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Simple stably projectionless C*-algebras with generalized tracial
rank one

George A. Elliott, Guihua Gong, Huaxin Lin, and Zhuang Niu

Abstract

We study a class of stably projectionless simple C*-algebras which may be viewed as
having generalized tracial rank one in analogy with the unital case. A number of structural
questions concerning these simple C*-algebras are studied, pertinent to the classification of
separable stably projectionless simple amenable Jiang-Su stable C*-algebras.

1 Introduction

Recent developments in the program of classification of simple amenable C*-algebras led to the
classification of unital simple separable C*-algebras with finite nuclear dimension in the UCT
class (see, for example, [22], [16], and [52]). The isomorphism theorem was established first
for those unital simple separable amenable C*-algebras with generalized tracial rank at most
one (see [22]). Unital simple C*-algebras with generalized tracial rank at most one have good
regularity properties. For example, these simple C*-algebras have strict comparison for positive
elements, have stable rank one, and are quasidiagonal. All quasitraces are traces. When they are
separable and amenable, they are Z-stable. These C*-algebras have many other good properties
which lead to the classification by the Elliott invariant when they satisty the UCT. In [I6], using
[52], we showed that unital finite simple (separable) C*-algebras with finite nuclear dimension
which satisfy the UCT have generalized tracial rank at most one after tensoring with a UHF-
algebra of infinite type. This completed the classification of unital simple separable C*-algebras
with finite nuclear dimension in the UCT class. In the present paper, we study the non-unital
version of the notion of generalized tracial rank one.
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2 Notation

Definition 2.1. Let A be a C*-algebra. Denote by Ped(A) the Pedersen ideal (see Section 5.6
of [38]).
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Denote by rT(A) the topological convex cone of all densely defined lower semicontinuous
positive traces equipped with the topology of point-wise convergence on elements of Ped(A).
Recall that, if 7 € T(A) and b € Ped(A)_, then 7 is a finite (equivalently, bounded) trace on

bAb. One checks easily that rT(A) is a Hausdorff space.
Let T(A) denote the tracial state space of A. Set

Ti(A) = {r € T(A) : |7(a)| < 1, a € Ped(A) and |a| < 1}.

If 7 € T1(A), then it can be extended to a positive linear functional on A with norm at most
one. Therefore, we may view T1(A) as a subset of the unit ball of A*. In this way, we may write
that T(A) C T1(A). T1(A) is also a closed set in T(A). If A = Ped(A), then T(A) generates
T(A) as a cone.

Suppose that A is o-unital. In the case that Ped(A), contains a full element a of A (in

particular when A is simple), let us clarify the structure of T(A) Put A; = aAa. Then we may
identify A with a o-unital hereditary sub-C*-algebra of A; ® K by Brown’s theorem ([3]). By
2.1 of [51], A} = Ped(A;). Therefore, T1(A;) generates T(A) = T(A;) as a cone. On the other
hand, again, since A7 = Ped(A;), T1(A1) is the weak*-compact convex subset of all tracial
positive linear functionals on A; with norm at most one, and is a Choquet simplex.

Consider the closure S of T(A) in T(A) in the above mentioned topology. Let T(A)" denote
the weak* closure of T(A) in the dual space of A. Clearly, as a set, T(A) C S. Note that each
clement in T(A)" is a trace of A with norm at most one. Let 2 : T(A)" — S be the embedding as
a subset. So the map ¢ is one-to-one. Supposet € S. Then, t is a densely defined linear functional
and [t(b)| <1 for all b € Ped(A) with [|b]| < 1. Thus, it uniquely extends to an element of A* with
norm at most one. Choose a net (7,) in T(A) such that 7,(b) — t(b) for all b € Ped(A). Since
Ped(A) is dense in A, and ||7,|| =1 and ||¢|| < 1, one concludes that 7,(a) — t(a) for all a € A.
This shows that S = T(A)W as subsets. In other words, ¢ is a bijection. On the other hand, if
7(a) — 7(a) for all a € A, where 73,7 € T(A)", then 75(b) — 7(b) for all b € Ped(A). In other
words, 1 is continuous. Moreover, T(A)" C A* is compact and S C T'(A) is Hausdorff. It follows
that ¢ is a homeomorphism. In what follows, we will identify S with @W, In particular, S is
compact.

Definition 2.2. Let 1 > ¢ > 0. Define

0, if t €[0,e/2],
fo(t) = t;/gz/z, if t € (/2,¢], (e2.1)
1 if t € (e,00).

Definition 2.3. Let A be a C*-algebra and let a € A, . Suppose that rI“(A) =% (). Define
dr(a) = lim 7(f-(a)), 7€ T(A),
e—0

with possibly infinite values. Note that f.(a) € Ped(4),,

is a continuous affine function on~T(A) (to [0,+00)). It follows that 7 +— d,(a) is a lower
semicontinuous affine function on T(A) (to [0, +0oc]). Note that

d;(a) = nh_)n(f)lo r(a/™), e T(A).

and by definition 7 — 7(f-(a))

Let a € Ay be a strictly positive element. Define
Sa(r) =ds(a), 7€ T(A).

The lower semicontinuous affine function ¥4 : T(A) — [0, +00] is independent of the choice of
a, and will be called the scale function (or just scale) of A.



Definition 2.4. Let A be a C*-algebra and let a,b € A;. We write a < b if there exists a
sequence (x,) in A such that z}bz, — a in norm. If a < b and b < a, we write a ~ b and say
that a and b are Cuntz equivalent. It is known that ~ is an equivalence relation. Denote by
Cu(A) the set of Cuntz equivalence classes of positive elements of A® K. It is an ordered abelian
semigroup ([7]). Denote by Cu(A)+ the subset of those elements which cannot be represented
by projections. We shall write (a) for the equivalence class represented by a. Thus, a < b will
be also written as (a) < (b). Recall that we write (a) < (b) if the following holds: for any
increasing sequence ((yn)), if (b) < sup{(y,)} then there exists ng > 1 such that (a) < (yn,) In
what follows we will also use the objects Cu™(A) and Cu™(yp) introduced in [43].

Definition 2.5. If B is a C*-algebra, we will use QT (B) for the set of quasitraces 7 with ||7|| = 1
(see [2]). Let A be a o-unital C*-algebra. Suppose that every quasitrace of every hereditary
sub-C*-algebra B of A is a trace.

If 7 € T(A), we will extend it to (A ® K)4+ by the rule 7(a ® b) = 7(a)Tr(b), for all a € A
and b € IC, where Tr is the canonical densely defined trace on K.

Recall that A has the (Blackadar) property of strict comparison for positive elements, if
for any two elements a, b € (A ® K); with the property that d.(a) < d.(b) < +oo for all
7 € T(A)\ {0}, necessarily a < b. In general (without knowing that quasitraces are traces), this
property will be called strict comparison for positive elements using traces.

Let S be a topological convex set. Denote by Aff(S) the set of all real continuous affine
functions, and by Aff (S) the set of all real continuous affine functions f with f(s) > 0 for all
s, together with zero function. N

Recall T(A)" denotes the closure of T(A) in T(A) with respect to pointwise convergence
on Ped(A) (see the end of [2.1). Suppose that 0 ¢ T(A)" and that T(A) generates T(A), in
particular. (By 4.5 below, these properties hold, in the case that A = Ped(A).) Then A has
strict comparison for positive elements using traces if and only if d, (a) < d,(b) for all 7 € T(A)
implies a < b, for any a, b € (A® K)4.

Definition 2.6. Let A be a C*-algebra such that 0 ¢ T(A)W. There is a linear map rug : Aga —
AfF(T(A)"), from A, to the set of all real affine continuous functions on T(A)", defined by

rag(a)(t) = a(r) = 7(a) for all 7€ T(A)"

and for all a € Ag.,.. Denote by A, the space rug(Ag.a.) and by AL the cone ryg(A4) (see [9)).

Denote by Affo(T1(A)) the set of all real continuous affine functions which vanish at zero,
and denote by Affoy(T1(A)) the subset of those f € Affo(T1(A)) such that f(t) > 0 for all
t € T1(A)\ {0} and the zero function. Denote by LAffo, (T(A)") the set of those functions f
on T(A)" (with values in [0, +00]) such that there exists an increasing sequence of continuous
affine functions f, € Affp,(T1(A)) such that f”|T w 7 f (as n — o0) and the zero function.

In particular, if f € Affp;(T1(A)), then f|T w € LAff(H_( (A)"). Denote by LAff, 0+ (T(A) ")

the subset of bounded functlons in LAffo, (T (Ww)

Note if T(A) = T(A)", Then LAff(T(A)") is the set of all those functions f on T(A)
which is the limit of an increasing sequence of strictly positive continuous affine functions f, €
Aff(T(A)) and zero function. In this case the set will also be denoted by LAff{(T(A)). We will
also use LAff;, . (T(A)) for LAﬂ“b,(H_(T(A)W) in this case.




Definition 2.7 (cf. [44]). Let A be a non-unital C*-algebra. We shall say that A almost has
stable rank one if for any integer m > 1 and any hereditary sub-C*-algebra B of M,,(A),

B C GL(B), where GL(B) is the group of invertible elements of B. This definition is slightly
different from that in [44].

Suppose that A ® K is o-unital, almost has stable rank one, and contains a full projection e,
then B = e(A ® K)e is unital. Since B almost has stable rank one, it follows that B has stable
rank one. By Theorem 6.4 of [42], B ® K has stable rank one. By Brown’s stable isomorphism
theorem ([3]), A ® K has stable rank one. This implies that A has stable rank one (see, for
example, 3.6 of [4]). Therefore, a o-unital simple C*-algebra A which almost has stable rank
one but does not have stable rank one must be stably projectionless. (We know of no such
example.)

Definition 2.8. Let A and B be C*-algebras and let ¢, : A — B be completely positive
contractive maps. We shall say that (¢,)52; is a sequence of approximately multiplicative
completely positive contractive maps if

li_)rn llon(a)on(b) — @n(ab)|| =0 for all a,b e A.

Definition 2.9. Let A be a C*-algebra. Denote by A! the closed unit ball of A, and by Ai’l
the image of the intersection A N A in A%.

We would like to end this section with the following proposition which is probably known.

Proposition 2.10. Let A be a o-unital C*-algebra and B be another C*-algebra. Suppose that
p: A — B is a contractive positive linear map and suppose that e € Ay is a strictly positive
element. Then p(e)Bp(e) = p(A)Bp(A).

Proof. Let C = ¢(A)Bp(A). Consider an approximate identity (by) of B. Then ¢(e)byp(e) —
w(e)?. Tt follows that ¢(e)? € C. Consequently op(e) € C. It follows that ¢(e)By(e) C C.

Let g be a state of C. Suppose that g(p(e)) = 0. We will show that g = 0.

For any n > 1, there exists \,, > 0 such that f;,,(e) < Aye. It follows that g(w(f1/,(e))) <
Ang(p(e)) = 0. Fix a € A;. Then

9(@(frym(e)afim(e))) < llallg(e(fiyn(e)?)) < llallg(p(fim(e))) = 0.

Since limy, o0 [[p(a) — @(f1/n(€)afi/m(€)]| = 0, one concludes that g(»(a)) = 0. This implies that
g(p(x)) =0 for all x € A.
We claim that, for any a € Ay \ {0}, g(p(a)bp(y)) =0 for any b € B and y € A. In fact,

l9(p(a)bo(y))* < g(e(a)p(a))g(e(y) b bp(y)) —g(cp( )*)g(0(y)*b*be(y)) (e2.2)
g(llalPe(==)2)g(e(y) b be(y)) = llal2g(p (5 ) g(p(y) b be(y)) (e2.3)

]
< llalg(e (7 )) (0 (y)*0"bp(y)) = 0. (e2.4)

Recall that, for any = € A, we may write x = (1 —x2)+ 1(3;3 —xy), where x; € Ay, i=1,2,3,4.
Therefore, for any b € B and y € A,

g(p( Zgo () bo(y Zg (zi)bp(y)) = 0. (e2.5)

It follows that g(z) =0 if z = ijl go(aj)bjgp(cj), where b; € B and aj,c; € A, j =1,2,....,m
Since the set {d 7 p(a;)bjp(c;) : bj € B, aj,cj € A} is dense in C, one concludes that g(c) =0
for all ¢ € C. In other words, g = 0.

This shows that ¢(e) is a strictly positive element of C. Therefore p(e)Cp(e) = C. On the
other hand, C' D ¢(e)Bp(e) D ¢(e)Cp(e) = C. So C = p(e)Byp(e). O




3 Some results of Rordam

For convenience, we would like to have the following version of a lemma of Rgrdam:

Lemma 3.1 (Rgrdam, Lemma 2.2 of [46]). Let a, b € A with 0 < a,b < 1 be such that
la — bl < /2. Then there exists z € A with ||z|| <1 such that

(a—9)y = 2"bz.
Proof. 1t follows from the hypothesis that there exists 2 > a > 1 such that
do := [jla — b%|| < §/2. (e3.1)

Put ¢ = b®. By Lemma 2.2 of [46],

f5(@)(a—= 60 1) f5(a)'7 < fs(a) Pefs(a)'/?,
where f5 is as defined in [2.2] Therefore,

fs(a)'(a = b0 - 1)+ f5(@)'/? < fs(a)'Pefs(a)'/?.
Thus,

(a—0)+ < f5(a)'/*(a = 8o - )4 f5(a)/? < fs(a)*efs(a)'/?.

Choose 0 < (8 < 1 such that fa > 1. Put a; = (a — 6)4 and by = fs(a)'/?cfs(a)'/?. Then, as in
the proof of Lemma 2.3 of [46], by 1.4.5 of [38], there is 71 € A such that ||| < Hbi/z_ﬂ/zH <1
and a}/z = rlbf/z. Therefore, a3 = rlb?ri‘. Note that bf = (fs5(a)2cfs5(a)'/?)P. Write y =
fs(a)'/2¢1/2. Then yy* = by. Let y = v(y*y)'/? be the polar decomposition of y in A** (so that

v € A*). Tt follows from 1.4 of [8] that vz € A for all € (y*y)A(y*y) and v(y*y)’v* = bf.
Note that

(y*y)" = (2 f5(a)c'/?)? < & =b°P. (e3.2)

Put v = 1/(af). Then 0 < v < 1. Let x = (c"/?fs(a)c’/?)?/2. Then 2> < & = v, Put
uy, = z((1/n) 4+ (b*P)/2)(pP)1/2=7/2 ' = 1,2, ... Then, as in the proof of 1.4.5 of [38], ||Ju,|| <
|(b28)1/2=7/2|| < 1 and (uy)n>1 converges to u € A in norm. Moreover, z = u(b*?)?/2. Tt follows
that that (y*y)? = zz = zz* = u(0*)u* = ubu*. Note that, z = (y*y)?/?, vz,v*z € A.
Therefore vu, € A for all n. It follows that vu € A. Note also that ||vu|| < 1. Now

(a—¥8)y =a; = rlbfrl = r1(v(y*y)Po*)rt = (roow)b(u*v*r) = 2*bz,
where z = v*v*r; = (vu)*ry € A and |z]| < 1. O

Lemma 3.2 (cf. (v) of Proposition 2.4 of [45] and Theorem 3 of [7]). Suppose that A is a (non-
unital) C*-algebra which almost has stable rank one. Suppose that a,b € Ay are such that a <b.
Then, for any 0 < 0, there exists a unitary u € A such that

u* fs(a)u € bAb.
Moreover, there exists x € A such that
r*r =a and xa* € bAD.

Furthermore, if 0 < a1,a2,b <1 are in A, and ajaz = ay, and ay < b, then there exists a unitary
u € A such that

u*aju € bAD. (e3.3)

In addition, if d € (A® K)4, then, for any e > 0, there exists a unitary u € A ® K such that
ufe(d)u* € My, (A) for some large n. This last statement also holds when A is unital.



Proof. The first statement follows from the proof of part (v) of [45]. The second statement (also
the first one) follows from Proposition 3.3 of [44] (see also Corollary 6 of |[39] and Lemma 1.4 of

33])-

To see the third statement, note that, by the first statement, for any § > 0, there exists a
unitary v € A such that

u* f5(ag)u € bAb. (e3.4)
Since ajas = a1 = asaq, one has f5(a2)1/2a1 = a1. Therefore,
wraru = u* fs(az) a1 f5(a2)?u < u* f5(az)u € bAD. (e3.5)

To see the last statement, let (e,),>1 be an approximate identity of A ® KC such that e, €
M, (A), n =1,2,.... Without loss of generality, we may assume that 0 < d < 1. Then, for any
e > 0, there exists n > 1 such that [|d — e,de,| < e/4. By Bl f./2(d) < endey,. Thus the last
conclusion follows from the first statement. One also notes that we do not use the condition
that A is not unital in the last few lines. O

We shall also need the following variant of 3.1l

Lemma 3.3. Let 1 > ¢ >0 and 1 > o > 0 be given. There exists 6 > 0 satisfying the following
condition: If A is a C*-algebra, and if x,y € Ay are such that 0 < x, y <1 and

lz =yl <0,
then there exists a partial isometry w € A™ with

ww* fo(z) = fo(x)ww* = fo(x), and (€3.6)
w*cw € yAy, ||wrcw — || < e|lc|| for all c € fy(x)Afs(z). (3.7)

If A almost has stable rank one, then w may be chosen to be a unitary in A.

Proof. Let €/4 > §; > 0 be such that, for any C*-algebra B, and any pair of positive elements
2,y € B with 0 <2, 3y <1 such that

2" —3'|| < o1,
then
| foy2(x") = fopa@)ll <o -€/8. (e3.8)

Put 7 = (061/16)?. Define g(t) = f,/2(t)/t for all 0 < ¢ < 1 and g(0) = 0. Then g € C((0, 1]).
Note that ||g|| < 2/0. Set d3 = 1nd1/16 and choose 0 < § < 1/3 such that, for any C*-algebra B,
and any pair of positive elements z”, y” € B with 0 < 2, ¢/ < 1 such that

=" —y"|| < 26,
one has
I(2")12 = (") /2| < 6. (€3.9)

Now let A be a C*-algebra and let x, y € A be such that 0 <z, y <1 and ||z — y|| < .
Then

||:172 —y2|| = ||:172 —xy+:17y—y2|| < 20. (e3.10)



Set z =y f,(2%)/2. Then, by (e3.9),

1(z*2)% —2ll = (@) P2 (222 — ] (e3.11)
< Gy A [[(f (@) 20 (@) )2 — (€3.12)
< S+ <o-61/8. (€3.13)

Also,
I(z"2) 2 =z < o-61/8+ [lw — yfy(a®) | (e3.14)
< 0-01/8 46+ |z — afy (2?2 (e3.15)
< 0'-51/8+(5+\/T_]<O"51/4. (63.16)

Consider the polar decomposition z = v(z*2)'/2 of z in A**. Then

[ofosa(@) = fopp@)l < Nvfoa(@) = vfopa((z*2) )| + [0fos2((272)"%) = fopa(@)]

< o-e/8+[0(2"2)"?9((2)"?) = fo a(@)] (using (e3.8))

= 0-¢/8+l29((z"2)"?) = fopa(a)|

< o-e/8 4 |lz9((2°2)' %) = (272) g ((z"2) )|

HI(z"2)2g((z°2) %) = fopa(@)l]

< ef8401/241(2°2)P9((*2)'?) = fopa(@)] (using (e3.16))

< ef4+ ”fa/2((2’*2’)1/2) — foy2(@)]|

< eg/d+o0-¢/8<¢g/2. (using (€3.8) and (e3.13))
Hence, for any ¢ € f,(z)Af,(z) with ||c| <1,

oo =l = Nofap@echsp@y’ -l (e3.17)
< €/2+ | fo)2(@)cfs o(x)v™ — || (e3.18)
= €/2+ |[vfo)2(@)c" foa(z) — (e3.19)
< g/24¢/2=c¢. (€3.20)

It follows from (the proof of) 2.2 of [46] that
(= ll2* = g? ) fy(2%) < fol@®)' 292 fy(a®) 2 < fo(a?).

So fn(x?)Af,(x?) is the same as the hereditary sub-C*-algebra generated by z*z = fn(x2)1/2y2fn(x2)1/2.
Note also that the hereditary sub-C*-algebra generated by zz* is contained in yAy. It follows
that

vev* € yAy for all ¢ € f(x2)Af,(22). (e3.21)
Choose w = v*. Then, since \/ < /4,
fa(x)fn(‘zz) = fo(z) and hence ww” f;(z) = fo(z)ww* = f,(z). (3.22)

Thus (e3.21) holds for all ¢ € f,(x)Af,(z). If A almost has stable rank one, we can choose § for
/2 and o/4 first. Then, for b = vf,/4(z), by Theorem 5 of [39], there is a unitary u € A such

that b = u” f4(x). Then, for any ¢ € f,(x)Afy(7), u*cu = vev* and so w can be replaced by w.
[l



Lemma 3.4 ([46]). Let A be a C*-algebra and a € Ay be a full element. Then, for any b € A,
any € > 0 and any g € Cp((0,+00)) whose support is in [e,+00), there are x1,Tg,...,xy, € A
such that

g(b) = Emzx;‘axi.
i=1

Proof. Fix € > 0. Since a is full, and, a and b are positive, there are z1, 23, ..., 2z, € A such that

m
I Zz;‘azi —b| <e.
i=1

Therefore, by 2.2 and 2.3 of [46], there is y € B such that

J-0) = (> 2fazy.
i=1

Therefore, since f.g = g,

g(b) = g0 Py* (> zfaz)yg(b)'/>.
i=1

We shall also need the following slight variant of a result of Rgrdam:

Theorem 3.5 (cf. 4.6 of [48]). Let A be an exact simple C*-algebra which is Z-stable. Then A
has the strict comparison property for positive elements: If a, b € (A® K)4 are two elements
such that

d-(a) < d-(b) < +o0 for all T € T(A)\ {0}, (€3.23)
then a < b.
Proof. Let a,b € (A® K)+ be as in (€3.23), and set

{reT(4):d,(b) =1} =S.
The assumption (e3.23) implies that
d;(a) < d;(b) for all 7€ S. (e3.24)
Since A is simple and b # 0, for every € > 0, ((a —€)4) < K(b) for some integer K > 1. Hence,
f(a) < f(b) for all f e S(Cu(A), (b))

(see [48] for the notation) Since, by Theorem 4.5 of [48], W (A ® K) is almost unperforated, and
by 3.2 of [48], a < b.
O

Corollary 3.6. Let A be an exact simple separable C*-algebra which is Z-stable. Then A
has the following strict comparison property for positive elements: If a, b € (B ® K)4 are two
elements such that

d-(a) < d.(b) < +o00 for all € T(B) ,

where B = cAc for some ¢ € Ped(A), \ {0}, then a < b.

8



Proof. The condition (3.23) of 3.5 holds since R, T(B)" = T(A). O

We would like to include the following statement.

Lemma 3.7. Let B be a separable semiprojective C*-algebra and A be another C*-algebra such
that there is an isomorphism j : A® K — B ® K. Then, for any € > 0 and any finite subset
F C A, there exist § > 0 and a finite subset G C A with the following property: If D is a
C*-algebra and L : A — D is a G-0-multiplicative completely positive contractive map, then
there exists a homomorphism h: A — D ® KC such that

|h(a) — L(a) @ ey 1] < e for all a € F,
where {e; ;} is a system of matriz units for K.

Proof. Let us write B® M,, C B ® M4 for all n and (J;2; B® M, is dense in B ® K. Let
en = Y iy €. Define d, : B&® K — B®M,, by sending b ® ¢ to b ® (epce,) for all b € B and
¢ € K. There is an integer N such that

l7(a) —dn(j(a))|| <e/8 for all a € F. (e3.25)

Write dy(j(a)) = Z?i(f) ba,i ® Cqi, where b, ; € B and cq; € My, 1 < i < m(a). Put Fyy =
{cai 1 <i<m(a), a € F} and F; = {z:i(f) bai @ Cqi : a € F}. Set A = max{(||bq| +
D(|lcaill + 1)m(a) : 1 <i<m(a):ae F}.

Since B ® My is semiprojective, there are a finite subset G C B ® My and dp > 0 satisfying
the following condition: if L' : B ® My — D’ (for any C*-algebra D’) is a Gi-dg-multiplicative
completely positive contractive map, there exists a homomorphism H : B&Mpy — D’ such that

I (b) — L'(b)]| < /8 for all be Fy. (¢3.26)

Since j is an isomorphism, there exist a finite subset G C A and ¢ > 0 satisfying the following
condition: if L : A — D (for any C*-algebra D) is a G-d-multiplicative completely positive
contractive map, then (L ® idg)(j7!) is a Gi-d-multiplicative completely positive contractive
map.

Let ¢ : My®K — K®K denote the inclusion and let ¢ : CQK — My ®K be an isomorphism.
There is a unitary U € Mj\:@)/lC such that

AdUopor Re 4N idMyexe on Fu ® 1.

Put o1 = AdU o . Consider ¥ = (idp® 1) o (j ®idx) : AQK @K — B®@My ® K. Thus, for
all @ € F (we identify A with the first corner of A ® ),

\I’(a®6171®6171) = (idB®(,01)(j(a)®€171) Re /8 (idB®<,01))(dN(j(a))®€1,1)
m(a) m(a)
= (iddp® (Pl)(z ba,i @ t(Cayi ® €1,1)) Re)a Z bai @ Cai ®e1,1
i=1 i=1

~ess J(a) ®enn. (€3.27)

Now assume L : A — D is a G-6-multiplicative completely positive contractive map. Consider
the maps L ®idx : A® K - D®K and (L ®idx)(j7!): B& K — D ® K, and the restriction
= (L®idk)(i Y| BeMy : B& My — D ® K.

Now @ is a Gq-dg-multiplicative completely positive contractive map. Therefore there is a
homomorphism hg : B® My — D ® K such that

|ho(b) — B(b)|| < £/8 for all be F. (¢3.28)



Then, for all a € F, by (e3.27), (e3.25), and (e3.28),

(h() ® id;g) o \I/(CL ®ey1 ® 6171) Re/2 (ho X id;c)(j(a) ® 6171) R /4 ((I) X id;c)(dN(j(a)) (= 61,1)
%a/S(L & id]c)((l & €1,1 & 61,1) = L(a) ® €1,1-

Define h : A - D®K as the composed map (idp ®1)ohgoWor, where 14(a) = a®ey ®eq 1
foralla € A and ¥ : QK — K is any isomorphism. From the last estimate the lemma follows.
The above proof may be summarized by the following non-commutative diagram with the upper
triangle approximately commutative on F, and the lower right one approximately commutative
on F1 ® e1,1:

A
idx)oe
beide) ldNOjOLA
BoKok- % poMyok-"%% _peokekx_"% _pok
11
i 1l@idg Jk®d)cl /M@C?
AQKRK

h:(idD®¢)O(ho®idK)O(idB®4p1)O(j@idK)OLA

4 Compact C*-algebras

Definition 4.1. A o-unital C*-algebra A is said to be compact, if there is e € (A ® K)+ with
0 < e <1 and a partial isometry w € (A ® K)** such that

w¥a, wraw € AQ K,ww*a = aww™ = a, and ew*aw = w*awe = w*aw for all a € A,
where A is identified with A ® e11.

Proposition 4.2. Let C be a o-unital C*-algebra and let c € C1 \ {0} with 0 < c¢ <1 be a full
element of C. Suppose that there is ey € C with 0 < e; < 1 such that eic = ce; = c. Then cCc
18 compact.

Proof. Set cCc = B. Consider the sub-C*-algebra
E = {(agj)2x2 : a11 € B,a1a € BC, a9 € CB,ay € C} C My(C),

containing By = B® e1; and Cy = C' ® ey as full corners, where {e; j : 1 < 1,5 < 2} is a system
of matrix units for Ms. We may then in a natural way view B; ® K and Cy ® K as full corners
of E® K. We may write

E®K={(aij)2><2 ta11 € B1 @K, a1 EB—C®]C,CL21 E@@K,CLQQ ECl®IC} C Mg(C@]C).

We also write Bs = B ® eg. Moreover, let p; be the range projection of By ® K and let ps be the
range projection of C; ® KC; then pi,ps € M(E®K). Put U = (a;;)2x2, where ajy = ajg = az =0
and as; = p1. Then Uc € EQK forall c € FEQK and UzU* € Bo®K C Co®K for all x € B1®K.
By 2.8 of [3], there is a partial isometry W € M(E ® K) such that W*(B; @ )W = Cy ® K,
WW* =p1, and W*W = py. Since W € M(E® K), Wb e E® K for all b € By ® K. It follows
that
UpiWb=UWbe& By®K for all be By ® K.
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In what follows we identify B with By. Put w = W*p,U* = W*U*. Then, for any b € B(=
By),
(w)*b =UpiWbe By @K, wbw=UWbW*U" € By ® ]C(: B®K).

This also implies that w*is a left multiplier of By ® K. So we may write w € (By ® K)** (which
we identify with (B ® K)**). Moreover, with e = UpiWe;W*p1U* € By ® K(= B ® K) (where
€1 ‘= ¢€1 X 622),

ew bw = UWeyaW*U*UWOWW*U* = UWerpobW*U* = UWer bW U = UWWW*U™* = w*bw
for all b € By. We also have w*bwe = ew*bw, ww*b = W*U*UWb = psb = b, and bww* = b for

all b € By(= B).
Thus, B is compact. O

Corollary 4.3. A o-unital full hereditary sub-C*-algebra of a o-unital compact C*-algebra is
compact.

Proof. Let A be a compact C*-algebra and let b € A, be a full element. Put B = bAb. Let e
and w be as in Definition 4.1l Put ¢ = w*bw, By = w*Bw, and C = A ® K. Then B = Bj.
Moreover, B; = cCc and ec = ce = ¢. So, by &2 B is compact.

[l

Lemma 4.4. Let A be a o-unital C*-algebra which is compact. Then, there ewists an integer
N > 1, a partial isometry w € My (A)™ and e € My (A) with 0 < e <1 such that

w*a,wraw € My(4), ww*a = aww* = a, and w*awe = ew*aw = w*aw for all a € A.

Proof. If A is unital, then we may choose N =1 and e = 14.

Let b € A be a strictly positive element with 0 < b < 1. We may assume, by Definition [4.1]
that A is a full hereditary sub-C*-algebra of a o-unital C*-algebra C' such that there is e; € C
with 0 < e; < 1 such that be; = b = e;b. Moreover, bCb = A. Since b is full in C, by Lemma
[3.4] there exist x1,x9, ..., 2, € C such that

> aibw = fiju(er).
i=1
Note that fi/4(e1)b = b = bfyi4(e1). Consider X* := (z3b'/2, 25012 . ak bY/?) as a l-row
element of M,,,(C). Then
X*X = fija(er) and XX* € My, (b1/2C01/2) = My, (A).
Consider the polar decomposition X = v|X*X|"/? of X in M,,(C)**. Then
vav* = v| X*X|V2a|X* X |20 = XaX* € M,,(A) for all a € A.

Note that Xb'/™ € M,,(A) for all n. Denote by p the range projection of b. Then Xp € M, (A)**.
Note also that Xp = v|X*X|'/2p = vp. Set w = (Xp)*. Then w* = vp and ww* = pX*Xp =
pf1/4(el)p = p. So w is a partial isometry. Note that, for any a € A, w*b*/"a = vpb'/"a =
Xb'/nq € A. Tt follows that w*a € A. Then

w aw = XaX* € M,,(A) for all a € A.
Set e = X X*. Then,

wrawe = XaX" X X" = Xaf (1) X" = XaX" = w"aw and
ew aw = X X" XaX" = Xf4(e1)aX” = Xa X" = w'aw. (e4.1)
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Lemma 4.5. Let A be a o-unital compact C*-algebra. Then 0 & T(A)W. Hence if a € A with
0 <a <1 is full, then there is d > 0 such that

d-(a) >d for all T € T(A) .

Proof. We may assume that T(A) # @. As in the proof of Lemmal4.4] without loss of generality,
we may assume that A is a full hereditary sub-C*-algebra of B® K for some o-unital C*-algebra
B such that thereis e; € (BK)4,0<e; <1,and eyx = ze; =z forallz € A. Put C = BRK.
Note that A C Ped(C). Since A is full in C, we may also assume that each 7 € T(A) has been
extended to a unique element of T(C'). Let ey € A4 be a strictly positive element of A. Recall
from 21 that T(A)" is weak*-compact subset of T;(A). Consider the set

S=A{r € Ti(A) : 7(fi/a(e1)) = 1}.
Then S is closed and 0 & S. Note that
T(A) = {r € T(C) : dr(eg) = 1}.
Then, for any 7 € T(A),
7(f1/a(e1)) > dr(eo) = 1. (e4.2)

It follows that T(A) C S, and so T(A)" C S. Therefore, 0 & T(A)" .
Since a is full in A, 7(a) > 0 for all nonzero traces. In particular, 7(a) > 0 for all 7 € T(A)" .

Thus the lower semicontinuous function 7 +— d;(a) si strictly positive on the compact set T(A)W.
Therefore d := inf{d,(a) : 7 € T(A)" } > 0.

0

Corollary 4.6. Let A be a o-unital C*-algebra which is compact and let a € A be a strictly
positive element with 0 < a < 1. Suppose that

d:=inf{d.(a) : 7 € T(A)" } > 0.
Then, for any d/3 < dy < d, there exists an integer n > 1 such that, for all m > n,
7(fi/m(@)) > do and 7(a*™) > do for all T € T(A)" .

Proof. This holds as both increasing sequences (7(f1/m(a)))p=; and (T(a'/™))2_, converge

pointwise to d.(a), and T(A)" is comapct. O
Theorem 4.7. Let A be a o-unital C*-algebra. Then A is compact if and only if Ped(A) = A.

Proof. Let a € A, be a strictly positive element.
First assume that A is compact. We will identify A with A®e;; C A® K. Then there exists
e € (A®K)4 and a partial isometry w € (A ® K)** such that

w'rzw e AQ K, ww'zrx = zww* =2, and wrwe = ew*zw = w*zw for all x € A.

Set z = w*a'/2. Then zz* € Ped(A ® K),. Hence, by 5.6.2 of [38], a = 2"z € Ped(4A ® K).
Therefore the hereditary sub-C*-algebra generated by a is contained in Ped(A ® K). In other
words, A C Ped(A ® K). By Theorem 2.1 of [51], A = Ped(A).

Conversely, assume that Ped(A) = A. Then there are b, € A, with ||b;|| <1,7=1,2,...,m,
such that

a'? <3 gi(by),
i=1

12



where g; € Cy((0,00)) and the support of g; is in [0, 00) for some 1/2 > ¢ > 0. Note that for
each i, g; = Z]K:l gi,j for some 0 < g; ; < 1 with the support of g; ; still in [, c0). Thus, without
loss of generality, we may assume that 0 < g; < 1.

Let ¢; = (gi(b;))"/?, i = 1,2, ..., m. Define

Z = (c1,¢2, .., Cm),

which we view as a m X m matrix with zero rows other than the first row. Define

E = diag(fs/2(b1), fo/2(b2); s fo/2(bm)) € My (A).

Note that -
7% = Zcf >a and Z*Z = (d; j)mxm,
i=1

where ..
d; j = cicj, 1,7 =1,2,...,m.

It follows that
E(Z*Z) == E(CiCj)me == (CiCj)me == (Z*Z)E

Consider the polar decomposition Z* = V|Z*|. Then

Va € My (A),VV*Z| = |Z|VV* = |Z|, and (VaV*)E = E(VaV*) = (VaV*)

for all x € (ZZ*)M,,,(A)(ZZ*). Note that A C (ZZ*)M,,(A)(ZZ*). Therefore A is compact.
O

The number n below will be used later.

Lemma 4.8. Let A be a o-unital C*-algebra with 0 ¢ mw. Suppose that A almost has
stable rank one and has the following property: If a,b € My, (A)+ for some integer m > 1, and
d-(a) < d-(b) for all T € T(A)", then a < b. Then A is compact. Moreover, let a € A with
0 <a <1 be a strictly positive element, set

d=1inf{d;(a): 7 € Ww}v

and let n be an integer such that nd > 1. There exist elements e, ea € M, (A) with 0 < ey, ey < 1,
erea = ege; = ey, and w € M, (A)*™* such that

w¥e,cw € M, (A),ww*ec = cww™ = ¢ for all c€ A, and (e4.3)

wcwey = eqwcw = wrcw for all ¢ € A. (ed.

Furthermore, there exist a full element by € Ped(A) with 0 < by < 1 and eg € Ped(A), such
that b()eo = e()bo = bo.

Proof. Let a € A, with 0 < a < 1 be a strictly positive element. Since 0 ¢ T(A)  and T(A)"
is compact (see the end of 2.1]), and d,(a) is lower semicontinuous, as stated in Lemma [4.5]

inf{d,(a) : 7 € T(A) } =d > 0.

Let n be an integer such that nd > 1.
By [£.6] there exists € > 0 such that

inf{7(fe(a)) : 7€ T(A)" } = dy > 2d/3

13



T W
)

and ndy > 1. So, for any 7 € T(A)
d-(a) <1< ndy <nr(f(a)) <d:(fe(a)).

Therefore,

>

a < diag(f(a), fe(a), ..., fo(a)) in M, (A).

>3

Put b = diag(f:(a), f(a
there exists x € M,,(A)

, ..y fe(a)). Since A is assumed almost to have stable rank one, by [3.2]
uch that

w0 ~—

¥z =a'? and za* € bM,,(A)b.

By considering the polar decomposition of = in M, (A)**, one obtains a partial isometry w €
M,,(A)** such that wA, Aw* C M, (A), w*we = cw*w = ¢ for all ¢ € A, and wAw* C bM,,(A)b.
n

Put e = diag(f./2(a), f-2(a), ..., f/2(a)). Then 0 < e < 1 and

ewcw® = wew*e = wew”® for all c € A.

This shows that A is compact. The second part of the statement with (e4.3) and (e4.4) also
holds.

For the last part of the statement, choose by = f-(a) and eg = f.2(a).
O

Remark 4.9. Let A be a o-unital C*-algebra and let e € A be a strictly positive element. Set
As = inf{d.(e) : 7 € T(A)}. (e4.5)

By 23l 0 < A\; < 1. Note that 0 ¢ mw if and only if Ay > 0. In particular, by @3] if A is
compact, As > 0. Note also A, = inf{d,(e) : 7 € T(A)" }.

Now let A be a o-unital exact simple C*-algebra. Let e € Ped(A), \ {0}. Consider the set
of traces normalized on e, T,(A4) = {r € T(A) : 7(e) = 1}. It is a compact convex set (see 2.6
of [51] and 2.6 of [27]). If A has strict comparison, A is said to have bounded scale if d,(a) is
a bounded function on T.(A) (see [1]). In the absence of strict comparison, let us say that A
has bounded scale if there exists an integer n > 1 such that n(e) > (a) for any a € Ay. As first
noted in [I], this is equivalent to saying that A is algebraically simple, and this in turn (in view
of M1 above) is equivalent to saying that A is compact.

Proposition 4.10. Let A be a o-unital C*-algebra with 0 ¢ T(A)W such that every trace in
T(A) is finite (equivalently, bounded) on A. Let BC A be a o-unital full hereditary sub-C*-algebra.
Then 0 & T(B)" .
Proof. Let b € By with ||b]| = 1 be such that B = bBb. Let e € Ay with |e| = 1 such that
A = eAe.

Since b is full, 7(b) > 0 for all 7 € T(A)" . Then, by continuity and compactness,

1> 71y =inf{r(b) : 7 € T(4) } > 0.

For any ¢t € T(B), the unique extension 7 € rI“(A) is finite, i.e., bounded, by hypothesis. Set
70 =7/||7]| € T(A) and t = ||7]| - 70| 5. It follows (since 19(b) > ro and ||7|| > 1) that

t(b) = [l - ro = ro.

This shows that 0 & T(B)" .
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Proposition 4.11. Let A be a o-unital simple C*-algebra, let c € Ped(A) be a positive element
and set C' = cAc. Then each T € T(C)" extends to a unique element o(t) € T(A). Moreover
o(T(CY") is compact in T(A) and 0 & +«(T(C)" ).

Proof. Note that the extension is unique. So ¢ is well defined. Moreover map ¢ is one-to-one.
Note, by 4.3l and [4.7, C' = Ped(C). Put K = T(C)" . Then, by 4.5, 0 ¢ K.

Consider 7,,7 € K such that 7,(b) — 7(b) for all b € C. Let us show that «(7,)(a) — (7)(a)
for all a € Ped(A).

By the definition of the Pedersen ideal, a < Y7 ; x; for some x; = g(v;), where y; € Ay, and
g € Cy((0,+00))4+ with compact support, i = 1,2, ...,n. It follows from [3.4] that (g(y;)) < m(c)
for some integer m > 1. Therefore, (a) < nm(c). It follows that

dz('ra)(a)a dZ(T)(a’) < nm. (e 4’6)

Then, for any b € aAa with [|b]| < 1, |1(74)(0)] < nm and |¢o(7)(b)| < nm. In other words,
[((7a) lzzall < nm-and. [|o(7)[75]| < nm. (e4.7)

For any € > 0, by B.4] there are z1, 29, ..., 2y € A such that

N
Z ziczi = fe(a). (e4.8)
i=1
It follows that
Za1/2z*cz a'’? = a'?f.(a)a'/?. (e4.9)

Consider the element b = ZZ 1 al/?z czia1/2 € aAa. Set 2| = za'? i =1,2,...,N. Then, since
M2 e O

'MZ

uta)(b) =

N N
Z Z CZ, 2 :Z 1/22/21*61/2 } :T 1/22/2/*01/2)
i= j=

=1

1
'MZ

1
N
7_( 1/2Z/Z/*Cl/2 2 :Z( 1/2Z/z/*cl/2)
1=1

i=1

1(7) (2 cz;) = (1) (b). (e4.10)

I
.MZ

i=1

Since a'/?f.(a)a'/? — a in norm, by (e4.7) and by (e4.9),

1(7a)(a) = (1)(a).
This shows that 2 is continuous. Since K is compact, +(K) is compact in T(A). Since 0 & K,
0¢uK)=1T(C)"). O

Definition 4.12. Let A be a o-unital C*-algebra with T(A) # {0}. Suppose that there is a
nonzero element e € Ped(A), which is full in A.

Set A, = eAe. Then, by Lemma 4.7l A, is compact. Consequently, by Lemma 4.5 0 ¢
rQ(AG)W. Assume that A is not unital. Each 7 € T(A4,) extends uniquely to a tra01al state on
Ae. There is a canonical order-preserving homomorphism pz : : Ko(A.) — AF(T(A.)"). By [3],
one may identify Ko(A) with Ko(A.). The composition of maps from Ko(A) to Ko(A.), then
from Ko(A.) to Ko(A,) and then to Aff(T(A.)") is a homomorphism which will be denoted by
pa. Denote by kerps the subgroup of Ko(A) consisting of those x € Ko(A) such that pa(z) = 0.

Elements in kerp4 are called infinitesimal elements.
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5 Continuous scale and fullness

Definition 5.1. The previous section discussed C*-algebras with bounded scale. Let us recall
the definition of continuous scale (|27] and [31]).
Let A be a o-unital C*-algebra. Fix an increasing approximate unit (e,) for A with the
property that
€nt+1€n = €népt1 = ey, for all n > 1.

The C*-algebra A is said to have continuous scale if, for any b € Ay \ {0}, there exists N > 1
such that
em —€n Sb, m>n>N.

This definition does not depend on the choice of (e,) above. By 5.3l below, if A has continuous
scale and T'(A) # @, then \; = 1.

Remark 5.2. Let A be a exact simple ( C*-algebra such that A ® Z = A. Then, by 6.6 of [19]
(see also 6.2.3 of [43]), the map (a) — (a) is an isomorphism of the ordered semigroup of purely
non-compact elements of Cu(A) with LAff, (T(A)). Hence [5.4] below implies that there exist a
non-zero hereditary sub-C*-algebra B of A ® K such that B has continuous scale.

In fact slightly more can be said. Let a L € AL be a strictly posmve element. One finds a
non-zero element b € (A ® K)4 such that <b> is continuous and <b> ( ). Write C = A® K
and view A as a hereditary sub-C*-algebra of C. Note that C' is also Z-stable. It follows from
part (ii) of Theorem 1.2 of [44] that there exists a nonzero positive element b; € C' such that
b1C C aC such that (b3) = (b)) = (b). Note that b? = b1b} € aCa = A. In other words, A
contains a positive element b; such that (/bl\> is continuous.

Thus Theorem [5.3] together with 5.4 imply that there exists a non-zero hereditary sub-C*-
algebra B of A such that B has continuous scale (see [L1.9] below).

Theorem 5.3 (cf. [31]). Let A be a o-unital non-elementary simple C*-algebra with continuous
scale. Then

(1) T(A) is compact;

(2) dr(a) is continuous on T( A) for any strictly positive element a of A,

(3) d.(a) is continuous on T(A)" for any strictly positive element a of A.

Conversely, if A has strict comparison for positive elements using tracial states (see [21),
and A is algebraically simple, then (1), (2), and (3) are equivalent and also equivalent to each
of the following conditions:

(4) A has continuous scale;

(5) d(a) is continuous on T( )" for some strictly positive element a of A;

(6) d.(a) is continuous on T(A) for some strictly positive element a of A.

Proof. Most parts of the theorem are well known. That (1) holds is perhaps less well known.

Since A has continuous scale, A is algebraically simple (3.3 of [27]). In particular, A =
Ped(A). As noted in Definition LI, K = T(A)" is compact. Let a € A be a strictly positive
element. Fix an element b € A, \ {0} with [[b]| = 1. Put B = f;5(b)Afy/2(b). Since A is
not elementary, By contains infinitely many mutually orthogonal non-zero elements {z,} with
0 <x, <1,n=12,.. By repeatedly applying Lemma 3.5.4 of [29], one then finds, for each
n, n nonzero mutually orthogonal positive elements {z, 1,22, .., Tnp}t in A with 0 <z, ; <1
such that z,1 S xp2 S -+ S oy (see also 2.3 of [27]).

Note that 7(f}/3(b)) is bounded on K and

dT(f1/4(b)) < T(fl/g(b)) for all T € K. (e5.1)

16



Since f1/4(b)xpnj = 2pnj for all 1 < j < n and all n, it follows that, for any ¢ > 0, there exists
Tp(e),1 such that d,(z() 1) < € for all 7 € K. Note that

d;(a) = nh_}n;o 7(f1/2n(a)) for all 7€ K.

Note that, with e, = fi/9n(a), n = 1,2, ..., (en)52, forms an approximate identity with e, 1€, =
en for all n. Since A has continuous scale, for any € > 0, there exists N > 1 such that

em — €n S Tp(e), for all m>mn > N.

In particular,
T(em) — T(en) < e for all 7€ K. (e5.2)

It follows that d,(a) is continuous on K. Since d-(a) = 1 on T(A) and T(A) is dense in K,
d-(a) =1 for all 7 € K. This implies that T(A) = K. This proves (1) and (3). Note that (2) is
equivalent to (3), as A = Ped(A), and so T(A) = R_T(A).

Conversely, suppose that A is as stated, suppose that d,(a) is continuous, and suppose that
en = fijan(a), n = 1,2,.... Then, 7(e,) converges to d(a) uniformly on K. For any nonzero
b € Ay, there exists N > 1 such that d,(e,, —ey) < d-(b) for all 7 € T(A) and for all m > n > N.
Since A has strict comparison for positive elements, it follows that,

em —en <b for all m>n> N.

~

Thus, A has continuous scale.

In other words, in this case, if A does not have continuous scale, d,(a) is not continuous
on K. In particular, d,(a) is not identically 1. This implies K # T(A). The above shows that,
under the assumption that A is as stated in the second part of the theorem, (1), (4) and (5) are
equivalent. Since (5) and (6) are equivalent, these are also equivalent to (6). Since the notion
of continuous scale is independent of the choice of a, these conditions are also equivalent to (2)
and (3).

OJ

Proposition 5.4. Let A be a o-unital exact simple C*-algebra with strict comparison for positive
elements. Suppose that T(A) # @. Let a € Ay be such that d,(a) is continuous on T(A). Then
aAa has continuous scale. If, in addition, A is algebraically simple and d,(a) is just assume to
be continuous on WW, then aAa has continuous scale.

Proof. Put B = aAa. We may assume that a # 0. Choose a nonzero element ¢ € Ped(A) with
0<c<1. Put C = cAc. By @R and @7, C = Ped(C). Put K = T(C)". Then, by @5 0 & K.
Note that each 7 € K extends uniquely to an element of T(A). Let 2 : K — T(A) denote
this map as in 1T By @11} 0 ¢ +(K) and «(K) is compact. Therefore d(a) is continuous
on o(K). Let e, = fijon(a), n = 1,2,... Then (e,);2; is an approximate identity for B such

n=1
that e,i1e, = e, for all n. Then d(e,) * d;(a) uniformly on the compact set K. For any
by € By \ {0}, there exists N > 1 such that, for all m >n > N,
dr(em —en) < dr(by) for all 7€ K. (e5.3)

Since K generates T'(A) as a cone, (e5.3) holds for all 7 € T(A) \ {0}. It follows that, for all
m>n> N,

em — €n < by (e5.4)

Therefore B has continuous scale. .
The last part of the statement follows since T'(A) = R.T'(A). O
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Now we turn to the important concept of local uniform fullness.

Definition 5.5. Let A be a sub-C*-algebra of a C*-algebra B. An element a € A, \ {0} is
said to be uniformly full in B, if there are a positive number M (a) > 0 and an integer N(a) > 1
such that, for any b € By with [[b]| < 1 and any & > 0, there are z;(a), v2(a), ..., Tp(q)(a) € B
such that ||z;(a)|| < M(a), n(a) < N(a), and

n(a)
[ Zl’z’(a)*ami(a) - <e.
=1

In this case, we shall also say that a is (N (a), M(a)) full.

We shall say that a is strongly uniformly full in B, if the above property holds with e = 0
and replacing “< &” by = 0.

We shall say that A is locally uniformly full, if every element a € Ay \ {0} is uniformly full;
and we say A is strongly locally uniformly full if every a € A4 \ {0} is strongly uniformly full.

If B is unital and A is full in B, then A is always strongly locally uniformly full. In fact, for
each a € A\ {0}, there are x1, 9, ..., z,, € B such that

m
E xiar; = 1p.
i=1

Choose M (a) = max{||z;|| : 1 <i < m} and N(a) = m.

Let A be a C*-algebra, let B be non-unital C*-algebra, and let L : A — B be a positive
linear map. Let F': AL\ {0} - N xRy \ {0}. Suppose that H C A, \ {0} is a subset. We shall
say that L is F-H-full if, for any a € H, for any b € B with ||b|| < 1, and any € > 0, there are
x1, 22, ..., Ty € B such that m < N(a) and ||z;|| < M(a), where (N(a), M(a)) = F(a), and

| ijL(a)mi — bl <e. (e5.5)
i=1

We shall say L is exactly F-H-full, if (e5.5) holds for € = 0.

Proposition 5.6. Let A be a nonzero o-unital sub-C*-algebra of a C*-algebra B. Suppose that
B is o-unital and algebraically simple. Then A is strongly locally uniformly full in B.

Proof. Let b € A be a strictly positive element. Then bBb is a full hereditary sub-C*-algebra
B. Tt suffices to show that bBb is strongly locally uniformly full in B. Put B; = bBb. In what
follows we will identify B with B ® e1; in M,,(B).

Since B is algebraically simple, B = Ped(B). By 4.7 B is compact. Applying [4.4, let
e € M,,(B) for some n > 1 with 0 < e <1 and w € M,,(B)** be such that

w*a, wraw € My, (B), ww*a = aww* = a, and w*awe = ew*aw = w*aw for all a € B.

Note that also aw € M,,(B) for all a € B.
By Lemma[34] for any 1/4 > ¢ > 0 and any a € (By)+ \ {0}, there are x1, z9, ..., z,, € M,,(B)
such that

fele) = Em: x;aw;.
i=1

Let p denote the range projection of B. Then pz; € M, (B) for i = 1,2,...,m. We may assume
that pz; = 2;, 1 =1,2,...,m.
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Fix 2 € B4 with ||| < 1. Then
fe(le)w zw = w*zwf.(e) = w*zw.

Let M(a) = max{[|z;]| : 1 <4 < m} and N(a) = m. Then, w*z'?wf.(e)w*z'?w = w*zw.
Therefore,
2 Pwf.(e)w* 2" ? = ww*zw)w* = .

Put z; = z;w*z'/2,i=1,2,...,m. Then z € B, i =1,2,...,m. Then ||z < M(a) and

m m
Z ziaz; = :El/zw(z ziaz)w z'/?
i=1 =1
= 2V Pwf(e)w*s'? =z (e5.6)
O

Theorem 5.7. Let A be a non-unital separable simple C*-algebra with A = Ped(A) and with
T(A) # O. Fiz an element e € AL \ {0} with ||e|| =1 and

0 < d < min{inf{7(e) : 7 € T(A)},inf{7(f1/2(e)) : 7 € T(A)}}.

Then there exists a map T : Ay \ {0} — N x Ry \ {0} with the following property: For any
finite subset Hy C A}r \ {0}, there are a finite subset G C A and § > 0 satisfying the following
conditions: For any C*-algebra B with QT(C) = T(C) for all hereditary sub-C*-algebras C' of
B, and T(B) £ @, and 0 ¢ T(B)" which has strict comparison and almost has stable rank one,
and for any G-0-multiplicative completely positive contractive map ¢ : A — B such that

T(f172(0(€))) > d/2 for all T € T(B),
necessarily o is exactly T-Hy-full. Moreover, for any c € Hy,

d
2 8min{M (c)?2 - N(c):ce Hy}

7(f172((c))) for all 7 € T(B).
Proof. Since A is a simple C*-algebra with A = Ped(A), there is a map T; : Ay \ {0} —
N x Ry \ {0} such that the identity map id4 is exactly Ty-A4 \ {0}-full.
Write T = (N1, My), where Ny : AL\ {0} — N and M; : A, \ {0} — Ry \ {0}.
Let n > 2 be an integer such that nd/2 > 1. Set N = 2nN; and M = 2M; and T' = (N, M).
Let Hy C A4\ {0} be a fixed finite subset.
Suppose that x; p, ..., Ty, (), € A With [|2; || < M;(h) are such that

Ni(h)
S wluhPein = fijeale) for all he Hy. (€5.7)
=1

Choose a large enough G and small enough § > 0 that, for any G-d-multiplicative completely
positive contractive map ¢ from A,

lo(fi/6a(e)) — fieal(e))|| < 1/64 and (e5.8)
Ni(h)

1Y elain) e(h)*e(win) — fryealele))ll < 1/64 for all h e Hy. (€5.9)
i=1
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Now let that ¢ : A — B (for any B that fits the description in the theorem) be a G-6-
multiplicative completely positive contractive map such that

T(fl/g(cp(e))) >d/2 for all T € WW. (e5.10)

Applying Lemmal3T (using (€5.9)), one finds y; , € B with [y, n|| < 2[|zinll, i = 1,2,..., N1 (h)
such that

Ni(h)
Z yZhCP(h)2yz‘,h = fine(w(e)) for all h e H;. (e5.11)
i—1

By the hypotheses on B, and since A is o-unital, applying 4.8 we may choose e1,e9 €
My (B)+ and w € M, (B)** as described there, Put

Ey = diag(fis(¢(e)), fis(wle)), ... fiys(p(e))) and (e5.12)
2n
By = diag(fi/16(¢(€)); fij16(2(€)), s f1/16(0(€))) € May(B)4. (e5.13)

Then, by the strict comparison,
€9 5 Ey € Mgn(B)

—_—~—

Since B almost has stable rank one, there exists a unitary u € Ma,(B) such that

u* f116(e2)u € Eo(Man(B))Eo.
Then
u* fr16(e2)uly = Eru® fi)16(e2)u = u* f1/16(e2)u. (e5.14)
We then may write
2nN1(h)

ST W) eh)yl, = Er for all he My,

i=1
where y], € M, (B) and [y} || = |lyjall for some j € {1,2,... Ny(h)}, i = 1,2,...,2nNy(h).

Then
2nN1(h)

Z (fl/lﬁ(62)1/2uyg,h*)90(h)2(yg,hU*f1/16(62)1/2) = f1/16(€2)-
i=1
Therefore, for any b € By with [|b]] <1,
2nNy(h)

D Wb Pw)(fia6(e2)Puy) e (h) P o()p(h) V2 (y) et fi16(e2) ) (w* b Pw) = w*bw,
i=1
Then
2nN1(h)

> 0w (fijielen) Puyiy () 2)p(h) (p(h) 2 (y pu* fijr e2) /2 w2 = b.
i=1

Note that b'/*w € M,,(B) and fi/16(€2) € My, (B). Therefore

(b1/4’w)f1/16(€2) € M, (B).
It follows that

(BY2w)(fu16(e2) Y 2ugl " o(h)/2) € B and (e5.15)
[62) (Fyyro(e2) "o (h) | < 2M(h) for all heHy.  (e5.16)
This implies that ¢ is exactly T-H-full. O

Remark 5.8. In the light of 6.3 below, Theorem [£.7] can be applied with C*-algebras B in the
class C’ defined just before [6.2
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6 Non-unital and non-commutative one dimensional complexes

Definition 6.1. Let I and Fy be two finite dimensional C*-algebras. Suppose that there are
homomorphisms ¢, 1 : F1 — F». Consider the mapping torus M, ,,:

A= A(F1, Fy, 00, 1) == {(f,9) € C([0,1], F2) @ F1 : f(0) = wo(g) and f(1) = ¢1(9)}.

For t € (0,1), define m : A — F» by m((f,g9)) = f(t) for all (f,g) € A. For t = 0,
define my : A — @o(F1) C Fy by mo((f,9)) = wolg) for all (f,g) € A. For t = 1, define
A — @1(F1) C Fy by mi((f,9)) = ¢1(g) for all (f,g) € A. In what follows, we will call m; a
point evaluation of A at t. There is a canonical map 7. : A — Fj defined by 7.(f,g) = g every
(f,g9) € A. Tt is a surjective map.

The class of all C*-algebras described above will be denoted by C.

If A €C, then A is the pull-back of

Ao - C([0,1], F») (e6.1)

| e l(wom)

o) (po1) e,

Every such pull-back is an algebra in C. Infinite dimensional C*-algebras in C are sometime
called one-dimensional non-commutative finite CW complexes (NCCW) (see [12] and [13]) and
Elliott-Thomsen building blocks (see [15]).

Suppose that F} = Mg, (C) & Mp,(C) & --- & Mp,(C) and F» = M, (C) & M,,(C)&--- &
M, (C). In what follows we may write C([0, 1], F») = @?21 C([0,1]j, M., ), where [0, 1]; denotes
the j-th interval.

Denote by Cy the class of all C*-algebras A in C which satisfy the following conditions:

(1) Ky (4) = {0},

(2) Ko(A): = {0},

(3) 0 T(A) .

C*-algebras in Cy are stably projectionless. Condition (3) is equivalent to compact spectrum.

Examples of C*-algebras in Cy can be found in [41]. Let Fy = My for some k£ > 1 and
Fy = M(41)x, for some m > 1. Define g, ¢y : F1 — F» by

m m—+1

o(a) = diag(a, a, ...,a,0) and ¥ (a) = diag(a,a,...,a,a)
for all a € Fy. Let us write
A:A(F17F27¢07¢1) = R(k7m7m+1) (662)

Then, as shown in [41], Ko(4) = {0} = K;(A) and it is easy to check that 0 ¢ T(A) . Let
e € R(k,m,m + 1) be a strictly positive element. Then (see [L.9])

As(R(k,m,m + 1)) = inf{d,(e) : 7 € T(R(k,m,m + 1))} =m/(m+ 1).

Denote by R, the class of C*-algebras which are finite direct sums of C*-algebras as in (e6.2).
Denote by CJ the subclass of C*-algebras in Cy which also satisfy the stronger condition (2)’
Ko(A) = {0}.
Let F; = C@® C, F, = My, (C). For (a,b) € C @ C = F, define
o (a,b) = diag(a,a...a,b,b...b,0,0) and ;(a,b) = diag(a,a...a,b,d...b).
—— N—— —— N——

n—1 n—1 n n
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Then A(Fy, Fs,10,1%1) = A has the property that Ko(A) = {(k,—k) € Z @ Z)} (which is
isomorphic to Z) but Ko(A); = {0}. Also, K1(A) = {0}. Thus A € Cy but A ¢ CJ.

Let C" denote the class of all full hereditary sub-C*-algebras of C*-algebras in C, let C{, denote
the class of all full hereditary sub-C*-algebras of C*-algebras in Cy, and let C8/ denote the class
of all full hereditary sub-C*-algebras of C*-algebras in CJ.

Remark 6.2. Let A = A(Fy, Fy,10,91) € Cy. Then A € C. Moreover, A = A(F{, Fa, 4, 97)
with both ¢{, and 9] unital, defined as follows:
Let F| = F1 & C and let p = ¢o(1p,) € F5 and g = ¢1 (15, ) € Fy. Define ¢, o] : F| — I
by
Yo((a, ) = vola) ® X+ (1, —p) and ¥i((a,N)) =¢i(a) DX+ (1p, — q)

for alla € F; and X\ € C.

One checks that Ko(A) is finitely generated (see Proposition 3.4 of [22]). In fact, Ko(A),
is finitely generated (see Theorem 3.15 of [22]). Let 7 : A — C denote the quotient map.
Suppose that {[p;] : 1 < i < k} generates the semigroup Ko(A)4. Let 2 € Ko(A) C Ko(A). Then
x = Zle(m,[ i) — nilpi]) = [p] — [q], where m; > 0,n; > 0 and p,q € My(A) (for some integer
N > 1) are projections such that [p] = Zle m;[p;] and [q] = Zle n;[pi]. One also has, since
x € Ko(A), m(p) and 7(q) are equivalent in My. Let n denote the rank of m(p) and r; the rank
of m(p;), 1 <i < k. Then Zle mir; =n = Zle n;r;. Consequently,

k k
O (m —ri[14])) — (nilpi] —ri[14]))) = (Z mi[pi] — n[15) — (ni[(pi] — n[14])

=1
k
:Z ml pz — ]) = . (66.3)

It follows that Ko(A) is generated by {([p:] —7i[14]) : 1 < 4 < k}. In other words, Ko(A) is
finitely generated.

Since A € Cy, either 1)y or ¢ is not unital. Hence at least one of ¢, and 1] is nonzero on
the second direct summand C in F| = F; ¢ C.

Proposition 6.3. (1) Let A € C'. Then, for any ay,as € Ay, a1 < ag if and only if
diror(m(a1)) < diyor(m(ag)) for every irreducible representation m of A, where we use tr for

the tracial state on matrixz algebras.
(2) Let A€ C', and let ¢ € AL\ {0}. Then c is full if and only if, for any T € T(A), 7(c) > 0.

Proof. For (1), we first consider the case that A € C. By considering Z, one sees that this case
follows from 3.18 of [22].

Since a C*-algebra A € (' is a hereditary sub-C*-algebra of some B in C, it is easy to see
that A also has the above-mentioned comparison property.

For (2), let us first assume again that A € C. It is clear that if ¢ € A4 and 7(c) = 0, for
some 7 € T(A) then ¢ has zero value somewhere in Sp(A) = | ;(0,1); U Sp(F1). Therefore c is
in a proper closed two-sided ideal of A.

Now assume that 7(c) > 0 for all 7 € T(A). It follows that w(c) > 0 for every finite
dimensional irreducible representation of A. Therefore ¢ is full in A. In general, let A be a full
hereditary sub-C*-algebra of B € C. Let ¢ € A,. Then ¢ € Ay is full if and only if it is full in
B. Therefore the general case follows from the case that A € C.

O

Proposition 6.4. (1) Every C*-algebra in C' has stable rank one;
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(2) If A € C and A is unital, then the exponential rank of A is at most 2+e¢. If A € C and
A is not unital, then A has exponential rank at most 2 + €.

(3) Every C*-algebra in C is semiprojective.

(4) Let A € C and let k > 1 be an integer. Suppose that every irreducible representation of
C has dimension at least k. Then, for any f € LAﬂ“b,(H_(T(A)W) with 0 < f <1, there exists a
positive element a € Ma(A) such that

d,(a) — < 2/k.
TE"%)' (a) = f(m)] <2/
Proof. (1) follows from 3.3 of [22]. (2) follows from 3.16 of [22] (see also 5.19 of [30]).
It was shown in [12] that every C*-algebra in C is semiprojective. (4) follows exactly the
same proof as 10.4 of [22].
[l

7 Maps from 1-dimensional non-commutative complexes

Lemma 7.1 (Lemma 2.1 of [6]). Let A be a simple C*-algebra with A = Ped(A) and n > 1 be
an integer. _
Let a € M, (A)4 \ {0} be such that 0 is a limit point of the spectrum of a. Then, for any
e > 0, there exist 6 > 0 and a continuous affine function f : T1(A) — R+ with f(0) = 0 such
that
dr-((a—e)y) < f(r) <dr((a—08)y) for all T € T(A) .

Proof. This is essentially proved in the proof of Lemma 2.1 of [6]. Note that f is just a function.
The proof of Lemma 2.1 of [6] does not involve comparison since no elements in A need to be
produced. It does require that d,(b) > 0 for any b € M, (A), \ {0} and for any nonzero trace 7
of A. The rest of the proof is a compactness argument and an application of the Portmanteau
theorem. It should be noted that,was exactly in the proof of Lemma 2.1 of [6], since the function

d;((a —6)4) is in LAfE, o4 (T(A) ), the sequence f, can be chosen as gnlmw, where each g,
are in Affo (T1(A)). O

Lemma 7.2. Let A be a non-unital simple C*-algebra with strict comparison for positive element
which almost has stable rank one. Suppose that QT(A) = T(A), A = Ped(A) and the canonical
map 1: W(A); — LAffb70+(mW) is surjective.

Let 0 < a < 1 be a non-zero element in A which is not Cuntz equivalent to a projection.
Then, for any € > 0 there exist 6 > 0 and an element e € A with

0< fo(la) <e< fs(a) (e7.1)

such that the function T — d,(e) is continuous on T(A) .

Proof. Fix € > 0. By [7.1], there are continuous affine functions g1, go € Affy(T1(A)) such that

d-(fos8(a)) < 1(7) < dr(f5,(a)) < g2(7) < dr(f5,(a)) for all 7€ T(A)", (e7.2)

where 0 < dy < d; < 1. Since ¢ is surjective, there is ¢ € M,,,(A) for some integer m > 1 such
that 0 < ¢ < 1 and d,(c) = go(7) for all 7 € T(A)" . It follows from and (7.2 that there
exists z € M,,(A) such that

z*x =c and xz” € f5,(a)Afs,(a).
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Put ¢y = za*. Then 0 < ¢y < 1. Note that
dr(co) = dy(¢) for all 7€ T(A)". (e7.3)

Since g7 is continuous, there is m > 2 such that

91(7) < 7(fiym(co)) for all 7€ T(A)". (e7.4)
By (e7.2) and [3.2 again, there is a unitary u in the unitization of fs,(a)Afs,(a) such that
u” fe18(feys(@))u € fiym(co)Afijm(co). (e7.5)
Set ¢; = ucgu*. Then
fes(feys(a)) € fiym(c1)Afiym(er) C erder. (e7.6)

There is a g € Co((0,1]) with 0 < g < 1 such that g(t) # 0 for all t € (0,1], g(t) fi/m = fi/m-
Put e = g(c1). Then (e) = (¢1) = (cp) = {(c¢). Moreover,

d.(e) = d,(c1) = ga(7) for all 7€ T(A)" and (e7.7)
fela) < fos(fesla)) <e < fs,/2(a). (e7.8)
Choose ¢ = d09/2. O

The following theorem is a restatement of a result of Robert.

Theorem 7.3 (Theorem 6.2.3 of [43]). Let A be a stably projectionless simple C*-algebra with
strict comparison for positive elements which has stable rank one and QT(A) = T(A). Suppose
that A = Ped(A) and v : Cu(A) — LAffo, (T(A)") is an ordered semigroup isomorphism in Cu.
Then the map defined in (6.6) of [43] is an isomorphism. of ordered semigroups.

Moreover, if a,b € (A®K)4+ with (w(a)) =k < oo, (m(b)) =m < oo, where m: A — C is the
quotient map, are such that

d-(a) +m < d.(b) + k for all T € T(A), (e7.9)
then
(@) +m(13) < (b) +k(15). (7.10)
Furthermore, if either (a), or (b) is not represented by a projection, and
d-(a) +m < d.(b) + k for all T € T(A)", (e7.11)
then (a) < (b).

Proof. The proof of 6.2.3 of [43] applies since we assume that A has stable rank one and the
conclusion of 6.2.1 of [43] holds for A® K. Denote the map defined in (6.6) of [43] by I'. For the
reader’s convenience we include a detailed proof that the inverse of I' is order preserving, since
we will use this in an important way. Let us first check that the inverse of I' restricted to the

elements LAfF7Y (T(A)) is order preserving.
We will use some notation from [43] (but recall that our T(A) is To(A) in [43]). Let a; €

Cu(A), (a1) # (p) for any projection and (mw(a1)) = k. Suppose also that (as) € Cu(A) such that
(m(ag)) = m, where k and m are integers, and

—_—

(1) — k(1 ) < (az) —m{1 ). (e7.12)
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There are 3, 3y € Aff; (T(A)) and 41,72 € LAff, (T(A)) such that

(@) +p1 = k{lz)+m (e7.13)
(ag) + B2 = m(lz) +72 and (e7.14)
Nn=>05 < v2-—PF. (e7.15)

Note that we have used the notation in the proof of 6.2.3, and in particular, we identify
B1, P2,71, 72 with elements of Cu(A). Thus,

M+p2 < 2+ P and ( )

(a1) + B1 + B2 +m(ly) (k+m){13) +7 + B2 ( )
< (k+m)(1z)+72+ b1 (e7.18)

= k(1) + (a2) + B2 + S ( )

Put 8 = 1 + B2. We have
(a1) + B+ m(1g> < k<1g> + (a2) + B. (e7.20)

Exactly as proved in 6.2.3 of [43], one has

(a1 —e)4) + B < (a1) + B (e7.21)
which implies that, also,
((ar —e)4) + B+m(ly) < (a1) + B+ m(ly). (e7.22)
Therefore,
(a1 —€)4) + B+m(ly) < Ek(17) + (az) + 6. (€7.23)

Since A has stable rank one, by weak cancellation (4.3 of [49]),
(a1 —€)y) +m(l3) < (az) + k(1 5). (e7.24)
It follows that
(a1) + m(13) < (a2) +k(13). (e7.25)

In particular, this shows that I' is injective.
Note that, above, we do not assume that (ag) is not represented by a projection. Therefore
it remains to show the following:

If ((a) — k(17)) < ((b) — m(13))" on T(A)", then

for all (a) — k(17),(b) —m(l3) € Cu™(A).
We only need to consider the case that (a) is represented by a projection. Then (a) is
continuous. It follows that there are non-zero elements fy, 5 € Aff , (T(A)) such that

—

({a) + B+ Bo +m(17))" < ((b) + B+ k(15))" on T(A) . (e7.26)
Since A is stably projectionless, from what has been proved,

(a) + B+ Po+m(ly) < (b)+ B+ Ek(13). (e7.27)
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Then, since (a) is represented by a projection,
(a) + B+ (1/2)Bo +m(13) < (a) + B+ Bo +m(lz) < (b) + B+ k(15). (e7.28)

By the weak cancellation,

(a) +(1/2)Bo + m(1z) < (b) + k(1 5). (e7.29)

It follows that
<CL> +m<1g> < <b> +k<1g>. (6730)
O

Lemma 7.4. With the same assumption on A as in|7.53, we have the following statement: Let
0 <a <1 be anon-zero element of A® K with 7(a) a projection of rank m for some integer
m > 1 and a not Cuntz equivalent to a projection. Then, for any 1/2 > ¢ > 0 there exist
1>6>0 and an element e € AR K with

0 < fe(a) < e < fs2(a) (e7.31)

such that the function T — d(e) is continuous on T(A)" .

Proof. Note that this statement is similar to that of [Z.2] (the case m = 0). By the last statement

of 3.2] we may assume that, for any ¢ > 0, there exists n > 1, f.(a) € M,,(A). By L1l there
exists f € Affo1(T1(A)) such that, for some ¢ > 0.

d-(f-(a)) < f(7) < dr(f5(a)) for all 7€ T(A)".

Since we assume that 7(a) is a projection, 7(f:(a)) = 7(fs(a)) = m(a), where 7 : A= Cis
the quotient map. The surjectivity of I" in [7.3 implies that there is ¢ € (A ® K)4 such that
7(c) = m(a),

dr(c) = f(7) and (fs(a)) < (c) < (f5(a)). (e7.32)

It remains to show that we can find e with (e) = (c) but also satisfies (e7.31). For this we will
use the same argument used in the proof of Since A has stable rank one, the proof may be
completed as in

[l

We shall need the following two lemmas.

Lemma 7.5 (Lemma 2.2 of [6]). Let A and a € (A® K), be as in 7.4, Then there exists a
sequence (a,)52, of elements in (Z@ K)+ which satisfies the following:

(1) (a) = $upy {a): )

(2) an € My (A) for some n(k) € N and (n(a,)) = (n(a)), where 7 : A — C is the quotient
map;

(3) the function T — d;(ay,) is continuous on WW for each n € N; and

(4) dr(an) < dr(any1) for all 7 € T(A)" and n € N.

Lemma 7.6. Let A be as in|7.5. Suppose that a,b € Ped(g@) K)y (with 0 < a < 1 and
0 <b < 1) such that neither are Cuntz equivalent to a projection. Suppose that (a) < (b). Then
there exist 6 > 0 and ¢ € Ped(A @ K)4 with 0 < ¢ <1 such that

(@) < (f5(e))s fsj2(€) < fyja(b) and inf{7(f5(c) —ds(a) : 7 € T(A)"} >0.  (e7.33)
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Proof. By [Z.5l choose b, € (A ® K)4 such that (by) satisfies (1), (2), (3), and (4) in[Z.5 Since
(a) < (b), there is ng > 1 such that (a) < (b,) for all n > ng. Therefore we have

d,(a) < dr(bpy) < dr(brgs1) < dr(bugsa) < dr(bngrs) < dr(b). (e7.34)

Note that
T(fiyn () /" dr(b) and 7(f1/n(bngt1)) /* dr(bng+1)-
It follows, for example, from 5.4 of [34] that there exists ny > 1 such that, for all n > nq,
T(f1i/n(9) > dr(bpgr2) and 7(f1/n(bng+1)) > dr(bn)) for all 7€ T(A)"

Note that 7(f1/2,(b)) = 7(b) and (7(by,)) = (7(b)). By [L3] we conclude that
>

<f1/2n(b)> <bno+2> and <f1/2n(bno+1)> > <bno>’

Put ¢ = bgy1. Since A has stable rank one, one may assume that fi/o,(c) < f1/45,(b). Thus we
may choose 0 < 0 < 1/2n;.
W
Since T(A)  is compact and both functions in the above inequality are continuous, together

with (e7.34), we obtain inf{r(fs5(b)) —d.(a): 7 € WW} > 0.

0

In what follows, C() is the collection of all C*-algebras which are inductive limits of full
hereditary sub-C*-algebras of 1-dimensional non-commutative CW complexes with trivial K;
groups whose connecting maps are injective.

Definition 7.7. Fix a C*-algebra C' € C(V). A C*-algebra A is said to have the property (R)
associated with C, if the following condition holds: For any finite subset F C C and ¢ > 0 there
exists a finite subset G C Cu™(C') such that for any two homomorphisms ¢, : C' — A, if

Cu™(p)(g") < Cu™(¥)(g) and Cu™(¥)(¢') < Cu™(p)(g) (e7.35)

for all ¢’, g € G with ¢’ < g, then there exists a unitary u € A such that
lw*o(Fyu — o(f)]| <& for all feF. (e7.36)

This definition is taken from 3.3.1 of [43] and we adapt the notation from there. Note, by 3.3.1
of [43], every C*-algebra with stable rank one has the property (R) associated with C.

Theorem 7.8. (See Theorem 3.3.1 of [43], Theorem 5.2.7 of [36], and Theorem 8.4 of [22]) Let
C be in CY and assume that Ped(C) = C and let A : CP1\ {0} — (0,1) be an order preserving
map. Then, for any € > 0 and any finite subset F C C, there exist a finite subset G C C, a
finite subset P C Ko(C), a finite subset H1 C C1 \ {0}, a finite subset Ho C Csa, & > 0, and
~v > 0 satisfying the following condition: for any two G-0-multiplicative contractive completely

positive linear maps o1, : C'— A for some A which is o-unital, simple, stably projectionless,
W

has stable rank one, QT(A) = T(A), and the property that the map Cuy(A) — LAffo, (T(A) ")
is an ordered semigroup isomorphism, and Ped(A) = A such that

[p1llp = [w2]lp, (e7.37)
T(¢i)(a) > Aa) for all a € Hi and for all T € T(A)", and (€7.38)

17(p1(b)) — T(02(b))| <~ for all b€ Hy and for all 7 € T(A)",  (e7.39)
there exists a unitary u € A such that

lu o2 (flu—e1(f)|| <e for all f e F.
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Proof. We will use 3.3.1 of [43].

Let ¢ > 0 be given. There exists ey with €/16 > g9 > 0 satisfying the following condition: In
any C*-algebra, if 0 < z < 1is an element in the C*-algebra and ||xg—g| < o and ||[gz—g]| < €¢
for any [|g|]| <1 in the C*-algebra, then

|z1/2g — g2/?|| < e/64. (e7.40)

Let us first assume that C' is a single full hereditary sub-C*-algebra of a 1-dimensional non-
commutative CW complex. Fix ¢y > 0 as above and F C C. Let G C Cu™(C) be as required
by Property (R) associated with C' for €9/16 (in place of €) and F. Without loss of generality,
we may assume that F is contained in the unit ball of A.

Recalling that C' has stable rank one, as shown in [43], we may assume that G consists of a
finite subset P C Ko(C') and a finite subset {[a1] — k1[1 3], [a2] — k2[15], ..., km[15]} of the Cuntz

semigroup of Cu™(C) such that [a;] can be represented by positive elements 0 < a; < 1in C®K
which are not Cuntz equivalent to a projection, and k; are non-negative integers, i = 1,2, ..., m.
Write P = {21 — ki[15], 22 — k5[15], .., Zmg — K, [15]}, where the elements z; are represented
by projections in C' ® K. Note here we assume that (m(a;)) = k(1) and [m.(z)] = kj[1], where
7:C — C is the quotient map, ¢t =1,2,...,m and j = 1,2, ..., mg.

Suppose that (a;) +k;[15] < (a;)+k;i[15]. For each of these pairs i, j, put a;; = a;® L, and
aji = a; 1, . Then, since C ® K also has stable rank one, there are a number 1/4 >n(i,7) >0
and an element 0 < ¢; ; <1in (5 ® K)4 such that

(aij) < {fi;(ciy)) and fo,  a(cig) < fo,jaagi). (e7.41)

Since a;; is not Cuntz equivalent to a projection, we may choose 7(i, j) so that

fm',j/4(aji) - fm’j/2(ci,j) £ 0.

Choose a finite subset H1 C C which contains non-zero positive elements b; ; such that
bij S fm,j/4(ajz’) - fni,j/z(ci,j)

for all possible pairs of i and j such that (a;;) < (aj;).

Let
0o = inf{A(g) : g € H1}. (e7.42)

Choose a finite subset H/ of (C ® K)4 which contains fni(€ig)s fo s p2(cig)s f, s jalags) for
all possible 7, j as described above.
Let the finite subset Ho C Cy,. containing H; and §; > 0 be such that

I7(hT(9)) — 7(h5'(9))| < 60/16 for all g € Hq U H) (e7.43)

and for all 7 € (B)W, whenever hi, hy : C — B are homomorphisms with B any C*-algebra
with T(B) # @ and 0 ¢ T(B)" such that

|70 hi(f) — Toha(f)| < 81 for all f€Hy and 7€ T(B), (e7.44)

where h}” : C — B is the unital extension of hi,1=1,2.

Put v = min{dy /16, §; /4}. Since 1-dimensional NCCW complexes are semiprojective ([12]),
by choosing a large G and small §, by applying[B.7, we may assume that there are homomorphisms
¥; : C — A® K such that

(¥i)solp = [@illp and [[¢i(g) — wi(9)]| < min{eo/16,7}, i=1,2, (e7.45)
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for all g € FUH 1 UHs, where ¢ and g are G-6-multiplicative completely positive contractive
maps from C to a C*-algebra A satisfying the assumptions of the theorem.

Since Ped(C) = C, ¢;(C) C Ped(A ®@ K).

Assume that p1,¢9 : C — A have the described properties for the above defined G, 6, P,
Hi, Ha, 7.

Let ¢; : C — A be as provided in (7.45), i = 1,2. Then

(P1)s0lp = (¥2)x0lP, (e7.46)
To;(g) > 8o/2 for all g€ Hy, and (e7.47)
|7 011 (b) — T o1ha(b)| < dp/2 for all b e Ho (e7.48)

for all 7 € T(A)". In particular, if (aij) < (aj;), then, by the choice of H1, Ha, and 7 above,

dr(P1(aiz)) < T(W1(fn;(cig))) < 00/2+ T2 ;(cig))) (e7.49)
< (T(a(fy,jalay)) — 7(balfy, ; (cig))) + 7(W2(fn s (cig)))  (e7.50)
S dT(ajZ-) (e 7.51)

for all 7 € T(A)" . Therefore, if (aij) < (aji),

(¥1(aiz)) < (a(ai)- (e7.52)

Note also, if (a;) + kj(15) < 21 + kj(15), then (P1(a;)) + ki[l7] < Cu™(W1)(z + ki{lz)) =
Cu™(tp2)(21 + ki(15)). Combining these with (e7.4G), we conclude that, using the terminology

of [43],
Cu™(¥1(g)) < Cu™(¢2(g’) and Cu™(¢a(g)) < Cu™(¥1(g')) (e7.53)

for all g, ¢ € G and g < ¢'. Since A has the property (R) associated with C, by the choice of
G, there exists a unitary v € (A ® K)™~ such that

lowe (flv* — 1(f)|| < eo/16 for all f e F.
From this and (&7.45), we obtain that
vz (f)v" — p1(f)] < €0/16 +&0/16 for all f € F.
Choose 0 < e1,e9 <1 in A such that

lpi(fei — i)l <eo/32 and |lejpi(f) — wi(f)Il < e0/32 for all f e F. (e7.54)

Put y = ejv*es and = = y*y = eavere v*es. Then

[p2(fz = p2(F)Il = lv*v(p2(f)z — @2 ()|l (e7.55)
< |[v v (fy v — v vps (fv v*|| + eo/32 (e7.56)
< £0/32 + ||[v* (vp2 (f)v™)es — v vpa(f)v o] + £0/32 < g0/2 (e7.57)

for all f € F. Similarly,
lxpa(f) — w2 (f)|] < eo/2 for all fe F. (e7.58)

Consider y = Wly| = W1/2 the polar decomposition of y in A**. Since A almost has stable rank
one, by Theorem 5 of [39], there exists a unitary u € A such that ufa/lﬁ(azl/z) = Wf5/16(x1/2).
By the choice of ¢y, we have

lu*pa(flu—pi(f)|| <e for all fe F. (e7.59)
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(Note that if C'is a 1-dimensional non-commutative CW complex, then ¢; can be chosen to map
C into A so that v can be chosen in A.)

For the general case, given a finite subset & C C, we may assume that F C C, for some
C,, which is a full hereditary sub-C*-algebra of a 1-dimensional non-commutative CW complex.
Then the above argument applies. [l

Proposition 7.9. Let C € C and let A be a o-unital stably projectionless simple exact C*-
algebra with Ko(A) = {0}, with stable rank one and with continuous scale. Suppose that Cu(A) =
LAH‘(H_(WW). Let ¢ : C — A be a homomorphism. Then, for any € > 0, any finite subset
F C C, and any integer n > 1, there is another homomorphism ¢o : C — B = B® e C
M, (B) C A, where B is a hereditary sub-C*-algebra of A, such that

n

llo(x) — diag(wo(z), go(x), ..., 0(z))|| < e for all x € F. (e7.60)

Proof. Fix a strictly positive element e € A, with |le]| = 1. We may assume that A is an
infinite dimensional. There are mutually orthogonal elements nonzero ey, eo,...,e, € Ay such
that (e;) = (e1) in Cu(A) and (31" e;) = (e) (see also the proof of [5.3). Let B = e;Ae; C A.
Then, with D := (31", ;) A(D_" €i), we have D = M, (B) C A. Note that Ko(A) = {0}. So
Cu™(A) = LAfFY(T(A)) (see 2.3 above and 6.2.3 of [43]). Let j : LAfFY(T(A)) — LAffY(T(A))
be defined by j(f) = (1/n)f. Define A : Cu™(C) — Cu™(B) by A = j o (Cu™(p). By Theorem
1.0.1 of [43], there exists a homomorphism ¢, : C'— B such that Cu™(¢{,) = A. Define ¢ : C' —

A

M,,(B) by ¥(a) = diag(y((a), py(a), ..., ¢y (a)) for all @ € C. Then Cu™ (1)) = Cu™(¢p). It follows
from Theorem 1.0.1 of [43] that ¢ and ¢ are approximately unitarily equivalent, as desired. O

8 Tracially one-dimensional complexes

Definition 8.1. Let A be a simple C*-algebra with a strictly positive element a € A with
la|| = 1. Suppose that there exists 1 > f, > 0, for any £ > 0, any finite subset 7 C A and any
be Ay \ {0}, there are F-e-multiplicative completely positive contractive maps ¢ : A — A and
¥ :A— D, with p(A) L D, ie., p(A)D = {0}, for some sub-C*-algebra D C A, such that

|z — (o+¢)(2)| < e for all x € FU{a},
DecY(or DeC),

v(a) < b, and

t(fi/a(¥(a))) = fq for all t € T(D).

Then we shall say A € Dy (or A € D).

Proposition 8.2. Let A be a o-unital simple C*-algebra in D (Dy). Then, in Definition 8.1
we may further require that || ()| > (1 —¢)||z|| for all x € F and that ¢(a) be strictly positive

in D (and so full in D). Moreover, (e8.3) may be replaced by ¢ < b for some strictly positive
element ¢ of p(A)Ap(A).

Proof. Fix a strictly positive element a € A with ||a|| = 1.
Let € > 0, let 7 C A be a finite subset, and let by € Ay \ {0} be given. Without loss of
generality, we may assume that there is 1/16 > n > 0 such that

fn(a)z = xfy(a) =z for all z € F.
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By hypothesis, there exist a sequence of algebras D,, € C{, (or D,, € Cgl), and two sequences of
completely positive contractive maps ¢, : A = A, and ¢, : A — D, with D, | Imgy,, such
that

Jim{lon(zy) = @n(@)en(y)| =0 and (e8.5)

Jim {Jobn (2y) = Pn(2)¥n(y)ll = 0 for all z,y € A, (€8.6)
nh_l}léo |z — (on(x) + Yp(x))]| =0 for all z € A, (e8.7)
on(a) < by, and (e8.8)

7(f1/4(¥n(a))) = fo for all 7€ T(Dy) (e8.9)

Put D, = f,/2(¢n(a))Dnfyj2(n(a)), n = 1,2,... By (e89) and 6.3, f1/4(¢n(a)) is full in
D,,. Therefore f,/5(tn(a)) is also full in D,,. This implies that D;, € Cj or D,, € Y. Define
¢n,0 A — D;L by

Uno(x) = (fy/2(¥n (@) 20n (@) (£12(n(a)))!/? for all z € A,
It follows that v, o(a) is full in D],. Note that

fryaWno(@)) = fr/a(tn(a)).

Therefore,
7(f1/4(¥no(a))) = fo for all 7€ T(Dy,).

Choosing large n, replacing D,, by D},, ¥ by 1,0, and using (e8.6) and (e8.7), we see that in
Definition 8.1l we may add the condition that v (a) is a strictly positive element of D.

By [2.10] ¢, (a) is strictly positive in ¢, (A)Agp,(A). Therefore, one can replace (e8.3)) by the
condition that ¢ < b for any other strictly positive element of ¢, (A)Ap, (A).

To get the inequality ||[¢(z)|| > (1 — ¢)||z|| for all z € F, we note that, by (e8.7) and (e8.9)

1 >
Jim 4| > fo. (e8.10)
Then, by (e8.8) and (e810), since A is simple,
li_}rn |tn(z)]| = ||z|| for all z € A. (e8.11)
This implies that, choosing ¥ = 1, with sufficiently large n, we may always assume that
|(z)]] > (1 —¢e)||lz| for all z € F. O

Theorem 8.3. Let A be a o-unital simple C*-algebra in D (or in Dy). Then the following
holds. Fiz a strictly positive element a € A with |la|]| = 1 and let 1 > f, > 0 be a positive
number associated with a as in Definition [8.1 There is a map T : A4 \ {0} - N xR (¢
(N(c),M(c)) for all ¢ € Ay \ {0}) with the following property: For any finite subset Fy C
AL\ {0}, any € > 0, any finite subset F C A, and any b € Ay \ {0}, there are F-e-multiplicative
completely positive contractive maps ¢ : A — A and ) : A — D for some sub-C*-algebra D C A
with D L @(A) such that

|z — (p+¢)(z)]| <e for all x € FU{a}, (e8.12)
Decy (or C)), (8.13)
w(a) $b, (e8.14)
lv(x)|| = (1 —¢e)||z|| for all x € F, and (e8.15)

(e8.16)

31



Y(a) is strictly positive in D. Moreover, ¢ may be chosen to be T'-Fo U { f1/4(a)}-full in DAD.
Furthermore, we may ensure that

fa
= 4inf{M(c)?- N(c) : c € Fo U{f1/a(a)}}

to fia((a)) > fa and to fi/4(¢(c))

for all ¢ € Fo and for all t € T(D).

Proof. Since A is simple, and f}/35(a) € Ped(A), for any b € Ay \ {0}, there exist No(b) € N,
Mo(b) > 0 and 1(b), z2(b), ..., Ty, ) (b) € A such that [[z;(b)|| < Mo(b), and

No

—~

b)
£:(0) bi(6) = fr () (e8.17)

i=1

Choose an integer ng such that ngf, > 4.

Set N (b) = ngNy(b) and M (b) = 2My(b) for allb € AL \{0}. Let T': AL\ {0} — NxR;\{0}
be defined by T'(b) = (N(b), M (b)) for b € Ay \ {0}.

Choose dyp > 0 and a finite subset Gy C A such that

No
1D (@i (0)"(b)ep(aa(b) — f1yz2(w(a))]| < 1/2'0 for all b€ F, (e8.18)
=1

whenever 1) is a Gy-dp-multiplicative completely positive contractive map from A into a C*-
algebra.

Let € > 0 and a finite subset 7 C A be given. Set 6 = min{e/4,dp/2} and G = F U Gy U
{a, fija(a)}. Let n > 1 be an integer and let by € A \ {0}.

By the assumption and by [8.2] there are G-6-multiplicative completely positive contractive
maps ¢ : A — A and ¢ : A — D for some sub-C*-algebra D C A with ¢(A) L D such that
D e Cy (or D eCY), ¢(a) is strictly positive in D, and

|z — (¢ + ) ()| <e for all xz € G, ( )
D ey (or C), (€8.20)
ola) < bo, (e8.21)
()| > (1 —¢)||z|| for all z € F, and ( )
7(fij2(¥(a))) = fa for all 7€ T(D). (8.23)

At this point, we can apply (the proof of) Theorem 57 and Remark 5.8 to conclude that 1) is
T-Fo U{f1/4(ao)}-full. The last part of the conclusion then follows.
[l

Corollary 8.4. In Definition|8.1, for any integer k > 1, one may assume that every irreducible
representation of D has dimension at least k.

Proof. Let T be as in the statement of Fix an integer k > 1. This corollary can be easily
seen by taking F{ containing £ mutually orthogonal non-zero positive elements eq, es, ..., e with
llei]l = 1 in B3 as follows.
. o fa,
When Fj is chosen. Set og = TR (@7 N(9:ceFoUl L (@] -
0 < by, bg <1 are in any C*-algebra with ||b; — be|| < 19, then

[ f1/4(b1) = f1/a(b2)|| < 00/2. (e8.24)

There exists 79 > 0 such that, if

32



By 10.1.12 of [37], there exists dp > 0 satisfying the following property: if 0 < h; < 1 and
|hihj|| < 00 (i # j : 1 < 4,5 < k) are in a C*-algebra, then there are mutually orthogonal
Y, hb, ..., b}, in that C*-algebra such that ||h; — hi|| < mno, i =1,2,..., k.
Choose any finite subset F containing Fy and 6 > 0 with § < §g. We apply [8.3. Then

t(fi/a(¥(e;)) > oo for all t € T(D), i=1,2,.... k. (e8.25)

By the choice of dy and applying 10.1.12 of [37], there are mutually orthogonal non-zero elements
di,do,....dr € D such that

ldi —¥(e)|| <mo, i=1,2,.... (e8.26)
It follows that || f1/4(d;) — fi/a(¥(ei)l| < 00/2,i=1,2,...,k. We then estimate that
to f1/4(d2) >to f1/4(1/)(61)) —00/2 > 09/2 for all t € T(D), i=1,2,....k. (e8.27)

Thus, 7(D) admits k& mutually orthogonal non-zero elements in each irreducible representation
7 which implies 7(D) has dimension at least k. O

Note that, if D is in CJ' or in C}), then My(D) is in CJ' or in C} for every integer k > 1.
Therefore, the following proposition follows immediately from the definition.

Proposition 8.5. Let A be a o-unital simple C*-algebra in the class D (or in Dy). Then My(A)
is in the class D (or in Dy) for every integer k > 1.

Proposition 8.6. Let A be a separable simple C*-algebra and let B C A be a hereditary sub-
C*-algebra. Then, if A is in D (or in Dy), so also is B. Moreover, if A # {0}, then T(A) # O.

Proof. Let S denote C{, or C8/. We may assume neither A nor B is zero. Let b € Ay with [|b]| =1
and B = bAb. Let e € A, be a strictly positive element with ||e| = 1 and let f. be as given by
[8.1] as A is in D or in Dy. Fix by € By \ {0}.

By B3] there exists a sequence of sub-C*-algebras D,, of A in & and two sequences of
completely positive contractive maps ¢, : A — A and ¢, : A — D,, with ¢,,(A) L D,, such that

T loa () = @n()en)]| = 0 and fe5.29

1 ([t () — (@) (y)| = 0 for all 2,y € A, (e8.29)
Jim [z = (pn + ) (@)[| = 0 for all z € A, (e8.30)

on(e) < bo, (8.31)

nh_)n;oﬂwn(m)ﬂ = ||z|]| for all x € A, (8.32)

J1/4(¥n (b)) is full in Dy, and 1, (e) is a strictly positive element of D, n = 1,2, .... Moreover,
we may also assume that

to fiya(¥n(e)) > fes to f1/a(¥n(b)) =10 (e8.33)

fe

for all t € T(D,,) and n, where r( is as previously defined (as T OT N o=T0 f1/4(e)}}).

By (e8.32),

lim ||| = 1.
n—o0
We also have
B [[b— f1/2;(b)"/2bf1/2;(b)/?| = 0, whence (e8.34)
J—00
lim ||z — fl/Qj(b)1/2a;f1/2j(b)l/2H =0 for all z € B. (€8.35)

Jj—00
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Put L, (x) = ¢n(z) +¢p(x) for all z € A. By (e8.30), applying [3.3] for any j > 2, we obtain
n(j) > j and a partial isometry v; € A** such that

005 f1725 (L) () = f1/2i(Lng) (0)vjv; = f1/25(Lng) (b)), (e8.36)

vicvi € B for all ¢ € f1/9;(Ln)(0))Afi1/2;(Lngy(b)), and (8.37)

jli_)rgo(sup{Hv;cvj —cl[:0<c<1 and c€ fi/9j(Ly) (b)) Af1/25(Lyy(b)}) = 0. (8.38)

*
CHETES B

for all ¢ € fl/2](7pn ( )Af1/2](7/)n ( )) Since f1/4(7/)n ( )) is full in Dn(] f1/2](7[)n ( ))

full in D,,(;) for all j > 2. Consider the hereditary sub- C* algebra of D,

Ey iy = J172i(Wn(0)) Dy f1/2;(¥n (b)), J=2,3, ...
ThenE’()GS]—23 . Put
E; —U*E/( VUi =34,

ThenEjGSandEjCB,j:34
Deﬁne@j:B—>Bby<I>j()—v<pn y(a)v; for all a € B, and ¥; : B — Ej; by ¥;(z) =

J
'U;kfl/2j(7/)n(j)(b))¢n(j)($)f1/2j(¢n(j ( ))U]7 =3,4,.... For j > 4,

F17a(f1725 (W) (0) V) (0) f1y2; (V) () = fr7a(Wn) (D)) (8.39)
= f12; (¢ (b))f1/4(1/1n(g (0)) f1/25 (¥n(jy (D)) (e8.40)
It follows that f1/4(\11j(b)) is full in Fj;, j = 4,5,.... We have
lim @ (zy) — @;(2)8;(y)] = 0 for all 2,y € B and (e8.41)
];i)n;o|]qu(xy) —0,(@) ()| = O for all oy € B. (¢8.42)

Moreover, applying ([€8.30), (e838), and (€8.35), we have

lim ||z — (®; + ¥;)(z)]] = O for all x € B and (€8.43)
j—o0
li_)m Wy (z)|| = |z| for all z € B. (e8.44)
We also have
®;(b) < bo.

Moreover, by (e8.33) and (e8.39),
to fi1/a(¥;(b)) > ro/2 for all t € T(E,;)). (e8.45)

The first part of the proposition follows on choosing a sufficiently large j.

To see that, if A is nonzero, T(A) is non-empty, in the preceding argument, take B = A
and choose t; € T(E n(j)) for all j large enough that E,, ;) is nonzero. Let t be a weak™ limit of
(tjo¥;). Then by (e8.45), t is a non-zero linear functional on A. Moreover, since t; € T(E,,;)),
by (@Z), t is a trace. This implies T(A) # Q.

O

34



Lemma 8.7. Let B = A(F1, Fy, o, ¢1). Suppose that g := (h,a) € By is such that h; := hhmh
has range projection P; satisfying the followz'ng_ conditions:

There is a partition 0 = tg < t} < t? < e <Z t;” =1 such that

(1) on each open interval (té-,té*l), P;(t) is continuous and rank(P;(t)) = r;; is a constant,

(2) for each té», Pj((té-)Jr) = lim P;(t) (if té- < 1) and P]((tg)_) = lim P(t) (if té- >0)

t=(th)+ —(t5)~
exist,
(3) Pi(t}) < Pi((t))™) and P;(t}) < Pi((t})7), and
(4) ™ (po(p)) = P;(t)) = P;(0) = P;(0%) and © (p1(p)) = P;(t;") = Pj(1) = P;(17), where p is
the range projection of a € Fj.
Then gBg € C.

Proof. For each closed interval [t;, té*l], since the limits

Pi((t9*") = lim Pj(t) and Py((t5)7) = lim Pt
()= tim B0 and B = B
1 4l+1
tj,tj
Then we can identify P;C’ ([té-, té“], Mrj)P]l with C([0, 1], M, ) by identifying té— with 0 and té-“
1 lvl P— '7l P— ~
with 1, where r;; = rank(le»). Set By =M, , apd set B = P](té)MT]P](té) = Mg, ;-
Since P](té) < P]((té)Jr), we may identify E{’l with a unital hereditary sub-C*-algebra of
Egl Denote this identification by wg’l : E{’l — Egl
Similarly since P(th) < Pj((t5)7), we obtain a homomorphism it BN — BIY which
identifies E{’l with a unital hereditary sub-C*-algebra of Eg’l_l.
Set Ey := pFip ® @;?:1( ;Zl_l E{l) (note we do not include E{’l for I = 0 and | = n;.
Instead, we include pFip) and let Fy = @?:1( ;Zal Egl) Let 1,11 : E1 — Es be defined by
: n—1 .
Yolprip = $olprip : PF1P — @?:1 Ego’ Vilprip = P1lprp : PFID — @?:1 By 7/)0|E{»l =y
B! — B} and 1] o = ' B — EJ'™. We then check A’ = 9By = A(E1, Bz, v, 1) € C,
Namely, each element (f,a) = ((fl,fg, e ,fk),a) € gBg corresponds to an element (F,b) €
{C([0,1], E2) ® Eq : F(0) = tho(b), F(1) =11(b))} = A(E1, E2, %o, %1), where

1 -1 1 -1 1 -1
F:(f{)mfla"'v 1n1 7f§7f27'”7 2n2 7"'7f]g7fk7"'7 ]?k )and

b= ((1, fl(t%)mfl(t%)v 7fl(t?1_1)7f2(t%)vf2(t%)7'" 7f2(tg2_1)7"'fk(t]:b%fk(t%)v'“ 7fk(tzk_1))

and where f]l(t) € Eg’l is defined by

exist, we can extend Pj|(tl. f+1y to the closed interval [ |, and denote this projection by P]l

Fi@) = [ = e+ ) for all t€[0,1],5 € {1,2,--- ,k},l € {0,1,--- ,n; — 1}.
O

8.8. Let A = A(F1, F,p0,¢1) € C be asl6.1l Let h = (f,a) € Ay with [|h|| = 1. Recall that
we may write C([0,1], Fy) = @?21 C([0,1]j, M,.;), where [0,1]; denotes the j-th interval. For
each fixed j, consider f; = f ][0,113.. By a simple application of Weyl’s theorem, one can write the
eigenvalues of f;(t) as continuous functions of ¢,

{0 M(0) < dag(h) S - Aig(0) < - < Ay (1) < 1.

Let ey, €2, ..., €r; be mutually orthogonal rank one projections and put f]’ = Zf;l Aijei- Then, on
each [0, 1];, f; and f]’- have exactly the same eigenvalues at each point ¢ € [0, 1];. Let p € F; denote
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the range projection of @ € (F1). By using a unitary in C([0, 1];, M,.), it is easy to construct a
set of mutually orthogonal rank one projections p1,p2,---pi, -+ ,pr; € C([0,1],M,,) such that
g5(t) = 2201y Ailt)pi satisfies g;(0) = f;(0) and g;(1) = f;(1). In particular >, 5 =0y Pi(0) =
7 (¢o(p)) € M,, and 2o pi(l) = m(¢1(p)) € M,,;, where 7/ : Fp — F] = M,, is
the canonical quotient map to the jth summand. Then, with g[jo1), = g;, (9,a) € A4. By a
result of Thomsen, (see Theorem 1.2 of [50]) (or [43]), for each j there is a sequence of unitaries
uy, € C([0,1],M,,) with u,(0) = uf,(1) = 1,, (Note that as g(0) = f(0) and g(1) = f(1), we can
choose u,(0) = u),(1) = 1) such that gj = nh_}n;o uf@f](u%)* Since ), (0) = ul (1) = 1,;, we can
put u, € C([0,1],M;,) together to define unitary u, € A and get (g,a) = nh_)ngo un (f,a)ul. In
other words, (g,a) ~q (f,a) in A. Note this, in particular, implies that ((f,a)) = ((g,a)).

Lemma 8.9. Let ¢ = (g,a) € A(F1, Fy, o, p1)+ with |[(g,a)|| =1 (seel6). Suppose that

"
95 = glio.y; = D_ Mg (pis (),
i=1

where \;; € C([0,1])4, and p;; € C([0,1],M,,) are mutually orthogonal rank one projections.
Then, for any e > 0, there exists 0 < h < g such that ||h — g|| < &, (h,a) € A(Fy, Fa, @0, p1),
and h; = h‘[o,l}j satisfies the conditions described in|8.7.

Proof. Fix e1 > 0 and j. Let g; = g[jo1),- Let Gi; = {t € [0,1] : A; j(t) = 0}. Since all G, ; are
closed sets, there is g > 0 such that if 0 ¢ G; ; (or 1 ¢ G, j, respectively), then dist(0, G; ;) > 20
(or dist(1, Gy ;) > 260, respectively). Fix 6 > 0. such that § < dp. For each 4, there is a closed
set S; ; which is a union of finitely many closed interval containing the set G ; such that

dist(s, G; ;) < 6/4 for all s €.5; ;. (e8.46)

Hence, dist(0,S;;) > 0 (and dist(1,.5; ;) > ¢) if G;; does not contain them. Choose f;; €
C([0,1])+ such that f;j|s,; =0, 1> f;;(t) >0,if t € S;; and f; ;(t) = 1 if dist(¢, S; ;) > /2.
Put X ; = fijAij. Then 0 < A} - < A ;. Define h; = >4 X ;p; ;. Then h; < g;. We can choose
¢ sufficiently small to begin with so that

Tj
1y =D~ Aigpigll < e (e8.47)
i=1

Put h € C([0,1], F») such that hhmh = hj, j =1,2,..., k. Therefore
[h—gll <e. (8.48)

From the construction, we have h;(0) = ¢;(0) and h;j(1) = g;(1) (note that if 0 ¢ G;; (or
1 ¢ G;;), then f;;(0) =1 (or f;;(1) = 1)). It follows that h(0) = ¢(0) and h(1) = g(1).
Therefore (h,a) € A(F1, F, o, 1). Moreover, (h,a) < (g,a).

Let g j(t) = pij(t) if X ;(t) # 0 and g; ;(t) = 0 if A} ;(t) = 0. For each i, there is a partition

0= tl(oj) < tl(lj) < < tz(l;) = 1 such that ¢; ; is continuous on (tz(l]),tz(l;rl)) Namely, on each
interval (tgf])-,tgf;—rl)), i,j(t) either constant zero projection or rank one projection p; ;(t) and

therefore both lim8_>tl(_f)_+q,~7j(s) and hms—nl(.fj“)— ¢ij(s) exist. Furthermore, if ¢; ;(t) is zero on

the open interval (tglj) ) tgf;.rl)

Hence we have

), then g; ;(¢) is also zero on the boundary (since A} ;(#) is continuos).

l . l I+1)\— . I+1
a(ED) = lim aiy(s) 2 as(t) and (7)) = m o aig(s) 2 ais (e ).
s+ MY
Define P;j(t) = >_.7 | ¢;;(t). Then P; satisfies the conditions described in [8.71 O
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We would like to include the following known fact.

Corollary 8.10. Let A € C (or Cy, or C), let a € Ay be a full element, and set B = aAa.
Then, for any € > 0, there is 0 < b < a such that b is full in A, |ja —b|| <&, bBb=bAb € C (or
Co, or CY).

Proof. Let us first assume that a satisfies the condition on ¢ in 8.91 Then, by [8.9 and by 8.7]
there is 0 < b < a such that, for any ¢ > 0, |la — b|| < ¢ and bAb € C. Write a = (f,d) €
A(Fy, Fy, 00,¢1)+, where f € C([0,1], F5) and d € Fj. Note that, if a is full, ||f(¢)]] # 0 for
all t € [0,1]);, j = 1,2,...,k, and d is full in F;. Since f(t) is also continuous on each [0, 1];,
inf{||f(¢)]] : t € [0,1];} > 0. Therefore, b = (g,d1) € A(F1, F5, 0, 1) can be chosen so that
llg(t)|| # 0 for all t € [0,1];, j = 1,2, ..., k, and also d; is full in F}. In other words, b can also be
chosen to be full. Thus 7(b) > 0 for all 7 € T(A). If 0 € T(A)", Then inf{r(b) : 7 € T(A)} > 0.

This implies that 0 ¢ T(W)W. Then B := bAb is stably isomorphic to A by Brown’s theorem
([3]). Tt follows that K;(B) = K;(A) and Ko(B); = Ko(A)4+. Thus, if A is in Cp (or is in CY),
so also is B.

In general, by B8 a is approximately unitarily equivalent to a’ € A which satisfies the
condition for ¢ in Therefore there is an isomorphism ¢ : a’Aa’ — aAa. Let V' < o’ be as
given by the first part of the proof. Choose b = ¢(’). The conclusion then holds for b.

0

Remark 8.11. Let C € C{ (or CS/), let e € C'y be such that 7(f;/2(e)) > § > 0 for all 7 € T(C),
let F be a finite subset in the unit ball of C, and let € > 0. Put ¢g = min{f/4,/4}. Choose
n > 0 such that

”f1/2(a/) - f1/2(b/)” <éo (e8.49)

if 0 <d/,b <1and ||a—¥| <n. Wemay assume that n < gg. Let ec € C be a strictly positive
element such that ||ec|| =1 and

lecfec — fIl <n/4 for all fe FU{e, fia(e)}- (e8.50)

By B0, there exists b € C with b < ec and ||b — ec|| < n/4 such that B := bCb in Cy (or in
CJ). Define ¢ : C — B by 9(c) = beb for all ¢ € C. Then, for all f € F U {e, fi2(e)},

|(f) = fll <n <e, and 7(f12(¢(e))) > §/2 for all 7€ T(C). (e8.51)

Consequently, as B is a hereditary sub-C*-algebra of C,

T(f12(¥(e))) > §/2 for all 7 € T(B). (8.52)
It follows that, in the definition of D and Dy, we may assume that D € Cy (or D € C§).

Corollary 8.12. Let A be a simple C*-algebra which is an inductive limit of C*-algebras in C|,
(orin C'). Then A can be also written as an inductive limit of C*-algebras in Cy (or in CJ).

Proof. Let C € C|, (or C € C8/). Then, by [8.10) C = (J;2; Ck, where each Cj, € Cy (or Cy, € CJ),
Ck C Cky1 and Cf is a hereditary sub-C*-algebra of C. k= 1,2, ....

Suppose that A = lim,_,o(Ay, ¢n), where A, € C| (or A € (38/) and ¢, : A, = Apg1is a
homomorphism, n = 1,2,..., If m > n, put @, m = PmoYm_10---0p, : A, = Ay and @y o -
A, — A the homomorphism induced by the inductive system. Choose a dense sequence {z,}
in the unit ball of A such that {z1,z2,....2n} C @noo(Ay), n = 1,2,.... Write A, = Up—; Cr.ks
where Cy, 1, € Co (or Cpi € C3), Cni C Crgy1, k= 1,2, .... Without loss of generality, we may
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assume that z; € ¢ (Cj;), j = 1,2,.... Let y;; € C;; such that ¢; o (yji) = =, i = 1,2,...,j
and j =1,2,....

Let {z, 1} be a dense sequence in A,. We may assume that y;; € {z;} for i =1,2,...,7,
and j = 1,2,.... We may also assume ¢, (2 k) C {Znt1k}, n = 1,2,.... Put F, = {yn; : 1 <
i <n}U{zn;:1<i<n}, n=1,2,.. By the semi-projectivity of C*-algebras in C, one easily
produces a sequence of homomorphisms ¥, : Cy, — Cpi1k,,, for some k, > n such that
|tn(a) — pn(a)]| < 1/2" for all a € F,, n =1,2,....

Let B = limy—00(Chk,y» ¥n). Then B is an inductive limit of C*-algebras in Cy (or in C).
Let C = U2 | ¥n,00(Cnk,). Then C is a sub-C*-algebra of A. Since {z,} C C, C = A. Let
tn 2 Cpk,, — Cn i, be the identity map. Then,

llon 0 1n(a) — tny1 0 Yp(a)]| < 1/2" for all a € F,. (e8.53)

By the Elliott approximate intertwining argument, there is an isomorphism j : B — C which is
induced by {2,}. It follows that A is an inductive limit of C*-algebras in Co (or in CJ). O

9 Traces and comparison for C*-algebras in the class D

Proposition 9.1. Let A be a non-zero separable simple C*-algebra in D. Then QT(A) =
T(A) # @. Moreover, 0 ¢ T(A)" .

Proof. Let ag € A be a strictly positive element of A with [jag|| = 1. Let 4, > 0 be as in the
definition B.1l Fix any by € A4 \ {0}. Choose a sequence of positive elements (by,),>1 which
has the following property: b,1 < by 1, where by, 1, by, 2, ..., by, , are mutually orthogonal positive
elements in by, Ab,, such that byby, ; = by, iby = by, i =1,2,...,n,and (b, ;) = (bp1), 1 =1,2,...,n.

One obtains (from Theorem [8.3]) two sequences of sub-C*-algebras Ag,, D, of A, where
D, € Cj, and two sequences of completely positive contractive maps ¢g, : A — Ao, and
©1n A — D, with Ay, L D, with the following properties:

nh_)n(f)lo | pin(ab) — @in(a)pin()|| =0 for all a, be A, ( )
nh_)n;O la = (po.n + ©1n)(a)]| =0 for all a € A, (€9.2)

cn S bn, (e9.3)

T (1 ()] = o] for all @€ A (9.4)
7(f1/a(p1,n(a0))) = foo for all 7€ T(Dy), (€9.5)

and o1, (ap) is a strictly positive element of D,,, where ¢, is a strictly positive element of Ay ,,.
Since quasitraces are norm continuous (Corollary II 2.5 of [2]), by (e9.2),

nli_}ngo(sup{h'(a) — 7((pon + p1n)(a))| : 7€ QT(A)}) =0 for all a € A. (€9.6)
Since gon(a)@1.n(a) = 91.0(@)g0n(a) = 0, for any 7 € QT(A),
T((pon + p1.0)(a)) = T(won(a)) + 7(p1n(a)) for all a € A. (€9.7)
Note that, by (£9.3),

nli_)n(f)lo(sup{T(gpg,n(a)) 7€ QT(A)}) =0 for all a € A. (€9.8)
Therefore
nli_)ngo(sup{h'(a) —Topin(a): 7€ QT(A)}) =0 for all a € A (€9.9)
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Since D, is exact, 7|p, extends to a trace, say t,. Then, for any a,b € A,

ToY1n(a+b) =ty op1n(a+b) =ty opi,(a)+t, 0 @1n(b) (€9.10)
=Top1p(a)+Topr,(b) for all a,be A. (e9.11)

It follows from (9.9) that, for every 7 € QT(A),
T(a+b) =7(a) + 7(b) for all a,be A.

Thus 7 extends to a trace on A. This proves QT(A) = T(A).
Choose s, € T(D,,), n =1,2,... Consider a positive linear functional F,, : A — C defined by
F,(a) =tno@in, n=1,2,.. Let Fy be a weak*-limit of (F},),>1. Note that, by (e9.5),

Fn(8ao) = sn(8¢1,n(a0)) > sn(fi/a(w1n(ao)) > fo for all n. (e9.12)

It follows that Fy # 0. By (e9.1)), since s,, is a trace on D,,, Fj is a nonzero trace on A. It follows
that T'(A) # O.

Now let 7, € T(A) such that, for some positive linear functional 7, lim,_ 7 (a) = 7(a)
for all a € A. Then, for each k, by (€9.9), lim,— ||7x|p,|| = 1. Consider the restriction ¢, =
(I7x| Do |71 7D, for large n. Then ty,, € T(Dy,) for all k. It follows from (€0.5) that

trn(f1/a(01,0(00))) > fag, n=1,2,.... (e9.13)
By (€9.9) and (e9.1),
7i(f1/4(a0)) = Hm 75 (f174(p1n(a0))) = fag, b =1,2, ... (e9.14)

Therefore 7 # 0. This implies that 0 ¢ T(A)" .
O

Remark 9.2. Let A € D and let a € Ay be a strictly positive element with ||a|| = 1. In view
of [9.1]

To 1= inf{T(f1/4(a)) 7€ T(A)} > 0.
The proof above shows that we may choose f, = r¢/2. In fact in the case that A = Ped(A), one
may choose §, arbitrarily close to

As(A) = inf{r(a) : 7 € T(4) " }.

In the case that A has continuous scale, we may choose the strictly positive element in such a
way that rg is arbitrarily close to 1.

Proposition 9.3. Every C*-algebra in D is stably projectionless.

Proof. Let A € D. Since, by and B6] A € D if and only if M,,(A) € D for each n, we only
need to show that A itself has no nonzero projections. Let p € A be a nonzero projection. By

9.1]
—inf{r(p): 7 € T(4) } > 0.

Choose /4 > ¢ > 0. Then, by BT],
Ip = (z1 +22)|| <e/2, (€9.15)

where x; s (Ao)y and x5 € Dy, where Ay = bAb for some b € A, with d,(b) < r/4 for all
T € T(A) D € C|, and Ag L D. If ¢ is chosen to be a small enough, there are projections
p1 € Ag and p2 € D such that ||p— (p1+p2)|| < e. Since D is projectionless, po = 0. This implies
that 7(p) < 7(p1) + e < r/2 for all 7 € T(A), in contradiction with (€9.15).

0
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Theorem 9.4. Let A € D. Suppose that A = Ped(A). Let a,b € (A ® K); be such that
d-(a) < d+(b) for all 7 € T(A)" . Then
a < b.

Proof. Recall that, byld5l 0 & T(A)" . Let us first prove the case that a,b € A, and dy(a) < d,(b)
for all 7 € T(A)".

Fix a strictly positive element ap € A with 0 < ag < 1. We may assume that ||a||=||b|| = 1.
Let 1/2 > ¢ > 0. By [9.3] A is projectionless, and so zero is not an isolated point of sp(a).
Therefore, there is a non-zero element ¢ € aAay such that ¢'c = ¢¢ = 0, where ¢ = f, jp4(a). It
follows that

ro := inf{d,(b) — d,(c) : 7 € T(A)" } > 0.

(Note that d,(b) — d,(c) > d,(c’) and use 0 ¢ T(A)".)
Set ¢1 = f./16(a), so that cc; = c1. Then a compactness argument (cf. Lemma 5.4 of [34])
shows that there is 1 > §; > 0 such that

7(f5, (b)) > 7(c) (> dr(c1)) for all 7€ T(A)".
Put by = f5,(b). Then
r=inf{7r(by) —d;(c1) : 7€ T(A)} > inf{7(b1) — 7(c) : 7 € T(A)} > 0. (€9.16)

Note that [|b]] = 1. Choosing a smaller §;, we may assume that there exist non-zero elements
e, € fas,(b)Afas, (b) with 0 < e <€’ <1 and €’e = e¢’ = e such that

() < r/8 for all 7€ T(A) .

Set 71 = inf{r(e) : 7 € T(A)}. Note that, as above, since A is simple and 0 ¢ T(A)", r1 > 0.
Set by = (1 —€')b1(1 — €’). Thus (cf. above), there is 0 < d2 < 01/2 < 1/2 such that

7r/8 < inf{7(fs,(b2)) —d-(c1): 7€ T(A)} <7 —ry. (€9.17)

Since fs,(b2) f3/4(b2) = f3/4(b2) and since f3,4(b2)Afs/4(b2) is non-zero, there is e; € Ay with
ller|l = 1 with e fs5,(b2) = e and dr(e1) < r/18 for all 7 € T(A). Choose n < 1/4 and set
e2 = fy/a(e1) and ez = fy(e1). Note that fs,(b2)ea = e2. Let o9 = inf{7(e2) : 7 € T(A)} > 0.

By [3.4], there are 1,9, ..., T, € A such that

Z rie3r; = fi/16(a0)- (€9.18)
i=1

Choose a nonzero element eg € eAe such that d,(eg) < 0¢/16 for all 7 € T(A).

Let fq, > 0 be as in Definition 8.1l Set
0 = fao - min{e? /27 (m + 1), 61 /8,71 /2" (m + 1), 09 /16}.
By (e9.17),
T(fezm2(c1)) + 7(e2) < 7(fe2jo12(c1)) +1/18 < 7(f5,(b2)) for all 7€ T(A). (€9.19)
Then, by 7.5 of 9], there are 21, 29,..., 25 € A and I/ € A, such that

K
| fe2jor2(e1) = 22| < 0/4 and (€9.20)
j=1

K
5, (b2) — (V' + e+ > z25)|| < 0/4.
j=1
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Since A € D, there exist sub-C*-algebras Ay, D C A, with D € C and Ay L D, such that

[ fo2jo1a(c1) — (fe2j214(co,2) + fe2ja1a(c2))|| < o,

| f5, /2(b2) = (f5,/2(bo,3) + f5,/2(b3))]l < o,

| f55/a(b2) = (f5,/4(b0,3) + fs,/4(b3))] < o,

llei — (e +e1)]] <o,i=1,2, and egje11 =e11
co < eo,

lao — (@o,0 + a1,0)|| < o, and
7(f1/4(a10)) = fao for all 7€ T(D)",

(
(
(
(
(69 25
(
(
)

where ¢y € Ay is a strictly positive element of Ay, and where ag,bo3,c02,€0,1 € (Ao)+ and

a1,0,03,c2, €11 € Dy. By (€9.20), we may also obtain 27, 2}, z; € D and b"
and 7 =1,2,..., K, such that

m

| Z(ZE;)*€171$; = fiji6(ar0) <o,
i=1
K
(| fe2 214 (c2) Z 2|l < o and
7j=1
K
| £5,(b3) = O 25(Z)" + e + 1) <o
j=1
Note that, by (€9.28) and by Lemma [B1]
(fijalarp)) < <Z(x;)*el,lx;> <mfer).
i=1

Then, by (£9.27),
t(eg,1) > di(er1) > fao/(m +1) > 20 for all t € T(D).
Therefore, by (€9.28), (€9.29) and (e9.30),
di(fezjma(ea)) < t(fezjma(e2)) <o+ Z )')

N

K
= Z 62 1 — 0+ Z
< t(fél(b3)) < de(fs5,/2(b3))
for all t € T(D). It follows by Proposition [6.3] that
fezyos(c2) S fs,/2(b3).

By (€9.23) and Lemma 2.2 of [45] (note o < ;/8 and by 3 L b3),
fs1/2(b3) S f5,/4(b2) < ba.

It then follows (also by Lemma 2.2 of [45]) that
fepple) S fezpon(co +ca) S co @ fezyoni(ca)
S e+bySby SO
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We also have

fe(a) S f€/2(f5/16(a)) S f€/2(c) <b.

Since this holds for all 1 > ¢ > 0, by 2.4 of [45], we conclude that a < b.

If we only have d,(a) < d-(b) for all 7 € T(A)", since A is stably projectionless as mentioned
above, as shown at the beginning of the proof, for any ¢ > 0, 7(f.2(a)) < d.(b) for all 7 € T(4)".
From what has been proved, f.(a) < b for all € > 0. Therefore a < b. This shows the case that
a,b € Ay. For a,b € M, (A); for some n > 1, one notes that, by B.5 M, (A) € D. Therefore
this case is easily reduced to the case that n = 1. In general, if a,b € (A ® K)4, then, for
any € > 0, by the last part of 3.2 we may assume that f./s(a) is in M,(A) for some n > 1.
Hence 7 + 7(f./16(a)) is bounded and continuous. Since mw is compact, one concludes, as

shown above, for some small §; > 0, 7(f./16(a)) < 7(f5 (b)) for all 7 € (A)". As mentioned
above, we may also assume that f5(b) € M, (A) (with possibly larger n). Thus, we conclude
that f-(a) < f5(b) < b. It follows that a < b.

[l

Definition 9.5. Let us denote by M the class of (non-unital) simple C*-algebras which are
inductive limits of sequences of C*-algebras in C. We stipulate that the maps in the sequence
be injective and preserve strictly positive elements, i.e., each map should send strictly positive
elements to strictly positive elements. In fact, a decomposition with such maps can always be
chosen.

Every algebraically simple C*-algebra A in M is in Dy. To see this, write A = limy, 00 (Ch, @n),
where each C,, is in C8 and ¢, : C), = Cj41 is a homomorphism which preserves strictly positive
elements and is injective.

Let a; € Cy be a strictly positive element with |lai|| = 1. Then a, = ¢i,(a1) € Cy, is a
strictly positive element of C,, n = 1,2,.... Then a = ¢y, oo(ay,) is a strictly positive element

with |ja|| = 1. For any n, since 0 ¢ T(C,,)" (see Definition B.1I),
o o= inf{7(ay) : 7 € T(Cp)" } > 0.

Since ¢y, n is a homomorphism preserving strictly positive elements, t o ¢, ,, € T(Cy,) for all
t € T(Cy) and for all n > m. Thus, r, > r,, for all n > m.
Since A is algebraically simple and f/4(a) # 0, there are x1,z2, ...,z € A such that

k
Z i fiya(a)zi = a.
i=1

Set M = 2k max{||x;|| : 1 <i < k}. For some m > 1, there are y1,¥s, ..., yr € Cp, such that

k
1S yrerm(Fryalan)ys — amll < r1/2.
i=1

We may assume that |ly;|| < 2|z, ¢ = 1,2, ..., k. Since 1 < 7y, this implies that

T(e1m(f1/a(a1))) = (rm/2)/2M for all 7€ T(Crn).

Put
fa = nf{7(p1,m(f1/4(a1))) : 7 € T(Cm)}-
Note since t o ¢y, , € T(Cy,) for all t € T(C,,),

t(omn(fi/a(ar))) = fa for all t € T(Cy).
From this, one concludes that A € Dy (with ¢ = 0 and ¢ = id4 in Definition [8.1).
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Definition 9.6. Recall that W is an inductive limit of C*-algebras as described in (e6.2)) (see
[41], [53], and [24]) which has Ko(W) = K1(W) = {0} and has a unique tracial state. Moreover,
W = U2, Cp, where C,, C Cpq; and each C), is in R,, (in fact as in (e6.2)) and inclusion
preserves the strictly positive elements. In particular, W € Mgy and W € Dy. Furthermore, we
may also assume that (see [6.1] and [4.9] for \;)

As(Cp) = inf{7(ec,) : 7 € T(Cp)} — 1,

where ec, is a strictly positive element of C), (for example, lim; ,~ a;/(a; + 1) = 1 as shown in
[24]). By [41], W is unique with these properties.

10 Tracial approximate divisibility

Definition 10.1. Let A be a (non-unital) o-unital simple C*-algebra. Let us say that A is
(non-unital) tracially approximately divisible if the following property holds:

For any € > 0, any finite subset F C A, any b € A, \ {0}, and any integer n > 1, there are
o-unital sub-C*-algebras Ag, A1 ® 1,1 C M, (A1) CA such that Ag L M,,(A,),

dist(z, Bg) < ¢ for all z € F,

where By = Ag + A1 ® 1,,, and ag < b, where ag is a strictly positive element of Ag.

In the unital case, this definition is equivalent to 5.3 of [32]. (Note, as seen in the proof of
5.4 of [32], the unit of the finite dimensional sub-C*-algebra is required to be 1 — ¢ there.)

Lemma 10.2. Let D be a (non-unital) separable simple C*-algebra which can be written as
D = limg_,oo(Dg, k), where each Dy € C8/. Let K > 1 be an integer, let € > 0, and let
F C D, be a finite subset for some n > 1. There exist an integer m > n, a sub-C*-algebra
D!, = Mg (D) C Dy, where D' is a hereditary sub-C*-algebra of D,,, and a finite subset
F1 C D! such that

dist(@n,m(f), F1 ® 1x) < e for all f e F. (e10.1)

If each Dy, is just assumed to belong to C{,, then there exist an integer m > n, a sub-C*-algebra
D!, = Mg(D!) C Dy, where D) is a hereditary sub-C*-algebra of D,,, and a finite subset
F1 C D}, such that

pnm(f) = (r(f) +gr @ 1k)|| <e for all feF, (e10.2)

where 7(f) € eDye and g5 € Fy for all f € F, e € (Dp)+, and e S eq, where eq is a strictly
positive element of DJ),.

Proof. We may assume that F is in the unit ball of D. Consider first the case Dy, € C8/ for all
k. By 8.12] without loss of generality, we may assume that Dy € CJ. One notes that Ko(D) =
K;(D) = {0}. One also notes that D ® @ is an inductive limit of C*-algebras in C{). Moreover, D
and D ® @ have the same (lower semicontinuous) traces and the same tracial states. It follows
from 6.2.4 of [43] (see Theorem 1.2 of [24], also [4I] and [53]) that D = D ® Q. Fix n such
that F C D,,. Without loss of generality, we may assume that F C D}. Note also that Q is
self-absorbing. Hence the map a — a ® 1¢ (for all a € D) is approximatly unitarily equivalent
to the identity map. Therefore, there exists a sub-C*-algebra C of D with C' = D such that

lon,oo(a) —cla) ® 1k || < e/4 for all a € F, (e10.3)
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for all a € F and for some c(a) € C ®e;; C C® Mg C D.

For each a € F, there exists ny > n and c(a) € D,, such that |¢n, (c(a)) — c(a) ®
e11]] < €/16K2. Without loss of generality, we may assume that |c(a)l], ||c(a)’|] < 1. To simplify
notation, without loss of generality, let us assume that there is ¢y € C; with ||¢g|| = 1 such that
coc(a) = c(a)ep = c(a) for all a € F. Consider the sub-C*-algebra B = Cy @ Mg, where Cj is
the sub-C*-algebra of C' generated by ¢y. Since C' is stably projectionless, sp(cy) = [0, 1]. Then
Co ® Mg=Cy((0,1]) ® Mg. Fix a finite subset G C B which contains {co ® e;; : 1 <i,j < 1},
and 0 < § < ¢/8. Since B is semiprojective (see, for example, [12]), there is a homomorphism
H: B — D,,, for some m; > n; > n such that

my.00 © H(g) — gll < 6/K? for all g€G. (e10.4)

Set cgp = H(Co & 611).
Fix m > my. Define D), = @, m(c00) Dm@mi m(coo). Then the sub-C*-algebra D], gener-
ated by D}, and @, m(H(B)) is isomorphic to D}}, ® Mg C D,,. Define

z15(a) = (coo ® €j1)Pn;,m, (c(a)')(coo ® e1j) € H(B), and
Y1,5(@) = Py m(co0 ® €j1)@ny m(c(@))omy mlcoo @erj), j=1,2,..,K, (el0.5)

for all a € F. Note y1,; = ©m,,m(x1,;(a)). Moreover, one may write Zﬁvzl z1j(a) = Z;VZI z11(a)®
eii = 711(a) ® 1x. By (I0.4), for a € F,

K K
oY w15(@) 5D (0 ®en)om solel@)) (e ® 1)
_j:l j=1
K
e/16 Z(CO ® ej1)(c(a) ® e11)(co ® e1y)
j=1
K K
N Z (coc(a)eo) @ ej :Z a)®ejj =cla)®1k.  (e10.6)
=1 =

Define F1 = {y1,1(a) : a € F} C D)), @ Mg C D,,. Then, by (eI0.3) and (eI0.6) above, without
loss of generality, choosing a larger m if necessary, we may assume that

| 2my m (Prmy (@) = @mym(@11(a) @ 1x)|| < £/2 for all a € F. (€10.7)

It follows that

dist(¢n,m(a), F1 ® 1g) < e for all a € F. (€10.8)

This proves the first part of the statement.

In the case D,, € Cjj, by [B1], D ® Z = D. In Z (see the proof of Lemma 2.1 of [44], and
also Lemma 4.2 of [48]), there are eq, e, ...,ex,d € Z; such that Zle ej+d=1z,ei,e,...,ex
are mutually orthogonal, d < ey, and there exist wq,ws,...,wxg € Z such that e; = ij;
and ej11 = wjw;. Moreover, as in the proof of Lemma 4.2 of [48], since Z has stable rank
one, there is a unitary v € Z such that v*dv < e;. Without loss of generality, identifying
D with D ® Z, we may assume that ¢, o () y ® 1 for some y = y(x) € D for every
element x € F. Let d = g ®d, v/ = cl/2®v e = co®ej, Wy = CO/ Qwj, j =1,2,.., K.
Note that d' + Z]K 1 e = co With sufficiently large m and with a standard perturbatlon,
we may assume that d’ v, ],w] € Vmoo(Dm), 7 = 1,2,...,m, and ¢, () commutes with
d, e] and w] for all x € F. With possibly even larger m, without loss of generality, there are

~
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d",v", e, w] € Dy, such that d” +Z o= cp, dN =01, (W) < el el el e are
mutually orthogonal (wi)(w})* = € and ey = (w;’) (wf), where ¢ € (D)4 is such that

coPnm(T) = @nm(x)ch) = @nm(z) for all x € F and
@n.m (@), ]|l < /16K for all x € F (€10.9)

and y € {d"V/? d", o' ,e],w /,j =1,2,.., K}. Define Dy, = eDpef, r(f) = (A" 20y, (d)?
and F; = {efonm(z)e] : © € F} and 1dentify d(e onm(z)ey]) with

Ze”gonm )e!l € Mg(Dy,) for all z € F.

The conclusion of the lemma follows. O

Theorem 10.3. Let A € D (or A €Dy) be a separable C*-algebra with A = Ped(A). Then the
following statement holds: Let ag be a strictly positive element of A with |lag|| = 1. There exists
1> da > 0 satisfing the following condition: For any e > 0, any finite subset F C A, and any
bp € Ay \ {0}, there exist a separable simple C*-algebra D = limy,_,oo(Dy, ), where D,, € Cy
(or D, € C8) and an F-e-multiplicative completely positive contractive map ¢ : A — Dy such

that, for any n > 1, there exist a completely positive contractive map ®, : A — A and an
embedding j,, : D, — A with ®,(A) L jp, o (Y1,n00(A)) such that

|z = (P + jnovinop)(z)| <e for all z € F, (e10.10)
cn S by, and (e10.11)
7(f1/4(V1n 0 p(ao))) > da for all 7 € T(Dy), (e10.12)

where ¢y, is a strictly positive element of ®,(A)A®,(A). Moreover, if Ko(A) = {0}, we may
assume that (Y1 n|p,)«0 = 0.

Proof. Let 1 > f4, > 0 be as in Definition 8.1l Fix an integer ky > 1 such that (fo,)? > 270,
Replacing ag by g(ag) for some g € Cyp((0,1]) with 0 < g < 1, we may assume that

T(ag) > fq, for all 7€ T(A) (€10.13)

(seel9.2). Fix any by € A4 \ {0}. Choose a sequence of nonzero positive elements (by,),>1 in A
with the following property: b1 < bo and by,11 S by 1, where by, 1,052, ..., by, ontko+s are mutually
orthogonal positive elements in b, Ab, such that b,b,; = b, b, = by, ¢ = 0,1,2,...,n, and
(bpi) = (bpa), i =1,2,.. 2" +kot3,

It should be noted that

i sup{7(b;) : 7 € T(A) )} < (Fap)?/27F5 for all m > 1. (e10.14)

One obtains (see also the end of [8.11) two sequences of sub-C*-algebras Ay, and D,, of A,
with Ag, L. D,, and D,, € Cy (or D,, € C8), and two sequences of completely positive contractive
maps gpﬁ?) A — Ao, and gog) : A — D, with H(p,(f)H =1 (i = 0,1) satisfying the following

conditions:

lim 108 (ab) — D (@)l ()] = 0 for all a, be A, i=0,1, (e10.15)
h_)m la — (09 + DY (@)|| = 0 for all a € A, (e10.16)
cn S bn, (€10.17)
7(f1/a(p4(@0))) = fap for all 7€ T(Dy), (e10.18)
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and cpgll)(ao) is a strictly positive element of D,,, where ¢, is a strictly positive element of A,

with |lc,|| = 1. As in the proof of @] it follows that

lim (sup{|7(a) — 70 oV (a)| : 7 € T(A)}) =0 for all a € A. (€10.19)

n
n—o0

Consider the sequence (ay) defined inductively by a; = gogl)(ao), as = gogl)(al),...,an =

(pgbl)(an—l), n=12...
For fixed n, by (€I017), (€I014), (€I0.15), and (€I0I6),

(sup{r(fi/a(pi) (@D ®)) : 7 € T(DR)}) < (Fap)?/2" (€10.20)

lim
k—00
for any 0 < b < 1. It follows that, for fixed n, and any fixed m > n,

. 1 n—

tim (sup{|r(fi/a(Pla i (@n = @)|: T € TDmen)}) < (a)?/2"" (e10:21)
Without loss of generality, passing to a subsequence if necessary, by (el10.16), we may assume
that, for all m > n,

2
Jan — () an) + e @) < 1 (¢10.2)
_ (0) M (fa)*
[ f1/a(an) = (fiya(em’ (@n)) + frya(en’ (an))ll < o(nt+a)2 and (€10.23)
(1) (1) B (Fao)®  _
”90m O O‘:Dn+1(f1/4(an)) f1/4(an+m)H < 2(n+4)2’ n= 1727”'7 (e 10’24)
and, by (eI0.21), whenever m + k > n + 1,
2
{1712 (@ 0plamsr — an))|: 7 € T(Dpyi)} < A1 (¢10.25)
Claim (1):
2
lim inf (inf {7 ( fiya(@P (@) : 7 € T(Dyy) and m > n}) > (f“é)) : (€10.26)

Claim (2): If we first take a subsequence (N(k)) and as above define a; := (p%N(l))(ao),

as = (pg\l&m(al),...,an = gpg\lf)(n)(an_l), n = 0,1,..., then Claim (1) still holds, when m is

replaced by N(m).
Let us first explain that Claim (2) follows from Claim (1) since we may first pass to another
subsequence in the above construction and then apply Claim (1).

We now prove Claim (1).

Assume Claim (1) is false. Then there exists 79 > 0 such that % — 1 > 0 and

linnl)gf(inf{T(fl/At(gng)(an))) :7 € T(Dy,) and m > n}) < (fag)z — 1. (€10.27)

By (eI0.25), there is ng > 1 such that, for all m > n > ng and k > 1,

T(F1ya0 Y, (@m)) < 7(f17a(@' () +10/2 for all 7€ T(Dpsr).  (e10.28)

Hence there exists a subsequence (ny) which has the following property: if &’ > k, then
tg (fr/a(P) (any))) < (Fao)* /8 = 10/2- (€10.29)
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Consider the positive linear functional 75, defined by 74(a) = tk(gpgllk)(a)) for all a € A,
k=1,2,... Let 7 be a weak™ limit of (73)x>1. It follows (eI0.I8) that 1 > ||7|| > f,. Moreover,

by (€I0.J5), 7 is a trace. On the other hand, by (e10.29) and (I10.23),

T(fija(an,)) < (Fao)?/8 for all k. (e10.30)
It follows from (e10.23), (e10.14) and (e10.17) that, if m > n > 1,
T(fr/ale) (an))) > 7(f174(an)) = (Fag)2/ 2™ = (Fag)2 /2047 (10.31)

Therefore, also using (e10.13)), for all k,

n+k

T(fiya(an,)) = 7(f1/4(a0)) = O ((ao)?/27*° = (5ag)?/294V%)) > (ag)?/4. (10.32)

j=1

This contradicts with (e10.30]) and so Claim (1) is proved.
Since A = Ped(A), by 7 we obtain a map T : A1 \ {0} — N x R4 \ {0} which has the
properties described by 5.7 Set T'(a) = (N(a), M (a)) and A(a) = (N(a)+1)(M(a)+ 1) for each

ac Ay \ {0}

Now fix a finite Subset F C Ay \ {0} and 1/16 > £ > 0. We may assume that [la]| <1 for
all a € F, ag € F. Let e be a strictly positive element of D,, with 0 < e? < 1. Let (F})
be an increasing sequence of finite subsets of (Dy)y such that the union Of these Subsets is

dense in (Dy)+. We may assume that gp(l)(f) C Fi1- By (e10.16) and (e10.18), without loss

of generality, by choosing larger k, if necessary, we may also assume that the elements @,(Cl)(f )
and therefore those in ]:,;’n are nonzero. Choose 1/4 > 1y > 0 such that

1 £1/a(a’) = f17a(a")]| < min{e, 2, }/64 (€10.33)
whenever 0 < a’,a” <1 and ||a’ — a”|| < np. We may assume that
Iz — (0" + o) (@)|| < min{no,e}/162 for all z € F. (e10.34)
Set
Filn=Ala—lall/2)s :a e F,} and F, = F, UF,. (e10.35)
Choose o1 > 0 such that
Hfal(elD)a:fUl(elD) x| < min{e,n0}/16* for all z € cpgl)(}") and (€10.36)

£, (1) (@) £, (c1) — 0V (@)]| < min{fag, mo,€}/16% for all z € F.  (e10.37)
Define ®; : A — Ap1 by ®1(x) = fo, (cl)gpgo) () fo, (c1). Put g9 = min{fa0,€/16 M0/16,01/2}.
Let Fi, be a finite subset which also contains Fi”, U {a1,e?, f,, (e?), fal/g(el )}. By .1

since Dy is assumed to be in the class Cy, there exist an integer no > 2 and a homomorphism
Y1 : D1 — Dy, such that

mi(a)

> el @(@in) el (@l (@(@)in) = fij6(ehy (@), (€10.38)
i=1
where z(a);1 € A, mi(a) < N(a) and ||z(a);1]| < M(a), i =1,2,...,m;(a), and
l1(a) — @) (a)l] < e0/4 - 16)(a) (10.39)
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for all a € F7"}, Tt follows that

| Z e (z(a)in) 1 (a)pl) (x(a)iq) —f1/16(@5112)(a1))H < g0/32 (e 10.40)

for all a € FY';. Therefore, applying[3.1l one obtains y(a)in, € Dn, with [[y(a)in, || < [[z(a)i 1]+
(fao)?/16 such that

ma(a)
> y(a)] Y1 (@)y(a)in, = fi/s(@$) (1)) for all a € FYy. (e10.41)
=1

By (eI0.I5), we may assume, choosing ngy large, that

2 — (¢ + W) (@)|| < £0/16% for all € FU{ci1} U Fiy, (€10.42)
108 (for j2(€0)) 5 (for 2 (D)) < £0/16, (e10.43)
| for (5 (c1)) = @80 (for (1)) < €0/16, 0’ € {o1,01/2,01/4}, and  (e10.44)
£y j2(05 (€)' 20 (®1.(2)) £, j2(01) (€))? = o) (®@1(2) ]| < 20/16 (e 10.45)

for all z € F. Put p1 : A — Dy by ¢1(z) = fol(ef))gog )( )(fo, (eP)) for & € A. Define gp%z) by

bl (1) = fou 20 ()20 (91(2)) f, (01 (1)) for all 7 € A. Define @5 : A — Ao,
by (note, below, the two sums are orthogonal sums)

() = (1= 1 (fy 2D D (@1 + 1) (@) + 1) (@)1 = ¥1(fo, 2(eD)))

for all x € A. Note that ®5 is a completely positive contractive map and ®9(A) L ja(1h10p1(A))
(recall that j,, : D,, — A is the embedding). Also (note the sum is orthogonal)

V1(fo, s2(e1 ))(gpgg)(q)l + cpgl))(x)) =0 for all x € A. (e10.46)
By (eI0.39) and (eI0.43),
Sﬁng (z )¢1(fol/2(€1 ) Reo/16 9092) (z )90n2 f01/2(el ) ~zo/16 0- (e10.47)

Thus, on F, by (e10.45) and (e10.37),

By (2) ~ey s 0 (@1 + o) (@) + o) (@) meg 16 @D (@1 + o) (@) + o) (@1 (2))
162 = e (0 + o) (@) + oD 1V (). (¢10.48)

We then verify
|z — (P2(z) + j2(¢1 0 p1(2)))]| < e/16 for all z € F. (e10.49)
Note that, by (e10.42]),
(52 (1) + ) (e1)) — eall < 20 /16 (e10.50)
By B.1], since €9 < 01/2 and 90%02)(61) 1 90,(112) (c1),

For 205 (NS for (01 (1) + 91 (c1))) S e (€10.51)
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Note, by the definition of ®g, for any z € A4,

(@a(x)) < (@1 + i) (@) + oY (2)))
< {eny) + (Foy o (@85 (1)) < (bny) + (c1) < (ba) + (br2) < (b1,1 + b12).

It follows that, if ¢ is a strictly positive element of ®o(A)APy(A) (see 210), then
6/2 S b1,1 + b172. (e 10.52)

To simplify notation, passing to a subsequence, if necessary, without loss of generality, we may
assume that ny = 2.
Put e = 1/11(61) Set
={(a—|al|/2)+ :a€ F,} and FY = Fy, UFy,. e10.53
2,n 2n 2n

Choose o9 > 0 such that

| foo (€5) for, (€)) — || < &?/163 for all z € .7-"572 Ui (Fip) U gpél)(]-") and (e10.54)
| foy (ch) o () fory () — Ba(z)]| < 5/163 for all z € F. (e10.55)

Recall that Ko(D;) is finitely generated (see [6.2), say by [p;] — n;[1], where p; € M, (Dy) is a
projection with [74(p;)] = n;[1], g : My, (D1) — M,, is the quotient map, j = 1,2,...,k;. We
nj
) . —_——
may write p; = ¢; + h;, where h; = (hg-l’k)) with hg-l’k) € Dy, where ¢; = diag(1,1,...,1,0,...,0).
If Ko(A) = {0}, without loss of generality, we may assume that there exists v; € M, (A) such
that

U*

Gvp =p; and vjvr =qj, j=1,2,... k1, (e10.56)

where we identify ¢; with the matrix in M,,,(C - 13). Write v; = A; + s;, where s; = (syk))

with s§i’k) € D1, A\j € M;,(C-13) is a partial isometry and s; € M,,(D1), 1 < j < k1.
Put e; = min{eo/(m16)?,02/(m16)*}. Let Fy,, be a finite subset which also contains Fy', U

{ag, €5, foy(€3), foyy2(eh)} U br(Fi2) U gogl)(]:) as well as hg-i’k) and sg-i’k), Applying (.71 since
Dy € Cy, as in the previous step, we obtain a homomorphism v, : Dy — D,,, such that

lh2(a) — gpng( a)|| < e1/4-16°X(a) for all a € Fpy and (e10.57)
| Z ok (2(@)i2) 2 (a)efi) (1(a)i2) = fiy16(h) (a2)) | < €1/167 (e10.58)

for all a € Fy 9, where ma(a) < N(a) and |z(a);2| < M(a) for all a € F3,. By 3.1, there are
Y(@)isny € Dy With [[y(a)im, || < 2(a)i2ll + (fag)?/16 such that

ma(a)

Y(@)} s ¥2(@)y(@)i g = f1/5(05) (a2)) for all a € Fyh. (10.59)
=1

By (e10.15), we may assume, by choosing large ng, that

2 — (P + W) (@)|| < £1/16% for all & € FU{ch} U Fao, (€10.60)
195 (£rp 2 ()08 (forp 2 (€0))]] < £1/167, (€10.61)
£ (059 (ch)) — @) (for (h))I| < €1/16%, 0’ € {o2,02/2,02/4}, (€10.62)
£ 2 (055 (€)1 200) (@2(2)) f 12 (01 (5)) 2 = o) (B2 ()| < £1/16*  (e10.63)
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for all x € F. In particular (we continue to use gp,(j) for 4,0,(;) ®idayg,, ),

1Ry — (p52) (hy) + @) (h))I| < €1/16% and |[s; — (¢}) (s) + @l ()| < £1/167

(when Ko(A) = 0). By choosing smaller £1, we may assume that (for 1 < j < kq) there is a
partial isometry u; € M,,(Dy,) such that

uj =5 (p;) and wjuj = gj, (€10.64)

where || (15" (p])—i—cpsm)(h ) —pill <er, H(uj—kgogg)(s]))—vj\\ < €1, where we identify My, (C-15 )

with M;,,(C - 157), and where ¢3" is the extension of 12 on Mm(f)l). In particular, (¢2). = 0,
when Ky(A) = {0}. Define gpgg) by

90%13 ( ) fU /2( ( ,2))1/2()051)( ( ))fa /2(90n3)( ))1/2
for all z € A. Define &3: A — A by
O3(x) = (1 — Yo fop /2 (€2)) (D52 (@2 + jo 0 b1 0 01)(x)) + 05 (2))(1 = 12 (fy 2(eh))

for all x € A. Note ®3 is a completely positive contractive map and
@3(%1) 1 j2(¢1,2 o Y1 (A)), where 1/1172 = ¢2 o 1/}1. AlSO

Do (fn 2 (€5)) () (@2 + 2 0 01 0 1) () = 0 for all x € A. (e 10.65)
By (e10.57) and (el0.61),
S (@2 (fry j2(€h)) ey 162 D5 (2)08) (frp j2(€5)) ~cy 162 O (e10.66)

Thus, on F, by (e10.63) and (e10.49) (using also the orthogonality of the sum),

D3(z) + o) (G2 0 Y1(01(2))) R, jar G2 (2 + jo 0 91 0 1) (@) + ) (2)
+ol (g2 0 1 (01(2))) 2, j2s O (2 + jo 0 11 0 01)(2)) + @l (@2 + j2 0 ¥1) ()
/16 ~ 90%3)( )+ 90(1)(513) Rey/163 T

Therefore, since e1/27 + 1/2% + 1/16% + £1/16% < £/162, by (e10.57),
|z — (®3(x) + j3(¥1.2 0 01 (2)))]| < £/16 + £/162 (€10.67)
for all x € F. Note that, by (e10.42l),
12 (ch) + @) (ch)) = chl < £0/16. (¢10.68)
By [B.1] (recall that 90,(%) (ch) L <,p£}3) (ch)),
foar2(42)(2)) S ¢ S britbis. (e10.69)
By the definition of ®3 above, for any = € A,
(@3(2)) < (eno) + (fo2(P1 () < (brg1) + (ch). (€10.70)
Let ¢ be a strictly positive element of D3(A)Ad3(A). Then, by (e10.52),

(c5) < (bng,1) + (D11 + b12). (e10.71)
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To simplify notation, by passing to a subsequence, if necessary, without loss of generality,
we may assume that ng = 3.

Continuing this process, one then obtains a sequence of homomorphisms v, : D,, — D41
such that

||¢n( ) — oD (a)|| < eo/4-16"\(a) for all a € F,, and (€10.72)
Z (@) ns1¥n(@)y(@ins1 = fr/s(') (an)) for all a € Fop, (€10.73)
=1

where F,,, contains F)", U {an, ey, fo,(€,); fo, 2(€)} U ¥n(Fr1n-1) U 901(11)(]:)7 where (for
m>n)

]-",’{m ={(a—|la]|/2)+ :a € ]'Zm} and .F,/{’m = .F,/L’m U ]-",’1/7m. (e10.74)
Moreover, my,(a) < N(a), ||[y(a)int1]| < M(a)+ 1 for all n. Furthermore, there is a completely
positive contractive map @, : A — A such that ®,(A4) L j, (11,5 0 p1(4)),

2 = (@ (@) + jn (1m0 pr(2)))]| < Y /16" <& for all 2 € F and  (e10.75)
k=1
Ay Sbia+big+bar+ o+ byt S bo, (10.76)

n=12,...

Consider the inductive limit C*-algebra D = lim,,—,o0(Dy, ¥y, ). (Again, one should note that
we have passed to a subsequence to simplify notation.) Note that, if A € Dy, then each D,, € (38 .
Note also that, while, by construction, D,, € A, for each n = 1,2, ..., this is not true for D. Let us
verify that D is simple. Fix a non-zero positive element dy € (D) with ||dy|| = 1. Since each D,
is stably projectionless, so is D. Fix 1/64 > &1 > 0. There is d € (D)4 such that d = ¢, oo(d')
for d' € (D),)+ with ||d’|| = 1 and

|ld — dpl| < e1/32. (e10.77)
It follows from [B.I] that there is z € D such that
(d—e1/16)4 = z%dpz. (e10.78)
By construction, there is d” € F, s for some m’ > m + 16 such that
[P ((d = €1/16)4+) — d"|| < e1/64. (€10.79)
There is y € D, such that
(@ = 1/8)1 = Y e (@ — 21/4) )y (e 10.80)
Note that e1/2 < ||d"||/8.

By (eI0.73), there are x1, s, ...,z € D, 41 such that

L
> a1 (A = e1/2) )i = frys(ama)- (e10.81)

i=1
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Claim (3): The element ago := Ym/+1,00(@m+1) is full in D. In fact, for any m” > m’ + 1, it

follows from (e10.72), (e10.24]), and Claim (2) that

T ramr (Fiys(@m 1)) = 70 00 00 o (fuys(am1) = > (Fag)?/167
j=m'+2

= T(‘pg')/ -0 (10&2+2((f1/4(am’+1)) — (fao)2/16”””r1
(fao)2 (fao)2 (fao)z (e 10.82)

> 7(f1/a(amr)) — o(m/+1+4)2  1gm'+1 ~ 716

for all 7 € T(D,,~). By 6.3, we conclude that ¢, 41 7 (ams41) is full in D,,». Therefore agg
is full in 9,7 oo (Dyyr) for all m” > m' + 1. Hence, the closed two-sided ideal generated by ago
contains (J,,n< 41 ¥m? 00 (D). This implies that agq is full in D, which proves Claim (3).

It follows from (el0.81)) that ¢, o ((d” —€1/2)1) is full in D. By (el0.80), the element
Ym,0o((d —e1/4)4) is full in D. Then, by (e10.78), dp is full in D. Since dy is arbitrarily chosen
in (D)4 \ {0} with ||dp|| = 1, this implies that D is indeed simple.

By (e10.33), and then as in the estimate of (e10.82),
T(fia(a(e1(@0))) > T(f1ja(Y1a()" (@0)) — fuo /64

= 7( Y10 (f174(a1))) = Fao /64 > T(pV 0 @8 (f174(a1)) = Y (Fa)2/167 — 2, /64
j=2

> 7(frya(an)) = (Fao)2 /25" = (5a0)?/16%)(16/15) — §2, /64

> 2 /8 —f2, /32 =12 /16 =:d4 for all T € T(D,).

We also note, since (¢2)+«0 = 0, that (¢1,)« = 0 for all n > 2. O

Theorem 10.4. Let A be a separable C*-algebra in Dy. Then A is tracially approximately
divisible in the sense of 1.

Proof. Let ¢ > 0, F C A be a finite subset, b € Ay \ {0}, and let K > 1 be an integer. Let
e4 € A be a strictly positive element with 0 < ey < 1. Choose 1/2 > o > 0 such that

lfo(ea)afs(ea) —all <e/4 for all a € F. (e10.83)

Let F1 = {f,(ea)afs(ea) : a € F} and A" = f,(ea)Afs(ea). Then A’ is algebraically simple,
and so A" = Ped(A’). Choose by € (A")+ \ {0} such that (by) < (b).

We apply[10.3Ito A", Fi, /4 and by. Let D be as inl[10.3l Put Cy = 91 x(¢(A))Drto1.k(¢(A)),
k=1,2,.., and C = limy_,oo(Ck, Yk|c,_,). Then C is a hereditary sub-C*-algebra of D and
Cy € €Y. Byl10.2) there exist n > 1 and sub-C*-algebras D/, = Mg (D!) C C,, such that

dist(¢01 5, 0 p(a), Fo ® 1) < /4 for all a € F, (e10.84)

where D! is a hereditary sub-C*-algebra of C), and F, C D! is a finite subset.

Let ®,, be as in [[0.3] Then ®,(A) L j, (Y1, 0 ¢1(A)) and ¢, < by, where ¢, is a strictly
positive element of ®,,(A)A®,(A). Recall that, in [10.3] D,, C A. Define 4y = ®,,(A)AD,(A).
Then Ay L j,(C) and B = Ay ® Mgk (jn(D)))] C A. Then

dist(®(x) + jn 0 Up (), Ao+ DI, @ 1) < /4 for all z € Fy. (€10.85)
However, as part of the conclusion of [10.3]

|z — (P(x) 4 jn o Yu(x))]| < e/4 for all x € Fi. (e10.86)
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By (e10.83),
dist(a, Ao+ D)), ® 1x) < ¢ for all a € F. (€10.87)

Note we also have ¢, < by < b.

~

0

Remark 10.5. In fact, one can also prove the conclusion of [10.4] by replacing the condition
A € Dyby AeDand Ko(A) =0, and applying[1.9, since we will show that a C*-algebra in D
has stable rank one (which will be done in [11.5). This will be carried out in [11.10l below.

Corollary 10.6. Let A be a separable C*-algebra in the class D. Then A has the following
property: For any € > 0, any finite subset F C A, any ag € Ay \ {0} and any integer n > 1,
there are mutually orthogonal elements ey, eqo, €01 € A4, completely positive contractive maps
wo: A — Eg, p1: A— Eq, and @3 : A — Es, where Ey, E1, Ey are sub-C*-algebras of A,
Ey = eero, eopo € E1, eq1 € Bo, By 1 Eq, Mn(Eg) C FEy, with Es € C(l) and Ey C 601A€01, such
that

[z = (0 + 1) (@)]| < /2 and (10.88)
[e1(z) = (r(z) + @2(a) ® 1n)[ <&/2, (€10.89)
r(x) € egolegy for all x € F, (e10.90)

and eg + epo S ag and ey S eo1-

Proof. The proof is almost the same as that of [L0.4l One replaces C8/ by C; and instead of
applying the first part of [L0.2] one applies the second part of [10.2. We omit the repetition. [

Theorem 10.7. Let A be a separable C*-algebra in Dy. Let a € Ay with ||a|| = 1 be a strictly
positive element. Then the following statement is true.

There exists 1 > §o > 0 such that, for any € > 0, any finite subset F C A and any b €
A\ {0} and any integer n > 1, there are F-e-multiplicative completely positive contractive
maps ¢ : A — A and ) : A — D for some sub-C*-algebra D € C8/ with M, (D) C A and
M, (D) L ¢(A) such that ||| =1,

|z — (o(z) + Y(x) @ 1,)|| < e for all x € FU{a}, (€10.91)
cSb (€10.92)
t(fi/a((a))) > fa, teT(D), and (€10.93)

Y(a) is strictly positive in D, where c is a strictly positive element of Ay := p(a)Ap(a).

T W

Proof. Fix a strictly positive element a € A, with [ja]| = 1. It follows from [0.1] that 0 & T(A)
Let

ro = inf{r(f1/2(a)) : 7 € T(A)"} > 0. (€10.94)

Let fq, = r0/6. Choose an integer ko > 1 such that r¢/16 > 1/ko.

Let 1 > & >0 and F C A be a finite subset. Choose £ = min{e/16,79/128}. Let F; D
F U{a, f1/4(a)} be a finite subset of A. Let b € Ay \ {0}, and any integer n > 1 be given.

Choose b, by, .., b, 4 op € bAb such that bj, b}, ..., 0, 4ok, are mutually orthogonal and mutu-
ally equivalent in the sense of Cuntz and there are non-zero and mutually orthogonal elements

bo, b1, ..., bn+2k0 € A4 such that bzblo =b;,1=0,1,...,n + 2kg.
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By [10.4, A has the property of tracial approximate divisibility. Therefore there are sub-C*-
algebras Ag, Ay and M,, (A1) of A such that Ay L M,(Ay),

dist(z, Ag + A1 ® 1,,) < e1/2 for all z € Fq,

and ag < by, where ag is a strictly positive element of Ag. Moreover, there are yg € Ay and

~

y1 € A; such that

n

la — (yo + diag(¥r, y1, - y1))|| < /2 and (€10.95)

n

||f1/4(a) - (f1/4(y0) + diag(f1/4(y1), f1/4(y1)7 s f1/4(y1)))H <e1/2. (e10.96)

Note that

n

T(diag(f1/4(y1)v f1/4(y1)7 s f1/4(y1))) > 1o —1/(n+2ko) —e1/2>19/3 (€10.97)

for all 7 € T(A).
Let A} = agAag and A, = y;Ay;. Note that 0 ¢ T(A])" by K10 Moreover, if 7 € T(A),
then ||7]4,] > 70/3. We also have

7(f1/a(y1)) > ro/3 for all 7€ T(A}). (€10.98)

Note, by @.Z, in Definition Bl the constant f,, can be chosen to be ry/6.
Let G C A; be a finite subset such that the following holds

n

dist(f, {(zo + diag(z1, x1, ..., x1)) : 2o € Ag,x1 € G}) <e1/2 for all feF  (e10.99)

and y; € G.

Note that A} is a hereditary sub-C*-algebra of A. By 8.6 A} € Dy. Thus, there exist two
sub-C*-algebras By and D of A, where D € C8, and two G-e1-multiplicative completely positive
contractive maps g : A} — By and ¢y : A} — D such that

|z — (o + vo)(z)|| <e1/2 for all z €G, (€10.100)
vo(co) S b1, ol =1, (e10.101)
70 fia(¥o(y1)) > r0/6 for all 7€ T(D), (€10.102)

and vo(y1) is a strictly positive element in D, where ¢ is a strictly positive element of Aj.
n

n

Set Agg = Ag ® Ay B AL @ -+ @ Af and let ¢ = ag + diag(o, cg, .-, C0)-
Choose a function g € Cy((0,1]), define @go : A — Ao by

>3

woo(x) = g(ag)zg(ap) + diag(po(z), po(x),...,00(x)) for all z € A.

Then, with a choice of g, we have

>3

|z — (oo (x) + diag(vo(z), Yo(x), ..., 00 (x)))|| < e for all x € F. (e10.103)

Moreover,

{€) < (bo) + (b1) + -+~ (bn) < ().

Now let ¢ = pgo. Then p(a) = po(a) < ¢ S b. Put ¢ = 9hg. Note also (eI0.102) holds. It follows
that ¢, ¢, and D meet the requirements.
O
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The following corollary follows from the combination of I8.3] and [10.7]

Corollary 10.8. Let A be a separable algebraically simple C*-algebra in Dy (cf. [11.4). Then
the following property holds. Fiz a strictly positive element a € A with |la|]] = 1 and let 1 >
fo > 0 be as in 8.1 (see also 19.2). There is a map T : Ay \ {0} — N x Ry \ {0} (a —
(N(a), M(a)) for all a € Ay \ {0}) satisfying the following condition: For any finite subset
Fo € AL\ {0}. for any € > 0, any finite subset F C A and any b € Ay \ {0} and any
integer n > 1, there are F-e-multiplicative completely positive contractive maps ¢ : A — A and
:A— D= D® ey for some sub-C*-algebra M, (D) C A with ¢(A) L M, (D) such that

lz = (p(z) +P(z) @ 1,)|| <&, =€ FU{a}, (€10.104)
D e, (€10.105)
ao S by [[Y] =1, and (€10.106)

W(a) is strictly positive in D, where ag € p(a)Ap(a) is a strictly positive element. Moreover, 1
is T-Fo U {f1/4(a)}-full in D.
Furthermore, we may assume that

t(f1/a(¢¥(a))) > fo and (€10.107)

fa
t(f1/4(¢(c))) > 4inf{M(c)2 . N(C) = ]:0 U {f1/4(a)}} (e 10'108)

for all ¢ € Fy and for all t € T(D), and, we may also require that

w(a) S YP(a). (e10.109)
Proof. Note that the existence of the map T and the fact that ¢ can be required to be T-
Fo U {fia(a)}-full in D, and that (eT0.T08) holds, are applications of B.71
To see the last part of conclusion, i.e., (eI0.109)), let 1/2 > 1 > 0 be such that 7(f,(a)) > f./2
for all 7 € T(A)" (seel9.2) and choose b € A4\ {0} such that d-(b) < f,/4(n+1) for all 7 € T(A).
Then, with ¢ < n/4, (e10.104) implies that

n

fala) S ¢(a) + diag(¢(a),(a), ..., ¥(a)). (€10.110)
It follows that d,(¢(a)) > fo/2(n + 1) for all 7 € T(A)" or
d-((a)) > d-(b) > d-(¢(a)) for all 7€ T(A)". (€10.111)

It follows by (1) of 5.3l and [9.4 that ¢(a) < ¢(a).
O

Remark 10.9. It is clear from the proof that, for n = 1, both [[0.7 and M08 hold if A € D
(with now D € Cp).

11 Stable rank one

The proof of the following result is very similar to that of Lemma 2.1 of [44].

Lemma 11.1. Let A be a separable, simple and stably projectionless C*-algebra such that every
hereditary sub-C*-algebra B has strict comparison for positive elements as formulated in the
conclusion of [9.4), and satisfies the conclusion of [L0.6 without assuming that E belongs to a
specific class of C*-algebras. Then, for any hereditary sub-C*-algebra B of A,

B C GL(B)
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Proof. 1t is clearly sufficient to consider the case B = A.
Fix an element x € A and ¢ > 0. Let e € A with 0 < e < 1 be a strictly positive el-
ement. Upon replacing x by f,(e)zf,(e) for some small 1/8 > n > 0, we may assume that

x € fple)Afy(e). Put By = f,(e)Af,(e).
By the assumption, we know that e is not a projection. We obtain a positive element
bo € Bi\ {0}.
Note that
Bf ={a€A:ab=ba=0 for all be B;}

is a non-zero hereditary sub-C*-algebra of A. Since we assume that A is infinite dimensional,
boAby contains non-zero positive elements b 1, 6671, bo,2, b672 S Bf such that

/
01 S

~

/ / / / /
b072 and b0’1b071 = b(]’l, b072b072 = b0’2 and b0’1b0’2 =0.

Since A has the strict comparison for positive elements as in the conclusion of [9.4] we can
choose a large integer n > 2 which has the following property: if a1,as,....,a, € Ay are n
mutually orthogonal and mutually equivalent positive elements, then

a1 +az S bo1-
There is B] C B; which has the form
Bi = B171 +D®1,,

where B ; is a hereditary sub-C*-algebra with a strictly positive element b1y < bp1 and there
are g € By 1 and x1 € D\ {0} such that

|z = (zo + 21 ® 1,,)|| < &/16. (el1.1)

Let dy € D be a strictly positive element. By the choice of n, dy < bo.1.
Choose 0 < 11 < 1/4 such that

| fi (do)z1 fy (do) — 21| < €/16. (e11.2)

Put 2} = fy, (do)z1 fy, (do). Note that

Fonys(do) < Vo2 (e11.3)
There are w; € A such that
i—1
—
wiw; = diag(0,0,...,0, f, /4(do),0,...,0), i=1,2,...n, (el11.4)
i
—N—
wiw; = diag((0,0,...,0, fy /4(do),0,...,0), i=1,2,..,n—1, and (e11.5)
wan € b/072Ab/0’2. (e 11.6)
There is v € A such that
v*v = x0 + diag (2,0, ...,0) and vv* € (b + b o) A(bh 1 + bf o) (e11.7)

Put
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i—1

—N—
= diag(0,0,...,0,27,0,...,0), i =1,2,...,n,
i—1

—N—
= diag(0,0,...,0 fm/4(d0) 0), i=1,2,...,n, and
n—1
21 =v%, zm=wv, 23= Zw* " and z4 = EzyglwZ
i=1

Note that
Z329 = 0,2’124 =0.

Therefore,
(21 +23)(22+21) = 2120+ 232

: / / /
= v'v+ diag(0,x7, 2], ...,x7)
n

—_—~
= mo +diag(z), 2], ..., 2] )= 10 + | @ 1,,.

On the other hand,

zf =v"v" =0, 2123 =0.
We also compute that
Zg _ Zw*$//w*$// _ Zw* " Z* 1$2 ”
Inductively, we compute that
zg = 0.

Thus, by (ell.15),

k
(21 + 23)F = Z 242870 for all k.
i=1

Therefore, by (ell.15), and (ell.17), for k =n + 1,

(21 + 25)" 1 = 0.

(e11.8)
(e11.9)

(e11.10)

(e11.11)

(e11.12)
(e11.13)

(e11.14)

(e11.15)

(e11.16)

(e11.17)

(e11.18)

(e11.19)

We also have that zpz4 = 0 and 23 = 0. A similar computation shows that 2 = 0. Therefore, as

)"+ = 0. One has the estimate

above, (22 + 24
Hx — (2’1 + 23)(22 + 24)” < 6/4.

Suppose that ||z;|| < M for i = 1,...,4. Consider the elements of A

25 =21+ 23+¢/16(M + 1) and zg = 29 + 24 + &/16(M + 1).

Since (21 + 2z3) and (22 + 2z4) are nilpotent, both z5 and zg are invertible in A. We also estimate

that, by (ell.1),

[l — 2526]| < e.
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Corollary 11.2. Let A € D be a separable C*-algebra. Then A almost has stable rank one (see

2.9).
Proof. This follows from B3] R.6], 03], 0.6, and IT.11 O
Corollary 11.3. Let A € D. Suppose that A is separable. Then A = Ped(A).

Proof. By8.5 M,,(A) is in D. The corollary then follows from the combination of [9.1] [11.2] [9.4]
[4.8] and [4.7. O

Remark 11.4. Note, by IT.3] the assumption that A = Ped(A) in 0.3l can be removed.

Theorem 11.5. Let A be a separable C*-algebra in D. Then A has stable rank one.

Proof. Let x € A. We must show that = € GL(E). Applying 3.2 and 3.5 of [46], without loss of
generality, we may assume that there exists a non-zero positive element ¢f, € A with legll =1
such that ze), = ejz = 0. We may further assume that there exists eg € A4 with [eg|| = 1 such
that epe(, = e{eo = €. Define

o =inf{r(fi4(e0)) : T € T(A) }. (e11.20)

Multiplying by a scalar multiple of the identity, without loss of generality, we may assume
that x = 1+ a, where a € A.

Let 0 < g9 < € be given and set e = min{eg/(||z|| + 1),0}. Since A € D, there exist a
hereditary sub-C*-algebra By C A and a sub-C*-algebra D C A with D € Cy such that

lla — (zo +x1)|| < e1/64, |leo — (€00 + €0,1)|| < e1/64, and (e11.21)
| f5(e0) — (fs(e00) + far(eo1))| < e1/64, &' € {1/2F :2 < k <6}, (e11.22)

where x, €0,0 € By and x4, €o,1 € D, BgD = DBy = {O},
d.(by) < min{e; /64,5/64} for all 7€ T(A) . (e11.23)

where by is a strictly positive element of By. Let pp, denote the open projection associated with
By. Then, for &' € {1/2F :2 < k < 6},

I3+ (oDl = 10+ 1)1 — po)far(eon)] (e11.24)

= (L4 21 +20)(1 = pB,)(fo (€0,0) + fo(eo 1))l (e11.25)

< |1+ x1 4+ 20)(1 —pBy) fr(eo)| + (Jlz]| +1/64)e1/64 (e 11.26)

= ”(1 —pBO)(l—i-a:l +xo))f5r(eo)” +€0/64 (e 11.27)

< (1 = ppy)xfs(eo)| + €1/64 + £o/64 (e11.28)

= €1/64+4¢€0/64 < e0/32. (e11.29)

Put

= (=2f164(e01) + fryea(e01)?) + (1 = fisga(eon))zi (1 — fi/ea(eon))- (e11.30)

Then 2} € D. By the calculation above,

(1 — fisealeo1)) (X +x1)(1 — fiea(eo1)) =1+ 2] and (e11.31)
1(1+2) = (1 +21)]| < 30/30. (e11.32)
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Moreover,
(L+29) f16a(eo1) = (1 = fisealeon)) (X + 1) (1 — fijea(eon)) fii6(e0,1) = 0. (e11.33)
We also have, by (eI11.22),
7(f1/a(€0.1)) = T(f1ja(e0)) — €1/64 > 0 — 9 /64 > 0/2 for all 7€ T(A)".  (ell.34)
Therefore, by (e11.23),
dr(bo) < 7(f1/4(e0,1)) for all 7€ T(A)". (e11.35)
By @), bo < fi/s(e0,1). Note that fy/16(e0,1)f1/8(€0,1) = fis(€0,1)-
To simplify notation, choosing sufficiently small ¢y and changing notations, we may assume
that
lla — (zo + z1)|| < /16 and |leg — (eg0 + €0.1)| < £/16, (e11.36)
where xg, e00 € By and x1,e9,1 € D, and also
eo1(l+x1)=(14+z1)eg1 =0 (e11.37)

and by $ €1, where 0 < egy < 1 and e 4 fs(eo,1) = e for some 0 < < 1/4.
We may also assume, without loss of generality, that there are bo,l,b&l € By with 0 <
bo,1, by < 1 such that

bo,1ro = zobo1 = o, f1/16(b0.1)bo,1 = bo,1- (e11.38)

Set Az = (fs(eo,1) + bj 1) A(fs(eo,1) + by ;). Note that, and by 8.6l Az € D. Since bjy; S bo S €q s,
and by [[T.T] Ao almost has stable rank one, there is a unitary v} € Ay (see 33) such that

(u1)*bp1(uy) € fs(eo,1)Afs(eon). (€11.39)

Let go denote the open projection in A** corresponding to b’071Abg71, and ¢ be the open
projection in A** corresponding to the hereditary sub-C*-algebra As. Then ¢g < ¢. Note that

Togo = Togo = o and (e11.40)
qouiqo = (uh)(u))*(qou)go = (uy)((uy)*qouy)qo = 0. (e11.41)

Note also that
|z — (14 20+ 21)|| = ||la — (0 + 1) < £/16. (c11.42)

Putz:l—i-a:o—kxl.Thenzeg. Put

20 = 2q0 = (1 + x0)qo = qo(1 + o) and (e11.43)
21=2(1—q0) =(1—q0)z = (1 —qo) + 1. (e11.44)

Keep in mind that zy + z1 = z.
Now write uj = Al i, Ty for some y € Ap and for some scalar A € C with |A] = 1. Set
u1 = Aq + y. Multiplying by X\ and changing notation, we may assume that u; = g + y. Define

u=1+y=u +(1-q).
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Since qp < g = 1g2, we have
qou = qoqu = qoqu1 = qoquy = qou]. (e11.45)
Then, by (el11.41),
(zou)(zou) = (1 + z0)qouqo(1 + z0)u = (1 + 20)qou;qo(1 + x0) = 0. (e11.46)

In other words, zgu is a nilpotent in A™*.

On the other hand, by (eI1.37]),
z1fs(e0) = (1 — qo)(1 +21)fs(e0,1) = 0.
Therefore
zie=((1—qo) +x1)c=cz =0 for all c € As. (e11.47)
Thus, as y € Ao,
ziu=z1(1+y) =2+ 21y = 1. (e11.48)
Put Dy =D+ C- (1 —qp). Then D; € C. Let
Dy ={d € Dy :d fs(eo1) = fs(eo1)d = 0}. (e11.49)

Then, by (el11.47), z; € Ds. Note that Dy is a hereditary sub-C*-algebra of D;. If D5 is unital,
say €’ is the unit, then ¢’ # 1 — go. Then (1 — qg) — €’ is also a nonzero projection. One of them
must be in D. Since D is stably projectionless, that one has to be zero. Since (1—qo)—e’ # 0, this
leads a contradiction. So Dy is not unital. Since D; has stable rank one (see, for example, 3.3
of [22]), so is Dy. Let ep, be a strictly positive element of Dy. In A™*, let pg = limn%oo(egz)l/"
(converges in A**). In particular, pg <1 — go. So gopq = 0. Moreover, since ep, f5(eo.1) = 0,

pafs(eo1) = 0. (e11.50)
We also have pyBy = Bopg = 0. It follows that pgqg = 0. Therefore,
2ou(1 — pg) = zouq(l — pg) = zouq = zou. (e11.51)

Hence, zou € (1 — pg) A** (1 — pg).
Since Dy + Cpy has stable rank one, there is an invertible element 2| € Dy + Cpy such that

|21 — 21| < /16. (e11.52)

We may write 2] = A\1pg+ya, where A; € C and y; € Do. We may also write yg = A2 (1—qo)+do,
where Ay € C and dy € D.
Set I = D N Dy. Then we have the natural short exact sequence

0—=1—Dy+Cp;—="CaC—0. (e11.53)
Then ||7(z; — 2})|| < &/16. Thus, |A1] < &/16 and |1 — 2| < £/16. Put
= (1/X2)2) = npa + (1 — qo0) + dy,
where n = A\ /A2 and djy = dp/A2 € D. Then |n| < ¢/8 and

|21 — 27| < 3e/16. (e11.54)
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Moreover, z{ is invertible in Dy + Cpy. Without loss of generality, we may require that n # 0
(since elements near z] are invertible). We may also write

2 = za+(z —2) =2+ Opa+ (1—q)+dy—(1—qo+1)) (e11.55)
= 21+ npa+dy — z1. (e11.56)

Therefore,
mpa+dy — w1 =2 — 2. (e11.57)

Since zgu is a nilpotent, zou + n(1 — pg) is invertible in (1 — pg) A**(1 — pg). Let ¢; denote the
inverse of zou + n(1 — pg) in (1 — pg)A**(1 — pg) and (2 the inverse of z{ in Dy + C - pg. Then

(zou+n(1 —pa) @ 2) (1 ® G2) = (1 — pa) + pa = 1. (e11.58)
It follows that
20 = zou + n(1 — pg) + 21 € GL(A™). (e11.59)
However, by (eI1.56) and (eI1.48]),
zo = zou+n(l—pg)+ 27 (e11.60)
= zou+ (1 —pa) + 21 +7pa+ (dy — 21) (e11.61)
= zou+tz+(dy—z1)+n-1 (e11.62)
= (20+z1)u+(dy—z1)+n-1 (e11.63)
= zu+(dy—x1)+n-1€A. (e11.64)
It follows that zo € GL(A). We have (by (€IL64), (€1L57), and (€1L54))

Jou—zall = [(dy—a1)+n-1] (e11.65)
< |ldo — 1 + mpall + nll(1 — pa)| (e11.66)
= |l2{ — 21| + 71 < 3¢/16 +¢/8 = 5¢/16. (e11.67)

Therefore (using also (eI11.42)),
lxu — 22| <&, or |z — zu®| <e. (e11.68)
Since z9 is invertible so is zou*. However, u € A. One concludes that zou™ is in GL(%I).
O

At this point, we would like to introduce the following definition:

Definition 11.6. Let A be a simple C*-algebra. Suppose that A is stably projectionless. We
shall say that A has generalized tracial rank at most one, and write gTR(A) < 1, if for any
a € Ped(A)y, aAa € D. (This extends the definition of generalized tracial rank at most one in
the unital case [22].)

Proposition 11.7. A separable stably projectionless simple C*-algebra A has generalized tracial
rank at most one, i.e., gTR(A) < 1, if, and only if, for some a € Ped(A), \ {0}, aAa € D.
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Proof. Let A be a separable stably projectionless simple C*-algebra. Suppose ‘that there is
a € Ped(A), \ {0}, ada € D. It suffices to show that, for any b € Ped(A4)_ \ {0}, bAb € D.

There are by, be,...,bp € Ay and g; € Cy((0,00)4 such that b < Zle 9i(b;). By repeated
application of [3.4] and applying 2.3 (a) of |46], one obtains z1, xa, ..., 2, € A such that

Z xiax; =b. (e11.69)
i=1

Let Z = (a:’{al/z, azgal/z, ..., xta'/?) be an n x n matrix in M,,(A) with zero rows except for the
first row. Then
n—1

Z7* = diag(b,0,0,...,0) and Z*Z < M,,(aAa). (e11.70)

Let Z* = U(ZZ*)Y/? be the polar decomposition of Z* in M, (A)**. Then UZZ*U* = ZZ*
M, (aAa). Tt follows that map x — UzU* from ZZ*M,(aAa)ZZ* to bAb is an isomorphism.
Since ZZ*M,,(A)ZZ* = bAb,

bAb = ZZ*M,,(aAa)Z Z*. (e11.71)

It follows from that M,,(aAa) € D. Then, by B6l ZZ*M, (aAa)ZZ* € D. By (eIlTI),
bAb € D, as desired.
O

Proposition 11.8. Let A € D. Suppose that A = Ped(A) (seelll.3). Then the map Cu(A) —
LAffo, (T(A)") is an isomorphism of ordered semigroups.

Proof. Let us first show that the map is surjective. This follows the same lines of the proof of
5.3 of [5] as shown in 10.5 of [22] using (4) of 64l (One can also use the proof 6.2.1 of [43] by
applying as (D) in that proof.)

Let us provide the details. First, T(A) C T(A) is compact (see EZT) and (by EH), it does
not contain zero, and, as A is simple, for every a € A4 \ {0}, 7(a) > 0 for all 7 € T(A)".

The proof follows the same lines as Theorem 5.3 of [5]. Note that the injectivity of the map
follows from [9.4l it suffices to show that the map a +— d;(a) is surjective from W (A); onto
LAﬂ“b,(H_(mW). Let f € LAffb70+(mw) with f(7) > 0 for all 7 € T(A) . We may assume
that f(7) <1 for all 7 € mw. As in the proof of 5.3 of [5], it suffices to find a sequence of
a; € Ma(A)y such that a; < ait1, (an) # (ans1) (in W(A)) and

li_>m d-(ay) = f(r) for all 7€ T(A)".
Since f € LAffb70+(T(A)W), by definition (see [2.6]), we can find an increasing sequence f, €
Affo(T1(A)) such that, for all 7 € T(A)",

0 <fn(T) < fog1(7), n=1,2,..., and nh_%of"(T) = f(7). (e11.72)

Since fp4+1 — frn is continuous and strictly positive on the compact set WW, there is g, > 0
such that (f, — fns1)(7) > &y, for all 7 € T(A)", n =1,2,.... We may choose ¢, so that g, \, 0
as n — 0o.

Since A is an infinite dimensional simple C*-algebra and since A € D (see also [10.6), for
each n, there is a sub-C*-algebra C,, of A with C), € C and an element b,, € (C},)+ such that

dimn(C,) > (16/,)? for each irreduciblerepresentation m of C,, (e11.73)
0 < 7(fn) — 7(by) < £n/4 for all 7€ T(A)". (e11.74)
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Applying [6.4] one obtains an element a,, € My(C),) such that

0 < t(by) — di(ay) < e,/4 for all t € T(C). (e11.75)
It follows that

0 < 7(fn) — dr(an) < £,/2 for all 7€ T(A) . (e11.76)

One then checks that lim, o d,(a,) = f(7) for all 7 € T(A)" . Moreover, d,(a,) < dr(ans1)
for all 7 € T(A), n=1,2,.... It follows from 0.4 that a,, < ant1, [an] # [ans1], n = 1,2,.... This
ends the proof of surjectivity.

It is clear that the map is order preserving. By [9.4l if a,b € (A® K)+ and d,(a) = d,(b) for
all 7 € T(A)", then a ~ b in Cu(A). So the map is injective. By [9.4] again, the inverse map is
also order preserving.

0

Corollary 11.9. Let A € D. Then there exists an element a € Ay \ {0} such that aAa has
continuous scale.

Proof. Note that, by [IL5] A has stable rank one. Pick a nonzero element ¢ € Ped(A) and set
B = cAc. Then B = Ped(B). So, we may assume that A = Ped(A). Hence, combining with [T.8]
(see [7]), there exists an element a € A, \ {0} such that d,(a) is continuous on T(A)" . Applying
the second part of [5.3], one concludes that aAa has continuous scale. [l

Proposition 11.10. Let A € D be a separable C*-algebra with Ko(A) = {0}. Then A has the
properties described in|10.7 (and [10.8) but replacing C8/ (and CJ) by Co.

Proof. Tt follows from[11.8/that the map Cu(A) — LAffo, (T(A)") is surjective. Note that A has
stable rank one (by [LL5]). Then, by [7.9] and by Definition [8.1] A has the tracially approximate
divisible property. The proof of [10.7] applies to A with C8/ replaced by Cy. One then also obtains
the conclusion of [10.8/ with Cj) replaced by Co. O

We would like to summarize some of the facts we have established.

Proposition 11.11. Let A be a separable simple C*-algebra. Suppose that A is stably projec-
tionless and gTR(A) < 1. Then the following statements hold.

(1) A has stable rank one;

(2) Bvery quasitrace of A is a trace;

(3) Cu(A) = LA (T(4));

(4) If A =Ped(A), then A € D;

(5) If B C A is a hereditary sub-C*-algebra, then gTR(B) < 1;

(6) My, (A) is stably projectionless and gTR(M,,(A)) <1 for every integer n > 1.

12 The C*-algebras YV and the class D,

Definition 12.1. Recall (see[9.6) that W is a unital separable simple C*-algebra with K;(W) =
0, 7 = 0,1, which is in both Mg and Dy.

Let A be a non-unital separable C*-algebra, and let 7 € T(A). Let us say that 7 is a JW-trace
if there exists a sequence of completely positive contractive maps ¢, : A — W such that

li_>m llon(ab) — on(a)pn(b)|| =0 for all a, b€ A and
T(a) = li_)rn ™w(pn(a)) for all a € A, (e12.1)

where 7y is the unique tracial state on W.
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Theorem 12.2. Let A be a separable simple C*-algebra with A = Ped(A). If every tracial state
7 € T(A) is a W-trace, then Ko(A) = kerpa (see|4.12 for the definition of pa).

Proof. Suppose that there are two projections p,q € My(A) such that z = [p] — [¢] € Ko(A) and
7(p) # 7(q) for some 7 € T(A). Recall that [p] — [¢] € Ko(A) means that 7(p) and 7(q) have the
same rank in M, (C), where 7 : My (A) — M(C) is the quotient map.

Set d = |7(p) — 7(q)|. Denote still by 7 the canonical extension of 7 to A and also to M, (A).
If 7 were a W-trace, then there would be a sequence (¢,) of completely positive contractive
maps from My (A) into Mg (W) such that

li_)m llon(a)on(b) — @n(ab)|| =0 for all a,b € Mg(A) and
7(a) = li_)m Tw o @n(a) for all a € Mg(A). (e12.2)

Denote by @, : Mk(g) — Mg(W) the canonical unital extension of the completely positive
contractive map ¢,,. then

li_)m |&n(a)@(b) — @(ab)]| = 0 for all a,b e Mg(A).

Let Ty also denote the canonical extension of 7, on Mk(W) Then we also have

7(a) = lim to@,(a) for all a € My(A).

n—oo
Passing to a subsequence, we may assume that

(7w 0 Bnp) — 7w 0 Gn(q)] > d/2 for all . (e12.3)

There are projections py,, ¢, € Mg(WW) such that

lim [|$n(p) —pnl =0 and  lim [|3,(q) — qal| = 0. (e12.4)
n—00 n—oo

Since m(p) and m(q) have the same rank, there exists v € M (A) such that w(v*v) = m(p)

and 7(vv*) = 7(q). Denote by my, : Mg (W) — My, the quotient map. Then

lim |7y © @n (V") — Ty (pn)]] = 0 and li_)m |7t © o (v0™) — 7 (gn) || = 0. (e12.5)

n—o0

It follows that 7y, (py,) and m,(gy,) are equivalent projections in My, for all large n. Since Ko(W) =
0, it follows that [p,] — [¢»] = 0 in Ko(W), which means that p,, and ¢, are equivalent in My (W)
since W has stable rank one. In particular,

™w(Pn) = T™W(gn)

for all sufficiently large n, in contradiction with (e12.3) and (eI2.4).
O

Proposition 12.3. Let A be a separable simple C*-algebra with a W-trace 7 € T(A). Let
0 < ag < 1 be a strictly positive element of A. Then there exists a sequence of completely
positive contractive maps oy, : A — W such that o, (ag) is a strictly positive element, and

li_>m llon(a)@n(b) — @n(ab)|| =0 for all a, b€ A and
T(a) = lim 7y o on(a) for all a € A. (e12.6)
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Proof. We may assume that
T(a(l)/n) >1-1/2n, n=1,2,.... (e12.7)

Since 7 is a W-trace, there exists a sequence of completely positive contractive maps ¢, : A — W
such that

li_>m ltn (a)tpn (b) — o (ab)|| = 0 for all a, b€ A and
T(a) = li_)rn Tw o Yp(a) for all a € A. (e12.8)

Put b, = wn(aé/ "). By (€IZT) and (eIZR), passing to a subsequence of (1), we may assume

w(bp) >1—-1/n, n=1,2,.... (e12.9)

Consider the the hereditary sub-C*-algebra B,, = 1,,(A)W1,,(A). Since a(l)/ " is a strictly pos-
itive element, by [2.10] b, is a strictly positive element of B,,. Recall that Cu™(B,,) = Cu~ (W) =
R U {+o0}. Let 7, = (b,) € Ry € RU {400}, n = 1,2,.... Consider the map r — ry, - r (for
r € R) and +00 — +o00. By Theorem 1.0.1 of [43] (see also 6.2.4 of [43], Theorem 1.2 of [24],
or Theorem 1.1 of [41], and BI2), there is a homomorphism h,, : B, — W such that h,,(b,) is
strictly positive. Since B,, has a unique trace, there is a,, > 0 such that

anmw(b) = 1w o hy(b) for all be B,, n=1,2,... (e12.10)
Since hy, (by,) is strictly positive,

lim 7y o hy (BY/F) = 1. (e12.11)
k—o0

Since B,, C W, and by (e12.10)), a,7w|B, = Tw © hy, (e12.11) implies that a, > 1.
On the other hand, by (e12.9), together with (e12.10), we have that

h, (b
=10 < m(by) = 222 0m0On) g
Qo
Therefore,
1 <a, < —— =1,2,..
_an —_ 1 _ 1/n7 n ) 9 )
from which it follows that lim, ,. o, = 1. Set ¢, = hy o 1,. Since gpn(a(l)/ ") = b, is strictly
positive (in B,,), by [2.10] as above, the sequence (¢;) meets the requirements. O

The following two statements will be established in [17].

Theorem 12.4. Let A be a separable simple C*-algebra with finite nuclear dimension and with
A = Ped(A) such that T(A) # O, Ko(A) = kerpa, and every tracial state is a W-trace. Suppose
also that every hereditary sub-C*-algebra of A with continuous scale is tracially approzimately
divisible. Then A € Dy.

Theorem 12.5. Let A be a separable simple C*-algebra with finite nuclear dimension and with
A = Ped(A). Suppose that T(A) # O. Then AW € Dy.
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