Sp(2)k

×SU(2)
2
12

Sp(2)40 × Sp(2)21

×SU(2)
2
12

218 2A2 +A1, E7(a4), E8(a2)
SO(7)24 × SU(2)61−k

×SU(2)k × SU(2)12

SO(7)24 × SU(2)40
×SU(2)21 × SU(2)12

219 2A2 + 2A1, E7(a4), E8(a2)
Sp(2)61−k × Sp(2)k

×SU(2)12

Sp(2)40 × Sp(2)21
×SU(2)12

220 2A2 +A1, D5 +A2, E8(a2)
SO(7)24 × SU(2)61−k

×SU(2)k × U(1)

SO(7)24 × SU(2)40
×SU(2)21 × U(1)

221 2A2 + 2A1, D5 +A2, E8(a2)
Sp(2)61−k × Sp(2)k

×U(1)

Sp(2)40 × Sp(2)21
×U(1)

222 A2 + 2A1, A7, E8(a2)
SO(12)28 × SU(2)108−k

×SU(2)k

SO(12)28 × SU(2)60
×SU(2)48

223 4A1, E8(b6), E8(a2) SU(8)30 × U(1)
2 SU(8)30 × U(1)

20



# Fixture Old Flavour Symmetry New Flavour Symmetry

224 A3, 2A2 +A1, E8(a1)
SO(11)28 × SO(7)24
×SU(2)61−k × SU(2)k

SO(11)28 × SO(7)24
×SU(2)40 × SU(2)21

225 2A2 +A1, D4(a1), E8(a1)
SO(8)

2
24 × SU(2)60−k1−k2

×SU(2)k1
× SU(2)k2

SO(8)
2
24 × SU(2)

3
20

226 A3, 2A2 + 2A1, E8(a1)
SO(11)28 × Sp(2)61−k

×Sp(2)k

SO(11)28 × Sp(2)40
×Sp(2)21

227 D4(a1), 2A2 + 2A1, E8(a1)
SO(8)24 × Sp(2)60−k1−k2

×Sp(2)k1
× Sp(2)k2

SO(8)24 × Sp(2)
3
20

228 2A2 +A1, A3 + 2A1, E8(a1)
SO(7)24 × Sp(3)21

×SU(3)40

SO(7)24 × Sp(3)21
×Sp(2)40

229 2A2 +A1, D4(a1) +A1, E8(a1) SO(8)24 × SU(3)
3
20 SO(8)24 × Sp(2)

3
20

230 A2 + 2A1, 2A3, E8(a1)
SU(11)22 × SU(2)84−k

×SU(2)k

SO(16)28 × SU(2)56
×SU(2)16

231 A6, E7(a2), E7(a2)
SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)
2
9

SU(2)
2
12 × SU(2)48

×SU(2)
2
9

232 A6 +A1, E7(a2), E7(a2)
SU(2)60−k × SU(2)k

×SU(2)
2
9

SU(2)48 × SU(2)12

×SU(2)
2
9

233 A6, E7(a2), D7

SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)9
×SU(2)13

SU(2)
2
12 × SU(2)48

×SU(2)9 × SU(2)13

234 A6 +A1, E7(a2), D7

SU(2)60−k × SU(2)k
×SU(2)9 × SU(2)13

SU(2)12 × SU(2)48
×SU(2)9 × SU(2)13

235 A6, E7(a2), E8(b5)
SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)9

SU(2)
2
12 × SU(2)48

×SU(2)9

236 A6 +A1, E7(a2), E8(b5)
SU(2)60−k × SU(2)k

×SU(2)9

SU(2)12 × SU(2)48
×SU(2)9

237 A6, D7, E8(b5)
SU(2)12 × SU(2)60−k

×SU(2)k × SU(2)13

SU(2)
2
12 × SU(2)48

×SU(2)13

238 A6 +A1, D7, E8(b5)
SU(2)60−k × SU(2)k

×SU(2)13

SU(2)12 × SU(2)48
×SU(2)13

239 A6, E8(b5), E8(b5)
SU(2)12 × SU(2)60−k

×SU(2)k
SU(2)

2
12 × SU(2)48

240 A6 +A1, E8(b5), E8(b5) SU(2)60−k × SU(2)k SU(2)12 × SU(2)48

241 A6, E7(a2), E8(a5)

SU(2)12 × SU(2)k1

×SU(2)k2
× SU(2)60−k1−k2

×SU(2)9

SU(2)
3
12 × SU(2)36

×SU(2)9

242 A6 +A1, E7(a2), E8(a5)
SU(2)k1

× SU(2)k2

×SU(2)60−k1−k2
× SU(2)9

SU(2)
2
12

×SU(2)36 × SU(2)9
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# Fixture Old Flavour Symmetry New Flavour Symmetry

243 A6, E8(b5), E8(a5)
SU(2)12 × SU(2)k1

×SU(2)k2
× SU(2)60−k1−k2

SU(2)
3
12 × SU(2)36

244 A6 +A1, E8(b5), E8(a5)
SU(2)k1

× SU(2)k2

×SU(2)60−k1−k2

SU(2)
2
12

×SU(2)36

245 D4(a1) +A2, E7(a2), E8(a4)
SU(3)k × SU(3)96−k

×SU(2)9

SU(3)
2
48

×SU(2)9

246 D4(a1) +A2, E8(b5), E8(a4) SU(3)k × SU(3)96−k SU(3)
2
48

247 A6, E8(b6), E8(a4)
SU(2)12 × SU(2)k

×SU(2)60−k

SU(2)12 × SU(2)
2
30

248 A6 +A1, E8(b6), E8(a4) SU(2)k × SU(2)60−k SU(2)
2
30

249 A3 +A2, E7(a2), E8(a4)
Sp(2)20 × U(1)

×SU(2)9 × SU(2)k

Sp(2)20 × U(1)

×SU(2)9 × SU(2)96

250 A3 +A2, E8(b5), E8(a4)
Sp(2)20 × U(1)

×SU(2)k

Sp(2)20 × U(1)

×SU(2)96

There remain 9 fixtures, whose current algebra levels we were still not able to determine.

Table 2: Fixtures with unknown levels

# Fixture Flavour Symmetry

1 A3 +A2, D7, E8(a4)
Sp(2)20 × U(1)

2

×SU(2)13 × SU(2)k

2 A3 +A2 +A1, D7, E8(a4)
SU(2)384−4k × SU(3)k
×SU(2)19 × SU(2)13

3 D4(a1) +A2, D7, E8(a4)
SU(3)k1

× SU(3)k2

×SU(3)96−k1−k2
× SU(2)13

4 A3 +A2, E8(a5), E8(a4)
Sp(2)20 × U(1)

2

×SU(2)k1
× SU(2)k2

5 A3 +A2 +A1, E8(a5), E8(a4)
SU(3)96−k × SU(3)k

×SU(2)19

6 D4(a1) +A2, E8(a5), E8(a4)
SU(3)k1

× SU(3)k2

×SU(3)k3
× SU(3)96−k1−k2−k3

7 A4 +A3, D6(a2), E8(a2)
SU(2)96−k1−k2

× SU(2)k1

×SU(2)k2
× Sp(2)

2
13

8 2A2 +A1, D7(a2), E8(a2)
SO(7)24 × SU(3)k
×SU(2)61−k × U(1)

9 2A2 + 2A1, D7(a2), E8(a2) SU(5)k × Sp(2)61−k
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3.2. Methods

We primarily used nilpotent Higgsing along with S-duality to arrive at our results, see [3]
for examples. Additionally we matched with other class-S theories to determine the levels
of two fixtures.

Consider the pair

E8(a2)

E7(a5)

A4 + A3

E8(a2)

E8(a7)

A4 + A3

The interacting part of the fixture on the left was determined to have flavour symmetry
SU(2)6 × Sp(2)13 with SU(2) levels adding up to 108 and the interacting part of the fixture
on the right has flavour symmetry SU(2)12 with the levels adding up to 120. A nilpotent
Higgsing of an SU(2)13 for the fixture on the left results in the fixture on the right.

Candidates for isomorphic SCFTs are the interacting parts of E7 type fixtures [E6, (A3+
A1)

′, 2A2+A1] and [E6, D4(a1), 2A2+A1] respectively. These have the same flavour symmetry,
central charges, and graded Coulomb branch dimensions. Computing the Schur index of the
fixture on the left to order τ 4 and comparing with that of the interacting part of [E6, (A3 +
A1)

′, 2A2 + A1] we find both indices to be

1 + 28τ 2 + 68τ 3 + 619τ 4 +O(τ 5) (18)

We believe this to be sufficient evidence that both theories are indeed identical, hence
the two theories obtained by a nilpotent Higgsing of the SU(2)13 are identical. This allows
us to fill in the missing levels for these two fixtures in Table 1.
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Appendix A Positive Roots

In this appendix, we list the (unique up to the Z2 automorphisms of the su(n) and e6 Dynkin
diagrams) set of positive roots satisfying

λ · βa = 1

βa + βa′ is not a root
(19)
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for a = 1, 2, . . . , ȟ(f)− 2 in all the simple Lie algebras.
Let α1, α2, . . . , αrank(f) be the simple roots and let λ be the highest root.

su(n): ȟ(su(n))− 2 = n− 2

λ = α1 + α2 + · · ·+ αn−1

β1 = α1

β2 = α1 + α2

β3 = α1 + α2 + α3

...

βn−3 = α1 + α2 + · · ·+ αn−3

βn−2 = αn−1

so(2n): ȟ(so(2n))− 2 = 2n− 4

λ = α1 + 2α2 + · · ·+ 2αn−2 + αn−1 + αn

β1 = α1 + α2

β2 = α1 + α2 + α3

...

βn−3 = α1 + α2 + · · ·+ αn−2

βn−2 = α1 + α2 + · · ·+ αn−2 + αn−1

βn−1 = α1 + α2 + · · ·+ αn−2 + αn

βn = α1 + α2 + · · ·+ αn−2 + αn−1 + αn

βn+1 = α1 + α2 + · · ·+ αn−3 + 2αn−2 + αn−1 + αn

βn+2 = α1 + α2 + · · ·+ 2αn−3 + 2αn−2 + αn−1 + αn

...

β2n−4 = α1 + α2 + 2α3 + · · ·+ 2αn−2 + αn−1 + αn

24



so(2n+ 1): ȟ(so(2n+ 1))− 2 = 2n− 3

λ = α1 + 2α2 + · · ·+ 2αn−1 + 2αn

β1 = α1 + α2

β2 = α1 + α2 + α3

...

βn−2 = α1 + α2 + · · ·+ αn−1

βn−1 = α1 + α2 + · · ·+ αn−1 + αn

βn = α1 + α2 + · · ·+ αn−1 + 2αn

βn+1 = α1 + α2 + · · ·+ αn−2 + 2αn−1 + 2αn

βn+2 = α1 + α2 + · · ·+ 2αn−2 + 2αn−1 + 2αn

...

β2n−3 = α1 + α2 + 2α3 + · · ·+ 2αn−1 + 2αn

sp(n): ȟ(sp(n))− 2 = n− 1

λ = 2α1 + 2α2 + · · ·+ 2αn−1 + αn

β1 = α1 + α2 + · · ·+ αn

β2 = α1 + α2 + · · ·+ αn−2 + 2αn−1 + αn

β3 = α1 + α2 + · · ·+ 2αn−2 + 2αn−1 + αn

...

βn−1 = α1 + 2α2 + · · ·+ 2αn−1 + αn

g2: ȟ(g2)− 2 = 2

λ = 3α1 + 2α2

β1 = 3α1 + α2

β2 = 2α1 + α2

f4: ȟ(f4)− 2 = 7

λ = 2α1 + 3α2 + 4α3 + 2α4

β1 = α1 + 3α2 + 4α3 + 2α4

β2 = α1 + 2α2 + 4α3 + 2α4

β3 = α1 + 2α2 + 3α3 + 2α4

β4 = α1 + 2α2 + 3α3 + α4

β5 = α1 + 2α2 + 2α3 + 2α4

β6 = α1 + 2α2 + 2α3 + α4

β7 = α1 + 2α2 + 2α3
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e6: ȟ(e6)− 2 = 10

λ = α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6

β1 = α1 + 2α2 + 3α3 + 2α4 + α5 + α6

β2 = α1 + 2α2 + 2α3 + 2α4 + α5 + α6

β3 = α1 + 2α2 + 2α3 + α4 + α5 + α6

β4 = α1 + α2 + 2α3 + 2α4 + α5 + α6

β5 = α1 + 2α2 + 2α3 + α4 + α6

β6 = α1 + α2 + 2α3 + α4 + α5 + α6

β7 = α1 + α2 + 2α3 + α4 + α6

β8 = α1 + α2 + α3 + α4 + α5 + α6

β9 = α1 + α2 + α3 + α4 + α6

β10 = α1 + α2 + α3 + α6

e7: ȟ(e7)− 2 = 16

λ = 2α1 + 3α2 + 4α3 + 3α4 + 2α5 + α6 + 2α7

β1 = α1 + 3α2 + 4α3 + 3α4 + 2α5 + α6 + 2α7

β2 = α1 + 2α2 + 4α3 + 3α4 + 2α5 + α6 + 2α7

β3 = α1 + 2α2 + 3α3 + 3α4 + 2α5 + α6 + 2α7

β4 = α1 + 2α2 + 3α3 + 2α4 + 2α5 + α6 + 2α7

β5 = α1 + 2α2 + 3α3 + 3α4 + 2α5 + α6 + α7

β6 = α1 + 2α2 + 3α3 + 2α4 + α5 + α6 + 2α7

β7 = α1 + 2α2 + 3α3 + 2α4 + 2α5 + α6 + α7

β8 = α1 + 2α2 + 3α3 + 2α4 + α5 + 2α7

β9 = α1 + 2α2 + 3α3 + 2α4 + α5 + α6 + α7

β10 = α1 + 2α2 + 2α3 + 2α4 + 2α5 + α6 + α7

β11 = α1 + 2α2 + 3α3 + 2α4 + α5 + α7

β12 = α1 + 2α2 + 2α3 + 2α4 + α5 + α6 + α7

β13 = α1 + 2α2 + 2α3 + 2α4 + α5 + α7

β14 = α1 + 2α2 + 2α3 + α4 + α5 + α6 + α7

β15 = α1 + 2α2 + 2α3 + α4 + α5 + α7

β16 = α1 + 2α2 + 2α3 + α4 + α7
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e8: ȟ(e8)− 2 = 28

λ = 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 2α7 + 3α8

β1 = 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + α7 + 3α8

β2 = 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 2α6 + α7 + 3α8

β3 = 2α1 + 4α2 + 6α3 + 5α4 + 3α5 + 2α6 + α7 + 3α8

β4 = 2α1 + 4α2 + 6α3 + 4α4 + 3α5 + 2α6 + α7 + 3α8

β5 = 2α1 + 4α2 + 5α3 + 4α4 + 3α5 + 2α6 + α7 + 3α8

β6 = 2α1 + 4α2 + 5α3 + 4α4 + 3α5 + 2α6 + α7 + 2α8

β7 = 2α1 + 3α2 + 5α3 + 4α4 + 3α5 + 2α6 + α7 + 3α8

β8 = α1 + 3α2 + 5α3 + 4α4 + 3α5 + 2α6 + α7 + 3α8

β9 = 2α1 + 3α2 + 5α3 + 4α4 + 3α5 + 2α6 + α7 + 2α8

β10 = α1 + 3α2 + 5α3 + 4α4 + 3α5 + 2α6 + α7 + 2α8

β11 = 2α1 + 3α2 + 4α3 + 4α4 + 3α5 + 2α6 + α7 + 2α8

β12 = α1 + 3α2 + 4α3 + 4α4 + 3α5 + 2α6 + α7 + 2α8

β13 = 2α1 + 3α2 + 4α3 + 3α4 + 3α5 + 2α6 + α7 + 2α8

β14 = α1 + 3α2 + 4α3 + 3α4 + 3α5 + 2α6 + α7 + 2α8

β15 = α1 + 2α2 + 4α3 + 4α4 + 3α5 + 2α6 + α7 + 2α8

β16 = 2α1 + 3α2 + 4α3 + 3α4 + 2α5 + 2α6 + α7 + 2α8

β17 = α1 + 3α2 + 4α3 + 3α4 + 2α5 + 2α6 + α7 + 2α8

β18 = α1 + 2α2 + 4α3 + 3α4 + 3α5 + 2α6 + α7 + 2α8

β19 = 2α1 + 3α2 + 4α3 + 3α4 + 2α5 + α6 + α7 + 2α8

β20 = α1 + 3α2 + 4α3 + 3α4 + 2α5 + α6 + α7 + 2α8

β21 = α1 + 2α2 + 4α3 + 3α4 + 2α5 + 2α6 + α7 + 2α8

β22 = α1 + 2α2 + 3α3 + 3α4 + 3α5 + 2α6 + α7 + 2α8

β23 = α1 + 2α2 + 4α3 + 3α4 + 2α5 + α6 + α7 + 2α8

β24 = α1 + 2α2 + 3α3 + 3α4 + 2α5 + 2α6 + α7 + 2α8

β25 = α1 + 2α2 + 3α3 + 3α4 + 2α5 + α6 + α7 + 2α8

β26 = α1 + 2α2 + 3α3 + 2α4 + 2α5 + 2α6 + α7 + 2α8

β27 = α1 + 2α2 + 3α3 + 2α4 + 2α5 + α6 + α7 + 2α8

β28 = α1 + 2α2 + 3α3 + 2α4 + α5 + α6 + α7 + 2α8

27



References

[1] O. Chacaltana, J. Distler, A. Trimm, and Y. Zhu, “Tinkertoys for the E8 theory,”
arXiv:1802.09626 [hep-th].

[2] C. Beem, C. Meneghelli, W. Peelaers, and L. Rastelli, “VOAs and rank-two instanton
SCFTs,” Comm. Math. Phys. 377 no. 3, (2020) 2553–2578, arXiv:1907.08629
[hep-th].

[3] J. Distler and G. Elliot, “Two applications of nilpotent Higgsing in class-S,”
arXiv:2203.05040 [hep-th].

[4] F. Baume, M. J. Kang, and C. Lawrie, “Two 6d origins of 4d SCFTs: class S and 6d
(1,0) on a torus,” arXiv:2106.11990 [hep-th].

[5] O. Chacaltana, J. Distler, and Y. Tachikawa, “Nilpotent orbits and codimension-two
defects of 6d N = (2, 0) theories,” Int. J. Mod. Phys. A28 (2013) 1340006,
arXiv:1203.2930 [hep-th].

[6] O. Chacaltana, J. Distler, and A. Trimm, “Tinkertoys for the E6 theory,” JHEP 09
(2015) 007, arXiv:1403.4604 [hep-th].

[7] J. Distler and M. Martone, unpublished.

[8] D. H. Collingwood and W. M. McGovern, Nilpotent Orbits in Semisimple Lie
Algebras. Van Nostrand, 1993.

[9] N. Spaltenstein, Classes Unipotentes et Sous-groupes de Borel, vol. 946 of Lecture
Notes in Mathematics. Springer, 1982.

[10] D. Barbasch and D. A. Vogan, Jr., “Unipotent representations of complex semisimple
groups,” Ann. of Math. (2) 121 no. 1, (1985) 41–110.

[11] C. Beem, M. Lemos, P. Liendo, W. Peelaers, L. Rastelli, et al., “Infinite chiral
symmetry in four dimensions,” Commun. Math. Phys. 336 no. 3, (2015) 1359–1433,
arXiv:1312.5344 [hep-th].

[12] C. Beem, W. Peelaers, L. Rastelli, and B. C. van Rees, “Chiral algebras of class S,”
JHEP 05 (2015) 020, arXiv:1408.6522 [hep-th].

[13] C. Beem, C. Meneghelli, and L. Rastelli, “Free field realizations from the Higgs
branch,” JHEP 09 (2019) 058, arXiv:1903.07624 [hep-th].

[14] J. Distler, G. Elliot, M. J. Kang, and C. Lawrie, in preparation.

28

http://arxiv.org/abs/1802.09626
http://dx.doi.org/10.1007/s00220-020-03746-9
http://arxiv.org/abs/1907.08629
http://arxiv.org/abs/1907.08629
http://arxiv.org/abs/2203.05040
http://arxiv.org/abs/2106.11990
http://dx.doi.org/10.1142/S0217751X1340006X
http://arxiv.org/abs/1203.2930
http://dx.doi.org/10.1007/JHEP09(2015)007
http://dx.doi.org/10.1007/JHEP09(2015)007
http://arxiv.org/abs/1403.4604
http://dx.doi.org/10.2307/1971193
http://dx.doi.org/10.1007/s00220-014-2272-x
http://arxiv.org/abs/1312.5344
http://dx.doi.org/10.1007/JHEP05(2015)020
http://arxiv.org/abs/1408.6522
http://dx.doi.org/10.1007/JHEP09(2019)058
http://arxiv.org/abs/1903.07624

	Introduction
	Determining Unknown Current-Algebra Levels
	Nilpotent Higgsing
	Drinfeld-Sokolov Reduction

	The E₈ Theory
	Results
	Methods

	Appendix Positive Roots

