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We propose a scheme for optical entanglement distribution in quantum networks based on a quasideter-
ministic entangled photon-pair source. By combining heralded photonic Bell-pair generation with spectral
mode conversion to interface with quantum memories, the scheme eliminates switching losses due to
multiplexing in the source. We analyze this “zero-added-loss multiplexing” (ZALM) Bell-pair source for
the particularly challenging problem of long-baseline entanglement distribution via satellites and ground-
based memories, where it unlocks additional advantages: (i) the substantially higher channel efficiency n
of downlinks versus uplinks with realistic adaptive optics, and (ii) photon loss occurring before interaction
with the quantum memory—i.e., Alice and Bob receiving rather than transmitting—improve entangle-
ment generation rate scaling by O(,/n). Based on numerical analyses, we estimate our protocol to achieve
> 10 ebit/s at memory multiplexing of 10% spin qubits for ground distance > 10? km, with the spin-spin
Bell-state fidelity exceeding 99%. Our architecture presents a blueprint for realizing global-scale quantum

networks in the near term.
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I. INTRODUCTION

Entanglement distribution across distant nodes is fun-
damental to constructing quantum networks [1]. However,
despite recent progress via optical fiber links [2—4], scaling
quantum networks to global reach remains a formidable
challenge. One approach to increasing the entanglement
rate over low-efficiency (n < 1) elementary links is to use
a deterministic Bell-state source at Charlie (C) midway
between quantum repeaters (QRs) Alice (4) and Bob (B)
in lieu of an entanglement swap, i.e., the midpoint source
architecture. If 4 (B) postselects on events where a pho-
ton passed at least path length AC (BC), in the regime
where the QRs are memory limited, the average entangle-
ment rate " improves to o /1 compared to o 7 in typical
protocols, where C performs local Bell-state measurements
(BSM) [5]. Despite the increase in QR complexity, this
“midpoint-source” scheme enables an increase in I' by
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O(1/,/n) and has motivated research efforts to produce
the required entangled photon-pair sources, which should
be near deterministic for the advantage to persist. Thus
far, leading efforts are based on cascaded atomic sources
[6,7] or spontaneous parametric down-conversion (SPDC)
sources. While the latter has demonstrated heralded pro-
duction of Bell pairs out of a single [8—11] or a pair of
SPDC sources [12,13], the existing approaches still suf-
fer in either efficiency or fidelity required for near-term
quantum networks.

In this paper, we propose a quasideterministic Bell-pair
source (BPS) that eliminates compounding switching loss
of previously proposed spatially multiplexed [13] or purely
temporally multiplexed [12] heralded BPS. Namely, this
“zero-added-loss multiplexing” (ZALM) BPS leverages
the large SPDC phase-matching bandwidth to achieve high
transmission rate via spectral multiplexing.

A high bandwidth BPS is crucial to general long-distance
entanglement distribution to compensate for channel
losses. In this proposal, we consider one specific

© 2023 American Physical Society
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Protocol overview—a global-scale quantum network composed of flying satellites as the quantum transmitters (QTXs) and

terrestrial stations as the quantum receivers (QRXs). The QTX (C) emits heralded photonic Bell pairs |S; )y 15 to 4 and B, followed by
subsequent spectral mode conversion. Filled (open) circles represent successfully seralded (lost) Bell pairs. The two bunched photons
signify multiphoton emission due to BPS’s imperfection. |S;+)) 4B 1S accompanied by a classical signal j4 5 containing frequency
information. A 1 x N switch then routes it to an arbitrary spin memory composed of electron-nuclear spins. The QTX containing
quasideterministic heralded BPS can also be implemented in ground-only quantum networks, as shown by node D connected to other
network stations, separated by ground distance Lgg (considered in Appendix H).

application of utilizing space-to-ground optical links to
establish ground-to-ground entanglement, though such a
quasideterministic BPS would benefit any general quan-
tum network setting. Reaching the global scale, however,
calls for space-based configurations, one example of which
is shown in Fig. 1, where the midpoint source is a satellite
sending entangled photons to two distant ground stations.
This satellite-mediated entanglement distribution scheme
has to contend with extreme channel conditions. Here we
consider three primary factors that contribute to our partic-
ular setup: large transmission loss, channel instability, and
heralding latency.

Two canonical choices for satellite-based optical trans-
mission links are the downlink and uplink configurations.
Despite the relative ease of just having an interferomet-
ric system for BSM in space, the uplink suffers from
pointing instability due to the “shower-curtain effect” [14],
requiring two-way adaptive optics yet to be demonstrated,
making the downlink configuration more efficient [15].
Therefore, we limit our investigation to a two-photon
downlink architecture.

A single-rail (heralding on one photon) [2,16] encoded
protocol could increase T' o< 1 over a dual-rail (heralding
on two detected photons) [17] scheme with ' o n?. How-
ever, it is presently unclear whether the optical carrier-
level phase tracking required in the single-photon scheme
is compatible with space-to-ground links.

Specifically, we assume (1) the availability of memory-
multiplexed (k qubits) QRs on the ground—but not
on the satellite; (2) satellite-to-ground (SG) downlinks;
(3) SG transmission in the telecommunications C band
via frequency conversion for compatibility with space-
qualified photonics [18]; and (4) two-photon heralding
[2,16].

This paper is organized as follows. Section II presents
an overview of the satellite-assisted entanglement distri-
bution architecture, one specific example of global-scale
quantum network utilizing the ZALM BPS. Section III
discusses the quantum state description of a heralded
entangled state and evaluates the boosted BPS emission
rate with spectral multiplexing. Section IV then describes
the two critical components in the ground-based quan-
tum receiver: (1) a mode converter for temporal-spectral
conversion via a sum-frequency generation process; (2)
a cavity-based spin-photon interface based on a hybrid
photonic integrated circuit. We then evaluate the ground-
to-ground spin-spin entanglement state fidelity and effi-
ciency in Secs. V and VI, accounting for imperfections in
the ZALM BPS and the ground-based quantum receivers.
Additionally, we discuss the trade-off between entangle-
ment fidelity and generation rate due to unheralded pho-
ton loss in the channels. Finally, Sec. VII concludes the
paper and offers thoughts on alternative approaches for
implementing the spectrally multiplexed BPS. Of note,
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it addresses engineering challenges that still need to be
overcome in order to realize the proposed architecture.

II. ENTANGLEMENT DISTRIBUTION
ARCHITECTURE OVERVIEW

Improving efficiency and fidelity of quantum links for
scalable quantum networks beyond recent satellite-based
demonstrations [19,20] likely requires heralded entangle-
ment of quantum memories. Here, we propose an architec-
ture integrating the merits of satellite-based channels and
spin-photon interfaces containing diamond color centers.
On the satellite, C as a multiplexed quantum transmitter
(QTX) emits heralded polarization-encoded photonic Bell
states [S; ) a5 = ([HaVs) + |VaHz))/~2 = (11,0;0,1) +
10,1;1,0))/ V2 (polarization-Fock representation [13]),
accompanied by a classical heralding message encoding its
frequency information, j4 . Idler photons (of same polar-
ization unknown to us) of a pair of pulse-pumped SPDC
sources are interfered and detected in wavelength demulti-
plexed channels to herald Bell pairs in the signal photons.
The detail is covered in Sec. IV.

Each photon of the Bell pair described by |S;+)) 45 then
travels to its respective terrestrial quantum receiver (QRX),
A and B (detailed in Sec. V). At each receiver, a mode
converter (MC) [21,22] converts both the frequency and
the spectral bandwidth of the photon to match those of
the quantum memories, crucial for efficient cavity-based
spin-photon interaction [23]. Finally, successful photon
detection at both 4 and B completes teleportation, i.e., 4
and B sharing spin-spin entanglement upon heralding on
the same Bell state’s photons.

The analysis and discussion of our proposal in the rest
of the paper is tailored towards studying the performance
and challenges of a single quantum link; however the util-
ity of a ZALM link is applicable to terrestrial fiber-based
quantum links. Multihop linear chain of quantum repeaters
(where the channel between 4 and B is subdivided into
smaller segments) with ZALM-architecture-based links for
generation of entanglement and local entanglement swap-
ping between memories (in a repeater station) is a natural
extension of our study, as is a regular grid network (on
a well-defined “lattice”) of repeaters, which can support
multiple entanglement generation paths. We reserve the
analysis of these advanced network geometries for future
work.

III. QUANTUM TRANSMITTER

A. Photonic sources of high-quality dual-rail entangled
qubits

Generation of high-quality photonic entangled pairs
is an open research challenge, with multiple possible

approaches, each having their own set of merits and demer-
its. We consider SPDC sources pumped with a mode-
locked laser, combining previous proposals for quaside-
terministic sources [8—13,24-27]. More specifically, our
BPS builds on the proposal of Ref. [13] of interfering pho-
tons of a pair of SPDC sources [28—30] to herald Bell-pair
production. Prior proposals necessitate spatial multiplex-
ing to boost the Bell-pair generation rate. However, this
requires optical switches in a tree configuration whose
number of layers grows exponentially with the number of
spatial multiplexing modes. Given finite loss per switch,
the compounded optical loss through the switch array
quickly renders the Bell-pair generation inefficient. For
example, the multiplexing requirements are very demand-
ing (approximately 107 sources running in parallel) to
achieve quasideterministic state generation. Considering
0.5-dB loss per switch, approximately 107 would lead to
10705/10x1og(107) . 79 efficiency.

In our current proposal, we leverage the large phase-
matching bandwidth opy; = 10 THz for spectral multiplex-
ing. After the beam-splitter interaction of the intermediate
BSM, we demultiplex the output beams into dense wave-
length division multiplexing channels (DWDM) and per-
form single-photon detection on each channel separately
(Bell-state analyzer shown in Fig. 2). Each DWDM chan-
nel is spaced apart by o, = 12.5 GHz over opy in the
C band. If detection (with the correct click patterns; see
Appendix A) occurs in the same frequency channels for
the two DWDMs, then the BPS has heralded production of
a photonic Bell state.

First, we consider the quantum state of a single down-
conversion process in a x ® medium [25,31,32],
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FIG. 2. Implementation of QTX—a multiplexed BPS com-
prises a pair of pulse-pumped SPDC sources. A spectral demulti-
plexed BSM heralds the Bell-pair creation and sends out classical
messages encoding its frequency information.
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1Y) = co10) + ¢ f J (ws, wp)ak(ws)a) (or) |0)

+o / J (s, o)l (@s)al (@)
x J (W, w))al(wy)a) (@}) |0) (1)

up to two-photon contributions, where |0) is signal-idler
mode in the vacuum state, and a (wy) is the creation oper-
ator at frequency wy for the signal (kK =.S) or idler (/).
J(ws, wr) represents the joint spectral amplitude function
(Appendix A).

The constituent terms of Eq. (1) are the vacuum (|0, 0)),
single-photon entanglement [with J(wg,w;)] and terms
with a second-order contribution. The latter are detrimental
to entanglement distribution protocols as they lie outside

J

the dual-rail photonic qubit Hilbert space. With photon
loss, these terms yield false click patterns and limit the
fidelity of the distributed entangled pairs [13,33]. Each
SPDC source in Fig. 2 comprises two down-conversion
processes [34]. The QTX performs BSM in each DWDM
channel by interfering the idler photons from both SPDC
sources. We take J(wg, w;) to exhibit frequency anticor-
relation between signal-idler photons, such that a demul-
tiplexed detection heralds “which-frequency” information
about the Bell pair. Based on the analysis of Ref. [13] and
its extension to the current proposal (see Appendix A for
a detailed derivation), the spectrally synchronized BSM
that yields one of the desirable photon click patterns (say
on channel j) heralds an entangled state with a spectral
description given as,

1577) o / dcb[(J(wAl,wAg) J (g, 0p,) &y (@4,) @l (@) + (= 1)"J (@ay, 047) T (g, 08,) &y (04,) ), (wgl))

&

+ (=1 (J(wAl,wAp @iy, 0) & (@4)) ) (@4,) + (= )" (05, 05,) J (@3 wp) @}, (@p,) ), (wgz))]

X 0) 4, 10) 4, 10)5, 10, -

Here, the modes Ay, A4, (B;, B,) correspond to the qubits
transmitted to 4 (B), and fflj do represents integration

over the jth detection channel’s spectral bandwidth Qj.
Subscript 1 (2) represents the polarization mode H (V).
Parity bits m; and m; depend on the detection pattern and
determine the distributed entangled state (Appendix A).

The first two terms in Eq. (2) represent hav-
ing one photon each in A4’s and B’s frequency
correlated channels, corresponding to the quantum
state equivalent to (|1,0),]0,1)5 £ 0,1), |1,O)B)/«/§ =
(HY 41 Mg £ V)4 |H)B)/\/§ = |W¥) in the spectral-mode
basis. The remaining terms of Eq. (2) represent a state in
which 4 (B) receives both photons and B (4) receives none,
1.e., it is equivalent to a term of the form, (|1,1),10,0)p &
[0,0) 411, 1)3)/\/5 in the polarization-Fock basis, con-
tributing to the heralded state infidelity. We note that
leakage photons stemming from the second-order term
in Eq. (1) with nondegenerate frequencies (i.e., w; # w;)
would not introduce additional errors in spin-spin entan-
glement, as discussed later in Sec. IV A.

B. Average Bell-pair generation rate

In calculating the average emission rate of the ZALM
BPS, we abstract all the parameters of the transmission
and collection optics into a single channel-loss parameter

)

(

/n for each satellite-ground link; assuming suitable lev-
els of timing synchronicity, adaptive optics, pointing and
tracking, Doppler compensation and beam forming for the
architecture design.

The essence of the heralded BPS relies on leveraging
the entirety of the phase-matching bandwidth of the SPDC,
which we assume to be opy = 10 THz. To compute the
BPS emission rate requires knowing the density matrix
of the heralded BPS’s output state pgps, which depends
on the mean photon number per mode N; that is effec-
tively dictated by the power of the pump field. Given pgps
and accounting for imperfections in the quantum receiver,
we can evaluate the resultant spin-spin entangled state
and its fidelity to the ideal Bell state, F, after heralded
teleportation of the photonic qubits. More details on cal-
culations of F will be covered in Sec. IV. Figure 3 shows
JF as a function of Ny for both the heralded BPS and
the non-heralded free-running narrowband SPDC source.
For the former, as N; increases, the effect of loss is sup-
pressed and hence the fidelity increases. For the latter,
however, fidelity increases from having higher Bell-pair
contribution relative to the other order terms. After reach-
ing an optimum, the fidelity begins to drop with increasing
N; as a result of multiphoton events degrading the pho-
tonic Bell-state fidelity. Note that in general the generation
rate can be improved by increasing N, at the cost of
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FIG. 3. The spin-spin Bell-state fidelity J as a function of the

mean photon number N for both the heralded BPS (blue solid)
and the nonheralded free-running narrowband BPS (orange
solid). The horizontal black solid line indicates the fixed fidelity
F =0.998, which is chosen based on particular parameter val-
ues considered (see main text). Both the blue and orange dashed
lines indicate their intersections at the respective N values for
the heralded and nonheralded BPS.

lowering the heralded photonic Bell-state fidelity (thereby
the spin-spin Bell-state fidelity). For an instance, for the
ZALM BPS, increasing N, to 8 x 1072 still maintains
a fidelity F > 0.995. On the other hand, with a free-
running SPDC, the fidelity drops off much more quickly
due to higher-order terms that cannot be eliminated via
heralding.

To fairly compare the performance of the two, we fix
the spin-spin Bell-state fidelity still attainable by the non-
heralded BPS at F = 0.998 and derive a corresponding a
mean photon number of N; = 2.94 x 1072 for the heralded
ZALM BPS. Given N, we numerically compute the den-
sity matrix of the heralded photonic state in the Fock basis
for each spectral mode, and consequently calculate the
probability of generating a heralded Bell pair pg., by tak-
ing a partial trace over the Bell-basis states. We find pyen =
3.6 x 107 per spectral mode. Now, accounting for all the
spectral modes, we can greatly boost the generation proba-
bility. Specifically, assuming a DWDM channel bandwidth
of 12.5 GHz, the number of spectral-multiplexed modes is
SIMPLY Nimodes = opm/y = 10 THz/12.5 GHz = 800. The
probability of successfully heralding a photonic Bell pair
per pulse across the entirety of the phase-matching band-
width opp is pzarm = 1 — (1 —pgen)NmOdes =25x 107"
If we consider a state-of-the-art mode-locked laser with
a pulse-generation repetition rate of o, = 30 GHz [35],
the average Bell-pair emission rate is pzaim X Opp =
7.45 GHz.

In contrast, for a narrowband-filtered free-running
SPDC source (nonheralded BPS), we find the required
mean photon number mode of N;sppc = 1.27 X 1073, to
suppress higher-order terms and match the fidelity of

the heralded spin-spin state (F = 0.998) with the her-
alded ZALM BPS. We again compute its density matrix
and find the probability of generating a Bell pair to be
Pgen,SPDC = 2.5 X 1073, Since we assume a narrowband-
filtered source, the absence of spectral multiplexing means
the success probability is the generation probability itself,
1.e., PgensPDC = psppc. Assuming the same pulsed-laser
repetition rate of 30 GHz, the average generation rate for
the photonic Bell pair is psppc X 0rep = 75 MHz.

C. Requirements on the photon detectors for
entanglement swap

Here we consider the requirements on the single-photon
detectors in QTX. First, the detector reset time should
be short enough such that ideally there are no missed
heralding events. Given N, the average production rate
for the signal-idler pair would be N;0e,. The number of
incident photons per channel within the detector’s reset
time 7, would be = 7,.N;0Owep/(4 X Niodes), Where the
factor of 4 stems from the need of four detectors for
BSM [13]. Consequently, the probability of detecting > 2
photons in one channel within the detector’s reset time
is p =1—exp(—u) — pexp(—un) following the Poisson
distribution.

We take a detector reset time 7, = 1 ns [36,37], resulting
in =1 nsx7.45 MHz/(4 x 800) = 2.3 x 1073, The
probability of detecting > 2 photons is then approximately
2.7 x 107% « 1, which is sufficiently small to neglect
missed detection events due to multiple-photon incidence
on the same detector within its reset time.

Second, the detector jitter must be sufficiently small to
avoid projecting the output of the ZALM BPS to a mixed
state. Otherwise, this would lead to suboptimal BSM due
to spectral distinguishability and an overall reduction in
the mode-conversion efficiency at the ground stations. To
avoid uncertainty in projection within the 12.5-GHz spec-
tral window given by the DWDM channel bandwidth, we
need the jitter time to be much less than 1/12.5 GHz =
80 ps. Based on Ref. [38], we assume the detector jitter
time to be close to state of the art at 1 ps. In Appendix B,
we also evaluate the impact of having jitter time much
larger than 1/12.5 GHz ~ 80 ps on the heralded pho-
tonic Bell pair. Namely, having an imperfect measurement
would lead to a reduced interference visibility in the BSM,
consequently degrading the fidelity of the photonic Bell
state. However, with an assumed Gaussian spectral profile
per DWDM channel, the JSI almost recovers perfect purity
and results in a theoretical maximum visibility of v =
0.996 (corresponding to a photonic Bell-state measurement
infidelity of 2 x 1072). Further complications concerning
mode conversion and spin-photon quantum teleportation
with increased jitter time are beyond the scope of this paper
and thus tabled for future studies.
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IV. QUANTUM RECEIVER

A. Mode conversion for frequency and bandwidth
matching

For efficient cavity-based spin-photon interaction, the
photon must be (1) resonant with the spin’s optical tran-
sition and (2) narrow in bandwidth relative to the emitter’s
optical linewidth [23]. Hence, we consider a MC that
frequency up-converts from telecom C band to visible
wavelengths and pulse shapes to reduce the photon’s spec-
tral bandwidth, i.e., increasing the initial temporal width of
the photon Af; to a final temporal width Az > A¢;.

As shown in Fig. 4, upon arrival from the satellite, the
photon with carrier frequency w, enters a high-Q ring
cavity [39] made from a x® material, supporting three
resonance frequencies: w,, wp (target frequency matching
the emitter’s transition at 737 nm, see Sec. IV B), and
w, (strong pump’s frequency) that satisfy energy conser-
vation: w, + w. = wp [40]. Upon receiving the classical
message j4p encoding |S;+)) 48’s frequency information,
the pump field is optimally shaped to convert photons in
mode a to mode b [21,22]. Since each DWDM channel
corresponds to a unique frequency, each ground receiver
contains an array of ring resonators whose resonance fre-
quencies are spaced 12.5-GHz apart. To reduce the inten-
sive requirement of having many ring resonators, each
resonator may include phase shifters to address multi-
ple DWDM channel frequencies. For example, if each
resonator has up to 1 THz of tuning range [41-44], cor-
responding to 80 DWDM channels, the number of ring
resonators needed reduces from Npodes = 800 to 10.

A subtle feature of the MC is that it acts as an addi-
tional spectral filter, which removes spurious spectral

‘ spin memory

pe) =1 H+ D2

Classical
message to
Bob

— H-polarized
V-polarized

>N
—

At

Quantum receiver (QRX)

FIG. 4. Implementation of QRX—the QRX contains a MC
and a 1 x N switching array that routes the photon to arbi-
trary channels in the memory bank, each containing a diamond
nanocavity coupled with an optically active electron spin (red).

modes from interacting with the spin memories in the
QRX. For example, second-order terms with two pho-
ton pairs per SPDC source as indicated in Eq. (1) may
lead to interference between spectrally degenerate photons
(for, e.g., single idler photons at w; from the constituent
SPDC sources) with an accompanying nondegenerate pho-
ton (i.e., one of idler modes actually generates a two-pair
term with w; # w) ); henceforth we term these as “leakage
photons.” With perfect detection efficiency, these events
would be immediately flagged based on the detection pat-
tern (since the pattern would deviate from the ideal spectral
mode-synchronized detection). However, in the practical
case of nonunity detection efficiency, these events may
not be discernible from a scenario in which only first-
order photon pairs from the two SPDC sources interfere
(i.e., idler photon at ) is lost). Given a particular BSM
with the correct click pattern, the QTX sends the known
information j4 5 about the heralded Bell pair’s frequency.
Regardless of the presence of leakage photons, say at w(,
the MC would only up-convert ws photons specified by
Jjap- In this sense, the final spin-spin Bell state is par-
tially postselected spectrally. We note that the edge case of
having second-order terms with spectrally degenerate idler
photons (and therefore signal by frequency correlation) is
indeed a noncorrectable error, but is accounted for in the
fidelity calculations presented in Sec. V later.

We use the method developed in Ref. [21] to realize
a beam-splitter Hamiltonian (in the frequency domain)
between modes a and b via sum-frequency generation
(SFG) between the pump and mode a, though other pro-
posed methods are equally viable [45—49]. The Hamilto-
nian describing the cavity modes is

H = hxsea(ab'e + a'be") + > ihficg 3Ty — W)4),
q
3)

where g = {a, b, c}, W, is the annihilation operator of the
input (i.e., waveguide) mode interacting with cavity mode
g, and «k,, is the cavity-waveguide coupling rate. xsrg is
the SFG coefficient. If mode ¢ contains the strong pump
mode, it may be treated classically, and the first term in the
Hamiltonian has the beam-splitter form [21]

His = h(A* ath + A(t)&iﬂ), @)

where A (1) = xspc (€(0)) = xsra/n: () with n. being the
number of pump photons in the control mode, c. Taking
the quantum state of the cavity to be

|Weay) = [Va(Oa+15,051110), 10), (5)

we can derive the equations of motion from the
Schrodinger equations, which are detailed in Appendix C.
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The input state may be expressed in a time-bin basis as [21]

|Win) = / dig,W(1) 10),, (6)

with |0), representing the temporal multimode vacuum

state vAVZ(t) populates the time bin indexed by ¢ with one
photon. The output state is

Wos) = [ disos031010,+ [ 07,10}
™)

where &,,,&,, are two Schrodinger coefficients solvable
by the equations of motion (see Appendix C). We assume
that a maximum conversion efficiency is achieved when
&,,0(t) =0 by solving for an optimally shaped control pulse
described by A(?).

As an example, let us consider Gaussian input pulses

1 e
§a,i(D) =/ £<ln(2) >4€XP <—21n(2)@> , (8
G\ T 9

where |&,,(?) |? has a full temporal width at half maximum
(FTWHM) of 17, spectral width of Q;=4In(2)/%;, and
integrates to 1 (over the infinite interval from —oo to 00).

Specifically, we use an input pulse centered at 1550 nm
with a temporal width of ©; =80 ps and «,,, =42, which
ensures efficient absorption into cavity mode a. The out-
put pulse has a target wavelength of 737 nm corresponding
to the optical transition of the spin memory of choice
(Sec. IV B). Figure 5 plots the input and output wave pack-
ets whose bandwidth is «;,, =27 x 200 MHz to match
the bandwidth of the output pulse to the cavity contain-
ing the spin qubit. The small amplitude of the blue line in
Fig. 5 indicates a very small fraction of the incident wave
packet leaking through the cavity without being absorbed.
This fraction decreases towards zero very rapidly as kg, 1S
increased relative to Q¢ [21].

B. Spin-photon interface for quantum memory storage

[lustrated in Fig. 4, after passing through the MC, the
photons at 4 and B each arrive at a bank of spin mem-
ories, which we take to be Si-V~ centers in diamond
coupled to nanocavities as described in Ref. [50] for mem-
ory multiplexing. Each Si-V~’s electron spin can map onto
a neighboring nuclear spin for long memory storage via
hyperfine interaction [51] (Appendix E), minimizing deco-
herence while the repeater waits for subsequent photons.
For calculating the spin-spin Bell-state fidelity, we assume
a sufficiently long nuclear-spin coherence time >> 1 s and
neglect dephasing errors.

The spin memories can be optically interfaced through
a 1 x N switching array that directly routes from 1 input

|€a,i|2
|aol®

S 102t ]
Y — .ol
2 10

S 1074 [A] 3
Ty’ \

10° 10t 102 103
t/Tg

FIG. 5. Simulation results for frequency conversion and band-
width narrowing. &,;,&,,,&, represent the input pulse in fre-
quency mode a, the output pulse in mode a, and the target output
pulse in mode b. A is the solved control pulse optimized for the
mode-conversion process.

channel to N output channels. For an example, beam-
steering devices such as a spatial light modulator may be
used to route incoming photons to an arbitrary cavity in
a free-space configuration. For the calculations covered
in the remainder of the paper, we assume using a suffi-
ciently fast optical switch array with speed approximately
/MPzALMOrep ~ 100 kHz. In Appendix D, however, we
also consider spin memories heterogeneously integrated
into a LiNbOj-based [39,52] photonic integrated circuit
(PIC) for high-bandwidth operations. For the latter, the
entanglement generation rate decreases with increasing
memory multiplexing due to a log, N depth Mach-Zehnder
interferometer. One strategy to minimize the required
dimension of the switching array is to assume the presence
of multiple memories inside each cavity. Since the memo-
ries (at a given site) would be precharacterized, their emis-
sion frequencies are known beforehand. The MC can then
be used to spectrally select an emitter via up-conversion.

Of note, prior to the switching array, the modes of
polarization-encoded photonic state are split into two phys-
ical paths (on the PIC) by a polarization beam splitter. Only
polarization mode |H) enters the 1 x N optical interposer
to an array of k nanocavities. The photon then reflects
off the cavity and acquires a spin-state-dependent phase
[23]. Mode |V), on the other hand, acquires a constant
phase by reflecting off a mirror in a path length-matched
to that traveled by the |H) component. Together, the
polarization-encoded qubit undergoes a controlled-phase
gate that effectively entangles the photonic qubit with the
spin memory. After the two polarization modes reinterfere
at a beam splitter, they are subsequently detected in the
diagonal basis to herald quantum teleportation, i.e., map-
ping a photonic qubit |{), = « |H) 4+ S |V) onto the spin
qubit ()5 = o |1) + B [1).

Crucially, the controlled-phase gate fidelity depends on
the atom-cavity cooperativity, C. In the limit of high
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cooperativity, the cavity reflection coefficient (for the H-
polarization mode) would be

cs>1 C—1
- 9
r— 1 ©)

More details on the derivation can be found in Appendix E.
For the entanglement fidelity calculations presented in
Sec. V, we assume a cooperativity of C = 100 [3]. There-
fore, the mode-converted photon’s bandwidth of 200 MHz
is still much narrower than the spin’s Purcell-broadened
linewidth, a requirement which is paramount to the cavity
reflection protocol [23,53].

V. ENTANGLEMENT FIDELITY

We now analyze the spin-spin Bell-state fidelity by
accounting for imperfections in the QTX and QRX. First,
for each spectral mode (i.e., spanning a single DWDM
channel bandwidth), we compute the density matrix of the
heralded photonic state pzarm based on Eq. (2). pzaim,
in the polarization-Fock basis {|H,, V4; Hp, V3)}, contains
up to two-photon contributions for A and B. As for the
spin qubits each initialized in a superposition state |/)g; =

)+ IT))/«/E, they form a product state

psi = (W)W ls,) . (10)

Hence, the collective initial state for both photonic and
spin qubits is p; = pzaLm ® ps,i

By considering finite cooperativity and waveguide-
cavity coupling strengths based on the parameters used
in Ref. [50], we evaluate the resultant controlled-phase
gate operation acting only on the Bell-basis states, Ugy.
For nonvacuum basis states outside of the Bell basis, we
treat these contributions as erroneous photonic states that
project the spins into maximally mixed states. Assuming
perfect single-qubit gate for the Hadamard and Pauli-
correction operations postheralding, the teleported state’s
fidelity Fiele shared between the two spin memories at 4
and B is calculated by taking the overlap with an ideal spin-
spin Bell state |®T) (considering here only one of the four
Bell states):

Whot Bell
) 4 ZnotBell

Flele = Waell X <¢+|’UCZ)01‘/UZZ|¢+ (11)

where wge and wyo et represent the partial traces over
the Bell and non-Bell-basis states. The latter term is again
due to terms outside of the Bell basis projecting the spin
memories into maximally mixed states. Accounting for
dark counts (later calculations assume 10> Hz based on
Ref. [20]), we further modify the teleported state’s fidelity

to be,
5 75 Whot Bell
Fae = (wen x (@41 Uczp Uy 0F) + =220 )

2(1 — pdark)pdark + pc%ark
4 .

X (1 _pdark)2 + (12)
Next, we focus on infidelity caused by photon loss in
the channel. The issue arises from a competition between
efficiency and fidelity. Since initializing spins is time con-
suming [3], time can be saved by not reinitializing the
spins after every attempt (where photons transmit through
atmosphere and arrived at QRX). A complication arises if
a photon is lost after reflecting off the cavity. This qubit
loss error projects the spin into a maximally mixed state;
however since the loss is unheralded, the spins may not
be reinitialized for the subsequent interacting photons. As
a result, the average spin-spin Bell-state fidelity decreases
as the number of attempts increases. By setting a maximum
number of attempts N, before needing to reinitialize the
spins, we can then minimize this photon loss infidelity, €.

To calculate the dependence of € on Ny, we con-
sider three scenarios when a photon arrives at the QRX.
It can be (1) detected with probability /7 (assume iden-
tical downlink channels), (2) lost before reaching the spin
with probability pjos, or (3) lost after reaching the spin with
probability p.. Since generally piose > {\/7,pe}, We save
time by not reinitializing the spins after every channel use.

However, as mentioned previously, skipping spin reini-
tialization after detector click potentially causes an unher-
alded error. Thus, we optimize the spin-spin entanglement
fidelity by constraining the number of loading attempts
before we reinitialize the spins. For simplicity of analy-
sis, we fix an average QTX transmission rate at 1/7y =
DPzALMOrep ~ 7.45 GHz (Sec. III B). The probability of at
least one unheralded error occurring in the first m — 1 time
bins conditioned on detector clicks on the mth bin is

Peror(m,m) = 1 — (Epios/(1 — y)>" ™", (13)

where & is the probability of both 4 and B receiving pho-
tons, computed from taking a partial trace of pzarm over
basis states with > 1 photons going to 4 and B. Then, the
probability of error over N bins is

N
Pesor = Y Peror(m,m)(1 ="' (14)

m=1
Finally, the average state fidelity is

Perror
F = (1 _Perror)]:tele + T (15)
The maximum fidelity Fi.x occurs when Peyor = 0. We
can then define € = F.x — F as the average infidelity
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arising from the unheralded photon loss error. Constrain-
ing € therefore limits the maximum number of bins Np,x
before needing to reinitialize the spin memories.

VI. AVERAGE ENTANGLEMENT GENERATION
RATE

Lastly, we compute entanglement generation rate I' by
considering k spins in the QRX. For simplicity, we let
only a single initialized spin to accept photons at a time.
Upon successful spin-photon mapping, 4 communicates
with B to determine if B’s corresponding photon is suc-
cessfully detected. If both photons are detected, 4 then
transfers the electron spin to the nuclear spin for memory
storage (see Appendix E). Otherwise, 4 reinitializes the
spin qubit and awaits subsequent successful detection(s).
This communicate-and-reset sequence takes a time Tjgye,
given by the sum of communication time T¢omm and the
spin reset time Tyeget.

Since the remaining (k — 1) spins are inactive, each spin
is “on duty” for time tjg./(k — 1). The QTX generates
Ni = tige/[(k — 1)70] attempts during a single spin’s on-
duty time. Furthermore, the target fidelity F = Frax —
€ (Nmax) limits Nyax, as mentioned in Sec. V. Hence, for
a fixed k, the on-duty spin would actually be active for
N = min(Ng, Nmax) attempts.

In one clock cycle over time tigik/(k — 1), each spin
would reinitialize after every N attempts. The probability
both stations detect photons is then

1-(- ﬁ)2N>
1-1—-ym? )’
yielding an average of Apsyccess Successfully detected pairs.

Finally, I" is the ratio between the number of successfully
detected pairs and clock cycle:

Psuccess = 1 ( (16)

Dsuccess X (k - 1)
Tidle ‘

r=

(17)

Figure 6(a) compares the normalized rate ' tig./(k — 1) at
k € {10',107}. In the memory-limited regime (k = 10'), T
scales as /7 (see Appendix F for derivations), highlighting
the advantage of the “midpoint-source” [5] architecture.
In contrast, in the source-limited regime (k = 10%), we
recover the I' o< 7 scaling.

In Fig. 6(b), we compare the entanglement genera-
tion rate T’ between using the ZALM BPS and using
a free-running SPDC source (with a narrowband 200-
MHz filter) as the QTX in both memory-limited and
source-limited regimes. Furthermore, we compare their I’
between total downlink atmospheric attenuation oy, =
40 and 50 dB, corresponding to channel losses ./ ~
0.2% and 0.07%, respectively. The total loss accounts
for attenuation in the downlink channel itself, 3.57 dB

—_
Q
~

e
(=)
o

iy
o\
n

Normalized rate I'rige/(k —1)

-

S
IS
T

1076 (@) Analytical model, k = 10!
(@) Analytical model, k = 10%
T o /7 fit
10—8 L L . i | ]

20 30 40 50 60 70 80

(b) Channel loss (dB)
ZALM: i = 40dB, e = 102, 4B = 10' km dB, =102 4B = 10" km
dB, e =107 AB = 10" km dB, e = 1072, AB = 10" km
€=107%, 4B = 10' km dB, € =102, 4B = 10° km
dB, e =107%, AB = 10" km ,e=10"2, 4B = 10° km

Entanglement gen. rate I' (ebits/s)

A 1 1

10* 10°
Number of spins k

FIG. 6. Entanglement generation rate I’ as a function of (a)
the total channel loss in dB and (b) the number of spins k.
(a) In the memory-limited regime (k = 10'), the normalized
rate [ Tige /(k — 1) scales oc /i, whereas it scales o 7 in the
source-limited regime (k = 107). (b) I" vs k for both ZALM and
SPDC with varying € € {102,103} and total downlink atmo-
spheric attenuation oy, = {40, 50} dB. We additionally consider
AB = 107 km (purple). These calculations assume a nuclear spin
coherence time > 1s.

from adaptive optics [54,55], 3 dB from mode conver-
sion inefficiency (Appendix C), 2.68 dB from the diamond
nanocavity (with cooperativity C = 100), approximately
0.8 dB insertion loss from the switching array (assumed
a single-layer low-loss interposer), and 0.044 dB from
detector inefficiency [3].

We also consider infidelity arising from unheralded
photon loss error € = {1072, 1073}, which effectively dic-
tate the frequency of spin reinitialization (the consequen-
tial rate-fidelity trade-off is investigated in Appendix G).
Lastly, we evaluate two ground-to-ground distances 4B at
10* and 10 km, with corresponding communication times
Teomm = 60 ms and Teomm = 0.5 ms, respectively. The spin
reinitialization time is assumed to be Tyeger = 30 s [3].
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For AB = 10* km [blue, orange, and yellow curves in
Fig. 6(b)], at low k, ZALM and SPDC have comparable
I since the rate is limited by a quickly saturated bank of
memories, i.e., photons are arriving at a rate faster than the
spins are able to be freed up. However, as k increases, the
advantage of the ZALM BPS starts manifesting as its rate
performance surpasses that of a nonheralded SPDC source.

The point of divergence between the ZALM BPS and
SPDC depends on € and 7 omm. To maintain a small € =
1073, 4 and B need to reinitialize the spins more frequently,
i.e., reducing N, regardless of k. Hence, ZALM and
SPDC achieve similar I'. Instead, if Teomm is reduced, e.g.,
smaller AB = 10? km, the effect of memory saturation is
suppressed. As a result, ZALM would greatly outperform
SPDC even with small &, shown by the purple curves in
Fig. 6(b). Lastly, I" plateaus as k increases indefinitely, at
which point I is solely determined by 7 and T,

[ — /(=0 =yn?) x 2/t x log (1/(1 = /).
(18)

The upper bounds, indicated by the black dashed lines, are
7.3 x 10> Hz for aym = 40 dB and 7.3 x 10" Hz ogm =
50 dB. Similar calculations for a ground-only quantum
repeater network are presented in Appendix H, where we
consider a midpoint source equidistant from 4 and B sep-
arated by 2Lgc = 10? km. Expectedly, a QTX based on
the ZALM BPS shows a rate advantage by more than an
order of magnitude than one based on a nonheralded SPDC
source.

As shown in Fig. 7, we further compute the entan-
glement generation rate I' and the probability of success
pzam as a function of the number of spectrally mul-
tiplexed modes Npoges for k = {104,103, 10°}. The cal-
culations here assume n =40 dB, € = 1072, and 4B =
10* km. Expectedly, pzarm approaches unity as Npodes
increases. However, despite the increase in the QTX’s

transmission rate 1/7y, I' quickly saturates at Nyodes <

-
o
o
-
o
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FIG. 7. Entanglement generation rate I and the probability of
success for the ZALM BPS pzarm as a function of spectrally
multiplexed modes in the QTX, Nmodes. I is evaluated for k =
{10%,10°,10°). Calculations assume 1 = 40 dB, € = 1072, and
AB = 10* km.

10? for k = 10*, a manifestation of the memory-saturation
effect. As k increases to 10°, the rate at which spin mem-
ories is freed up at the QRX becomes comparable to
1/79, giving rise to an increase in I' monotonic with
Niodes- Given the saturation behavior, the number of spin
memories available at the QRX effectively sets the upper
bound on Nyeges used in ZALM, past which point the rate
advantage of the quasideterministic BPS nullifies.

VII. DISCUSSION AND OUTLOOK

In this paper, we propose a midpoint-source architecture
relying on a quasideterministic “zero-added-loss multi-
plexed” BPS for quantum networks. It leverages the large
phase-matching bandwidth intrinsic to SPDC sources and
utilizes spectral multiplexing via commercially available
DWDMs. Moreover, our proposed mode converter cru-
cially up-converts the heralded photons to spectral modes
with matching frequency and bandwidth to those of solid-
state spin qubits, a step which is essential for memory-
based repeater networks. Our calculations show that the
ZALM BPS greatly increases the entanglement generation
rate T, especially in low-transmission, memory-limited
links. In our scheme, upon receiving heralded photonic
Bell pairs from the quantum transmitter on the satellite,
the ground-based quantum receivers perform photon-to-
spin mapping and herald spin-spin entanglement between
two remote terrestrial stations. Our calculations show
that in the memory-limited regime, our “midpoint-source”
scheme has a favorable ,/n-rate scaling. As memory
multiplexing increases to k % 10%, for ground-to-ground
distance 10? km, the ZALM BPS enables I > 10 Hz
with theoretical spin-spin Bell-state fidelity JF > 0.99.
This significantly outperforms the case where a single
SPDC (nonheralded) source is used, in which T is lower
by approximately 2 orders of magnitude. We stress that
such a high bandwidth BPS should prove valuable to any
two-way quantum repeater network configurations. For
example, the advantage is apparent in a ground-only quan-
tum network as shown in Appendix H. Additionally, the
ZALM BPS may also benefit applications that must rely on
distribution of optical entanglement, such as optical quan-
tum computing [56—58], precision measurement [59], and
all-optical quantum repeaters [60,61].

Currently, the upper bound of T is limited by the low
probability of detecting the same Bell pair, which is a func-
tion of both channel loss n and the BPS emission rate
1/79. While o (e.g., atmospheric attenuation) is often a
fixed parameter, n can be further improved by additional
engineering: reducing the DWDM channel bandwidth to
increase the number of spectrally multiplexed modes, min-
imizing loss in optical transmission (for, e.g., increasing
adaptive optics’ transmission efficiency, using larger opti-
cal apertures etc.), minimizing insertion loss for the 1 x N
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switching array, and increasing the cavity reflection effi-
ciency (dictated by both design and fabrication capability
currently [62]). As for boosting the ZALM BPS’s emission
rate, using higher pump powers does increase the mean
photon numbers N; (and consequently the heralding prob-
ability) at the cost of degraded state fidelity. Having higher
single-photon detection efficiency on the satellite could
also improve 1/7y. We stress that for ZALM’s advantage
to persist, the detection efficiency must be high in QTX
entanglement swap and heralding. Missed photon detec-
tion translates to infidelity in the heralded state, countered
only by lowering N, which further limits the heralding and
entanglement distribution rate.

The implementation of the QTX in the proposal thus
far demands having a large number of detectors in the
midpoint source. Alternative to DWDM and having detec-
tors for each spectral channel, one may also use time-
of-flight measurements via dispersive optical elements
already experimentally demonstrated in Ref. [63]. With a
detector reset time 7, and a pump whose repetition rate
of « 1/1,, a single detector would suffice, therefore sig-
nificantly reducing the detector requirement for the BPS.
However, we note that having a high detection efficiency
is critical to correctly heralding Bell-state creation in the
QTX [13]. However, we note that there exists a large
attenuation loss in the dispersive element (approximately
10 dB based on Ref. [63]). Further technological improve-
ments in constructing high-efficiency and highly dispersive
optics are warranted to realize a practical QTX based on
time-of-flight measurements.

In the QRX, the mode converter is imperative to
enabling <« 1-ns-long photons to interact with spin mem-
ories with <ns temporal width at frequencies 100s THz
away. As opposed to sum-frequency generation in high-
0 ring resonators, time-lensing effect already realized in
electro-optical modulating platforms (e.g., LINbO3) could
also be viable alternatives [49,64].

Given current demonstration of PIC-integrated k ~
102 SiV~ [65], the achievable I is approximately 1 ebit/s.
It remains another engineering challenge to realize large-
scale integration of solid-state spin qubits in photonic
structures. Potential avenues may include implanting mul-
tiple emitters within each cavity via focused-ion beam
[65,66] and spectrally select a frequency-unique spin.

Lastly, instead of using a cavity-reflection spin-photon
mapping protocol, BSM based on atomic emission inter-
fering with photonics Bell pairs can also entangle remote
spins [5]. The spin memories suitable for the proposed
architecture extends to other matter qubits such as defects
in Si [67] and SiC [68], rare-earth ions [69,70], atomic
vapors [71], cold atoms, and trapped ions, may be suit-
able memory qubits as well. Irrespective of the entangle-
ment scheme and platform choice, our proposal remains
viable as an optical entanglement distribution protocol for
midpoint-source-based quantum links.
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APPENDIX A: ANALYSIS OF THE
DOWN-CONVERSION PROCESS
We consider a SPDC Hamiltonian [31,32] in terms of
the interacting field operators as
Hi(H) = / PrxPES (e, nES (r,0Ey 7 (r, 1) + Hee.
v
(Al)
The constituent terms in this expression are as follows:
(a) LATJ (r,n) = E}H (r,nH)+ LA?;_) (r, f) are the three inter-

acting fields, with the mode label index j = P, S, identi-
fying the pump, signal, and idler fields, respectively.
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(b) The crystal’s nonlinearity is characterized by the
second-order nonlinear coefficient x ®. This coefficient is
assumed to be equal over the frequency range of interest.

(c) V is the volume of interacting field regions in the
nonlinear crystal.

To simplify the analysis, the down-converted beams are
constrained to be co-linear with the pump beam. The vol-
ume integral in Eq. (A1) then becomes an integral over
only one direction, which we choose to be z. The positive
frequency part of the field operator Ej (z,1), is described by

E (0 = / doyA (@) & (w;) el )=, (a2)

where a; (a)j) is the photon annihilation operator for the
mode defined by frequency wj;, the z direction, and the
polarization associated with the index j. The term 4 (w)
is a slowly varying function of frequency,

ha)j

R — A3
2eqn? (a)j) x V; (A3)

A(a)j) =i

This term varies slowly with respect to the field fre-
quencies, and hence may be taken outside the integral.
In Eq. (A3), n(w;) is the frequency-dependent refractive
index and V; is the mode volume. In the case of a free-
space implementation, this is calculated as the product of
the crystal face area and the propagation length of the pho-
tons generated by the down-conversion process; the crystal
face area is replaced by the waveguide mode area are in the
case of an on-chip implementation. Since SPDC is a very
inefficient process, the pump field must be relatively large.
Accordingly, the electric field operator Ez(f)(r, f) may be
replaced by the classical field E, (r, 1) = @(1)e™*P©P)?. The
interaction Hamiltonian may now be expressed as

L
Ho(H) = A f dz / dw; / dws &) (wp) % (ws) &(0)
0

x e ki (@) +ks(wg)—kp(wp)lz—[w;+wslt +Hec.,
(A4)

where L is the length of the crystal and 4 (a)j) has been
grouped into a single parameter A, along with several
constants defined by

A = A(ws)A(w)x P = A(wp/2’x?.  (AS)
For a cw pump, the nonlinear interaction prescribed by
Eq. (A4) is a continuous process. We can argue that the
interaction has therefore started long before the emission
of signal and idler photons that we expect to arise as a
result. Thus we can extend the interaction time fy — —o0
and t — oo.

With the revised limits of integration, the integral is
somewhat easier to handle if the pump field is represented
as its frequency components. This is in general true for
any pump spectral shape [72]. We examine two cases in
our analysis, (1) a cw pump of finite line width and (2) a
pulsed mode-locked pump whose spectral characteristics
are given as

1. cw pump: the pump field for a cw laser may be
expressed as follows: @(f) = [dwp a(wp) e "' with
spectral mode-shape function «(wp). We consider a Gaus-
sian spectral profile model for a(wp) of the form,

a(wp) = exp(—(wp — wpo)*/207), (A6)
where wpy is the pump center frequency and op is the
pump linewidth.

2. Mode-locked pump laser: for the present analysis

the mode-locked laser is modeled as a sum of cw-like laser
lines separated by preset frequency separations given by

N
a(wp) =

n=—

—(wp —wpp — nAwP)z)
207 ’

S(wp) exp <
N
(A7)

where S(wp) is the overall mode envelope function for
the laser. For a comb source with a Gaussian gain enve-
lope, we choose S(w) = exp(—(w — wpo)* /207 gy,) to be
the standard functional form, where oppw is the comb
bandwidth.

Irrespective of the pump shape, the integral in Eq. (A4)
then becomes

t
[ i (0)
7

0
00 L

:Af dt’/ dz/dw;/da)s fl}L (wr) &E (ws)
—00 0

X fd(,()p o (wp)

x e~ ki (@D +ks(ws)—kp(wp)lz—[w+os—wplr + He.
(A8)

The time integral is performed first, yielding a 27§ (w;+
ws — wp) term. Subsequently integration over the length
of the crystal yields

t
/ dr Hiy (t’) = 271A/da)1 / dwg &; (o) &; (ws)
fo

x o (ws + o) ® (ws,wr) + Hee. (A9)
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where @ (wg,w;) is the phase-matching function (PMF)
given by

sin {[ks(ws) + k;(w;) — kp(ws + w;)] L}

[ks(ws) + ki(wr) — kp(ws + wp)] L
(A10)

cI)(C‘)S’ a)l) =

Using the concepts developed in the study of time-
dependent perturbation theory, we may now work out a full
Dyson-series-based expansion of the interaction to obtain
the final state. For a generic interaction Hamiltonian Hiy (¢)
acting on the initial state |y (#y)) from #, to z, the final
state (upto a second-order Dyson series expansion) can be
expressed as

t

[y () = [1 +.i / df’ Hin(?)
ih Jy,

1

T e

t 4
f df / dt’ lm(f)ﬁima”)} [V (t0)) -
to )
(A11)

Such an expansion yields the following characteristic
quantum state after the necessary integrals are evaluated.

Zeroth-order term—the zeroth-order approximation
describes the regime without any nonlinear field interac-
tion. Hence, this simply yields the broadband vacuum term
|0, 0).

First-order term—the first-order Dyson expansion
yields the term in which a single pair of signal and idler
photons are created. Their spectral characteristics are gov-
erned by the joint spectral amplitude (JSA), J(ws, w;) =
a(ws + wp) P (ws, wy), i.e., a product of the pump spectral
function and the PMF. The state may then be expanded as

27 A
ih
x al(ws) a} (1) 10,0)

) = / do / doos o (s + op) B(ws, o)

(Al2a)

=g / f dow;y dos J (ws, wp) di(ws) a) (w;) |0,0).
(A12b)

Here, we make the simplification g =27 A4/ih. It is
worthwhile to note here that the JSA for the mode-locked
pump is a summation of JSA terms for the cw pump. Fur-
ther, the mode spacing (Awp) is typically much smaller
than the overall envelope’s bandwidth, opg; thus the
overall JSA may be modeled by that of the pump envelope,
rather than the individual pump spectral lines.

Second-order term —the second-order term must
account for time-ordering effects of subsequent down-
conversion steps. Ref. [73] has shown, that due to destruc-
tive interference, nontrivial terms in this expansion are
eliminated. This leads us to calculate the second-order
terms as

(2)_12”‘42/ / / AT s ronat e N AT
W'y = 0 (W) (go |0, 0) —|—f dw;/dwsfdw,/dws J(ws, wp)ag(ws) a;(wr) |0, 0) J (o, wp)ag(ws) a;(w;) |0, 0))
(A13a)
=g? (ga 10,0) + / | (s, (@, @)ay(s) aj (@) [0,0) af(@y) & @) 10, 0>) (A13b)
where,

g = /dw,/da)g ot (ws + wp) @ (ws, wp)]?, (Alda)
g? =2(x4/in?* = (gV)’ /2. (A14b)

Hence upto the considered second-order expansion, the emitted state is expressed as

[W)sene = (1 +2%g) 10) + g / J(ws, @) (ws) a(wr) |0)

+g? / J(ws, @) a(es) i) () x J (@, op)ay@l) & @) 10) , (A15)

where |0) represents the vacuum state. Note that this state is unnormalized and hence contains information about the

total emission rate of the source.
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1. Postmeasurement state and detection statistics of zero-added loss multiplexed source

The output state for a single entangled pair source (comprised of two down-conversion processes) is

D) = W) = (10,0) + [v D) + [y @))*

=10,0)1 10,0/ + 1y 10,0/ + 10,0y |y D)® (vacuum + Bell pair )

QY] )

10)® + 10y [y @)
2)

+1y®)
o ) )

We clarify on the mode labeling convention used in the
generalized analysis of this Appendix. Each SPDC process
generates a signal-idler pair; an entangled pair source is
modeled to comprise of two SPDC processes. Let us label
the signal and idler as S and /, respectively; additionally
let us associate the subscript (say k) to the entangled pair
source. The superscript is used to label the signal-idler pair
(or equivalently, which constituent SPDC process). So the
mode label S@ signifies the signal of the second SPDC
process for the entangled pair source labeled a.

Since the idler beams are swapped, we can assume the
mode ordering to be S,(cl),l,iz),S,(cz),I,El) to get the stan-
dard state expansion, where k = a,b determines which
entangled pair source (of two) we are referring to. Addi-
tionally, we may simplify the mode notation by adopting
the abbreviations proposed in Fig. 8.

The spectrally demultiplexed Bell-state analyzer in
Fig. 9 governs the mode interactions; we analyze a sub-
set of them to determine the final quantum state. As per our
abbreviated notation, the modes labeled by a4 and a3 inter-
act with modes b1 and b2, respectively. Under the action
of the balanced beam splitters preceeding the detection,
the creation operators are transformed as per the following
rule:

Output mode labels
with abbreviations

———— S}El) =kl

Pur.np (2) ws _ 1152) = k2

|a0 eszt>—’ X 1(1) =3
wr k=

S,i,z) =Fk4

FIG. 8. Schematic of the individual SPDC entangled pair
source using a cw pump excitation.

+ 1y )

(higher-order terms)

(A16)
|1//(1))(2) (two photon terms + vacuum contri.)
(A17)
1 1
P St AT ) At St A
dp, -= ﬁ (%3 + %2) aD4 = ﬁ (“bz - aa3) >
(A18b)

where a]g is the creation operator for the corresponding

detector bank. Subsequently, we may analyze the modes
pairwise to determine the quantum state emitted in a com-
plementary pair of undetected modes. As an example,
consider the a4 < b1 interaction; the corresponding com-
plementary modes are a2 and b3, respectively. Detection
of a 1,0 click pattern on the pair of modes, i.e., detectors
D, and D, on one of the ultradense wavelength division
multiplexing channels imposes a spectral window on the
detected photon. The detection jitter (which is a detec-
tor parameter) in conjunction with the spectral window,
govern the temporospectral shape of the heralded photon
pair. Given a spectral filter of width AQ Hz and a detector
with a detection jitter of 67 s, the temporal extent of the
undetected photons is given by max(§z, 1/Aw) s.

We consider detection of photons in modes a4 and bl
overall a spectral range wg4, wp1 € (2, ). This heralds
the quantum state |¢) on the undetected modes

(Y L
S
Ed)
o E
o
— 5 £
[
a o
2
wy
Spectral demuxed Bell-state analyzer

Entangled pair source
w,
@ :ﬁ:ﬁﬁ-ﬁﬁﬁﬁ:k
Output mode labels

wl ‘ .‘I@
A\
@ ers b2 = B2

g:i;-c-:cna-e:tM,Bl

al = Al
a2 = A2

aoeia)pt)

Zero-added loss (ZALM) Bell-pair source

FIG. 9. Schematic of the zero-added loss multiplexed Bell-
pair source.
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Q/
lp) o (/ da)a2/ Adwas @ (W2 + Wa4) P (wa4,waz)&L2(waz)
Q

Q/
+ / dwhsf dwp o (wp1 + we3) P (we1, Wp3) &Lg(ww)) 10) 42 10) 53 - (A19)
Q

We note that modes a2 and b3 span a complementary frequency range, i.e., wq2, wp3 € (wp — L', wp — ) ensures energy
conservation and phase matching of the down-converted beams. Similarly, the detection of a 1, 0 pattern on the detector
banks D3 and D, for a the detection channel wq3, wpy € (2, ') heralds a quantum state |¢’) similar to Eq. (A19) above,
and is described by

Q/
|(,0/> o8 </ da)al / dwa?a (o4 (a)al + a)a.’)) P (a)a3a a)al) &Zl (wal)
Q

Q/
+ f doves / doves @ (@42 + 058) B (@62, D0a) aL(wM)) 1021 104 - (A20)
Q

Hence, the complete detection pattern of 1,0, 1,0 on detectors D1—D,, yields the final state |¢) ® |¢’), which we may
express compactly as |¢) ® |¢') = |¥) + |E) with the constituent terms,

) = [ dio (@u1.00) T @010 8y @) s @03) +J @02, 000) X J @12, 000) B La(02) 8000
10} a1 10) a2 10)43 10) 64 (A2la)

18 = [ 6 (I @ 002) % J (@02, 000) 8Ly (000) B0+ (@01 053) X J 52,000 Ty 52) 2L (000))
10) a1 10)4210) 43 10) 4 - (A21b)
Here, J(w;, w;) = a(w; + ;)P (w;, w;), represents the joint spectral amplitude function for the signal-idler frequency
pair w;,w;. The |¥) component is the spectral equivalent of a broadband Bell pair of the form (|1,0),10,1)z +
10,1)411,0)5)/ V2. In contrast, |E) is a state in which either Alice or Bob receive both photons; this is equivalent to

a broadband (|1, 1),10,0)5 4+ 10,0),11,1)5)/ V2 state. Note that the latter component is a spurious term which limits the
fidelity of the generated entangled state. The overall general state may be expressed as

1S) o f d@[(J(wal, ®q3) X J (@p1,043) &1 (@a1) &} (@a3) + (= 1) (a2, Das) X J (@42, 0pa) & (@2) &14(%4))

F (=)™ (J(wul,wag) X J (@q2> Das) A1 (@a1) @5 (@a2) + (—1)" T (@p1, @43) X J (@62, Dps) @13 (@43) aZ4<wb4))]
X 10 g1 10) 42 10) 3 10) 4 (A22)

where the compressed integral [ do denotes the limited frequency integrals (for the corresponding spectral channels)

Q/ Q/ Q/ Q/
/dCDE /dwalfdwazf da)a3/ dwa4/ da)bl/ da)[,zfdww/dwhz;. (A23)
Q Q Q Q

The frequency extent of the undetected modes (al, a2, b3, b4) are restricted to a (wp — ', wp — 2) by the detection
windows (neglecting the pump linewidth). In Eq. (A22), m; and m; are parity bits given by Table 1. For the purposes of the
current protocol, we translate to a qubit notation for the modes that make up the quantum state transmitted. We choose the
equivalent naming convention where al, a2, a3, a4 = 41,42, A1, A2, respectively, and b1, b2, b3, b4 = B2/, B1’, B2, B1.
The ordering for the b modes are reversed to match the mode ordering in Fig. 9 where b3 and b4 represent modes
transmitted to Bob. With this mode relabeling, Eq. (A22) becomes,
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|S) o / d@[(J(wAl, wa1) J(@py, wp2) &5y (@a1) Gy (052) + (—1)" T (@12, 0427) T (g1, wp1) &y (w,42) Gl (w31)>

¥ (=™ (J(O)Ala w417) J (W42, 0427) CAZL(CUAl) &Lz(wAz) + (=)™ J (wpy, wp2) J (wp17, wp1) &21(0)31) &Lz(wm))]

% 10) 41 10) 42 [0) ;1 10) 52

We use the equivalent notation |S) = |S(wpg,op)) to
denote that the state specified in Eq. (A24) arises from a cw
pump field of the form Eq. (A6). Hence given our choice
of the mode-locked pump in Eq. (A7), the multiplexed
heralded state can be succinctly described by

N
8) = D IS(@po +nAwp,0p)).  (A25)

n=—N

This state poses additional changes; since there are multi-
ple “center frequencies,” the signal and idler photons have
an added degree of uncertainty in their origin. Considering
a single SPDC source (say modes labeled by a) a signal-
idler pair (say at frequencies w,; and w,3) could be gener-
ated by each pump line (centered at wp = wpy + nAwp).
The contribution of each pump line is determined by the
spectral envelope (S(wp)) of the pump and more crucially,
by the joint spectral amplitude J (wq, , @q,) function.

APPENDIX B: HERALDED PHOTONIC BELL
STATE

The heralded photonic Bell-state fidelity may suffer
from timing uncertainty in the detection and imperfect
mode conversion. Here we address the aforementioned
issues through an example of calculated joint spectral
amplitude (JSA) function J, which is a product of the
pump envelope o(wp) and the phase matching function
® (ws, w;) (Appendix A). We first assume a repetition rate
of 1 GHz for the mode-locked pump laser, with each comb
width being 12.5 GHz (matching that of the DWDM chan-
nel as explained later). We also take the SPDC material
to be magnesium-oxide-doped LiNbO;. Using the Sell-
meier equations for both the signal (extraordinary) and

TABLEI. Table of parity bits (m,, m,) for a given click pattern
in detectors D1—Dy.

Click pattern Parity bits
D 1 D2 D3 D4 ny my
1 0 1 0 0 0
0 1 0 1 0 1
0 1 1 0 1 1
1 0 0 0 1 0

(A24)

(

the idler (ordinary) photons, and applying a Gaussian
approximation [32], we can compute the phase-matching
function @ (wg, w;). Multiplying o (wp) with @ (wg, wy),
we then obtain the JSA function. Figure 10 shows the three
functions, respectively.

We further assume a Gaussian spectral profile for the
DWDM channel that shapes the JSA, as illustrated in
Fig. 11. To quantify the level of separability, we perform
Schmidt decomposition on the JSA to extract its eigenval-
ues A, with orthonormal basis vectors {u,,(w)}, {v,(w)}
[32]:

J(a)Sa a)i) = Z \/Eum(ws)vm(wi): (Bl)

where
[Kl ((,(), w/)um (a)/)da)/ = )"mum ((1)), (B2)
/K2(w> w/)vm (a)’)da)’ = AmUn (a)), (BB)

Ki(w,0") = /J(w, ) (J (@', 7)) dw,,
(B4)

K(w,0) = /J(a)l,a))(J(a)l,a)’))*dwl.
(BS)

The entropy of entanglement, which approaches zero as the
JSA becomes more separable, is calculated based on

S=—> hlog, . (B6)
k=0

If the inverse of the detector jitter time is much greater
than the DWDM channel bandwidth of 12.5 GHz, then the
infidelity of the photonic Bell state stemming from pro-
jection into a mixed state is negligible. For calculations
presented in the main text, we assume a timing uncertainty
of 1 ps [38] corresponding to 1 THz, which greatly exceeds
12.5 GHz. However, even with ideal detection, the her-
alded photonic Bell state composed by the signal photons
from two SPDC sources may still have a complex spectral
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(a) (b)

Pump envelope

1.5605 1.5605

N\

um)
)

al (um

~ 15600

Sign
Sign:

1.5595 k

1.5595
1.56595 1.5600 1.5605 1.56595
Idler (um)

Phase-matching function

1.5600
Idler (um)

() s
1.56020

50

7 1.565995

1.565990

1.65985

1.55980
1.5605 1.5598 1.56599 1.5600 1.5601 1.5602
Idler (um)

FIG. 10. Numerically calculated (a) pump envelope function with a frequency comb source, (b) phase-matching function using the
Gaussian approximation, and the resultant (c) joint spectral intensity (JSI) function (modulus square of the JSA function). The plot
axes for (a) and (b) spans across a 10 x 12.5 GHz, with the center wavelength at 2 x 2wc/w, = 1560 nm. For (c), the axes span
12.5 GHz corresponding to the spectral width of each DWDM channel.

shape, which may lead to infidelity caused by the mode-
conversion step. This is largely a consequence of using a
frequency comb source with a repetition rate comparable
to the DWDM channel width.

Two avenues to circumvent this issue are (i) injecting
a complex pump pulse shape in the MC corresponding to
the spectral shape in the heralded Bell state or (ii) engi-
neering the JSA function [32]. For the calculated example
shown in Figs. 10 and 11, we take the latter approach
by matching the pump linewidth to the DWDM channel
bandwidth and increasing the effective crystal length. As
a result, the DWDM-filtered JSI shows a near Gaussian
profile, as assumed in Appendix C.

Lastly, we consider the case of having nonideal detec-
tors, with the inverse of the jitter time being smaller than
12.5 GHz. In this scenario, the two-photon interference
visibility is determined by the purity of the DWDM-
filtered state.

We follow Ref. [74]’s formalism to compute the two-
photon interference visibility v with gating (heralding):

E
vV = Z, (B7)
(a) (b)
1.56020 0.06 1.5605
1.56015
0.05
1.56010
‘S 156005 004 =
A )
~= 1.56000 003 = 15600
=1 =%
& 1.55095 &

0.02
1.65990

1.55985 001

1.55980
1.5598 1.56599 1.5600  1.5601 1.5602

1.5595
1.565995

Idler (um)

JSI after DWDM channel filtering

1.56000
Idler (um)

where

E=(g"? / dwdw|dwrdwyJ (w1, )] (0], ®)

x J* (w1, 0h)J* (@], w2), (B8)

A= (gM)? / dwdw|dw,da)y|J (w1, wp)J (0], a)’2)|2.
(B9)

We find the theoretical maximum visibility to be v =
0.996.

Finally, we estimate the entanglement swap fidelity
Fowap = (1 +v)/2 to be 0.998, which still exceeds 0.99,
highlighting the usefulness of JSA engineering in the case
of imperfect detection. However, we note that the spectral
profile of the heralded photonic Bell state would be con-
volved with the detector’s instrument response function,
likely demanding further shaping on the MC’s pump pulse.
For this reason, we assume a sufficiently small detector jit-
ter and leave the effect of imperfect detection for future
studies.

FIG. 11. The JSI function before and
006 after applying spectral filtering via a

Gaussian-shaped DWDM channel pro-
0.05 file. The calculated entropy based on
Schmidt decomposition is S = 0.446.

10.08
0.02

0.01

1.56005
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APPENDIX C: FREQUENCY AND BANDWIDTH
CONVERSION

Recall that the quantum state of the cavity is
[Weay) = ¥a(®) 110) + ¥5(2) [01), (C1)

where |10) corresponds to the photon being in mode «
while |01) corresponds to the photon being in mode . The
equations of motion for the Schrodinger coefficients are

Vult) = = (i8,+ 51 ) Wal)) = 1A 1O, (1)
+ A/ Kaw a,i(t)a
V() = = (8 + ) ¥s0) = 1A D1y ), (C2)

(C2a)

Sa,o(t) = ga,i(t) RV Ka,wWa(t): (C?_C)
Ebo(D) = —/Kpw¥p(D), (C2d)

where the photon wave packets are described by the func-
tions &, ;(¢) and &, ,(#) with g={a, b}. The input state may
be expressed in a time-bin basis as [21]

|Win) = / dig, W) 10),, (C3)

with |0), representing the product state where all time bins
are empty (i.e., multi-temporal-mode vacuum state) and
Wl (¢) populates the time bin indexed by ¢ with one photon.
The output state is

[Wour) = / dig, o ()Wi(1) |0), + / dtgpo (D (1) 10), .
(C4)

Note that the control field is divided into amplitude, |A(?)],
and phase, exp[i¢ (£)], in Egs. (C2a) and (C2b) and the total
decay rates are defined by «, =« + k,; with «,; being
the intrinsic loss rates of the cavity modes. We assume
that a maximum conversion efficiency is achieved when
£,0() =0, so the task is to determine |A(#)| and ¢ (¥)
such that this is true. Solving Eq. (C2c) yields v,(¢) =
&4,i(D)/ \/Kaw, Which we substitute into Eq. (C2b) and
rearrange terms

d

— -0\ ,00

= (w0 2?)e
—i
Kaw
—i

t
_ 20 e 20 |A(S)|ei¢(s)§'(s)ds.

N A/ Ka,w )

We define the function Q(f) = —(i8p + x»/2)t and replace
&,; with & for brevity in Eq. (C5). Substituting v, =

|AD)]? V&) = Yiu(0)

(©5)

&/ /Kaw into Eq. (C2a) yields

(Ka,w - Ka,l)
2

E(D) = §(0) — i8.£(1) = iAW) Sy ¥ (0).
(Co)

Multiplying Eq. (C6) by £*(H)exp(kpt) and defining real
functions f; and g;, we find

[0 + igi(6) = [A@)]e P Og* (et
x f te(i8h+K7b)s|A(s)|ei¢(s)é(s)ds, (C7)
0
with
/i) = (Ws@ - é(r)) F e, (C8a)

gi(t) = —8,|E(D) ™", (C8b)

Note that Eq. (C8a) assumes an input wavepacket without
chirp, d/dt[arg £(£)]=0. The right-hand side of Eq. (C7)
can be written as

[x() —iv(®)] / [x(s) + iy(s)]ds = x(0) / x(s)ds
) fo

t t t
+ (0 f »(s)ds + i(x(0) / »(s)ds = y(0) f x()ds)
0 0 0 (C9)
where
x(0) = [AONE O] exp(ist/2) cos[g (1) + 8ot + arg(®)],
(C10a)

y (&) = [AD|IE@®)] exp(kpt/2) sin[p (1) + 8, + arg(€)].
(C10b)

By defining the functions

t

t
X1 = f x(s)ds = R(1) cos[0(D)], Y(1) = / y(s)ds

fo fo

= R(®) sin[0(1)]. (C11)

Equation (C7) can be split into real and imaginary parts
fi=XX+7YY, g=XY-YX. (C12)

Using the definition in Eq. (C11), we have

fi =XX + YY = [Rcos(9) — Rsin(6)6]|R cos(0)

+ [Rsin(®) + Reos(®)]Rsin(@) = kR = & (»*)
2dt ’
(C13)
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which has the solution
t
R(H) = 2/ﬁ(s)ds.
fo

g =XY—YX =[Rcos() — Rsin(0)0]R sin(9)
— [Rsin(6) 4+ Rcos(0)0]Rcos() = —R*0. (C15)

(C14)

Similarly,

Using the result in Eq. (C14), the solution for 6 is

1 [ gi(s)

o) = 3 tomds.

(C16)

To find the solution for |A(¢)| we evaluate x> + y’>=
|A|?|€|? exp(kpt) using the results above

|APIEPe = X% + ¥ = [Reos(6) — Rsin(0)6]”
+ [Rsin(0) + Reos©)6]* = &2

R = ﬁ(gf +£2).

Inserting the definition of g; from Eq. (C8b) yields

(C17)

1
IAPIE explisn+ 5= (52 exp@e el +77) = 1A

2 2 2 —
_ 8u|§| eK},t j(l‘ e Kpt

2F; 206(PF

(C18)

where F;(¢) is the antiderivative of f;(f). If §,=0, the
solution is

by

[fi(H)]e™ 2 1
2 ‘ ’
V2|E@)| /ﬁ(s)ds

fo

IA(D)] = (C19)

Knowing | A (#)| means g; is a known function and x and y
may be evaluated using 6 from Eq. (C16). Then, the phase

¢ is

¢ (1) = —8yt — arg(§) + tan”~' (@>

0 (C20)

To obtain x and y, note that

x =X = Rcos(6) — Rsin(0)6 = ficos(®) +&i sin(e)’

(C21)

y =Y = Rsin(@) + Rcos()f = fisin(®) — g; 005(9)‘
V215

When §,=0, we have g; =0 and Eq. (C20) simplifies to

(C22)

¢ () = =8yt — arg(§). (C23)

Using the same example as the one presented in the main
text, let us consider Gaussian input pulses

1 Ry
£ui(0) =\/z <h‘(2) )4exp (—zm@)@) . (C24)
G\ T L9

where |Sa,i(t)|2 has a FTWHM of 1, spectral width of
Qs =4In(2)/1, and integrates to 1 (over the infinite inter-
val from —oo to 00). We also introduce the offset At to
investigate the influence of timing offset between the inci-
dent photon and the control pulse. The control pulse, A (?),
is then calculated using &£(¢ + At) instead of £(#). Solv-
ing the equations of motion in Eq. (C2) with the control
field calculated from Eq. (C19)+C23), we calculate the
probability of converting the photon to w; as

Py, = / &0 () |2 dt. (C25)

The results are shown in Fig. 12. We use an input pulse
centered at 1550 nm with a temporal width of 7; =80 ps
and «,,, =4, which ensures efficient absorption into
cavity mode a. Figure 12(a) plots the input and output
wave packets for an example with «,;=x,;=k;=0, At =
0, and kp,, =27 x 100 MHz to match the bandwidth of the
output pulse to the cavity containing the spin qubit. The
small amplitude of the blue line in Fig. 12(a) shows that a
very small fraction of the incident wave packet passes by
the cavity without being absorbed. This fraction decreases
towards zero very rapidly as «,, is increased relative to
Qg [21]. The effect of timing mismatch is investigated
in Fig. 12(b), which shows that the conversion efficiency
stays above 70% if |At| < 1. Note that more robustness
could be obtained by optimizing the control pulse while
taking the timing-offset into account. Figure 12(c) shows
the reduction in conversion efficiency in the case of a
finite intrinsic decay rate of the cavity modes (assumed to
be equal for modes a and b). The required narrow band-
width of the output pulse requires the loaded Q to be larger
than Qy,, =4x10°. When Q;=0Q,,,, the spectrum of the
output pulse is roughly Lorentzian with a FTWHM band-
width of 200 MHz and the conversion efficiency is 50% as
illustrated using the vertical dashed black line in Fig. 12(c).
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FIG. 12. Simulation results for frequency conversion and bandwidth narrowing. (a) Example of the solutions to Eq. (C2). (b) Con-

version efficiency as a function of the timing offset between the incident photon and the control field. (c) Conversion efficiency as a
function of the intrinsic loss rate of the cavity modes. Parameters: tg =80 ps, x,,, =4Qg, kp,w =27 x 100 MHz, and «,;=kp;=k;. In

(a),(b) we used k;=0 and in (a),(c) we use At =0.

APPENDIX D: SWITCHING ARRAY IN THE
RECEIVER

Here we consider using a MZI tree network in a PIC
as a fast switching array, as shown in Fig. 13, albeit with
finite transmission loss that scales exponentially with the
number of layers. For LiNbO;-based PIC, propagation loss
has been shown to be negligible even for device length
exceeding 100 wm [39]. For simplicity, we neglect metal
absorption loss stemming from nearby electrodes used to
drive the electro-optic phase shifters. Rather, we assume
the main loss mechanism to come from imperfection in
the directional couplers. We take a state-of-the-art value of
approximately 0.2 dB per MZI demonstrated on SOI [75]
to illustrate the effect of switching array loss on the entan-
glement generation rate. Figure 14 shows comparable rates

\-//’L”-\-/———_——
h
A di S o EN—
~_ /s = NS e
JN_/\ \:/D\/— —
,i_\/ ,_/'/ \J\ — _,:_ ____________
X O e
spin memory ;
S— N A
Ys) = 1)+ )/V2
FIG. 13. [Illustration of a MZI tree network as the interposer to

the memories. Each layer introduces transmission loss from the
MZI.

as the non-MZI-based scheme shown in the main text, up
until £ ~ 10*. After which point, the k-dependent switch-
ing array loss begins reducing the entanglement generation
rate.

This particular QRX setup requires heterogeneous inte-
gration of diamond color centers into PICs, a feat which
has already been demonstrated by Ref. [65] and is con-
ducive to scaling up a multiplexed quantum repeater
network. Despite solid-state emitters such as Si-/~ man-
ifesting spectral inhomogeneity, we argue postselecting
candidates within a narrowed inhomogeneous distribution
and performing subsequent in situ tuning enabled by an
active PIC platform could still ensure maximal spin-cavity
coupling. For example, Si-V~ can be strain tuned [76] to

2, AB = 10" km
2, AB = 10 km
-2, AB = 10° km
2, AB = 10° km

dB, e=10"%, AB = 10" km

40 dB, ¢ = 1072, AB = 10" km
=40 dB, e = 103, AB = 10* km
40 dB, ¢ = 1073, AB = 10 km

-
o
[N

Entanglement gen. rate I' (ebits/s)

_
o
N

L L L

10* 10° 108
Number of spins k

FIG. 14. Entanglement generation rate T' versus k for both
ZALM and SPDC with varying € € {1072, 1073} and total down-
link atmospheric attenuation o = {40, 50} dB. We additionally
consider AB = 102 km (purple). The rates are based on a scheme
that employs a MZI tree network that has k-dependent transmis-
sion loss.
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shift its optical transition frequency, while the nanopho-
tonic cavity’s resonance can be gas tuned [77] (i.e., index
shifting).

APPENDIX E: SPIN-PHOTON SYSTEM

1. Silicon-vacancy center

The proposed architecture considers diamond’s nega-
tively charged silicon-vacancy center as the atomic mem-
ory. With an applied magnetic field and accounting for only
Zeeman splitting, the energy ground state splits into two
electron spin states || ) and |1). One of the two optical tran-
sitions with the excited state |e), ||) <— |e), is coupled
with the cavity mode. With a nearby nuclear spin, hyper-
fine splitting further divides the two electronic spin states
to a total of four levels: [Leln), [Letn) s [Tetn) s [Teln), as
shown in Fig. 15. Effectively, the electron spin acts as a
broker qubit that interfaces with the photon, and subse-
quently transfers the qubit state to the nuclear spin that
serves as a long-lived atomic memory [51].

2. Spin-dependent cavity reflection

The reflection coefficient of a single-sided cavity
coupled with a quantum emitter is

Kwg (iAa
(iac+%) (ia.

5)

5 +e”

where g is the atom-cavity coupling strength, y is the
emitter’s spontaneous emission rate, « is the cavity’s total
decay rate, Ky, is the waveguide-cavity coupling rate, and
A, =w, —wand A, = w, — w are the atomic and cavity
detuning from the probe photon, respectively. In the large
cooperativity C = 4g?/ky > 1 limit and on resonance
A, = A, = 0, the reflection coefficient of a perfectly over-
coupled cavity simplifies to

_|_
=1- El
(@) n (ET)

(E2)

Therefore, r approaches +1 when C increases, whereas
an emitter decoupled from the cavity mode would yield
r — —1. We consider a spin qubit whose basis states are
[{) and |1). When the emitter is in the || ) state that is cou-
pled to the cavity mode, » = +1. On the other hand, if it
is in the |1) state that is decoupled with the cavity mode,
r = —1. As a result of this state-dependent phase differ-
ence, the probe photon is entangled with the spin via cavity
reflection.

3. Photon-to-spin mapping

In the Schrodinger picture, we present an exam-
ple of how an arbitrary photonic qubit encoded in
the polarization basis {|H),|V)}, |¥)p =« |H)+ BI|V)

=9 Si-V-electron
&nuclear Diamond nanocavity
spins S S L)

1) —]TeT5) JUSEE

—_— —_—lety) T

Zeeman —ledn)

splitting Hyperfine splitting

FIG. 15. Level structure of a Si-V~ center in dia-
mond. The electron spin (red) contains two Zeeman-split
states  {|}),|1)}, which further split into four states

{(Hedn)s etn)s1tetn) s [Tedn)} due to hyperfine coupling
with the nuclear spin (blue).

(=a0,1) 4+ B11,0) in the dual-rail Fock basis), can
be teleported to a spin qubit [¢)gpu = [{) + B[1).
We initialize the spin to be in an equal superposi-
tion state: V) = (1) + 11)) /+/2. Their joint state
is then W) = [Y)p ® [Y)gmy = o |H, ) +a|H, 1)+
B1V,1)+ B|V,71). Upon entering the receiver node, we
envision using a polarization-splitter rotator to convert
the polarization basis to the spatial basis {ay,ayp}. Of
note, we rewrite the joint state as |V) =« |ay,|) +
olag, 1) + Blay, ) + B lay, 1). Subsequently, mode ay
acquires a spin-dependent phase upon cavity reflection,
whereas mode ay acquires a constant —1 phase from
reflection off a mirror. The resultant state is

V) =ala, ) —ala, 1) —B1b, 1) —B1b,1). (E3)
We note describe the evolution of each of the two spa-
tial modes separately. After cavity interaction, {|ay) , |ay)}
enter a 50:50 beam splitter whose output modes are
{l4) = tlay) +rlay),|B) = rlay) +tlay)}, where r =i
and ¢ = 1 are the reflection and transmission coefficients,
respectively. The two output modes then become

l4) = () = [1) —iB (L) + 1)
1B) =i (L) = It) =B (V) + 1)

(E4)
(ES)

The spin undergoes a Hadamard rotation, transforming the
states to

|4) = |t) —iB 1),
|B) = ia[1) = BI)s

(E6)
(E7)

Upon detection on either of the |4) or |B) port, appropriate
Pauli operations can be applied to the spin qubit to obtain
the target state |/ )g o1 = & |4) + B1).

However, with imperfections such as finite cooperativity
and nonunity coupling to the waveguide mode (kywg/k <
1) in the spin-cavity system, the reflection coefficients
would have nonunity amplitudes. We consider now the
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FIG. 16. Rate-fidelity trade-off at k € {102,5 x 107, 103}. Set-
ting Ny = 2.94 x 1072 and C = 100, F upper bounds at 0.998
due to imperfections in the QTX and QRX. We take AB =
10% km and oy = 40 dB.

photon-to-spin mapping process with generalized reflec-
tion coefficients, 7o, Fofr, for the on- and off-resonance
cases, respectively. We still treat the mirror as a lossless
component such that mode b still acquires a constant —1
phase.

Upon reflection, the spin-photon state is

|lII) = Fon¥ |aH>‘l’> + rofrr |aH9T> _ﬂ |aV9‘L) _ﬂ |aV9T> .
(E8)

After the 50:50 beam splitter, the two output modes are

|4) = a (ron 1) + 7ot [1)) — 1B (1) + 1)),
|B) =it (ron V) + 7o 1) = B (L) +11)).

(E9)
(E10)

APPENDIX F: DEPENDENCE OF T ON j

1. Memory multiplexing dependent rate scaling
behavior

From the main text, the entanglement generation rate is
defined to be

_ Psuccess X (k - 1)

r= _ (F1)
Tidle
where
1—(1— ﬁ)2N>
success — P E———— I F2
p 1 ( ==y (F2)

For simplicity, let us neglect the contribution of € and
define N = N; = tiqie/((k — 1)7p). In the memory-limited
regime, Tige/To > (kK — 1), thus N; > 1. We can rewrite

psuccess as

1 — e 2Nk
psuccess ~ 77 < Zﬁ ) (F3)
1
— F4
FV, (F4)

where we use the approximations (1 + x)* ~ ¢** for large
lex| > 1and (1 + x)* =~ 1 + ax for small |ax| < 1. From
above, we see that I scales as /N in the memory-limited
regime.

On the other hand, with sufficiently high memory multi-
plexing such that N, < 1,

2N/
Psuccess ~ 1 (2—«/\2_)

= N1,

(F5)
(Fo6)
which recovers the typical I' o 7 scaling.

APPENDIX G: SPIN-SPIN BELL-STATE
GENERATION RATE-FIDELITY TRADE-OFF

Figure 16 demonstrates the rate-fidelity trade-off at dif-
ferent k € {10%,5 x 10?,10%}. T approaches zero as F
increases. Similar to what is shown in Fig. 6 with AB =
10 km and oty = 40 dB, T increases monotonically with

the number of spins.

APPENDIX H: ZALM FOR GROUND-ONLY
QUANTUM NETWORKS

The quasideterministic ZALM BPS is useful for general
two-way quantum repeater networks regardless of their
configurations. Although the main text provides a specific
example for a satellite-assisted architecture for global-
scale networks, we show here that the same QTX can
be equally beneficial for ground-only quantum networks.
Figure 17 shows the rate of generating entanglement
between 4 and B, with a midpoint source C equidistant
from the two QRXs. We assume 4B = 2Lg; = 10? km
with corresponding classical communication time of 30
ms and € = 1073, Again, we compare the rate perfor-
mance between ZALM and a free-running narrowband-
filtered SPDC for channel losses o = {50, 60,70, 80} dB
accounting for the attenuation loss in optical fibers. Addi-
tionally, we assume the QRX containing a fast-switching
PIC whose MZI tree array causes compounded loss depen-
dent on the number of tree layers. In the memory-limited
regime with £ > 10, ZALM already outperforms SPDC
by at least an order of magnitude in T'. The gap in rate
widens further with greater channel loss. For example, the
difference in T' at k = 1 is much larger for « = 80 dB
than for « = 50 dB. Nevertheless, with increasing mem-
ory multiplexing, the rate advantage in using the ZALM
BPS immediately manifests.
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