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Homomorphisms into simple Z-stable C ⇤
-algebras, II

Guihua Gong, Huaxin Lin, and Zhuang Niu

Abstract. Let A and B be unital finite separable simple amenable C⇤-algebras which satisfy the
UCT, and B is Z-stable. Following Gong, Lin, and Niu (2020), we show that two unital homo-
morphisms from A to B are approximately unitarily equivalent if and only if they induce the same
element in KL.A;B/, the same affine map on tracial states, and the same Hausdorffified algebraic
K1 group homomorphism. A complete description of the range of the invariant for unital homomor-
phisms is also given.

Dedicated to Professor Guoliang Yu on his sixtieth birthday.

1. Introduction

Let X and Y be two compact Hausdorff spaces, and denote by C.X/ (or C.Y /) the C ⇤-
algebra of complex-valued continuous functions on X (or Y ). Any continuous map � W

Y ! X induces a homomorphism ' from the commutative C ⇤-algebra C.X/ into the
commutative C ⇤-algebra C.Y / by '.f / D f ı �, and any homomorphism from C.X/

to C.Y / arises this way (in this paper, by homomorphisms or isomorphisms between C ⇤-
algebras, we mean ⇤-homomorphisms or ⇤-isomorphisms). It should be noted that, by
the Gelfand transformation, every unital commutative C ⇤-algebra has the form C.X/ as
above. Therefore, studying continuous maps from Y to X is equivalent to studying the
homomorphisms from C.X/ to C.Y /.

We study the non-commutative version of this. In this paper, we consider only simple
C

⇤-algebras. The paper is a continuation of [18]. The first part of the results can be stated
as follows: let A and B be unital finite separable simple amenable C ⇤-algebras which
satisfy the UCT such that B is Z-stable. Let '; W A! B be two unital monomorphisms.
Then, there exists a sequence of unitaries πunº ⇢ B such that

lim
n!1u

⇤
n
 .a/un D '.a/ for all a 2 A;

if and only if

Œ'ç D Œ ç in KL.A;B/; 'T D  T and '
è

D  
è
;

where 'T ;  T W T .B/ ! T .A/ are the continuous affine maps induced by ' and  , T .A/
and T .B/ are tracial state spaces of A and B , and 'è and  è are induced homomorphisms
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from U.A/=CU.A/ to U.B/=CU.B/, respectively, U.A/ and U.B/ are unitary groups of
A and B , CU.A/ and CU.B/ are the closures of commutator subgroups of A and B ,
respectively (see Theorem 4.3 and [18] for the cases in which A may not be simple, and
see earlier results in [16, 19]).

In the case that B is a unital purely infinite simple C ⇤-algebra, T .B/ D ;. Then,
'T and  T are both trivial maps. Also, by [8, Corollary 2.7], U.B/=CU.B/ D π0º. One
ignores the trivial maps 'è and  è. Without assuming A is simple, the same result as
in Theorem 4.3, in the case that B is purely infinite simple, is known as stated in [11,
Theorem 6.7].

Theorem 4.3 is a generalization of [18, Theorem 5.8] at least in the case that A is
simple. The proof also follows the same lines as described in [18, Remark 5.7] using the
established results in [6, 7].

The second part of this research seeks the range of the invariant for the homomor-
phisms from A to B . Similar results were also obtained in [18]. Let  2 KL.A; B/ be
a strictly positive element (see Definition 2.6) with .Œ1Aç/ D Œ1B ç, T W T .B/ ! T .A/

a continuous affine map, and � W U.A/=CU.A/ ! U.B/=CU.B/ a continuous homo-
morphism. As in [18], not all compatible triples .; T ; � / are proved to be reached by
unital homomorphisms. This is not just the limitation of the method. By the classifica-
tion theorem in [15, 17], there is a unital separable simple Z-stable C ⇤-algebra A with a
unique tracial state which is locally approximated by sub-homogeneous C ⇤-algebras such
that .K0.A/; K0.A/C; Œ1Aç/ D .Z;ZC; 1/ and K1.A/ D Z=pZ for some prime number
p > 1. By [18, Lemma 6.8], there is a unital homomorphism ' W A ! Z which induces
identity on K0.A/. We found that, up to approximately unitary equivalence, ' is the
only homomorphism that induces KL.'/. However, there are other continuous homo-
morphisms � W U.A/=CU.A/ ! U.Z/=CU.Z/ which are compatible to KL.'/ and the
identity map on the tracial state spaces (which has only one point for both C ⇤-algebras).
In other words, there are compatible triples .; T ; � / which cannot be reached by unital
homomorphisms.

This is by no means an accident. Fix a compatible pair .; T /. Denote by

Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�

the subset of those homomorphisms in Hom.U.A/=CU.A/; U.B/=CU.B// which are
compatible to the pair .; T /. There is a bijection from

Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�

to the group Hom.K1.A/; T /, where T D Aff.T .B//=⇢B.K0.B// and ⇢B W K0.B/ !

Aff.T .B// (the space of all real continuous affine functions on the tracial state space
T .B/ of B) is the usual pairing of K0.B/ and T .B/.

Let Hom;T ;app.A; B/ be the approximately unitary equivalence classes of unital
homomorphisms ' such that ' induce the pair .KL.'/; 'T / D .; T /. We show that
Hom;T ;app.A;B/ is not empty. The uniqueness part of this paper gives an injective map
from Hom;T ;app.A; B/ to a subgroup of Hom.K1.A/; T /. This subgroup is isomorphic
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to the group Hom.K1.A/= Tor.K1.A//; T /. Theorem 5.10 shows that there is a split-
ting short exact sequence which further describes this subgroup. It turns out that (see
Proposition 5.15), whenever R⇢B.K0.B// 6D ⇢B.K0.B// and K1.A/ has a torsion, this
subgroup is a proper subgroup of Hom.K1.A/; T /. In those cases, there are compatible
triples .; T ; � / which cannot be reached by unital homomorphisms. We also show that
there is another way to describe the range of the invariant of unital homomorphisms by
considering a sequence of compatible triples which complements the description of the
range of unital homomorphisms mentioned above (see Theorem 6.5 and Remark 6.6).
The group U.A/=CU.A/ is also an essential part of the invariant set for the classification
of non-simple C ⇤-algebras with ideal property (not just for homomorphisms); see [4, 5]
(see also [21] for general information about C ⇤-algebras with ideal property).

2. Notations

Definition 2.1. Let A be a unital C ⇤-algebra. Denote by As.a. the self-adjoint part of
A and AC the set of all positive elements of A. Denote by U.A/ the unitary group of
A and U0.A/ the normal subgroup of U.A/ consisting of those unitaries which are in
the connected component of U.A/ containing 1A. Denote by DU.A/ the commutator
subgroup of U0.A/ and CU.A/ the closure of DU.A/ in U.A/.

Definition 2.2. Let A be a unital C ⇤-algebra, and let T .A/ denote the simplex of tracial
states of A, a compact subset of A⇤, the dual of A, with the weak* topology. Denote by
Aff.T .A// the space of real valued affine continuous functions on T .A/.

Let A be a unital stably finite C ⇤-algebra with T .A/ 6D ;. Let ⌧ 2 T .A/. For each
integer n � 1, we will continue to use ⌧ for its extension ⌧ ˝ Tr on Mn.A/, where Tr is
the standard trace on Mn.

Denote by ⇢A W K0.A/ ! Aff.T .A// the order-preserving homomorphism defined by
⇢A.Œpç/.⌧/D ⌧.p/ for any projection p 2Mn.A/, nD 1;2; : : : (see the convention above).

Suppose that B is another C ⇤-algebra with T .B/ 6D ; and ' W A ! B is a unital
homomorphism. Then, ' induces a continuous affine map 'T W T .B/ ! T .A/ defined by
'T .⌧/.a/D ⌧.'.a// for all a 2A and ⌧ 2 T .B/. Denote by '] W Aff.T .A//! Aff.T .B//
the continuous map induced by 'T .

Definition 2.3. Let A be a unital C ⇤-algebra, and let u 2 U0.A/. Let u.t/ 2 C.Œ0; 1ç; A/

be a piecewise smooth path of unitaries such that u.0/ D u and u.1/ D 1. Then, the de La
Harpe–Skandalis determinant of the path πu.t/º0t1 is defined by

Det
�®
u.t/

¯
0t1

�
.⌧/ D

1

2⇡ i

Z
1

0

⌧

✓
du.t/

dt
u.t/

⇤
◆
dt for all ⌧ 2 T .A/;

which induces a homomorphism

Det W U0.A/ ! Aff
�
T .A/

�
=⇢A

�
K0.A/

�
:

The determinant Det can be extended to a map from U0.M1.A// into

Aff
�
T .A/

�
=⇢A

�
K0.A/

�
:
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Definition 2.4. Suppose that A is a unital C ⇤-algebra with T .A/ 6D ;. Recall that CU.A/
is the closure of the commutator subgroup of U0.A/. Let u 2 U.A/. We shall use Nu to
denote the image in U.A/=CU.A/. It was proved in [25] that there is a splitting short
exact sequence

0 ! Aff
�
T .A/

�
=⇢A

�
K0.A/

�
!

1[
nD1

U
�
Mn.A/

�
=

1[
nD1

CU
�
Mn.A/

� …
cu

A

��! K1.A/ ! 0:

For each A, we will fix one splitting map

sA W K1.A/ !

1[
nD1

U
�
Mn.A/

�
=

1[
nD1

CU
�
Mn.A/

�

such that …cu

A
ı sA D idK1.A/.

In the case that A has stable rank no more than k (k � 1), one may have

0 ! Aff
�
T .A/

�
=⇢A

�
K0.A/

�
! U

�
Mk.A/

�
=CU

�
Mk.A/

� …cuA
�
sA

K1.A/ ! 0: (e 2.1)

Definition 2.5. Let †A W Aff.T .A// ! Aff.T .A//=⇢A.K0.A// be the quotient map.

Definition 2.6. Let A be a unital separable C ⇤-algebra and B a unital finite simple Z-
stable C ⇤-algebra. Denote byKLe.A;B/CC the subset of those elements  inKL.A;B/
such that .K0.A/C n π0º/ ⇢ K0.B/C n π0º and .Œ1Aç/ D Œ1B ç.

Suppose, in addition, T .A/ 6D ;. Let T W T .B/ ! T .A/ be a continuous affine map.
Then, T induces an affine continuous map ] W Aff.T .A//! Aff.T .B//. The pair .;T /
is compatible if

⇢B

�
.x/

�
.⌧/ D ⇢A.x/

�
T .⌧/

�
for all x 2 K0.A/; ⌧ 2 T .B/:

In particular, ].⇢A.K0.B/// ⇢ ⇢B.K0.B//. Thus, ] induces a homomorphism

] W Aff
�
T .A/

�
=⇢A

�
K0.A/

�
! Aff

�
T .B/

�
=⇢B

�
K0.B/

�
:

For convenience, let us also assume that A has stable rank at most n. Let

� W U
�
Mn.A/

�
=CU

�
Mn.A/

�
! U

�
Mn.B/

�
=CU

�
Mn.B/

�

be a continuous homomorphism. We say that .; T ; � / is compatible if .; T / is com-
patible, and the following diagram commutes

0 // Aff
�
T .A/

�
=⇢A

�
K0.A/

�

T

✏✏

// U
�
Mn.A/

�
=CU

�
Mn.A/

�

�

✏✏

…
cu

A
// K1.A/

jK1.A/
✏✏

// 0

0 // Aff
�
T .B/

�
=⇢B

�
K0.B/

�
// U

�
Mn.B/

�
=CU

�
Mn.B/

�…cu
B
// K1.B/

// 0;

(e 2.2)

where T is the homomorphism induced by T .
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Let n > 1, and let

j W U.A/=CU.A/ ! U
�
Mn.A/

�
=CU

�
Mn.A/

�
;

j⇤ W U.A/=U0.A/ ! U
�
Mn.A/

�
=U0

�
Mn.A/

�
;

j] W U0.A/=CU.A/ ! U0

�
Mn.A/

�
=CU

�
Mn.A/

�

be the homomorphisms induced by the map u 7! diag.u; 1n�1/. Suppose that A has stable
rank one. Then, by [22, Theorem 2.9] and [8, Corollary 3.11], the maps j⇤ and j] are iso-
morphisms. Moreover,K1.A/ D U.A/=U0.A/. Note that

Q
cu

A
ıj D j⇤ ı

Q
cu

A
. It follows

that j is injective. Let u 2 U.Mn.A//. There is u0 2 U.A/ such that u � diag.u⇤
0
; 1n�1/ 2

U0.Mn.A//. It follows that

u � diag.u⇤
0
; 1n�1/ 2 U0

�
Mn.A/

�
=CU

�
Mn.A/

�
:

By [8, Corollary 3.11], there is v0 2 U0.A/ such that u � diag.u⇤
0
; 1n�1/D diag.v0; 1n�1/.

Thus, NuDdiag.u0v0;1n�1/. In other words, the map z!diag.z; N1n�1/ fromU.A/=CU.A/

to U.Mn.A//=CU.Mn.A// is an isomorphism.

Definition 2.7. Let A and B be unital C ⇤-algebras with T .A/ 6D ; and T .B/ 6D ;. Let
' W A ! B be a unital homomorphism. Denote by KK.'/ and KL.'/ the elements in
KK.A;B/ and KL.A;B/ induced by ', respectively. We also use Œ'ç for KL.'/ when-
ever it is convenient.

Note that '] maps ⇢A.K0.A// to ⇢B.K0.B// and ' maps CU.A/ into CU.B/. Denote
by 'è W U.A/=CU.A/ ! U.B/=CU.B/ the induced continuous homomorphism. Then,
.KL.'/; 'T ; '

è
/ is compatible.

2.8. Let A and B be unital C ⇤-algebras such that T .B/ 6D ;. Let ';  W A ! B be two
unital homomorphisms such that ⌧ ı ' D ⌧ ı  for all ⌧ 2 T .B/. Consider the mapping
torus

M'; D
®
.b; a/ 2 C

�
Œ0; 1ç; B

�
˚ A W b.0/ D '.a/; b.1/ D  .a/

¯
:

Let u D .u.t/; a/ 2 U0.Mn.M'; // (u.0/ D '.a/; u.1/ D  .a/) such that u.t/ is piece-
wise smooth. Then, uD exp.ih1/exp.ih2/ � � �exp.ihm/, where hj 2Mn.M'; /s.a.. More-
over, one may choose hj .t/ (t 2 Œ0; 1ç) so that hj .t/ is piecewise smooth. One then
computes that, for each ⌧ 2 T .B/ (since ⌧ ı ' D ⌧ ı  ),

R'; 

�
u.t/

�
.⌧/ D

1

2⇡ i

Z
1

0

⌧

✓
du.t/

dt
u

⇤
.t/

◆
dt

D
1

2⇡ i

Z
1

0

mX
jD1

⌧

✓
dhj .t/

dt

◆
dt

D
1

2⇡ i

mX
jD1

�
⌧
�
hj .0/

�
� ⌧

�
hj .1/

��
D 0:
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As in [15, Definition 3.2 and Lemma 3.3], R'; W K1.M'; / ! Aff.T .B// is a homo-
morphism. In fact, we have the following commutative diagram:

K0.B/

⇢B

%%

◆
// K1.M'; /

R'; 
xx

Aff
�
T .B/

�
:

Definition 2.9. Let  2 KLe.A; B/
CC and T W T .B/ ! T .A/ be a continuous affine

map such that .; T / is a compatible pair. Let Hom;T
.U.A/=CU.A/; U.B/=CU.B//

be the set of homomorphisms � W U.A/=CU.A/ ! U.B/=CU.B/ such that .; T ; �/ is
compatible.

Fix g 2 Hom;T
.U.A/=CU.A/; U.B/=CU.B//. Then, for any

ˇ 2 Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�
;

g � ˇ gives a homomorphism in

Hom
�
U.A/=CU.A/; U.B/=CU.B/

�

which maps U.A/=CU.A/ to Aff.T .B//=⇢B.K0.B// and vanishes on

Aff
�
T .A/

�
=⇢A

�
K0.A/

�
:

Thus,
®
g � ˇ W ˇ 2 Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�¯

D Hom
�
K1.A/;Aff

�
T .A/

�
=⇢A

�
K0.A/

��
:

Let Äg be the bijection ˇ 7! g � ˇ (ˇ 2 Hom;T
.U.A/=CU.A/;U.B/=CU.B//) which

gives a group structure on Hom;T
.U.A/=CU.A/; U.B/=CU.B//. Note that the group

is independent of the choice of g. In this way, we may view

Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�

as an abelian group. Denote by Homalf.K1.A/;Aff.T .B//=⇢B.K0.B/// the subgroup of
homomorphisms Nh in Hom.K1.A/;Aff.T .B//=⇢B.K0.B/// such that there is a sequence
of homomorphisms hn 2 Hom.K1.A/;Aff.T .B/// such that ⇡ ı hnjGn D NhjGn , where
Gn ⇢ GnC1 ⇢ K1.A/ is a finitely generated subgroup and K1.A/ D

S1
nD1Gn.

Let Hom;T ;app.A; B/ be the set of approximately unitary equivalence classes of
homomorphisms ' from A to B such that

�
KL.'/; 'T

�
D .; T /:
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Let Homalf.K1.A/;R⇢B.K0.B//=⇢B.K0.B/// be the subgroup of homomorphisms Nh in
Homalf.K1.A/;Aff.T .B//=⇢B.K0.B/// such that

Nh
�
K1.A/

�
⇢ R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

�
:

It is also a subgroup of those Nh’s in Hom.K1.A/;R⇢B.K0.B//=⇢B.K0.B/// such that
there is a sequence of homomorphisms hn 2 Hom.K1.A/;R⇢B.K0.B/// such that ⇡ ı

hnjGn D NhjGn , whereGn ⇢GnC1 ⇢K1.A/ is a finitely generated subgroup andK1.A/DS1
nD1Gn.

Definition 2.10 ([6, Definition 9.2]). Let A be a unital simple C ⇤-algebra. We say A has
generalized tracial rank at most one (gTR.A/  1) if the following property holds: let
" > 0, let a 2 AC n π0º, and let F ✓ A be a finite set. There exists a non-zero projection
p 2 A and a unital C ⇤-subalgebra C which is a subhomogeneous C ⇤-algebra whose
spectrum has dimension at most one and with 1C D p such that

(1) kxp � pxk < " for all x 2 F ,

(2) dist.pxp; C / < " for all x 2 F ,

(3) 1 � p . a.

By [3, Theorem 4.10], every unital finite separable simple C ⇤-algebra with finite
nuclear dimension which satisfies the UCT has the property that gTR.A˝ U/  1 (see
also [20, Theorem 3.4]) for every infinite-dimensional UHF-algebra U .

Now let A be a unital finite separable simple amenable C ⇤-algebra which satisfies the
UCT and U a UHF-algebra of infinite type (so U ä U ˝ U ). By [1], A˝ U has finite
nuclear dimension. From the previous paragraph,

gTR.A˝ U/ D gTR
�
.A˝ U/˝ U

�
 1:

This fact will be repeatedly used throughout the paper.

Definition 2.11. Throughout the paper, Q is the UHF-algebra such that
�
K0.Q/;K0.Q/C; Œ1Qç

�
D .Q;QC; 1/:

Let r be a supernatural number. Denote by Mr the UHF-algebra associated with r.
Let p and q be a pair of relatively prime supernatural numbers of infinite type such

thatMp ˝Mq DQ. Let jp WMp !Q be defined by jp.a/D a˝ 1Mq and jq WMq !Q

be defined by jq.b/ D b ˝ 1Mq . Define

Zp;q D
®
.f; a; b/ W .f; a; b/ 2 C

�
Œ0; 1ç;Q

�
˚ .Mp ˚Mq/ W

f .0/ D jp.a/; f .1/ D jq.b/
¯
:

Definition 2.12. LetA be a unital separable amenableC ⇤-algebra, and let x 2A. Suppose
that kxx⇤ � 1k < 1 and kx⇤

x � 1k < 1. This “approximate unitary” is close to a unitary.
In fact, xjxj�1 is a unitary. Let us use hxi to denote xjxj�1.
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Let A and B be unital C ⇤-algebras, and let ' W A ! B be a homomorphism and
v 2 U.B/. We refer to [6, Definition 2.14] for the definition of locally defined bott0.'; v/,
bott1.'; v/, and Bott.'; v/ when ' and v almost commute. We also refer to [6, Defini-
tions 2.12 and 2.14] for other related terminologies.

3. Homotopy lemmas, restated

Lemma 3.1 ([7, Lemma 25.4]). Let A D A1 ˝ U1, where gTR.A1/  1 and satisfies the
UCT and U1 is a UHF-algebra of infinite type. For any 1 > " > 0 and any finite subset
F ⇢ A, there exist ı > 0, � > 0, a finite subset G ⇢ A, a finite subset πp1; p2; : : : ; pk ;

q1;q2; : : : ;qkº of projections ofA such thatQ WD πŒp1ç� Œq1ç; Œp2ç� Œq2ç; : : : ; Œpk ç� Œqk çº

generates a free abelian subgroup Gu ofK0.A/, and a finite subset P ⇢K.A/, satisfying
the following condition:

Let B D B1 ˝ U2, where gTR.B1/  1 and U2 is a UHF-algebra of infinite type.
Suppose that ' W A ! B is a unital homomorphism.

If u 2 U.B/ is a unitary such that
��⇥
'.x/; u

⇤�� < ı for all x 2 G ; (e 3.1)

Bott.'; u/jP D 0; (e 3.2)

dist
�˝��

1 � '.pi /
�

C '.pi /u
���
1 � '.qi /

�
C '.qi /u

⇤�˛
; N1

�
< �; (e 3.3)

dist. Nu; N1/ < �; (e 3.4)

then there exists a continuous path of unitaries πu.t/ W t 2 Œ0; 1çº ⇢ U.B/ such that

u.0/ D u; u.1/ D 1B ;

dist
�
u.t/; CU.B/

�
< " for all t 2 Œ0; 1ç;��⇥

'.a/; u.t/
⇤�� < " for all a 2 F ; t 2 Œ0; 1ç;

length
�®
u.t/

¯�
 2⇡ C ":

Remark 3.2. The original statement of [7, Lemma 25.4] assumes A1 2 B0. However,
since U1 ˝ U1 ä U1, we may assume A1 D A1 ˝ U1. If gTR.A1/  1, by [6, The-
orem 19.2], A1 ˝ Q 2 B0. Then, by [20, Theorem 3.4] (see also [6, Theorem 3.20]),
A1 ˝ U1 2 B0. Thus, it suffices to assume that gTR.A1/  1 as well as gTR.B/  1.
Moreover, B does not need to be assumed to satisfy the UCT.

Let us also comment that the condition (e 3.4) may be dropped (if we choose suffi-
ciently large set πp1; p2; : : : ; pk ; q1; q2; : : : ; qkº and sufficiently small � ). To see this,
one notes that one can always assume Œ1AçC x 2 Gu for some x 2 K0.A/ with mx D 0

for some integer m � 1. Thus, mŒ1Aç 2 Gu. Suppose that mŒ1Aç D
P
k

jD1mj .Œpj ç� Œqj ç/
for some integers mj , j D 1; 2; : : : ; k. Once this is done, let K D .

P
k

jD1 jmj j/. For any
1 > " > 0, choose � D "=K. Then, one checks that the condition (e 3.3) implies that
dist.um; N1/ < K� .
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We claim that dist. Nu; N1/ < "=m. In fact, there exists a unitary !c 2 CU.A/ and ! 2

U.A/ such that u!c! D 1 and k! � 1k < K� D " < 1. Therefore, ! D exp.i⇡a/ with
a 2As.a. and kak<"=m. Write!c D

Q
k2

kD1 exp.ibk/ for some bk 2Ms.a., kD 1;2; : : : ;k2.
Define!c;0 D

Q
k2

kD1 exp.ibk=m/ and!0 D exp.ia=m/. Then, .u!c;0!0/m D N12CU.A/.
By [6, Corollary 11.7], U.A/=CU.A/ is torsion-free. It follows that u!c;0!0 2 CU.A/

and !c;0 2 CU.A/. Hence,

dist. Nu; N1/  k!0 � 1k < "=m:

Lemma 3.3 (cf. [7, Lemma 24.5]). Let A D A1 ˝ U1, where A1 is as in [6, Theo-
rem 14.10] andB DB1 ˝U2, whereB1 is a unital simpleC ⇤-algebra with gTR.B1/  1

and U1; U2 are two UHF-algebras of infinite type. Let A D limn!1.Cn; {n/ be as de-
scribed in [6, Theorem 14.10]. For any " > 0, any � > 0, any finite subset F ⇢ A,
any finite subset P ⇢ K.A/, and any projections p1; p2; : : : ; pk ; q1; q2; : : : ; qk 2 A

such that πx1; x2; : : : ; xkº generates a free abelian subgroup G of K0.A/, where xi D

Œpi ç� Œqi ç, i D 1;2; : : : ; k, there exists an integer n� 1 such that xi 2 P ⇢ Œ{n;1ç.K.Cn//
(1  i  k), there is a finite subset Q ⇢ K1.Cn/ which generates K1.Cn/, and there
exists ı > 0 satisfying the following condition: let ' W A ! B be a unital homomorphism,
Ä W G ! U.B/=CU.B/ a homomorphism, and ˛ 2 KK.Cn ˝ C.T /; B/ such that

˛
�
ˇ.g/

�
D …

cu

B

�
Ä

�
.{n;1/⇤0.g/

��
for all g 2 {

�1
n;1.G/

�
see (e 2.2)

�
;ˇ̌

⌧ ı ⇢B

�
˛

�
ˇ.x/

��ˇ̌
< ı for all x 2 Q; ⌧ 2 T .B/:

(e 3.5)

Then, there exists a unitary u 2 B such that
��⇥
'.x/; u

⇤�� < " for all x 2 F ; Bott
�
' ı Œ{n;1ç; u

�
D ˛.ˇ/;

and, for i D 1; 2; : : : ; k,

dist
�˝��

1 � '.pi /
�

C '.pi /u
���
1 � '.qi /

�
C '.qi /u

⇤�˛
; Ä.xi /

�
< �: (e 3.6)

Proof. As in Remark 3.2, we may assume that B1 2 B0. The lemma follows from [7,
Lemma 24.2 and Theorem 22.17]. In fact, for any 0 < "1 < "=2 and finite subset F1 � F ,
by [7, Lemma 24.2], there exists an integer n � 1, a finite subset Q ⇢ K1.Cn/, and ı > 0
as described above, and a unitary u1 2 U0.B/, such that

��⇥
'.x/; u1

⇤�� < "1 for all x 2 F1;

Bott.' ı {n;1; u1/ D ˛.ˇ/jP :

Choosing a smaller "1 and a larger F1, if necessary, we may assume that the class
˝��
1 � '.pi /

�
C '.pi /u1

���
1 � '.qi /

�
C '.qi /u

⇤
1

�˛
2 U.B/=CU.B/

is well defined for all 1  i  k. Define a map Ä1 W G ! U0.B/=CU.B/ by

Ä1.xi / D
˝��
1 � '.pi /

�
C '.pi /u1

���
1 � '.qi /

�
C '.qi /u

⇤
1

�˛
; i D 1; 2; : : : ; k:
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Choosing a large enough n, without loss of generality, we may assume that there are pro-
jections p0

1
; p

0
2
; : : : ; p

0
k

, q0
1
; q2;

0
: : : ; q

0
k

2 Cn such that {n;1.p0
i
/ D pi and {n;1.q0

i
/ D qi ,

iD1;2; : : : ;k. Moreover, we may assume that F1⇢{n;1.Cn/. Let Ä2.xi /DÄ1.xi /⇤Ä.xi /,
i D 1; 2; : : : ; k. By (e 3.5), Ä2.xi / 2 U0.B/=CU.B/. Hence, Ä2 defines a map from G to
U0.B/=CU.B/. It follows by [7, Theorem 22.17] that a unitary v 2 U0.B/ such that

��⇥
'.x/; v

⇤�� < "=2 for all x 2 F ; (e 3.7)

Bott.' ı {n;1; v/ D 0; (e 3.8)

dist
�˝��

1 � '.pi /
�

C '.pi /v
���
1 � '.qi /

�
C '.qi /v

⇤�˛
;Ä2.xi /

�
< �; (e 3.9)

i D 1; 2; : : : ; k. Define u D u1v,

Xi D
˝��
1 � '.pi /

�
C '.pi /u1

���
1 � '.qi /

�
C '.qi /u

⇤
1

�˛
;

Yi D
˝��
1 � '.pi /

�
C '.pi /v

���
1 � '.qi /

�
C '.qi /v

⇤�˛
;

i D 1; 2; : : : ; k. We then compute that
��⇥
'.x/; u

⇤�� < "1 C "=2 < " for all x 2 F ;

Bott.' ı {n;1; u/ D Bott.' ı {n;1; u1/ D ˛.ˇ/;

dist
�˝��

1 � '.pi /
�

C '.pi /u
���
1 � '.qi /

�
C '.qi /u

⇤�˛
;Ä.xi /

�
 dist

�
XiYi ;Ä1.xi /Yi

�
C dist

�
Ä1.xi /Yi ;Ä.xi /

�
D dist

�
Xi ;Ä1.xi /

�
C dist

�
Yi ;Ä2.xi /

�
< 0C �

�
by (e 3.9)

�
;

for i D 1; 2; : : : ; k.

Remark 3.4. Lemma 3.3 also holds if pi ; qi 2 MN .A/ for some given integer N . Then,
(e 3.6) may be written as

dist
�˝��

1N � '.pi /
�

C '.pi /.u˝ 1N /
���
1 � '.qi /

�
C '.qi /.u

⇤ ˝ 1N /
�˛
;Ä.xi /

�
< �:

(e 3.10)
However, in (e 3.10), '.pi / WD .'˝ idMN

/.pi /, i D 1;2; : : : :Note also that '.pi / approx-
imately commutes with u˝ 1N within any previously prescribed small number, say ⌘. By
[8, Theorem 4.6] (see also [6, Lemma 11.9]), there is zi 2 U.B/ such that

diag.zi ; 1N�1/ D
˝��
1N � '.pi /

�
C '.pi /.u˝ 1N /

���
1 � '.qi /

�
C '.qi /.u

⇤ ˝ 1N /
�˛
:

In fact, by (e 3.6), we mean
dist

�
zi ;Ä.xi /

�
< �:

By [8, Theorem 4.6], zi is unique.

To see that we can allow pi ; qi 2 MN .A/, suppose that U1 D Mp and U2 D Mq,
where p and q are supernatural numbers of infinite type. We identify K0.Mr/ with the
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dense subgroup Dr of Q given by the supernatural number r. Choose N1 � N such that
1

N1
2 Dp. There are mutually orthogonal and mutually unitarily equivalent projections

pi;1; : : : ; pi;N1 2 A˝ U1 such that pi D
P
N1

jD1 pi;j , and mutually orthogonal and mutu-
ally unitarily equivalent projections qi;1; : : : ; qi;N1 2 A˝ U1 such that

qi D

kX
jD1

qi;j ; i D 1; 2; : : : ; N1:

Put x0
i

WD Œpi;1ç � Œqi;1ç, i D 1; 2; : : : ; k. Let G0 be generated by πx0
1
; x2;

0
: : : ; x

0
k
º. Then,

G0 is also a free abelian group.
Let P1 D P [G0. Choose larger n so that P1 ⇢ Œ{n;1ç.K.Cn//. If Ä is given and fits

˛ as (e 3.5), choose y1; y2; : : : ; yk 2 K0.Cn/ such that Œjn;1ç.yi / D x
0
i
, i D 1; 2; : : : ; k.

Let zi D ˛ ı ˇ.yi /. Then,
Q
cu

B
.Ä.xi /sB.zi /

�N1/ D 0 in K1.B/ (see (e 2.1) for sB ). It
follows that fi WD Ä.xi /sB.zi /

�N1 2 U0.B/=CU.B/. Recall that

U0.B/=CU.B/ D Aff
�
T .B/

�
=⇢B

�
K0.B/

�

is divisible. Define Ä0 W G0 ! U.B/=CU.B/ by

Ä0.x
0
i
/ D

�
.1=N1/fi

�
sB.zi /; i D 1; 2; : : : ; k:

Then, Ä0.xi / D N1Ä0.x
0
i
/ D Ä.xi /, i D 1; 2; : : : ; k. Then, we apply the current Lemma

3.3. We apply this for G0 instead of G, Ä0 instead of Ä , and �=2N1 instead of � . We will
have, among other things,

dist
�˝��

1 � '.pi;1/
�

C '.pi;1/u
���
1 � '.qi;1/

�
C '.qi;1/u

⇤�˛
;Ä0.x

0
i
/
�
< �=2N1;

1  i  k. We also assume that gu ⇡�=.8N1/
2 ug for all g in a finite subset F1 such that

'.pi;j /; '.qi;j / 2 F1. One has (with sufficiently large F1)
�˝��

1 � '.pi;1/
�

C '.pi;1/u
���
1 � '.qi;1/

�
C '.qi;1/u

⇤�˛�N1
D

˝��
1N � '.pi /

�
C '.pi /.u˝ 1N /

���
1 � '.qi /

�
C '.qi /.u

⇤ ˝ 1N /
�˛
:

It follows that, for i D 1; 2; : : : ; k,

dist
�˝��

1N � '.pi /
�

C '.pi /.u˝ 1N /
���
1 � '.qi /

�
C '.qi /.u

⇤ ˝ 1N /
�˛
;Ä.xi /

�
< �:

Remark 3.5. LetA1 be a separable amenable simpleC ⇤-algebra which satisfies the UCT.
Then, A1 ˝ U1 is Z-stable for any UHF-algebra U1. If U1 is a UHF-algebra of infinite
type, then A ä .A1 ˝ U/ ˝ U1. By the classification theorem (see [7, Corollary 29.10
and also Remark 29.11]) and [3, Theorem 4.10], A1 ˝ U1 can be written as A1 ˝ U1 D

limn!1.Cn; ◆n/ as described by [6, Theorem 14.10]; namely, Cn is a direct sum of a
homogeneous C ⇤-algebra in H and a unital 1-dimensional NCCW complex (see notation
in [6, Section 14]). It follows that the assumption that A1 is an inductive limit of the form
in [6, Theorem 14.10] can be replaced by the assumption that A1 is a separable finite
amenable simple C ⇤-algebra satisfying the UCT.
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The following is a slight improvement of [18, Lemma 6.6] for the current purposes.

Lemma 3.6 (cf. [18, Lemma 6.6]). Let C and A be two unital separable stably finite C ⇤-
algebras, and let p; q be two relatively prime supernatural numbers of infinite type such
that Q D Mp ˝Mq. Suppose that 'r W C ˝Mr ! A˝Mr are unital homomorphisms
such that

Œ'p ˝ idMq ç D Œ'q ˝ idMp ç in KL.C ˝Q;A˝Q/ and .'p ˝ idMq/] D .'q ˝ idMp/];

r D p; q. Suppose that πU.t/ W t 2 Œ0; 1/º is a continuous and piecewise smooth path of
unitaries in A˝Q such that U.0/ D 1 and

lim
t!1

U
⇤
.t/

�
.'p ˝ idMq/.u˝ 1Q/

�
U.t/ D .'q ˝ idMp/.u˝ 1Q/

for some u 2 U.C/, and suppose that πZ.t; s/ºs is a continuous and piecewise smooth
(piecewise smooth with respect to s) path of unitaries in A˝ Zp;q (that is, for each fixed
s 2 Œ0; 1ç, Z.�; s/ 2 A˝ Zp;q) such that Z.t; 1/ D 1 and

Z.t; 0/ D U
⇤
.t/

�
.'p ˝ idMq/.u˝ 1Mp/

�
U.t/.w

⇤
˝ 1Q/ if t 2 Œ0; 1/

and Z.1; 0/ D .'q ˝ idMp/.u/.w
⇤ ˝ 1Q/ for some w 2 U.A/. Suppose also that there

exist h2 Aff.T .A˝ Zp;q//, f0 2 ⇢A˝Mp.K0.A˝Mp//, and f1 2 ⇢A˝Mq.K0.A˝Mq//

such that

Det.Z/.⌧ ˝ ıj / D h.⌧/C fj .⌧/ for all ⌧ 2 T .A˝Q/; j D 0; 1; (e 3.11)

where ıt is the extremal tracial state of Zp;q which factors through the point-evaluation
at t 2 Œ0; 1ç.

Suppose also that there is a continuous and piecewise smooth path of unitaries πz.s/ W

s2 Œ0; 1çº inA˝Mp ˝1Mq such that z.0/D ..'p ˝ idMq/.u˝1Q//.w
⇤ ˝1Q/, z.1/D 1,

and fp 2 ⇢A˝Mp.K0.A˝Mp//, and

1

2⇡ i

Z
1

0

⌧

✓
dz.s/

ds
z.s/

⇤
◆
ds D h.⌧/C fp.⌧/ for all ⌧ 2 T .A˝Q/: (e 3.12)

Then, there is f 2 ⇢A˝Zp;q.K0.A˝ Zp;q// such that
✓
1

2⇡ i

Z
1

0

⌧

✓
dZ.t; s/

ds
Z.t; s/

⇤
◆
ds

◆
.ıt / D h.⌧/C f .⌧ ˝ ıt /

for all t 2 Œ0; 1ç and ⌧ 2 T .A/.

Proof. Put ' WD 'p ˝ idMq and  WD 'q ˝ idMp . Define

Z1.t; s/ D

8̂
<̂
ˆ̂:

U
⇤
.t � 2s/'.u˝ 1Q/U.t � 2s/.w⇤ ˝ 1Q/ for s 2 Œ0; t=2/

'.u˝ 1Q/.w
⇤ ˝ 1Q/ for s 2 Œt=2; 1=2/

z.2s � 1/ for s 2 Œ1=2; 1ç
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for t 2 Œ0; 1/, and define

Z1.1; s/ D

8̂
<̂
ˆ̂:

 .u˝ 1Q/.w
⇤ ˝ 1Q/ for s D 0

U
⇤
.1 � 2s/'.u˝ 1Q/U.1 � 2s/.w⇤ ˝ 1Q/ for s 2 .0; 1=2/

z.2s � 1/ for s 2 Œ1=2; 1ç:

Thus, πZ1.t; s/ W s 2 Œ0; 1çº ⇢ C.Œ0; 1ç; A˝Q/ is a continuous path of unitaries such that
Z1.t; 0/ D Z.t/ and Z1.t; 1/ D 1. This path may not be piecewise smooth (at s D 0). To
compute Det.Z1/, we approximate it by a piecewise smooth path.

Let 1=2 > " > 0. Choose ı 2 .0; 1=8/ such that
��U ⇤

.t/'.u˝ 1Q/U.t/.w
⇤

˝ 1Q/� .u˝ 1Q/.w
⇤

˝ 1Q/

��< "=64 for all t 2 .1� ı;1/

and
��U ⇤

.t/'.u˝ 1Q/U.t/.w
⇤

˝ 1Q/ � U
⇤
.t

0
/'.u˝ 1Q/U.t

0
/.w

⇤
˝ 1Q/

�� < "=64
whenever jt � t 0j < 2ı. There is H 2 .A˝Q/s.a. such that

U
⇤
.1 � ı/'.u˝ 1Q/U.1 � ı/.w

⇤
˝ 1Q/ D exp.iH/ .u˝ 1Q/.w

⇤
˝ 1Q/

and kHk < "=16. Define W.t/ D U
⇤
.t/'.u˝ 1Q/U.t/.w

⇤ ˝ 1Q/ if t 2 Œ0; 1 � ı/ and
W.t/ D  .u˝ 1Q/.w

⇤ ˝ 1Q/ exp.i.1�t
ı
/H/ if t 2 Œ1 � ı; 1ç. Note that W.t/ is a con-

tinuous and piecewise smooth path of unitaries in A˝Q and it is a unitary in A˝ Zp;q.
Moreover,

sup
®��W.t/ �Z.t; 0/

�� W t 2 Œ0; 1ç
¯
< "=16:

There isH0 2 .A˝ Zp;q/s;a such that Z.t; 0/DW exp.iH0/ with kH0k < "=16. In fact,
H0.t/ D 0 if t 2 Œ0; 1 � ıç and H0.t/ D �

1�t
ı
H if t 2 .1 � ı; 1ç.

Define

Z".t; s/ D

8̂
ˆ̂̂<
ˆ̂̂̂
:

W.t/ exp
�
i
�
ı�s
ı

�
H0.t/

�
for s 2 Œ0; ı/;

W
�
t �

�
s�ı
1=2�ı

��
for s 2

⇥
ı; .1=2 � ı/t C ı

�
'.u˝ 1Q/.w

⇤ ˝ 1Q/ for s 2
⇥
.1=2 � ı/t C ı; 1=2

�
z.2s � 1/ for s 2 Œ1=2; 1ç

for t 2 Œ0; 1/, and define

Z".1; s/ D

8̂
<̂
ˆ̂:

W.1/ exp
�
i
�
ı�s
ı

�
H0.1/

�
for s 2 Œ0; ıç

W
�
1 �

�
s�ı
1=2�ı

��
for s 2 .ı; 1=2/

z.2s � 1/ for s 2 Œ1=2; 1ç:

Thus, πZ".t; s/ W s 2 Œ0; 1çº ⇢ C.Œ0; 1ç;A˝Q/ is a continuous and piecewise smooth path
of unitaries such that Z".t; 0/ D Z.t/ and Z".t; 1/ D 1. Moreover,

kZ" �Z1k < "=8:
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Thus, there is an element g 2 ⇢A˝Q.K0.A˝Q// ⇢ Aff.T .A˝Q// such that

g.⌧ ˝ ıt / D
1

2⇡ i

Z
1

0

⌧

✓
dZ.t; s/

ds
Z.t; s/

⇤
◆
ds

�
1

2⇡ i

Z
1

0

⌧

✓
dZ1.t; s/

ds
Z1.t; s/

⇤
◆
ds

for all ⌧ 2 T .A/ and t 2 Œ0; 1ç, where ıt is the extremal tracial state of C.Œ0; 1ç;Q/ factors
through the point-evaluation at t .

On the other hand, for each t 2 Œ0; 1/, let V.t/ D U.t/
⇤
'.u˝ 1Q/U.t/ and V.1/ D

 .u ˝ 1Q/. For any s 2 Œ0; 1/, since U.0/ D 1, πU.t/º0ts 2 U0.C.Œ0; sç; A ˝ Q//.
There are a1; a2; : : : ; ak 2 U.Œ0; sç; A˝Q/s.a. such that

U.t/ D

kY
jD1

exp
�
iaj .t/

�
for all t 2 Œ0; sç:

Then, a straightforward calculation (see [13, Lemma 4.2]) shows that, for each t 2 Œ0; 1/,

⌧

✓
dV.t/

dt
V

⇤
.t/

◆
D 0 for all ⌧ 2 T .A/:

It follows that, for any a 2 Œ0; 1/,

1

2⇡ i

Z
a

0

⌧

✓
dV.t/

dt
V

⇤
.t/

◆
dt D 0 for all ⌧ 2 T .A/: (e 3.13)

Hence, for t 2 Œ0; 1 � ı/, W.t/ D V.t/.w
⇤ ˝ 1Q/ and

1

2⇡ i

Z
ıC.1=2�ı/t

ı

⌧

✓
dZ".t; s/

ds
Z".t; s/

⇤
◆
ds

D
1

2⇡ i

Z
ıC.1=2�ı/t

ı

⌧

✓
d

ds

✓
W

✓
t �

✓
s � ı

1=2 � ı

◆◆◆
W

⇤
✓
t �

✓
s � ı

1=2 � ı

◆◆◆
ds

D
1

2⇡ i

Z
ıC.1=2�ı/t

ı

⌧

✓
d

ds

✓
V

✓
t �

✓
s � ı

1=2 � ı

◆◆◆
V

⇤
✓
t �

✓
s � ı

1=2 � ı

◆◆◆
ds D 0:

If t 2 Œ1 � ı; 1ç, then, applying (e 3.13) again,
ˇ̌
ˇ̌
Z
ıC.1=2�ı/t

ı

⌧

✓
dZ".t; s/

ds
Z".t; s/

⇤
◆
ds

ˇ̌
ˇ̌

D

ˇ̌
ˇ̌
✓ Z

ıC.1=2�ı/.t�1Cı/

ı

C

Z
ıC.1=2�ı/t

ıC.1=2�ı/.t�1Cı/

◆
⌧

✓
dZ".t; s/

ds
Z".t; s/

⇤
◆
ds

ˇ̌
ˇ̌

D

ˇ̌
ˇ̌
Z
ıC.1=2�ı/.t�1Cı/

ı

⌧

✓
i

.1=2 � ı/ı
H

◆
ds

ˇ̌
ˇ̌ C 0

D

ˇ̌
ˇ̌ t � 1C ı

ı
⌧.H/

ˇ̌
ˇ̌ < "=16 for all ⌧ 2 T .A˝Q/: (e 3.14)
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Moreover,
ˇ̌
ˇ̌ 1

2⇡ i

Z
1=2

0

⌧

✓
dZ".1; s/

ds
Z".1; s/

⇤
◆
ds

ˇ̌
ˇ̌

D

ˇ̌
ˇ̌ 1

2⇡ i

✓ Z
ı

0

C

Z
ıCı.1=2�ı/

ı

C

Z
1=2

ıCı.1=2�ı/

◆
⌧

✓
dZ".1; s/

ds
Z".1; s/

⇤
◆
ds

ˇ̌
ˇ̌


1

2⇡

�ˇ̌
⌧
�
H0.1/

�ˇ̌
C

ˇ̌
⌧.H/

ˇ̌
C 0

�
< "=16⇡ for all ⌧ 2 T .A/: (e 3.15)

One then computes that, for any ⌧ 2 T .A/ and t 2 Œ0; 1/, by applying (e 3.14),

1

2⇡ i

Z
1

0

⌧

✓
dZ".t; s/

ds
Z".t; s/

⇤
◆
ds

D
1

2⇡ i

✓ Z
ı

0

C

Z
ıC.1=2�ı/t

ı

C

Z
1=2

ıC.1=2�ı/t
C

Z
1

1=2

◆
⌧

✓
dZ".t; s/

ds
Z".t; s/

⇤
◆
ds

⇡"=32⇡

✓
1

2⇡ i

◆✓
⌧
�
iH0.t/

�
C

Z
1=2

ıC.1=2�ı/t
⌧

✓
dZ".t; s/

ds
Z".t; s/

⇤
◆
ds

C

Z
1

1=2

⌧

✓
dz.2s � 1/

ds
z.2s � 1/

⇤
◆
ds

◆

D
1

2⇡
⌧
�
H0.t/

�
C 0C

1

2⇡ i

Z
1

1=2

⌧

✓
dz.2s � 1/

ds
z.2s � 1/

⇤
◆
ds

D
1

2⇡
⌧
�
H0.t/

�
C

1

2⇡ i

Z
1

0

⌧

✓
dz.s/

ds
z.s/

⇤
◆
ds ⇡"=32⇡ h.⌧/C fp.⌧/:

It then follows from (e 3.15) and (e 3.12) that

1

2⇡ i

Z
1

0

⌧

✓
dZ".1; s/

ds
Z".1; s/

⇤
◆
ds

D
1

2⇡ i

 Z
1=2

0

⌧

✓
dZ".1; s/

ds
Z".1; s/

⇤
ds

◆
C

Z
1

1=2

⌧

✓
dz.2s � 1/

ds
z.2s � 1/

⇤
◆
ds

�

⇡"=16⇡

1

2⇡ i

Z
1

0

⌧

✓
dz.s/

ds
z.s/

⇤
◆
ds D h.⌧/C fp.⌧/:

Note that if Z2.t; s/ is any continuous and piecewise smooth path of unitaries in
C.Œ0; 1ç; A˝Q/ with Z2.t; 0/ D Z1.t; 0/ and Z2.t; 1/ D Z1.t; 1/ D1 as well as

kZ2 �Z1k < ";

then Z2Z⇤
"

is a trivial loop and Det.Z2/.⌧ ˝ ıt / D Det.Z"/.⌧ ˝ ıt /.
It follows that

1

2⇡ i

Z
t

0

⌧

✓
dZ2.t; s/

ds
Z2.t; s/

⇤
◆
ds D h.⌧/C fp.⌧/ for all ⌧ 2 T .A˝Q/:
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Thus, there is an element g 2 ⇢A˝Q.K0.A˝Q// ⇢ Aff.T .A˝Q//, such that

g.⌧ ˝ ıt / D
1

2⇡ i

Z
1

0

⌧

✓
dZ.t; s/

ds
Z.t; s/

⇤
◆
ds

�
1

2⇡ i

Z
1

0

⌧

✓
dZ2.t; s/

ds
Z2.t; s/

⇤
◆
ds

for all ⌧ 2 T .A/ and t 2 Œ0; 1ç. Thus, for any t 2 Œ0; 1ç,

1

2⇡

p
�1

Z
1

0

⌧

✓
dZ.t; s/

ds
Z.t; s/

⇤
◆
ds D h.⌧/C fp.⌧/C g.⌧ ˝ ıt /:

Put f .⌧ ˝ ıt / WD fp.⌧/C g.⌧ ˝ ıt / 2 ⇢C.Œ0;1ç;A˝Q/.K0.C.Œ0; 1ç; A˝Q///. Then, for
fixed ⌧ 2 T .A˝Q/, f is constant on Œ0; 1ç. By (e 3.11),

f .⌧ ˝ ıi / D fi .⌧/ for all ⌧ 2 T .A˝Q/; i D 0; 1:

Recall f0 2 ⇢A˝Mq.K0.A˝Mq// and f1 2 ⇢A˝Mq.K0.A˝Mq//. It follows that

f 2 ⇢A˝Zp;q

�
K0.A˝ Zp;q/

�
:

Then the lemma follows.

4. Approximate unitary equivalence

Lemma 4.1 (cf. [18, Lemma 5.1]). LetC0 andA1 be unital separable simpleC⇤-algebras,
and let C D C0 ˝ U1 and A D A1 ˝ U2, where U1 and U2 are UHF-algebras of infi-
nite type. Suppose that C satisfies the UCT and gTR.A1/  1. Suppose further that
C D limn!1.Cn; ◆n/ as described in [6, Theorem 14.10]. If there are monomorphisms
'; W C ! A such that

Œ'ç D Œ ç in KL.C;A/; '] D  ]; '
è

D  
è
;

then, for any 2>">0, any finite subset F ✓C , and any finite subset of unitaries P ⇢U.C/,
there exists a finite subset G ⇢K1.C / with xP ✓ G (where xP is the image of P inK1.C /)
and ı > 0 such that, for any map ⌘ W G.G / ! Aff.T.A// (where G.G / is the subgroup
generated by G ) with j⌘.x/.⌧/j < ı for all ⌧ 2 T.A/ and ⌘.x/ � xR'; .x/ 2 ⇢A.K0.A//

for all x 2 G , there is a unitary u 2 A such that
��'.f / � u

⇤
 .f /u

�� < " for all f 2 F ;

and

⌧

✓
1

2⇡ i
log

��
' ˝ idMn

.x
⇤
/
�
.u˝ 1Mn

/
⇤�
 ˝ idMn

.x/
�
.u˝ 1Mn

/
�◆

D ⌧
�
⌘
�
Œxç

��

for all x 2 P and ⌧ 2 T.A/.
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Proof. Without loss of generality, one may assume that any element in F has norm at
most one. Let " > 0. Choose ✓ with " > ✓ > 0 and a finite subset F ⇢ F0 ⇢ C satisfying
the following: For all x 2 P , ⌧. 1

2⇡ i
log. .x⇤

/w
⇤
 .x/w// is well defined and

⌧

✓
1

2⇡ i
log

�
 .x

⇤
/w

⇤
 .x/w

�◆
D ⌧

�
bott1

�
w; .x/

��
for all ⌧ 2 T .B/;

whenever w 2 U.B/ and
��w .f / �  .f /w

�� < ✓ for all f 2 F0

(see the Exel formula in [9]), and for any unitaries z1; z2 in any unital C ⇤-algebra D,
which satisfy

kz1 � 1k < ✓; kz2 � 1k < ✓;

then

⌧

✓
1

2⇡ i
log.z1z2/

◆
D ⌧

✓
1

2⇡ i
log.z1/

◆
C ⌧

✓
1

2⇡ i
log.z2/

◆
for all ⌧ 2 T .D/

(see [12, Lemma 6.1]).
Let n0 � 1 (in place of n), ı0

> 0 (in place of ı), and G
0 ✓ K1.Cn0/ (in place of Q)

the constant and the finite subset with respect to C (in place of A), F0 (in place of F ), P

(in place of P ),  (in place of '), and k D 1, p1 D 1, q1 D 0, and � D 1, required by
Lemma 3.3. Put ı D ı

0
=2.

Fix a decomposition .◆n0;1/⇤1.K1.Cn0//D Zk ˚ Tor..◆n0;1/⇤1.Cn0// (for some inte-
ger k � 0). Let G

00 ⇢ U.C/ (recall that, by [6, Theorem 9.7], C has stable rank one) be
a finite subset containing a representative for each generator of Zk . Without loss of gen-
erality, one may assume that P ✓ G

00. By [6, Theorem 12.11 (a)], the maps ' and  are
approximately unitary equivalent. Hence, for any finite subset Q and any ı1, there is a
unitary v 2 A such that

��'.f / � v
⇤
 .f /v

�� < ı1; 8f 2 Q:

By choosing Q ◆ F0 sufficiently large and ı1 < ✓=2 sufficiently small, the map

Œxç 7! ⌧

✓
1

2⇡ i
log

�
'

⇤
.x/v

⇤
 .x/v

�◆
; x 2 G

00
;

induces a homomorphism

⌘1 W .◆n0;1/⇤1
�
K1.Cn0/

�
! Aff

�
T.A/

�

(note that ⌘1.Tor..◆n0;1/⇤1.K1.Cn0//// D π0º), and k⌘1.x/k < ı for all x 2 G .
By [18, Lemma 3.8], the image of ⌘1 � xR'; is in ⇢.K0.A//. Since ⌘.x/� xR'; .x/ 2

⇢A.K0.A// for all x 2 G , the image .⌘ � ⌘1/..◆n0;1/⇤1.K1.C
0
/// is also in ⇢A.K0.A//.

Since ⌘ � ⌘1 factors through Zk , there is a homomorphism

h W .◆n0;1/⇤1
�
K1.Cn0/

�
! K0.A/
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(which maps Tor..◆n0;1/⇤1.K1.Cn0/// to zero) such that ⌘ � ⌘1 D ⇢A ı h. Note that
j⌧.h.x//j < 2ı D ı

0 for all ⌧ 2 T.A/ and x 2 G .
By the universal multi-coefficient theorem (see [2]), there is

 2 Homƒ

�
K

�
Cn0 ˝ C.T /

�
; K.A/

�
such that  ı ˇjK1.Cn0 /

D h ı .◆/⇤1:

Applying Lemma 3.3, there is a unitary w such that
��⇥
w; .f /

⇤�� < ✓=2; 8f 2 F0;

and Bott.w; ı ◆/ D . In particular, bott1.w; /.x/ D h.x/ for all x 2 P .
Set u D wv. One then has

��'.f / � u
⇤
 .f /u

�� < ✓; 8f 2 F0;

and for any x 2 P and any ⌧ 2 T.A/,

⌧

✓
1

2⇡ i
log

�
'.x

⇤
/u

⇤
 .x/u

�◆

D ⌧

✓
1

2⇡ i
log

�
'.x/v

⇤
w

⇤
 .z/wv

�◆

D ⌧

✓
1

2⇡ i
log

�
'.x

⇤
/v

⇤
 .x/vv

⇤
 .x

⇤
/w

⇤
 .x/wv

�◆

D ⌧

✓
1

2⇡ i
log

�
'.x

⇤
/v

⇤
 .x/v

�◆
C ⌧

✓
1

2⇡ i
log

�
 .x

⇤
/w

⇤
 .x/w

�◆

D ⌘1

�
Œxç

�
.⌧/C h

�
Œxç

�
.⌧/ D ⌘

�
Œxç

�
.⌧/:

The proof of the following lemma is long and is taken from the proof of [18, Lemma
5.6]. The only modification has been outlined in [18, Remark 5.7]. Since the statements in
Section 3 are slightly different from what were used in the proof of [18, Lemma 5.6], we
provide a full proof for the convenience of the reader.

Lemma 4.2 (cf. [18, Lemma 5.6]). Let A be a unital finite separable simple amenable
C

⇤-algebra which satisfies the UCT, and letB be a separable simpleC ⇤-algebra. Suppose
that gTR.A˝Q/  1 and gTR.B ˝Q/  1.

Suppose that there are two unital monomorphisms '; W A ! B with

Œ'ç D Œ ç in KL.A;B/; '] D  ]; '
è

D  
è
:

Let p and q be a pair of relatively prime supernatural numbers of infinite type withMp ˝

Mq D Q. Then, for any finite subset F ✓ A˝Zp;q, there exists a unitary u 2 B ˝ Zp;q

such that
��.' ˝ 1Zp;q/.x/ � u

⇤�
. ˝ 1Zp;q /.x/

�
u

�� < " for all x 2 F :
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Proof. Let r be a supernatural number. Denote by {r WA!A˝Mr the embedding defined
by {r.a/ D a ˝ 1 for all a 2 A. Denote by jr W B ! B ˝Mr the embedding defined by
jr.b/ D b ˝ 1 for all b 2 B . Without loss of generality, one may assume that

F D F1 ˝ F2 WD πx ˝ y W x 2 F1; y 2 F2º;

where F1 ✓ A and F2 ✓ Zp;q are finite subsets and 1A 2 F1 and 1Zp;q 2 F2. Moreover,
one may assume that any element in F1 or F2 has norm at most one.

We will also write Dr D K0.Mr/ which is identified with a dense subgroup of Q.
Let 0 D t0 < t1 < � � � < tm D 1 be a partition of Œ0; 1ç such that

��b.t/ � b.ti /
�� < "=4; 8b 2 F2; 8t 2 Œti�1; ti ç; i D 1; : : : ; m: (e 4.1)

Consider

E D
®
a˝ b.ti /I a 2 F1; b 2 F2; i D 0; : : : ; m

¯
✓ A˝Q;

Ep D
®
a˝ b.t0/I a 2 F1; b 2 F2

¯
✓ A˝Mp ⇢ A˝Q;

Eq D
®
a˝ b.tm/I a 2 F1; b 2 F2

¯
✓ A˝Mq ⇢ A˝Q:

By [20], gTR.A ˝ Mr/  1 for any (infinite) supernatural number r. By [7, Theo-
rem 21.9], we may write A˝Q D limn!1.Cn; Jn/ as described in [6, Theorem 14.10].
In particular, each Cn is isomorphic to a direct sum of a homogeneous C ⇤-algebra in H

and an Elliott–Thomsen algebra with trivial K1-group, and Jn is unital and injective.
Let H⇢A˝Q (in place of G ), P ✓K.A˝Q/, and QDπx1; x2; : : : ; xmº⇢K0.A˝Q/

which generates a free abelian subgroup of K0.A˝Q/, where we may assume that xi D

Œpi ç � Œqi ç and pi ; qi 2 A˝Q are projections, and ı > 0 and � > 0 are the constants of
Lemma 3.1 and Remark 3.2 (so condition (e 3.4) is not needed in Lemma 3.1) with respect
to E (in place of F ) and "=8 (in place of "). We may assume Q ⇢ P and ı < "=4.

Let Go
u;1 ✓ K0.A˝Q/ be the subgroup generated by Q.

Note that we may assume that P ⇢ ŒJn0;1ç.K.Cn0// for some n0 and

E;Ep;Eq ✓ H :

Denote by 1 the supernatural number associated with Q. Let Pi D P \Ki .A˝Q/,
i D 0; 1. There is a finitely generated free subgroup G.P /i;0 ⇢ Ki .A/ such that if one
sets

G.P /i;1;0 D G
�®
gr W g 2 .{1/⇤i

�
G.P /i;0

�
; r 2 D0

¯�
;

whereD0 ⇢ Q (12D0) is a finite subset, thenG.P /i;1;0 contains the subgroup generated
by Pi , i D 0; 1. Moreover, we may assume that if r D k=m, where k and m are non-zero
integers, and r 2 D0, then 1=m 2 D0. Let P

0
i

⇢ Ki .A/ be a finite subset which generates
G.P /i;0, i D 0; 1. In addition, denote P

0 D P
0
0

[ P
0
1
.

Write the subgroup generated by the image of Q in K0.A ˝ Q/ as Zk (for some
integer k � 1). Choose πx0

1
; : : : ; x

0
k
º ✓ K0.A/ and πrij I 1  i  m; 1  j  kº ✓ Q
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such that

xi D

kX
jD1

rij .j1/⇤0.x0
j
/; 1  i  m; 1  j  k;

and πx0
1
; : : : ; x

0
k
º generates a free abelian subgroup Go

u
of K0.A/ of rank k. Choose pro-

jections p0
j
; q

0
j

2MN .A/ (for some integerN � 1) such that x0
j

D Œp
0
j
ç� Œq0

j
ç, 1  j  k.

Choose an integer M such that Mrij are integers for 1  i  m and 1  j  k. In par-
ticular, Mxi is the linear combination of .j1/⇤0.x0

j
/ with integer coefficients.

Let Npi be an orthogonal direct sum of Mri;j copies of j1.p0
j
/ in MN1

.A˝Q/ for
some integer N1 � 1. One can find M mutually orthogonal and mutually equivalent pro-
jections e1;i ; : : : ; eM;i such that

P
M

lD1 e1;i D Npi . Since pi 2 A˝Q, by replacing p0
j

by
a unitarily equivalent projection, we may assume that e1;i D pi . In other words, we make
the arrangement so that Npi is the direct sum of M copies of pi .

Note also that the subgroup of K0.A˝Q/ generated by
®
.{1/⇤0.x0

1
/; : : : ; .{1/⇤0.x0

k
/
¯

is isomorphic to Zk and the subgroup of K0.A˝Mr/ generated by
®
.{r/⇤0.x0

1
/; : : : ; .{r/⇤0.x0

k
/
¯

has to be isomorphic to Zk , where r D p;q. We assume that x0
j

2 P
0
0
, j D 1; 2; : : : ; k.

Since gTR.A˝Mr/  1, by [6, Theorem 21.9], one may write

A˝Mr D lim
n!1.C

r
n
; J

r
n
/

as described in [6, Theorem 14.10]. In particular, each J r
n

W C r
n

! C
r
nC1 is a unital embed-

ding. We may assume that, for sufficiently large n0
r, Er ✓ J

r
n

0
r;1.C

r
n

0
r
/ and there are projec-

tions
πp

00
1;r; : : : ; p

00
k;r; q

00
1;r; : : : ; q

00
k;rº ✓ MN .C

r
n

0
r
/

such that for any 1  j  k, with p0
j;r D J

r
n

0
r;1.p

00
j;r/ and q0

j;r D J
r
n

0
r;1.q

00
j;r/,

kp
0
j

˝ 1Mr � p
0
j;rk < �=2N

⇣
64

⇣
1C

X
i;j 0

jMrij 0 j
⌘⌘
< 1; (e 4.2)

kq
0
j

˝ 1Mr � q
0
j;rk < �=2N

⇣
64

⇣
1C

X
i;j 0

jMrij 0 j
⌘⌘
< 1; (e 4.3)

and r D p or r D q.
Denote x0

j;r D Œp
0
j;rç � Œq

0
j;rç and x00

j;r D Œp
00
j;rç � Œq

00
j;rç, 1  j  k, denote by Gr

the subgroup of K0.C r
n

0
r
/ generated by πx00

1;r; : : : ; x
00
k;rº, and write Gr D Zr ˚ Tor.Gr/.

Since Gr is generated by k elements, one has that r  k and r D k if and only if Gr

is torsion-free. Note that the image of Gr in K0.A ˝ Mr/ is the group generated by
πŒp0

1
˝ 1Mr ç � Œq

0
1

˝ 1Mr ç; : : : ; Œp
0
k

˝ 1Mr ç � Œq
0
k

˝ 1Mr çº, which is isomorphic to Zk

πŒp0
j

˝ 1Mr ç � Œq
0
j

˝ 1Mr çI 1  j  kº as the standard generators. Hence Gr is torsion-
free and r D k.
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Without loss of generality, one may assume that {r.P 0
/ ✓ ŒJ

r
n

0
r;1ç.K.C

r
n

0
r
//.

Assume that H is sufficiently large and ı is sufficiently small such that for any homo-
morphism h from A˝Q to B ˝Q and any unitary zj (j D 1; 2; 3; 4), if kŒh.x/; zj çk < ı

for any x 2 H , then the maps Bott.h; zj / and Bott.h;wj / are well defined on the subgroup
generated by P and

Bott.h; wj / D Bott.h; z1/C � � � C Bott.h; zj /

on the subgroup generated by P , where wj D z1 � � � zj , j D 1; 2; 3; 4.
By choosing larger H and smaller ı, one may also assume that

��⇥
h.pi /; zj

⇤�� < 1=16; ��⇥
h.qi /; zj

⇤�� < 1=16; 1  i  m; j D 1; 2; 3; 4; (e 4.4)

and, for any 1  i  m,

dist
✓

z⇣
M

i;z1
;

kY
jD1

.⇣
0
j;z1
/
Mrij

◆
< �=64N; (e 4.5)

where (with 1 WD 1A˝Q)

⇣i;z1 D
˝�

1 � h.pi /C h.pi /z1

��
1 � h.qi /C h.qi /z

⇤
1

�˛
;

z⇣i;z1 D
˝�

1 � h.pi /C h.pi /z1

��
1 � h.qi /C h.qi /z

⇤
1

�
˚ 1N�1

˛
;

and (with 1 WD 1.A˝Q/)

⇣
0
j;z1

D

˝�
1N �h.p0

j
˝1A˝Q/Ch.p0

j
˝1A˝Q/z

.N/

1

��
1N �h.q0

j
˝1A˝Q/Ch.q0

j
˝1A˝Q/z

.N/

1

⇤�˛
;

where z.N/
1

D z1 ˝ 1N .
By choosing even smaller ı, without loss of generality, we may assume that

H D H
0

˝ H
p

˝ H
q
;

where H
0 ⇢ A, H

p ⇢ Mp, and H
q ⇢ Mq are finite subsets, and 1 2 H

0, 1 2 H
p, and

1 2 H
q.

Moreover, choose H
0, H

p, and H
q even larger and ı even smaller so that for any

homomorphism hr W A˝Mr !B˝Mr and unitaries z1; z22B˝Mr with khr.x/; zik<ı

for any x 2 H0 ˝ Hr, one has
��⇥
hr.p

0
i;r/; zj

⇤�� < 1=16; ��⇥
hr.q

0
i;r/; zj

⇤�� < 1=16; 1  i  k; j D 1; 2;

and

dist
�
⇣i;z1z2 ; .1B˝Mr/N

�
< dist.⇣i;z⇤

1
; ⇣i;z2/C �=

⇣
64N

⇣
1C

X
i 0;j

jMri 0j j

⌘⌘
;
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where

⇣i;z0 D
˝�

1N � hr.p
0
i;r/C hr.p

0
i;r/z

0��1N � hr.q
0
i;r/C hr.q

0
i;r/.z

0/⇤
�˛
;

and
z

0
D z1z2 ˝ 1N ; z

⇤
1

˝ 1N ; z2 ˝ 1N :

Let us apply Lemma 3.3 to the sets A˝Q and B ˝Q (playing the role of A and B ,
respectively), the homomorphism ' ˝ idQ (playing the role of '), the positive constant
ı=4 (playing the role of "), the subsets H ⇢ A ˝ Q and P ⇢ K.A ˝ Q/ (playing the
role of F and P , respectively), and the free abelian subgroup Œ{1ç.Gou/ of K0.A˝Q/

(playing the role of G in Lemma 3.3). Then Lemma 3.3 tells us the existence of an integer
n (assumed to satisfy n� n0), a constant ı2 (replacing ı in Lemma 3.3) and a finite subset
G ⇢ K1.Cn/ (replacing Q) with the stated properties. Without loss of generality, we may
write that n D n0.

Let H
0 ✓ A˝Q be a finite subset, and assume that ı2 is small enough such that for

any homomorphism h from A˝Q to B ˝Q and any unitary zj (j D 1; 2; 3; 4), the maps
Bott.h; zj / and Bott.h; wj / are well defined on the subgroup ŒJn0;1ç.K.Cn0// and

Bott.h; wj / D Bott.h; z1/C � � � C Bott.h; zj /

on the subgroup ŒJn0;1ç.K.Cn0// if kŒh.x/; zj çk<ı2 for any x2H
0, where wj Dz1 � � � zj ,

j D 1; 2; 3; 4. Furthermore, as above, one may assume, without loss of generality, that

H
0
D H

0
0
˝ H

p0
˝ H

q0
;

where H
0 ✓ H

0
0
⇢ A, H

p ✓ H
p0

2 Mq and H
q ✓ H

q0
⇢ Mq are finite subsets.

Let ı0
2
> 0 be a constant such that for any unitary with ku � 1k < ı

0
2
, one has that

k loguk < ı2=4. Without loss of generality, one may assume that ı0
2
< ı2=16 < "=16 and

ı
0
2
< ı.
Let nr 2 N (in place of n) be the integer, Rr ⇢ K1.C

r
nr
/ (in place of Q) and ır (in

place of ı) the finite subset and constant required by Lemma 3.3 with respect to A˝Mr

(in place of A), B ˝Mr (in place of B), ' ˝ idMr (in place of h), H
0

0
˝ H

r0 (in place
of F ) and .{r/⇤0.P 0

0
/ [ .{r/⇤1.P 0

1
/ (in place of P ) and ı0

2
=8 (in place of "), Œ{rç.Gou/ (in

place of G), and p0
j;r; q

0
j;r (in place of pj ; qj—see also Remark 3.4), r D p or r D q. Let

R
.i/

r D .◆r/⇤i .Jnr;1.Ki .C
r
nr
///, i D 0; 1. There is a finitely generated subgroup Gi;0;r ⇢

Ki .A/ and a finitely generated subgroup D0;r ✓ Dr so that

G
0
i;0;r WD G

�®
gr W g 2 .{r/⇤i .Gi;0;r/; r 2 D0;r

¯�

contains the subgroup R
.i/

r , i D 0; 1. Without loss of generality, one may assume that
D0;p D π

k

mp
I k 2 Zº andD0;q D π

k

mq
I k 2 Zº for an integermp divides p and an integer

mq divides q, and n0
r D nr. It follows that

Œ{rç.x
0
j
/ ⇢ Œ{rç.Pi / ⇢ R

.i/

r ; j D 1; 2; : : : ; k: (e 4.6)
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In what follows, we also use 'Q and  Q for ' ˝ idQ and  ˝ idQ, respectively.
Moreover, if r is a supernatural number, we also use 'r and r for '˝ idMr and ˝ idMr ,
respectively. Let R ⇢K.A˝Q/ be a finite subset which generates a subgroup containing

1

mpmq

�
.{p;1/⇤.G0

0;0;p [G
0
1;0;p/ [ .{q;1/⇤.G0

0;0;q [G
0
1;0;q/

�

in K.A ˝ Q/, where {r;1 is the canonical embedding A ˝ Mr ! A ˝ Q, r D p; q.
Without loss of generality, we may also assume that R ◆ .Jn0;1/⇤1.G /.

Let Hr ⇢ A˝Mr be a finite subset and ı3 > 0 such that for any homomorphism h

from A˝Mr to B ˝Mr (r D p or r D q) and any unitary zj (j D 1; 2; 3; 4), the maps
Bott.h; zj / and Bott.h; wj / are well defined on the subgroup ŒJ r

nr;1ç.K.C
r
nr
// and

Bott.h; wj / D Bott.h; z1/C � � � C Bott.h; zj /

on the subgroup generated by ŒJ r
nr;1ç.K.C

r
nr
// if kŒh.x/; zj çk< ı3 for any x 2 Hr, where

wj D z1 � � � zj , j D 1; 2; 3; 4. Without loss of generality, we assume that H
0 ˝ H

p ⇢ Hp

and H
0 ˝ H

q ⇢ Hq. Furthermore, we may also assume that

Hr D H0;0 ˝ H0;r (e 4.7)

for some finite subsets H0;0 and H0;r with H
0

0
⇢ H0;0 ⇢ A, H

p0
⇢ H0;p ⇢ Mp, and

H
q0

⇢ H0;q. In addition, we may also assume that ı3 < ı2=2.
Furthermore, one may assume that ı3 is sufficiently small such that, for any unitaries

z1, z2, z3 in a C ⇤-algebra with tracial states, ⌧. 1

2⇡ i
log.ziz⇤

j
// (i; j D 1; 2; 3) is well

defined and

⌧

✓
1

2⇡ i
log.z1z⇤

2
/

◆
D ⌧

✓
1

2⇡ i
log.z1z⇤

3
/

◆
C ⌧

✓
1

2⇡ i
log.z3z⇤

2
/

◆

for any tracial state ⌧ , whenever kz1 � z3k < ı3 and kz2 � z3k < ı3.
To simplify notation, we also assume that, for any unitary zj (j D 1; 2; 3; 4), the maps

Bott.h; zj / and Bott.h; wj / are well defined on the subgroup generated by R and

Bott.h; wj / D Bott.h; z1/C � � � C Bott.h; zj /

on the subgroup generated by R if kŒh.x/; zj çk< ı3 for any x 2 H
00, wherewj D z1 � � �zj ,

j D 1; 2; : : : ; 4, and assume that

H
00

D H0;0 ˝ H0;p ˝ H0;q:

Let R
i D R \Ki .A˝Q/. There is a finitely generated subgroup Gi;0 ofKi .A/, and

there is a finite subset D0
0

⇢ Q such that

Gi;1 WD G
�®
gr W g 2 .{1/⇤i .Gi;0/ and r 2 D

0
0

¯�



G. Gong, H. Lin, and Z. Niu 858

contains the subgroup generated by R
i , i D 0; 1. Without loss of generality, we may

assume that Gi;1 is the subgroup generated by R
i . Note that we may also assume that

Gi;0 � G.P /i;0 and 1 2 D0
0

� D0. Moreover, we may assume that if r D k=m, where
m; k are relatively prime non-zero integers, and r 2 D0

0
, then 1=m 2 D0

0
. We may also

assume that Gi;0;r ✓ Gi;0 for r D p; q and i D 0; 1. Let R
i
0
⇢ Ki .A/ be a finite subset

which generates Gi;0, i D 0; 1. Choose a finite subset U ⇢ Un1.A/ for some n1 such that
for any element of R

10, there is a representative in U. Let S be a finite subset of A such
that if .zi;j / 2 U, then zi;j 2 S .

Denote by ı4 and Qr ⇢ K1.A˝Mr/ ä K1.A/˝ Dr the constant and finite subset
of Lemma 4.1 corresponding to Er [ Hr ˝ 1 [ {r.S/ (in place of F ), {r.U/ (in place
of P ), and 1

n
2

1

minπı0
2
=8; ı3=4º (in place of ") (r D p or r D q). We may assume that

Qr D πx ˝ r W x 2 Q
0 and r 2 D00

r º, where Q
0 ⇢ K1.A/ is a finite subset and D00

r ⇢ Qr

is also a finite subset. Let K D maxπjr j W r 2 D00
p [D

00
qº. Since Œ'ç D Œ ç in KL.A; B/,

'] D  ], and 'è D  
è, by [18, Lemma 3.5], xR'; .K1.A// ✓ ⇢B.K0.B// ⇢ Aff.T.B//.

Therefore, there is a map ⌘ W G.Q0
/ ! ⇢B.K0.B// ⇢ Aff.T.B// such that

.⌘ � xR'; /
�
Œzç

�
2 ⇢B

�
K0.B/

�
;

��⌘.z/�� < ı4

1CK
for all z 2 Q

0
: (e 4.8)

Consider the map 'r D ' ˝ idMr and  r D  ˝ idMr (r D p or r D q). Since ⌘
vanishes on the torsion part of G.Q0

/, there is a homomorphism

⌘r W G
�
.{r/⇤1.Q0

/
�

! ⇢B˝Mr

�
K0.B ˝Mr/

�
⇢ Aff

�
T .B ˝Mr/

�

such that
⌘r ı .{r/⇤1 D ⌘: (e 4.9)

Since ⇢B˝Mr.K0.B˝Mr//D R⇢B.K0.B// is divisible, one can extend ⌘r so it is defined
on K1.A/˝ Qr. We will continue to use ⌘r for the extension. It follows from (e 4.8) that
⌘r.z/� xR'r; r.z/2⇢B˝Mr.K0.B˝Mr// and k⌘r.z/k<ı4 for all z2Qr. By Lemma 4.1,
there exists a unitary up 2 B ˝Mp such that

��u⇤
p.' ˝ idMp/.c/up � . ˝ idMp/.c/

�� < 1

n
2

1

minπı
0
2
=8; ı3=4º (e 4.10)

for all c 2 Ep [Hp [ {p.S/, and

⌧

✓
1

2⇡ i
log

�
u

⇤
p.' ˝ idp/.z/up. ˝ idp/.z

⇤
/
�◆

D ⌘p

�
Œzç

�
.⌧/

for all z 2 {p.U/, where we also use ' and  for ' ˝ idMN
and  ˝ idMN

and up with
up ˝ 1MN

, respectively. Note that
��u⇤

p.' ˝ idMp/.z/up � . ˝ idMp/.z/

�� < ı3 for any z 2 U:

The same argument shows that there is a unitary uq 2 B ˝Mq such that
��u⇤

q.' ˝ idMq/.c/uq � . ˝ idMq/.c/

�� < 1

n
2

1

minπı
0
2
=8; ı3=4º (e 4.11)
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for all c 2 Eq [ Hq[{p.S/, and (recall 'r D ' ˝ idMr and  r D  ˝ idMr )

⌧

✓
1

2⇡ i
log

�
u

⇤
q.'q/.z/uq. q/.z

⇤
/
�◆

D ⌘q

�
Œzç

�
.⌧/

for all z 2 {q.U/, where we identify ' and  with ' ˝ idMn
and  ˝ idMn

and uq with
uq ˝ 1Mn

, respectively. We will also identify up with up ˝ 1Mq and uq with uq ˝ 1Mp ,
respectively. Then, upu

⇤
q 2 A˝Q, and one estimates that for any c 2 H00 ˝ H0;p ˝ Hq,

��uqu
⇤
p.'Q.c//upu

⇤
q � .'Q/.c/

�� < ı3;
and hence Bott.'Q; upu

⇤
q/.z/ is well defined on the subgroup generated by R. Moreover,

for any z 2 U, by the Exel formula (see [9]) and applying (e 4.9),

⌧
�

bott1.'Q; upu
⇤
q/

�
.{1/⇤1

�
Œzç

���

D ⌧
�

bott1.'Q; upu
⇤
q/

�
{1.z/

��

D ⌧

✓
1

2⇡ i
log

�
upu

⇤
q.'Q/

�
{1.z/

��
uqu

⇤
p.'Q/

�
{1.z/

�⇤
◆

D ⌧

✓
1

2⇡ i
log

�
u

⇤
q.'Q/

�
{1.z/

�
uq. Q/

�
{1.z⇤

/
��◆

� ⌧

✓
1

2⇡ i
log

�
u

⇤
p.'Q/

�
{1.z/

�
up. Q/

�
{1.z⇤

/
��◆

D ⌘q

�
.{q/⇤1

�
Œzç

��
.⌧/ � ⌘p

�
.{p/⇤1

�
Œzç

��
.⌧/

D ⌘
�
Œzç

�
.⌧/ � ⌘

�
Œzç

�
.⌧/ D 0 for all ⌧ 2 T .B/;

where we also use 'Q and Q for 'Q˝idMn
and Q˝idMn

and up and uq with up˝1Mn

and uq ˝ 1Mn
, respectively.

Now suppose that g 2 G1;1. Then, g D .k=m/.{1/⇤1.Œzç/ for some z 2 U, where
k;m are non-zero integers. It follows that

⌧
�

bott1.'Q; upu
⇤
q/.mg/

�
D k⌧

�
bott1.'Q; upu

⇤
q/

�
Œzç

��
D 0

for all ⌧ 2 T .B/. Since Aff.T .B// is torsion-free, it follows that

⌧
�

bott1.'Q; upu
⇤
q/.g/

�
D 0

for all g 2 G1;1 and ⌧ 2 T .B/. Therefore, the image of R
1 under bott1.'Q; upu

⇤
q/ is in

ker ⇢B˝Q. One may write

G1;0 D Zr ˚ Z=p1Z ˚ � � � ˚ Z=psZ;

where r is a non-negative integer and p1; : : : ; ps are powers of prime numbers. Since p

and q are relatively prime, one then has the decomposition

G1;0 D Zr ˚ Torp.G1;0/˚ Torq.G1;0/ ✓ K1.A/;
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where Torp.G1;0/ consists of the torsion-elements whose order divides p, and analogously
for q instead of p. Fix this decomposition.

Note that the restriction of .{p/⇤1 to Zr ˚ Torq.G1;0/ is injective and the restriction
to Torp.G1;0/ is zero, and the restriction of .{q/⇤1 to Zr ˚ Torp.G1;0/ is injective and the
restriction to Torq.G1;0/ is zero.

Moreover, using the assumption that p and q are relatively prime again, for any ele-
ment k2.{q/⇤1.Zr˚Torp.G1;0// and any non-zero integer q which divides q, the element
k=q is well defined in K1.A˝Mq/; that is, there is a unique element s 2 K1.A˝Mq/

such that qs D k.
Denote by e1; : : : ; er the standard generators of Zr . It is also clear that

.{1/⇤1
�

Torp.G1;0/
�

D .{1/⇤1
�

Torq.G1;0/
�

D 0:

Recall that D0;p D πk=mpI k 2 Zº ⇢ Dp and D0;q D πk=mqI k 2 Zº ⇢ Dq for an
integer mp dividing p and an integer mq dividing q. Put m1 D mpmq.

Consider 1

m1 Zr ✓ K1.A˝Q/, and for each ei , 1  i  r , consider

1

m1
bott1.' ˝ idQ; upu

⇤
q/

�
.{1/⇤1.ei /

�
2 ker ⇢B˝Q:

Note

ker⇢B˝Q ä .ker⇢B/˝Q; ker⇢B˝Mp ä .ker⇢B/˝Dp; and ker⇢B˝Mq ä .ker⇢B/˝Dq:

Since ker ⇢A˝Q is torsion-free, bott1. ˝ idQ; upu
⇤
q/ maps Torp.G1;0/ to zero. Suppose

that . 1

m1 / bott1. ˝ idQ; upu
⇤
q/ maps {1.ei / to

P
mi

jD1 xi;j ˝ ri;j , where xi;j 2 ker ⇢B
and ri;j 2 Q, j D 1; 2; : : : ; mi and i D 1; 2; : : : ; r . Since p and q are relative prime,
any rational number r can be written as r D rp � rq with rp 2 Qp and rq 2 Qq (see,
for example, [18, Section 2.6]). Hence, there are ri;j;p 2 Qp and ri;j;q 2 Qq such that
ri;j D ri;j;p � ri;j;q, j D 1;2; : : : ;mi and i D 1;2; : : : ; r . Choose gi;p D

P
mi

jD1 xi;j ˝ ri;j;p

and gi;q D
P
mi

jD1 xi;j ˝ ri;j;q. Then, gi;p 2 ker⇢B˝Mp and gi;q 2 ker⇢B˝Mq . Moreover,

bott1.' ˝ idQ; upu
⇤
q/

✓
1

m1

�
.{1/⇤1.ei /

�◆
D .jp/⇤0.gi;p/ � .jq/⇤0.gi;q/; (e 4.12)

where gi;p and gi;q are identified as their images in K0.A˝Q/.
Note that the subgroup .{p/⇤1.G1;0/ in K1.A ˝ Mp/ is isomorphic to Zr ˚ Torq

and 1

mp
.Zr ˚ Torq/ is well defined in K1.A ˝ Mp/, and the subgroup .{q/⇤1.G1;0/

in K1.B ˝ Mq/ is isomorphic to Zr ˚ Torp and 1

mq
.Zr ˚ Torp/ is well defined in

K1.A˝Mq/. One then defines the maps

✓p W
1

mp
.{p/⇤1.G1;0/ ! ker ⇢B˝Mp ; ✓q W

1

mq
.{q/⇤1.G1;0/ ! ker ⇢B˝Mq

by

✓p

✓
1

mp
.◆p/⇤1.ei /

◆
D mqgi;p; ✓q

✓
1

mq
.◆q/⇤1.ei /

◆
D mpgi;q



Homomorphisms into simple Z-stable C⇤-algebras, II 861

for 1  i  r and

✓pjTor..{p/⇤1.G1;0// D 0; ✓qjTor..{q/⇤1.G1;0// D 0:

Then, for each ei , by (e 4.12), one has

.jp/⇤0 ı ✓p ı .{p/⇤1.ei / � .jq/⇤0 ı ✓q ı .{q/⇤1.ei /

D mp

✓
1

mp
.jp/⇤0 ı ✓p ı .{p/⇤1.ei /

◆
�mq

✓
1

mq
.jq/

◆
⇤0

ı ✓q ı .{q/⇤1.ei /

D mpmq

�
.jp/⇤0.gi;p/ � .jq/⇤0.gi;q/

�
D m1 bott1.'Q; upu

⇤
q/ ı .{1/⇤1.ei=m1/

D bott1.'Q; upu
⇤
q/ ı .{1/⇤1.ei /;

where 'QD'˝ idQ. Since the restrictions of ✓pı.{p/⇤1, ✓qı.{q/⇤1 and bott1.'Q;upu
⇤
q/ ı

.{1/⇤1 to the torsion part of G1;0 are zero, one has

bott1.'Q; upu
⇤
q/ ı .{1/⇤1

D .jp/⇤0 ı ✓p ı .{p/⇤1 � .jq/⇤0 ı ✓q ı .{q/⇤1 on G1;0: (e 4.13)

The same argument shows that there also exist maps

˛p W
1

mp

�
.{p/⇤0.G0;0/

�
! K1.B ˝Mp/;

˛q W
1

mq

�
.{q/⇤0.G0;0/

�
! K1.B ˝Mq/

such that

bott0.'Q; upu
⇤
q/ ı .{1/⇤0

D .jp/⇤1 ı ˛p ı .{p/⇤0 � .jq/⇤1 ı ˛q ı .{q/⇤0 on G0;0: (e 4.14)

Note that Gi;0;r ✓ Gi;0, i D 0; 1, r D p;q. In particular, one has that

.{r/⇤i .Gi;0;r/ ✓ .{r/⇤i .Gi;0/;

and therefore

G
0
1;0;p ✓

1

mp
.{p/⇤0.G1;0/; G

0
1;0;q ✓

1

mq
.{q/⇤0.G1;0/:

Then, the maps ✓p and ✓q can be restricted to G0
1;0;p and G0

1;0;q, respectively. Since the
group G0

i;0;r contains .J r
nr;1/⇤i .Ki .C

r
nr
//, the maps ✓p and ✓q can be restricted further to

.J
p
np;1/⇤1.K1.C

p
np// and .J q

nq;1/⇤1.K1.C
q
nq//, respectively.

For the same reason, the maps ˛p and ˛q can be restricted to .J p
np;1/⇤0.K0.C

p
np;1//

and .J q
nq;1/⇤0.K0.C

q
nq;1//, respectively. We keep the same notation for the restrictions

of these maps ˛p, ˛q, ✓p, and ✓q.
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By the universal multi-coefficient theorem (see [2]), there is

p 2 Homƒ

�
K

�
C

p
np

˝ C.T /
�
; K.B ˝Mp/

�

such that
pjˇ.K1.C

0
p//

D �✓p ı .J
p
np;1/⇤1 ı ˇ�1

;

pjˇ.K0.C
p
np //

D �˛p ı .J
p
np;1/⇤0 ı ˇ�1

;

(e 4.15)

where ˇ W K.�/ ! K.� ˝ C.T // is defined by the identification

K
�

� ˝C.T /
�

D K.�/˚ ˇ
�
K.�/

�
:

Similarly, there exists q 2 Homƒ.K.C
q
nq ˝ C.T //;K.B ˝Mq// such that

qjˇ.K1.C
0
q//

D �✓q ı .J
q
nq;1/⇤1 ı ˇ�1

;

qjˇ.K0.C
q
nq //

D �˛q ı .J
q
nq;1/⇤0 ı ˇ�1

:
(e 4.16)

Define

⇣x0
j
;u;b

D
˝�

1N � 'Q.p
0
j

˝ 1Q/C 'Q.p
0
j
/upu

⇤
q

��
1N � 'Q.q

0
j

˝ 1Q/C 'Q.q
0
j

˝1Q/uqu
⇤
p

�˛
:

Recall that we use up WD .up ˝ 1Mq/˝ 1N and uq WD .uq ˝ 1Mp/˝ 1N above. Choose
the unique ⇣x0

j
;u;b 2 U.B/=CU.B/ which is represented by a unitary zx0

j
;u 2 U.B/ such

that diag.zx0
j
;u;b; 1N�1/ D ⇣x0

j
;u;b (see [6, Theorem 11.10]). Choose zx0

j
;r 2 U.B ˝Mr/

such that
Œzx0

j;p
ç D ˛p.x

0
j;p/; Œzx0

j
;qç D �˛q.x

0
j;p/: (e 4.17)

Then, by (e 4.14),

fj WD ⇣x0
j
;u;b.zx0

j;p
˝ 1Mq/

⇤.zx0
j;q

˝ 1Mp/
⇤ 2 U0.B ˝Q/=CU.B ˝Q/:

Identify U0.B/=CU.B/ with

Aff
�
T .B ˝Q/

�
=⇢B˝Q

�
K0.B ˝Q/

�
D Aff

�
T .B ˝Mp/

�
=⇢B˝Mp

�
K0.B ˝Mp/

�
:

So we may also view fj 2 U0.B ˝Mp/=CU.B ˝Mp/. Define

⇣x0
j;p;up

D .fj zx0
j
;p/; ⇣x0

j;q;uq
D zx0

j;q
:

Note that
⇣x0
j
;u;b D

�
jp
è
.⇣x0

j
p;up

/
��
jq
è
.⇣x0

j;q;uq
/
�
: (e 4.18)

Define the map Är W Zk ! U.B ˝Mr/=CU.B ˝Mr/ by

Är.x
0
j;r/ D ⇣x0

j;r;ur
; 1  j  k:
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Note that, by (e 4.6), (e 4.15), (e 4.16), and (e 4.17),

…
cu

B˝Mp

�
Äp.x

0
j;p/

�
D �p ı ˇ.x00

j;p/; …
cu

B˝Mq

�
Äq.x

0
j;q/

�
D q ı ˇ.x00

j;q/;

where the map …cu

B˝Mr
is defined in Definition 2.4. Since gi;r 2 ker ⇢A˝Mr , we have

r.ˇ.K1.C
r
nr
/// ✓ ker⇢B˝Mr , r D p or r D q. By Lemma 3.3, there exist unitaries wp 2

B ˝Mp and wq 2 B ˝Mq such that
��⇥
wp; 'p.x/

⇤�� < ı0
2
=8;

��⇥
wq; 'q.y/

⇤�� < ı0
2
=8; (e 4.19)

for any x 2 H
0

0
˝ H

p0 and y 2 H
0

0
˝ H

q0 ,

Bott.'p; wp/ ı ŒJ
p
np;1ç D p ı ˇ; Bott.'q; wq/ ı ŒJ

q
nq;1ç D q ı ˇ; (e 4.20)

and

dist
�
⇣x0
j;p;w

⇤
p
;Är.x

0
j;p/

�
 �=

⇣
64N

⇣
1C

X
i;j

jMrij j

⌘⌘
; (e 4.21)

dist
�
⇣x0
j;q;wq

;Är.x
0
j;q/

�
 �=

⇣
64N

⇣
1C

X
i;j

jMrij j

⌘⌘
1  j  k; (e 4.22)

where

⇣x0
j;r;w

⇤
r

D
˝�

1N � .'r/.p
0
j;r/C

�
.'r/.p

0
j;r/

�
w
.N/

r /⇤
�
1N � .'r/.q

0
j;r/C

�
.'r/.q

0
j;r/

�
w
.N/

r

�˛
;

where w.N/r D wr ˝ 1N and r D p;q. Define

⇠x0
j;r;w

⇤
r

D
˝�

1N � .'r/.p
0
j
/C

�
'r.p

0
j
/
�
w
.N/

r

�⇤�
1N � .'r/.q

0
j
/C

�
.'r/.q

0
j
/
�
w
.N/

r

�˛
;

where w.N/r D wr ˝ 1N , and define (with wp WD wp ˝ 1Mq and wq WD wq ˝ 1Mp )

⇣xi ;w
⇤
r

D
˝�

1 � 'Q.pi /C 'Q.pi /w
⇤
r

��
1 � 'Q.qi /C 'Q.qi /wr

�˛
;

z⇣xi ;w
⇤
r

D
˝�

1 � 'Q.pi /C 'Q.pi /w
⇤
r

��
1 � 'Q.qi /C 'Q.qi /wr

�
˚ 1N�1

˛
;

r D p;q. Also, define

⇣xi ;u D
˝�

1 � 'Q.pi /C 'Q.pi /upu
⇤
q

���
1 � 'Q.qi /C 'Q.qi /uqu

⇤
p

��˛
;

z⇣xi ;u D
˝�

1 � 'Q.pi /C 'Q.pi /upu
⇤
q

���
1 � 'Q.qi /C 'Q.qi /uqu

⇤
p

�
˚ 1N�1

�˛
:

By the choice of H and ı, and by (e 4.5) (see also [6, Lemma 11.9]),

dist
✓
⇣
M

i;u
;

kY
jD1

⇣
Mri;j

x
0
j
;u;b

◆
< �=32; (e 4.23)
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and, together with (e 4.21), (e 4.22), (e 4.2), and (e 4.3),

dist
✓
⇣
M

i;w
⇤
p
;

kY
jD1

⇣
Mri;j

x
0
j;p;up

◆
< �=8; dist

✓
⇣
M

i;wq
;

kY
jD1

⇣
Mri;j

x
0
j;q;uq

◆
< �=8: (e 4.24)

Put vr D wrur. In what follows, we will also write vp for vp ˝ 1Mq 2 A˝Q and vq

for vq ˝ 1Mp 2 A˝Q, whenever it is convenient.
We have, by (e 4.24), (e 4.23), and (e 4.18),

dist
�˝�
1 � .' ˝ idQ/.pi /C .' ˝ idQ/.pi /vpv

⇤
q

��
1 � .' ˝ idQ/.qi /C.' ˝ idQ/.qi /vqv

⇤
p

�˛M
; .1B˝Q/

�

D dist
�
⇣
M

xi ;wp
⇣
M

xi ;u
⇣
M

xi ;w
⇤
q
; 1B˝Q

�

D dist
✓✓
⇣
M

xj ;wp

kY
jD1

⇣
Mri;j

x
0
j;p;up

◆✓ kY
jD1

⇣
�Mri;j

x
0
j;p;up

⇣
M

xj ;u

kY
jD1

⇣
�Mri;j

x
0
j;q;uq

◆✓ kY
jD1

⇣
Mri;j

x
0
j;q;uq

⇣
M

xj ;w
⇤
q

◆
; 1B˝Q

◆

 dist
✓
⇣
M

xj ;wp
;

kY
jD1

⇣
�Mri;j

x
0
j;p;up

◆
C dist

✓✓ kY
jD1

⇣
�Mri;j

x
0
j;p;up

⇣
M

xj ;u

kY
jD1

⇣
�Mri;j

x
0
j;q;uq

◆
; 1B˝Q

◆

C dist
✓
⇣
M

x
0
j;q;w

⇤
q
;

kY
jD1

⇣
�Mri;j
xj 0 ;q;uq

◆

< �=8C �=32C �=8 < �=3:

That is,
dist.⇣�M

xi ;vqv
⇤
p
; 1B˝Q/ < �=3;

where

⇣xi ;vqv
⇤
p

D
˝�
1 � 'Q.pi /C 'Q.pi /vqv

⇤
p

��
1 � 'Q.qi /C 'Q.qi /vpv

⇤
q

�˛
:

By the second part of Remark 3.2,

dist.⇣xi ;vqv
⇤
p
; 1B˝Q/ D dist.⇣�1

xi ;vqv
⇤
p
; 1B˝Q/ < �=3: (e 4.25)

Then, by (e 4.7) and the line below it and by (e 4.10), (e 4.11), and (e 4.19), one also has
�� ˝ idQ.x/ � v

⇤
p.' ˝ idQ/.x/vp

��<ı0
2
=4; 8x2H

0
0
˝H

p
0
˝H

q0
; (e 4.26)

�� ˝ idQ.x/ � v
⇤
q.' ˝ idQ/.x/vq

��<ı0
2
=4; 8x2H

0
0
˝H

p
0
˝H

q
0
: (e 4.27)

Hence, ��Œvpv
⇤
q; ' ˝ idQç

�� < ı0
2
=2 < ı2; 8x 2 H

0
:

Thus, Bott.'Q; vpv
⇤
q/ is well defined on the subgroup generated by P . Moreover, a direct

calculation shows that

bott1.' ˝ idQ; vpv
⇤
q/ ı .{1/⇤1.z/

D bott1.' ˝ idQ; wp/ ı .{1/⇤1.z/C bott1.' ˝ idQ; upu
⇤
q/ ı .{1/⇤1.z/

C bott1.' ˝ idQ; w⇤
q/ ı .{1/⇤1.z/
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D .jp/⇤0 ı bott1.' ˝ idMp ; wp/ ı .{p/⇤1.z/C bott1.' ˝ idQ; upu
⇤
q/ ı .{1/⇤1.z/

C .jq/⇤0 ı bott1.' ˝ idMq ; w
⇤
q/ ı .{q/⇤1.z/

D �.jp/⇤0 ı ✓p ı .{p/⇤1.z/C
�
.jp/⇤0 ı ✓p ı .{p/⇤1 � .jq/⇤0 ı ✓q ı .{q/⇤1

�
�

�
� .jq/⇤0 ı ✓q ı .{q/⇤1.z/

� �
see (e 4.20), (e 4.13), (e 4.16)

�
D 0 for all z 2 G.P /1;0:

The same argument shows that bott0.' ˝ idQ; vpv
⇤
q/ D 0 on G.P /0;0. Now, for any

g 2 G.P /1;1;0, there is z 2 G.P /1;0 and integers k;m such that .k=m/z D g. From the
above,

bott1.' ˝ idQ; vpv
⇤
q/.mg/ D k bott1.' ˝ idQ; vpv

⇤
q/.z/ D 0:

Since K0.B ˝Q/ is torsion-free, it follows that

bott1.' ˝ idQ; vpv
⇤
q/.g/ D 0

for all g 2 G.P /1;1;0. Therefore, it vanishes on P \K1.A˝Q/. Similarly,

bott0.' ˝ idQ; vpv
⇤
q/jP \K0.A˝Q/ D 0

on P \K0.A˝Q/.
Since Ki .B ˝Q;Z=mZ/ D π0º for all m � 2, we conclude that

Bott.' ˝ idQ; vpv
⇤
q/jP D 0

on the subgroup generated by P .
Since Œ'ç D Œ ç in KL.A;B/, '] D  ], and 'è D  

è, one has that

Œ' ˝ idQç D Œ ˝ idQç in KL.A˝Q;B ˝Q/;

.' ˝ idQ/] D . ˝ idQ/]; .' ˝ idQ/è D . ˝ idQ/è:

Therefore, by [6, Theorem 12.11 (a)], ' ˝ idQ and  ˝ idQ are approximately uni-
tarily equivalent. Thus, there exists a unitary u 2 B ˝Q such that

��u⇤
.' ˝ idQ/.c/u � . ˝ idQ/.c/

�� < ı0
2
=8 for all c 2 H

0
: (e 4.28)

It follows from (e 4.26) that
��uv⇤

p.' ˝ idQ/.c/vpu
⇤

� .' ˝ idQ/.c/
�� < ı0

2
=2C ı

0
2
=8 8c 2 H

0
:

By the choice of ı0
2

and H
0, Bott.' ˝ idQ; vpu

⇤
/ is well defined on ŒJn0;1ç.K.Cn0//,

and ˇ̌
⌧
�

bott1.' ˝ idQ; vpu
⇤
/.z/

�ˇ̌
< ı2=2; 8⌧ 2 T.B/;8z 2 G :

For each 1  i  m, define (see (e 4.4))

⇣xi ;uv
⇤
p

D
˝�

1 � .'Q/.pi /C
�
.'Q/.pi /

�
uv⇤

p

�
.1 � .'Q/.qi /C

�
.'Q/.qi /

�
vpu

⇤�˛
;
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and define the map Ä W Zm D G
o

u;1 ! U.B ˝ Q/=CU.B ˝ Q/ by Ä.xi / D ⇣xi ;uv
⇤
q

.
Note that

Q
cu

B˝Q ıÄ.xi / D Bott.'Q; vpu
⇤
/.xi /. By Lemma 3.3, there exists a unitary

yp 2 B ˝Q such that
��⇥
yp; 'Q.h/

⇤�� < ı=2; 8h 2 H ; (e 4.29)

Bott.'Q; yp/ D Bott.'Q; vpu
⇤
/

on the subgroup generated by P , and

dist
�
⇣xi ;y

⇤
p
;Ä.xi /

�
 �=2;

where

⇣xi ;y
⇤
p

D
˝�

1 � .'Q/.pi /C .'Q/.pi /y
⇤
p

��
1 � .'Q/.qi /C .'Q/.qi /yp

�˛
:

Considering the unitary v D ypu, one has that
��⇥
vv

⇤
p ; .' ˝ idQ/.h/

⇤�� < ı; for all h 2 H ; Bott.' ˝ idQ; vv⇤
p/ D 0

on the subgroup generated by P , and for any 1  i  m,

dist.⇣xi ;vv⇤
p
; N1/ < �=2; (e 4.30)

where

⇣xi ;vv
⇤
p

D
˝�

1 � .'Q/.pi /C
�
.'Q/.pi /

�
vv⇤

p

��
1 � .'Q/.qi /C

�
.'Q/.qi /

�
vpv

⇤/
˛
:

Applying Lemma 3.1 to A˝Q and 'Q D ' ˝ idQ, one obtains a continuous path of
unitaries zp.t/ in B ˝Q such that zp.0/ D 1 and zp.t1/ D vv

⇤
p , and

��⇥
zp.t/; .' ˝ idQ/.c/

⇤�� < "=8 8c 2 E; 8t 2 Œ0; t1ç: (e 4.31)

Note that

Bott.'Q; vqv
⇤
/ D Bott.'Q; vqv

⇤
pvpv

⇤
/

D Bott.'Q; vqv
⇤
p/C Bott.'Q; vpv

⇤
/

D 0C 0 D 0

on the subgroup generated by P , and for any 1  i  m,

dist.⇣xi ;vqv
⇤ ; N1/  dist.⇣xi ;vqv

⇤
p
; N1/C dist.⇣xi ;vpv

⇤ ; N1/ D �
�
by (e 4.25), (e 4.30)

�
;

where

⇣xi ;vqv⇤ D
˝
.1 � 'Q.pi /C .'Q/.pi /vqv

⇤��
1 � .'Q/.qi /C .'Q/.qi /vv

⇤
q

�˛
:
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Since ��⇥
vv

⇤
q; .' ˝ idQ/.c/

⇤�� < ı; 8c 2 H ;

Lemma 3.1 implies that there is a continuous path of unitaries zq.t/ W Œtm�1; 1ç!U.B˝Q/

such that zq.tm�1/ D vv
⇤
q, zq.1/ D 1, and

��⇥
zq.t/; .' ˝ idQ/.c/

⇤�� < "=8; 8t 2 Œtm�1; 1ç; 8c 2 E:

Consider the unitary

v.t/ D

8̂
<̂
ˆ̂:

zp.t/vp; if 0  t  t1;

v; if t1  t  tm�1;

zq.t/vq; if tm�1  t  tm:

Then, for any ti , 0  i m� 1 by (e 4.29) and (e 4.28) (recall E ⇢ H ⇢ H
0), one has

that, for any c 2 E ,
��v⇤

.ti /.'Q/.c/v.ti / � . Q/.c/
�� D

��u⇤
y

⇤
p .'Q/.c/ypu � . Q/.c/

��


��u⇤
.'Q/.c/u � . Q/.c/

�� C ı=2

 ı
0
2
=8C ı=2 < 3"=4:

Thus, for any t 2 Œtj ; tjC1ç with 1  j  m � 2, one has, by (e 4.1), for any a 2 F1

and b 2 F2,
��v⇤

.t/
�
' ˝ id

�
a˝ b.t/

��
v.t/ �  ˝ id

�
a˝ b.t/

���
D

��v.tj /⇤�
'.a/˝ b.t/

�
v.tj / �  .a/˝ b.t/

��
<

��v.tj /⇤�
'.a/˝ b.tj /

�
v.tj / �  .a/˝ b.tj /

�� C "=4

< 3"=4C "=4 < ":

For any t 2 Œ0; t1ç, by (e 4.1), (e 4.31), and (e 4.26) (note that ı0
2
< "=16 and Ep ✓ H ),

one has that, for any a 2 F1 and b 2 F2,
��v⇤

.t/
�
' ˝ id

�
a˝ b.t/

��
v.t/ �  ˝ id

�
a˝ b.t/

���
D

��v⇤
pz

⇤
p.t/

�
'.a/˝ b.t/

�
zp.t/vp �  .a/˝ b.t/

��
<

��v⇤
pz

⇤
p.t/

�
'.a/˝ b.t0/

�
zp.t/vp �  .a/˝ b.t0/

�� C "=2

<

��v⇤
p

�
'.a/˝ b.t0/

�
vp �  .a/˝ b.t0/

�� C "=8C "=2

< "=16C 5"=8 < ":

The same argument shows that, for any t 2 Œtm�1; 1ç, one has that, for any a 2 F1 and
b 2 F2,

��v⇤
.t/

�
.' ˝ idQ/

�
a˝ b.t/

��
v.t/ � . ˝ idQ/

�
a˝ b.t/

��� < ":
Therefore, one has

��v�
' ˝ id.f /

�
v �  ˝ id.f /

�� < " for all f 2 F :
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Theorem 4.3. Let A and B be unital separable simple C ⇤-algebras. Suppose that A is fi-
nite and amenable and satisfies theUCT, and suppose thatB is Z-stable and gTR.B˝Mr/

 1 for all supernatural number r of infinite type. Let ';  W A ! B be two unital
monomorphisms. Then, there exists a sequence of unitaries πunº ⇢ B such that

lim
n!1u

⇤
n
 .c/un D '.c/ for all c 2 A

if and only if
Œ'ç D Œ ç in KL.A;B/; '] D  ]; '

è
D  

è
:

Proof. Note that, by the remark at the end of Definition 2.10, gTR.A˝Mr/  1 for any
supernatural number r of infinite type. In what follows, we let B D B ˝ Z. Choose a pair
of relatively prime supernatural numbers p and q of infinite type. Let � W Zp;q ! Z and
� W Z ! Zp;q be unital embeddings given by [24, Proposition 3.5]. Then, � ı � W Z ! Z

is a unital embedding. Therefore, � ı � and idZ are approximately unitarily equivalent
(see [10, Theorem 7.6]). Let jD W D ! D ˝ Z be the unital embedding d 7! d ˝ 1Z,
and let ED W D ! D ˝ Zp;q be the unital embedding d 7! d ˝ 1Zp;q for any unital
C

⇤-algebra D.
Then, jB ı ' D .' ˝ idZ/ ı jA and .idB ˝�/ ı jB ı ' D .' ˝ idZp;q/ ıEA. In addi-

tion, .idB ˝�/ ı jB ı  D . ˝ idZp;q/ ıEA.
By Lemma 4.2 (together with the remark at the end of Definition 2.10), .idB ˝�/ ı

jB ı ' and .idB ˝�/ ı jB ı  are approximately unitarily equivalent. It follows that
.idB ˝�/ ı .idB ˝�/ ı jB ı ' and .idB ˝�/ ı .idB ˝�/ ı jB ı  are approximately uni-
tarily equivalent. As� ı � is approximately unitarily equivalent to idZ, jB ı ' and jB ˝ 

are approximately unitarily equivalent.
RecallB DB ˝ Z and the unital embedding jZ W Z ! Z ˝ Z is approximately unitar-

ily equivalent to idZ. We conclude that ' and are approximately unitarily equivalent.

Remark 4.4. The condition that gTR.B ˝Mr/  1 in Theorem 4.3 may be replaced by
the condition that B is amenable and satisfies the UCT (see [3]).

5. The range

Theorem 5.1. Let A be a separable amenable C ⇤-algebra which satisfies the UCT with
a fixed splitting map sA as in Definition 2.4, and let B be a unital C ⇤-algebra such that
T .B/ 6D ;. Suppose that there are two unital homomorphisms ';  W A ! B such that
⌧ ı ' D ⌧ ı  for all ⌧ 2 T .B/.

(1) Suppose that KK.'/ D KK. /. Then, there is a homomorphism ı W K1.A/ !

Aff.T .B// such that
.'
è

�  
è
/ ı sA D †B ı ı;

where †B W Aff.T .B// ! Aff.T .B//=⇢B.K0.B// is the quotient map.
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(2) Suppose that KL.'/ D KL. /. Let K1.A/ D
S1
nD1 Gn, where Gn ⇢ GnC1 ⇢

K1.A/ is a finitely generated subgroup. Then, for each n, there is a homomorphism ın W

K1.A/ ! Aff.T .B// such that

.'
è

�  
è
/ ı sAjGn D †B ı ınjGn :

Proof. Let z 2 K1.A/ be represented by a unitary u 2 Mn.A/ for some integer n � 1.
As before, we will continue to use ' and  for the extensions ' ˝ idMn

and  ˝ idMn
,

respectively. Then, Œ'.u/ .u/⇤ç D 0 in K1.B/. By replacing u by u˚ 1k in MnCk for
some integer k 2 N and n by n C k, without loss of generality, we may assume that
'.u/ .u/

⇤ 2 U0.Mn.B//. It follows that there is a continuous and piecewise smooth
path πv.t/ W t 2 Œ0; 1çº ⇢ Mn.B/ such that v.0/ D '.u/ .u/

⇤ and v.1/ D 1Mn.B/
. Put

w.t/ D v.t/ .v/. Then, w.0/ D '.u/ and w.1/ D  .u/.
Then, in Aff.T .B//=⇢B.K0.B//,

.'
è

�  
è
/ ı sA

�
Œzç

�
D

1

2⇡ i

Z
1

0

⌧

✓
dv.t/

dt
v

⇤
.t/

◆
dt C ⇢B

�
K0.B/

�

D
1

2⇡ i

Z
1

0

⌧

✓
dw.t/

dt
w

⇤
.t/

◆
dt C ⇢B

�
K0.B/

� �
⌧ 2 T .B/

�
:

Let

M'; D
®
.b; a/ 2 C

�
Œ0; 1ç; B

�
˚ A W b.0/ D '.a/; b.1/ D  .a/

¯

be the mapping torus. Since ⌧ ı ' D ⌧ ı  , as in 2.8,

R'; 

�⇥
w.t/

⇤�
D

1

2⇡ i

Z
1

0

⌧

✓
dw.t/

dt
w

⇤
.t/

◆
dt

gives a homomorphism R'; W K1.M'; / ! Aff.T .B//.
If KK.'/ D KK. /, as in [15, Definition 3.4], there is a splitting map ✓ W K1.A/ !

K1.M'; / such that ✓.z/� Œw.t/ç 2 ◆⇤1.K0.B//, where ◆ W B ! M'; is the embedding
(see also [15, Lemma 3.3]). Then,

R'; 

�
✓.z/ �

⇥
w.t/

⇤�
2 ⇢B

�
K0.B/

�
:

Define
ı WD R'; ı ✓ W K1.A/ ! Aff

�
T .B/

�
:

One then has
.'
è

�  
è
/ ı sA.z/ D †B ı ı.z/:

This proves case (i).
For case (ii), let KL.'/ D KL. /. Then, for each n, there is a homomorphism ✓n W

Gn !K1.M'; / such that .⇡e/⇤0 ı ✓n D idGn , where ⇡e WM'; !A is the quotient map,
n D 1; 2; : : : : Since Aff.T .B// is divisible, there is ın W K1.A/ ! Aff.T .B// such that
ınjGn D R'; ı ✓n, nD 1; 2; : : : : Note that if z 2 Gn, then ✓n.z/� Œw.t/ç 2 ◆⇤1.K0.B//.
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The computation above shows that

R'; 

�
✓n.z/ �

⇥
w.t/

⇤�
2 ⇢B

�
K0.B/

�
:

It follows that
.'
è

�  
è
/ ı sA.z/ D †B ı ın.z/:

This proves case (ii).

Lemma 5.2 (cf. [18, Lemma 6.8]). Let A and B be unital separable simple C ⇤-algebras
such that A is finite and amenable and satisfies the UCT, and gTR.B ˝ Mr/  1 for
any supernatural number r of infinite type. Suppose also that B is Z-stable. Let  2

KLe.A; B/
CC and � W Aff.T .A// ! Aff.T .B// an affine homomorphism, Then, there

exists a unital homomorphism ‰ W A ! B such that

Œ‰ç D ; .‰/] D �:

Moreover, if � 2
S1
nD1U.Mn.A//=CU.Mn.A//!U.B/=CU.B/ is a continuous homo-

morphism which is compatible with  and �, then one may also require that

‰
è
jU.A/0=CU.A/ D � jU.A/0=CU.A/; .‰/

è
ı sA D � ı sA � Nh;

where sA W K1.A/ ! U.A/=CU.A/ is a splitting map (see Definition 2.4), and

Nh W K1.A/ ! R⇢B
�
K0.B/

�
=⇢B

�
K0.B/

�

is a homomorphism.

Recall that B has stable rank one (see [23, Theorem 6.7]). By the last part of Defi-
nition 2.6, the map Nu ! diag. Nu; N1m/ W U.B/=CU.B/ ! U.Mm.B//=CU.Mm.B// is an
isomorphism.

In the following proof and rest of the paper, we will use ED to denote the homo-
morphism ED W D ! D ˝ Zp;q defined by d 7! d ˝ 1Zp;q for all d 2 D and for any
C

⇤-algebra D.

Proof. Let p and q be two relative prime supernatural numbers of infinite type such that
Q DMp ˝Mq. Let Ap D A˝Mp, Aq D A˝Mq, Bp D B ˝Mp, and Bq D B ˝Mq.
Note, by the second part of Definition 2.10, gTR.Ar/  1 for any supernatural num-
ber r, and by the assumption, gTR.Br/  1. Let r 2 KL.Ar; Br/, �r W Aff.T .Ar// !

Aff.T .Br//, and �r W U.Ar/=CU.Ar/ ! U.Br/=CU.Br/ be induced by , �, and � ,
respectively (see [18, Lemma 6.1] for �r) for infinite supernatural number r, including
the supernatural number 1 (recall M1 D Q). Moreover, Mr ä Mr ˝Mr for any super-
natural number r of infinite type. It follows from [7, Corollary 24.4] that there is a unital
homomorphism 'p W Ap ! Bp such that

Œ'pç D p in KL.Ap; Bp/; .'p/
è

D �p; .'p/] D �p: (e 5.1)
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For the same reason, there is also a unital homomorphism  q W Aq ! Bq such that

Œ qç D q in KL.Aq; Bq/; . q/
è

D �q; . q/] D �q: (e 5.2)

Define ' D 'p ˝ idMq and  D  q ˝ idMp W A˝Q ! B ˝Q. From above, one has
that

Œ'ç D Œ ç in KL.A˝Q;B ˝Q/; '] D  ]; '
è

D  
è

D �1: (e 5.3)

Since both Ki .B ˝Q/ are divisible (i D 0; 1), one actually has

Œ'ç D Œ ç in KK.A˝Q;B ˝Q/:

As in the proof of [7, Theorem 28.7] (see also [7, the proof of Theorem 28.3 and (e.28.6)]),
there is ˇ 2 Inn. .A˝Q/;B ˝Q/withKK.ˇ/DKK.{ .A˝Q// (where { .A˝Q/ is the
embedding of  .A˝Q/ into B ˝Q), .ˇ ı  /T D  T , .ˇ ı  /é D  

é, and xR ;ˇı D

� xR'; . It follows that xR';ˇı D 0 (see also [7, the proof of Theorem 28.7]). Then, by
[7, Theorem 27.5], ' and ˇ ı are asymptotically unitarily equivalent. SinceK1.B ˝Q/

is divisible and K0.A ˝ Q/ is torsion-free, H1.K0.A ˝ Q/; K1.B ˝ Q// D K1.B ˝

Q/ (see [7, Definition 28.10] for a notation). It follows that ' and ˇ ı  are strongly
asymptotically unitarily equivalent.

Note that one may identify T .Bq/, T .Bp/, and T .B ˝Q/. Moreover,

⇢B˝Q
�
K0.B ˝Q/

�
D R⇢B

�
K0.B/

�
D ⇢Bq

�
K0.Bq/

�
:

Denote by {p W Bq ! B ˝Q the embedding a 7! a ˝ 1p (where 1r WD 1Mr ), and note
that the image of {p ı  q is in the image of  . Thus, by [18, Lemma 3.5], Rˇı{pı q;{pı q

is
Hom

�
K1.Mˇı{pı q;{pı q/; ⇢Bq

�
K0.Bq/

��
:

Note that
Œˇ ı {p ı  qç D Œ{p ı  qç in KK.Aq; Bq/:

By [7, Theorem 28.3], there exists ˛ 2 Inn. q.Aq/; Bq/ such that

Œ˛ç D Œ{ q.Aq/ç in KK
�
 q.Aq/; Bq

�
; (e 5.4)

where { q.Aq/ is the embedding of  q.Aq/ into Bq, and

xR˛;{ q.Aq/
D � xRˇı{pı q;{pı q :

One computes (just as [18, Lemma 6.5]) that

Œ{p ı ˛ ı  qç D Œˇ ı {p ı  qç in KK.Aq; B ˝Q/;

.{p ı ˛ ı  q/] D .ˇ ı {p ı  q/]; .{p ı ˛ ı  q/
è

D .ˇ ı {p ı  q/
è
;

and
xR{pı˛ı q;ˇı{pı q D 0:
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It follows from [7, Theorems 27.5 and 28.13] that {p ı ˛ ı  q and ˇ ı {p ı  q are
strongly asymptotically unitarily equivalent.

We will show that ˇ ı  and .˛ ı  q/ ˝ idMp are strongly asymptotically unitarily
equivalent. Define ˇ1 D .ˇ ı {p ı  q/ ˝ idMp W A ˝ Mq ˝ Mp ! B ˝ Q ˝ Mp. Let
j W Q ! Q˝Mp be defined by j.b/ D b ˝ 1p. Consider the C ⇤-subalgebra

C D ˇ ı  .1A˝Mq ˝Mp/˝Mp D ˇ.1Bq ˝Mp/˝Mp ⇢ B ˝Q˝Mp: (e 5.5)

Note  .1A˝Mq/ D 1Bq and  .1A˝Mq ˝Mp/ D 1Bq ˝Mp. Since K1.C / D π0º, in C ,
.idB ˝j / ı .ˇj1Bq ˝Mp/ and j0 are strongly asymptotically unitarily equivalent, where
j0 W Mp ! C is defined by j0.a/ D 1B˝Q ˝ a for all a 2 Mp. In particular, there exists
a continuous path of unitaries πv.t/ W t 2 Œ0; 1/º ⇢ C such that

lim
t!1

Ad v.t/ ı .idB ˝j / ı .ˇ ı  /.1Aq ˝ a/ D 1B˝Q ˝ a for all a 2 Mp:

Note that, for aq 2 Aq, .idB ˝j /.ˇ ı  .aq ˝ 1p// D ˇ. q.aq/ ˝ 1p/ ˝ 1p. Then, by
(e 5.5), v.t/ commutes with .idB ˝j /.ˇ ı  .aq ˝ 1p//. It follows that .idB ˝j /ıˇ ı  

and ˇ1 are strongly asymptotically unitarily equivalent. Since {p ı ˛ ı  q and ˇ ı {p ı  q

are strongly asymptotically unitarily equivalent, one concludes that .idB ˝j / ı ˇ ı and
.{p ı ˛ ı  q/ ˝ idMp are strongly asymptotically unitarily equivalent. There is a homo-
morphism ✓ WQ˝Mp !Q such that ✓ ı j WQ!Q is strongly asymptotically unitarily
equivalent to idQ. Consequently, .idB ˝✓/ ı .idB ˝j / ı ˇ ı  is strongly asymptotically
unitarily equivalent ˇ ı  , and .idB ˝✓/ ı ..{p ı ˛ ı  q/˝ idMp/ is strongly asymptot-
ically unitarily equivalent .˛ ı  q/ ˝ idMp . Therefore, ˇ ı  and .˛ ı  q/ ˝ idMp are
strongly asymptotically unitarily equivalent.

Finally, we conclude that .˛ ı q/˝ idMp and ' are strongly asymptotically unitarily
equivalent. Note that, by (e 5.4), ˛ ı  q is an isomorphism which induces Äq.

Thus, there is a continuous path of unitaries πu.t/ W t 2 Œ0; 1/º in B ˝Mp ˝Mq (it
can be made piecewise smooth—see [15, Lemma 4.1]) such that u.0/ D 1 and

lim
t!1

adu.t/ ı '.a/ D
�
.˛ ı  q/˝ idMp

�
.a/ for all a 2 A˝Q:

Note that if a 2 A ˝ Zp;q, then a.0/ 2 A ˝ Mp ˝ 1q, '.a.0// 2 Bp ˝ 1q, a.1/ 2

A˝Mq ˝ 1p, and �
.˛ ı  q/˝ idMp

��
a.1/

�
2 Bq ˝ 1p:

This provides a unital homomorphism ˆ W A ˝ Zp;q ! B ˝ Zp;q such that, for each
t 2 .0; 1/,

⇡t ıˆ.a/ D adu.t/ ı '
�
a.t/

�
for all a 2 A˝ Zp;q:

Denote by Ck a commutative C ⇤-algebra with K0.Ck/ D Z=kZ and K1.Ck/ D π0º,
2;3; : : : ; andC0 D C. Therefore, one identifiesKi .A˝Ck/withKi .A;Z=kZ/ (i D 0;1).

Note that ŒEAç W K.A/ ! K.A˝Zp;q/ is an isomorphism in

Homƒ

�
K.A/;K.A˝ Zp;q/

�
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(recall K0.Zp;q/ D Z and K1.Zp;q/ D π0º). Denote by ŒEAç�1 the inverse of ŒEAç and

Z 2KL.A˝ Zp;q;B ˝ Zp;q/ the composition ŒEB ç ı  ı ŒEAç

�1. One computes, apply-
ing the Künneth formula, that


Z

�
g ˝ Œ1Zp;q ç0

�
D .g/˝ Œ1Zp;q ç0

for all g 2 Ki .A˝ Ck/, k D 0; 2; : : : and i D 0; 1.
Thus, we have the commutative diagrams

Ki .A˝ Ck/

ŒEA˝C
k
ç
//

jK0.A;Z=kZ/

✏✏

Ki .A˝ Ck ˝Zp;q/
Œ⇡e ç
//


Z jKi .A˝C

k
˝Zp;q/

✏✏

Ki .A˝ Ck ˝Mp/˚Ki .A˝ Ck ˝Mq/

p˚q

✏✏

Ki .B ˝ Ck/

ŒEB˝C
k
ç
// Ki .B ˝ Ck ˝Zp;q/

Œ⇡e ç
// Ki .B ˝ Ck ˝Mp/˚Ki .B ˝ Ck ˝Mq/;

(e 5.6)

Ki .A˝ Ck ˝Zp;q/
Œ⇡e ç
//

ŒˆçjK0.A;Z=kZ/

✏✏

Ki .A˝ Ck ˝Mp/˚Ki .A˝ Ck ˝Mq/

Œ'pç˚Œ qç

✏✏

Ki .B ˝ Ck ˝Zp;q/
Œ⇡e ç
// Ki .B ˝ Ck ˝Mp/˚Ki .B ˝ Ck ˝Mq/

(e 5.7)

(recall that ED W D ! D ˝ Zp;q is defined by ED.d/ D d ˝ 1Zp;q ), where

⇡e W D ˝Zp;q ! .D ˝Mp/˚D ˝Mq

denotes the quotient map (for D D A ˝ Ck and D D B ˝ Ck). Recall, by (e 5.1) and
(e 5.2), Œ'pç D p and Œ qç D q. Note (since p and q are relatively prime) that Œ⇡eç
is injective (see [26, Proposition 5.2]) and ŒjDç is an isomorphism. Therefore, from the
commutative diagrams (e 5.6) and (e 5.7), one concludes that KL.ˆ/ D 

Z .
Let ⌘ W Zp;q ! Z be the unital embedding given by [24, Proposition 3.3]. Define

‰ W A ! B ˝ Z by .idB ˝⌘/ ı ˆ ı EA. Note ŒidB ˝⌘ç D ŒEB ç
�1. Then, ‰ is a unital

homomorphism such that KL.‰/ D ŒEB ç
�1 ı Z ı EA D . For each t , and ⌧ 2 T .B/,

⌧.ˆt .a//D�. Oa/.⌧/ for all a 2A. One then checks that ⌧.‰.a//D�. Oa/.⌧/ for all a 2As.a.

and all ⌧ 2 T .B/. In fact, one has that

ˆ].a˝ b/.⌧ ˝ �/ D �
�
a.⌧/

�
�.b/ for all a 2 As.a.; b 2 .Zp;q/s.a. (e 5.8)

for any ⌧ 2 T .B/ and � 2 T .Zp;q/.
Note that it follows from (e 5.8) that

.ˆ ıEA/
è
jU0.A/=CU.A/ D E

è

B
ı � jU0.A/=CU.A/: (e 5.9)

Then, one has, for t 2 .0; 1/,

.⇡t ıˆ ıEA/
è

D �Q D {
è

Q
ı �;

where {Q W B ! B ˝Q is defined by

{Q.a/ D a˝ 1Q; �Q W U.A˝Q/=CU.A˝Q/ ! U.B ˝Q/=CU.B ˝Q/
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(see [18, Lemma 6.1]). On the other hand, for each z 2 U.Mk.A//=CU.Mk.A// for some
integer k � 1, let w0 2 U.B/ be such that its image Nw0 D �.z/. Put w1 D w0 ˝ 1Zp;q 2

B ˝ Zp;q and w D diag.w1; 1k�1/.
In what follows, we will useH forH ˝ idMk

(for a mapH ) and U.t/ for U.t/˝ 1Mk
;

in particular, this includes the case H D '.
Then,

⇡t .w/ D ⇡t 0.w/ for all t; t 0 2 Œ0; 1ç; E
è

B
ı �.z/ D Nw:

Since ⇡t .w/ 2 B is constant, one may use w for its evaluation at t . Let v0 2 U.Mk.A//

be such that v0 D z.
Let Z D ˆ.EA.v0//w

⇤. Then, for any t 2 .0; 1/,

Z.t/ D ⇡t ıˆ
�
EA.v0/

�
w

⇤
D u.t/

⇤
'.v0/u.t/w

⇤
:

Since .;�; �/ is compatible, in K1.B ˝Zp;q/,

ŒZç D
⇥
ˆ

�
EA.v0/

�
w

⇤⇤

D
⇥

Z

�
EA.v0/

�⇤
Œw

⇤
0

˝ 1Zp;q ç

D
⇥

�
Œv0ç

�
˝ 1Zp;q

⇤
Œw

⇤
0

˝ 1Zp;q ç D 0:

It follows that diag.Z; 1m/ 2 U0.MmC1.Mk.B/ ˝ Zp;q//. Let Z1.t; s/ be a piecewise
smooth continuous path of unitaries in U0.MmC1.Mk.B/˝ Zp;q// such that Z1.t; 0/ D

Z1.t/ and Z1.t; 1/ D 1. Denote by ⌧0 the unique tracial state in T.Q/, where r is a
supernatural number. For each s� 2 T .Zp;q/, one may write

s�.a/ D

Z
1

0

⌧0

�
a.t/

�
d�.t/;

where � is a probability Borel measure on Œ0; 1ç.
To apply [18, Lemma 6.6], put

V.t/ D diag
�
u.t/; 1m

�
;

'
.mC1/

.a/ D diag
�
'.a/; '.a/; : : : ; '.a/

�
;

w1 D diag
�
w; '.v0/; : : : ; '.v0/

�

as well as (for a 2 A)

 
.mC1/

.a/ D diag
��
.˛ ı  q/˝ idMp

�
.a/; '.a/; : : : ; '.a/

�
:

Then, Z1.t/ D V.t/
⇤
'
.mC1/

.v0/V .t/w
⇤
1

for all t 2 Œ0; 1/, and

lim
t!1

V.t/
⇤
'
.mC1/

.v0/V .t/w
⇤
1

D diag
�
u.t/

⇤
'.v0/u.t/w

⇤
; 1m

�
:
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Then, for ⌧ 2 T .B/ and s� 2 T .Zp;q/, by applying [18, Lemma 6.6],

Det.Z1/.⌧ ˝ s�/ (e 5.10)

D
1

2⇡

p
�1

Z
1

0

.⌧ ˝ s�/

✓
dZ1.t; s/

ds
Z1.t; s/

⇤
◆
ds

D
1

2⇡

p
�1

Z
1

0

Z
1

0

.⌧ ˝ ⌧0/

✓
dZ1.t; s/

ds
Z1.t; s/

⇤
◆
d�.t/ds

D

Z
1

0

✓
1

2⇡

p
�1

Z
1

0

.⌧ ˝ ⌧0/

✓
dZ1.t; s/

ds
Z1.t; s/

⇤
◆
ds

◆
d�.t/

D

Z
1

0

Det
�
'.v0/w

⇤
0

�
.⌧/d�.t/C f .⌧/ for some f 2 ⇢B

�
K0.B ˝Q/

�

D Det
�
'.v0/w

⇤
0

�
.⌧/C f .⌧/; (e 5.11)

where � is a Borel probability measure on Œ0; 1ç associated with s�. Note that if p; q 2

Mn.B ˝ Q/ are two projections, then there are projections p0; q0 2 Mm.B/ (for some
integerm) and r 2 Q such that Œpç� Œqç D r.Œp0ç� Œq0ç/. By (e 5.3), for any " > 0, there
are projections p0; q0 2 Mm.B/ and r 2 Q such that

sup
®ˇ̌
g.⌧/ � r

�
⌧.p/ � ⌧.q/

�ˇ̌
W ⌧ 2 T .B/

¯
< ";

where g.⌧/DDet.'.v0/w⇤
0
/.⌧/ for all ⌧2T .B/. Put p1Dp0˝1Zp;q and q1Dq0˝1Zp;q .

By (e 5.11), for g1.⌧ ˝ s�/ D Det.Z1/.⌧ ˝ s�/,ˇ̌
g1.⌧ ˝ s�/ � r

�
.⌧ ˝ s�/.p1/C .⌧ ˝ s�/.q1/

�ˇ̌
< "

for all ⌧ 2 T .B/ and s� 2 T .Zp;q/.
Therefore, the map

T .B ˝Zp;q/ 3 ⌧ ˝ s� 7! Det.Z1/.⌧ ˝ s�/ D Det
�
'.v0/w

⇤
0

�
.⌧/C f .⌧/

defines an element in R⇢B.K0.B// ✓ Aff.T .B ˝Zp;q//.
Thus,

.ˆ ıEA/
è
.z/

�
EB ı �.z/

⇤�

defines a homomorphism from the group U.A/=CU.A/ into R⇢B.K0.B//=⇢B.K0.B//
which will be denoted by h0. By (e 5.9),

h0jU0.A/=CU.A/ D 0:

Thus, �h0 induces a homomorphism Nh W K1.A/ ! R⇢B.K0.B//=⇢B.K0.B//. Since all
unital endomorphisms on Z are approximately inner (see [10, Theorem 7.6]),

‰
è
�
sA.x/

�
�

�
sA.x/

�⇤
D

��
.{ ˝ ⌘/ ıˆ ıEA

�è�
sA.x/

��
�

�
sA.x/

�1�

D � Nh.x/ for all x 2 K1.A/:

In other words,
‰
è

ı sA D � ı sA � Nh:
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Lemma 5.3. LetA andB be two unital separable simpleC ⇤-algebras such thatA is finite
and amenable and satisfies the UCT, and gTR.B ˝Mr/ 1 for any supernatural number
r of infinite type. Suppose that B is Z-stable. Let  W A ! B be a unital homomorphism.
Suppose that

Nh 2 Hom
�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��

such that there exists h 2 Hom.K1.A/;R⇢B.K0.B/// with NhD†B ı h. Then, there exists
a homomorphism ' W A ! B such that

KL. / D KL.'/;  T D 'T ; . 
è

� '
è
/ ı sA D Nh:

Proof. First, recall, by the second part of Definition 2.10, that gTR.A˝Mr/  1 for any
supernatural number r of infinite type. Fix a splitting map

sA W K1.A/ ! U
�
M1.A/

�
=CU

�
M1.A/

�

as defined in Definition 2.4. Let � WU.M1.A//=CU.M1.A//!U.B/=CU.B/ be homo-
morphism such that

� jAff.T .A//=⇢A.K0.A//
D  

è
jAff.T .A//=⇢A.K0.A//

; � ı sA D  
è

ı sA C Nh ı sA:

Therefore,

. ˝ idZp;q/
è

ıE
è

A
ı sA D E

è

B
ı � ı sA � Nh; …

cu

B
ı � ı sA D  ⇤1: (e 5.12)

In what follows, we will identify T .B/ with T .B ˝Mr/ whenever it is necessary. There
is a homomorphism hr W K1.A˝Mr/ ! ⇢B.K0.B ˝Mr// D R⇢B.K0.B// such that

h D hr ı .{A;r/⇤1; (e 5.13)

where {A;r W A ! A˝Mr is the embedding so that {A;r.a/ D a˝ 1r for all a 2 A (r is a
supernatural number, including 1 which corresponds to Q).

Choose a pair of relatively prime supernatural numbers p and q of infinite type. We
also require thatMp ˝Mq DQ. PutA0

r D . ˝ idMr/.A˝Mr/, where r is a supernatural
number.

It follows from [7, Theorem 28.3] that there is a monomorphism ˇ0 2 Inn.A0
p; Bp/

such that

Œˇ0ç D Œ{A0
p
ç in KK.A0

p; Bp/; .ˇ0/] D {A0
p]
; ˇ

è

0
D {A0

p

è
; (e 5.14)

xRid
A

0
p
;ˇ0

D hp C .⇢Bp ı fp/; (e 5.15)

where {A0
p

is the embedding of A0
p and fp 2 Hom.K1.Ap/;K0.B ˝Mp//. Recall, here,

xRid
A

0
p
;ˇ0

2 Hom
�
K1.Ap/;Aff

�
T .Bp/

��
=R0;

where R0 is the subgroup of those � 2 Hom.K1.Ap/;Aff.T .Bp/// such that

�0 2 Hom
�
K1.Ap/;K0.Bp/

�
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and � D ⇢Bp ı �0 (see [15, Definition 3.4]). Put

f
0

p WD ⇢Bp ı fp 2 Hom
�
K1.Ap/; ⇢Bp

�
K0.Bp/

��
:

Denote by z r W A ! Br the map defined by

z r.a/ D . ˝ idMr/.a˝ 1Mr/ for all a 2 A; r D p;q:

Thus,
xR
◆pı z p;◆pıˇ0ı z p

D hC
�
f

0
p ı .{A;p/⇤1

�
; (e 5.16)

where {p W Bp ! B ˝Q is the embedding defined by {p.b/ D b ˝ 1Mq . Note that

◆p ı . ˝ idMp/ D  ˝ idQ :

Similarly, there is a monomorphism ˇ1 2 Inn.A0
q; Bq/ such that

Œˇ1ç D Œ{A0
q
ç in KK.A0

q; Bq/; .ˇ1/] D {A0
q]
; ˇ

è

1
D {A0

q

è
;

xR
{qı z q;◆qıˇ1ı z q

D hC f
0

q ı .{A;q/⇤1;

where {q W Bq !B˝Q is the embedding defined by {q.b/D b˝1Mp , and f 0
q WD ⇢Bq ıfq

for some fq 2 Hom.K1.Aq/;K0.Bq//.
Denote  0 D ◆p ı ˇ0 ı . ˝ idMp/ and  1 D ◆q ı ˇ1 ı . ˝ idMq/. Consider

 0 ˝ idMq W Ap ˝Mq.D A˝Q/ ! B ˝Q˝Mq.D B ˝Q/;

 1 ˝ idMp W Aq ˝Mp.D A˝Q/ ! B ˝Q˝Mp.D B ˝Q/:

We have

KK. 0 ˝ idMq/ D KK. 1 ˝ idMp/; . 0 ˝ idMq/]
D . 1 ˝ idMq/]

and
. 0 ˝ idMq/

è
D . 1 ˝ idMq/

è
:

We also compute that

xR 0˝idMq ; 1˝idMp
D R 0˝idMq ; ˝idQ CR ˝idQ; 1˝idMq

D �h1 C h1 D N0:

It follows from [7, Theorems 27.5 and 28.13] that there is a continuous path of unitaries
πU.t/ W t 2 Œ0; 1/º ⇢ U.B ˝Q/ with U.0/ D 0 such that

lim
t!1

U.t/
⇤
. 0 ˝ idMq/.a/U.t/ D . 1 ˝ idMp/.a/:

By [15, Lemma 4.1], we may also assume that πU.t/ W t 2 Œ0; 1/º is piecewise smooth.
Let ˆ W A˝ Zp;q ! B ˝ Zp;q be defined by

ˆ.a˝ b/.t/ D U
⇤
.t/

�
. 0 ˝ idMq/

�
a˝ b.t/

��
U.t/ for all t 2 Œ0; 1/;

ˆ.a˝ b/.1/ D  1 ˝ idMp

�
a˝ b.1/

�
;
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for all a ˝ b 2 A˝ Zp;q. Exactly the same argument in the proof of Lemma 5.2 around
(e 5.6) and (e 5.7) shows that

KL.ˆ/ D ŒEB ç ıKL. / ı ŒEAç
�1
: (e 5.17)

We claim that
ˆ
è

ıE
è

A
ı sA D .EB/

è
ı � ı sA: (e 5.18)

To computeˆè, let x 2 sA.K1.A// and v0 2 U.Mk.A// (for some integer k � 1) such
that v0 D x. Let w0 2 U.B/ such that its image Nw0 D �.x/. Put w1 D w0 ˝ 1Zp;q 2

B ˝ Zp;q. Then, w.t/ D w.t
0
/ for all t; t 0 2 Œ0; 1ç and

E
è

B
ı � ı sA.x/ D Nw:

Put w WD diag.w; 1k�1/. In what follows, we will useH forH ˝ idMk
(for a mapH ) and

U.t/ for U.t/ ˝ 1Mk
. Let Z D .ˆ ı EA.v0//w

⇤ 2 Mk.B/ ˝ Zp;q. By the second part
of (e 5.12) and by (e 5.17), ŒZç D 0. Suppose that there is a piecewise smooth continuous
path πZ1.t; s/ W s 2 Œ0; 1çº ⇢MmC1.Mk.B/˝ Zp;q/ such that Z1.t; 0/D diag.Z.t/; 1m/
and Z1.t; 1/ D 1mC1. Then, in Aff.T .B ˝ Zp;q//=⇢B˝Zp;q.K0.B ˝ Zp;q//, by (e 5.12)
and Nw0 D �.x/,

Det
�
Z1.t; s/

�
D Det

�
Z1.t; s/

�
w

�
 ˝ idZp;q

�
EA.v0/

⇤����
C Det

�
. ˝ idZp;q/

�
EA.v0/

��
EB.w

⇤
0
/
��

D Det
�
Z1.t; s/

�
w

�
 ˝ idZp;q

�
EA.v0/

⇤����
C h ı

�
Œv0ç

�
; (e 5.19)

where we identify T .B/ with T .B ˝ Q/, and .h ı sA.x//.⌧ ˝ ıt / D h.Œv0ç/.⌧/ for all
⌧ 2 T .B ˝ Q/ and t 2 Œ0; 1ç. By (e 5.15) (see also (e 5.16)), there is a continuous and
piecewise smooth path πz.t/ W t 2 Œ0; 1çº in U0.Mk.Bp ˝Mq/˝ 1Mq/ such that

z.0/ D
�
ˇ0

�
 .v0/˝ 1Mp

�
˝ 1Mq

���
 .v0/˝ 1Mp

�
˝ 1Mq

�
; z.1/ D 1;

and

1

2⇡ i

Z
1

0

⌧

✓
dz.s/

ds
z.s/

⇤
◆
ds D �h

�
Œv0ç

�
.⌧/C

�
f

0
p.x/

�
.⌧/ for all ⌧ 2 T .A˝Mp/:

Define Z2.t; s/ D Z1.t; s/.w. ˝ idZp;q.v0/
⇤
/.EA.v0/

⇤
//. We also have

Z2.t; 0/ D diag
�
U

⇤
.t/

��
ˇ0

�
 .v0/˝ 1Mp

��
˝ 1Mq

�
U.t/

�
 .v0/˝ 1Q

�⇤
; 1m

�
;

Z2.0; 0/ D diag
���
ˇ0

�
 .v0/˝ 1Mp

��
˝ 1Mq

��
 .v0/˝ 1Q

�⇤
; 1m

�
;

Z2.1; 0/ D diag
���
ˇ1

�
 .v0/˝ 1Mq

��
˝ 1Mp

��
 .v0/˝ 1Q

�⇤
; 1m

�
:

Note that

Det.Z2/.⌧ ˝ ı0/ D �h
�
Œv0ç

�
.⌧/C h00.⌧/;

Det.Z2/.⌧ ˝ ı1/ D �h
�
Œv0ç

�
.⌧/C h1;0.⌧/
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for some h00 2 ⇢Bp.K0.Bp// and h1;0 2 ⇢Bq.K0.Bq//. Recall that we have identified
T .B/ with T .B ˝Mr/ as well as T .B ˝Q/. It follows from Lemma 3.6 that (see also
the lines above (e 5.10)) there is f 2 ⇢B˝Zp;q.K0.B ˝ Zp;q// such that, for each t 2 Œ0;1ç,

Det
�
Z1.t; s/w

�
. ˝ idZp;q/

�
EA.v0/

⇤���
.⌧ ˝ ıt /

D Det.Z2/.⌧ ˝ ıt / D

✓
1

2⇡ i

Z
1

0

⌧

✓
dZ2.t; s/

ds
Z2.t; s/

⇤
◆
ds

◆
.ıt /

D �h
�
sA.x/

�
.⌧/C f .⌧ ˝ ıt /:

Therefore, by (e 5.13) and (e 5.19), the map

T .B ˝ Zp;q/ 3 ⌧ ˝ s�

�
where ⌧ 2 T .B/; s� 2 T .Zp;q/

�
7! Det

�
Z1.t; s/

�
.⌧ ˝ s�/;

where ⌧ 2 T .B/, s� 2 T .Zp;q/, defines an element in ⇢B˝Zp;q.K0.B ˝ Zp;q//. Hence,
ˆ
è ıE

è

A
.x/ D Nw D .EB/

è ı �.x/. This proves the claim.
Denote by ⌘ WZp;q ! Z the unital embedding given by [24, Proposition 3.3]. Consider

' D .idB ˝⌘/ ıˆ ıEA:

One then checks that

Œ'ç D Œ ç in KL.A;B/; '] D  ]:

Since B is Z-stable, Z itself is strongly absorbing and every unital endomorphism of Z is
approximately inner [10, Theorems 7.6 and 8.7], .idB ˝⌘/è ıE

è

B
D id. By (e 5.18),

'
è

ı sA D .idB ˝⌘/
è

ıˆ
è

ıE
è

A
ı sA D .idB ˝⌘/

è
ı .EB/

è
ı � ı sA D � ı sA;

which implies 'è D � .

Theorem 5.4. Let A be a unital finite separable amenable simple Z-stable C ⇤-algebra
which satisfies the UCT. Then, there exists a sequence of unital separable amenable simple
Z-stable C ⇤-algebrasAn such thatKi .A/ are finitely generated (i D 0;1) and a sequence
of homomorphisms 'n W An ! AnC1 such that

A D lim
n!1.An; 'n/; 'n⇤i W Ki .An/ ! Ki .AnC1/

is injective.

Proof. Let G0
n

⇢ K0.A/ be a sequence of finitely generated subgroups satisfying

Œ1Aç 2 G
0

1
⇢ G

0

2
⇢ � � � ⇢ G

0

n
⇢ � � � ; K0.A/ D [G

0

n
;

and let G1
n

⇢ K1.A/ be a sequence of finitely generated subgroups satisfying

G
1

1
⇢ G

1

2
⇢ � � � ⇢ G

1

n
⇢ � � � ; K1.A/ D [G

1

n
:
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Recall that the Elliott invariant of A is described as
��
K0.A/;K0.A/C; Œ1Aç

�
; K1.A/; T .A/; rA

�
;

where rA W T .A/ ! S.K0.A// is the canonical map. Let Å D T .A/ and r D rA. Define
rn W Å ! S.G

0

n
/ by rn.⌧/ D r.⌧/j

G
0
n
.

By [6, Corollary 13.51], there is a separable simple amenable unital Z-stable C ⇤-
algebra An such that

��
K0.An/;K0.An/C; Œ1An ç

�
; K1.An/; T .An/; rAn

�
D

��
G
0

n
; G

0

n
\K0.A/C; Œ1Aç

�
; G

1

n
;Å; rn

�
:

By Lemma 5.2 above, there is a homomorphism 'n W An ! AnC1 such that

.'n/⇤;0 W K0.An/ D G
0

n
! K0.AnC1/ D G

0

nC1;

.'n/⇤;1 W K1.An/ D G
1

n
! K1.AnC1/ D G

1

nC1

are the inclusion maps, and .'n/T W T .AnC1/ D Å ! T .An/ D Å is the identity map.
Let B WD limn!1.An; 'n/. Then, from the construction, A and B have the same Elliott
invariant and therefore are isomorphic to each other by [6, Corollary 29.9] and [3, Theo-
rem 4.10].

Theorem 5.5. Let A and B be unital finite separable simple Z-stable C ⇤-algebras. Sup-
pose that A is amenable and satisfies the UCT and gTR.B ˝Q/  1. Fix a splitting map
sA W K1.A/ ! U.A/=CU.A/. For any " > 0 and any finite subset F ⇢ A, there exists
a finite subset P ⇢ K.A/ and a finite subset U ⇢ U.A/ such that, for any two unital
homomorphisms '; W A ! B , if

KL.'/jP D KL. /jP ; 'T D  T ; (e 5.20)

.'
è

ı sA/jP \K1.A/ D . 
è

ı sA/jP \K1.A/; (e 5.21)

then there exists a unitary u 2 B such that
��u⇤

'.a/u �  .a/
�� < " for all a 2 F :

Proof. It follows from Theorem 5.4 that we may write A D limn!1.An; ◆n/, where each
An is a unital separable amenable simple Z-stable C ⇤-algebra with finitely generated
Ki .An/ (i D 0; 1), and ◆n W An ! AnC1 is a unit monomorphism. Therefore, there exists
an increasing sequence F1 ⇢ F2 ⇢ � � � ⇢ Fn ⇢ FnC1 ⇢ � � � of finite subsets of A such
that there are finite subsets Gn ⇢ An with the property ◆n;1.Gn/ D Fn (n D 1; 2; : : :) andS1
nD1 Fn is dense in A.

Let " > 0 and a finite subset F ⇢ A be given. Without loss of generality, we may
assume that F ⇢ Fn for some integer n� 1. SinceKi .An/ is finitely generated (i D 0; 1),
by [2, Corollary 2.11], there is a finitely generated subgroup F ⇢K.A/ such that if 1;22

KL.An; B/ and 1jF D 2jF , then 1 D 2. Let Q ⇢ F be a finite generating set. Define
P D Œ◆n;1ç.Q/.
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Now suppose that '; W A! B are two unital homomorphisms which satisfy (e 5.20)
and (e 5.21). Then,

KL.' ı ◆n;1/ D KL. ı ◆n;1/; .' ı ◆n;1/] D . ı ◆n;1/]; ' ı ◆
è

n;1 D  ı ◆
è

n;1:

It follows from Theorem 4.3 that there exists a unitary u 2 B such that
��u⇤

' ı ◆n;1.g/u �  ı ◆n;1.g/
�� < " for all a 2 Gn:

It follows that ��u⇤
'.a/u �  .a/

�� < " for all a 2 Fn:

Theorem 5.6. Let A and B be two unital finite separable simple amenable Z-stable C ⇤-
algebras which satisfy the UCT. Let ' W A ! B be a unital homomorphism. Suppose that

Nh 2 Homalf
�
K1.A/;Aff

�
T .B/

�
=⇢B

�
K0.B/

��

(see Definition 2.9 for the notation). Then, there exists a homomorphism  W A ! B such
that

KL. / D KL.'/;  T D 'T ; .'
è

�  
è
/ ı sA D Nh:

Proof. Let � WD '
è � Nh ı…su

A
. Then, .Œ'ç; 'T ; �/ is compatible. By Lemma 5.2 (see also

the second part of Definition 2.10), there is a unital homomorphism  
0 W A! B such that

KL. 
0
/ D KL.'/, . 0

/T D 'T , and

Nh0 WD
�
. 

0
/
è

� �
�

ı sA 2 Hom
�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
:

Then, �
. 

0
/
è

� '
è
�

ı sA D
�
. 

0
/
è

� .� C Nh ı…
su

A
/
�

ı sA D Nh0 � Nh:

It follows from Theorem 5.1 that Nh0 � Nh 2 Homalf.K1.A/;Aff.T .B//=⇢B.K0.B///. Since
Nh is in Homalf.K1.A/;Aff.T .B//=⇢B.K0.B///, so is Nh0.

Let K1.A/ D
S1
nD1Gn, where Gn ⇢ GnC1 is an increasing sequence of finitely gen-

erated subgroups. Since Nh0 2 Homalf.K1.A/;Aff.T .B//=⇢B.K0.B///, there are homo-
morphisms hn W K1.A/ ! Aff.T .B// such that †B ı hnjGn D � Nh0jGn , n D 1; 2; : : : (see
Definition 2.5 for †B ). Since Nh0 2 Hom.K1.A/;R⇢B.K0.B//=⇢B.K0.B///, hnjGn 2

Hom.Gn;R⇢B.K0.B///. Since R⇢B.K0.B// is divisible, there exists homomorphism
h0;n W K1.A/ ! R⇢B.K0.B// such that h0;njGn D hnjGn .

By the second part of Definition 2.10, gTR.A ˝ Mr/  1 and gTR.B ˝ Mr/  1

for any supernatural number r of infinite type. By Lemma 5.2, there is a homomorphism
'n W A ! B such that

KL.'n/ D KL. 
0
/ D KL.'/; 'nT D 'T ; . 

0è
� '

è

n
/ ı sA D Nhn: (e 5.22)

Let Fn ⇢ FnC1 be a sequence of finite subsets of A such that
S1
nD1 Fn is dense in

A. By applying Theorem 5.5, we obtain a subsequence π'nk º and a sequence of unitaries
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πukº of B such that
��u⇤
kC1'nkC1.a/ukC1 �  k.a/

�� < 1=2kC1 for all a 2 Fk ;

where  1 D '1, and  jC1 D AdujC1 ı 'njC1 , j D 1; 2; : : : :

Then, π k.a/º is a Cauchy sequence for each a 2 A. Let  .a/ D limk!1  k.a/ for
a 2 A. Then,  defines a unital homomorphism from A to B . Since KL.'n/ D KL.'/

and 'nT D 'T for all n 2 N, one concludes that

KL. / D KL.'/;  T D 'T :

Note that NhnjGn D Nh0jGn . By (e 5.22),

. 
0è

�  
è
/ ı sAjGn D � Nh0jGn ; n D 1; 2; : : : :

It follows that
. 

0è
�  

è
/ ı sA D � Nh0:

Finally,

.'
è

�  
è
/ ı sA D .'

è
�  

0è
/ ı sA C . 

0è
�  

è
/ ı sA D �. Nh0 � Nh/ � Nh0 D Nh:

Definition 5.7. Let A be a unital separable C ⇤-algebra with stable rank at most n such
that T .A/ 6D ;. Let

j W Aff
�
T .A/

�
=⇢A

�
K0.A/

�
! U0

�
Mn.A/

�
=CU

�
Mn.A/

�
⇢ U

�
Mn.A/

�
=CU

�
Mn.A/

�

be the embedding.
Define R0 WD j.R⇢A.K0.A///. Denote by U.A/=CU.A/R the quotient group

�
U

�
Mn.A/

�
=CU

�
Mn.A/

��
=R0

and

…
R;cu
A

W U
�
Mn.A/

�
=CU

�
Mn.A/

�
! U

�
Mn.A/

�
=R0 D U

�
Mn.A/

�
=CU

�
Mn.A/

�R

is the quotient map. Denote by ⇡Rcu
A

W U.Mn.A//=CU.Mn.A//
R ! K1.A/ and �R

A
W

Aff.T .A// ! Aff.T .A//=R⇢A.K0.A// the quotient map. Since R⇢A.K0.A// is a divisi-
ble subgroup (a real subspace of Aff.T .B//, in fact), there is a splitting map

s
�

A
W U

�
Mn.A/

�
=CU

�
Mn.A/

�R
! U

�
Mn.A/

�
=CU

�
Mn.A/

�
(e 5.23)

such that …R;cu
A

ı s
�

A
D idU.Mn.A//=CU.Mn.A//

R .
If B is another separable C ⇤-algebra with stable rank at most n such that T .A/ 6D ;

and ' W A ! B is a unital homomorphism, then ' induces a continuous homomorphism
'

Rè W U.Mn.A//=CU.Mn.A//
R ! U.Mn.B//=CU.Mn.B//

R.
Let  2 KLe.A;B/

CC and T W T .B/ ! T .A/ be a continuous affine map.
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Let �R W U.Mn.A//=CU.Mn.A//
R ! U.Mn.B//=CU.Mn.B//

R be a homomor-
phism. We say .; T ; �R

/ is compatible if .; T / is compatible, �RjAff.T .A//=R⇢A.K0.A//
is induced by T , and ⇡Rcu

B
ı �R D jK1.A/ ı ⇡Rcu

A
.

Denote by Hom;T
.U.Mn.A//=CU.Mn.A//

R
; U.Mn.B//=CU.Mn.B//

R
/ the set

of all homomorphisms

�
R

W U
�
Mn.A/

�
=CU

�
Mn.A/

�R
; U

�
Mn.B/

�
=CU.Mn.B/

�R

which are compatible with .; T /. Fix

Ng 2 Hom;T

�
U

�
Mn.A/

�
=CU

�
Mn.A/

�R
; U

�
Mn.B/

�
=CU

�
Mn.B/

�R�
:

Then,
®

Ng � ˇ W ˇ 2 Hom;T

�
U

�
Mn.A/

�
=CU

�
Mn.A/

�R
; U

�
Mn.B/

�
=CU

�
Mn.B/

�R�¯

D Hom
�
K1.A/;Aff

�
T .B/

�
=R⇢B

�
K0.B/

��
:

We use the notation Ä Ng for the bijection ˇ 7! Ng � ˇ. Thus, we will view it as an abelian
group.

For the simplicity of notation, we will useU.A/,CU.A/, andCU.A/R forU.Mn.A//,
CU.Mn.A//, and CU.Mn.A//

R, or simply assume that the algebras A and B have stable
rank 1, and therefore n D 1.

Proposition 5.8. Let .; T / be a compatible pair. Then, there is a splitting short exact
sequence:

0 ! Hom
�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
! Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�

! Hom;T

�
U.A/=CU.A/

R
; U.B/=CU.B/

R�
! 0:

Proof. For each ⇣ 2 Hom;T
.U.A/=CU.A/; U.B/=CU.B//, consider …cu

B
ı ⇣.x/ for

all x 2 U.A/=CU.A/. Since

⇣
�
R⇢A

�
K0.A/

�
=⇢A

�
K0.A/

��
⇢ R⇢A

�
K0.B/

�
=⇢A

�
K0.B/

�

as ⇣ is compatible with .; T /, …cu

B
ı ⇣ vanishes on R⇢A.K0.A//=⇢A.K0.A// which

uniquely defines a homomorphism

…
H;R

.⇣/ 2 Hom;T

�
U.A/=CU.A/

R
; U.B/=CU.B/

R�
:

Fix
g 2 Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�

and let Ng WD …
H;R

.g/ 2 Hom;T
.U.A/=CU.A/

R
; U.B/=CU.B/

R
/. Using Äg and Ä Ng

and viewing

Hom;T

�
U.A/=CU.A/;U.B/=CU.B/

�
; Hom;T

�
U.A/=CU.A/

R
;U.B/=CU.B/

R�
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as abelian groups as described in Definitions 2.9 and 5.7, then

…
H;R

W Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�

! Hom;T

�
U.A/=CU.A/

R
; U.B/=CU.B/

R�

defines a homomorphism. If …R;cu
B

ı .g � ⇣/ D 0, then

g.x/ � ⇣.x/ 2 R⇢A.K0.B//=⇢A.K0.B// for all x 2 U.A/=CU.A/:

Since g and ⇣ are both compatible with .; T /, g � ⇣ defines a homomorphism from
K1.A/ to R⇢A.K0.B//=⇢A.K0.B//. Conversely, if g � ⇣ defines a homomorphism from
K1.A/ into R⇢A.K0.B//=⇢A.K0.B// (not just into Aff.T .A//=⇢A.K0.B//), then

…
H;R

.g � ⇣/ D 0:

It follows that

ker…H;R
D Hom

�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
:

For each ⇠ 2 Hom;T
.U.A/=CU.A/

R
; U.B/=CU.B/

R
/, define a homomorphism

⇣ W U.A/=CU.A/ ! U.B/=CU.B/ by ⇣ D s
�

B
ı ⇠ ı …

R;cu
A

. Since (see the line below
(e 5.23))

…
R;cu
B

.⇣/ D .…
R;cu
B

ı s
�

B
/.⇠ ı…

R;cu
A

/ D ⇠ ı…
R;cu
A

;

we have
…
H;R

.s
�

B
ı ⇠ ı…

R;cu
A

/ D ⇠: (e 5.24)

This implies that …H;R is surjective. Define

S
H;R

W Hom;T

�
U.A/=CU.A/

R
; U.B/=CU.B/

R�
! Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�

by SH;R.⇠/ D s
�

B
ı…

R;cu
A

. Then, by (e 5.24), SH;R is the splitting map.

Proposition 5.9. Consider (see Definition 2.9 for the notations)

Homalf
�
K1.A/;Aff

�
T .B/

�
=⇢B

�
K0.B/

��

D Hom
�
K1.A/=Tor

�
K1.A/

�
;Aff

�
T .B/

�
=⇢B

�
K0.B/

��
;

Homalf
�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��

D Hom
�
K1.A/=Tor

�
K1.A/

�
;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
:

Proof. Suppose that ⇠ 2 Homalf.K1.A/;Aff.T .B//=⇢B.K0.B///. Write

K1.A/ D

1[
nD1

Gn;
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where Gn ⇢ GnC1 and each Gn is finitely generated. For any x 2 Tor.K1.A//, there is an
integer n� 1 such that x 2Gn. Choose hn WK1.A/! Aff.T .B// such that†B ı hnjGn D

⇠jGn . Since Aff.T .B// is torsion-free, hn.x/D 0. It follows that ⇠.x/D 0. In other words,
⇠jTor.K1.A// D 0. Therefore, ⇠ gives a unique homomorphism x⇠ in

Hom
�
K1.A/=Tor

�
K1.A/

�
;Aff

�
T .B/

�
=⇢B

�
K0.B/

��
:

The map

G W Homalf
�
K1.A/;Aff

�
T .B/

�
=⇢B

�
K0.B/

��

! Hom
�
K1.A/=Tor

�
K1.A/

�
;Aff

�
T .B/

�
=⇢B

�
K0.B/

��

given by ⇠ 7! x⇠ is an injective group homomorphism.
To see the surjectivity, let x⇣ 2 Hom.K1.A/= Tor.K1.A//;Aff.T .B//=⇢B.K0.B///.

Define
⇣ W K1.A/ ! Aff

�
T .B/

�
=⇢B

�
K0.B/

�

by ⇣ WD x⇣ ı q, where q W K1.A/ ! K1.A/=Tor.K1.A// is the quotient map.
For each n 2 N, let xGn be the image of Gn inK1.A/=Tor.K1.A//. Then, xGn is a free

abelian group. Therefore, there exists a homomorphism �n W xGn ! Aff.T .B// such that
†B ı �n D x⇣j xGn . Since Aff.T .B// is divisible, there is an extension

z�n W K1.A/=Tor
�
K1.A/

�
! Aff

�
T .B/

�

such that z�nj xGn D �n.
Define �n W K1.A/ ! Aff.T .B// by � 0

n
WD z�n ı q. Then,

⇣jGn D †B ı �njGn :

This implies that

⇣ 2 Homalf
�
K1.A/;Aff

�
T .B/

�
=⇢B

�
K0.B/

��
:

However, G.⇣/ D x⇣. Therefore, the map is surjective.
The second identity follows from the first one.

Theorem 5.10. Let A and B be unital finite separable simple amenable Z-stable C ⇤-
algebras which satisfy the UCT. Then, for every compatible pair .; T /, where  2

KLe.A;B/
CC and T W T .B/! T .A/ is an affine continuous map, there exists a splitting

short exact sequence

0 ! Hom
�
K1.A/=Tor

�
K1.A/

�
;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
! Hom;T ;app.A;B/

! Hom;T

�
U.A/=CU.A/

R
; U.B/=CU.A/

R�
! 0:
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Proof. By Theorem 4.3 and Lemma 5.2, for each compatible pair .; T /, there is a one-
to-one map

Ä W Hom;T ;app.A;B/ ! Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�
(e 5.25)

which is not void. Hence, Ä.Hom;T ;app.A;B// is a subset of

Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�
:

Choosing a splitting map s�
A

WU.A/=CU.A/R !U.A/=CU.A/, by Lemma 5.2 and Propo-
sition 5.8, the quotient map

…
H;R

W Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�

! Hom;T

�
U.A/=CU.A/

R
; U.B/=CU.B/

R�

restricting on Ä.Hom;T ;app.A; B// is surjective. Fix Œ'ç 2 Hom;T ;app.A; B/. If Œ ç 2

Hom;T ;app.A;B/ and …H;R
.Ä.Œ'ç// �…H;R

.Ä..Œ ç/// D 0, then, by Theorem 5.1,

Nh WD Ä
�
Œ'ç

�
� Ä

�
Œ ç

�
2 Homalf

�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
:

By Theorem 5.6, there is  1 W A ! B such that

KL. 1/ D KL.'/;  1T D T ; .'
è

�  
è
/ ı sA D Nh:

This implies, applying Theorem 4.3, that Homalf.K1.A/;R⇢B.K0.B//=⇢B.K0.B/// is a
subgroup in the subset Ä.Hom;T ;app.A;B// of an abelian group. Since

…
H;R

ı Ä
�

Hom;T ;app.A;B/
�

is a group, we conclude that Ä.Hom;T ;app.A;B// is a subgroup of

Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�
:

Thus, we obtain the short exact sequence, applying also Proposition 5.9.
To show that the short exact sequence splits, it suffices to show that

Hom
�
K1.A/=Tor

�
K1.A/

�
;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��

is divisible. However, this is immediate since R⇢B.K0.B//=⇢B.K0.B// is divisible.

Corollary 5.11. Let A and B be two finite separable simple amenable Z-stable C ⇤-
algebras which satisfy the UCT. Then,

Hom;T

�
U.A/=CU.A/; U.B/=CU.B/

�
=Hom;T ;app.A;B/

äHom
�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
=Homalf

�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
:
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Theorem 5.12. LetA andB be finite unital separable simple amenable Z-stable C ⇤-alge-
bras which satisfy the UCT. Suppose .;T / is a compatible pair, where 2KLe.A;B/

CC

and T W T .B/! T .A/ is an affine continuous map. Then, there exists a unital homomor-
phism ' W A ! B such that .KL.'/; 'T / D .; T /. Moreover,

Hom;T ;app.A;B/ ä Hom
�
K1.A/=Tor

�
K1.A/

�
;Aff

�
T .B/

�
=⇢B

�
K0.B/

��
:

Proof. By Lemma 5.2, there exists a unital homomorphism ' W A ! B such that
�
KL.'/; 'T

�
D .; T /:

Let Ä W Hom;T ;app.A;B/! Hom;T
.U.A/=CU.A/;U.B/=CU.B// be the one-to-one

map introduced in (e 5.25). Put g WD Ä.'/. If  W A! B is another unital homomorphism
with .KL. /;  T / D .; T /, Then, by Theorem 5.1,

g �  
è

2 Homalf
�
K1.A/;Aff

�
T .B/

�
=⇢B

�
K0.B/

��
:

In other words,

Ä
g

ı Ä
�

Hom;T ;app.A;B/
�

⇢ Homalf
�
K1.A/;Aff

�
T .B/

�
=⇢B

�
K0.B/

��
:

Note that Äg is also one-to-one. It follows from Theorem 5.6 that Äg ı Ä is surjective.
Hence,

Hom;T ;app.A;B/ ä Homalf
�
K1.A/;Aff.T .B/

�
=⇢B

�
K0.B/

��
:

Applying Proposition 5.9, one obtains

Hom;T ;app.A;B/ ä Hom
�
K1.A/=Tor

�
K1.A/

�
;Aff

�
T .B/

�
=⇢B

�
K0.B/

��
:

Corollary 5.13. Let A and B be unital finite separable simple amenable Z-stable C ⇤-
algebras which satisfy the UCT. Then, for any compatible triple .; T ; � /, where  2

KLe.A;B/
CC, T W T .B/ ! T .A/ is an affine continuous map, and

� W U.A/=CU.A/ ! U.B/=CU.B/

is a continuous homomorphism, there is a unital homomorphism ' W A ! B such that

KL.'/ D ; 'T D T ; '
è

D �

if one of the following holds:

(1) TR.B/  1,

(2) ⇢B.K0.B// D R⇢B.K0.B//,

(3) Hom.K1.A/;R⇢B.K0.B//=⇢B.K0.B///
D Homalf.K1.A/;R⇢B.K0.B//=⇢B.K0.B///,

(4) K1.A/ is torsion-free.
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Proof. Note that (2) follows from Theorem 5.10 immediately. Therefore, by [14, Propo-
sition 3.6], (1) follows.

Moreover, (3) follows from Corollary 5.11 and (4) follows from Theorem 5.12.

Remark 5.14. There are plenty of examples of

Hom
�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
=Homalf

�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
6D π0º:

In those cases, there are compatible triples .; T ; � / which cannot be represented by
homomorphisms from A to B .

To illustrate this, let us consider a simple example. By [6, Theorem 13.50], there is
a unital separable simple amenable Z-stable C ⇤-algebra A with a unique tracial state ⌧A
satisfying the UCT such that .K0.A/;K1.A/C; Œ1ç/D .Z;ZC; 1/ andK1.A/D Z=mZ for
some prime numberm� 2. Note that one has the following splitting short exact sequence:

0 ! R=Z ! U.A/=CU.A/ ! Z=mZ ! 0:

Let B D Z be the Jiang–Su algebra. Note that KL.A;B/ D KK.A;B/ D Hom.Z;Z/˚

Ext.Z=m;Z/. Let  2 KLe.A;Z/
CC with .Œ1Aç/ D Œ1Zç (there are m such elements,

and we will fix one). By Lemma 5.2, there is a unital homomorphism ' W A ! Z. Then,
'
è W U.A/=CU.A/ ! R=Z is a homomorphism which is compatible with .; ◆/, where ◆

induces the identity map on R. It follows that ker'è ä Z=mZ. One may also write

U.A/=CU.A/ D R=Z ˚ ker'è:

Note that

Hom;◆

�
U.A/=CU.A/; U.Z/=CU.Z/

�
D Hom.Z=mZ;R=Z/ ä Z=mZ:

Since K1.A/ D Z=mZ is a torsion group,

Homalf
�
K1.A/;R=Z

�
D Hom

�
K1.A/=Tor

�
K1.A/

�
;R=Z

�
D π0º:

Therefore, by Theorem 5.10, Hom;◆.A;B/ has only a single point. Thus,

Hom;◆;app.A;B/ 6D Hom;◆

�
U.A/=CU.A/; U.Z/=CU.Z/

�
:

Proposition 5.15. LetB be a unital finite separable simple amenableZ-stableC⇤-algebra
which satisfies the UCT such that R⇢B.K0.B// 6D ⇢B.K0.B//. Then, for any unital sep-
arable simple amenable Z-stable C ⇤-algebra which satisfies the UCT with Tor.K1.A//
6D π0º, and for any compatible pair .; T /, where  2 KLe.A;B/

CC and T W T .B/ !

T .A/ is a continuous affine homeomorphism, there is a compatible triple .;T ;� /, such
that no unital homomorphism ' W A ! B has the property that

�
KL.'/; 'T ; '

è
�

D .; T ; � /:
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Proof. Fix a compatible triple .; T /, where  2 KLe.A;B/
CC and T W T .B/! T .A/

is a continuous affine homeomorphism. It follows from Lemma 5.2 that there is a unital
homomorphism  W A ! B such that KL. / D  and  T D T .

Let x 2 K1.A/ n π0º such that px D 0 for some prime number p > 1.
Since R⇢B.K0.B// 6D ⇢B.K0.B//, there is y 6D 0 in ⇢B.K0.B// such that

®
r 2 Q W ry 2 ⇢B

�
K0.B/

�¯

is not dense in R. Note Dp D π
m

pn
W n 2 N [ π0º; m 2 Zº is dense in Q. Therefore, there

must be an integer n 2 N such that

.1=p
nC1

/y 62 ⇢B

�
K0.B/

�
; .1=p

n
/y 2 ⇢B

�
K0.B/

�
:

Put z0 D .1=p
nC1

/y. Then,
pz0 2 ⇢B

�
K0.B/

�
:

Let z be the image of z0 in R⇢B.K0.B//=⇢B.K0.B//. Then, z 6D 0 and pz D 0. Let Gx
be the subgroup of K1.A/ generated by x. Then, Gx ä Z=pZ. Define a homomorphism
hx W Gx ! R⇢B.K0.B//=⇢B.K0.B// by hx.x/ D z. Since R⇢B.K0.B//=⇢B.K0.B//
is divisible, there is a homomorphism Nh W K1.A/ ! R⇢B.K0.B//=⇢B.K0.B// such that
NhjGx D hx .

Now define
� W U.A/=CU.A/ ! U.B/=CU.B/

by � WD  
è C Nh ı…cu

A
. Then, .; T ; � / is compatible. If there was a unital homomor-

phism ' W A ! B such that 'è D � , then, for a fixed splitting map sA,

.'
è

�  
è
/ ı sA 2 Homalf

�
K1.A/;R⇢B

�
K0.B/

�
=⇢B

�
K0.B/

��
:

However,
.'
è

�  
è
/ ı sA D Nh ı…

cu

A
ı sA D Nh

which is not in Homalf.K1.A/;R⇢B.K0.B//=⇢B.K0.B///. A contradiction.

Remark 5.16. Note that if A is a unital separable simple C ⇤-algebra such that

gTR.A˝Mp/  1

for some supernatural number p of infinite type, then A as a C ⇤-subalgebra of A˝Mp

must have a finite faithful trace. In particular, A is stably finite.
Theorems 5.6, 5.10, and 5.12, Corollaries 5.11 and 5.13, and Proposition 5.15 all hold

if we replace the condition thatB is amenable and satisfies the UCT by gTR.B/ 1, since
we only use that before Theorem 5.6. If we further assume thatKi .A/ is finitely generated
(i D 0; 1), then the condition that A is Z-stable can be replaced by gTR.A˝Q/  1 as
we do not need Theorems 5.4 and 5.5.
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6. The sequence of maps, another description

Definition 6.1. Set

Ik WD
®
f 2 C0

�
.0; 1ç;Mk

�
W f .1/ 2 C1k

¯
:

Put A.k/ D A˝ Ik and e
A
.k/, the unitization of A.k/. We may identify

e
A
.k/

D
®
f 2 C

�
Œ0; 1ç; A˝Mk

�
W f .0/ 2 C1k ; f .1/ 2 A˝ 1k

¯
:

Note thatKi .A˝ Ik/ is identified withKiC1.A;Z=kZ/ (see [2, 1.2]). Let ⌘k W A.k/ ! A

be the homomorphism defined by ⌘k.f /D f .1/ for all f 2A.k/. Consider the short exact
sequence

0 ! S
�
Mk.A/

�
! A˝ Ik

⌘k
�! A ! 0;

where S.Mk.A// D πf 2 C.Œ0; 1ç;Mk/ W f .0/ D f .1/ D 0º. It gives the following six-
term exact sequence (see [2, equation (1.6)]):

K0.A/
// K0.A;Z=kZ/

⌘k⇤1
// K1.A/

⇥k
✏✏

K0.A/

⇥k
OO

K1.A;Z=kZ/
⌘k⇤0
oo K1.A/:

oo

(e 6.1)

One also has a (unnaturally) splitting short exact sequence

0 ! K0.A/=kK0.A/ ! K0.A;Z=kZ/ ! Tor
�
K1.A/;Z=kZ

�
! 0;

where Tor.K1.A/;Z=kZ/ D πy 2 K1.A/ W ky D 0º. Fix a splitting map

jk W Tor.K1.A/;Z=kZ/ ! K0.A;Z=kZ/:

Then, combining (e 6.1),

⌘k⇤1 ı jk D idTor.K1.A/;Z=kZ/ : (e 6.2)

Let ⇡C
A.k/

W
e
A
.k/ ! C be the quotient map and

�
⇡

C
Mn.A

.k//

�u
W U

�
Mn

�e
A
.k/

��
! U

�
Mn.C/

�

the induced group homomorphism. Define, for any n � 1,

U
�
Mn.A˝ Ik/

�◆
D ker

�
⇡

C
Mn.A

.k//

�u
D

®
u 2 Mn

�e
A
.k/

�
W ⇡

C
A.k/

˝ idn.u/ D 1n

¯
:

Denote CU.Mn.A˝ Ik//◆ WD CU.Mn.
BA˝ Ik// \ U.Mn.A˝ Ik//◆.

Definition 6.2. LetD be a non-unitalC ⇤-algebra with T .D/ 6D;. For each f2Aff.T .D//,
define ◆]

D
W Aff.T .D// ! Aff.T . zD// by ◆]

D
.f /.˛tC C .1 � ˛/⌧/ D .1 � ˛/f .⌧/ for all

0  ˛  1, ⌧ 2 T .D/, and tC 2 T . zD/ such that tCjD D 0, where tC WD t ı ⇡C
D

such that
⇡

C
D

W zD ! C is the quotient map and t is the unique tracial state on C. Put

Aff
�
T .D/

�◆
D

®
◆
]

D
.f / W f 2 Aff

�
T .D/

�¯
⇢ Aff

�
T . zD/

�
:
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Definition 6.3. Let kD 0;2; : : : : Suppose thatA is a unitalC ⇤-algebra and has stable rank
at most n � 1. Note that since K0..A˝ Ik// is a torsion group, ⇢eA.k/.K0.A˝ Ik/

⇠
/ D

Z � 1T , where 1T represents the constant affine function on T .eA.k// with value 1. Then,

⇢eA.k/
�
K0.A˝ Ik/

⇠�
D Z � 1T :

One then checks that Aff.T .A˝ Ik//◆ \ ⇢eA.k/.K0..A˝ Ik/
⇠
// D π0º.

On the other hand, let x 2 K1.A˝ Ik/ and u 2 U.Mn.A˝ Ik// a unitary which rep-
resents x. Suppose that

⇡
C

Mn.
eA.k//.u/ D z

which is a scalar unitary. Let Z 2 Mn.C � 1eA.k// be the same scalar matrix in Mn.
e
A
.k/
/.

Put vD uZ
⇤. Then, ŒvçD Œuç inK1.A˝ Ik/ and v 2U.A˝ Ik/◆. This implies that…cu

A.k/
,

the restriction of …cueA.k/ on U.A˝ Ik/◆=CU.A˝ Ik/◆, is surjective. Thus, from the short
exact sequence

0 ! Aff
�
T .

e
A
.k/
/
�
=Z ! U

�
Mn.

e
A
.k/
/
�
=CU

�
Mn.

e
A
.k/
/
� …

cufA.k/
����! K1.A

.k/
/ ! 0;

one obtains the following short exact sequence:

0 ! Aff
�
T .A˝ Ik/

�◆
! U

�
Mn.A˝ Ik/

�◆
=CU

�
Mn.A˝ Ik/

�◆
…
cu

A.k/

����! K1.A˝ Ik/ ! 0: (e 6.3)

Let A and B be unital C ⇤-algebras of stable rank no more than n � 1. Fix a compat-
ible pair .; T /. Then, T induces an affine continuous map ⌧ ˝ s 7! T .⌧/ ˝ s from
T .B ˝ Ik/ to T .A˝ Ik/ which in turn induces an affine continuous map

x
.k/

]
W Aff.T .A˝ Ik//

◆
! Aff .T .B ˝ Ik//

◆
:

Let .k/� W U.Mn.A˝ Ik//◆=CU.Mn.A˝ Ik//◆ ! U.Mn.B˝ Ik//◆=CU.Mn.B ˝ Ik//◆

be a continuous homomorphism. We say that .; T ; 
.k/

� / is compatible if the following
diagram commutes:

0 // Aff
�
T .A˝ Ik/

�◆

x.k/
]

✏✏

// U
�
Mn.A˝ Ik/

�◆
=CU

�
Mn.A˝ Ik/

�◆


.k/

�

✏✏

…
cu

A.k/
// K1.A˝ Ik/

jK0.A;Z=kZ/

✏✏

// 0

0 // Aff
�
T .B ˝ Ik/

�◆
// U

�
Mn.B ˝ Ik/

�◆
=CU

�
Mn.B ˝ Ik/

�◆ …cuB.k/
// K1.B ˝ Ik/ // 0:

(e 6.4)

Recall that Aff.T .A˝ Ik//◆ is identified with Aff.T .A˝ Ik//◆=⇢eA.k/.K0.A˝ Ik
⇠
//.

Note that the homomorphism ⌘k also gives the following commutative diagram:

0 // Aff.T .A˝ Ik//◆

⌘k]

✏✏

// U.Mn.A˝ Ik//◆=CU .Mn.A˝ Ik//
◆

⌘
è

k

✏✏

…
cu

A.k/
// K1.A˝ Ik/

Œ⌘k çjK0.A;Z=kZ/

✏✏

// 0

0 // Aff.T .A//=⇢A.K0.A// // U.Mn.A//=CU.Mn.A//

…
cu

A.k/
// K1.A/

// 0:
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Denote by Ä WD π
.k/

� ºkD0;2;::: a sequence of homomorphisms. We say .; T ; Ä/ is
totally compatible if, for each k � 2, the following diagram commutes:

0
!

A
ff
.
T
.
A
.
k
/
/
/
◆

U
.
M
n
.
A
.
k
/
/
/
◆
=
C
U
.
M
n
.
A
.
k
/
/
/
◆

K
1
.
A
.
k
/
/

0

0
!

A
ff
.
T
.
A
/
/
=
⇢
A
.
K
0
.
A
/
/

U
.
M
n
.
A
/
/
=
C
U
.
M
n
.
A
/
/

K
1
.
A
/

0

0
!

A
ff
.
T
.
B
.
k
/
/
/
◆

U
.
M
n
.
B
.
k
/
/
/
◆
=
C
U
.
M
n
.
B
.
k
/
/
/
◆

K
1
.
B
.
k
/
/

0

0
!

A
ff
.
T
.
B
/
/
=
⇢
B
.
K
0
.
B
/
/

U
.
M
n
.
B
/
/
=
C
U
.
M
n
.
B
/
/

K
1
.
B
/

0
:

⌘
k
]


.
k
/

]

⌘
è k


.
k
/

�

Œ⌘
k
ç


j


]


�


j
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Note that the assumption that C ⇤-algebras have finite stable rank is not necessary. We
put it here for convenience so we do not need to draw infinite matrices.

Proposition 6.4. (1) The short exact sequence of (e 6.3) splits uniquely for k � 2.
(2) Suppose .;T ;0

Ä
/ and .;T ;00

Ä
/ are totally compatible, where 0

Ä
D π0

�
;
.k/

0
� W

k � 2º and 00
Ä

D π00
�
; 
.k/

00
� W k � 2º, and


0
�
; 

00
�

W U
�
Mn.A/

�
=CU

�
Mn.A/

�
! U

�
Mn.B/

�
=CU

�
Mn.B/

�

and


.k/

0
�
; 
.k/

00
�

W U
�
Mn.A

.k/
/
�◆
=CU

�
Mn.A

.k/
/
�◆

! U
�
Mn.B

.k/
/
�◆
=CU

�
Mn.B

.k/
/
�◆

are continuous homomorphisms. Then, .0
�

� 00
�
/ induces a homomorphism in

Hom
�
K1.A/=Tor

�
K1.A/

�
;Aff

�
T .B/

�
=⇢B

�
K0.B/

��
:

(3) In .2/, if 0
�

D 
00
�

, then 0
Ä

D 
00
Ä

.

Proof. (1) The fact that the short exact sequence splits follows from the fact that
Aff.T .A˝ Ik//◆ is divisible. Let s

A.k/
be a splitting map. Then,…cu

A.k/
ı s
A.k/

D id
K1.A

.k//
.

Suppose that s W K1.A ˝ Ik/ ! U.Mn.A ˝ Ik//◆=CU .Mn.A˝ Ik//
◆ is another split-

ting map. Then, s
A.k/

� s maps K1.A.k// to Aff.A˝ Ik/◆. However, Aff.T .A˝ Ik//◆ is
torsion-free andK1.A˝Ik/äK0.A;Z=kZ/ is a torsion group. It follows that s

A.k/
� sD 0.

(2) Let x 2 Tor.K1.A//. Choose an integer k � 2 such that kx D 0. Let

Tor
�
K1.A/;Z=kZ

�
D

®
y 2 K1.A/ W ky D 0

¯
:

Recall that K1.A˝ Ik/ D K0.A;Z=kZ/. Let

s
A.k/

W K1.A˝ Ik/ ! U
�
Mn.A˝ Ik/

�◆
=CU

�
Mn.A˝ Ik/

�◆

be the unique splitting map.
Suppose that .; T ; 0

Ä
/ and .; T ; 00

Ä
/ are totally compatible. Then,

.
.k/

�

0
� 

.k/

�

00
/jAff.T .A//=⇢A.K0.A//

D 0: (e 6.5)

Moreover, the map

.
.k/

�

0
� 

.k/

�

00
/ ı s

A.k/
W K1.A˝ Ik/ ! Aff

�
T .A˝ Ik/

�◆

has to be zero, as Aff.T .A ˝ Ik//◆ is torsion-free. In particular, for any element z with
finite order,

.
.k/

�

0
� 

.k/

�

00
/ ı s

A.k/
.z/ D 0:

By the 12-term commutative diagram above at the end of Definition 6.3, for any y 2

U.Mn.A˝ Ik//
◆
=CU .Mn.A˝ Ik//

◆, one has

.
0
�

� 
00
�
/ ı ⌘k

è
.y/ D ⌘k

B

]

�

.k/

�

0
� 

.k/

�

00�
.y/;
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where ⌘B
k

W B ˝ Ik ! B is defined by ⌘B
k
.f / D f .1/ for all f 2 B ˝ Ik as ⌘k defined.

As mentioned above, since Aff .T .B ˝ Ik//
◆ is torsion-free, if y has finite order,

.
0
�

� 
00
�
/ ı ⌘k

è
.y/ D ⌘k

B

]

�

.k/

�

0
� 

.k/

�

00�
.y/ D 0:

By the 12-term diagram above, again, since s
A.k/

is unique,

⌘k⇤1 D …
cu

A
ı ⌘

è

k
ı s
A.k/

:

Therefore (recall (e 6.2)),

…
cu

A

�
ker.0

�
� 

00
�
/
�

� Tor
�
K1.A/;Z=kZ

�
:

Consequently, for any splitting map sA (see also (e 6.5)),

J
�

Aff
�
T .A/

�
=⇢A

�
K0.A/

��
C sA

�
Tor

�
K1.A/;Z=kZ

��
⇢ ker.0

�
� 

00
�
/;

where J W Aff.T .A//=⇢A.K0.A// ! U.A/=CU.A/ is given by the (inverse of) determi-
nant map. This implies that .0

�
� 00

�
/.x/ D 0. Hence,

.
0
�

� 
00
�
/jTor.K1.A// D 0:

This proves (2).
(3) For any k � 2, by (1), since s

A.k/
is unique, the diagram (e 6.4) becomes

0 // Aff .T .A˝ Ik//
◆

x.k/
]

✏✏

// Aff.T .A˝ Ik//◆ ˚ s
A.k/

.K1.A˝ Ik//


.k/

�

✏✏

…
cu

A.k/
// K1.A˝ Ik/

jK0.A;Z=kZ/

✏✏

// 0

0 // Aff.T .B ˝ Ik//◆ // Aff.T .B ˝ Ik//◆ ˚ s
B.k/

.K1.B ˝ Ik//
…
cu

B.k/
// K1.B ˝ Ik/ // 0:

Then, as Aff.T .A ˝ Ik//◆ and Aff.T .B ˝ Ik//◆ are torsion-free, and K1.A ˝ Ik/ and
K1.B ˝ I.k// are torsion, we may write the decomposition .k/� D ]

.k/
˚ j

K1.A
.k//

which is uniquely determined by  and T . Thus, (3) follows.

Theorem 6.5. Let A and B be unital finite separable simple amenable Z-stable C ⇤-
algebras such that A and B satisfy the UCT. Then, for any totally compatible triple
.; T ; Ä/, where  2 KLe.A; B/

CC, T W T .B/ ! T .A/ is a continuous affine homo-
morphism, and Ä D π

.k/

� ºkD0;2;::: is as defined in Definition 6.3, there is a unital homo-
morphism ' W A ! B such that .KL.'/; 'T ; '

è

Ä
/ D .; T ; Ä/.

Proof. Fix a compatible pair .; T /. By Lemma 5.2, there is a unital homomorphism
 W A ! B such that KL. / D , and  T D T . Clearly, .KL. /;  T ;  

è

Ä
/ is totally

compatible.
Suppose that .; T ; Ä/ is totally compatible. Then, by Proposition 6.4,  è � �

induces a homomorphism Nh 2 Hom.K1.A/=Tor.K1.A//;Aff.T .B//=⇢B.K0.B///. It fol-
lows from Theorem 5.12 that there is a unique (up to approximately unitarily equivalent)
unital homomorphism ' WA!B such thatKL.'/D ; 'T D T , and è � 'è D Nh. It fol-
lows that 'è D � . Since .;T ;'

è

Ä
/ is totally compatible, by Proposition 6.4, 'è

Ä
D Ä .
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Remark 6.6. Theorem 6.5 provides a complement to Theorem 5.12 and is a consequence
of Theorem 5.12 as the proof presented. It also provides a seemingly more functorial
description. However, 'è

Ä
is really a sequence of maps, and, by (3) of Proposition 6.4,

most of the data are redundant. It does not appear to fit Theorem 4.3, the uniqueness
theorem, well enough as Theorem 4.3 only requires one map 'è from the list of 'è

Ä
.

By (1) of Proposition 6.4 (and its proof), for k � 2, the splitting map

s
A.k/

W K0.A;Z=kZ/ D K1.A˝ Ik/ ! U
�
Mn.A˝ Ik/

�◆
=CU

�
Mn.A˝ Ik/

�◆

is a natural map. It follows that the composition

⇣
A

k
WD ⌘

è

k
ı s
A.k/

W K0.A;Z=kZ/ ! U
�
Mn.A/

�
=CU

�
Mn.A/

�

is also natural. By the last large diagram in Definition 6.3, in which .; T ; Ä/ is totally
compatible, it is equivalent to say that .; T ; � / is compatible together with

⇣
B

k
ı jK0.A;Z=kZ/ D � ı ⇣

A

k
for each k � 2:

In Section 5, we state that, for a fixed compatible pair .; T /, Hom;T ;app.A; B/

is a subset of Hom;T
.U.A/=CU.A/; U.B/=CU.B//. Theorems 5.10 and 5.12 provide

a complete description of this subset. One advantage of Theorems 5.10 and 5.12 is that
they provide Corollary 5.13 which could not be seen from Theorem 6.5 as easily. More
importantly, they reveal that it is the subgroup R⇢B.K0.B//=⇢B.K0.B// that prevents
some of the compatible triples .; T ; � / from being realized by homomorphisms (see
also Proposition 5.15).

Theorem 6.7 (cf. [7, Theorem 29.5]). Let A and B be unital finite separable simple
amenable Z-stable C ⇤-algebras which satisfy the UCT. Suppose that there is an isomor-
phism �i W Ki .A/ ! Ki .B/ (i D 0; 1) and an affine homeomorphism T W T .B/ ! T .A/

such that �0.Œ1Aç/ D Œ1B ç and .⇢B ı �0.x//.⌧/ D ⇢A.x/.T / for all x 2 K0.A/ and ⌧ 2

T .B/. Then, there exists an isomorphism ˆ W A ! B such that ˆ induces �i (i D 0; 1)
and T . Moreover, if there is a totally compatible triple .; T ; Ä/, where  2 KL.A;B/

such that .Œ1Aç/ D Œ1B ç,  induces isomorphisms from Ki .A/ onto Ki .B/ (i D 0; 1), T
is an affine homeomorphism, and Ä D π

.k/

� ºkD0;2;::: is as defined in Definition 6.3, then
there is an isomorphism  W A ! B such that .KL. /;  T ;  

è

Ä
/ D .; T ; Ä/.

Proof. The first part of the statement follows from [7, Theorem 29.5] (and the last two
sentences of the proof). However, the first part also follows from the second part which
can be proved using the results of this paper. In fact, there is  2KL.A;B/ which induces
�i (i D 0; 1). By Lemma 5.2, there is a unital homomorphism ' W A ! B such that
.KL.'/; 'T ; '

è

Ä
/ D .; T ; '

è

Ä
/, which is totally compatible. Hence, the first part follows

from the second part.
For the second part, by the UCT, there is a �1 2KL.B;A/ so that  ⇥ �1 DKL.idA/

and .�1
; 

�1
T
/ is compatible. It follows from Lemma 5.2 again that there is a unital
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homomorphism ‰ W B ! A such that KL.‰/ D 
�1 and ‰T D 

�1
T

. Consider the endo-
morphism ‰ ı ' W A ! A. Then, KL.‰ ı '/ D KL.idA/ and .‰ ı '/T D idT.A/. By
Theorem 5.1, there is h 2 Homalf.K1.A/;Aff.T .A//=⇢A.K0.A/// such that

�
idè
A

�.‰ ı '/
è
�

ı sA D h:

It follows from Theorem 5.6 that there is a unital homomorphism H
0 W A ! A such that

KL.H
0
/DKL.idA/,H 0

T
D idT.A/, and ..H 0

/
è � idè

A
/ ı sA D h. Then,KL.H ı‰ ı '/D

KL.idA/, .H 0 ı‰ ı '/T D idT.A/, and

.H
0
ı‰ ı '/

è
D idU.A/=CU.A/ :

Put H WD H
0 ı ‰ W B ! A. Then, KL.H/ D 

�1, HT D 
�1
T

, and H è D 
�1
�

. It fol-
lows from Theorem 4.3 thatH ı ' is approximately unitarily equivalent to idA and ' ıH

is approximately unitarily equivalent to idB . By the standard Elliott approximately inter-
twining argument, one obtains an isomorphism  W A ! B such that KL. / D KL.'/,
'T D T , and 'è D � . It follows from (3) of Proposition 6.4 that 'è

Ä
D Ä .

Remark 6.8. Our method heavily depends on [6, 7] and is in the same lines of those
of [18]. Two ingredients of the proof are Winter’s deformation method [26] and the asymp-
totic unitary equivalence of homomorphisms (see [15]). As this note was being drafted,
we were aware that a general result of this type has been announced by J. Carrion, J.
Gabe, C. Schafhauser, A. Tikuisis, and S. White which we understand do not use Winter’s
deformation method [26] and the asymptotic unitary equivalence of homomorphisms.
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