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We revisit the Hofstadter butterfly for a subset of topologically trivial Bloch bands arising from a continuum
free electron Hamiltonian in a periodic lattice potential. We employ the recently developed procedure, which
was previously used to analyze the case of topologically nontrivial bands [Wang and Vafek, Phys. Rev. B 106,
L121111 (2022)], to construct the finite-field Hilbert space from the zero-field hybrid Wannier basis states.
Such states are Bloch extended along one direction and exponentially localized along the other. The method
is illustrated for square and triangular lattice potentials and is shown to reproduce all the main features of the
Hofstadter spectrum obtained from a numerically exact Landau level expansion method. In the regime where
magnetic length is much longer than the spatial extent of the hybrid Wannier state in the localized direction we
recover the well-known Harper equation. Because the method applies to both topologically trivial and nontrivial
bands, it provides an alternative and efficient approach to moiré materials in magnetic field.
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I. INTRODUCTION

The discovery of superconductivity and correlated insu-
lating states in twisted bilayer graphene (TBG) [1,2] has
invigorated the study of various two-dimensional (2D) moiré
electronic materials [3—10]. The moiré superlattice is gener-
ated by stacking 2D layered structures either with a small
twist or via microscopic lattice mismatch. Despite the large
moiré unit cell containing as many as ~10 000 atoms, the low-
energy physics is dominated by only a few isolated narrow
Bloch bands formed due to the moiré superlattice potential,
motivating theoretical studies that focus on these low-energy
degrees of freedom [11-22].

The large moiré unit cell has also enabled the study of
magnetic field effects in such systems in the regime with a
considerable fraction of one full magnetic flux quantum per
moiré unit cell. Electronic interaction effects intermixed with
strong magnetic fields have been studied in various moiré
materials, revealing not only Landau level degeneracies in-
dicative of the symmetry-breaking phases at zero magnetic
field but also novel field-induced insulating states that can
carry finite Chern numbers [23-32]. These experimental re-
sults in turn motivated further theoretical studies of Hofstadter
physics [33-38].

Traditionally, Bloch electrons in magnetic field B have
been studied either by solving the continuum Hamiltonian
Hr, p+ ¢A), where the magnetic vector potential satisfies
B =V x A, or via Peierls phase substitution of hopping am-
plitudes [39—42]. The latter is justified if the subset of Bloch
bands of interest at zero field is amenable to a tight-binding
description, i.e., there is no topological obstruction to Wan-
nierization. In the first approach, one calculates the matrix
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elements of H, including the periodic lattice potential, in the
Hilbert space spanned by Landau level (LL) wave functions
(obtained without the periodic lattice potential) and diagonal-
izes the resulting matrix. To achieve numerical convergence
within an energy window W an upper LL index cutoff
N, ~ AW /hw, is needed, where w. = eB/m,c is the cyclotron
frequency, m, is the bare electron mass, and X is a number
that increases with the strength of the periodic lattice poten-
tial V. For example, Ref. [33] pointed out that an upper LL
cutoff of N, ~ 25¢y/¢ is needed to faithfully reproduce the
narrow-band Hofstadter spectrum of TBG, where ¢y = hc/e
is the magnetic flux quantum and ¢ is the magnetic flux per
moiré unit cell. This is a computationally intensive procedure,
especially at low B when N, becomes large. In the second
approach, the magnetic field effects are accounted for via
Peierls substitution, i.e., by replacing the intersite hopping
amplitude 7;; with #;; exp[—i7- frf-" dr - A(r)]. The Peierls sub-
stitution has been used extensively in the literature due to its
simplicity in addressing Hofstadter physics. However, it is
unclear how to generalize the Peierls substitution to a subset of
Bloch bands where 2D exponentially localized and symmetric
Wannier orbitals cannot be constructed [43—45].

In our earlier work [46], to address the Hofstadter physics
in TBG, we proposed a procedure for constructing the narrow-
band Hilbert space at a rational magnetic flux ratio ¢/¢o =
p/q by projecting the zero-field hybrid Wannier basis states
(hWSs) onto eigenstates of the magnetic translation group
(MTG). Such hWSs are Bloch extended along one direction
and exponentially localized along the other and can always be
constructed without topological obstruction [47—49]. The pair
of hWSs within a valley of TBG carries £1 Chern numbers,
which are manifested in the intra-moiré-unit-cell shift of the
averaged position along the localization direction when the
Bloch wave number along the extended direction is changed
[50]. We demonstrated that the wave functions generated from
this projection procedure have a good overlap with the exact

©2023 American Physical Society
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FIG. 1. Hybrid Wannier states wy, i, (r) of the lowest-energy Bloch band for (a) and (b) a square lattice and (c) and (d) triangular lattice
potential. In both cases we used the potential V(r) = —Vj Zg €8T, We set 12 /m.a* = 1, where m, is the bare electron mass and a is the lattice
constant. For the square lattice, g = +g;, +g,, whereas for the triangular lattice, g = +g;, +g,, £(g; + g>). The states are well localized on
the lattice sites, and their spatial support narrows with increasing lattice potential strength.

wave functions obtained using the LL approach at low B while
being a much more efficient numerical procedure than the LL
approach for addressing interaction effects [46].

In this work, we present a detailed discussion of the pro-
cedure developed in Ref. [46] and apply it to revisit the
noninteracting Hofstadter spectra for square and triangular
lattice potentials, where the lowest-energy Bloch bands at zero
field are topologically trivial. We make quantitative compar-
isons to the exact LL approach to demonstrate the projection
method’s regime of validity, as well as derive the Peierls
substitution and Harper equation studied extensively in the
literature. This paper is organized as follows: In Sec. II we
briefly discuss the LL approach and MTG eigenstates. In
Sec. III we elaborate on the hWSs and how to construct a
complete and orthonormal set of MTG eigenstates for a subset
of Bloch bands at a finite magnetic field. We derive the Peierls
substitution as a limiting case when the magnetic length [de-
fined below Eq. (1)] is much longer than the spatial support of
the hWS, and we rederive the Harper equation directly using
the hWS approach. A summary is provided in Sec. I'V.

II. LANDAU LEVEL APPROACH

We begin with a brief review of the LL approach for ad-
dressing the magnetic field effects on electrons moving in
a 2D periodic lattice potential. For notational convenience,
we introduce the two lattice vectors as a; and a, and the
two reciprocal lattice vectors as g, and g,. They satisfy the
relation a; - g; = 27 d;;. For a generic 2D lattice a; and a;
are not required to be orthogonal [see, e.g., Fig. 1(d)]. We
further work with the Landau gauge A = Bxe,, where B is
the magnetic field in the out-of-plane e, direction and e, (e,)
is along the direction parallel (perpendicular) to a,; €;—y . are
unit vectors. The LL wave functions are given by

1 .
|m®»=——;ﬂwwﬂﬁwmx (1)
2

where Naj is the length of the system along the e, direction,

L=+ f—; is the magnetic length, k, € R is the momentum
quantum number such that p, [\, (ky)) = fiky [\, (ky)), and |n)

is the nth eigenstate for a 1D harmonic oscillator,

1 2 X
=)

=
where H,(x) is the Hermite polynomial. The operator T(ry) =
e~ P/I generates a translation by —ry; that is, for a general
function f(r) we have

T (x0)f(r) = f(r = 1o). 3

The LL degeneracy argument proceeds as usual: con-
sider a system of area Nja; x N,a,, such that it extends
along a,—1» by Ni=12 € Z unit cells. For open boundary
conditions along a;, the quantum number k, must satisfy
(ky€*)max — (ky€*)min = Niay,. For periodic boundary condi-
tion along a,, the separation between adjacent wave vectors is
Sk, = % The total LL degeneracy is then A = [(ky)max —

(ky)min]/(sky = (N|N>) la; xa,|

@

or equivalently, the LL degener-

22
acy per unit cell is given as
N ¢
=2, 4)
NN o

where ¢y = hc/e is the magnetic flux quantum and ¢ =
Bla; x a| is the magnetic flux through a unit cell.

A. Eigenstates of the magnetic translation group
The single-electron Hamiltonian H (r, p + ¢A) is invari-
ant under discrete magnetic translations H, (a;)] = 0, where

f(aj; 2) are discrete magnetic translation operators along the
a,— » directions. In the Landau gauge, they are given as

f(a)) = e T (a)),

&)
(6)

where we define the wave vector associated with magnetic
scattering as

f(ay) = T(ar),

27 ¢ alx
= — e, = —
e a ¢y 02

e,. @)
These operators satisfy
N N 7L A N
f@y)i(a) = e wia)i(@).

®)
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Therefore, if ¢ /9 = p/q, where p and g are coprime integers,
[7(ar), 7(ay)] = 0. )

As a result, eigenstates of H (r, p + £A) can be chosen to be
simultaneous eigenstates of 7(a;) and 79(ay).

It is straightforward to show that a complete and orthonor-
mal set of MTG basis states can be constructed from the LL

wave functions as
21 r
ay q

(10)

1 &
\I]nr K)) = eerrklsl’bs a )
W, (K)) N E (a

§=—00

where N is a normalization factor. The wave vector k =
kig1 + kg, resides in the magnetic Brillouin zone, defined
as k; € [0,1) and k, € [0, é), and the integer r labels the

magnetic strip [%, 2) along the g, direction. The indepen-
dent basis states are defined forr = 0, ..., p — 1 because (see
Appendix A)

Wrap()) = O, 1)), (1D

It is straightforward to check that the states in Eq. (10) are
MTG eigenstates, i.e.,

i(a)|W,, (k) = e 2™ W,  (k)), (12)

(a2)| W, (K)) = e 79|, (K)). (13)
They also satisfy the orthonormality condition:
(anlﬂ (k)|an2,r2 (p)> = Sﬂlsnzsrl,rz(sk,p' (14)

In the absence of a periodic lattice potential, the LL
degeneracy per unit cell is given by p x 1 x %, consistent

J

(Oq )nr1 ,mry (k9 p) = <\IJ}’!,V'] (k) | Oq |\Ijm,r2 (p)>

00
— . 27 pys ,—ispyayy i
- Oq(spla[kl_lﬂ]l 2 : 8[‘7“;7sq¢,ky7qye e e

§=—00

where we define ¢+ =i %(qx F igy) and

with Eq. (4). Here p comes from the degeneracy of quan-
tum number r, and a fully occupied magnetic Brillouin zone
corresponds to 1 x 1 of the zero-field Brillouin zone being
occupied, i.e., the fraction of one particle per unit cell.

Note that 7(ay) acts nontrivially on the LL-based MTG

eigenstates, and because
wn,r<k + §g1)>, (15)

f(ay)| ¥, ,(k)) is an MTG eigenstate at wave vector k -+ sgl.
Without loss of clarity, from now on for convenience we
use |V, (ks + 2)) to denote a LL wave function with wave

number = (k, + 2).

a

f(az)|\yn,r(k)> = e_izﬂ(kz+§)

B. Matrix elements of the Hamiltonian

We study the matrix elements of the continuum single-
electron Hamiltonian given by

NIRY
I{((r, p+ EA) = —(p +A)
c 2m,
where e > 0 is the electric charge and V (r) = Zg Vge"g'r is
the periodic lattice potential, where g = mg; + ng, are recip-
rocal lattice vectors, with m, n € Z.
The matrix elements of the kinetic energy in the LL-based

MTG eigenstate basis [Eq. (10)] can be straightforwardly cal-
iting #, — t 5o— (gt _
culated by rewriting 7, = T (a+a') and 7, = T, (a

+V(r), (16)

a), where 7 = p + £A is the canonical momentum and a is
the harmonic oscillator lowering operator.

The matrix elements of a general operator of the form Oq =
Oqe"q'r can be calculated as follows [46]:

(s

T a0 a1 ,—iqeky € 55 4xgy 0 <n|eC—a+C+a"' Im), a7

~ rt - r
k=k+;g2, P=P+;g2~ (18)

l;y and p, are defined as k- e, and p - e,, respectively. The notation [b], represents b modulo a, with a > 0. The expression in

the last line is calculated as

+
<n|ec_a+c+a |m> —

L. .
e2¢+¢- Z—!!(c_)m_”Lf_"(—c+c_)

where

(n+k)!
(n—m)!(k +m)!m!

L) =) (—x)"

m=0

is the associated Laguerre polynomial. Note that any operator
of the form €7 is a dense matrix in the LL indices {m, n}.
This poses numerical challenges at low magnetic flux ratios
when the upper LL cutoff is large.

1 ! _ _
excre [ M ey ML (—eqes)

forn > m,
(19)
forn < m,

(

The eigenstates and eigenenergies of the single-electron
Hamiltonian in a magnetic field and periodic lattice potential
can now be solved by diagonalizing the matrix Hamiltonian in
the LL-based MTG basis. We briefly discuss the degeneracy
of energy levels. Consider an energy eigenstate at a momen-
tum Kk inside the magnetic Brillouin zone, such that

A|9,(K)) = &,k ¥, (K)). (20)
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Making use of the magnetic translation operator 7(ay), we
observe that

A(i(a)| W, (k))) = (a)H |V, (k)
= &k ((22)| W, (K))). 21

The state 7(a;)| ¥, (k)) is therefore also an energy eigenstate
at g, x, but at the wave vector k + §g1 . As aresult each energy
level is at least g-fold degenerate, and therefore, the dispersion
of the resulting magnetic subbands is effectively restricted to
the wave vector domain [0, 611) x [0, %).

The LL approach is an exact method, limited in practice
only by the truncation of the upper LL index. In the free
electron case, retaining N, LLs allows an accurate represen-

tation of the energetics up to W =~ N s L where L > lis a
parameter dependent on the strength of the lattice potential, as
discussed in the Introduction. In the low-field limit, the LLs
become dense, and a larger LL index is therefore necessary
to describe the magnetic subbands emanating from the B = 0
Bloch bands up to the energy W. This makes the LL approach
both inefficient and not intuitive to study the low-field physics,
and an alternative approach that bridges the zero-field and
finite-field Hilbert space is preferable. As we show in the next
section, this is achieved by projecting the hWSs, which form
the basis of the B = 0 Hilbert space, onto representations of
the MTG.

III. HYBRID WANNIER APPROACH
A. Hybrid Wannier states at B = 0

In the absence of the magnetic field, the energy eigenstates
are given by the Bloch states

|-

ak(T) = —e" T, (1), 22
Vnk(T) N k() (22)
where A is the area of the 2D system, n is the band la-
bel, k = k;g; + kg, is the crystal momentum in the first
Brillouin zone (for convenience we choose it to be ki, ky €
[0, 1) x [0, 1)), and u, x(r) is periodic under discrete lattice
translations T(a,-:m). The notation ¥, kx(r) should not be
confused with the LL wave functions discussed in the previous
section. One can construct spatially localized basis states by
performing unitary transformations on the (extended) Bloch
energy eigenstates. For a subset of Bloch bands of interest, we
can construct hWSs from the Bloch states even if these bands
have nontrivial topology, provided that the gap to the adjacent
bands does not close. hWSs are exponentially localized in one
direction (say, a;) and Bloch extended along the other (say,
ay). In Fig. 1 we show several examples of hWSs for the
lowest-energy Bloch band on square and triangular lattices.
These states can be constructed [48,50] by diagonalizing the
periodic version of the position operator exp(iék - r) projected
onto the Bloch basis from the desired energy bands, where
sk = ﬁlgl hybridizes Bloch states at k and k + ék. The re-
sulting hWS that is exponentially localized near a column at

npa; can be expressed as

S S e Ry, @), (23)

nesubset  k;

1
|wy (19, k)) = ﬁ

where the summation over # is over a subset of Bloch bands of
interest and U (K) is a unitary matrix at every k. Under discrete
translations the hWSs satisfy

T(a))|we(no, k2)) = |we(no + 1, k2)), (24)

T (a2)|we (no, k2)) = e 2™ |wy (ng, ka)). (25)

For topologically nontrivial bands, the hWSs contain in-
formation about the nonzero Chern number of the Bloch band,
which is manifested in the nontrivial evolution of the averaged
position (r - g;)/|g;| within the hWSs when k; is continuously
increased from 0 to 1. One example of such hWSs is the pair
of narrow bands in TBG for a given valley and spin. For more
details we refer interested readers to Refs. [46,50].

B. MTG eigenstates from hybrid Wannier states

The set of hWSs for all Bloch bands forms a complete basis
even in finite magnetic field. However, it is not useful if we are
interested in only the Hofstadter physics of a subset of Bloch
bands.

It is tempting, but wrong, to take the subset of the B =0
Bloch bands as a basis of the corresponding subset of the
B +# 0 states. Note that the correct projector at B 0, Pg =
Y3 1K) (W, (k)| [see Eq. (20)], where n is summed
over the subset of magnetic subbands of interest, is invari-
ant under any integer multiple of magnetic translations, i.e.,
[PB 51 (a))r™ (az)] = 0, where s1, s, € Z. However, the B =
0 projector, P =3 1 > [¥nk) (¥ukl, is not invariant
under 7' (a; ) because

' (ap)PF " (ay)

DD W Wl Y Um)U (K).

mm’efullset  k nesubset

(26)
Here we define

@) = Y Um(®)Ymk)- 27)

mefullset

Due to the restriction on n, the right-hand side of Eq. (26) is
not equal to P, the narrow-band projector at B = 0. In other
words, the y-dependent phase in 7(a ) takes the states outside
of the subset of the zero-field bands of interest. This problem
is severe even at low B for sufficiently large s;. Therefore, P
is not a projector onto the states of interest in finite magnetic
fields.

In order to construct the correct finite-field Hilbert space,
we first construct MTG eigenstates from the hWSs,

N

7

Z ez2nklsi\s(a )‘wa <O, ky + £)> (28)
q

Unlike in Sec. III A, here k, € [0, é), andr=0,...,q9— 1.
The choice of hWSs at ny = 0 is motivated by the fact that the
vector potential in the Landau gauge vanishes at the origin.
Therefore, |wy (0, ky + 2)) must have a large overlap with the
subset of the B # 0 Hilbert space with similar energy at small
B, i.e., with the magnetic subbands emanating from the B = 0

Wo.r(K)) =
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FIG. 2. Typical absolute value of the matrix elements of the overlap matrix [Eq. (32)], calculated at flux ¢ /¢y = 1/10 for (a) square and
(b) triangular lattice potentials with Vy = 3. We set the energy scale /i>/m.a* = 1. (c) Eigenvalues of the overlap matrix. The axes in (a) and
(b) correspond to the basis indices r and ', and in (c) they correspond to the ordered eigenvalue index. If the MTG basis states generated from
hWSs constitute a complete and orthonormal basis, the overlap matrix is an identity matrix, and all eigenvalues are equal to 1. While this is
true for the square lattice potential, there are small deviations from orthonormality for the case of the triangular lattice potential. As a result a

further orthonormalization procedure is needed, as outlined in the text.

bands of interest. The rest of the basis can be conveniently
obtained by using the magnetic translation operator which
moves hWSs along the a; direction while also attaching a
phase due to the vector potential.

It is straightforward to check that |W, ,(k)) are, indeed,
MTG eigenstates, i.e.,

(@)W, (K)) = e ™|, . (k)), (29)

7(a2)| W, (K)) = e 2% |W, ,(K)). (30)

J

Aar pry (k) = 2™ wy (o, ko + r—l) |7 (ar)
B q

To address the completeness and orthonormality of the
wave functions defined in Eq. (28), we define an overlap
matrix

Aar pr,(K) = (Wor, (K)[Wp, 1, (K)). €29

Note that states with different k are automatically orthogonal
due to different eigenvalues under 7(a,—;»). If these wave
functions represent a complete and orthonormal set, the over-
lap matrix should be an identity matrix. The overlap matrix
can be calculated as follows:

rn
wg O,kg—i—;

=) e T (1, (0, k) e T wy (s, ) (32)

where in the second line we define k, = k, + % and p, =
kr + % (ks, P> €10,1)) and use the operator identity in
Eq. (A1).

If the hWSs represent topologically trivial Bloch bands
(e.g., Fig. 1), the overlap of two hWSs is exponentially sup-
pressed unless they have the same localization center, i.e.,
unless s =0 in Eq. (32). Therefore, (W, , (K)[Wg ., (p)) ~
8«80k pdr,,r, With exponential accuracy. This is illustrated in
Fig. 2 for the square and triangular lattice potentials. Even if
A(K) is not an identity matrix, a complete and orthonormal ba-
sis set can be generated by eigendecomposition, U AU = D,
and redefining a new set of basis states as

1
7 (K)) = (K — . 33
IV, (K)) ;|W,< »(U\/B)w,a (33)

If hWSs represent topological bands with finite Chern
numbers, hWSs with different localization centers have a fi-
nite spatial overlap, and the overlap matrix in Eq. (32) strongly
deviates from an identity matrix. Importantly, as discussed
in Ref. [46], for hWSs with Chern numbers +1, the number

(

of independent MTG eigenstates should increase or decrease
according to the Streda formula. This manifests in the rank
deficiency of the overlap matrix. A procedure that makes use
of a different choice of the localization center n (still close to
zero where the A is small) was proposed in Ref. [46], where
it was shown to resolve this issue.

The next question is how well these basis states describe
the finite-field Hilbert space of interest. To quantify the
amount of spillover into remote magnetic subbands, we can
expand Eq. (33) in the exact wave functions obtained based
on the LL approach,

Vo) = D Mya(OIT,K) + D My (k)] ¥y (K)),

neactive n’ eremote

(34)

where | W, (k)) are the exact eigenstates obtained from the LL
approach and M, ,(k) are the expansion coefficients. Define

_ 11 2
"= YW /qZ > My k)P (35)

k n'eremote
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FIG. 3. The amount of spillover n of MTG basis states into the
Hilbert space of remote Hofstadter bands for square and triangular
lattice potentials. We set the energy scale /% /m.a®> = 1. The spillover
decreases with increasing lattice potential strength and increases with
increasing magnetic flux.

Then n, € [0, 1] characterizes the amount of spillover into
remote magnetic subbands. In Fig. 3 we plot n = n,—; versus
@/ @o for the lowest-energy Bloch band for square and triangu-
lar lattice potentials. The amount of spillover decreases with
increasing strength of the lattice potential and remains small
even for reasonably large magnetic flux.

C. Peierls factor and MTG basis states

To gain better insight into the MTG basis states obtained
from zero-field hWSs, let us consider an example of an iso-
lated and topologically trivial band, where 2D Wannierization
can be achieved. The hWSs are related to 2D Wannier orbitals
via Fourier transform along the a, axis, i.e.,

rlw(ng, ky)) = L r)dR. el R 36
(rlw(no. k) WZd)R()Rgl,zm (36)
2 R

¢r(r) denotes a 2D localized Wannier orbital at
sittet R = ma; + na,, with the normalization condition
f dzrq&l’;(r)d)R/(r) = dgr r'- The MTG basis states can then be
written as

(riW,(k)) = " (@)po(r), (37

NIN Z elk R"m(al)

where we define k = kigi + (kr + g)gQ. Compared to the
zero-field Bloch states, the MTG states are obtained by acting
on the 2D Wannier orbital at site R = 0 with noncommut-
ing magnetic translation operators instead of the usual lattice
translation operators.

We make a connection to the Peierls factor used in the
literature [40], where the phase expl[ —l— fR dr’ - A(r')] is
attached to the 2D (B = 0) Wannier orb1tal ¢r(r) with the
integration along the straight line from R to r. Expanding out
the magnetic translation operators in Eq. (37),

(F[W,(K)) = Z KR ™5 qg-a; ,—imqyr Pr(r). (38)

«/NlNz

If the Wannier orbitals are exponentially localized near the
lattice sites and the magnetic length is much longer than their

spatial extent, then we can take |[r — R|/¢ <« 1 and approxi-
mate

e—ian¢-r¢R(r) ~ e_iqu).R[e—i% In d"/‘A(r/)(j)R(l’)], 39)

where we used

e r
P d/'A /
lhch r (")

= e’—sz(y —R)+ @u RO —Ry)
zm—(y )) + 2@2( - Rx)(y - Ry)
= imqg - (r — R) + O(Jr — R|?/¢%). (40)

This explicitly demonstrates the link between the MTG basis
states and the Wannier orbitals with a Peierls factor.

D. Matrix elements of the Hamiltonian

Here we work out the matrix elements of the single-
electron Hamiltonian in the MTG basis states defined in
Eq. (28). Matrix elements with respect to the orthonormal
basis |V,(k)) can be obtained via the basis transformation in
Eq. (33). Specifically,

(W, (K)H W, ()
= 3 b s 1, (0, T He % |y (s, o)),

N

(41)

where we define k =k, + %‘ and pr, =k + % (ky, P> €
[0, 1)). This expression is obtained by expanding the MTG
basis states using Eq. (28) and making use of the operator
identity (see Appendix A):

Pa)) = e St apan pisgyr s (ap). (42)

We hereby split the full single-electron Hamiltonian into
the zero-field component Hy and the finite-field component
Hp = H — Hj and calculate each term separately.

1. Ay
For the zero-field Hamiltonian, its matrix elements can be
straightforwardly studied as follows:

= Y P T (0, ko) Holwy (s0. 2)

§,80,Y
X (wy (50, ka)le ™ 4T wp(s, p)), (43)
where we have inserted the narrow-band projector

ZW lw,, (s0, Eg))(wy(so, k»)|. The second line can be
calculated by writing down hWSs in the Bloch band basis
using Eq. (23):

(wq (0, Ez)|ﬁo|wy<so, )
- Z —thkMO[UJ n(k)s,, &Un, (K], (44)
k] n

where in this section we redefine k = lzlgl + 122g2 (121, ke
[0, 1)). It leads to one-dimensional (1D) hopping between
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hWSs at different localization centers with the same wave
vector k. The last line in Eq. (43) can be calculated as

<wy<so, ka)le ™% [wy (s, Pa))

_ E : 27k so —lZﬂp]Y

kl P

x Y U R (W () e [, () U s (B). (45

n,m

It represents scattering between Bloch eigenstates by wave
vector sqg. Therefore, the matrix elements of the zero-field
Hamiltonian in the MTG basis represent a hop along the a,
direction, followed by magnetic scattering by wave vector
sqq. Note that if a; -a, # 0, i.e,, we have nonorthogonal
unit cell vectors such as a triangular or honeycomb lattice,
magnetic scattering hybridizes Bloch states with wave vectors
kK = kg1 + k28, and p = p1g1 + p2g; such that

ry = [ry + sply. (46)

2. Hy
The finite-field term in the Landau gauge is given by

I-?B(r) = :Z’Zﬁ + Z’Z Xl; It contains polynomials of the coordi-
nates and grows when moving away from the axes’ origin,
where x = Q. Below we work out the matrix elements for
the term fcp zz’ and the second term can be calculated in an

analogous ' fashion. Specifically,

12 — 2 :ezhklsez‘ 2’ qp-a;
s

2

m,l?

We first note that since the hWSs are exponentially sup-
pressed away from their localization centers, for s >> 0, the
term is exponentially small regardless of the operator Us-
ing the estimate (x) ~ ai, and (p,) ~ 27h/ax, I ~ hlz, ie.,
cyclotron frequency. At low fields such that p/q <« 1, the
finite-field term is smaller than the zero-field term by the ratio
p/q. Therefore, unless there are further band flattening effects
for the zero-field term (e.g., TBG at the magic angle), the
finite-field term is negligible.

The second line of Eq. (47) can be calculated by expanding
in the Bloch basis:

i o
—i27 ps
m 2N, Z ¢

kip1

- XD, .
(e (0, Fy)| %eﬂ‘%ﬂwﬁ(s, ). @D

X Z Uy (U, ﬁ(ﬁ)<wl1(l~()|)%eiis%'qwm(ﬁ»a (48)

where the second line can be explicitly calculated in the plane
wave basis:

<1/fn<12>|@e—”%'r|wm<r>>>

= Y i@ ) [ e

g.g

x e TEHRT [ (g 4k )le W TIETRIT  (49)

Here we have expanded the periodic part of the Bloch
states in a Fourier series: u,i(r) = Zg eig'rung(ﬁ), and A =
NiNsai.ayy is the area of the system. It is important that the
real space integral [ d?r[- - -] must be placed in a box to avoid
revivals of the hWSs along the e, direction at the boundary
of a torus. In practice we choose the integration domain to be
x€[— Nl”“, N'”“) (see Appendix B for details).

E. Comparing Hofstadter spectra

In Fig. 4 we show a comparison of the Hofstadter spectra
for the lowest-energy Bloch band with square [Figs. 4(a)—
4(c)] and triangular [Figs. 4(d)-4(f)] lattice potentials, cal-
culated using the exact LL approach and the approximate
hWS approach. For the parameters used in the calculation, the
hWSs are well localized within a unit cell (see Fig. 1), and
there is good quantitative agreement of the Hofstadter spectra
up to ¢/¢p ~ 0.2. At higher magnetic flux, the MTG states
generated from hWSs have a larger spillover onto remote
magnetic subbands and lead to an overall upward shift of the
Hofstadter spectra when compared to LL calculations. De-
spite the quantitative differences in the Hofstadter spectra, the
prominent magnetic subbands and the Chern numbers associ-
ated with gaps are correctly captured via the hWS method all
the way to ¢ /¢ = 1, as indicated by the labels in Figs. 4(a),
4(b), 4(d), and 4(e).

F. Harper equation

Equation (41) gives a general procedure for calculating
the matrix elements of the single-electron Hamiltonian for a
subset of Bloch bands isolated from the rest by making use
of the hWSs at zero field and projecting onto representations
of the MTG at finite field. Here we elaborate on the case of
a square lattice potential and an isolated band with trivial
topology. As mentioned, in this case the hWSs are just the
1D Fourier transforms of the Bloch eigenstates with a smooth
gauge in the Brillouin zone, and the relation to 2D Wannier
orbitals is described in Eq. (36). Below we show that the
Harper equation of Hofstadter [42] is recovered as long as the
magnetic length ¢ is much longer than the localization length
& of the Wannier orbitals. We express the left-hand side of
Eq. (45) using 2D exponentially localized Wannier orbitals,

{w(so, /Ez)|e*"“*¢*|w(s, 72))

= — Z [/ d2r¢i‘il (r)(»sz (I‘)e_iSq¢'(r—R2):|

nl ny

x e~ 8o Re y=i2nkom ,i27 oy , (50)

where we define R; = spa; +nja, and Ry, = sa; + noas.
Since Wannier orbitals are exponentially localized, sy and
s1 have to be close to each other. Making the assumption
that the 1D hopping is short range, Eq. (44) forces sy to be
near zero; therefore, s is also close to zero. As a result, the
factor e~9s"—R2) glowly varies over the length scale ~&, the
spatial extent of the exponentially localized Wannier orbital,
and can be Taylor expanded in the real space integration in
the brackets. The integral can therefore be expanded in power
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FIG. 4. Hofstadter spectra obtained using the exact LL approach (blue) and the hWS approach (red). Top panels are for the square lattice,
and bottom panels are for the triangular lattice. Lattice potential strength V, = 3 is used. We set the energy scale as /i*/m,a> = 1. For the

LL approach we studied the p/q sequence forg =48 and p=1,...,

48. For the hWS approach we studied the sequence ¢ = 96 and p =

., 96. The numbers in the plots label the Chern number of the corresponding energy gaps.

series of £ /£ as
/ d’reg, (r)gr, (r)e 9 R

~ / e, (DR, (01 — isqy - (¢ —Ro) +---]

= 8y.58nm + O(ar§/€2). (51)
As aresult, Eq. (50) becomes
(UJ(S(), ];2)|eiisq¢.r|w(sa ﬁZ)) = 8s0,.v8[r|+xp]q,r2 + O(QIxE/gz)a
(52)
where in the last line we have substituted ky = k) + r/q
and p, = ky + r/q. Keeping the leading-order term in the

above expression and combining it with Eq. (44), we get the
following simpliﬁcation for Eq. (43):

2wk —i2mk
I~ Ze’ mhis Ze RS g St bsplyra. (53)
N

For well-localized Wannier states the dispersion can be

approximated by nearest-neighbor hoppings, ie., & =

2Ey[cos(2rk;) + cos(2mk,)], and as a result

I ~ Ey| 2008Q2rka)8r, 0, + Y €78 i),
s==%1

(54)

We compare the above expression to the Harper equa-
tion obtained in Ref. [42]:

2np
gm+1)+gm —1)+2cos | ——m — 2wk, |g(m)
q

E
= —g(m), (55)

Ey
where we have replaced the notation v used in Ref. [42] with
2rk; and o with p/q. Performing Fourier series expansion
of the wave function g(m) =), . e Pl

the eigenequation:

gkz r produces
Egkz,r]

=Y Eo| 2c08Q2mkn)8nr, + Y €780 1iply s |Gl
r s==%1

(56)
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The second line is precisely Eq. (54), explicitly recovering the
Harper equation as a limiting case of the finite magnetic field
problem when the magnetic length is much longer than the
spatial extent of the Wannier orbital.

In Appendix E, we go beyond the nearest-neighbor hop-
ping example discussed above and present a quantitative
comparison of the Hofstadter spectra calculated using the
Peierls substitution [39], the hWS approach, and the LL ap-
proach. As shown in Fig. 5, at lower magnetic flux ratios,
both Peierls substitution and the hWS approach yield quantita-
tively accurate Hofstadter spectra. However, as magnetic flux
is increased, the Peierls substitution approach becomes less
accurate than the hWS approach at capturing the qualitative
gap structures.

IV. SUMMARY

Using the magnetic translation group projection method
recently developed in Ref. [46] based on the B = 0 hybrid
Wannier states, we reexamined the Hofstadter physics of
the B # 0 magnetic subbands corresponding to a subset of
energetically isolated and topologically trivial Bloch bands.
Employing the continuum electron moving in 2D square and
triangular lattice potentials as examples, we demonstrated that
the method works well up to moderate strengths of magnetic
flux per unit cell. Importantly, it naturally bridges the zero-
field and finite-field Hilbert spaces. We also recovered the
Harper equation [42] from the MTG states generated from

J

hWSs and showed that its regime of validity is determined
by the ratio of magnetic length to the size of exponentially
localized Wannier orbitals.

Although here we applied this projection method only
to the noninteracting Hamiltonians, the hWS procedure was
shown to be useful in studying the interacting Hofstadter
problem [46]. This is primarily due to two reasons: (1) At
low magnetic fields, the procedure can faithfully construct
the correct Hilbert space without having to increase the inter-
nal dimensions, unlike the conventional LL-based approach,
where the upper LL index cutoff increases with decreasing
field to achieve numerical convergence. (2) The plane wave
nature of the hWSs makes the matrix representation of op-
erators of the form O4e™™ sparse. By comparison they are
dense matrices in the LL wave function basis. This method
can therefore efficiently address the effects of Coulomb inter-
actions in a finite magnetic field in the presence of a periodic
potential.
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APPENDIX A: LANDAU GAUGE MAGNETIC TRANSLATION GROUP IDENTITIES

Here we derive an identity for #*(a; ), which is related to the zero-field discrete translation operator T'(ay). Note that

Pa) =[e" %" T (@) *[e " T (a)]le " T (a))]
— [efiqd,-l‘f-v(al )]372€iq¢~al e*i2q¢~l‘f~2(al )
= [e W TT (a))] P o =B T I (g

— ei[1+2+~~~+(s71)]q¢~alefixq¢-r7"—~‘r(a])

s(s

= o A TS g ), (AD)
We also show the MTG basis states |, .(K)), expressed using LL. wave functions, form a complete set forr =0, ..., p — 1.
It is sufficient to show that
. ryy
W) = D) g, iy, (A2)
namely, that states at r + p and r differ by a complex phase factor. Note that, by definition, in Eq. (10),
Wepl) = = 3 gty )‘w (2” (k g ”))> (A3)
n,r = —F e aj n| — 2 - - 5
v N a q q
and the LL wave function is expressed in Eq. (1) as
~ 27 p Ty iE 2y A 2w p , A= 5
Y| ky + —= =e™ew T — —=0%, |T(—k,L7¢)|n). (Ad)
a q a q ’
Here we define Izy = Za—’f(kz + é) for notational convenience. Note that
2 1 a,
_HEEZex = _al 2a2 gzex = A1x€x (AS)
a q a
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and that
T(—a e0)n) = T(—ap)|n). (A6)
Making use of the identity
f—a) = (@) = T7(a)e®™ = &5 e T (—ay), (A7)
we can rewrite Eq. (A4) as
! <k ’ 2_7”2)> = R ant (b e = ¢ CTE) N a iy, &) (A8)
n a ¢ 1 yt €y IVnlKy)).

Here for the last equality we use e®?f(—a;) = e~04nf(—a,)e’>. Substituting this back into Eq. (A3),

o0

— ky+ ﬂJ)al\ 1 2kys s 2 2r r
W rp(K)) = ol —= ) ¢ P @i(-a) n<— ko + -~
[Wn.rp(K)) \/Ns;oo ! DY e\ g
Zeﬂ”(kﬁ(kﬁ%)%)i i 2k (s— l)tv l(a )‘w ( (k2+ )>>
VN =, ' a
_ 2w (kl (ka+ ﬂ’ P )
—e 21w, (k). (A9)

APPENDIX B: OVERLAP MATRIX

Here we show how to calculate the overlap matrix between MTG basis states generated from zero-field hybrid Wannier states,
Eq. (32). Specifically, we define the overlap matrix A, g, (k1, k2), where k; € [0, 1), k, €[0,1/g),andr1, =0,...,g— 1. It
can be calculated by switching to the Bloch basis,

r
wg <S, ko + —>>
q

Aaary pr ki, a) = Z eiZﬂklxeiw;])%.al<wa (0, ko + %) e
= Ze'z”k” e Ze_izm<%(’%,kz+ ﬂ) Vs (ﬁl,kz + r—2>> B1)
M ki p q q

In the second line we introduced the Bloch states [y, (K)) = >, U, o (K)|¥,(k)), with the distinction that the subscript o labels
Fourier transforms of the hWS and n labels Bloch eigenstates. The second line is calculated in the plain wave basis by writing
down (r|¢¥,(K)) = Zg e’(k*'g)'rug(ozk). We arrive at the following expression:

LZTTK1S l —lZTT PSS = r2
Aarl’ﬂrz(k],kz)zz 27 ky q HI_ZZ i27 P1 *(a kl,k2+ ) g/(ﬁ,pl,kz—i-;)

s kip &8

y }4 / JPre—iKteIT —isapr e T (B2)

—isqg-T

e—isq¢-r

The second line gives the constraint k + g + sq4 = p + g', which is equivalent to

- Sp ayy r N 14
b+ 28 gy Dy P2y (B3)
q a q a g

APPENDIX C: REAL SPACE INTEGRATION OF x AND x?

The single-electron Hamiltonian in a finite magnetic field contains terms such as xp, and x?; we hereby give analytical
expressions for their real space integrations. In evaluating the matrix elements for the Hamiltonian, boundary terms do not
matter, as the exponential localization of the hWSs guarantees that the main contributing terms to ) _in Eq. (41) are restricted
to the vicinity of s = 0. We therefore choose the real space domain to contain N; and N, unit cells in the a; and a, directions
and place the origin of the coordinate system at the center of the real space domain. Specifically, the integral is performed in the
following manner:

a“ W)H— zaz
f . (CD)

ay
,a]( 4)(,

oo
A NIN2 aixay
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As a result,

~ M ~ _ l . M ~
o) =™ cos(34) — 5 i (24 )

and

(C3)
where we define §, = g,ax.

APPENDIX D: OVERLAP BETWEEN MTG BASIS STATES GENERATED FROM LL APPROACH AND THE HWS APPROACH

To demonstrate the accuracy of the hWS approach we need to calculate its overlap with the exact wave functions, which can
be obtained using the LL approach, as discussed for Eq. (34). Here we calculate the following expression:

Ay w(nry, ary K) = (W, (K)[We,r, (K)), (D1)

where n runs over LL indices, « runs over hWS indices, ry =0,...,p—1,and r, =0, ..., g — 1. Using the definitions (10)

and (28), we have
(o3

Aq,,W(nrl,otrg;k) = Ze—ianlx< (kZ + )

— Ze—i27rklse—im2’“q¢-a1eizﬂ(k2+%)%s 1 Z<¢” <k2 + r_l — g)
VN i 9 4

N

—Y

Va (121, ks + ;_2>> (D2)

We evaluate the overlap between a LL wave function with a Bloch wave function as follows:

<¢n<k2+___> w«(kl,k2+ >>
q q q
1 1 X 2w ry —sp —iZE (k4 122y i(Rktg).
= T Uy er n|l + — k + )E]e a 2 q 'el( +g)r
Nray o/Nya b § g/ ¢ |:E a ( : q

! i X
= W Zuag(?%’%ﬂz /dx(l),,[ —+ (k +g )E] i(kxt-:)
g

o pmiketg ke / dxq&,,()—C) piktgx
24, 7

1
= — Sri-s
mig:”“g A

1
= a Zuaga,, 0 ,e*l“‘ ) E+8E o (1Yl (ks + 8] (D3)
1 X

Here we define k = kg + (ky + %2 Vg = ke, + %),ey. In the second line we used the following definitions for the Bloch and LL
wave functions:

(el (k) = M MZuagm)e“k*g“, (D4)
2
(XY (ko)) = M fd)n(x —”w) ey, (D5)
where
1 _ a2 X
¢n( ) —1/4\/W 2t Hn(z) (D6)

APPENDIX E: TIGHT-BINDING MODEL AND PEIERLS SUBSTITUTION

Here we present a calculation of the Hofstadter spectrum for a tight-binding model on a square lattice with one orbital per
site and longer-range hoppings. The spectra are then compared to both the exact LL approach and the hybrid Wannier approach
discussed in the main text.
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The tight-binding Hamiltonian in zero magnetic field is given by
Arg = t(r; — ) cr, + He., (E1)
r;,r

where r; = m;a; + n;a, labels the positions of lattice sites, with {m;, n;} € Z. t(r; — r,) is the hopping amplitude between the
two sites and depends only on the relative coordinate due to discrete translation symmetry 7'(a;), i = 1, 2. Its Fourier transform
is the energy dispersion:

=Y t(r —rp)e T, (E2)
r—r

where k = k; g, + k»g; is the wave vector in the Brillouin zone, with k, k; € [0, 1). N; and N, are the numbers of lattice sites
along the a; and a, directions, respectively.
In a finite magnetic field, Peierls substitution [39] attaches a phase to the hopping amplitude:

e (T2 qp/. / i _
t(rl — rz)e Uhe frl dr’-A(r') — t(r] _ r2)e 22 (ray rl}')(r2v+r]x)’ (E3)

where, on the right-hand side, we use the Landau gauge A = Bxe,.
At rational magnetic flux ratios ¢ /¢y = p/q, the phase factor in Eq. (E3) reduces to

2w p
——(nz - n1)@, ri—i12 = ma; +nay, my,n; € 2. (E4)
q

Therefore, the finite-field Hamiltonian is invariant under discrete translations 7'(ga;) and T (ay). As a result, the magnetic
unit cell is enlarged along the a; direction by ¢ times. We relabel the lattice sites as

r — Ry +7, rn— Ry + 7, (ES)

where R,_; » = m;(qa,) + n;(ay) and 7, = wa;, witha =0, ..., g — 1. The Peierls substituted hopping amplitude is therefore
rewritten as

—i27 p(ny—m )(L ™y %)

tRi+7, — Ry, — ?ﬂ)e (E6)
We apply discrete Fourier transformation for the fermion annihilation operator:
i2mwky (gmi+a) 127Tk2n1
CR 47, = ) ke (E7)
\ N1N2/q ki €[0,1/g) ka€[0,1)
It is straightforward to show that the finite-field Hamiltonian is diagonal with respect to quantum numbers {k;, k»}, and
Hrp(B) = Z D kB b v NN, Z ey Y I o ) )

a,B kika P1,P2 my,ny,ny,ny

o« e-izmnz—m)(%+%) o i2mka(m—n2) p=i2rky [(mi—m2)q+(a—p)] (E8)

Here p = p1g; + p2g; is defined in the zero-field Brillouin zone with p;, p» € [0, 1) x [0, 1). We define the center of mass and
relative coordinates as

m; +m n+n
M:—1 2,;71:m1—m2,N=—1 2,n:n1—n2. (E9)
2 2
Summing over center of mass position Mga, + Nay trivially leads to
HTB(B) = — Z Z i ChELk Z Eprpm Zeﬂn(m ky— nm;ﬁ))neiZH(plfkl)[qur(a—ﬁ)] (E10)
Ot 1.k2 2 '
a.B ki k p1.p2 m,n
Summing over n and m leads to
Arp(B) = Z Z ¢l it Ta ket k2)Cp s ke (E11)
a,p ki .k
A 1 2 L
— - (@=B)
Tupthik) == ey on @™ 0“8, o (E12)
r.p2

In Eq. (E12) we define p; = [pili/q + ’;‘, where r; =0, ..., ¢, and ki = [p1]1/,- At any given wave vector k = k1g; + k2,
Ta, g(ki, ky) is a ¢ x g matrix. Diagonalizing YA"O,, ki, ky) gives the g Hofstadter subbands for a given flux ratio ¢ /¢o = p/q.
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FIG. 5. Hofstadter spectrum for the square lattice potential used in Figs. 4(a)—4(c) in the main text, calculated using (a) the hybrid Wannier,
(b) Peierls substitution, and (c) Landau level methods. (d) and (e) show more detailed overlay comparisons. (f) shows a comparison of the
spectra calculated at wave vector k; = k, = 0 at magnetic flux ratio ¢ /¢y = 11/48.

In Fig. 5 we compare the Hofstadter spectra computed using the above Peierls substitution method (green) to the Landau
level method (blue) and the hybrid Wannier method (red). The Peierls substitution method is in reasonably good agreement with
the two other approaches at lower magnetic flux ratios [Fig. 5(f)]. However, at higher fluxes, the method leads to qualitatively
different spectra. For example, at ¢ /¢o = 1/2, the Peierls substitution shows a gapless spectrum at half filling, instead of gapped
spectra, as shown by both the Landau level and hybrid Wannier methods. Moreover, the Peierls substitution shows a periodic
spectrum when magnetic flux is increased by the unit flux quantum due to the omission of the energetic effects of magnetic

fields, i.e., Hg in Sec. IIID 2.
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