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We address Coulomb drag and near-field heat transfer in a double-layer system of incoherent
metals. Each layer is modeled by an array of tunnel-coupled SYK dots with random inter-layer
interactions. Depending on the strength of intra-dot interactions and inter-dot tunneling, this model
captures the crossover from the Fermi liquid to a strange metal phase. The absence of quasiparticles
in the strange metal leads to temperature-independent drag resistivity, which is in strong contrast
with the quadratic temperature dependence in the Fermi liquid regime. We show that all the
parameters can be independently measured in near-field heat transfer experiments, performed in
Fermi liquid and strange metal regimes.

The electronic double layers – spatially separated and
interactively coupled conducting circuits – provide a ver-
satile array of low-dimensional quantum systems de-
signed to directly probe electronic correlations via non-
local transport measurements such as Coulomb drag [1].
Such double layers can be formed out of 0D quantum dots
and point contacts [2–4], 1D nanowires [5–8] and topo-
logical edge states [9], and bilayers of 2DEG [10–12] or
graphene [13–15]. These devices enable the exploration of
various electron transport regimes and the identification
of correlated electronic phases from the distinct temper-
ature dependence of the drag resistance.

In the Fermi liquid (FL) regime the drag resistance
is expected to scale quadratically with the temperature
at the lowest temperatures. This result follows from
the simple argument of the phase space available for
the quasiparticle scattering that can be accurately es-
tablished in the microscopic kinetic theory [16–18]. The
interplay of screening and diffusion leads to the enhance-
ment of drag resistance in the disordered systems [19–21].
At intermediate temperatures, dragging is dominated by
the collective modes and resistance peaks at the energies
of plasmons in 2D bilayers. The further fall-off of drag
resistance at higher temperatures can be described by
hydrodynamic effects and is governed by the electron liq-
uid viscosity in clean systems [22, 23]. All these features
are well understood and rigorously described within the
framework of the Fermi liquid theory.

There are known examples of essentially non-Fermi
liquid behavior in systems where the quasiparticle con-
cept breaks down. For instance, in Luttinger liquids
kinematics of 1D collisions of electrons with linear spec-
trum dictates that drag is dominated by the inter-wire
backscattering [24, 25]. This translates into the signa-
ture power-law temperature dependence of drag resis-
tance with the power exponent dependent on the strength
of electron interaction. At the lowest temperatures, how-
ever, the trans-resistivity diverges, due to the formation
of locked charge density waves. The enhancement of re-

sistance occurs also in 2D layers provided that interac-
tions are sufficiently strong and the electron system is
on one of the possible microemulsion phases at the onset
of Wigner crystallization [26]. Another notable example
is the regime of drag between fractional quantum Hall
liquids, where the trans-resistance is determined by the
scattering and Coulomb screening effects of composite
fermions [27–30]. Ultimately, the strong coupling limit
may lead to pairing and inter-layer (indirect excitonic)
superfluidity [31, 32] that can be detected in the Coulomb
drag counterflow setup.

In recent years much of the attention in the context
of electronic transport is devoted to understanding the
strange metal (SM) behavior in strongly correlated ma-
terials with and without quasiparticles, revealing the
microscopic origin of the Planckian dissipation [33–38].
This broad interest facilitates the development of the
corresponding transport theory for strange metal bilay-
ers that may provide additional insights into the intri-
cate physical properties of these systems. For that pur-
pose, we use the paradigmatic Sachdev-Ye-Kitaev (SYK)
model [39–41], which describes a strongly interacting
quantum many-body system without quasiparticle exci-
tations that is maximally chaotic, nearly conformally in-
variant, and exactly solvable in the limit of a large num-
ber of interacting particles. We derive analytical results
for the drag resistance and near-field thermal conduc-
tance in bilayers of SYK arrays. Our analysis leads us to
drastically different conclusions concerning the tempera-
ture dependence of the drag resistance in the SM phase as
compared to the FL, and different from the earlier study
based on the hydrodynamic-like holographic model of the
strange metal [42].

To reveal the main qualitative features of the Coulomb
drag in incoherent metals, we consider a theoretical
model, which consists of two layers, dubbed by u and
d, coupled by interactions. Each layer consists of an ar-
ray of SYK dots, coupled by direct particle tunneling, see
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FIG. 1. Schematic representation of the SYK double layer
setup. The four depicted dots is the minimal set needed to
evaluate the drag trans-conductance.

Fig. 1. The Hamiltonian of the adopted model reads

H =
∑
ν=u,d

∑
r

Hνr
SYK +

∑
ν=u,d

Hν
t + Vint. (1)

Here the first term describes the set of isolated SYK dots

Hνr
SYK =

N∑
ij,kl

Jνrij,klc
+
νric

+
νrjcνrkcνrl, (2)

where Jνrij,kl are random couplings drawn from the Gaus-
sian distribution with zero mean and the variances
|Jνrij,kl|2 = 2J2

N3 . The interactions in different dots are
statistically independent of each other. The second term
in Eq. (1) describes the inter-dot tunneling of electrons
in each layer

Hν
t =

∑
〈r,r′〉

N∑
i

tνi
(
c+νricνr′i + h.c.

)
, (3)

where tνi denotes random tunneling amplitudes derived
from the Gaussian distribution with zero mean and the
variance |tνi |2 = t20, and the sum 〈r, r′〉 runs over the near-
est neighbors. The tunneling couplings in different layers
are statistically independent. We associate the site in-
dex i, j, k, l within the SYK dot with a quantum number
characterizing some quantum mechanical state (orbital),
which is conserved by the tunneling. The last term in Eq.
(1) describes inter-layer interactions. Being guided by the
random interactions within the SYK dot, we adopt the
random inter-dot interaction between the on-site charge
densities

Vint =
N∑
i,j

Vij
∑
r

c+uricuric
+
drjcdrj . (4)

The random interaction constants Vij have zero mean
and are characterized by the variance

〈
V 2
ij

〉
= V 2

N .
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FIG. 2. a) Diagrams for the drag trans-conductance. Full
lines represent interacting SYK Green functions, wavy lines –
inter-layer interactions, and crossed circles – intra-layer tun-
neling; b) Diagram for the inter-dot conductance within a
single layer. c) Diagram describing the heat current between
the SYK dots in the up (u) and down (d) layers. Factors of
N are indicated explicitly.

Each isolated SYK dot provides a model of an incoher-
ent metal that completely lacks electron or hole quasi-
particles [39, 40]. However, a weak electron hopping
within an array of SYK dots changes the low-energy spec-
trum, restoring coherent quasiparticles. This, in turn,
induces a crossover between the high-temperature inco-
herent SYK metal and low-temperature FL metal at a
temperature of T0 ∼ t20/J , which is determined by the
electron escape rate from the SYK-grain [35, 41, 43–46].
The model adopted here exhibits the same crossover. As
we will show, the crossover between the SYK and FL
regimes results in a qualitative change in the Coulomb
drag resistance.

The trans-conductance is determined by the drag con-
ductance between the two junctions, one from each layer,
formed by the closest grains, which we assign with the
numbers r = 1, r′ = 2, as shown in Fig. 1. The drag
conductance is calculated according to the Kubo formula
approach developed in Refs. [20, 21]. The basic diagram
describing the drag response between the layers u and d
is shown in Fig. 2a). Solid lines in Fig. 2 denote the
one-particle Green’s functions of the SYK model. Since
Coulomb drag is possible only if the particle-hole symme-
try is violated, we assume that the SYK grains in both
layers are away from half-filling. The charge asymmetry
is parametrized by the parameters, introduced for SYK
model in Ref. [47], Eu,d ∝ −dµu,d/dT , that are propor-
tional to the temperature derivative of the corresponding
chemical potentials. Detailed calculation outlined in the
Supplemental Material [48] result in the following expres-
sion for the drag conductance in the strange metal (SM)
regime

σSM
Drag ≈ 58.6N

V 2

J2

T 2
0

T 2
EuEd. (5)

The drag conductance diminishes with temperature as
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T−2. At the same time, the DC conductance within the
layer behaves as 1/T , [43], σSM ≈ 0.886N e2

h
T0

T (for de-
tails see Supplemental material [48]). As a result the
drag trans-resistance between the two strange metals is
temperature-independent:

ρSM
Drag =

σSM
Drag

(σSM)
2 ≈

CSM

N

h

e2

V 2

J2
EuEd, (6)

where the numerical factor is estimated as CSM ≈ 74.7,
and the SM regime is realized for T > T0. Furthermore,
we find that in this regime drag resistance remains inde-
pendent of the tunneling strength t0. This universality
leads us to conclude that the validity of Eq. (6) extends
beyond the specific microscopic model used in this pa-
per. Besides the evident proportionality to the charge
asymmetries in both layers, the only physical parameter
governing the drag conductance is the ratio of the inter-
and intra-layer interactions, V/J . Remarkably, this pa-
rameter can be independently determined through the
measurement of the near-field heat transport [49–52], as
we demonstrate below.

The temperature-independent drag resistance of the
strange metal stands in stark contrast to the drag resis-
tance in the Fermi liquid, which is proportional to T 2.
In the Fermi liquid regime at T < T0 < t0, tunneling is
the most relevant term in the Hamiltonian. It smears the
low-energy SYK singularity in the single-particle density
of states, substituting it with a semi-circular energy band
with a width of 4t0 (at larger energy, 2t0 < ε < J , the
SYK-like tails remain). Assuming that the two chemical
potentials fall within this central band, |µu,d| < 2t0, the
calculations of the drag conductance that are outlined in
the Supplemental Material [48] result in

σFL
Drag ∝ N

V 2

J2

T 2

T 2
0

EuEd. (7)

Meanwhile, the intra-layer conductance in the FL regime
is independent of temperature, σFL = e2

πhN . Therefore,
the resulting drag resistance is given by

ρFL
Drag ≈

CFL

N

h

e2

V 2

J2

T 2

T 2
0

EuEd, (8)

where CFL ≈ 429.2 (for a detailed derivation of these
results, see the Supplemental Material [48]).

We conclude that the overall temperature dependence
of the drag resistance rises as ∼ T 2 at low temper-
atures in the Fermi liquid regime and saturates to a
temperature independent value at high temperatures in
the SM regime. The drag resistances given by Eqs.
(6), (8) become comparable in the range of temperature
T ∼ T0 = t20/J that marks the crossover between the
Fermi-liquid and SM regimes. Since the numerical coef-
ficient by the drag resistance in the Fermi liquid regime
Eq. (8) is larger than the one in the SM regime Eq. (6),

1 2 3 4 5 6
T/T0

0.5

1.0

1.5

2.0

ρD/ρ∞

FIG. 3. Temperature dependence of the drag resistance (in
units of the drag resistance at high temperature ρ∞): the
T 2 increase of resistance in the low temperature FL regime
changes to saturation in the high temperature SM regime.

the estimation of the drag resistance in the two regimes at
T = T0 gives ρFL

Drag(T0) > ρSM
Drag, which suggests that the

overall temperature dependence may exhibit a maximum
at temperatures about T0.

One may derive a phenomenological expression for the
overall temperature dependence of the drag resistance
based on the following physical picture. The energy spec-
trum in the tunnel-coupled SYK dots can be roughly
separated into two regions. The states within the en-
ergy window of the order of the tunneling escape rate
T0 = t20/J form a quasi-Fermi liquid, contributing to the
drag resistance according to Eq. (8). On the other hand,
the energy states beyond the energy window of T0 form
the strange metal, leading to the drag resistance as given
by Eq. (6). Both parts of the spectrum constitute the
two liquids, contributing in parallel to the overall resis-
tance. Since the high-energy states’ population necessi-
tates their thermal activation, the two liquids’ contribu-
tions should be weighted by their corresponding thermal
activation probabilities, resulting in the following expres-
sion for the inverse resistance:

1

ρDrag
=

1− e−T0/T

ρFL
Drag

+
e−T0/T

ρSM
Drag

. (9)

Qualitative temperature dependence of the drag resis-
tance is shown in Fig. 3. It is important to note that the
drag resistance calculation in the crossover regime neces-
sitates exact form of the one-particle Green’s functions
of the tunnel-coupled SYK grains at the crossover tem-
perature, which is currently unavailable to the best of
our knowledge. Therefore, the question of whether the
overall temperature dependence of the drag resistance
exhibits a maximum remains open.

Consider now the near-field heat transfer conductance
in the model described by Eqs. (1)–(4). In the lowest
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order of interaction, the near-field heat transfer flux Jh
is given by the diagram shown in Fig. 2c), leading to
the following result for the heat conductance in the SM
regime:

κSM =
Jh
∆T

= 0.015N
V 2

J2
T, (10)

where T = (Tu + Td)/2, ∆T = Tu − Td, and we as-
sume a small temperature difference ∆T � T . Equation
(10) allows one to define the near-field heat conductance
as κSM = Jh/∆T , which is a linear function of tem-
perature. The slope of the temperature dependence of
the heat conductance is then directly related to the ratio
V 2/J2 characterizing the interaction strength in the SM
regime. Therefore, one can relate the drag resistance and
the heat conductance as follows

ρSM
Drag =

ASM

N2

h

e2
EuEd

dκSM

dT
, (11)

where the constant ASM ≈ 4980. Eq. (11) provides a
universal relation between the results of two different ex-
periments in the incoherent metal.

Remarkably the same functional relation (11) between
the drag resistance and the heat conductance holds in the
Fermi liquid regime with a somewhat different numerical
coefficient AFL ≈ 180. Indeed, the corresponding heat
conductance is known to be [48–51]

κFL = 0.8N
V 2T 3

t40
= 0.8N

V 2

J2

T 3

T 2
0

. (12)

Along with Eq. (8) this leads to Eq. (11) with the afore-
mentioned AFL.

In summary, we studied the nonlocal electrical and
thermal transport in the interactively coupled double-
layers of two strange metals. Each layer is modeled by
the Hamiltonian of tunnel-coupled SYK quantum dots.
This model is known to capture the physics of strange
metal phases in the proper regime of parameters. If the
temperature is smaller than the characteristic scale set
by inter-grain tunneling and intra-grain interaction, we
recover the FL regime with the quadratic temperature de-
pendence of drag resistivity [Eq. (8)]. In the temperature
range above that scale, we find trans-resistance approach-
ing the limiting value, Eq. (6), from above. The latter
fact reflects the interplay of Planckian intra-layer dissipa-
tion and interaction-mediated inter-layer dragging. Re-
sults obtained for our microscopic model differ from the
recent study of the drag between two strange metal layers
using the Einstein-Maxwell-dilaton model from hologra-
phy, which claims ρDrag ∝ T 4 [42]. Finally, we calculated
near-field inter-layer thermal conductance. The estab-
lished relationship, Eq. (11), between drag resistance
and the near-field heat conductance that is free of pa-
rameters of the considered model suggests universality of
this result.
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COULOMB DRAG AND HEAT TRANSFER IN STRANGE METALS: SUPPLEMENTAL MATERIAL

In this Supplemental Material we provide details of the derivation of important formulas in the main text of the
paper. In order to maintain a coherent and comprehensive presentation, we repeat here the Hamiltonian and the main
diagrams (see Fig. 4) for the calculation of the drag conductance and the near field heat transfer. The Hamiltonian
of the two SYK-array layers is given by

H =
∑
ν=u,d

∑
r

Hν,r
SYK +

∑
ν=u,d

Hν
t + Vint. (13)

The Hamiltonian of an isolated SYK grain reads

Hν,r
SYK =

N∑
ij,kl

Jνrij,klc
+
νric

+
νrjcνrkcνrl, (14)

where Jνrij,kl are random couplings drown from Gaussian distribution with zero mean and the variances |Jνrij,kl|2 = 2J2

N3 .
The interactions in different grains are statistically independent of each other. The inter-grain tunneling of an electron
in a single layer is governed by the Hamiltonian

Hν
t =

∑
〈r,r′〉

∑
i

ti
(
c+νricνr′i + h.c.

)
(15)

where ti denote random tunneling amplitudes derived from the Gaussian distribution with zero mean and the variance
|ti|2 = t20, and 〈r, r′〉 denotes a pair of the nearest neighbor grains. The random inter-grain interaction between the
on-site charge densities is given by

Vint =
∑
i,j

Vij
∑
r

c+uricuric
+
drjcdrj , (16)

where the random interaction constants Vij have zero mean and are characterized by the variance 〈VijVkl〉 = V 2

N .

One particle Green functions in the strange metal (high-temperature) regime

Since Coulomb drag is possible only if the particle-hole symmetry is violated, we assume that the SYK grains in both
layers are away from half-filling. The charge asymmetry is parametrized by the parameters Eu and Ed correspondingly.
Below we write down the single particle Green functions in the imaginary time τ and in the Matsubara frequency
representations [41, 47]

G(τ) = −π
1/4
√
Te−2πETτ√

2J sin(πTτ)
, (τ > 0), (17)

G(τ) =
π1/4
√
Te−2πE−2πETτ√

2J sin(−πTτ )
, (τ < 0), (18)

G(iωn) = −i C(E)√
2
√
πJT

Γ
(

3
4 + n+ iE(θ)

)
Γ
(

5
4 + n+ iE(θ)

) , (19)

where ωn = 2πT (n+ 1/2), and the constants C, E determine the charge asymmetry. They are related to each other
as follows

C(E) =
(1 + i)

(
1 + ie−2πE)
2i

. (20)

Analytical continuation to real frequencies results in the following retarded and advanced Green functions

GR(ω) =
(
GA(ω)

)∗
=

−ie−iθ
√

2JT (π cos(2θ))
1/4

Γ
[
1/4− i

(
ω

2πT − E
)]

Γ
[
3/4− i

(
ω

2πT − E
)] . (21)
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Here the phase factor θ, −π/4 < θ < π/4 relates to the charge asymmetry parameters E and C as follows

C(θ) =
π1/4

√
J [cos(2θ)]

1/4
, (22)

E(θ) =
1

2π
ln

(
1 + tan θ

1− tan θ

)
<=> tanh(2πE) = tan(θ). (23)

θ = 0 corresponds to the charge symmetry point (the half-filling). Note also, that in the SYK model, the charge
asymmetry parameter relates to the chemical potential as

µ0 − µ = 2πTE , (24)

where µ0 denotes the chemical potential at zero temperature [34, 41, 47]. In what follows we use the expression for
the Green function of the dimensionless frequency x = ω

2πT

GR/A(ω) = Ksykg
R/A
syk (x), (25)

where

Ksyk =
1√

2
√
πJT

, (26)

gRsyk(x) =
(
gAsyk(x)

)∗
=

−ie−iθ

(cos(2θ))
1/4

Γ [1/4− i (x− E)]

Γ [3/4− i (x− E)]
. (27)

One particle Green functions in the Fermi liquid (low-temperature) regime

At temperatures less then single-electron tunneling rate between the two SYK-grains, T < T0 = t20/J , the array
of grains enters the Fermi liquid regime. In that regime, the transport properties of the array are determined by
the energies less than T0. In turn, the single particle spectrum of each grain at those energies is determined by
random inter-grain tunneling amplitudes, which leads to the semi-circular energy band with the width 4t0 given by
the variance of the random tunneling. Close to the center of the band, |ω + µ| � 2t0, the Green functions can be
written as

GR(ω) ≈ 2

ω + µ+ i
2τ0

, (28)

where the life time τ0 is determined by the bandwidth

1

2τ0
= 2t0. (29)

The advanced Green function is given by the complex conjugated expression. Similarly to the SYK regime discussed
above, we further use the Green function of dimensionless frequency x = ω

2πT

GR/A(ω) = Kflg
R/A
fl (x). (30)

Here

Kfl =
1

πT
, (31)

gRfl (x) =
(
gAfl (x)

)∗
=

1

x− E + i
w

, (32)

where the dimensionless parameter w corresponding to the decay time is defined as w = 4πTτ0 = πT/t0, and
E = −µ/(2πT ).
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FIG. 4. a) Diagrams for the drag response; b) Diagram for the near field heat transfer response; c) Scheme of the two layer
system.

CALCULATION OF DRAG CONDUCTANCE

Here we calculate the drag conductance according to the Kubo formula approach developed in Ref. [20].

σDrag =
V 2

16πTN

∫ ∞
−∞

dω

sinh2
(
ω
2T

)Γ+−
u (ω, ω)Γ+−

d (ω, ω). (33)

The basic diagrams describing the drag-response between the layers u and d are shown in Fig. 4a). Solid lines in Fig.
4 denote the one-particle Green functions of the SYK model. The factors Γ+−

u,d (ω, ω) denote the triangular parts of
the diagram in Fig. 4a), each corresponding to the mathematical expression

Γ+−(ω, ω) =
Nt20
4πi

∫
dε

[
tanh

(
ε+ ω

2T

)
− tanh

( ε

2T

)] [
(GA(ε))2 − (GR(ε))2

]
GR(ε+ ω)GA(ε+ ω)

−{ω → −ω} . (34)

The one particle Green functions in Eq. (34) should be taken with the charge asymmetry parameters Eu/d for the up
and down layer respectively. Introducing dimensionless frequencies ξ = ω

2πT and x = ε
2πT we can cast the expression

for Γ+−(ω, ω) to the form

Γ+−(ω, ω) = − i
2
Nt20TK

4 [γ(ξ)− γ(−ξ)] , (35)

where

γ(ξ) =

∫
dx [tanh (π(x+ ξ))− tanh (πx)]

[
(gA(x))2 − (gR(x))2

]
gR(x+ ξ)gA(x+ ξ), (36)

where the constant K and the dimensionless Green functions g(x) are determined by Eqs. (26), (42) and Eqs. (31),
(32) in the strange metal (SM) and Fermi liquid (FL) regimes respectively.

Then, using dimensionless frequencies, Eq. (33) can be rewritten in the form

σDrag = −NV
2t40

32
T 2K8

∫ ∞
−∞

dξ

sinh2 (πξ)
[γu(ξ)− γu(−ξ)] [γd(ξ)− γd(−ξ)] . (37)
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Small-E expansion of the drag conductance

The lowest order term in the small - E expansion of the drug conductance is obtained from Eq. (37) as

σDrag ≈ −EuEd
NV 2t40

32
T 2K8

∫ ∞
−∞

dξ

sinh2(πξ)
[γ′(ξ)− γ′(−ξ)]2 , (38)

where

γ′(ξ) =
∂γ(ξ)

∂E

∣∣∣∣
E=0

. (39)

Drag conductance in the SM regime

Substituting explicit expression Eq. (27) in Eq. (36), we obtain

γ(ξ) =

∫
dx

[tanh(π(x+ ξ))− tanh(πx)]

cos(2θ)

[
e2iθ

(
Γ(1/4 + i(x− E))

Γ(3/4 + i(x− E))

)2

− e−2iθ

(
Γ(1/4− i(x− E))

Γ(3/4− i(x− E))

)2
]

×Γ(1/4− i(x+ ξ − E))

Γ(3/4− i(x+ ξ − E))

Γ(1/4 + i(x+ ξ − E))

Γ(3/4 + i(x+ ξ − E))
.

(40)

For the explicit calculation of derivative over E it is convenient to shift the integration variable x→ x+E in Eq. (40).
Then, in the SM regime we obtain

γ′(ξ) =

∫ ∞
−∞

dx

[
π

cosh2[π(x+ ξ)]
− π

cosh2(πx)

] [
(gRsyk(x))2 − (gAsyk(x))2

]
gRsyk(x+ ξ)gAsyk(x+ ξ) +

4πi

∫ ∞
−∞

dx [tanh[π(x+ ξ)]− tanh(πx)]
[
(gRsyk(x))2 + (gAsyk(x))2

]
gRsyk(x+ ξ)gAsyk(x+ ξ), (41)

where the functions gR/Asyk (x) are taken for E = 0,

gRsyk(x) =
(
gAsyk(x)

)∗
=

Γ(1/4− ix)

Γ(3/4− ix)
(42)

Furthermore, evaluating the derivative over E , and using Eq. (38) together with Eq. (26), we obtain the expression
for the drag conductance in the final form

σSM
Drag ≈ C

Nt40V
2

J4T 2
EuEd = CN V 2

J2

(
T0

T

)2

EuEd, (43)

where the constant C is evaluated numerically as C ≈ 58.6, and we introduced the crossover temperature T0 = t20/J
in the second equation.

One particle conductance in the SM regime

We calculate one particle conductance as the tunneling conductance between the two SYK grains according to the
formula

σSM
1 =

e2

~
Nt20

∫
dω

2π

ν2
SYK(ω)

4T cosh2
(
ω
2T

) , (44)

where νSYK denotes the one particle density of states in the SYK grain at the Fermi energy, which can be obtained
from the imaginary part of the one particle Green function Eq. (21). Since we calculate the drag resistance in the
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lowest order of the charge asymmetry parameter E , the calculation of the one particle conductance can be performed
for the charge symmetric point E = 0. Then we obtain

νSYK = − 1

π
ImGR(ω, E = 0) =

√
2

π1/4
√
JT

Re

[
Γ
(
1/4− i ω

2πT

)
Γ
(
3/4− i ω

2πT

)] , (45)

σSM
1 =

e2

h

Nt20
2
√
πJT

∫ ∞
−∞

dx

cosh2(πx)

(
Re

Γ(1/4− ix)

Γ(3/4− ix)

)2

≈ 0.886
e2

h

Nt20
JT

= 0.886N
e2

h

T0

T
, (46)

which is in accord with results of Ref. [43]

Drag resistance in the SM regime

The drag resistance is obtained as

ρSM
Drag =

σSM
Drag(
σSM

1

)2 ≈ CSM
h

e2

V 2

NJ2
EuEd, (47)

where the numerical factor CSM is estimated as CSM ≈ 74.7. Therefore, the SM drag resistance is independent of
temperature.

Drag conductance in the Fermi liquid regime

It is the chemical potential µ rather than the dimensionless parameter E that determines the filling fraction in the
Fermi liquid regime. For small charge asymmetry (close to the half-filling), the chemical potential is much smaller
than the random energy bandwidth, µ � 4t0. In contrast to the linear temperature dependence of the chemical
potential in the SM regime, in the FL regime the chemical potential µ at a constant filling is only weakly dependent
on temperature. Yet for the sake of technical convenience we use Eqs. (31), (32), formulated in terms of dimensionless
quantities for the evaluation of the drag conductance in the Fermi liquid regime. We note that despite E = −µ/(2πT )
can become large for temperatures close to zero, it still remains much smaller than 1/w = t0/(πT ). It follows that the
product Ew = −µ/(2t0) plays the role of the small parameter for the expansion close to the charge-symmetry point
(half-filling).

Substituting Eq. (32) in Eq. (36), and shifting the integration variable x− E → x we obtain

γ(ξ)− γ(−ξ) =

∫ ∞
−∞

4ix/w(
x2 + 1

w2

)2 {[tanh[π(x+ E + ξ)]− tanh[π(x+ E)]]
1

(x+ ξ)2 + 1
w2

−

[tanh[π(x+ E − ξ)]− tanh[π(x+ E)]]
1

(x− ξ)2 + 1
w2

}
. (48)

Furthermore, changing the integration variable x → −x in the second line, and rescaling x → x
w , we cast Eq. (48)

into the form suitable for the expansion in small wE

γ(ξ)− γ(−ξ) =∫ ∞
−∞

dx
4iw3x

(x2 + 1)2

1

(x+ wξ)2 + 1

{
tanh

[ π
w

(x+ wξ + wE)
]
− tanh

[ π
w

(x+ wξ − wE)
]
−(

tanh
[ π
w

(x+ wE)
]
− tanh

[ π
w

(x− wE)
])}

≈

8iπw3E
∫ ∞
−∞

xdx

(x2 + 1)2[(x+ wξ)2 + 1]

[
1

cosh2
[
π
w (x+ wξ)

] − 1

cosh2
(
π
wx
)] ≈

8iπw3E

{∫ w/π

−w/π

(−wξ)dx
(w2ξ2 + 1)2(x2 + 1)

−
∫ w/π

−w/π

xdx

(x2 + 1)2

1

w2ξ2 + 1

}
= −i 16w5Eξ

(1 + w2ξ2)2
. (49)
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Substituting Eq. (49) in Eq. (37), we obtain the integral over ξ in the leading order in w in the form∫ ∞
−∞

dξ

sinh2(πξ)
[γ′(ξ)− γ′(−ξ)]2 = −28w10

∫ ∞
−∞

dξ

sinh2(πξ)

ξ2

(1 + w2ξ2)2
≈ − 28

3π
w10. (50)

Finally, restoring all factors in Eq. (38), using w = πTτ0 = πT/t0 in Eq. (50), and taking into account the relation
between E and the chemical potential µ, we obtain

σFL
Drag ≈

2

3

NV 2T 2

t60
µuµd. (51)

One particle conductance in the Fermi liquid regime

The one particle conductance is calculated as the tunneling conductance between the nearest neighbor grains, using
the simplified expression for the Green functions Eq. (28), which results in [43]

σ1 = N
e2

πh
. (52)

Therefore, the one particle conductance is independent of tunneling strength and temperature (at low temperatures).
The independence of the one-particle conductance of the tunneling strength is explained by the fact that the bandwidth
(and thus the one-particle density of states) is determined by the variance of the randomized inter-grain tunneling,
which leads to the exact compensation between the one particle density of states and the inter-grain tunneling
amplitude.

Drag resistance in the Fermi liquid regime

The drag resistance is obtained as

ρFL
Drag =

σFL
Drag

σ2
1

≈ 2π2

3

h

e2

V 2T 2

Nt60
µuµd. (53)

Therefore, the drag resistance in the Fermi liquid regime is proportional to the temperature squared.

Drag conductance in the crossover regime

Here we compare the values of the drag conductance in the SM and in the FL regime at the crossover temperature
T0 = t20/J . We show that the estimations for the two regimes differ at the crossover temperature only by the numerical
factor. We assume that the charge asymmetry remains constant for all temperatures.

In the SM regime, the charge asymmetry is determined by the asymmetry factor E . At small charge asymmetry
(close to the half-filled system), the deviation from the half filling is given by the expression [41, 47]

Q− 1/2 ≈ −E(1 + π/2). (54)

In the Fermi liquid regime, the charge asymmetry is determined by the chemical potential. Close to the half filling
at low temperature, the deviation from the half filling is given by

Q− 1/2 =

∫
dων1(ω)

(
1

e(ω−µ)/T + 1
− 1

2

)
≈ ν1(0)µ, (55)

where ν1(ω) denotes the single-particle density of states. The one particle density of states (DOS) ν1(0) at the middle
of the semicircular band is given by

ν1(0) = 4τ0/π = 1/(πt0), (56)
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which leads to the relation

Q− 1/2 ≈ µ

πt0
. (57)

Equating the expressions for the filling in the strange metal and in the Fermi liquid regime given by Eqs. (54) and
(57), we obtain the relation between the chemical potential in the Fermi liquid and the asymmetry parameter in the
SYK, which reads

µFL = −πt0(1 + π/2)ESM. (58)

Now we use Eq. (58) to compare the estimations for the drug conductance in the SM and in the FL regimes at the
temperature T0 = t20/J . In the FL regime we can represent Eq. (51) in the form

σDrag ≈
2

3
Nπ2(1 + π/2)2V

2T 2

t40
EuEd =

2

3
Nπ2(1 + π/2)2V

2

J2

(
T

T0

)2

EuEd. (59)

At T = T0 we obtain

σFL
Drag(T0) ≈ 43.5N

V 2

J2
EuEd. (60)

In the SM regime we obtain from Eq. (5)

σSM
Drag(T0) ≈ 58.6N

V 2

J2
EuEd. (61)

One can see that the estimation for the drag conductance at the crossover temperature T0 differ by the numerical
prefactor only.

Furthermore, expressing the chemical potentials through the spectral asymmetry parameters in Eq. (8), and
introducing the crossover temperature T0 = t20/J we obtain the drag resistance in the Fermi liquid regime in the form

ρFL
Drag ≈

CFL

N

h

e2

V 2

J2

T 2

T 2
0

EuEd, (62)

where CFL ≈ 429.2

CALCULATION OF NEAR FIELD HEAT TRANSFER FLUX

In this section we calculate the near field heat transport between the up and down layers. We assume that the
heat transport takes place between the nearest grains in the different layers, that is between the grains with the same
number (1d↔ 1u), (2d↔ 2u). The general expression for the near field heat transfer flux, illustrated by the diagram
Fig. 4b), is given by [53]

Jh =
V 2

N

∫
dω

2π
(ImΠR

u (ω))(ImΠR
d (ω))ω [nB (ω/Tu)− nB (ω/Td)] . (63)

Here nB(ω/T ) denotes the Bose distribution at temperature T , and ImΠR
u/d(ω) denotes the imaginary part of the

polarization operator. Since no charge asymmetry is required for a finite heat transfer, we perform calculations at the
charge symmetric point Eu = Ed = 0.

We calculate the polarization operator using the Keldysh formalism, where it is defined as [53]

ΠR(ω) =
i

2
N

∫
dε

2π

{
GR(ε+ ω)GK(ε) +GK(ε+ ω)GA(ε)

}
. (64)

Here GK(ε) = tanh
(
ε

2T

) [
GR(ε)−GR(ε)

]
denotes the Keldysh Green function at temperature T .

Introducing dimensionless frequencies x = ε
2πT , ξ = ω

2πT , and using the definitions of the Green functions Eqs.
(25), (30), we cast Eq. (64) in the form

ΠR(ω) =
i

2
NK2Tκ(ξ), (65)
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where

κ(ξ) =

∫ ∞
−∞

dx
[
gR(x+ ξ) + gA(x− ξ)

] [
gR(x)− gA(x)

]
tanh(πx). (66)

For the further evaluation we assume small temperature difference between the layers, Tu = T − (∆T )/2, Td =
T + (∆T )/2. Then, substituting Eqs. (65), (66) in Eq. (63) and expanding the difference of Bose distribution
functions in ∆T , we obtain

Jh =
π2

8
NV 2K4T 3(∆T )

∫ ∞
−∞

dξ
ξ2 [Reκ(ξ)]

2

sinh2(πξ)
. (67)

Strange metal regime

Substituting K = Ksyk as given by Eq. (26) and gR/A = g
R/A
syk as given by Eq. (27) in Eq. (67), we obtain

JSM
h =

πNV 2

16J2
T (∆T )

∫
dξ
ξ2 [Reκ(ξ)]

2

sinh2(πξ)
. (68)

Further numerical evaluation of the integral in Eq. (67) results in the expression for the heat transfer flux

JSM
h ≈ 0.015

NV 2

J2
T (∆T ), (69)

from which it follows for the heat conductance

κSM
h ≈ 0.015

NV 2

J2
T. (70)

Fermi liquid regime

In the Fermi liquid regime we use Eqs. (31) and (32). Substituting them into Eq. (67), we obtain

IFL
h =

NV 2

4π2

∆T

T

∫ ∞
−∞

dξ
ξ2 [Reκ(ξ)]

2

sinh2(πξ)
(71)

Since there is no scale invariance of the Green functions in the FL regime, the last integration does not reduce to
a number. Rather it is a function of the dimensionless density of states in the center of the random energy band
w = πT/t0. Explicitly we obtain for κ(ξ) from Eq. (66)

ReκFL(ξ) =
1

2
w2ξ

∫ ∞
−∞

dy
y tanh(2πy/w)

y2 + 1/4

1

[y2 − 1
4 (wξ)2 + 1

4 ]2 + 1
4 (wξ)2

. (72)

For the further evaluation we note, that T � t0 in the FL regime hence w � 1, and that the actual values of ξ are
restricted by |ξ| . 1 by the following integration over ξ in Eq. (67). Those conditions justify the evaluation of κFL in
the leading order in w and ξ, which contributes to the neglecting the terms wξ in the denominator of Eq. (72) and
replacing tanh(2πy/w) ≈ sign(y). Under those approximations we obtain

ReκFL(ξ) ≈ w2ξ

∫ ∞
0

ydy

(y + 1/4)3
= 4w2ξ. (73)

Substituting Eq. (73) in Eq. (71) and performing integration over ξ, we obtain the heat transfer flux in the FL regime
in the form

JFL
h ≈ 0.8N

V 2T 3

t40
∆T, (74)
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from which we deduce the heat conductance

κFL = 0.8N
V 2T 3

t40
= 0.8N

V 2

J2

T 3

T 2
0

, (75)

where in the last equation we introduced the crossover temperature T0 = t20/J between the SM and the FL regimes.
Comparison of Eqs. (70) and (75) leads to conclusion

κFL ∝ κSM

(
T

T0

)2

. (76)


