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ABSTRACT

We consider the propagation of light in a random medium of two-level atoms. We investigate the dynamics of the field and atomic probability
amplitudes for a two-photon state and show that at long times and large distances, the corresponding average probability densities can be
determined from the solutions to a system of kinetic equations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0106535

I. INTRODUCTION

The propagation of hght in random media, such as clouds, colloidal suspensions and biological tissues, is usually considered within the
setting of classical optics." However, there has been considerable recent interest in phenomena where quantum effects play a key role.”
Of particular importance is understanding the impact of multiple scattering on nonclassical states of light including Fock, squeezed and
entangled states. In the latter case, characterizing the transfer of entanglement from the ﬁeld to matter is of espec1ally strong interest.”' "%
Progress in this direction can be expected to lead to advances in spectroscopy,”’ imaging’” ' and communications.” " More generally, the
study of quantum information in complex media is of widespread technological importance. See Ref. 35 for a recent perspective on this
topic.

The propagation of two-photon light is generally investigated either in free space or, in some cases, with account of diffraction or
scattering.”* " In this paper, we consider the propagation of two-photon light in a random medium. A step in this direction was taken in
Ref. 39, where a model in which the field is quantized and the medium is treated classically was investigated. The main drawback of that
work is that it is does not allow for the transfer of entanglement between the field and the atoms or between the atoms themselves. In this
paper we treat the problem from first principles, employing a model in which the field and the matter are both quantized. More precisely,
we employ a formulation of quantum electrodynamics in which the field is quantized in real space, thus allowing for the field and the atomic
degrees of freedom to be treated on the same footing. This general framework was introduced in earlier research of the authors, who used
it to investigate the collective emission of single photons in both deterministic and random media.** Here we extend this approach to the
setting of two-photon states. We show that for a medium consisting of two-level atoms, the field and atomic probability amplitudes for such
a state obey a system of nonlocal partial differential equations (PDEs) with random coefficients. Using this result, we find that at long times
and large distances, the corresponding average probability densities in a random medium can be determined from the solutions to a system
of kinetic equations. These equations are derived from the multiscale asymptotics of the Wigner transform of the amplitudes in a suitable
high-frequency limit." "’

The kinetic equations that arise in this work are of the general form

ki - Vs I+ fa(kal, [Ka|)ka - Vo, T + oy ([Ka |, [ka )T + o ([ |, [ka )T

= (o) [ e’ A (o, k)1 &

1
E&I + f1 (|k1|, |k2

(b o) [k’ 4 o, )1, o). 0
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Here I(x1,ki, %, %, t) is real valued and is defined on a two-particle phase space, the scattering coefficients y, , and scattering coefficients

f1,2 are nonnegative and the kernels A;, obey the normalization condition jA (k, R')dk' = 1 for all k. We note that (1) is a linear Boltzmann
equation which accounts for gains and losses of I due to two-particle scattering. It can be viewed as the generalization of the radiative transport
equation for single-photon states discussed in Ref. 44

The nonlocal PDEs which govern the propagation of two-photon states can also be applied to deterministic media. To this end, we
study the problem of stimulated emission by a single atom. This entails making a pole approximation to the self-energy and performing
a suitable renormalization to yield a finite Lamb shift. In this manner we recover standard results from quantum optics obtained within
Wigner-Weiskopf theory. We also consider the problem of a homogeneous medium with a constant density of atoms. This is an exactly
solvable problem, where the analog of two-photon collective emission obtains. We note that this effect can be expected to be observable in
cold atom systems.*

This paper is organized as follows. In Sec. IT we formulate our model for the propagation of two-photon light and derive the equations
governing the dynamics of the field and atomic degrees of freedom. Section 111 is concerned with the application of the real-space formalism
to the problem of stimulated emission by a single atom. In Sec. I'V we study the dynamics of a two-photon state in a homogeneous medium.
In Sec. V we discuss the problem of stimulated emission in a random medium and obtain the governing kinetic equations. Section VI takes up
the general problem of two-photon transport in random media and presents the relevant kinetic equations. Our conclusions are formulated
in Sec. VIIL. The Appendixes A-E contain the details of calculations.

Il. MODEL

We consider the following model for the interaction between a quantized massless scalar field and a system of two-level atoms. The
atoms are taken to be identical, stationary and sufficiently well separated that interatomic interactions can be neglected. The overall system is
described by the Hamiltonian

H =Hr + Has + Hip, 2)

where Hr is the Hamiltonian of the field, H, is the Hamiltonian of the atoms and Hj is the interaction Hamiltonian. In order to treat the
atoms and the field on the same footing, it is useful to introduce a real-space representation of H.** The Hamiltonian of the field is of the form

Hr = hc -/cIS;VC(—A)1/2¢>Jr (x)¢(x), (3)

where ¢ is a Bose scalar field that obeys the commutation relations
[0, 9" (x)] = 8(x - X)), @
[¢(x), (x)] =0. ()

The nonlocal operator (—A)"? is defined by the Fourier integral
Fk exy 7
(-0)" (0 = [ 25 KK, ©)
(2m)

F(K) = f Pxe ™ f(x). )

We note that (3) is equivalent to the usual oscillator representation of Hr.
To facilitate the treatment of random media, it will prove convenient to introduce a continuum model of the atomic degrees of freedom.*
The Hamiltonian of the atoms is given by

Hy = hQ fd3xp(x)aT(x)0(x), (8)
where Q is the atomic resonance frequency, p(x) is the number density of the atoms, and ¢ is a Fermi field that obeys the anticommutation
relations

! 1 A
{o(x)0' ()} = —<d(x-x), ©)
p(x)

{o(x),0(x')} = 0. (10)

The Hamiltonian describing the interaction between the field and the atoms is taken to be

Hi=hg [@xp(x)(¢' (00(x) + ' (09(x)). an
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where g is the strength of the atom-field coupling. Here we have made the Markovian approximation, in which the coupling constant is
independent of the frequency of the photons and have imposed the rotating wave approximation (RWA).
We suppose that the system is in a two-photon state of the form

[¥) = /d3x1d3x2(%(xl,xz>t)¢T(X1)¢T(X2) + 91 (x1, %0, )p(x1)0" (x1) T (x2)
+ a(x,x,)p(x)p(x)o’ (x1)o' (x2)) 0), (12)

where |0) is the combined vacuum state of the field and the ground state of the atoms. Here the atomic amplitude a(x, x2, t) is the probability
amplitude for exciting two atoms at the points x; and x; at time ¢, the one-photon amplitude y, (x1,%2,) is the probability amplitude for
exciting an atom at x; and creating a photon at x;, and the two-photon amplitude v, (x1,x,,t) is the probability amplitude for creating
photons at x; and x,. The functions v, and a are symmetric and antisymmetric, respectively:

Va(x2,x1,1) = Y2 (X1, %2, 1),  a(xz,Xx1,1) = —a(x1, %2, 1), (13)

consistent with the bosonic and fermionic character of the corresponding fields.
The state |¥) is the most general two-photon state within the RWA. In addition, |¥) is normalized so that (¥|¥) = 1. It follows from (4)
and (9) that the amplitudes obey the normalization condition

fd3x1d3x2(2|1//2(x1,xz,t)|2 +p(x1) |y (x1, %2, 1) * + 2p(x1)p(xz)|a(x1,xz,t)|2) =1 (14)

If the amplitudes a(x1, X2, ), ¥, (X1, X2, t) and y, (X1, X2, t) are factorizable as functions of x; and x;, then there are no quantum correla-
tions and the state |¥) is not entangled. Otherwise |¥) is entangled. If y, alone is not factorizable, we say that |¥) is an entangled two-photon
state.

The dynamics of |¥) is governed by the Schrodinger equation

iho,|¥) = H|¥). (15)
Projecting onto the states ¢' (x)|0) and o' (x)|0) and making use of (4) and (9), we arrive at the following system of equations obeyed by a, v,
and y,:
) 1/2 1/2
102 (X1, %2, 1) = c(=Ax ) Y2 (X1, %2, 1) + c(—Ax,) Y2 (X1, X2, 1)
+ 8 (p(x)ya (1%, ) + p(2) Y1 (x2:1,1)), (16)

p(x)idiy (130, 1) = 2gp(x1)Ya (31,52, ) + p (1) (=A%) 2 + Oy (31,32, 1)
- 2gp(x)p(2)a(xi, 3 ), (7)

p(x1)p(x2)idra(x1, %, t) = %P(Xl )p(x2) (1 (%2, %1, £) — Y1 (X1, %2, £) ) + 2Qp(x1)p(x2) a(x1, %0, 7). (18)

The overall factors of p(x) in the above will be cancelled as necessary. The details of the calculation are presented in Appendix A.

The above model views the atomic degrees of freedom as fermionic. In Appendix D, we consider the bosonic case, in which the atomic
field operators o obey commutation rather than anticommutation relations. In this setting, the atomic states can be multiply occupied. We
note that spin operators, which for discrete systems obey anticommutation relations on site and commutation relations off site, do not have
an analogous continuum limit.

lll. SINGLE-ATOM STIMULATED EMISSION

In this section we consider the problem of stimulated emission by a single atom. We assume that the atom is located at the origin and
put p(x) = 8(x). Thus the system (16)-(18) becomes

02 (x1,%0, 1) = c(=A,) Py (x1, %0, 1) + c(=Ag, ) 2y (X1, %2, 1)

9G:GL:LL €202 18quianoN 20

+ §(a(xl)wl (x1,%, £) + (%) ¥1 (X2, X1, 1)), (19)
8(x1)i0yn (X1, %20 1) = 2g0(xX1 ) Yo (X1, X0, £) + 5(x1)[c(—sz)l/2 + Q]l//l(xl,xz, 1), (20)
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where the term 8(x;)0(x2)a(x1,Xz,t) does not contribute due to the antisymmetry of a. We assume that initially there is only one photon
present in the system, which means that the initial conditions for the amplitudes y, and y, are given by

¥1(0,%,0) = ™7,
v2(x1,%2,0) =0,

where ko is the wavevector of the photon. Note that the amplitude of y, is set to unity for convenience. To proceed, we take the Laplace
transform with respect to ¢ and the Fourier transforms with respect to x; and x, of (19) and (20). We thus obtain

izy2 (ki ko, 2) = [clka| + clkeJya (ki ko) + %[Vfl (ki,2) + y1 (ka, 2) ], 1)
ilzy1(k,z) - 8(k—ko)] = 2¢ f Ek (K k 2) + [k + Q]yi (k, 2). (22)
Here we have defined the Laplace transform by
a(z) = f dte*a(t), (23)
0
where we denote a function and its Laplace transform by the same symbol. Solving (21) and (22) leads to an integral equation for v, (k, z) of
the form ,
8k~ k) ig [ _no
kz) = d’k , 24
nka) = S+ 0) - m(ke) | 2+ i+ 0) - 2(k2) (K| + dk]) — iz (24)
where
s(k2) =g [dK L (25)
2)=8 (K| + cK]) - iz - i€’

with € - 07. In order to evaluate the integral in (24), we make the pole approximation where we replace 2(k, z) with Z(k, —i(Q + c[k|)). This
quantity is independent of k and z, and so we will denote it by Z. For consistency, we also replace z by —i(Q + c|k|) under the integral in (24).
We note that this approximation arises in the Wigner-Weisskopf theory of spontaneous emission. In addition, we split X into its real and
imaginary parts:
ReZ = dw, (26)
ImZ =T/2. (27)

We can calculate I and dw by making use of the identity

1 1
=p ind(clk| - Q). 28
d—0—ic Tar_q k=) (28)
We find that
Pk
I = 20> f S(clk| - Q 29
£ | ) (clk| - Q) (29)
212
:‘%, (30)
JIC
and , ,
:«L/Z"/A k”dk 1
8w 21 Jo ck-Q’° (31)

where we have introduced a high-frequency cutoff to regularize the divergent integral. The quantities I' and dw correspond to the decay rate
of the atom and the Lamb shift, respectively. The regularization is necessary since the atomic density is singular, corresponding to a point
particle. We note that such a regularization is not needed for the continuum models that are discussed later in this work, including the cases
of homogeneous and random media.

Using the above results, (24) becomes

kK i i (K,2)
nkz) = T 0) i i r ) - S K- Q" (32)

9G:GL:LL €202 18quianoN 20
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Since y, appears on both the left- and right-hand sides of (32), upon iteration we obtain an infinite series for y,, which to order O(g?) is
given by

d(k - ko) i’ 3.0 Ok’ — ko)
kz)=
nka) = T 0)-z e i0-d) - S Q=) (z+ (K[ Q) —ix) (33)
~ d(k-ko) . ig* 1 (34)
S z+i(ck]+ Q) - i z+i(ck] + Q) — i (c[ko| - Q) (z + i(c|ko| + Q) - iZ)
Inverting the Laplace transform, we find that y, (k, t) is given by
.2
K, £) = e (8DTH2, g gy mielkle 4 okl _ iclkolt ] (35)
nikd (e k™ = o el )

Note that y, decays exponentially at long times (It > 1) and that y, can be obtained from (21).

IV. CONSTANT DENSITY

In this section we consider the case of a homogeneous medium and set p(x) = p,, where p, is constant. It is useful to define the function
Y1 (X1,%2, 1) = Y1 (X2, X1, 1) and write (18) as a 4 x 4 symmetric system. If we further define the vector

\/51//2 (x1,%2, 1)
VPo/2y1(x1, %2, )

Y(x1,Xp,t) = B > (36)
\/ po/2n (X1, %2, 1)
\/Epoa(xl,xz, t)
then (18) can be written as
i0¥Y = AY, (37)
where
c(-8x)P +e(-0)" gp gv/p 0
Y N c(-A5)P + 0 0 -gv/po G8)
g/po 0 (-8 +0 gpo
0 -&v/Po gVpo 20

This definition of W has the advantage that the matrix A is symmetric. The Fourier transform of (37) with respect to the variables x; and x, is
given by

W = A¥ (39)
where

ckil+dka|  g/po  gv/po 0
gv/p k| +Q 0 —&/pPo

9G:GL:LL €202 18quianoN 20

Ak, k) = ) (40)
om0 dkl+0 gy
0 —&/Po  &/po 20
The matrix A has eigenvalues

Ai=b — M,
2

Ao=by + M,
2

2

As=by - M,

2
J. Math. Phys. 64, 111903 (2023); doi: 10.1063/5.0106535 64, 111903-5
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Aa=by + M,
2
where
b=y Sl el (41)
2 2
hz = 202 +8g2p0 +C2 |k1|2 +C2 |k2|2 —20C|k1| —ZQC‘kzL
b3 = Q4 —ZQ3C|k1| —2Q3C|k2| + Qz Cz |k1‘2 +4Qz C2 |k1| |k2| + Qz Cz |k2|2
+80° ¢’ -2QC ki k| -2Q¢ k| [ko|* = 8 Qcg’po [k (42)
-8Qcg’po k| + ¢ ki’ [kaf* + 4 gPpo [ku|” + 4 gpo ko™ (43)
The components of the associated eigenvectors v;(ki, kz) are given by
v = _203 - Zngpo +20? clki| + 202 clka| - cgzpo k| - cg2p0 k.| + 206 ki k2|
g'po (clku| - clkal)
(40 +clki| +c ko)A . Li(5Q% -2¢%p0 +3Qclki| +3Qcko| + ¢ [ki| [Kka|)
&' (clka| - c[ka]) g (clka| - c[ka])
A3
_ (44)
" oo (el cllal)’
) 22 2(Q+clki|Q-g%0)  (3Q+clki]) (L) 45)
i = - )
g/ (] —cllal) * g/po (cllal—clll)  gy/po (clki] - c ko)
; A 2(+cllke|Q-g%p0)  (3Q+clka]) (M) 46)
i3 = - ,
v (el —clo) * gyp (chal—cllal)  gy/po (clkil - clla])
vig = 1. (47)
It follows that the solution to (39) is
Akt dky ok inek —ig /oo (ko )t
W(xy, %, t f Fxrkitixg: 2Ci(ky, k elg\/%r(bz) (kL k), 48
(x1,%2,t) = Z (2n)’ () (ki,kp) vi(ki, k) (48)
where the values C; are solutions to the linear system
) 4
¥ (ki, k;,0) = Z vi(ki, ko) Ci(ki, ko). (49)

i=1

In order to study the emission of photons, we assume that initially there are two localized volumes of excited atoms of linear size I
centered at the points r; and r,. The initial amplitudes are taken to be

¥2(x1,%2,0) =0, (50)
¥1(x1,%2,0) =0, (51)
1\ B i N L) B D ) i O L
a(Xl,Xz,O) = 7 (e 1—11 P e (g xir S)’ (52)
T )

where I; is constant.

Figure 1 illustrates the time dependence of v, ¥, and a, where we have set the dimensionless quantities Q/, /pog = ¢/Is\/pog = 1. Note
that the atomic amplitude is antisymmetric, consistent with (9) and that it corresponds to an entangled state. We observe that the ampli-
tudes oscillate and decay in time. Moreover, the atomic and one-photon amplitudes are out of phase with one another, and the two-photon
amplitude is an order of magnitude smaller.

9G:GL:LL €202 18quianoN 20
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FIG. 1. Plots of two photon, two atom, and mixed state probability densities for the case of constant atomic density, given by (48). The quantities |a(x+, X, t) |2, [ (X1, X2, £)[2

and |y, (1, Xy, t)|? are evaluated at the points x; and X, with [x1 — ry| = [Xo — 11| = [X1 — 2| = [x2 — 12| = Js.

V. STIMULATED EMISSION IN RANDOM MEDIA

A. Kinetic equations

In this section we consider stimulated emission in a random medium. We suppose that there is at most one atomic excitation and that
there are at most two photons present in the field. Thus we set the a(x1,X»,t) = 0 and study the dynamics of v, and y,. The system (18) then

becomes

i0ya (X1, %2, 1) = C(—Axl)l/zlﬂz(Xl,Xz, )+ C(—sz)l/zlllz(xl,xz, t)
+ 2 (p(x )y (x1 %0, ) + p ()1 (32,31, 1)),

10y (X1, X2, 1) = 2g¥a (X1, X2, 1) + [C(—sz)l/z + Q]%(Xl,xz, t),

0=y1(x2,x1,t) — v1 (X1, X2, 1), (53)
which can be rewritten as the pair of equations
i0y2 (X1, %2, 1) = ¢(—Ax, )l/zl/lz(Xsz, ) + c(-Ax, )l/zll/z(xl,xz, t)
5 (p(x1) + p(x)) 1 (x0,%2,1)),
c c
Oy (0,52, 1) = 2y 1) 4 [ 5 (00)' 7+ 5 (-00) 7 4 0y (a3 ) (54)
We will assume that the number density p(x) is of the form
p(x) = po(1+7(x)), (55)
where p, is a constant and 7 is a real-valued random field. We assume that the correlations of # are given by
(n(x)) =0, (56)
(n(x)n(x)) = C(x1 = x2). (57)
J. Math. Phys. 64, 111903 (2023); doi: 10.1063/5.0106535 64, 111903-7
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where C is the two-point correlation function and (- --) denotes statistical averaging. We further assume that the medium is statistically

homogeneous and isotropic, so that C depends only upon the quantity |x — y|. If we define

Vit
I REOCERD

Vpoyi (x1, %2, t)

then the above system of equation can be rewritten as

10/ (x1,%2, 1) = A(x1, %) W (X1, X2, 1) + g1/ /)2—0(11()(1) +17(x2))KY(x1,%2, 1),

where

o(~Ax)'? + c(~Bx)"? V2g\/po

A(Xl,XZ) =

c [ >
Vg /o S84 D (-ag) 40

(58)

(59)

(60)

(61)

To derive a kinetic equation in the high-frequency limit, we rescale the variables t — t/e, x| — x1 /¢, and x, — x,/e. Additionally, we
assume that the randomness is sufficiently weak so that the correlation function C is O(¢). Equation (59) thus becomes

€0 We(x1,%2,1) = Ac(X1,%2) We (X1, %2, 1) + /€8 / %(n(xl/e) +1(x2/€))K¥e(x1,%2, 1),

where

ec(-Ax)" +ec(-A)'? NONT

Ac(x1,%2) =

V2g /o es(-8)" +eS(-an) P +a

(62)

(63)

Next we introduce the scaled Wigner transform, which provides a phase space representation of the correlation functions of the various

amplitudes. The Wigner transform W.(x1, ki, x2,kz, t) is defined by

We(x1, ki, %2, ko, £)

f R el (x1 — €x]/2, % — €x3/2, )W (x1 + €x] /2, %7 + €x3/2, 1),

(2n)° (2n)*°

(64)

where T denotes the hermitian conjugate. The Wigner transform is real-valued and its diagonal elements are related to the probability densities

|y, [* and [y, * by
2|1//2€(X1,X2,l‘)|2 = fd3k1d3k2(We(X1>k1,Xz,kz,f))u,

P0|l//1€(X1,X2,t)\2 = fd3k1d3k2(We(X1,kl,Xz,kz,t))zz-

(65)

(66)

The above factor of two is due to the symmetry of the function v, (x1,x). The off diagonal elements are related to correlations between the

amplitudes:
V2pova, (x1, %2, )y (X1, %2, 1) = fd3k1d3k2(We(X1>k1,X2,k2,t))12- (67)
In Appendix B, we show that the Wigner transform, W, satisfies the Liouville equation
i€ We(x1, ki, %2, ko, t)
d3k1 d kz le»k;+ixz-k£ A ' ’ » ’ ’
A(ky — €K} /2,ks — €k, [2) W (K}, k1, Ko, ko, t
f(2ﬂ)3 (27_[)3 ( 1 1/ 2 2/ ) €( 1> K1, R, K2 )
d3k’ d3k2 zx K +ixy K 2 ’ ’ A ’ ’
v We(kl, ki, ko, ko, t)A(ky + eky /2, ks + €k; /2
[ Gy Gy (Ko, Kb ke, )A (Ko + ek /2, + ek /2)
J. Math. Phys. 64, 111903 (2023); doi: 10.1063/5.0106535 64, 111903-8
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d3 iqX; /€
+ \/Eg\/ % [7(27;;36(1 1/ ﬂ(q)[KWg(Xl,kl + q/2,X2,k2,t) - Wg(Xl,kl — q/Z,Xz,kz,t)KT]

d3 iqXy/€ A
+ \/Eg\/ /?270 /‘(27:;33(' o/ W(Q)[Kwe(xl»kl,xz,kz +q/2,t) — We(x1, ki, x2, k2 — q/2, t)KT], (68)
where
. clkq| + clkz 2p0
dkko) - | <l P08 , (69)
Varg (ki + ckal) /24 Q
and the Fourier transform W is defined as
We(ki,kbk;,kz, t) = fd3x1d3xze_ixrk;_ix2'k£ We(x1, ki, X2, ko, £). (70)

Next we wish to study the behavior of W, in the high frequency limit € — 0 and obtain kinetic equations satisfied by the diagonal elements in
a particular eigenbasis. To this end, we introduce a multiscale expasion of the Wigner transform of the form

We(x1, X1, ki, %2, Xo, ko, t) = Wo(x1, ki, %2, ko, ) + VeW1 (x1, X, ki, %2, Xo, ko, £)

+ eWa(x1, X1, ki, x2, X0, ko, ) +- -+, (71)
where X, = x;/e and X, = x; /e are fast variables and Wy is assumed to be both deterministic and independent of the fast variables. We treat
the variables x;, X; and x,, X, as independent and make the replacements

1 )
Vx, = Vx, + EVX,; i=1,2 (72)
Hence the Liouville equation becomes
ieatWf(xl)Xl)kl)XZ)XZ’kZ) t)
_ / &k Ik, PK LK K] i K XK X K
(2n)* (27)° (2) (2m)?
X A(kl - €k{/2 - K1/2,k2 — €k;/2 - Kz/Z)Wg(k;,K1,k1,k;,K2,k2, l’)
3 / &Ik &Pk, PR PK, K i K X K+ Ky
(2m)* (27)° (27) (2m)?
X Wg(k{,Kl,kl,k;,Kz)kz, l’)A(kl — Ek;/z + K1/2,k2 — €k;/2 + Kz/Z)

+/eg %OLlwe(Xl,Xl,kl,Xz,Xz,kz,t) +eg &;LZWS(Xl,Xl,k1>X2>X2,k2,t), (73)

where

#q ex
LiW= /(2733@‘1"1 q(q)[KW(xl,Xl,lq +q/2,%, X3, ks, t)

- Wi(x1, X1, ke *q/2,Xz,X2,k2,l‘)KT], (74)

P9 ex,
LW = f(z;;sequ q(q)[KW(X1,X1,k1,X2,X2,k2 +q/2,t)

- Wi(x1, X1, ki, %, X0, ke — q/2, t)KT], (75)
and the Fourier transform We-(k; ,Ki, ki, k5, Ko, ko, t) is defined as
We(ky, Ki, ki, K, Ko, ko, t)
- fdg"cld39€2d3Xld3Xz€_ix"k;ﬂX"K'_ixz'lé_inKZ We(x1, X1, ki, %2, X0, ko, £). (76)

Substituting (71) into (73) and equating terms of the same order in /€ leads to a hierarchy of equations. In Appendix C, we solve the
equations at orders O(1), O(1/€) and O(€), and impose an orthogonality assumption which closes the hierarchy of equations. The result of

J. Math. Phys. 64, 111903 (2023); doi: 10.1063/5.0106535 64, 111903-9
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this calculation is two fold. First the leading order term W (x1, ki, X2, ko, t) is independent of the fast variables X; and is diagonalizable for
each (k;, k). Second the matrix elements a. (x1,ki, X2, ko, £), of Wo(x1,ki, %2, ks, t) in this basis satisfy the kinetic equations

1 N .
zatﬂi + f:t (kl;kz)(kl -Vx +ka- sz)ﬂi + @10+ + U240y
- e /dR'A(Rl,R', Ik ) (koK Ko + e /dR'A(Rz,R', ke ) (Ko, k) 77)

Here the scattering coefficients y,, , the scattering kernel A, and the functions f. are defined as

2 Ko (ki ko, ki, ko )? ak’ . N
sl k) = £27 (ki lo ki ko) a5 (i &), (78)
“ld(kke) - Q + 23/ (d(kiks) - Q) + 8¢%p0 (27)
2 K. (ki ko, ki, k)2 dk’ . N
Hli(klakZ) _ g f2)07T i,i( 1, K2, K1 2) |k2‘2 ; ; C( k2|(k2 —k’)), (79)
(k) - Q + 3/ (d(kike) - Q) + 8¢%p0 (27)
A(k k', k) = —Qf'f(k Kk 2), , (80)
Jdk'C(k(k-k"))
_ _ 2 2
fi(kl)kZ)z (Ai(klskZ) d(kl>k2) Q) +& po (81)

(Ai(kl,kz) = d(kl,kz) - 0)2 + 2g2p0.
We note that (77) is of the form of the kinetic equation (1).

B. Diffusion approximation

We now consider the diffusion limit of the kinetic equation (77). Using the results of Appendix D, we see that each of the modes a.
satisfy (77) and thus their first angular moments, which are defined by

us (x1, k1, %2, ko, t) = fdf(l df(zai(xl, kiki, x2, koko, 1), (82)
satisfy the equations
Oz — D12 Ax s — Do s Axyus = 0, (83)
where ,
c
Di. = J (84)
3[/1&

We assume that initially there are two photons present in the field localized around the points r; and r; in a volume of linear size I;. The
corresponding initial conditions are given by

17 _jx— g — i — lx—

Y2 (X1,%2,0) = lg[e i=nl/28 -l /2 lnl/2k e “lz/llsz], (85)
S

y1(x1,%2,0) = 0. (86)

Note that y, corresponds to an entangled two-photon state. These initial conditions imply initial conditions for the Wigner transform Wy
from (64), which in turn imply initial conditions for the modes a. from (C5). These in turn give initial conditions for u, and we may solve
the corresponding diffusion equations (83) to obtain expressions for the probability amplitudes (|y, |*) and (|y[*):

polly (x1,%2, 1))

3/2 5 3/2
32¢%po f°° /‘°° I IS
=—=" dkidks ni(ki, k
" ; o Sy Hadkemlkik) P+ 4tD,; P+ 4tD,;

I:e—xl -1, |2/(1S2 +4tD1);) e—\xz—l'2|z/(lf+4tD2);) i e—|x1 —r2|z/(lf+4tD1v, ) e—\xz—l'l |2/(1S2 +4tD, )

9G:GL:LL €202 18quianoN 20

X
1 2RO 2 (EaiDy ) ol (o) /2 /(B ey ) S0 (R — pa]) sin (ol — 2] | (87)
k1|r1 7r2| k2|1‘1 *1‘2|
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(ly2(x1 %2, 1) )

16 o oo N
-2 dkydky (ki k . :
P ;fo fo ke Gk 2)(13+4tD1,_) (lf+4tD2>_)

< [e—xl—n|z/(lsz+4tDl,_)e—|xz—r22/(lf+4tDz,_) 4 e—\xl—rzlz/(lf+4tDl,_)e—|xz—r1\2/(lf+4tD2,_)

g i~ (rue) (2P (B +4D1) =l (r1+12) /2 (B+4tD ) ST (ki|ry = r2]) sin (ka|r; — 1))
+2 , (88)
k1|l‘1 —l‘2| k2|l'1 —l‘2|
where we have introduced the notation i = —i for i = +, and the coefficients #, and {, are defined by
kzkz I~k
ki, k , (89)
) = O k) — d Gk k) — ) — (b (ko) — d(kr k) — )7
212 P~k
Lok k) = kikse (A+(k21,k2) d(ki, k) - Q)? (90)
(As (i, k) — d(ki ko) — Q)% — (A= (ki, k) — d(ki, ko) — Q)
It is readily seen that long times, (|, |*) and (|y,|*) decay algebraically according to the formulas
C Cy4(X1,X2, 11, T
pollu ) = & - Gl o1
G G(x1,X2, 11,1
ey = & % (92)
where the constants C; for i = 1,2, 3,4 are given by
64 lz 3/2 lz 3/2
C=% 2 [T [ ke Glkk S
" Z tdka Gk 2)(4D11) (4D2,?)
<1+ sin (ki|r1 — r2]) sin (k2|r; — 12|) ) (93)
kir; — 13 kalry — 12
16 l2 3/2 ZZ 3/2
= dkidk, (i(ki, k :
@° Z f / 2 blk 2)(4D11) (4D23)
i-nf | e-nf ool x-nf
4D1,i 4D2,i 4D1,,‘ 4D2,,‘
s |x; — (r1 +12) /2 . Ix2 — (r1 +12)/2* \ sin (ki |ty — 12|) sin (ka|r; — 12|) ’ (94)
4D1,i 4D2),‘ k1|l‘1 - 1‘2| k2|r1 - l‘2|
32, 5 \3/2
32gzpo f / I I
= Lk
G ; . dk dk; 7’]1(k1 2) 4D 4D2’;
<o 2sin (ki|r1 = r2]) sin (kz|r1 — 12]) , (95)
k1|1‘1 —l‘2| k2|1‘1 —1'2|
32, 5 \3/2
32g2p0 /‘ f I I
Cy = dkydkaoky ni(ka, k
4 ; p 21’7(1 2) 4Dy, 4D,
Jr-nP e-nf -nP o-onf
4D, ; 4D, ; 4D, ; 4D,;
. 2( [x1 - (r1 +12)/2] . % — (11 + rz)/zz)sin (kilr1 = r2|) sin (kz|r; - r2]) . (96)
4D1,i 4D2,,’ k1|1'1 - r2| k2|l'1 - l‘2|

To illustrate the above results, we consider the case of isotropic scattering and set the dimensionless quantities Q/\ /pog = ¢/ls\/pog = 1.
In addition, we choose x; = (15,0,0), x; = (-1,0,0), r; = (0,0,1) and r, = (0,0, 1), so that the distances from the points of excitation
(r1 and ry) to the points of detection are equal to L. In Fig. 2 we plot the time dependence of the probability densities (|y,|*) and (|y,|*).
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FIG. 2. Plots of the one- and two-photon probability densities for stimulated emission in a random medium, given by (87) and (88). The quantities |y (x1,X, t)[?) and
(|y,(x1, %2, 1)[?) are evaluated at the points x; = (I5,0,0) and x, = (~Is, 0,0).

x10°®

——— Diffusion Approximation
— — ~Long Time Asymptote

2.5 {

pol[tn]?)

l:}

50 100 150 200
Qt

FIG. 3. Comparison of the diffusion approximation (87) and the long-time asymptote (91) of (|, |?) for the case of stimulated emission.

We note that (|1//2|2) is monotonically decreasing while (|1//1|2) has a peak near Ot = 1. A comparison of these results with the asymptotic
formulas (91) and (92) is shown in Figs. 3 and 4. There is good agreement at long times.

VI. KINETIC EQUATIONS FOR TWO-PHOTON LIGHT

In this section, we consider the general problem of two photons interacting with a random medium. That is, we will study the the time
evolution of the amplitudes a(x1,x2,t), v, (x1,%2,1) and l//z(Xl,Xz, t), and derive the corresponding kinetic equations. We begin with the
system (18), where we have canceled overall factors of p:

iOya (X1,%2, 1) = C(—Axl)l/zllfz(xl,xz, )+ C(—sz)l/zlh(xl,xz, t)
HGOCE DRV COMACE IO
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FIG. 4. Comparison of the diffusion approximation (87) and the long-time asymptote (91) of {|y,[?) for the case of stimulated emission.

ia;l//l (X1,X2, 1’) = 2g1[/2(X1,X2, l’) + I:C(—sz)l/2 + Q]l//] (X],Xz,t)

- 2gp(x2)a(x1,%, ),
iata(xl,xz, t) = %(Wl (Xz,xl, t) - (X1,X2, t)) + ZQa(X1,X2, t). (97)

Here the number density p is a random field of the form (55). Equation (97) can now be rewritten as

z&‘l’ = A(Xl,Xz)‘I’ +g\/p_()l’](X1 )KI‘I’ + g\/p_oi’](X2)K2‘I’, (98)

where W is defined by (36) and

v
&v/po

A(x1,%) =

0 0

0 0 0
Kl: >

0 0 O

0 0 0

(=057 + c(=0,) 2

&v/po &v/po 0
o(-2)* +0 0 -g\/po ©9)
0 (-a)"+ 0 gup |
&P gv/po 20
0 0 1 0
0 0 0 -1
(100)
0 0 0 0
0 0 0 0

In order to derive a kinetic equation in the high-frequency limit, we rescale t,x;,x; according to t — t/e, x; — X1 /€ and x; — x;/e.
Additionally, we assume that the randomness is sufficiently weak so that the correlations of # are O(¢). Equation (98) thus becomes

where

ce(—Ax, )1/2 + ce(—Ay,) 12

&v/pPo
&vpo

Ac(x1,%2) =

i€ We = Ac(x1,%2) Ve + \/Eg\/p_oq(xl/e)Kl‘I’g + \/Eg\/;Ton(xz/e)Kz‘I’g, (101)
&v/po &v/po 0
ce(-A,)* + 0 0 -g/po (102)
0 ce(-0x)' 40 gup |
—8v/po &v/po 20

0

J. Math. Phys. 64, 111903 (2023); doi: 10.1063/5.0106535
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To proceed further, we introduce the 4 x 4 matrix Wigner transform W, which is defined by (64). The diagonal elements of W are related to
the probability densities by

2|1//2e(X1,X2,t)\2 = fd3k1d3k2(Ws(X1,k1,Xz,kz,l‘))u, (103)
%W’le(xl:xbt)‘z = [d3k1d3k2(Ws(X1,k1,Xz,kz,l‘))zz, (104)
polac(xi, %2, t)[* = [d3k1d3k2(We(X1,k1,Xz,k2>t))44, (105)

while the off diagonal elements of W, are related to correlations between the amplitudes. It can be seen by direct calculation, as in Appendix B,
that the Wigner transform satisfies the Liouville equation

€0 We(x1, ki, %2, ko, 1)

dSk, dSk, le‘k'+ixz~k’ A ’ ’ A ’ ’
f G e A (K - €K, /2, ks — el 2) We (K, ki, K, Ko, £)

A
(2n)° (27)°

+\/Eg\/f70/(;lﬂq)3

d3 1Q-Xy /€ A
+Veg/po [ (2733” LA@RWe(xi ki x ke +q/2,) - We(xi, ki %0, ke - q/2,0)K; |, (106)

MR W (K Ky, K K, £)A(Ky + €K /2, ks + €K /2)

/e A(q)[Kl We(x1, ki + q/2,%2,ka, 1) — We(x1, ki — /Z,Xz,kz,t)KlT]

where A is given by (40), and the Fourier transform W, is defined by
We(k, ki, kb, ko, t) = f Exid e ™ R (0 g x0, k0, £). (107)

Next we study the Wigner transform We(x1,ki,x2,ky, t) in the high frequency limit ¢ — 0. To do this we once again introduce a
multiscale expansion of the Wigner transform of the form

We(x1, X1, ki, %2, Xo, ko, £) = Wo(x1, ki, %2, ko, £) + VWi (x1, X1, ki, %2, Xo, ko, £)
+eWo(x, X1, ki, x0, Xo, ko, ) + -+ -, (108)

where X; = x;/eand X, = x,/e are fast variables and Wy is both deterministic and independent of the fast variables. We will treat the slow and
fast variables x; and X (respectively x, and X;) as independent and make the replacement (72). Hence the Liouville equation (106) becomes

ie0s We(x1, X1, ki, %2, X0, ko, 1)
B f &Lk LKy, PR PK, i3, K+ %, K X, K +X, K
(2n)’ (2m)’ (2m)° (27)°
x [A(ki - K1/2 - ki /2, ks — Ky /2 — ek /2) We(ki, K1, ki, K5, Ko, ko, £)
- Wg(k{,Kbk],k;,Kz,kz, t)A(kl + K2/2 + €k;/2,k2 + K2/2 + €k;/2)]
d3q
+
Ve [ o5
- We(x1, X1, ki — q/2,X2,X2>kz,f)K1T]
dsq
+e
Vegp [ o
- We(x1, X1, ki, %2, X0, ks — q/2,t)KzT], (109)

g/ A(q)[KIWe(Xl;Xl)kl +q/2,%2, X5,k 1)

eI/ 15(q) [Kz We(x1, X1, ki1, %2, X2, kz + q/2, 1)

where the Fourier transform We(k{,Kl,kl,kg,Kz,kz) is defined by (76). The process of obtaining equations satisfied by modes of W, is
similar to that discussed in V. We substitute (108) into (109) and collect terms at each order of \/e. We find that the leading order term

9G:GL:LL €202 18quianoN 20
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Wo(x1,k1, %2, ko, t) is independent of the fast variables X; and is diagonalizable for each (ki, k). The matrix elements a;(x1, ki, X2, ka, t) with
i=1,2,3,4 of Wo(x1,ki, %2, ko, t) in this basis satisfy the kinetic equations

1 X N
;atai"'fli(kl;kz)kl - Vxai + Hi(ki, k)ks - Vx,ai + pi(ki k2 )ai(ki, ko ) + poi(ki, ke )ai(ki, ko)

= pi(ki, ko) /dz];A(kAlylA(, k1|)ui(|kl|f(:k2) + pai(ki, ka) /dZiCA(kAz,f(. kz|)ai(k1,|k2|f<), (110)
where
fri(ki ko) =Vi1(k1,k2)2 +Vi3(kl)k2)2) (111)
f2i(kl>k2) =Vil (k1>k2)2 + Viz(kl,kz)2 > (112)
2 2, 12
g porKyii(ki, ko, ki, ko ) ki
i(ki, k) = s 113
il ko) Oh i (ko o) (113
2 21,12
£ porKaii(ki, ka, ki, ko )* ks
i(ki,ky) = s 114
/42( 1 2) |akzli(k1,k2)| ( )
A(ky, ks, k) = Clk(l ~ ko)) (115)

[k C(k(k k"))’
The details of this calculation are provided in Appendix E. We note that (110) is of the form of the kinetic equation (1).

A. Diffusion approximation

In this section we consider the diffusion limit of the kinetic equation (110). We again specialize to the case of white-noise correlations,
which leads to the phase function A = 1/(47), corresponding to isotropic scattering. Making use of the diffusion approximation developed in
Appendix D, we see that the first angular moments

ui(x1, ki, x2, [ka|, ) = fdﬁldkzai(xl,kI:XZ:kZ,t) (116)
satisfy the equations
Owi — Dii(Jki), |ko| ) Ax, i — Dai([k1|, [K2|) Ax,ui = 0, (117)
where
2
Dy = @, (118)
3pti
cfz-
Dy = 24, (119)
3uai

Suppose that initially there are two photons in the field localized around the points r; and r; in a volume of linear size I. The
corresponding initial conditions are given by

17 Cixi—r P2 —lx—r |2 /2P Lixi =122 —lxo—r |2 /2P
\/Ev/z(Xl,Xz,O) — El:e [xi =1y /2158 [xo—ra|* /21 +e [x1—12] /2156 ;=11 /ZIS:I’ (120)

¥1(x1,%2,0) = a(x1,%2,0) =0, (121)

where

C He—|xl—fl\2/2152 e—|1i2—1‘2|2/2152 + e—|1(1—1‘2|2/2152 e—\xz—l'1|z/2lf

. (122)
.
Note that this corresponds to an entangled two-photon state.

The above initial conditions imply initial conditions for the Wigner transform Wy. The initial conditions for the modes a; are determined
by solving the linear system

9G:GL:LL €202 18quianoN 20

(Wo) 1 (x1, ki, %2, k2,0) a1(x1, ki, %2, ks, 0)
(Wo)22(x1, ki, %2, k2, 0) V(K ke) az(x1, ki, %2, k2, 0) ) (123)
(Wo)33(x1, ki, %2, k,0) a3 (x1, ki, x2,k,0)
(Wo)aa(x1, ki, %2, k2,0) as(x1,ki, %2, k2,0)
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FIG. 5. Plots of the atomic, one-photon and two-photon probability densities for a random medium, given by (126)—(128). The quantities |y, (X1, X2, )[2), {|w, (X1, X2, t)[?)
and (|a(xy, X, t)|?) are evaluated at the points x4 = (I5,0,0) and x, = (=I5, 0,0).
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200 300 400 500 600 700 800 900 1000
Qt

FIG. 6. Comparison of the diffusion approximation (126) and the long-time asymptote (129) for (|1//2|2) for the case of a random medium.

where

(V(ki.k2))i = vji(ki, ko). (124)
It follows that the initial conditions for the first angular moments are given by
ui(x1, [ki|, %2, |k2|,0) = ‘/‘dlAleA(zai(kal,Xz,kz,O)- (125)

The diffusion equations (117) can then be solved using (D21). Combining this result with (103)-(105), (E2), and (116) we see that the average
probability densities are given by
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FIG. 7. Comparison of the diffusion approximation (127) and the long-time asymptote (130) for (|y, 2 for the case of a random medium.
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FIG. 8. Comparison of the diffusion approximation (128) and the long-time asymptote (131) for (|a|?) for the case of a random medium.

(ly2(x1, %2, 1))
1 4 oo oo 2,2 —PR-PR 2 1 lz 3/2
- dkidioki ke v (kL k) (VD) (kL k)| 5————
ZCZZ; fo ./o 1R Vi) (V- (ks 2)(152+4fD1i)

2 3/2
I i1/ (P+4tDy) -/ (P+4tDy)
X T e e
ls + 4tD»;

+ e_‘xl —fz|z/(lsz+4tDn)e—|Xz—r1 \2/(lsz+4fDZx)

2= S e = S22 B sin (ke — ) sin (Kol o)) ] 126

k1|l'1 —l'2| k2|1'1 —I'2|

J. Math. Phys. 64, 111903 (2023); doi: 10.1063/5.0106535 64, 111903-17

Published under an exclusive license by AIP Publishing

9G:GL:LL €202 18quianoN 20


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i o
Mathematical Physics pubs.aip.org/aip/jmp

(ly1 (x2ox1, 1))
~ lz 3/2
pczzf f dkydka kK2 RN, (ke Ko ) (V ),1(k1,k2)(7)
0

lz + 4tDy;

3/2

L —[x; =11 [P/ (B+4tDy;) ~[xy =12/ (E+4tDy;)

x| 57— e ; e ;
lx + 4tD»;

+ e*|xl *fz\z/(lf“lfDn) e*|Xz*r1 \2/(lf+4tDzi)

4 g EER P/ (B ratDy) o= CE /(2 aiy) S0 (R [1 = 1) sin (Kol — 1) (127)
ki|r — 2 kalry — 12|
{la(x x2,1)[)
2 —PR-PK 2 1 5 i
= dkidkokikse S T0vE (ko) (V)i (ko )| ——
zpoczgf [ dkua, 2k ko) (V) (k 2)(1 4ch)
3/2
x l52 ! e—\xl—rl|2/(lf+4tD1,)e—|xz—r2\2/(lf+4tD2,)
l? + 4tD»;
e—|X1—rz\z/(lf+4fDn) e—|xz—l‘1 [/ (E+4tDy;)
N 2e_|xl (r1+rz)| J(P+4tDy;) —|Xz ('1+'2)| (P+4tDy;) sin (k1|r1 - l‘2|) sin (k2|1'1 - I'ZD ) (128)
ki1 — 12 ka|ry — 12
We note that at long times, the average probability densities decay algebraically according to
B B > > >
O (129
4B 4B » X2, I,
(lyr (x1, %2, 1)) = —2 — 4B22 (X1, X2, 11, 12) X1 r) (130)
pot® pot
B B > > >
(la(xi, 3, ) = 224 M, (131)
pot’ pot
where the constants Byj and By;, j = 1,2, 4 are given by
L& = = 2 —PIR-PR 2 lz 0
By= =y [ akdkokike S k) (VD Gk 5
i=1
3/2
y 2 / L sin (ki|r1 — r2|) sin (kz|r1 — r2|) (132)
4D; kit — 3 k|t — 1|
L& == 2 “PR-PK 2 -1 12 2
By=52Y) fo fo dkidkakikie™ R k) (V) (ks k)| 5
i=1
3/2
AN [menl e-nP | x-n? e-nf (133)
4D;; 4Dy; 4D;; 4Dy; 4D;
|_M|2‘_M|2-k in (k
o . | e 3 sin (ki|r1 — r2]) sin (kz|r1 - 12|) . (134)
4Dy; 4D,; k1|l'1 - l‘2| k2|1'1 - l'2|

In order to illustrate the above results, we consider the case of isotropic scattering and set the dimensionless quantities Q/./pog
= c/ls\/p_og = 1. In addition, we choose x; = (1;,0,0), x> = (-1;,0,0), r1 = (0,0,1) and r, = (0,0, ), so that the distances from the points
of excitation (r; and r;) to the points of detection are equal to J;. In Fig. 5 we plot the time dependence of the probability densities. We note
that the negative values of these quantities are due to the breakdown of the diffusion approximation at short times. We observe that the two-
photon probability density increases before eventually decaying. A comparison of these results with the asymptotic formulas (129), (130), and
(131) is shown in Figures 6-8. There is good agreement at long times.
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VII. DISCUSSION

We have investigated the propagation of two-photon light in a random medium of two-level atoms. Our main results are kinetic equa-
tions that govern the behavior of the field and atomic probability densities. Several topics for further research are apparent. An alternative
derivation of these equations may be possible using diagrammatic perturbation theory rather than multiscale asymptotic analysis. This is the
case for the classical theory of wave propagation in random media, where a comparative exposition of the two approaches has been presented
in Ref. 42. It would be of some interest to quantify the evolution of the entanglement of a two-photon state as it propagates through the
medium. One approach to this problem is to introduce a suitable measure of entanglement such as the entropy defined by the singular values
of the two-photon amplitude.” Here the evolution of the entanglement of an initially entangled state is of particular importance, especially
in applications to communications and imaging. Finally, accounting for atomic motion is a challenging problem. One possible approach is to
view the density p as a quantum field whose dynamics must be taken into account.
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APPENDIX A: DERIVATION OF THE SYSTEM (18)

We begin by computing both sides of the time-dependent Schrodinger equation (15), employing the Hamiltonian H and the state (12).
The left-hand side is equal to

ihd, W) = [ d3x1d3xz(ihatl//2(X1,X2, ' (x1)¢' (x2) + iy (x1, %, )p(x1) 0" (x1)¢ (x2)
+ ihda(x1, %2, £)p(x1)p(x2)0’ (x1) ot (xz))|0), (A1)
while the right-hand side is given by
HY) = h [ dxdndx{d(-0)79' (04(0) + 0p(x)0! (x)0(x) + gp(x) (¢! () (x) + 9(x)0 (x)) }

x{ya (1,3, 09 (x1)¢1 (%) + v (31,32, £)p(x1 )0 (x1)¢ T (x2)
+a(x,x, 0p(x)p(x)o (11)a’ (x2) }10)

1 [ @xdnd v (xx0c(-8) ¢ (09 ()¢ (x)¢' (x2)
+ 1 (x1,%2, )p(x1)c(-1) ¢ (x)p(x)0" (x1)¢" (x2)
+y1(x13, Dp(x)Qp(x)0’ (x)a(x)o" (x1) (x2)
+a(x1,%,)p(x1)p(%)Qp(x) 0’ (x)o(x)0" (x1)0" (%)
+ 91 (31,3, )p(x1)gp(x) ¢! () o (x)0" (x1)9" (x2)
+a(xi,x,)p(x)p(x)gp(x)¢ (Do ()0 (x1)o (x2)
+y1(xx, Dp(x)gp(x)¢(x)o! (x)o" (x1)¢" (x2)
+ (0,3, g0 (09 (x0)' (12) ] 0).
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Using the commutation and anticommutation relations (4) and (9) we arrive at

B [dxd s {((-80) P ya(xix 1) + c(=05) Pya(x1,%, )9 (109 (x2)
+e(-A0) Py (3%, )p(x1) 0" (x1)¢ (%2) + 91 (31,30, £)p(x1) Q0" (31)9 (x2)
+ 2a(x1, %2, 1)p(x1)p(%:) Q0" (x1) 0" (x2) + y1 (x1, %2, 1) p(x1)gg" (x1) 9" (%2)
— 2ga(x1, %2, 1)p(x1)p(%:)9" (x2)0" (x1) + gy (x1, %2, )p(x1) o (x1)0" (%)
+ 28y (31,32, Dp(x1)0 (x1)¢' (x2) }0) (A2)

Computing the inner products

(0] (x1)(x2)iRD|Y) = 2ihDsy (X1, %2, 1),
(09 (x1) ¢ () HIY) = 2(c(=Ax, )/ + e(=1,) ) ya (x1, %2, ) (A3)
+gp(x1)y1(x1, X2, 1) + gp(X2) Y1 (%2, X1, 1), (A4)
yields (16). The inner products
(0l (x2)a(x1)p(x1)ih0:|¥) = p(x1)ihOiy1 (x1, %2, 1),
(0lp(x2)a(x1)p(x1)HI¥) = (c(~Ax,)"> + Q)p(x1)y1 (x1,%2, 1) (A5)
+2gp(x1) Y2 (x1, %2, 1) — 2gp(x1)p(x2)a(x1, %2, ), (A6)
give (17), while
(Olo(x1)o(x2)p(x1)p(x2)ihO:|¥) = 2p(x1)p(x2)ihOra(x1, %2, 1),
(0o (x1)a(x2)p(x1)p(x2)H|¥) = gp(x1)p(x2)y1 (x1, %2, 1) — gp(x1)p(%2) Y1 (X2, X1, 1) (A7)
+4Qp(x1)p(x2)a(x1,%2, 1), (A8)
gives (18).
APPENDIX B: DERIVATION OF THE LIOUVILLE EQ. (68)
To derive (68) we first define the function
(De(xl,xi,xz,x;, 1) =We(x1 — exi/z,xz - €x£/2, t)‘I’Z (x1 + exi/Z,xz + ex;/z, £). (B1)

The Wigner transform is defined by

/ !
d3xZ

—ik; x| —ik,x/ ’ ’
e 1 2D, (x1,X1,X2, X0, 1). B2
(27_[)3 (27_[)3 e( 1, X1, X2, Xp ) (B2)

We(x1, ki, %2, ko, 1) = /

We begin by computing ie0; We:

Pxl P

9G:GL:LL €202 18quianoN 20

. o ik, , ,
1€6[Wg = (27_[)3 (27_[)3e e zleeatq)e(Xl)XI)XZ)XZ)t)
x1 d3x2 —1k1 —iky X, [{A(Xl _ E'X,/Z X — €XI/2)CD~(X1 X, X3 X, t)
(271’)3 (2”)3 € 1/4» 2 e(X1,X], X2, X,

+v/eg / 50(71(X1/€ —x1/2) + n(x2/e = x3/2))K @c(x1,X],X2, X3, t)}

- CDS(xl,x{,xz,x;, ) Ae(x1 + ex;/2,xz + €x§/2)

+ \/Eg\ / %(q(xl/e + x{/z) +n(x2/e+ x;/z))(l)e(xl,xi,xz,x;, t)KT}]
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Bxl P
(2n)* (2n)°

- d)g(xl,xi,xz,x;, HA(x1 + ex{/z, X; + ex;/z)}

3./ 3./
Po [ d X1 d X —ikl-x'—ier'{ ’ ’ ’
+Veqn/ = e ! 2 X1/€ — X1 /2) KD (X1, X1, X2, X5,

\/_g 2 (27_[)3 (27_[)3 11( 1/ 1/ ) ( 1> &1, &2, ) )

— (%1 /e + x1/2) D (X1, X1, X2, X3, t)KT}

Po d X d3x —zk1 x 1kzx
+Veq /= /(271)13 (o )23 n(x2/€ — x5 /2) KD (X1, X1, X2, X3, 1)

—n(x2/€ + %5 /2) D (x1, X1, X2, X3, t)KT}.

e_ikl'xz_ierg {AG(XI - exi/z) X3 — €X£/2)®€(xl) Xi, X2, X;, t)

The first term becomes
Pl Px)
(2n)’ (2n)°
- (Ds(xl,x{,xz,x;, ) Ae(x1 + ex;/Z,)Q + €X§/2)}
A A
(2n)* (27’
- We(ky, ki kg, ko)A (ks + ek(/2,ka + €ky/2) },

e_lk"x;_ikz‘x; {Ae(xl - exi/2,xz - ex;/Z)CDe(xl,xi,xz,x;, )

e (1 — el 12,k — el /2) We (K], ki, Kb Ko )

where
Py Pk
(2n)’ (2m)?

(Ae f) (Xl N Xz) = f eixl T +ix2.k2A (€k1 5 e‘kz )f(k] ) kz )

Likewise, the second term becomes
PO d xl d xz —1k1-x;—ikz~x£ ’ ’ ’
Va5 [ Gy (e {n(o e = X1 /2K (1, X1, %2, )
— (%1 /e +x1/2) D (%1, X1, X2, X5, t)KT}

d3x' d3x' d3 —ik, -x’ —ik, X’ +iq-(x; /e—x] ~
- Veg /%f 1 2 4 ~ikx(—fkox+ig-(xi/ ‘/z)q(q)Kd)e(xl,x{,Xz,X;,t)

(an)* (2m)’ (27)°

Po d3xi d3x£ d3q —iky x| —iky X, +iq- (%) [e+X] [2) A ’ / T
-Veg 3/(271)3 2n) ) 71(q) Pe (X1, X1, X2, %), 1)K

d3 iq-X1 /€ A
- /gy /%0 /7(2733& Q) K We(x1, ki +q/2, %0, ko, £)
d3 1Q°X) /€ A
Ve[ [ G i@ Wk - a/2x ke KT

d3 iq-X) /€ o
= \/Eg\/ % f(2ﬂ§3eq i/ ﬂ(q)[KWe(Xl,kl +q/2,x, ko, t) — We(x1, ki - q/Z,Xz,kz,t)KT]-

Finally, the third term becomes

/ Bx) P T
Veg Pof ! 2o kix ik Z{n(xz/e—xg/Z)K(DE(xl,x;,xz,xg,t)

@y’ (2n)*°
—(x2/e + %5 /2) D (%1, X1, X2, X5, t)KT}

/ d3 iqXi /€ o
= \/Eg PEO fﬁeq i/ ﬂ(q)[KWS(Xl,kl,Xz,kz + q/2, t) - Wg(Xl,kl,Xz,kz - q/2, t)KT:I‘

This completes the derivation of the Liouville equation (68).

(B3)

(B4)

(B5)

(B6)

(B7)
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APPENDIX C: DERIVATION OF THE KINETIC EQ. (77)

Here we derive the kinetic equation (77). To proceed we substitute (71) into (73) and equate terms of the same order in \/e. At O(1) we

have
A(ky, ko) Wo(x1, ki, X2, ko, 1) — Wo(x1, ki, x1, ko, £) A (i, k2 ) = 0.

Since A is symmetric it can be diagonalized by a unitary transformation. The eigenvalues and eigenvectors of A are given by

3d(ki ko) + Q £/ (d(ki ko) - Q) +8¢%po

As (ki k) = 5
As (ki ko) —d(ki, k) - Q
vi (ki ko) = ! (ki k2) (k1, k) )
\/(Ai(kl’kz) - d(kI)kZ) - Q)Z + 2g2p0 2\ /2p0
where
ki| + [k
d(ki,ky) = w

Evidently Wy is also diagonal in this basis and can be expanded as

Wo(x1, ki, %2, ko, t) = a+ (x1,ki, X0, ko, t)V+(k1,k2)V£(k1,k2) +a-(x1, ki, %0, ko, £) V- (kl,kz)vz(kl,kz)-

At order O(\/€) we have

A(ky - Ki/2,ks - Kz /2) W1 (x1, K1, ki, %2, Ko, ko)
- Wi (K1, Ko, ki, K, Ko, ko ) A (K + Kz /2, k; + K /2)

- g/ 2 (2 (1(K)3(K2) + 7(K2)3(K1))

X I:W()(Xl,kl - Kl/Z,Xz,kz - Kz/Z)KT - KWo(Xl,kl + K]/Z,Xz,kz + Kz/Z)]

We can then decompose W as

Wi (x1, K1, ki, %3, Kz, k)

= > wij(x1, Ki, ki, x0, Ko, ko vi(ki - Ki/2,k; - K2/2)VJT»(k1 +Ki/2,k + Ky/2).
i

Multiplying (C6) on the left by v5, (ki — K1 /2,k; — K»/2) and the right by v,,(k; + K1 /2,k, + K»/2), we arrive at
(/\m(kl - K1/2,k2 - K2/2) - An(kl + K]/Z,kz + K2/2) + i@)wm,n(xl,Kl,kl,XZ,Kz,kz)
= g1/ 2 2 (1(K1)S(K2) + (K2)3(K1))
x [am(ki —Ki/2,ka = K2/2)Kinu (ki — K1 /2, k2 - Kz /2, ki + K1 /2, ks + K3/2)]
-g\/ 5 (2m)* (n(K)S(K2) + (Ka)3(Ki)}
X [an(kl + K]/Z,kz + Kz/Z)Km,y,(kl + K1/2,k2 + K2/2,k1 — K1/2,k2 — K2/2)],
where 6 — 0 is a small positive regularizing parameter and

Kmm(k],kz, q1>q2)
= Vz;,(kl,kz)KVn(‘h’qz)
8V/2p0(An (k. ko) — d(ki, ko) - Q)

V (ki) - d(ki ko) - Q)% + 287007/ (M0 ,) - d(4y, ;) - Q) +2¢%0

(C1

(C2)

(C3)

(C4)

(C5)

(C6)

(C7)

(C8)

(C9)
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At order O(¢) we find that

10 Wo(x1, ki, %2, ka, ) = LW5 (x1, X1, ki, %2, X2, ko, t)
= M(x1, ki, %2,k ) Wo (x1, ki, X2, ko, 1) = Wo(x1, ki, X2, ko, ) M(x1, ki, X2, k2)
+LiWi + LWy, (C10)

where

LW, (x1, X1, ki, %2, X5, ko, £)

/d3K1 &K, KKK K,
(n)’ ()¢
- Wa(x1, Ki, ki, %0, Ko ko, 1) A (kg + Ki /2, ks + Kz /2) ],

[A(kl -Ki1/2,ks - K3 /2) W, (x1, K1, ki, %0, Ko Ko, )

i Ck1 Vx, + Ckz Vx, 0
M(Xl,kl,XZ,kz) = = Ca Ca . (Cll)
0 Ekl : Vxl + Ekz : VXZ

In order to obtain an equation satisfied by a., we multiply this equation on the left by vz(kl,kz) [vf (ki,k2)] and on the right by v, (ki, k2)
(v-(ki,k2)) and take the average. Additionally, we assume that (viLWzvi) is identically zero, which corresponds to W being statistically
stationary with respect to the fast variables X; and X,. This relation closes the hierarchy of equations. We explicitly derive the equation for a,
as the calculation for a_ is nearly identitcal. To obtain the kinetic equation (77). The first two terms are elementary and so we must compute

(VELWivy),  (ViL,Wivy). (C12)

We compute each of the above in two steps. The first term is

q iex, .
<f(2 q)3€qxl (q)[v+(k1,k2)KW1(x1,X1,k1 +q/2, Xz,Xz,kz)V+(k1,k2)]>

3 5
< dq &PK PK e,qx,+xK, X, +iKy Xy 4

@) (20)° (20’ Ao

X [Vz(kl,kz)KWI(Xl;Kbkl + q/Z,Xz,Kz,kz)V+(k1,kz)]>

3 3K K i
:< d q d 1 d 2 eth1+1K1 X +iK;-X; A(q)V+(klxk2)K

(2m)’ (2m) (27)°

X { Z wm,n(KI:kl +q/2,K2,k2)Vm(k1 +q/2 —K1/2,k2 —K2/2)

mn==x

x vy (ki +q/2 + K /2,k, + K2/2)v+(k1,k2)>}.

Next we substitute the expression wm,, using equation (C8) to arrive at

g K PKs igxiemox s
< q 1 2 eqxl+ iK;-X; +iK;, X, A(q)V+(k1)k2)K

@n)’ (2n) (21)]
{ > g/ 5 @n) {ﬂ(Kl)ﬁ(Kz)w(Kz)@(Kl)}}

mn==+

< [am(k1 +q/2 - K1/2,k2 —Kz/Z)Km,n(kl +q/2 —K1/2,k2 —Kz/z,kl +q/2 +K1/2,k2 + Kz/Z)]
Am(kl +q/2 —K1/2,k2 —K2/2) —An(kl +q/2 + K1/2,k2 +K2/2) + 19
_ [an(kl + q/2 +K1/2,k2 + Kz/Z)Km,n(kl +q/2 +K1/2,k2 + Kz/2,k1 +q/2— K1/2,k2 - K2/2)]
lm(kl + q/2 —Kl/z,kz —K2/2) —An(kl +q/2 + K1/2,k2 +K2/2) +i0

va(k1 +q/2 —K1/2,k2 - Kz/Z)VZ:(kl +q/2 + K1/2,k2 +K2/2)V+(k1,k2) .
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We separate the above into two terms and use the orthogonality of the basis {v;} to see that n = + in the first term. We thus obtain

3
_ @del (K [am (ki — K1, ko) K + (ki — K1, ko, ki, k) |
N2 J ( 1)mZ=i A (ki — Kp, ko) = Ay (ki, ko) + 0

ki, k) K+ (ki ko, ki — Ki, k
B [a+(ki, ko) Ko+ (ki, ko, Ky 1 2)])K+,m(k1,k2,k1—K1,kz)

A (k1 - K],kz) —A+(k1,k2) +i0

/ &#K K (GX)
Po f(z )23 Ky (X, Xl)C(Kz)VI(kl,kz)K Z

mn=+

« [am(k1 - K2/2,k2 - Kz/Z)Km,n(lq —Kz/z,kz - K2/2,k1 = Kz/z,kz +K2/2)]
/\m(kl —Kz/z,kz - K2/2) —)Ln(lq —K2/2,k2 + K2/2) +i0
_ [an(ki - K2/2,k + K2 /2)Kinn (ki — K2/2, ko + K2 /2, ki — Kz /2,k; — K /2) ]
/\m(kl —K2/2,k2 —Kz/Z) —An(kl —Kz/z,kz + K2/2) +i0

X Vm(kl - Kz/z,kz - Kz/Z)V};(kl - K2/2,k2 + Kz/2)V+(k1,kz). (C13)

As € — 0 the above converges to

Po [am(K,kz)Km>+(K,k2,k1,k2)]
\/7/(2 )’ C(kl’K)mZ:i( An(K.Ky) — Ay (ki, Ky ) + i0

[a+ (ki ko ) Ko+ (ks o, Ko Ko ) ]
- Kim(ki, k2, K k2 ), Cl4
(K k) - Ay (kiko)+i0 )" (e, ke, KoKz (C14)

which follows from the Riemann-Lebesgue Lemma and the fact that W is independent of the fast variables X; and X;. Similarly the other

three terms become
po [a+(ki, k) Ky (ki ko, K ko)
Ck; -K
8V, f(z ) (ko )Z( A (ki ko) - A (K ko) +i0
[an(K k2 ) Ky 0 (K ko, ki, k2 ) |

T (k) — A (K k) + 0 )K+,n(k1,kz,K,k2)

/PO am(kl,K)Km,+(k1,K,k1,k2):|
[(2 )3 C(k2 K) Z ( A (k1,K) —A.;.(k],kz) +i0
[a+ (ki, k2 ) K+ (K1, ko, ki, K) |

- ’ Ko (ki ko, ki, K
A (ki, K) = As (ki ko) + i0 ) wm{ks, o, ki, K)

[a+(ki, ko) K (ki, ko, ki, K) ]

Po >
\/7f(2 )’ C(kZ‘K)MZ:i( Ao (ki kz) — Ay (kp, K) +i0

- Lan (i, K)K: (K1, Ko ki Ko )] )K+,n (ki, k2, ki, K). (C15)

A+(k1,k2) - An(kl,K) +i0

Making use of the identity

lim( L1 ):2ni6(x), (C16)

6-0\x—i0 x+i6

we see that we must have m, n = +, to ensure that the support of the delta function is nonempty since A+ and A_ are never equal. Thus the
above equation simplifies as

Po
B g[f(z 35 Ol ~ K30 (K e) ~ s (ks ko))
(a+ (kl,kz)KJr +(k1,k2,K, k2)2 - a+(K,k2)K+,+ (K,kz,kl,kz)KJr,Jr (kl,kz,K,kz))
Po
i g[/(z s Gk — K)S(As (ki K) - Ay (ki ks )

x (a4 (ki ko) Ko o (ki Ko, ki, K)? = a (ki K) Koo (ki Ko ki ko ) Ko (K ko, ki, K)) ) (C17)
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Putting everything together, we see that a, satisfies the equation

18 . |: (/\Jr(kl,kz)—d(kl,kz)—Q)2+g2p0
—Ota+
(/\Jr (kl,kz) - d(kl,kz) - Q)2 + 2g2p0

:I(Rl - Vx, + lA(Z . sz)a+

-K)8(A (K k) — Ay (ki,kz))

ey (z )
X (a+ (k1, k2)K, +(k1,k2,K,k2)2 -+ (K k) Ki + (K ko, ki, ko ) Ky 1 (ki ko, K, kz))

N f(z 75 Gl = K)3(L (1, K) - s (ki ko))
x (as (ki ko) Ko v (Ko, ko, ki, K)? = a (ki K) Ko (ki Ko ki o ) K (i Ko, K, KO ).

The delta function can be simplified using the identity
8(x—x0)
0(g(x)) = 7=
g'(x0)]

where g has a single real root at x = xo. Thus
S(IK] - [t )

(A (K ko) = Ay (ki k) = .
et + ko) /2 - @ + 3/ (K| + [ka]) /2 — Q)% + 8g%p0

Hence (C19) becomes

L [ s (ki, k) — d(ki, k) — Q)2 + g%po
—Ur

T (s (ki k) - d(ki k) — Q)%+ 28%p0

 2g°pom Ky (ki ko, ki, k)

|d(k1,k2) 0+ 2/ ke) - Q) + 8¢ps

:I(f(l . VXl + lA(Z : VXZ)a+

Ik

- O )3 C(llal(ki ~ k")) (a: (k1. ko) - ar (k' o))
_ 2g poTT Ki+ (k1>k2>k1>k2)2

ko *
’d(kl,kz) — 0+ 2/(d(l k) - 0)F + 8¢

dk’ . L )
x [ S5 Gkl (ke - K) (ax (k) - as (ks flafk)),
(2m)
Following the same procedure for a_, we obtain the kinetic equations for a.:
1 . .
Eatai + fi (kl,kz)(kl -Vx, +ka- sz)ﬂi +U1£as + Y2404
— e [ ALK R as (KK le) + o [ dk A K fol)a (i, koK),

where the scattering coefficients y,, , the scattering kernel A, and the functions f. are defined as

2 Kex (ki ko, Ky, ky ) dk’ ~
sl k) = 27 e ko b ko) ol 25 el - ),
fdlkike) - Q + 3/ (d(ki k) - Q)% + 8g%p0 (2m)°
2 Ky (ki ko, ki, Kz )? dk’

s (h k) = 27 sl kol ko) ol f s el - ),
fdkike) - @+ 3/ (d(ki, k) - Q)% + 8g%p0 (2n
Ak k) = Sk KD)
[dk’ E(k(k- k"))
_ _ 2 2
fi(kl»kz): ()Li(kl’k2) d(k],kz) Q) +& Po

(Ae(ki, ko) —d(ki ko) - Q)Z + 2g2p0’

(C18)

(C19)

(C20)

(C21)

(C22)

(C23)

(C24)

(C25)

(C26)
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as desired.
APPENDIX D: DIFFUSION APPROXIMATION

In this section we derive the diffusion approximation (DA) to a kinetic equation of the form

ki - VI + fo[kal, [Ka|)ka - Vo T + o ([Kal, (k)T + oz ([Kal, [z )

Sou+ ikl e
=l lof) [ ak’ A (ko 1l o)
el lof) [ dk’ A0, k)10, oK),
is obtained by expanding I into spherical harmonics as

I

3 . 3 .
“rer T el K el et

where

u(x1,x2,t) = fdkldﬁz I(x1, k1, %2, ko, 1),

3 (e t) = [ dkidks kil (xikn s ke ),

T (xixent) = [ dkidks kel (xiv koK 0)
Integrating (1) with respect to k; and k; we arrive at

SOut iV N+ oV T =0
If instead we multiply by k; and integrate we obtain
%atll + fiVx, 01+ oV, -o3 + 1 (1 —g1)]; = 0,

where

Q= [dk1 ki 'R;Al(f(l,f({),
and
o1(x1,%2, ) = /dﬁldﬁz k ® RII(XI,RI»XZ»RZ) t),

03(X1, X2, t) = /dlA(l dlA(z Rl ® Rzl(xl, lA{l,Xz,lA(z, t).
Similarly, multiplying (D1) by k; and carrying out the indicated integrals leads to

1
;atlz + f2Vx 02+ 2iVx, - 03 + 2 (1 = 22)), = 0,

where

o= /dkz k; k;Az(kz,k;)

and
02 (x1,%2, 1) = /dkzdﬁz k ® lA(zl(Xl,lA(sz,lA(z,t)-

Next we substitute (D2) into (D9), (D10), and (D13) and carry out the indicated integrations. We find that

1
Vx - 01 = gvxl u,

(D1)

(D2)

(D3)

(D4)

(D5)

(D6)

(D7)

(D8)

(D9)

(D10)

(D11)

(D12)

(D13)

(D14)
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1
Vs 02 = S Vnth (D15)
Vx, * 03 =Vx, - 03=0. (D16)
Using the above results, (D7) and (D11) become
1
Ea’ll +ui(1-g1)J, :_%Vxlu, (D17)
1
;&]2 +uw(1-2)), = —%szu. (D18)

Atlong times (¢t > 1/[c(1 — g,,)#,,]), the first terms on the right-hand sides of (D17) and (D18) can be neglected. Substituting the resulting
expressions for J; and J, into (D6), we obtain the diffusion equation obeyed by u:

Ot — D1 Axu — DrAy,u = 0. (D19)
Here the diffusion coefficients are defined by
2
N TS (D20)
3ui(1 - gi)

The solution to (D19) for an infinite medium is given by

1 3.7 537 |"1—"H2 |X2_X£‘2 r
u(x1,Xx2,t) = /dxdx exp |- - u(x1,x3,0). D21
(x1,%2,1) (47D £)* (4nD,t) 14 p[ 4Dyt Dy |1(x%2:0) (D21)

APPENDIX E: DERIVATION OF THE KINETIC EQ. (110)

Here we derive the kinetic equation (110). To proceed we substitute (71) into (109) and equate terms of the same order in /€. At order
O(1) we have

A(ky, ko) Wo(x1, ki, x2, k) — Wo(x1, ki, X1, ko)A (ky, ka ) = 0. (ED)

Since A is symmetric it can be diagonalized. We then define {vi(ki,k,), i(ki,kz)}, i = 1,2,3,4 be the eigenvector-eigenvalue pairs given by
(41) and (44). It follows from (E1) that Wy is also diagonal in this basis and can be expanded as

4
Wo(x1, ki, %2, ko, t) = Z ai(thsz,kz,t)Vi(kbkz)V,-T(kbkz)- (E2)
s

1

At order O(\/€) we find that

Ak - K1/2,k - K2 /2) W1 (x1, K1, ki, %, Ko, ko)
- Wl(k;,Kl,kbkgaKzakZ)A(kl +K3/2,k; + K3/2)

+g\/l’_0(2”)3ﬁ(K1)5(K2)|:K1 Wo(x1, ki + Ki/2,%3, ks + K3)
- Wo(x1, ki - Ki1/2,%,k; - Kz)KlT]
+g\/13_0(2”)3ﬁ(K2)5(K1)[KZWO(Xl,h +Ki,x0, ks + Ky /2)

- Wo(x1, ki - Ki, %0, k; — K2/2)K2T] =0. (E3)

Although W is not diagonal, we can still decompose its Fourier transform W, as

Wi (x1, K, ki, %2, Ko, k)

= > wij(x1, Ki, ki, x0, Ko, ko vi(ki - K1 /2,k; - K2/2)VJT»(k1 +Ki/2,k + Ky/2). (E4)
ij
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Multiplying (£3) on the left by v/, (ki — K /2, k, — K2/2) and the right by v, (k; + K, /2, k; + K»/2), we obtain
(Am(ki —K1/2,ks = K3/2) = Ao (ki + Ki/2,ks + K3 /2) + i0) wimn (x1, K1, ki, %2, Ko, ks )
= g /Po(21) (K1) (K2 ) [am (ky — Ki/2, % — K2/2)Kimn(ki — Ki/2, ks — K2 /2, ks + K12,k + K2/2)]
+gv/Po(27)* (K2) 8 (Ky ) [am (ki — K1 /2, ks — K2/2) Koy (ki — Ki/2, % — K2 /2, k1 + K1 /2, k2 + K2/2) ]
—g/po(27)’ (K1) 8 (Ko ) [an (ka + Ki /2, K + K2 /2)Kimn (ki + Ki /2, ks + Ko /2, k1 - Ki/2, ks — K2/2)]
—gv/Po(27)’ (K2)8(Ki ) [an (K + Ki /2, % + Ko /2) Ko (ki + K1 /2, k0 + Ko /2, ki - Ki/2, K — K2 /2)],
where
Kimn(ki, k2, q;,9,) = Vi (ki, k2 )Kiva (g, 9,)»
Ko (k1. k2, q,,q,) = vin (k1. k2 ) Kavin (g, G, )-

Here 6 — 07 is a regularizing parameter. At order O(¢) we find that

. i i
10 Wo (x1, k1, %2, ka, ) = LW, (x1, X1, ki, %2, Xo, ko, t) — EMWO(kal;XZ;kZ) - EWO(kal:XZ:kZ)M

q iex, .
+g\//3_0f(27g3eqx1 (q)[K1W1(X1,X1,k1+q/2 x2, X2, k2) — Wi(x1, X1, ki — /2,X2,X2,k2)K1T]
9 ex, .
+g\//)_0/.(27_[q)3eqx2 (q)[K2W1(X1,X1»k1,xz,xz,kz+q/2) Wl(Xl,Xl,kl,Xz,Xz,kz—q/Z)Kz]
where
cky - Vy, + cka - Vy, 0 0 0
o 0 ks - Vy, 0 0
0 0 ki -y, 0
0 0 0 0
and

LW, (x1, X1, ki, %2, X2, ko, t)

f FKi &PK KX Ky
(2n)’ (2n)*°
~Wa(x1,Ki, ki, %2, Ko, ko, 1) A (ks + Ky /2,k; + Ky /2).

LAk - Ki/2, ks - Ko /2) Wa (x1, Ki ko, %0, Ko Ko, £)

(E5)

(E6)
(E7)

(E8)

(E9)

(E10)

In order to obtain the equations satisfied by the a;, we multiply (E8) on the left by viT(kl, k> ) and the right by vi(ki, k2 ), and take the ensemble
average. In order to close the hierarchy of equations, we assume that (v; LW,v;) = 0, which corresponds to the assumption that W is statisti-
cally stationary with respect to the fast variables X; and X,. Following procedures similar to those in Appendix C, we find that the functions

ai, fori = 1,2, 3,4 satisfy

1 A .
;8tai+f1i(k1ak2)kl - Vx, ai + fz;‘(kl,kz)kz - Vx,ai + Hli(kbkz)ai(kl»kz) + HZi(kka)ui(kl;kZ)

= mi(ky, ko) deiCA(kAl,f(, i(ki,kz) /dzicA(kAz,IA(

)ai([k |k Dai(ky, [ka[k),

where

fri(ki, ko) = vir (ki kz)” + vis (ki ka ),
f2i(k1> kz) =Vi (k],k2)2 + Viz(kl,kz)z,
Lk, ko, ki, ko ) kg |

2
K
wi(ki, ko) = g pom,

|01, Ai (K1, k2 )| ’

& ponKaii(ki, ko, ki, ko ) ko2

i(ki, k ,
ki k) =500 M)

(E11)

(E12)
(E13)

(E14)

(E15)
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L Ck(k - ky))
A(ky, kp, k) = = — E
(ky, ky, k) ROk - k') (E16)

as desired.

APPENDIX F: BOSONIC MODEL

Here we consider the bosonic analog of the model described in Sec. II. The physical implications of the bosonic model will be explored
elsewhere. We suppose that the atomic field o satisfies the bosonic commutation relations

x), 0 (x' :L
[o(x).' ()] = s

[o(x),0(x')] = 0. (F2)

(x-x'), (F1)

The Hamiltonian (2) remains unchanged. As in Sec. I1, we assume that the state |¥) is of the form

) = [ @i (vaxax,08' (k)91 () + 1 (xa,xe, Dp(x)o ! (x1)¢ ()
+a(x, 3 Dp(x)p(a)o! (x1)a' (x2) ) 0) (F3)
The amplitudes v, and a are now both taken to be symmetric,
Y2 (%2, X1, 1) = Yo (X1, %2, 1), a(X2,X1,1) = a(X1,%2, 1), (F4)

consistent with the bosonic character of the fields. Making use of the Schrodinger equation (15), we find that y,, v,, and a satisfy the system
of equations

10y (x1,%2,1) = ¢(~Ax)) Pyn (31,30, 1) + c(~Ax,) Py (x1, %2, 1)
+ 5 (oG x.0) + p(2)ya (x2ox1,1)),

p(x1)idhy (x1,%, 1) = 2gp(x1)ya (31,30, 1) + p(x1) [ (=) + Q] (31,35, 1) (F5)
+2gp(x1)p(x2)a(x1, %2, 1), (F6)
p(x1)p(x2)ida(x1, %, t) = p(x1 )P(XZ)g(V/l(Xbxb t) +y1(x1,%2, 1)) + 2Qp(x1)p(x2) a(x1, %2, 1). (F7)

Note that there is a difference in the equations of motion for the bosonic and fermionic cases. Namely, a single term in each of (17), (18), (F6),
and (F7) changes sign. We also note that there is no corresponding change in the single excitation theory of Ref. 44.

The bosonic model allows more than one atomic excitation to be present at the same point in space. To address this difficulty, the
Hamiltonian is modified by adding an interaction term of the form

H=hU fd3xp(x)n(x)(n(x) -1), (F8)

where the number operator n(x) = o' (x)o(x) and the repulsion U is a large positive number. The above term penalizes the creation of an
excitation at a point where another is present. A similar term arises in the Hubbard model for fermionic systems.
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