Taylor & Francis
Taylor & Francis Group

International Journal of Production Research

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/tprs20

Recursive decomposition/aggregation algorithms
for performance metrics calculation in multi-level
assembly/disassembly production systems with
exponential reliability machines

Yishu Bai & Liang Zhang

To cite this article: Yishu Bai & Liang Zhang (2023) Recursive decomposition/aggregation
algorithms for performance metrics calculation in multi-level assembly/disassembly
production systems with exponential reliability machines, International Journal of Production
Research, 61:23, 8133-8158, DOI: 10.1080/00207543.2023.2166622

To link to this article: https://doi.org/10.1080/00207543.2023.2166622

ﬁ Published online: 27 Jan 2023.

N
[:J/ Submit your article to this journal &

||I| Article views: 362

A
& View related articles &'

P

() view Crossmark data &

CrossMark

@ Citing articles: 3 View citing articles &

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journallnformation?journalCode=tprs20


https://www.tandfonline.com/action/journalInformation?journalCode=tprs20
https://www.tandfonline.com/loi/tprs20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00207543.2023.2166622
https://doi.org/10.1080/00207543.2023.2166622
https://www.tandfonline.com/action/authorSubmission?journalCode=tprs20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tprs20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00207543.2023.2166622
https://www.tandfonline.com/doi/mlt/10.1080/00207543.2023.2166622
http://crossmark.crossref.org/dialog/?doi=10.1080/00207543.2023.2166622&domain=pdf&date_stamp=27%20Jan%202023
http://crossmark.crossref.org/dialog/?doi=10.1080/00207543.2023.2166622&domain=pdf&date_stamp=27%20Jan%202023
https://www.tandfonline.com/doi/citedby/10.1080/00207543.2023.2166622#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/00207543.2023.2166622#tabModule

INTERNATIONAL JOURNAL OF PRODUCTION RESEARCH
2023, VOL. 61, NO. 23, 8133-8158
https://doi.org/10.1080/00207543.2023.2166622

Taylor & Francis
Taylor & Francis Group

'.) Check for updates

Recursive decomposition/aggregation algorithms for performance metrics
calculation in multi-level assembly/disassembly production systems with

exponential reliability machines

Yishu Bai and Liang Zhang

Department of Electrical and Computer Engineering, University of Connecticut, Storrs, CT, USA

ABSTRACT

Developing accurate and computationally efficient algorithms for system performance metrics cal-
culation is critical to implementing effective control and optimization in manufacturing system
operations. In this paper, we propose a recursive decomposition/aggregation-based method for
calculating the performance metrics of assembly/disassembly systems with multiple merge/split
operations and sub-assemblies. It is assumed that the machines follow the exponential reliability
model and the buffers are of finite capacity. To achieve this, we first consider assembly systems
with multiple component lines merging at a single assembly operation. By decomposing the sys-
tem into a set of virtual serial lines, we derive an analytical procedure to approximate the starvation
and blockage probabilities of the merge operation, which are used to recursively update the param-
eters of the virtual serial lines. Then, the performance metrics of the original assembly system
are approximated based on the corresponding machines and buffers in these virtual serial lines.
Next, we extend the algorithm to assembly/disassembly systems with multiple merge/split opera-
tions and sub-assemblies. This is accomplished by identifying the so-called assembly/disassembly
units formed based on the virtual serial lines and applying the calculations derived earlier recur-
sively. Simulation experiments are carried out to justify the convergence, computational efficiency,
and approximation accuracy of the proposed algorithms. An industrial case study is presented to
demonstrate the theoretical methods in practical applications.
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1. Introduction
1.1. Background

Being able to calculate the performance metrics of a pro-
duction system (e.g. throughput, work-in-process) based
on the parameters of the workstations (e.g. mean time
between failures and mean time to repair) and buffers
involved is critical in manufacturing systems research
and practice. It provides the necessary foundation to
quantitatively evaluate the effects of potential continu-
ously improvement projects, system modifications, and
designs as well as for parameter optimization, without
directly experimenting on the physical systems. For pro-
duction systems, two approaches are commonly used
for the purpose of performance metrics calculation:
discrete-event simulation and analytical formula-based
algorithms. The former is usually conducted via a com-
puter program that simulates the evolution of the sys-
tem states over time based on the system’s mathemat-
ical model and statistically calculates the performance

metrics. Nowadays, there are many powerful general-
purpose commercial software developed for discrete-
event simulation such as Arena, Simul8, FlexSim, and
SimEvents, which offer great versatility, connectivity,
results visualisation capability, a wide range of support-
ing functionalities, and have been successfully applied
in numerous industrial applications (see, for instance,
Negahban and Smith 2014; Neeraj et al. 2018; Omog-
bai and Salonitis 2016; Kumar, Mahesh, and Kumar 2015;
Shukla, Soni, and Kumar 2021). On the other hand, how-
ever, since a production system is typically modeled as
a stochastic queueing system, the simulation typically
has to run for a sufficiently long period of time and/or
for a sufficient number of replications to ensure certain
statistical precision. This time-consuming issue is com-
monly recognised as one of the main shortcomings of
the simulation-based approach (see in Mourtzis, Doukas,
and Bernidaki 2014; Fowler and Rose 2004). This prob-
lem is more pronounced in simulation-based optimiza-
tion tasks since almost all of the CPU time required is
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used by simulation experiments to evaluate the quality of
candidate solutions, as reported in Gansterer, Almeder,
and Hartl (2014), Yegul et al. (2017), Spieckermann
et al. (2000), and Tekin and Sabuncuoglu (2004).

To counter the computational efficiency issue of the
discrete-event simulation approach and to explore the
internal structural properties of production systems,
developing accurate and computationally efficient, ana-
lytical formula-based algorithms for production system
performance metrics calculation becomes an impor-
tant area in manufacturing systems research (see, for
instance, Dallery and Gershwin 1992; Papadopoulos and
Heavy 1996; Li and Meerkov 2008). Below, we briefly
review the results-to-date on analytical algorithms for
performance metrics calculation in production systems.

1.2. Literature review

As the most fundamental and commonly used topology,
the serial production line model has been studied exten-
sively (see, for instance, Dallery, David, and Xie 1989;
Jacobs and Meerkov 1995; Yao 1994; Li et al. 2009; Zhang
etal. 2013; Bai et al. 2020). On the other hand, the studies
on assembly systems, which are also commonly seen in
manufacturing practice, are relatively limited. This paper
is devoted to the study of performance metrics calcula-
tion for assembly systems with finite capacity buffers and
unreliable machines following the exponential reliability
model.

In the current literature, the problem of performance
metrics calculation in assembly systems is usually stud-
ied based on the results of serial production lines. Typi-
cally, researchers use a number of serial production lines
to represent/approximate an assembly system and apply
certain serial line analysis approaches accordingly. Since
the majority of serial line analysis and analytical per-
formance calculation methods in the literature can be
grouped into two categories — decomposition and aggre-
gation, we review the results-to-date for assembly systems
also based on this classification.

Based on the decomposition technique for perfor-
mance evaluation in serial production lines developed
by Dallery, David, and Xie (1989), representative papers
on assembly system analysis can be found in Liu and
Buzacott (1990), Gershwin (1991), Mascolo, David, and
Dallery (1991), Jeong and Kim (1997), Gershwin and
Burman (2000), Xia et al. (2016), Wang et al. (2018),
Manitz (2008), and Manitz (2015). Specifically, early
studies in this area start from analyzing homogeneous
(also called synchronous) assembly/disassembly (A/D)
systems with geometric reliability machines in Liu and
Buzacott (1990) and Gershwin (1991), and exponential
machines in Mascolo, David, and Dallery (1991). These

methods can be extended to a non-homogeneous (also
called asynchronous) system by transforming it into a
homogeneous one. Direct analysis of non-homogeneous
assembly systems is carried out by Jeong and Kim (1997),
Helber (1998), and Gershwin and Burman (2000), where
the machines’ mean times between failures, mean times
to repair, and processing times are assumed to be expo-
nentially distributed. Nonetheless, Jeong and Kim (1997)
mentions that the method proposed therein may not have
a higher accuracy when the buffer capacities are small
and the machine failure rates are large. Furthermore, Xia
etal. (2016) propose an algorithm for non-homogeneous
assembly systems with exponential machines, which
shows higher approximation accuracy compared to that
reported in Gershwin and Burman (2000). Despite
the improved accuracy in throughput approximation,
Xia et al. (2016) only study two medium-sized sys-
tem structures (no more than 15 machines in each
case) and the machines are selected to be highly effi-
cient (efficiency over 90%). Moreover, the approxima-
tion error of buffer levels (i.e. work-in-process) can still
be quite large in several cases studied (average error
at 12.73%). In another extension work of the perfor-
mance evaluation method, Wang et al. (2018) study
non-homogeneous assembly/disassembly systems with
multiple failure modes. However, the method is only
tested for some small-scale systems (with three or five
machines in total), and even for these small systems,
the algorithm may still take up to several minutes to
converge. Finally, assembly/disassembly systems with
machines having no failures but generally distributed
processing times are studied in Manitz (2008) and
Manitz (2015).

Another commonly used method for assembly sys-
tem performance metrics evaluation, referred to as recur-
sive aggregation in the literature, has been applied in
Kuo et al. (1997), Chiang et al. (2000), Li (2005), Jia
et al. (2016), and Jia et al. (2019). The pioneering work
in this direction can be traced to Kuo et al. (1997), which
studies three-machine assembly systems (two compo-
nent machines and one merge operation) under the
Bernoulli reliability model and is later extended by Chi-
ang et al. (2000) to assembly systems with one merge
operation, two component lines, and a main line after
the merge point. An arrow-based bottleneck identifica-
tion method for such assembly system structure is pro-
posed in Chiang et al. (2000). It is further justified by
Ching, Meerkov, and Zhang (2008) that the method is
effective for systems with non-Markovian machines as
well. Assembly systems with Bernoulli machines under
general structures are studied in Jia et al. (2016) and
Jia et al. (2019), where the system’s transient perfor-
mance metrics evaluation, bottleneck identification, and



behavior under finite production runs are investigated.
For assembly systems with non-Bernoulli machines,
Li (2005) presents an approach, referred to as overlapping
decomposition, for modeling and analysis of synchronous
complex manufacturing systems consisting of assem-
bly (disassembly), split, merge, parallel, and other com-
plex operations with exponential machines. While the
overlapping decomposition approach provides the idea
that can be used to structurally decompose a multi-level
assembly/disassembly systems, the algorithm/formulas
reported in Li (2005) only apply to assembly opera-
tions with two component lines and it assumes that all
machines have identical processing speed (i.e. homoge-
neous system).

1.3. Research gap and contribution of this work

Despite these valuable results, it is clear that the exist-
ing literature still does not have a computationally
efficient algorithm that can accurately approximate a
wider range of system performance metrics (through-
put, work-in-process, probabilities of machine blockage
and starvation, etc.) for multi-level, large-size assem-
bly/disassembly systems with exponential machines.
Thus, the goal of this research is to fill this gap. To accom-
plish this, preliminary work was conducted in Bai and
Zhang (2021), which studies a class of simple assem-
bly systems, where the main line of an assembly system
has multiple merge operations, each connecting to only
one component line and no sub-assemblies are involved.
The study generalises the overlapping decomposition
approach of Li (2005) and combines it with the new
aggregation-based algorithm for performance evaluation
of exponential serial lines developed in Bai et al. (2020).
In the current paper, we further extend the study by
including multi-tier sub-assemblies, disassembly opera-
tions, and allowing multiple component lines to connect
to the same merge operation. This extension significantly
enhances the applicability of the theoretical develop-
ment as it covers a wide range of assembly/disassembly-
based production system topologies, but at the same time
calls for the development of new methods to quantify
the behavior and interactions of more complicated sys-
tem connections. To achieve this, two types of systems
are considered: the first has a single merge (assembly)
operation but multiple component lines and the sec-
ond has a general structure and may consist of multiple
merge/split operations and sub-assemblies. The former
is used to derive the formulas of the analytical method,
while the latter is used to illustrate how to generalise it
to more complex cases with the former being a building
block.
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1.4. Organization of the paper

The remainder of this paper is organised as follows.
A special case (multiple component lines merging at a
single merge operation) is first presented in Section 2,
including model assumptions, performance metrics
definition, derivation of the calculation formulas of the
algorithm, and numerical tests and results. Then, the
extension to the general case (systems with multiple
merge/split operations and sub-assemblies) is carried out
in Section 3. An industrial case study is presented in
Section 4 to demonstrate the practical utility of the the-
oretical methods developed. Finally, the conclusions and
future work are summarised in Section 5.

2. Special case: single-merge-operation
multiple-component-line assembly systems

In this section, we consider a special case: assembly sys-
tems with a single merge operation and multiple compo-
nent lines (see Figure 1). Extension of the results to the
general case will be carried out in Section 3.

2.1. Model assumptions

Consider the assembly system model shown in Figure 1
defined by the following assumptions:

(i) The assembly system has a total of n component
lines, CLq,...,CL,, and one main line.

(i) Component line CL; has M} machines (indicated
by the circles in Figure 1), myy, . .., mypg, and My
buffers (indicated by the rectangles in Figure 1),
bkis - - - » bgar, . The main line has My machines and
My — 1 buffers. Machine myg; is the merge (i.e.
assembly) operation.

(iii) Each buffer is characterised by its finite capacity
Nki) k=1,...,i’l, i=1,...,Mk and Noi,
i=1,...,My—1, ie. the maximal number of
parts the buffer can hold.

(iv) The system operates in continuous time. The
machines are unreliable and subject to random fail-
ures. The uptime of machine my;, k=0,...,n,
i=1,..., My, is an exponential random variable
with parameter Ag; (1/min). The downtime of
machine my; is an exponential random variable
with parameter py; (1/min). Parameters Ag; and peg;
are referred to as the breakdown rate and repair rate
of machine my;, respectively.

(v) A machine is starved if it is up, its upstream buffer
is empty, and its immediate upstream machine
is either down or producing at a slower speed.
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Figure 1. Single-merge-operation multiple-component-line assembly system.

Machine myy,k = 1,.. ., n, is never starved for raw
material. The merge machine (my,) is starved if it
is up and any one of the upstream buffers is empty.

(vi) A machine is blocked if it is up, its downstream
buffer is full, and its immediate downstream
machine is either down or producing at a slower
speed. Machine mygyy, is never blocked.

(vii) Machine my;, k=0,...,n,i=1,2,..., My, when
up, can process jobs with speed up to ck; (jobs/min).
When being starved (blocked), it produces at the
same speed as its immediate upstream (down-
stream) counterpart. For the merge operation my,
it collects one unit of job from each of its preceding
buffers (bip,, - - - » bup,) simultaneously, assembles
all components into one job with speed up to co;
(jobs/min), and transfer the assembled job to buffer
bo1- Note that the collection of components does
not start until all components are available in the
feeding buffers.

Clearly, the efficiency of machine my; can be calculated
as:

Mk Tuppi
Ai+ ki Tupki + Tdown,ki

(1)

€ki

where Typ i = 1/Aki and Tgown ki = 1/ ki are the aver-
age up- and downtimes, respectively. The stand-alone
throughput of my; is, thus, cyex; (jobs/min). In addi-
tion, we assume continuous job flows, time-dependent
failures, and blocked-before-service conventions, to be
consistent with the assumptions of our prior work in
Bai et al. (2020). These conventions are also commonly
used in production systems research and several indus-
trial case studies using this type of production system
model have been reported in the literature (see Li and

Meerkov 2008; Li et al. 2009; Li 2013; Colledani, Ratti,
and Senanayake 2015).

2.2. Performance metrics considered and problem
addressed

This paper considers the following steady state perfor-
mance metrics of the production systems defined by
assumptions (i)-(vii):

e Throughput (TP): the expected rate of production by
the last machine mygyy, in the system during steady
state.

e Work-in-process (WIPy;): the expected number of jobs
in buffer by; during steady state.

e Machine starvation (STy;): the probability that
machine my; is starved by its immediate upstream
buffer by;_1, k=0,1,...,n,i=2,..., M. Note that
for the merge operation myg;, n different starvation
probabilities, STo1,j, j = 1,...,n, should be consid-
ered, each corresponding to the starvation due to
buffer b]M]

e Machine blockage (BLy;): the probability that machine
my; is blocked by its immediate downstream buffer by;,
k=0,...,mi=1,..., M.

Note that the steady state behavior reflects the sys-
temy’s long-term average performance, which is a com-
monly studied topic in manufacturing systems research
and practice (see Bai et al. 2020; Ching, Meerkov,
and Zhang 2008). Note also that the assembly system
defined by the above assumptions is characterised by
a continuous-time, mixed-state Markov process. How-
ever, direct Markovian analysis of such systems is not
tractable due to the exponentially growing state space and
the complexity incurred by the mix of discrete (machine
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Figure 2. Decomposition of a single-merge-operation multi-component-line assembly system.

status sx; € {0 = down, 1 = up}) and continuous (buffer
occupancy hy; € [0, Ni;]) states. On the other hand, sim-
ulations of the systems at hand may be time-consuming
even for a moderate-sized system. Thus, in this paper, we
aim at developing computationally efficient and accurate
analytical algorithms to calculate (approximate) the steady
state performance metrics defined above.

2.3. Approach

To analyze the assembly system at hand, we apply
the overlapping decomposition approach developed in
Li (2005) to decompose (approximate) the original
assembly system in Figure 1 into n + 1 independent vir-
tual serial lines (see Figure 2(a)) and assume that each
virtual line is capable of representing the parts flow of
the corresponding component line or the main line.
Specifically, virtual component line VCLy, k= 1,...,n,
consists of all machines and buffers in the (original)
Component Line k and a modified merge operation

(denoted as m,, ), while the virtual main line V' ML
consists of a modified version of the merge operation
(denoted as m,,) and all its downstream machines and
buffers in the (original) main line (see Figure 2(b)).

In each of these virtual lines, m,, (marked in red in
Figure 2(b)) is introduced to incorporate the effects from
the main line and other component lines (i.e. blockage
due to buffer by; and starvation when some of its pre-
ceding buffers by, s are empty) into the parameters of
the merge operation my; . All other machines and buffers
retain their original parameters. The goal of the decom-
position is to construct the parts flows in the virtual
lines so that they are similar to their counterparts in the
original assembly system.

To accomplish that, we apply the aggregation algori-
thm developed in Bai et al. (2020) for serial line per-
formance metric calculation to each virtual line con-
structed above. Using this method, each virtual line is
represented as a group of virtual two-machine lines via
the so-called backward (b) and forward (f) aggregations.
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Figure 3. Key virtual two-machine lines
In particular, for the virtual two-machine line around ngo: the probability that by, in KVL is empty, and

buffer byyy, (see Figure 3) in VCLy, virtual machine m;ch
represents (approximates) the aggregated part produc-
ing behavior of all machines and buffers upstream of
b~ Based on this virtual two-machine line (referred
to as key virtual two-machine line k or KVLy) we can
calculate the probabilities that the virtual merge opera-
tion m,, is starved (either partially or completely). These
probabilities, denoted as Py, o and Py, , where u = up
and d = down represent the state of the two machines
involved and 0 indicates that the buffer is empty in this
state, will be used to calculate the parameters of the vir-
tual merge operations in other virtual lines. Similarly,
the virtual two-machine line around buffer by; in V ML
(referred to as key virtual two-machine line 0 or KVLy)
can be used to calculate the probabilities that m,, is
blocked (denoted as P,4 5 and Py, N, where N indicates
that the buffer is full in this state). This coupling nature
among the virtual lines enables a recursive procedure
to continuously update the parameters of m,,’s for all
virtual lines iteratively.

Finally, the performance metrics of the original assem-
bly system can be obtained from the corresponding
machines/buffers in the virtual lines. Mathematical for-
mulas and detailed numerical implementation of the
approach described above are given next.

2.4. Formulas to calculate parameters of the virtual
merge operations

As mentioned above, the main components of the
approach are the aggregation-based procedure for serial
lines and the computation of the parameters of the vir-
tual merge operation m,,’s. The former is based on our
prior work (Bai et al. 2020). This subsection focuses on
deriving the formulas for the latter.

To achieve this, first consider the key virtual two-
machine lines shown in Figure 3 and introduce

both mkok and my, areup, k= 1,...,n;

° Pg;))oz the probability that by, in KVLy is empty, mi M,
isdown and m,, isup,k=1,...,n;

° PIS(I)J), - the probability that by; in KVL, is full, both m,,

e P,y the probability that bo; in KVLo is full, my, is up

and m(b)2 is down.

Note that the downstream (upstream) machine is par-
tially starved (blocked) in the uu, 0 (uu, N) case when
its processing speed is greater than the upstream (down-
stream) one. In these cases, the processing speed of the
faster machine is reduced to that of the slower one.
On the other hand, in the du, 0 and ud, N cases, the
corresponding up machines are completely starved and
blocked, respectively, and no part processing is carried
out. Next, we will use these notations to derive for-
mulas to calculate the parameters of the virtual merge
operations.

2.4.1. Breakdown and repair rates of m,

Consider virtual merge operation m,, in VCLy. To incor-
porate the effects from other parts of the assembly system
(i.e. VCL;,i=1,...,n,i # kand V ML) into the param-
eters of m,, , note that from the perspective of CLy, merge
operation mjg; may be operating in one of the following
cases:

e CasesCy —Cs5:Up

— Case Cy: Up, not blocked by buffer by; nor starved
by any upstream buffer in the other component
lines, bip,, i=1,...,n,1 # k: In this case, mg;
may process parts with its full speed co; in VCLg
(as my,);

— Case Cy: Up, no blockage from buffer by;, but par-
tially starved by some of its upstream bufters bjyy,



in the other component lines: In this case, myq;
processes parts in VCLy (as m,,) at a reduced
speed determined by the component lines that
cause partial starvation;

— Case C3: Up, no starvation from any of its
upstream buffers bjyg, in the other component
lines, but partially blocked by buffer by;: In this
case, mo; processes parts in VCLy (as m,,) at
a reduced speed determined by its downstream
operations in the main line;

— Case Cy4: Up, partially blocked by buffer by;, and
partially starved by some of its upstream buffers
biy; in the other component lines: In this case,
mo1 processes parts in VCLy (as m,, ) at a reduced
speed determined by the component lines that
cause partial starvation as well as its downstream
operations in the main line;

— Case Cs: Up and either completely blocked by
buffer bg; or completely starved by at least one
of its upstream buffers b;; in the other compo-
nent lines: In this case, no production by my; is
possible;

e Case Cg: Down: no production is possible.

Similarly, from the perspective of the main line, merge
operation mg; may be operating in one of the following
cases:

e Cases M1 — M3 Up

— Case M: Up, not starved by any upstream buffer
biyv;, i=1,...,m In this case, mp; may process
parts with its full speed cp; in V ML (as my,);

— Case Mj: Up, partially starved by some of its
upstream buffers b;y;: In this case, mg; processes
parts in V ML (as m,,) at a reduced speed deter-
mined by the component lines that cause partial
starvation;

— Case M3: Up and completely starved by at least
one of its upstream buffers b;yg;: In this case, no
production by my is possible;

e Case My: Down: no production is possible.

From the point of view of machine m,, in VCLy, both
Cases Cs and Cg can be viewed as downtime since no part-
processing can be conducted in these cases. To account
for the additional downtime introduced in Case Cs, note
that, the fraction of uptime that my; is completely starved

by bufter b;pg, in CL; can be approximated from KVL; as
P
ZT“;O- Similarly, the fraction of uptime that merge opera-

tion myg; is completely blocked by buffer by; in the main
©)

ubN Therefore,
evO

line can be approximated from KVL as
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we define
(0) n (i)
P p
P[()flc)) _ (1 _ ud,N) I I (1 . du,O) (2)
eVO . . ev,—
i=1,i#k

and similarly, to account for the additional downtime of
m,, caused by Case M3, define

0 _ 11, _ Pauo
Py =H(1—T>. (3)
i=1 !
Here, subscript op stands for ‘operational’. Clearly, vari-
able Pg? can be viewed as an estimated probability that
the merge operation in VCLx or V ML is not stopped
due to starvation or blockage from other virtual lines,
and thus, is operational. To incorporate these effects into
the machine parameters, we define the efficiency and
repair rate of virtual merge operation m,, by reducing the

original parameters of mg; by a factor of P(()f,):

k)

k
Cy, = eOIP(()p)’ My, = MOIP((JP , k=0,...,n, (4)

which immediately leads to

k
ho, = Aot + por(1 — Py, (5)

In other words, the stoppages due to complete starvation
or blockage by other virtual lines are now accounted for
by reducing the efficiency and repair rate and increas-
ing the breakdown rate of the merge operation from its
original parameters.

2.4.2. Processing speed of m,

Note that, while virtual merge operation m,, can be
viewed as being up in Cases C; — Cy, its actual process-
ing speed depends on the states of other component lines
and the the main line connected to CLy via myg;. In this
subsection, we derive (estimate) the probability of each
case involved, the corresponding processing speed of the
merge operation for each case, and a normalised average
processing speed that combines all four cases.

Case Cy: No external starvation/blockage on m,, When
the merge operation is neither starved nor blocked in any
of the other virtual lines, it may operate in VCLj with its
original full processing speed co; . Similar to Equations (2)
and (3), the conditional probability of this scenario (given
that the merge operation is up) can be quantified as

(0) (0)
P(k) =1 Pud,N + Puu,N
s = _ WA e

€y,

0 0
p? L1 p
<1—M>, k=1,2,....n

ey,

i

n

< 11
i=1,i#k
(6)

where subscript fs stands for ‘full speed’.
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Case Cy: No external blockage and only (partial) starva-
tion on m,, Consider the case where the merge operation
is not blocked by the main line but only (potentially)
partially starved by q component lines other than CLy,
while the remaining n—g—1 component lines present
no starvation. Note that there are (”;1) different possi-
ble combinations of the starvation-causing component
lines. Thus, we define (" ;1) x q matrix I such that its
i-th row contains the indices of the g virtual lines that
are (potentially) partially starving the merge operation
under this combination. Similarly, define (";1) x (n—

q — 1) matrix iq such that each row of it contains the
indices of the remaining n—g—1 component lines that
are not starving the merge operation. Then, for the i-th
combination of all g-machine partial starvation case, its
conditional probability can be quantified as

(0) (0) 7 plaij)
nb P d,N + Puu N PuLZOJ
Pps g = 1-—-
eV() . evI ..
j=1 i
n—q—1 (Iq 7]) (Iq,i,j)

l—[ 1 — uu 0 +P du,0

, e ’
j=1 Vg

i=1,...,<n_1), )
q

and the virtual merge machine’s processing speed in this
scenario is the smallest among all machines involved, i.e.

nh

pszq == min(f{q’i,l’MI > COI)) (8)

1’ “ ey Iqi,q’MIq,i,q

where I ;;and iq,i j denote the element at the i-th row and

j-th column in matrices I, and I, respectively; c{q,l_,j’ M,
is the processing speed of the upstream machine of
KVLy,;; (see Figure 3); and subscript/superscript ps
and nb stand for ‘partial starvation’ and ‘no blockage’,
respectively.

Case C3: No external starvation and only (partial)
blockage on m,, Assume that there is no starvation from
all other component lines, and the merge operation is
only partially blocked by bg; in the main line. Then, the
conditional probability for this scenario can be expressed
as

0 @)

Po+?P
el d”"’) O
ey

1

P(O)N n

bl uu,

Pns,k = e— . l_[ (1
Vo i, itk

and the virtual merge machine m,,’s processing speed in
this scenario can be calculated as

bl

Cpsk = mm(coz, €01)» (10)

where ng is the processing speed of the downstream
machine in KVL (see Figure 3) and subscript/superscript

ns and bl stand for ‘no starvation’ and ‘blockage’,
respectively.

Case Cy: Simultaneous external blockage and starvation
on m,, When, in addition to being starved in q com-
ponent lines, the merge operation is also blocked by the
main line, the conditional probability for this case can be
calculated as

(0) q P(Iq,fﬁ

Pbl uu,N uu,0
psiq e e
Vo =1 Vigij
n—q—1 g.i) i)
P uu,0 +P du,0
1_[ 1— e— R (11)
j=1 Yigij

and the merge machine’s processing speed in this case is

P min(cf)

b
PSlq Iqi,l’Man"” » €01>» C()z)) (12)

’ C;.q,i,q>MIq,i,q

where subscript/superscript ps and bl stand for ‘partial
starvation’ and ‘blockage’, respectively.

Finally, combining the above four cases, the processing
speed of virtual merge machine m,, in VCLy is defined as
their weighed average:

n—1
1 n— 1( )
— (k)
== |oPs 2 Z GpoiaPpoia + CnskPrs
Pop q=1 i=1
1 (n;l)
Y P k=120 (13)
g=1 i=1

Similarly, the processing speed of m,, can be calculated
based on the production scenarios of Cases M and M
as follows:

1 n
_ (0)
Cyvy = P(O) : COIP + § E CpsigPpsig | > (14)
op q=1 i=1

where

n P(l) +P(l)
PO =T](1- 2=—%2), (CaseM;) (15)
i=1 Evi
(Iqu)

qa pJgi) n—q gij)

+P
uu,0 uu 0 du,0
P = [ 20 [ [ - Do),
j=1 "gij  j=1 Vg
(Case M) (16)
Cpsing = mm(cf M "C{q,i,anIq,,',q’COl)' (17)

It should be noted that when the system is synchronous
(i.e. when all ¢g;’s are identical), partial blockage and star-
vation do not take place and, thus, the virtual machine’s



processing speed (including m,,’s) remains at their origi-
nal values during the aggregation procedure. If we further
limit the number of component lines to n = 2, then the
formulas (2)-(5) become identical to those presented in
Li (2005). In other words, the assembly system case stud-
ied in Li (2005) is a special case (synchronous and n = 2)
of the one discussed in this section.

2.5. Numerical implementation

Based on the descriptions above, the following recur-
sive algorithm (referred to as Recursive Decomposi-
tion/Aggregation Algorithm I, RDAA I) is proposed
for performance metrics calculation in single-merge-
operation multiple-component-line assembly systems.
The idea is to circulate among all virtual lines, one at a
time, to update the parameters of the merge operations in
the virtual lines based on Equations (2)-(17) and repeat
this process iteratively until a stopping criterion is met.
Note that in the pseudo code of the algorithm, s is the
iteration counter and ﬁ’k (s) is the throughput of the k-
th virtual line calculated using the aggregation procedure
of Bai et al. (2020).

Unfortunately, the proposed aggregation algorithm,
RDAA T, does not have an analytical proof of convergence
at this point. As an alternative, we investigate its con-
vergence through numerical experiments. Specifically,
we create a C++ program to implement the algorithm
and generate a total of 4,000,000 assembly systems by
randomly selecting the system parameters from:

nef(2,345, Mce{23,45), k=0,...,n (18)
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For each machine my;, the parameters are randomly
selected from the following ranges and independently
from other machines:

Tdown,ki € [5) 15])
i € [0.8,1.2],

exi € [0.75,0.95],

k=0,...,n, i=1,..., M.
(19)

The capacities of the buffers are determined based on

Nii = [Ki - min(Tdown,ki> Tdown,ki—i—l)-l’ (20)

where each coefficient K, k=0,...,n,i=1,..., M,
is randomly selected from interval [1,3]. Note that
these parameter ranges are selected to reflect typi-
cal observations in manufacturing practice (see Li and
Meerkov 2008; Li 2005). Under the above parameter
ranges, the maximal difference in machine processing
speeds is 50%. In other words, the production systems
studied can be viewed be balanced or moderately unbal-
anced. For buffer capacity, the parameter Kj; represents
the number of average downtimes that a buffer can
accommodate. In the numerical studies, K};’s are selected
from interval [1, 3], which means that the buffering pro-
vided is in the range of small to medium levels (see Li
and Meerkov 2008). Very small or large buffers are not
very common in manufacturing practices.

The terminal condition is set as A(s) < 10™°. For
all 4,000,000 assembly systems, the algorithm reaches
this terminal condition without exception. Therefore,
we claim that RDAA I is convergent (numerically) and

Algorithm 1 Recursive Decomposition/Aggregation Algorithm I (RDAAI)

Initialization: Set
s=0,A()=1;

Avp = Aots My, = Hols €y, = ColL, k= 1,...,1;
(0) (0) (k) (k) .
PO =P =Pl = PY =0 k=1,

TP(s) = [TPy(s),...,TP,(s)] = [0,...,0].
while A(s) > e do
s=s+1;

1. Update parameters A, (iy, and ¢,, based on (3)- -(5), (14)- -(17); _
2. Apply the aggregation algorithm developed in Bai et al. (2020) to VML to calculate its throughput TPy(s), as

well as PL?:),N and ng N of KVLy;
fork=1;k <ndo

1. Update parameters Ay, [Ly,, and ¢,, based on (2), (4)- -(13); .
2. Apply the aggregation algorithm developed in Bai et al. (2020) to VCLy to calculate its throughput TPy (s),

as well as Pg;)

end for . .
A(s) = |ITP(s) — TP(s — 1)|[;
end while

oand PP of KV
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introduce the following limits:

lim )"Vk (s) = )"Vks lim //ka(S) = Ky
§—> 00 $—> 00

lim ¢, (s) =c¢y, k=0,1,...,n (21)
S—> 00

Moreover, it is observed that RDAA I requires, on aver-
age, about 10 iterations to converge for the cases stud-
ied above. The average CPU computational time on a
PC with Intel®Core™ i7-9700H 3.0GHz processor and
16GB RAM is less than 1.7 ms, which is almost negligible
compared to discrete-event simulations.

2.6. Performance metrics calculation and accuracy

2.6.1. Performance metrics calculation

Using the limiting values (21) resulted from RDAA I and
the aggregation algorithm of Bai et al. (2020), we can cal-
culate the performance metrics of each virtual line (i.e.
VCL;/sand V ML), denoted as ﬁ’k, WTPki, ST xi> and ﬁki,
k=0,1,...,n,i=1,..., Mg. Then, we propose to cal-
culate the performance measures of the original assembly
system as follows:

o System throughput: TP = mean(TP).
e Work in process:
— Component lines: Wﬁ)ki = WYPki, k=1,...,n,
i=1,...,My
— Main line: WIPg; = WIP;, i = 1,...
e Starvation:
— Component lines:

,Mp — 1.

ﬁki=ﬁki, k=1,...,n,

i=1,...,My
— Main line: §7\“0i = §To;‘, i=2,...,Mp; ﬁm,k =
ﬁkMk—H’k: 1,...,n
e Blockage:
— Component lines: ﬁki =BLy, k=1,...,n,
i=1,. Mk,

— Main hne BLOI = BLO,, i=1,...,My— 1.
2.6.2. Accuracy of system performance metric
approximation

To study the accuracy of the proposed performance met-
ric approximations above, 40,000 single-merge-operation
multiple-component-line systems (10,000 systems for
each n € {2,3,4,5}) are randomly generated according
to the parameter range mentioned in (18)—(20). In addi-
tion, a C++ program is created for the simulation of the
assembly system models considered in this paper. This
program is similar to the computational engines used in
typical discrete-event simulation software packages. For
each line constructed above, the simulation program runs
10 replications, with a warm-up time of 40,000 min and
results collection time of 400,000 min (both in terms
of simulation clock time) in each replication. Then, the

average values of the 10 simulation replications are used
to estimate the true values of the performance metrics.
The accuracy of the performance metric approximations
is evaluated based on the following relative errors:

|7/1\P _ Tpsim| .
erp = - 100%,
|w1pk, WIPS’"“I
€EwWIp = Z Z
ZJ OA/IJ —1 {k 1 i=1
& | WPy — WP
Z - 100%,
P Noi
cp = — STy — ST |+
S OM -1 {Z Z l
My n
> " SToi — ST + > 1STo1,i — STé’{”,il} ,
i=2 i=1
epL = |BLy — BLi"l,  (22)
Z] OM -1 %zzl l

where superscript sim indicates the system performance
metrics obtained by simulation.

The results are summarised in Table 1(a-b). For
n = 2, we also compare the performance of the pro-
posed algorithm with the one developed in Li and
Meerkov (2008) (referred to as c-Aggregation). As one
can see, the proposed algorithm dramatically outper-
forms the one in Li and Meerkov (2008) and main-
tains a relatively low error even when the total number
of machines in the system increases to over 21 (when
n =5). The TP approximation accuracy is similar to
those reported in Xia et al. (2016) but has significantly
improved WIP approximation accuracy. In addition,
while the computational time increases as the system
become more complex, the algorithm maintains rela-
tively efficient, requiring only about 1.7 ms for systems
with n = 5 component lines (about 21 machines in total
on average). As a comparison, we also provide the average
computational time needed when calculating the same
systems’ performance using simulation in Table 1(c).
The configuration of the simulation (i.e. warm-up time,
results collection time, number of replications) is selected
so that the simulation outputs a similar level of preci-
sion compared to the accuracy of RDAAI. Clearly, RDAA
I requires orders of magnitude shorter computational
time. This high computational efficiency of the proposed
algorithm is critical in tasks such as parameter optimiza-
tion and design, where hundreds or even thousands of
alternative parameter combinations must be evaluated
and tested.
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Figure 4. Example of a general A/D system.

Table 1. Accuracy and computational efficiency of RDAA I.

(a) Approximation error comparison forn = 2

€7P Ewip €sT €pL
RDAAI 229% 2.29% 0.0114 0.0117
c-Aggregation (Li and Meerkov 2008) 13.59% 9.85% 0.0404 0.0527

(b) Approximation error of RDAA | for n € {3,4, 5}

€rp Ewip €sT €pL Ave. > My
n=3 2.22% 2.20% 0.0124 0.0121 14
n=4 1.98% 2.08% 0.0132 0.0121 18
n=>5 1.82% 1.98% 0.0141 0.0127 21
(c) Computational time comparison with simulation
n=2 n=3 n=4 n=>5
RDAA | (ms) 0.10 0.35 0.74 1.7
Simulation (ms) 90 107 130 150

3. General case

In this section, we extend the analysis above to assem-
bly/disassembly (A/D) systems with general structures,
which may have multiple merge/split operations (MSOs)
and sub-assemblies and dis-assemblies. Such a system
consists of a main line, several first-level component
lines (those directly joining or branching out from the
main line), second-level component lines (those join-
ing a first-level component line before merging into the
main line or /branching out from a first-level component
line),..., up to several r-th level component lines (those
joining/branching out from an (r — 1)-th level compo-
nent line). An example multi-level assembly/disassembly
system with r = 2 is shown in Figure 4, which has 4
merge/split operations (MSO;, i = 1,...,4), 2 first-level
assembly component lines (CL; and CL;) and 2 second-
level disassembly component lines (CL3 and CLy4). For
the merge/split operations, two of them are in the main
line (MSO; and MSO,) and two in first-level component
lines (MSO3; and MSOy). The system operates following
similar assumptions to those given in (i)-(vii).

3.1. System decomposition

Using the overlapping decomposition method, we can
again decompose a complex assembly system into a num-
ber of serial lines. Specifically, first start with the first
machine in a component line or the first machine of the
main line and continue adding downstream machines
and buffers along the direction of the parts flow and
end at the first merge/split operation reached. Then,
start from each merge/split operation and continue
adding downstream machines and buffers until the next
merge/split operation or the last machine in the main
line or a disassembly component line is reached. This
decomposition is illustrated in Figure 5(a) for the exam-
ple assembly/disassembly system above, which leads to
9 virtual serial lines. Note that the main line or a com-
ponent line may be sectioned into several virtual lines,
depending on the number of merge operations in that
line. For instance, the main line in this example ends up
with 3 virtual lines (VL 1, . .., VLo 3), while component
line CL, is decomposed into 3 virtual lines (VL;,1, VL, 5,
VL3).

Next, we group these virtual lines into a number of
assembly/disassembly units (ADUs) based on their over-
lapped operation, i.e. the virtual merge operation. Specif-
ically, for each merge/split operation, we group all virtual
lines containing this merge/split operation together to
form an ADU. Therefore, the number of ADUs is equal
to the number of merge/split operations in the system.
Note that a merge/split operation may appear in multi-
ple ADUs but only acts as the ‘merge/split operation’ in
exactly one ADU. This leads to 4 ADUs for the exam-
ple assembly/disassembly system considered above (see
Figure 5(a)).

Note that each ADU can be viewed as a single-
merge/split-operation multiple-component-line assem-
bly/disassembly system (see Figure 5(b)). Note also that
some virtual lines may appear in more than one ADUs.
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For instance, VL, acts as the ‘main line’ in ADU; and as
a component line in ADUj. To distinguish them, they are
denoted as VLég and VL(()?Z), respectively, where the super-
script denotes the ADU that the virtual line belongs to.
Similarly, the virtual merge/split operations involved in

VL; are denoted as MO? ) (see Figure 5(b)). Clearly, the

parameters of virtual merge/split operation MSOEO’Z) in
ADU, should account for the starvation of MSO; from
its upstream component lines (i.e.VLg; and VL;), which
can be obtained (approximated) from ADU;. Conversely,
the parameters of MSO;O’Z) in ADU; should account for
the blockage of MSO; by its downstream buffer in VL3,
and the starvation from its upstream buffers in VL, 3,
which can be calculated from ADU,. The coupling rela-
tionships among the other AUDs can be identified sim-
ilarly. Thus, virtual line VL, as an individual, isolated
serial line, can be represented as in Figure 5(c), with the
first and last machines being virtual merge/split opera-
tions MSOﬁO’Z) and MSO;O’Z) , respectively. Then, applying
the aggregation procedure of Bai et al. (2020) to this
virtual serial line, we can obtain the probabilities P, N
and P,z N for the buffer(s) immediately after MSOEO’z) as
well as the probabilities Py, and Py, o for the buffer(s)

immediately before MSO;O’Z). These probabilities can be
used to quantify the blockage of MSO; and the starvation
of MSO, caused in the main line. Hence, we can gener-
alise the idea of RDAA I through the ADUs, and utilise
the starvation/blockage-induced coupling relationships
to calculate the parameters of the virtual merge oper-
ations using Equations (2)-(16). Finally, repeating this
process anew iteratively, we can continuously update
the parameters of all virtual merge/split operations in a
recursive manner until convergence is observed.

3.2. Numerical implementation

Based on the system decomposition described above, we
propose the following Recursive Decomposition/Aggre-
gation Algorithm IT (RDAA II) to calculate the perfor-
mance metrics of general assembly systems.

Similar to Subsection 2.4.1, numerical experiments
are used to verify the convergence of the algorithm.
Specifically, a total of 6,000 assembly/disassembly sys-
tems are generated with 2,000 for each of r =1, 2, 3,
where r is the number of component line levels of an
assembly/disassembly system. For each system, after r
is selected, the number of component lines at the i-th

Algorithm 2 Recursive Decomposition/Aggregation Algorithm IT (RDAA II)

Step 1: Decomposition

Decompose the assembly/disassembly system into L virtual serial lines and group them into K assembly/disassembly

units: ADU;, . ..,ADUg.
Step 2: Aggregation
Initialization: Set

s=0A =1 _ ~

TP(s) = [TP1(5), TP2(5) ... TPL(9)] = 0,00}
1 1 1 1 .

Py =Py =P =Py =0i=12.L

Parameters of virtual MSOs = Original parameters of the corresponding MSOs

while A(s) > e do
s=s4+1;
fori=1;i < Ldo
1. Consider virtual serial production line VL;.

2. Identify the ADUs that VL; belongs to and denote the corresponding lines in these ADUs as VLy), where j
represents the indices of the ADUsand j € {1,2,...,K}.

for all j where ADU; contains VL; do

— Update the parameters of the virtual MSO in VL; based on the starvation/blockage coupling with other
virtual lines in AUj, quantified by Py;,0, Piu,0> Puu,N and Pyg s

end for

3. Apply the aggregation algorithm developed in Bai et al. (2020) to VL; with updated parameters to calculate

its throughput TP;(s), as well as the starvation/ blockage probabilities pY

MSOs involved;
end for . »
A(s) = |ITP(s) — TP(s — 1)
end while

11,00 Pfi?;,o’ Pl(j) n and P;ic)i, N for the virtual

u,
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ADU,: VLg1,VLg2,VLy  ADUz:=> VLy,, VL3, VLy3
ADU31 _)VLz‘l, VLZ,Z: VL3 ADU4: —_— VLz'z, VL4, VL2’3
(a)

(b)
mso? mMso?
VLO,Z: % I o —0@—‘
()

Figure 5. lllustration of the decomposition and analysis procedure of a general A/D system. (a) Example of decomposition of a general
structured A/D system (b) Assembly/Disassembly Units with MSO; and MSO, being the merge/split operations (c) Virtual serial production
line V Lo considered
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Total number of decomposed virtual lines Total number of machines

Figure 6. Dependence of e7p on system complexity.
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level, denoted as «;, is randomly selected from {2, 3,4, 5},
and each component line is either an assembly compo-
nent line or a disassembly one with equal probability
p = 0.5. The total number of component lines in the
system is

y = Za,-. (23)
i=1

The number of machines in each of these y compo-
nent lines is randomly selected from My € {4,5,6,7,8},
k=1,...,y. Next, for each component line level k =
I,...,r— 1, we randomly select By € {2,3,...,ak+1}
machines to be merge/split operations and randomly
assign the a1 component lines in the (k + 1)-th level
to these merge/split operations. Clearly, some component
lines may contain one or multiple merge/split opera-
tions, while some may have none. Similarly, the num-
ber of merge/split operations in the main line is ran-
domly selected from By € {2,3,...,a1}, which are ran-
domly assigned to the «; first-level component lines.
Finally, the total number of machines in the main line
is randomly selected from My € {380,360 + 1,...,4Bo}
and the locations of the By merge operations are ran-
domly selected from the My machines. The parameters
of machines are randomly selected from (19)-(20).

For all 6,000 assembly systems constructed, the
parameters of the virtual merge operations converge
afp/d the algorithm stops at terminal condition ||TP(s) —
TP(s — 1)|| < €, where € = 107°. Therefore, we claim
that RDAA II is convergent.

3.3. Performance metric calculation and accuracy

Similar to the single-merge-operation multiple-
component-line systems, one can calculate the perfor-
mance metrics for each virtual line using the aggre-
gation procedure of Bai et al. (2020) and use them
to approximate those of the original assembly system.
Specifically, system throughput can be approximated by
the average throughput of all ADUs: TP = mean(TP),
while the work-in-process and machine starvation and
blockage probabilities can be approximated by those of
the corresponding buffer and machine in the virtual
lines.

To study the accuracy of the performance metric
approximation, the same 6,000 A/D systems generated
in Subsection 3.2 are used again. Simulation with the
same configuration as in Subsection 2.6.2 is used to
estimate the values of the systems performance met-
rics. The approximation errors and computational times
of RDAA 11, compared to simulation, are summarised

in Table 2, where we also list the average number of
machines () M;), the average number of merge/split
operations (D MSO), and the average number of virtual
lines (}_ VL) for each r considered. One can see that
RDAA II performs robustly and can maintain a good
approximation accuracy even when the system size grows
quite large (about 62 machines in total on average for
r = 3). Moreover, the box plots of Figure 6 imply that the
approximation error tends to increase (but at a dimin-
ishing rate) as the system complexity increases. We also
notice that RDAA II tends to overestimate TP, com-
pared to the simulation results. Among the 6,000 A/D
systems studied, RDAA II overestimates TP in 98.2% of
all cases by an average factor of 3.29%. For the remaining
1.8% of cases, where TP is underestimated, the aver-
age error is 0.63%. However, no such tendency for WIP
approximation of RDAA II is observed. Results show
that around half of the WIPs are overestimated, while
the other half are underestimated. Specifically, RDAA II
overestimates 51.25% of the WIPs by an average factor
of 2.86%, and the remaining 48.75% buffers have under-
estimated WIPs by RDAA II with the average error at
2.67%. Detailed numerical case studies of the accuracy of
RDAA II performance metrics approximation, in com-
parison with simulation, are provided in Appendices 1
and 2.

Next, we study the computational efficiency of RDAA
II. Table 2 and Figure 7 show that although the com-
putational time increases as the system complexity, the
algorithm still converges quite fast: requiring only 1.8
ms on average for r = 3 and no longer than 14.65 ms
for all cases studied. On the other hand, it takes nearly
2 minutes on average for the simulation to complete
when r = 3. Note that similar results about the compu-
tation time are presented in Yegul et al. (2017) where
it takes around 3 minutes for commercial simulation
software, Simul8, to simulate a 24-workstation produc-
tion system. While this computational time may still
acceptable for a single case calculation, it may quickly
become impractical in optimization tasks, which typi-
cally require the evaluation of hundreds or thousands of
alternative solutions, (see Yegul et al. 2017; Gansterer,
Almeder, and Hartl 2014; Spieckermann et al. 2000).
In that case, evaluating 10,000 system alternatives using
simulation will cost about (100 seconds/evaluation x
10,000 evaluations) -+ 86,400 seconds/day = 11.5 days,
while using the RDAA II algorithm only takes about
0.0018 seconds/evaluation x 10,000 evaluations = 18
seconds. Therefore, developing computationally efficient
algorithms for system performance evaluation is critical
to analyzing and optimizing manufacturing processes in
practical settings.
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Table 2. Average approximation accuracy and computational efficiency of RDAA II.

Average computing

Approximation error Average system size time (ms)
€Tp EWIP €ST €pl ZM,‘ Z MSO Z VL RDAAII Simulation
r=1 3.03% 2.53% 0.0138 0.0138 30 3 7 0.36 62,842
r=2 3.34% 2.63% 0.0149 0.0148 52 6 14 0.92 74,894
=3 3.33% 2.98% 0.0164 0.0164 73 8 20 1.8 100,266
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Figure 7. Boxplot of computational efficiency of RDAA II.

Finally, we study the effects of buffer capacities on
the approximation accuracy of RDAA II. To conduct the
experiments, we randomly generate 100 different A/D
systems. The system parameters except the buffer capac-
ity are randomly selected from (19). For each system, thus
generated, the buffer capacity Ny; is decided by the follow:

Nii = [K - min(Tdown,kis Tdownki+1) 1> (24)

where K is identical for all buffers in the system. Then,
we vary K from K € {0.5,1,2,3,4,5,6,7,8,9,10}. For
each value of K, the average erp of all 100 A/D sys-
tems is calculated and presented in Figure 8. The results
show that RDAA II tends to have lower erp as the
buffer capacity increases (i.e. a larger value of K). This
is due to less coupling among the machines, compo-
nent lines, and AD units under larger buffers. A similar
phenomenon is observed for the serial line aggregation
algorithm developed in Bai et al. (2020) as well. Addi-
tionally, although RDAA II has a larger approximation
error with small buffers (i.e. when K = 0.5), the accuracy
improves to within 4% on average as soon as K reaches
1. Note that K indicates the number of average down-
times a buffer can accommodate and is typically selected
as greater than 1 on the factory floor. Therefore, we claim
that RDAA 1I is an effective algorithm for performance
metrics calculation under practical system parameter
ranges.

Figure 8. Effects of average buffer capacity on e7p.

3.4. Comparison with the decomposition technique

Both RDAA I and RDAA 1I are recursive aggregation-
based algorithms for production systems performance
evaluation. As explained in Subsection 3.1, the idea of
RDAA ITis to first decompose the entire system into sev-
eral virtual serial production lines by introducing the vir-
tual MSOs, then to use the aggregation method derived
in Bai et al. (2020) along with Equations (2)-(17) to
iteratively solve the parameters of the virtual MSOs by
explicitly incorporating the effects from other parts of the
system until convergence is observed, and finally to eval-
uate performance metrics of the original system from the
counterparts in the virtual serial lines.

The other class of production systems performance
evaluation algorithm (see Subsection 1.2), the decom-
position technique, uses a different approach. Specifi-
cally, for A/D systems, as explained in Gershwin and
Burman (2000), the decomposition approach directly
decomposes the entire system into |B| virtual two-
machine lines, where |B| is the total number of buffers.
This results in six parameters (i.e. breakdown rates, repair
rates, and processing speeds of the upstream and down-
stream machines) to be determined for each virtual two-
machine line thus constructed. Then, based on the con-
servation of flow, flow rate-idle time, resumption of flow,
interruption of flow, and boundary conditions, 6| B| equa-
tions are derived to capture the quantitative relationship
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Table 3. Comparison of RDAA Il with E-method from Gershwin
and Burman (2000) and GE-method from Xia et al. (2016).

erp(%) ewp (%) Standard deviation of ey,
E-method 217 12.73 10.48
GE-method 1.68 13.37 10.58
RDAAII 0.71 547 4.50

among the virtual two-machine lines and the param-
eters involved. These equations are solved using itera-
tive techniques. Finally, the performance metrics of the
entire A/D system are evaluated based on the virtual
two-machine lines.

Unfortunately, for A/D systems, neither our pro-
posed algorithms, RDAA I/II, nor the decomposition
technique-based algorithms in the literature offer any
analytical results on algorithm convergence, compu-
tational complexity, etc. Therefore, as an alternative,
numerical experiments are conducted in this subsection
to compare the performance of RDAA II with two exist-
ing decomposition-based methods in the literature (one
is the so-called E-method developed in Gershwin and
Burman 2000 and the other is the GE-method proposed
in Xia et al. 2016). Specifically, 50 cases are randomly
generated from the same parameter ranges and system
structure as used in paper (Xia et al. 2016). The results
are summarised in Table 3. One can see that RDAA
IT significantly outperforms the other two methods in
both TP and WIP approximation and have much bet-
ter consistency in ewjp,. The approximation accuracy
of ST and BL is not compared since neither E-method
nor GE-method provides formulas to calculate these
quantities.

Therefore, we claim that RDAA II is an accurate and
computationally efficient tool for performance metric
calculation of general multi-level assembly/disassembly
systems with exponential machines.

4. Industrial case study

In this section, we present an industrial case study to
illustrate the application of the RDAA IT algorithm devel-
oped above in a real manufacturing setting.

4.1. Background

The case study was conducted in a local company manu-
facturing brakes and clutches for customers from various
application fields. The production facility was originally
laid out in a job-shop-like manner, where machines were
grouped together based on their functions (e.g. saw, lathe,
milling). With a recent change in business operations, the
management decided to evaluate the feasibility to cre-
ate separate cells dedicated to its top-sale products. The

goal of this case study was to predict the throughput of
the cell for one end product during the design stage and
provide the information to the management for capacity
planning, purchase/order scheduling, etc.

4.2. Data provided

To carry out the study, the company provided the aca-
demic team the bill of materials of the end product and its
components (see Table 4) as well as the routings (i.e. the
operation sequence, assigned machines, and the MTBF,
MTTR, processing time of each operation) of all compo-
nents made in-house (see Table 5). For confidentiality, the
part information and the characteristics of the machines
are masked and modified.

4.3. Modeling and system performance analysis

Based on the bill of materials and the production routing
information given above, the manufacturing system lay-
out can be illustrated by Figure 9. It consists of one end
product (red shadowed part), six sub-assemblies (green
shadowed part), and twelve input component lines (yel-
low shadowed part). Using the machine parameters given
in Table 5 and RDAA Il developed in this paper, we obtain
its estimated throughput at TP = 0.5285 (jobs/min),
while the throughput calculated by simulation is TP =
0.5193 (jobs/min). The estimation error of four perfor-
mance metrics and the number of iteration steps are
provided below:

o e7p = 1.77%, ewp = 1.94%, est = 0.0097, €pr =
0.0116;
o The number of iterations is 30.

Note that for this assembly system, it takes RDAA II
about 2 ms to complete its calculation, while it takes 40
seconds for the simulation to finish. One can see that
RDAA II works accurately and much more efficiently
than simulation. The latter has been stressed by the plant
operations manager as a critical feature as the time wait-
ing for the simulation to finish every time a change is
made to the system parameters can easily destroy his
regular workflow.

Based on its product portfolio, the plant planned to
allocate 10% of its production hours to this product,
which amounts to 4 hours/week or 16 hours/month.
This implies that the estimated throughput of the cur-
rent system configuration is TP = 0.5285(jobs/min) x
960(min/month) = 507 (jobs/month). According to the
historical sales record, it was forecasted that the monthly
demand will be about 550 (jobs/month). To close the gap
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Level Part
0 End Product
1 Sub assembly 2 (MO,)
2 Sub assembly 1 (MO)
3 Component 0 (main line)
3 Component 1 (CL1)
3 Component 1 (CLp)
2 Component 3 (CL3)
2 Sub assembly 4 (MO4)
3 Component 4 (CLa)
3 Component 8 (CLg)
1 Sub assembly 6 (MOg)
2 Sub assembly 5 (MOs)
3 Component 5 (CLs)
3 Component 9 (CLg)
2 Sub assembly 7 (MO7)
3 Component 10 (CL10)
3 Component 11 (CL17)
1 Component 6 (CLe)
1 Component 7 (CLy)
Table 5. Production routings and machine/buffer parameters.
Op. seq. Machine # MTBF (min) MTTR (min) Cycle time (min) Buffer
End Product 1 mo 62.62 13.43 1.12 32
2 myo 50.86 10.84 1.19 -
Sub assembly 2 1 me 43.63 13.54 1.09 21
2 my 9491 12.60 0.84 17
3 mg 178.18 11.57 0.91 24
Sub assembly 1 1 ms3 49.57 12.03 0.93 15
2 my 48.90 14.73 1.14 20
3 ms 47.92 13.66 0.90 38
Component Line 0 1 m 37.26 14.89 1.03 33
2 my 93.80 12,97 0.88 13
Component Line 1 1 my 55.52 11.01 0.95 32
2 mi; 40.15 12.74 1.18 30
Component Line 2 1 mi3 106.89 10.39 0.89 15
2 myg 146.48 13.64 1.13 14
Component Line 3 1 mis 218.36 12.86 0.86 33
2 mie 151.64 14.81 1.09 24
Component Line 4 1 my7 30.86 10.74 0.99 22
2 mg 32.33 12.88 0.87 32
Sub assembly 4 1 mio 76.53 13.40 0.84 25
2 mao 169.79 14.03 0.94 25
Component Line 8 1 myg 26.20 10.93 0.95 18
2 msg 200 10.67 1.14 28
Component Line 5 1 myy 41.89 11.33 1.11 32
Sub assembly 5 1 my 75.57 14.99 0.97 24
Sub assembly 6 1 my3 229.15 14.75 0.93 17
Component Line 6 1 myy 69.05 13 0.84 33
2 mys 79.79 12.24 0.91 13
Component Line 7 1 mye 50.49 11.10 0.90 15
2 my7 49.28 10.89 1.00 16
3 mag 52.90 12.98 1.12 24
Component Line 10 1 ms3 61.21 14.28 0.95 26
Sub assembly 7 1 ms3g 102.94 10.80 0.99 29
Component Line 11 1 mss 127.85 10.90 1.20 22
2 Mm3g 45.90 14.47 0.96 30
between the current throughput capacity and the pre-  i.e.
dicted monthly demand, the operations manager would 9TP TP
like to have a list of operations/machines that should be s > . Vj#i (25)
! ]

improved and the amount of improvement needed to
meet this target. To accomplish this, define machine i
as the system’s bottleneck (BN) machine if increasing its
processing speed leads to the largest TP improvement,

Numerically, this can be implemented by evaluating the
improvement in system throughput, ATP, when increas-
ing the machine processing speed by the same amount
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Figure 9. Production flow diagram of the industrial assembly system studied.

Ac one by one (and reverting to the original value before  and obtain an improvement throughput TP = (.5448
increasing the next machine’s parameter). Using RDAA (jobs/min) or 523 (jobs/month). To ensure the through-
I and with Ac = 0.1, we find that machine my is the  put can eventually reach the target, we run a simula-
BN machine. Then, we improve c4 to 0.9782 (jobs/min)  tion on the modified system and obtain TP = 502

Table 6. Improvement analysis of the industrial case to meet throughput target.

(a) BN machine #, improved TP (jobs/month) of each round and overall computational time

BN search by RDAA I BN search by Simulation
Improved TP
Round BN machine # RDAAII Simulation BN machine # Improved TP
1 4 523 502 29 501
2 12 530 508 1 504
3 4 533 513 12 508
4 4 536 516 18 510
5 28 539 520 4 516
6 12 542 523 21 519
7 6 545 530 28 524
8 1 548 534 14 526
9 10 552 537 12 530
10 12 557 540 10 541
11 6 560 546 34 547
12 5 563 547 35 549
13 28 565 549 28 550
14 6 570 550
Computational Time 9 min 260 min
(b) Overall improvement
Solution approach RDAA I Simulation
System modification «Increase c; from 0.97 (jobs/min) to 1.07 (jobs/min);
« Increase ¢4 from 0.88 (jobs/min) to 0.98 (jobs/min);
« Increase ¢ from 0.97(jobs/min) to 1.07 (jobs/min); « Increase ¢y from 0.84 (jobs/min) to 0.94 (jobs/min);
« Increase ¢4 from 0.88 (jobs/min) to 1.08 (jobs/min); - Increase ¢;; from 0.84 (jobs/min) to 1.04 (jobs/min);
« Increase ¢s from 1.12 (jobs/min) to 1.22 (jobs/min); « Increase ¢q4 from 0.89 (jobs/min) to 0.99 (jobs/min);
« Increase ¢ from 0.92 (jobs/min) to 1.22 (jobs/min); « Increase ¢y from 1.15 (jobs/min) to 1.25 (jobs/min);
« Increase ¢y from 0.84 (jobs/min) to 0.94 (jobs/min); « Increase ¢;7 from 0.90 (jobs/min) to 1.00 (jobs/min);
- Increase ¢y, from 0.84 (jobs/min) to 1.14 (jobs/min); « Increase cyg from 0.89 (jobs/min) to 1.09 (jobs/min);
« Increase c,g from 0.89 (jobs/min) to 1.09 (jobs/min); - Increase cy9 from 1.05 (jobs/min) to 1.15 (jobs/min);
« Increase ¢34 from 1.01 (jobs/min) to 1.11 (jobs/min);
« Increase ¢35 from 0.84 (jobs/min) to 0.94 (jobs/min);




(jobs/month). Next, we repeat this process by identi-
fying the BN of the modified system using RDAA II
and improving the corresponding machine’s processing
speed until the monthly production target evaluated by
simulation is reached. As a comparison, we also con-
ducted this BN-based improvement design process using
just simulation as the tool for both BN search and sys-
tem throughput evaluation. The BN identified from each
round of the search, the throughput improvement, total
computational time, and overall improvement actions
obtained by both RDAA II and simulation are sum-
marised in Table 6.

These recommendations have been submitted to the
plant to facilitate their cell design and workforce allo-
cation on the floor. It should be noted that the solution
process above, which involves an iterative search for sys-
tem BNs, takes about 9 min using RDAA II and over 4.3
hours using just simulation.

As one can see from this industrial case study, the the-
oretical method developed above can indeed be used as
an accurate and efficient tool to assist production prac-
titioners in performing throughput prediction, capacity
planning, system design, and other tasks.

5. Conclusion

In this paper, we propose two analytical algorithms
(RDAA T and RDAA 1I) to calculate the performance
metrics of assembly/disassembly systems with exponen-
tial reliability machines and finite capacity buffers. Specif-
ically, RDAA 1 is designed for assembly systems with a
single merge operation. It is based on the overlapping
decomposition technique in Li (2005) and the aggrega-
tion procedure for serial exponential lines derived in Bai
et al. (2020). Using the virtual serial lines constructed
from overlapping decomposition and based on the dif-
ferent operating scenarios of the system, we derive the
formulas to calculate the parameters of the virtual merge
operations, which are the key to recreating (approximat-
ing) the parts flow of the original assembly system in the
virtual serial lines. Then, the idea of RDAA 1 is extended
to multi-level assembly/disassembly systems with general
structures, leading to RDAA II, by decomposing a com-
plex assembly/disassembly system into several assem-
bly/disassembly units. The convergence, computational
efficiency, and accuracy of both algorithms are justified
using numerical experiments. An industrial case study is
presented to demonstrate the practical applications of the
algorithms developed. As demonstrated by the case study,
the algorithms developed can serve as effective tools in
system performance analysis, continuous improvement,
design, and parameter optimization.
Future work in this area includes:
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e Extension of the work to other production system
structures (e.g. closed, parallel, and rework);

o Extension of the study to transient performance anal-
ysis, bottleneck identification, and system optimiza-
tion;

e Implementing the algorithms into software packages
for research, education, and practice;
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Appendices
Appendix 1. Assembly System Case Study

In this appendix, we present a detailed numerical study of
the approximation accuracy of RDAA II for assembly systems.
Specifically, a 19-machine assembly system structure, illus-
trated in Figure Al is selected. The system consists of one
main line and two sub-assembly component lines, where m3
and ms are merge machines performing assembly operations.
According to this layout and parameter ranges (19) and (20),
we randomly generate 50 cases with different parameter con-
figurations. As an illustration, the parameters of three example
systems resulting from the above, denoted as S;,S;, and S,
are given in Table Al. Note that there is no buffer down-
stream of machine m; for the system structure considered
here.

For the assembly systems generated above, we calculate their
TPs and WIPs using RDAA 1II and simulation. For the three
example systems, S;, $», and S3, the detailed results of each indi-
vidual WIP; and the system TPs are summarised in Table A2.
One can see that all three TPs are overestimated with approx-
imation errors 3.56%, 1.86%, and 1.59%, respectively. In addi-
tion, among all 54 WIP;’s (18 buffers for each case), 21 of them
are underestimated with an average error of 1.55%. The remain-
ing 33 WIP; values are overestimated by an average factor of
3.22%.

For the overall 50 assembly systems studied in this appendix,
Figure A2 shows the average and individual approximation
errors of TP. As one can see, all 50 TPs are overestimated in this
study and the average approximation error is 2.86%. Specifi-
cally, no e7p is above 5% except one (5.54%). Figure A3 presents
the boxplots of the (absolute) ewip,,i = 1,2,...,18, of the 50
assembly systems. It can be seen that among all the 900 WIP
values evaluated, most of the ewp,’s are no larger than 5%
with only 24 extreme outliers (about 2.7% of the cases) having
errors greater than 10%. Additionally, 433 (48.11%) of the WIPs
are overestimated by an average factor of 2.48%. The remain-
ing 467 (51.89%) WIPs are underestimated with an average
approximation error of 2.60%.

Figure A1. Assembly system considered.
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Table A1. Example system parameters for the numerical study of RDAA Il accuracy in assembly systems.

MTTR (min) MTBF (min) Cycle time (min) Buffer capacity
Machine S1 Sz S3 S] Sz S3 S1 Sz S3 S1 Sz S3
m 12.64 12.74 11.98 29.67 112.98 142.98 0.95 1.12 1.15 28 19 31
my 10.83 11.48 11.84 91.03 71.18 42.84 1.06 1.03 0.84 19 21 23
ms 13.00 13.72 14.94 122.94 53.12 104.29 0.99 1.08 0.92 17 22 19
my 11.31 10.94 10.19 125.34 101.77 30.48 1.04 0.86 1.00 20 13 27
ms 13.27 13.43 1443 34.31 67.11 3491 1.20 1.03 1.01 16 17 17
me 13.45 10.92 14.57 53.75 40.51 113.21 1.1 1.14 1.21 17 28 18
mz 13.74 11.84 13.98 44.73 169.79 65.91 1.18 0.86 0.93 - - -
mg 12.25 13.13 10.49 110.27 148.95 47.80 1.14 0.84 1.22 30 38 19
my 10.42 13.90 11.31 43.82 71.64 141.93 1.12 1.03 1.21 22 26 30
mio 11.14 10.41 11.68 143.00 61.66 67.49 1.03 1.18 0.99 12 21 30
miq 14.57 14.65 13.40 42.67 80.96 78.62 1.22 1.1 1.19 16 30 12
my; 10.76 13.88 10.68 35.23 42.06 114.85 0.86 1.04 0.89 18 18 19
mi3 14.13 1243 13.61 39.47 42.90 124.39 0.85 0.96 0.89 34 23 22
mig 12.69 12.18 10.53 35.02 54.63 57.08 1.00 1.1 0.92 13 36 19
mis 14.98 12.23 13.27 166.16 38.24 3891 1.00 0.96 1.16 1 24 29
mig 10.39 11.53 1247 56.60 118.18 39.49 1.07 0.92 0.94 14 24 28
my7 12.21 12.54 13.58 62.95 37.37 163.34 0.86 1.13 0.99 24 18 22
mig 10.53 12.55 13.58 29.40 39.00 32.79 1.06 1.18 0.84 26 25 25
mig 14.81 14.09 14.52 62.95 3737 163.34 1.18 1.09 0.94 25 32 43
Table A2. TP and WIP evaluation of the example assembly systems.
S S $3
Simulation RDAAII Error Simulation RDAAII Error Simulation RDAAII Error

WIP, 21.12 20.69 —1.53% 15.98 15.79 —0.96% 25.19 24.18 —3.26%
WiP, 15.80 15.44 —1.85% 17.59 17.44 —0.72% 18.47 18.21 —1.13%
WIP3 10.20 11.39 7.03% 12.24 13.21 4.43% 14.58 14.96 2.04%
WIP4 15.38 16.51 5.65% 9.58 10.68 8.50% 16.88 16.96 0.27%
WIPs 5.77 6.16 2.40% 6.14 6.69 3.23% 6.76 732 3.30%
WIPg 6.01 6.46 2.61% 0.97 0.95 —0.08% 3.07 3.07 0.00%
WiP; 27.21 27.28 0.24% 36.74 36.59 —0.39% 11.19 11.93 3.91%
WiPg 12.28 17.14 0.61% 22.17 22.25 0.31% 21.55 22.59 3.48%
WiPg 10.72 10.76 0.36% 15.03 14.75 —1.33% 24.62 25.76 3.80%
WIPo 6.89 6.50 —241% 22.76 22.32 —1.46% 5.46 5.64 1.57%
WIP44 9.16 9.10 —0.31% 10.69 10.93 1.33% 12.56 13.61 5.52%
WIP,; 20.57 21.52 2.80% 14.30 14.99 3.02% 17.13 18.74 7.33%
WiP13 6.49 6.98 3.72% 23.69 24.78 3.03% 14.47 15.03 2.92%
WIP4 10.00 10.03 0.24% 18.70 18.45 —1.04% 14.06 14.14 0.27%
WIP;5 10.40 9.98 —2.97% 21.94 21.83 —0.45% 14.69 15.83 4.07%
WIP¢ 20.42 20.36 —0.21% 11.18 11.15 —0.18% 14.54 15.69 5.20%
WIP,7 18.80 18.07 —2.83% 10.72 10.13 —2.34% 14.32 16.12 7.22%
WIPg 21.52 21.06 —1.82% 12.09 10.40 —5.30% 30.39 32.88 5.79%
TP 0.4872 0.5044 3.56% 0.5170 0.5266 1.86% 0.5525 0.5618 1.59%

Appendix 2. A/D System Case Study

In this appendix, a detailed numerical study of the approxi-
mation accuracy of RDAA II for A/D systems is provided. As
illustrated in Figure A4, a 23-machine A/D system structure
is selected. The system consists of one main line, one 1st-tier
assembly component line, one 1st-tier disassembly component
line, one 2nd-tier assembly component line, and two 2nd-tier
disassembly component lines. In this system structure, m, per-
forms assembly operations, ms and mjo perform disassembly
operations, while m1, performs both assembly and disassem-
bly operations. Following similar procedures as Appendix 1,
according to this system structure and parameter ranges (19)
and (20), 50 cases with different parameter configurations are
randomly generated. Specifically, three of them are selected as
example systems, denoted as Sy, S5, and Sg. Parameters of these
example systems are given in Table A3. Note that there is no
buffers downstream of machines mg, m;3, m1¢, and myg in this
system structure.

Next, we calculate the TPs and WIPs of the 50 A/D systems
using RDAA II and simulation. The detailed results of each
individual WIP; and the system TPs for the three example sys-
tems are summarised in Table A4. It can be seen that all three
TP values are overestimated by RDAA 1II with an approxima-
tion error of 2.39%, 0.23%, and 2.77%, respectively. Moreover,
exact half of the WIPs are overestimated by an average fac-
tor of 2.16%, and the remaining half is underestimated where
the average approximation error is 1.97%. For the overall 50
A/D systems studied in this appendix, Figure A5 shows the
individual and the average approximation errors of TP, which
indicate that the TPs of 2 out of the 50 cases are underestimated
by RDAA 1I, while the remaining 48 TP values are overesti-
mated. The average absolute approximation error of TPis 2.37%
with none greater than 5%. Figure A6 presents the boxplots
of the (absolute) ewp; of the 50 A/D systems. It can be seen
that among 1,100 WIPs evaluated in the 50 cases, most of the
ewip; s are under 5% with only 14 extreme outliers (about 1.3%
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Figure A2. TP approximation error of assembly systems in this numerical study.
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Figure A3. WIP approximation error of assembly systems in this numerical study.

Figure A4. A/D system considered.
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Table A3. Example system parameters for the numerical study of RDAA Il accuracy in A/D systems.

MTTR (min) MTBF (min) Cycle time (min) Buffer capacity

Machine S4 Ss Sé S4 Ss S5 S4 Ss S5 S4 Ss Sé
m 12.73 11.30 10.30 128.11 51.85 62.87 0.90 0.93 0.90 22 19 29
m; 11.73 12.23 13.70 33.73 74.97 86.20 1.07 0.99 0.86 25 28 31
m3 13.11 14.22 12.53 62.06 167.88 136.96 1.12 1.21 0.90 31 16 17
mgy 13.98 10.98 11.00 264.74 32.89 27.46 1.08 0.87 1.09 34 24 26
ms 13.73 11.52 12.14 51.29 45.75 114.56 0.97 1.07 1.16 27 25 14

26 23 26
me 10.63 12.42 10.84 26.24 226.56 53.79 0.88 1.12 0.88 - - -
myz 14.11 11.69 13.76 43.12 46.93 95.08 1.09 1.18 0.90 19 22 16
mg 10.13 13.99 11.84 40.37 89.44 36.12 1.04 1.08 1.10 29 13 15
mg 12.07 14.94 14.71 43.67 185.13 74.88 0.87 1.12 1.12 33 20 12
mio 13.66 10.80 10.09 42.64 200.24 71.01 0.96 0.94 1.08 21 13 27

40 23 20
mq 13.91 11.18 14.15 196.90 70.63 218.16 0.84 1.21 0.88 27 21 32
my, 11.84 13.51 13.13 79.77 36.00 56.40 1.13 1.10 0.89 26 23 36

23 37 27
my3 13.72 11.88 12.69 217.05 28.94 32.86 0.88 1.10 0.97 - - -
mig 14.46 14.87 13.25 61.45 87.34 33.14 0.93 0.87 0.97 13 39 31
mis 11.21 14.86 13.63 161.52 79.07 81.95 1.1 1.02 1.09 21 32 29
mie 10.65 13.22 10.47 25.02 208.91 93.26 1.01 0.91 0.93 - - -
myz 11.13 14.30 14.39 64.34 111.72 98.72 1.04 0.96 0.89 13 13 16
mig 11.75 12.01 10.07 106.07 7737 37.06 0.96 0.90 1.02 32 17 30
mig 11.44 13.16 11.47 35.87 64.63 169.77 0.89 1.18 1.02 - - -
myo 14.64 14.93 10.90 204.21 48.58 53.23 1.19 0.84 1.01 28 25 12
my 12.26 12.80 14.63 83.68 202.28 223.10 0.89 0.88 1.10 19 37 17
my 12.96 14.67 10.34 125.85 74.26 26.38 0.88 1.22 0.93 28 35 30
my3 10.81 16.60 12.91 58.23 3291 39.08 1.06 1.01 0.86 24 23 21

of cases) having errors greater than 10%. Additionally, 56.09% the remaining 43.91% of the WIP values are underestimated, in
of WIPs are overestimated by an average factor of 2.45%, and ~ which the average approximation error is 2.22%.
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Figure A5. TP approximation error of A/D systems in this numerical study.
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Figure A6. WIP approximation error of A/D systems in this numerical study.
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Table A4. TP and WIP evaluation of the example A/D systems.

S4 Ss S6
Simulation RDAAII Error Simulation RDAAII Error Simulation RDAAII Error
WiP, 20.37 20.32 —0.19% 15.93 16.13 1.06% 26.18 25.62 —1.90%
WIP, 9.13 8.51 —2.49% 21.06 22.02 3.42% 18.73 19.02 0.93%
WiP; 7.56 5.47 —6.73% 10.74 11.06 2.00% 13.80 14.18 2.24%
WIP4 16.18 14.09 —6.15% 17.56 18.60 431% 11.45 11.29 —0.64%
WiPs 6 7.63 8.13 1.84% 1.57 1.58 0.03% 2.18 2.18 0.00%
WiP; 10.32 10.24 —0.42% 14.67 14.20 —2.13% 14.11 14.10 —0.10%
WiPg 16.63 15.99 —2.23% 8.83 9.32 3.77% 6.07 5.47 —3.99%
WIPs g 9.63 8.56 —4.14% 15.53 16.19 2.91% 13.69 12.73 —3.69%
WIPy 15.37 14.23 —3.47% 15.67 16.83 5.80% 5.50 5.37 —1.07%
WIP10,11 3.61 2.89 —3.43% 11.35 11.90 4.22% 477 4.48 1.07%
WIP4 11.13 11.86 2.70% 15.10 15.15 0.21% 13.83 15.03 3.75%
WIP,; 1.13 1.12 —0.03% 8.60 8.98 1.64% 10.65 12.64 5.53%
WIP10,14 14.19 14.08 —0.28% 2.66 2.54 —0.49% 8.30 7.99 —1.55%
WIP4 6.10 6.37 2.07% 5.05 5.24 0.49% 6.41 7.05 2.07%
WIP1s 10.01 9.61 —1.92% 1.04 117 0.41% 197 2.15 0.61%
WiP1,17 5.41 5.13 —-1.21% 5.00 4.57 —-1.17% 5.83 7.02 4.40%
WIPy7 2.12 1.87 —1.87% 3.38 2.80 —4.42% 6.10 7.09 6.17%
WIP1g 6.59 6.58 —0.04% 6.35 6.29 —0.33% 1.72 1.71 —0.03%
WIPyo 21.77 21.95 0.64% 20.52 20.79 1.11% 8.92 8.90 0.21%
WIP», 16.30 16.85 2.92% 35.14 35.40 0.70% 12.58 12.25 —1.93%
WiP,; 25.52 25.79 0.97% 26.21 25.63 —1.64% 18.77 17.71 —3.52%
WIPy3 18.77 19.03 1.14% 14.70 14.60 —0.47% 13.33 13.04 —1.42%
TP 0.5723 0.5860 2.39% 0.5153 0.5165 0.23% 0.5578 0.5733 2.77%
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