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abstract: How is trait diversity in a community apportioned be-
tween and within coevolving species? Disruptive selection may re-
sult in either a few species with large intraspecific trait variation
(ITV) or many species with different mean traits but little ITV. Sim-
ilar questions arise in spatially structured communities: heteroge-
neous environments could result in either a few species that exhibit
local adaptation or many species with different mean traits but little
local adaptation. To date, theory has been well-equipped to either in-
clude ITV or to dynamically determine the number of coexisting spe-
cies, but not both. Here, we devise a theoretical framework that com-
bines these facets and apply it to the above questions of how trait
variation is apportioned within and between species in unstructured
and structured populations, using two simple models of Lotka-Volterra
competition. For unstructured communities, we find that as the
breadth of the resource spectrum increases, ITV goes from being un-
important to crucial for characterizing the community. For spatially
structured communities on two patches, we find no local adaptation,
symmetric local adaptation, or asymmetric local adaptation, de-
pending on how much the patches differ. Our framework provides
a general approach to incorporate ITV inmodels of eco-evolutionary
community assembly.

Keywords: moment methods, evolutionarily stable communities,
adaptive dynamics, quantitative genetics, intraspecific trait varia-
tion (ITV).

Introduction

In recent years, the need to account for intraspecific varia-
tion of functional traits has been increasingly recognized as
important for understanding the functioning of ecological
communities (Albert et al. 2010; Violle et al. 2012). For ex-
ample, intraspecific trait variation (ITV) has been shown to
be important for detecting niche differentiation and envi-
ronmental filtering (Paine et al. 2011) and for quantifying
howpairwise species interactions affect the total biomass in
experimentally assembled communities (Kraft et al. 2014).
ITV in functional traits has also been shown to often be
substantial compared with variation between species (Sie-
fert et al. 2015).
If species have heritable variation in traits that affect

fitness, natural selection will act on that variation, chang-
ing the distribution of traits in the community over time.
In the long run, a community with a fixed number of spe-
cies will approach an attractor for the eco-evolutionary
dynamics, in the simplest case an equilibrium. However,
such an eco-evolutionary equilibrium could still be inva-
sible by other species from outside the community with
other trait distributions, and one of the resident species
might be under selective forces that result in an “evolu-
tionary branching,” where a species ends up at a fitness
minimum as a result of directional selection and conse-
quently splits into two (Geritz et al. 1998). Thus, in the
longer term, the species richness of a community at an
eco-evolutionary equilibrium might not be stable. Even-
tually, a community that is in equilibrium and is stable
to further addition of species may be reached. Such a com-
munity has been called an evolutionarily stable community
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(ESC); since such a community can persist over long
timescales and serves as an attractor for eco-evolutionary
dynamics, ESCs can serve as important model communi-
ties (Edwards et al. 2018).
If both the number of species and the trait variation

within each species are driven by eco-evolutionary dynam-
ics, this then raises questions regarding how trait variation
is apportioned between and within species in ESCs. For
example, what happens when selection goes from stabiliz-
ing to disruptive? In general, this can depend onmany fac-
tors—including genetic architecture, phenotypic plasticity,
andmating patterns (Rueffler et al. 2006)—but even in sim-
plified, purely phenotypic trait-basedmodeling, theory gives
different answers depending on the basic assumptions the
theory uses. When the theory includes ITV but fixes the
number of species, weaker stabilizing selection will lead
to more ITV (Kimura 1965; Bürger 1986), whereas in the-
ory where the number of species is dynamic but with no
ITV, weaker stabilizing selection will lead to more species
coexisting (Levins 1962;MacArthur and Levins 1964; Dieck-
mann and Doebeli 1999). If one could incorporate both
facets, the actual ESC would likely be some combination of
the two, but whether the ESC will comprise a few species
with great ITV or many species with little ITV cannot cur-
rently be determined, as theoretical approaches for assem-
bling ESCs that take ITV into account are not yet developed.
This tension between ITV and species coexistence can

also play out in spatially structured communities. Given
sufficient heritable trait variation, spatially varying selec-
tion can lead species’ traits to vary across space, resulting
in different degrees of local adaptation (Kirkpatrick and
Barton 1997; Bruggeman 2009;Norberg et al. 2012; LeGland
et al. 2020). However, when all individuals of a species are
assumed to be identical, local adaptation is not possible,
but variable spatial conditions can promote species coex-
istence (Troost et al. 2005; Débarre and Gandon 2010;
Fortelius et al. 2015; Wickman et al. 2017, 2019). Thus,
to cover trait space on the regional scale, an ESC might
comprise a few species with substantial local adaptation
or many species with little local adaptation.
The current state of eco-evolutionary theory is not well

equipped to deal with these questions. On one hand, quan-
titative genetics (Lande 1979; Lande and Arnold 1983) and
other moment equation–based frameworks (Wirtz and
Eckhardt 1996; Norberg et al. 2001; Savage et al. 2007; Sa-
saki and Dieckmann 2011; Merico et al. 2014) readily in-
corporate ITV into themodels. However, even the versions
of these models that can treat multiple species (Sasaki and
Dieckmann 2011; Débarre et al. 2014) assume that the
number of species is fixed rather than a dynamic outcome
of eco-evolutionary community assembly. On the other
hand, using a different modeling approach called adaptive
dynamics (Metz et al. 1992; Dieckmann and Law 1996;

Geritz et al. 1998; Dercole and Rinaldi 2008; Brännström
et al. 2013) one can easily determine whether a community
is closed to evolutionary branching and/or invasion by
other species. Thus, using adaptive dynamics, one can as-
semble a community that is not only at an eco-evolutionary
equilibrium but that is also stable against further diversifica-
tion into more species by invasion or evolutionary branch-
ing. However, by construction, adaptive dynamics assumes
that all individuals within a species are identical, so it can-
not take ITV into account. While model-specific studies in
structured communities that combine species assembly
with ITV have been carried out (Débarre et al. 2013) and
the moment equations for a fixed number of species for a
general category of class-structured communities has re-
cently been developed (Lion et al. 2022), a framework for
systematically assembling ESCs that take ITV into account
does not exist.
In this article we synthesize many recent advances in

describing eco-evolutionary dynamics through moment
equations taking the total density, mean traits, and trait
variances into account and adapt the community assem-
bly capabilities of adaptive dynamics to work with these
moment equations. This yields a general framework for
eco-evolutionary community assembly for class-structured
communities that allows us to assemble ESCs that include
ITV. The framework can handle complex models that in-
cludemultiple traits and external resources, but in themain
text we will focus on resolving the twin tensions described
above regarding whether trait diversity will be apportioned
within or between species as well as within a local commu-
nity or across a spatial gradient. We illustrate the frame-
work using two simple models of Lotka-Volterra compe-
tition. First, we describe the framework in the simplest
possible setting without population structure and use the
first Lotka-Volterra model to investigate the simultaneous
increase in ITV and number of species that results from
weaker stabilizing selection. We then extend the frame-
work to class-structured populations, which we illustrate
with a two-patch spatially structured Lotka-Volterramodel
to investigate the tension between local adaptation and spe-
cies coexistence as the two patches become increasingly
different. These analyses show that rich patterns of intra-
and interspecific trait variation emerge even in these simple
models and thus demonstrate the utility we believe this
framework has for furthering our understanding of the in-
teraction between eco-evolutionary dynamics and individ-
ual variation in traits.

Eco-Evolutionary Dynamics and Community
Assembly in Unstructured Communities

In this section we will introduce the trait space equations
that underlie our approach and describe how these
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equations can be approximated by moment equations that
track the total densities, mean traits, and trait variances
of several species. We will then explain how these equations
can be used in conjunction with a community assembly
approach to determine the ESC. To explore the tension be-
tween ITV and species coexistence, we employ a simple
Lotka-Volterra competition model.

Trait Space Equations for Unstructured Communities

We consider a single trait value x that encodes some prop-
erty of an organism, such as body mass or resource-
uptake ability. The entire community can then be de-
scribed by the trait density distribution v(x), which tells
us how many individuals there are with trait x; to be more
precise,

Ð b
av(x)dx describes the total density of individuals

that have a trait value in the interval a ≤ x ≤ b. We assume
that the density of individuals grows as a result of births
with per capita rate b(x, v) and declines as a result of mor-
tality with per capita rate m(x, v), where both birth and
death rates can depend both on the trait of an individual,
x, and on the entire trait density distribution in which the
individual exists, v. We will assume that reproduction is
clonal but that parents do not give birth to exact copies
of themselves but instead produce offspring with normally
distributed traits. Thus, a parent with trait y will produce
offspring with trait x according to

N (x, y,M)≔
1ffiffiffiffiffiffiffiffiffiffi
2pM

p exp 2
(x2 y)2

2M

# $
, ð1Þ

whereM is themutation variance.Wewill use the notation
N (x, m,V) throughout for the probability-density function
of a normal distribution with mean m and variance V eval-
uated at x. As in adaptive dynamics and trait diffusion ap-
proaches (Merico et al. 2014; Le Gland et al. 2020; Nord-
botten et al. 2020), we do not specify the genetic makeup
that would result in these dynamics for phenotypic traits
but simply assume that new heritable variation is generated
throughmutations that are associated with some ecological
process, such as births.
We can now write how the trait density distribution

will change over time, which is given by the equation

dv(x)
dt

p
ð∞

2∞
b(y, v)v(y)N (x, y,M)dy2m(x, v)v(x),

ð2Þ

whereN (x, y,M) is the normal mutation kernel with var-
ianceM, describing how different offspring are from their
parents on average. We will refer to these types of equa-
tions as “trait space equations.” These models are similar
to classic work in quantitative genetics (Kimura 1965; Bür-

ger 1986), and models like this have been shown to be the
limit of certain individual-based models in the limit of
large populations (Champagnat et al. 2006).

Trait Space Equations for the Unstructured Lotka-
Volterra Model. To take a concrete example, we will con-
sider a simple model of Lotka-Volterra competition (Lotka
1925; Volterra 1928). The model is similar to Lotka-
Volterra models in many other recent studies using, for
example, oligomorphic dynamics (Sasaki and Dieckmann
2011), quantitative genetics (Barabás et al. 2022), and adap-
tive dynamics (Ranjan and Klausmeier 2022). For this
model, we assume that individuals experience an environ-
mentally determined intrinsic growth rate r(x) in the ab-
sence of other individuals, which is due to a spectrum
of resources the individuals exploit. We split the intrinsic
growth rate into a birth rate b(x) and background death
rate m(x). Additionally, all individuals experience extra
density-dependent mortality due to competition with all
other individuals, at a per capita rate a(x, v), in a way such
that competition is most intense between individuals with
similar traits. Comparing with equation (2), we thus have
that m(x, v) p m(x)1 a(x, v), and the trait space equa-
tions are given by

dv(x)
dt

p
ð∞

2∞
b(y)v(y)N (y, x,M)dy 2 m(x)v(x)2 a(x, v)v(x),

ð3aÞ

b(x) p r0, m(x) p
x2

V r

, r(x) p b(x)2 m(x) p r0 2
x2

V r

,

ð3bÞ

a(x, v) p
ð∞

2∞
a(y, x)v(y)dy, a(y, x) p exp 2

(y2 x)2

2V c

# $
:

ð3cÞ

Here, Vr is the resource spectrum variance and Vc is the
competition variance, which is a measure of how broad
competition is in trait space, with largerVc increasing com-
petition between individuals of different traits. ForV c → 0
individuals will compete only with other individuals with
exactly the same trait, and for V c → ∞ individuals will
compete equally with individuals with any trait. Trait-
matching competition of this type can bemotivated, for ex-
ample, by the fact that birds with similarly sized beaks will
compete more strongly since they compete for similarly
sized seeds (MacArthur 1972).
In general, the generic trait space equations (eq. [2]) will

not be analytically tractable; even the equilibrium of equa-
tion (2)will be hard to ascertain, even for very simple exam-
ples (e.g., Kimura 1965; Bürger 1986). Numerically too, dis-
cretizing trait space and solving equation (2) often requires
significant computational power. For themore complicated

ð3aÞ

ð3bÞ

ð3cÞ
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models we will study later in this article especially, the fea-
sibility of numerical explorations of the equations is highly
limited. Instead, we will study approximations of the trait
space equations where the moments of the trait density
distribution are tracked. Such moment equations have the
additional benefit that they are often more ecologically
interpretable than the trait space equations.

Moment Equations for Unstructured Communities

Here, we will follow the general approach of previous
moment-based frameworks (Slatkin 1980;Wirtz and Eck-
hardt 1996; Norberg et al. 2001; Bruggeman 2009; Sasaki
and Dieckmann 2011; Tirok et al. 2011; Merico et al. 2014;
Débarre et al. 2014; Nordbotten et al. 2020) to derive ap-
proximate equations that track the total density, mean trait,
and trait variance of populations. These approaches, and
ours, all result in similar equations, but as the details differ
we will here detail the precise assumptions we make to de-
rive these equations. We will assume that the trait density
distribution v(x) can be decomposed into a set of S “spe-
cies,” where each species represents a peak in the trait den-
sity distribution so that

v(x) p
XS

ip1

vi(x): ð4Þ

Wewill then assume that each such species can be approx-
imated with a normal distribution so that

vi(x) ≈ uiN (x, !xi,Vi), ð5Þ

where ui p
Ð ∞
2∞vi(x)dx is the total density of species i,

!xi p (1=ui)
Ð ∞
2∞xvi(x)dx is the mean trait of species i,

and Vi p (1=ui)
Ð ∞
2∞(x2 !xi)

2vi(x)dx is the trait variance
of species i. We will use the notation

~v(x)≔
XS

ip1

uiN (x, !xi,Vi) ≈ v(x) ð6Þ

for the approximate trait density distribution. In words,
the approximate community trait density distribution ~v(x)
is the sum of all normal trait density distributions for each
species, uiN (x, !xi,Vi). We will assume that each species is
reproductively isolated so that individuals born in species i
end up as species i individuals. Finally, for the birth rate
b(x, v) andmortality ratem(x, v) we will introduce notation
that describes the population-level per capita rates for a nor-
mally distributed population withmean trait !x and trait var-
iance V in the environment set by the resident community
with trait density ~v. These population-level rates are given
by the Gaussian integrals

b̂(!x ,V ,~v)≔
ð∞

2∞
b(x,~v)N (x, !x ,V)dx, ð7aÞ

m̂(!x ,V , ~v)≔
ð∞

2∞
m(x, ~v)N (x, !x ,V)dx: ð7bÞ

Given these assumptions, without further approxima-
tion we can derive the following equations for the total
densities, mean traits, and trait variances for each species
i p 1, ::: , S (for the derivation, see sec. S1 of the supple-
mental PDF):

dui

dt
p

&
b̂(!xi,Vi, ~v)2 m̂(!xi,Vi,~v)|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

(

population‐level per capita

net growth

ui,
ð8aÞ

d!xi

dt
p Vi

#
∂b̂
∂!x

(!xi,Vi, ~v)2
∂m̂
∂!x

(!xi,Vi,~v)
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

$
,

directional selection

ð8bÞ

dVi

dt
p V2

i

#
∂2b̂
∂!x2

(!xi,Vi,~v)2
∂2m̂
∂!x2

(!xi,Vi, ~v)
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

$

stabilizing=disruptive selection

1 b̂(!xi,Vi,~v)M|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
mutation

: ð8cÞ

We will refer to these equations as “moment equations.”
Equation (8a) describes how the total density ui of species
i increases in response to its population-level birth rate
b̂(!x,V , ~v) evaluated at its mean trait !xi and trait variance
Vi and how it decreases in response to the population-level
mortality rate m̂(!x,V ,~v). Note that the birth and mortality
rates may depend on the approximate trait density distri-
bution ~v of the entire community, not just conspecifics.
Equation (8b) describes how the mean trait !xi of species i
responds to directional selection. The mean trait will move
along the selection gradient induced by births and deaths
toward mean traits that yield higher per capita net growth,
similar to the gradient dynamics of the canonical equation
of adaptive dynamics (Dieckmann and Law 1996; Cham-
pagnat 2003) or in quantitative genetics (Lande and
Arnold 1983). The speed at which this directional selec-
tion acts depends on the selection gradient multiplied by
the level of trait variance Vi in species i, but note that here
the selection gradients themselves, ∂b̂=∂!x and ∂m̂=∂!x, can
also depend on the trait variance (due to eqq. [7]). Equa-
tion (8c) describes how the trait variance Vi of species i re-
sponds to stabilizing/disruptive selection and mutations.
Selection is stabilizing—resulting in a reduction in trait
variance over time—if the sign of the sum of the second
derivatives is negative, and selection is disruptive—result-
ing in an increase in trait variance over time—if the sign
is positive. The second term corresponds to an increase
in trait variance over time due tomutations, which depends
on the population-level per capita birth rate b̂ as well as the
mutation kernel variance M.

ð8cÞ
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Moment Equations for the Unstructured Lotka-Volterra
Model. To get the moment equations for our Lotka-
Volterra model, we first need to compute the population-
level rates, which can be calculated to be (see sec. S3 of
the supplemental PDF)

b̂(!x ,V) p r0, ð9aÞ

r̂(!x ,V) p b̂(!x ,V)2 m̂(!x ,V) p r0 2
!x2 1 V
V r

, ð9bÞ

â(!x ,V ,~v) p
ffiffiffiffiffiffiffiffiffiffiffi
2pV c

p XS

jp1

ujN (!x , !xj,V 1 Vj 1 V c):

ð9cÞ

Having done this, we can plug these expressions into the
general moment equations (eqq. [8]), which yields the
equations

dui

dt
p

"

r0 2
!x2
i 1 Vi

V r

# $

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
r̂ð!xi,Vi

(
p

b̂
&
!xi ,Vi

(
2 m̂

&
!xi,Vi

(

2
ffiffiffiffiffiffiffiffiffiffiffi
2pV c

p XS

jp1

ujNij

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

#

â
&
!xi,Vi,~v

(

ui,
ð10aÞ

d!xi

dt
p Vi

"

2
2!xi

V r|fflffl{zfflffl}
∂r̂
∂!x
&
!xi,Vi

(

1
ffiffiffiffiffiffiffiffiffiffiffi
2pV c

p XS

jp1

uj

!xi 2 !xj

Vi 1 Vj 1 V c

Nij

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

#

2∂â
∂!x

&
!xi,Vi,~v

(
, ð10bÞ

dVi

dt
p V 2

i

"
2

2
V r|ffl{zffl}

∂2 r̂
∂!x 2

&
!xi ,Vi

(

1
ffiffiffiffiffiffiffiffiffiffiffi
2pV c

p XS

jp1

uj

Vi 1 Vj 1 V c 2 (!xi 2 !xj)
2

(Vi 1 Vj 1 V c)
2 Nij

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

#

2∂
2â
∂!x 2

&
!xi ,Vi ,~v

(

1 r0|{z}
^b
&
!xi,Vi

(
M;

ð10cÞ

where Nij p N (!xi, !xj,Vi 1 Vj 1 V c). The growth rate of
the total density ui of species i (eq. [10a]) depends on the
environmentally determined intrinsic growth rate, which
is determined by the species’ distance in trait mean !xi from
the optimal trait !xi p 0 and decreased due to the species’
trait variance Vi. The species then suffers additional mor-
tality from intra- and interspecific competition, which
depends on the mean traits and trait variances of both
the focal species i and its competitor j. Interspecific compe-
tition is most intense between species whose mean traits !xi

and !xj are close and is mediated by the trait variance of
both species i and j as well as the competition variance Vc.
The rate of change of the mean trait !xi of species i

(eq. [10b]) depends on the directional selection induced
by both the intrinsic growth rate and competition. The first
term, which is the selection induced by the resource spec-
trum, always exerts selective pressure toward the optimal
trait !xi p 0. The second term, which is the selection in-
duced by competition, always exerts selective pressure for
themean traits of any species to separate from one another.

The rate of change of the trait variance Vi of species i
(eq. [10c]) depends on stabilizing/disruptive selection in-
duced by the resource spectrum and competition. The first
term, due to the resource spectrum, is always stabilizing
and acts to reduce trait variance over time. This is because
the quadratic intrinsic growth rate universally disfavors
trait variance. The second term, due to competition is sta-
bilizing if (!xi 2 !xj)2 1 Vi 1 Vj 1 V c and disruptive if the
opposite is true. For intraspecific competition (i p j) the
difference between the means is zero, so intraspecific com-
petition is always disruptive. This is because a species with
more trait variance will have its individuals more spread
out in trait space and consequently suffer less intraspecific
competition. If two different species are far enough apart,
selection will act stabilizingly on both species to reduce
their overlap in trait space by reducing the trait variance
of both species. The final term is the mutation term, which
always acts to increase trait variance over time.
Together, equations [10] describe the dynamics of the

first three moments (zeroth: total density; first: mean trait;
second: trait variance) of each species in a community of
S species. As we have made a normal approximation for
the trait density distribution for each species, no higher
moments have to be tracked.We further discuss our choice
of normal approximation in the discussion section.

Eco-Evolutionary Community Assembly
for Unstructured Communities

So far we have derived how to treat a fixed number of spe-
cies, S, and their eco-evolutionary dynamics, including the
effects on the intraspecific trait variance of the species, but
this then raises the question: howmany species can coexist?
For our Lotka-Volterra model (eqq. [10]) we can see an ex-
ample of how there exists an intrinsic tension between large
intraspecific variance and the number of species: intraspe-
cific competition will increase trait variance and interspe-
cific competition can reduce it; thus, under weak stabilizing
selection (e.g., smallVc or largeVr) will we get many species
with small trait variance or a few—or even just one—spe-
cies with large trait variance? Likely the answer is some
combination of the two, butwithout somemethod for being
able to ascertain whether a community where intraspecific
variation is taken into account is open to the addition of
more species, it is not possible to determine the relative im-
portance of these two effects.
To be able to answer these questions, we need to adapt

the eco-evolutionary community assembly methods avail-
able in adaptive dynamics. Specifically, we devise a method
for determining whether a species in a community can un-
dergo evolutionary branching when in equilibrium and a
method for determining whether a community is invasible
by any other rare species.

ð10cÞ

ð10aÞ

ð10bÞ
,
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Evolutionary Branchings. In adaptive dynamics, evolu-
tionary branching occurs when a species has evolved a trait
in accordance with directional selection until directional
selection ceases and the species finds itself at a fitness min-
imum causing the species to split in two (Geritz et al. 1998).
This procedure cannot be directly translated to our mo-
ment equation framework due to the fact that we include
trait variance. Instead, after equations (8) have reached
an equilibrium for S species we virtually split each species
into two identical copies and examine the linear stability
of the resulting S1 1 species equilibrium. If such a split-
species equilibrium is unstable, we say that the system has
undergone an evolutionary branching and keep the split-
species pair. The details of the procedure are available in
section S2 of the supplemental PDF. Figure 1 depicts an
example of a branching in the Lotka-Volterra model.

Invasion Analysis. Even if no evolutionary branchings are
possible, the community might not be closed to invasion by
types that are farther away in trait space. We will here em-
ploy a scheme for carrying out a global invasion analysis in-
spired by Kremer and Klausmeier (2013). To determine
whether a community is closed to invasion, we introduce
a rare invading populationwithmean trait!xinv and trait var-
ianceVinv into a resident community whose species are all in

equilibrium. Let ~vres denote the sum-of-normals trait den-
sity distribution of the residents. As we assume that the in-
vader will initially remain rare, we do not need to track its
total density, and the equations for its mean trait and trait
variance are given by

d!x inv

dt
p V inv

 
∂b̂
∂!x

(!x inv,V inv,~v res)2
∂m̂
∂!x

(!x inv,V inv,~v res)

!

,

ð11aÞ

dV inv

dt
p (V inv)2

 
∂2b̂
∂!x2

(!x inv,V inv,~v res)2
∂2m̂
∂!x2

(!x inv,V inv,~v res)

!

1 b̂(!x inv,V inv,~v res)M, ð11bÞ

where we note that the invader rates depend only on the
resident densities, because we assume it to be so rare that
its effect on itself is negligible.
As long as the invader starts out sufficiently rare, we can

assume that its mean trait and trait variance will settle onto
an attractor, in the simplest case an equilibrium, where its
exponential growth rate can be determined (see Lin et al.
2020). Since the invader moment equations are nonlinear,
several attractors may possibly exist. We will here assume
equilibrium dynamics, and we can thus assume that a rare
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Figure 1: Community assembly through invasion and branching in the unstructured Lotka-Volterra model. The panels depict howmean traits !xi

and trait variancesVi (A; 1 standard deviation is depicted as a filled area) and the total densities ui (B) evolve over time during a community assembly
procedure. To start with, a single species with initial moments u p 1, !x p 20:5, and V p 0:001 is introduced. Selection from the resource spec-
trum and competition leads to changes in the density, mean trait (ecological character displacement; Slatkin 1980), and variance according to
equations (10), until it reaches an eco-evolutionary equilibrium (first dotted line). Then the system is checked for whether any branchings or
invasions are possible. In this case, no branching is possible, but an invader with positive invasion fitness is found and introduced. After that,
equations (10) are once again run for the two-species community until it reaches an eco-evolutionary equilibrium (second dotted line). Here, a
branching is detected and the top species is split into two new species with slightly different mean traits. We then once again solve equations (10)
until equilibrium, during which the branching species diverge. At the final time point the system is once again at an eco-evolutionary equilibrium
and no branchings or invasions are possible, meaning that we have reached a three-species eco-evolutionarily stable community. To show all per-
tinent events, time has been rescaled nonuniformly. Parameter values: V r p 9:0,M p 1024, and other parameters are as in table 2. ESCp evo-
lutionarily stable community.

ð11aÞ

ð11bÞ
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invader will eventually settle onto one of several equilibria.
Assume that there are N such equilibria and denote in-
vaders’means and variances by !xinv,n andVinv,n, respectively,
for equilibrium n p 1, ::: ,N . Once an invader’s trait distri-
bution has reached an equilibrium mean and variance, we
can calculate its per capita growth ln as

ln p b̂(!x inv,n,V inv,n,~v res)2 m̂(!x inv,n,V inv,n,~v res): ð12Þ

If ln 1 0, the per capita growth rate of the invader will be
positive in the environment set by the residents and the in-
vader can successfully invade, and if ln ≤ 0, the invader
will not be able to invade. Note that all resident species will
show up as neutrally stable (ln p 0) equilibria for the in-
vader, although not necessarily attractors.
In figure 1 we depict an invasion event in the Lotka-

Volterra model. For the single resident species depicted
at equilibrium at the dotted line marked “invasion” we
can find two invader equilibria given by

!x inv,1 ≈21:81, V inv,1 ≈ 0:0182, l1 ≈ 0:0962, ð13aÞ

!x inv,2 ≈ 1:81, V inv,2 ≈ 0:0182, l2 ≈ 0:0962: ð13bÞ

The Lotka-Volterra model is symmetric in trait space, and
thus, with a single resident with !x p 0, we find two in-
vaders equidistant from the middle, both with positive in-
vasion fitness. As in adaptive dynamics, we assume that
only one invasion event is allowed to happen at once,
and so for this example, invader 1 was chosen at random
to invade the community.
In principle, this procedure gives us an invasion crite-

rion for a community. If there exists any invader equilib-
rium with ln 1 0, we can add a species to the community
at a low density with mean trait !xinv,n and trait variance
V inv,n. However, in practice, exhaustively proving that all
such equilibria have been found is in general not feasible,
so we will use a heuristic. For a given resident community
we compute the invasion fitness for all invaders across a
range of mean traits and with zero trait variance. This is
equivalent to computing the invasion fitness landscape in
adaptive dynamics. We then find all the local maxima of
this adaptive dynamics fitness landscape and use those as
the initial conditions for the invader moment equations
(eqq. [11]) and solve the equations until they reach equilib-
rium. We can then compute the invasion fitness at all of
these equilibria to determine whether the community is
closed to invasion. While theoretically not exhaustive, we
have found this heuristic to work very well in practice, as
the zero-variance invaders serve as goodfirst approximations
to where positive invasion fitness might be available.

Assembly Protocol. We can now use the moment equa-
tions, the branching condition, and the invasion process
to assemble an eco-evolutionarily stable community. To

assemble a globally eco-evolutionarily stable community,
we start with an arbitrarily specified community of S species
with total densities u0

i , mean traits !x0
i , and trait variances

V0
i . We then proceed along the following steps.
1. We let the community evolve according to equa-

tions (8) until it reaches equilibrium.
2. We check each species for evolutionary branching.

In case of a branching we split the species undergoing
branching into two new species and then return to step 1,
letting the new community of S1 1 species evolve ac-
cording to equations (8).
3. In case the moment equations for the resident com-

munity reach equilibrium and there are no branchings,
we use our invasion scheme to seewhether any invaderwith
positive invasion fitness exists. If an invader with positive
invasion fitness is found, it is added to the community with
a small density, andwe return to step 1 and let the new com-
munity evolve once again according to equations (8).
We continue going through these steps until we have

reached a community where equations (8) are in equilib-
rium and no more invaders with positive invasion fitness
can be found. This community is thus eco-evolutionarily
stable. In figure 1 we depict an example of this process
for the Lotka-Volterra model. Note that at the first dotted
line in figure 1, we first calculate the branching criterion,
but a branching is not possible for that configuration,
and we thus move on to step 3 to check for invasions.
The purpose of our algorithm is to find the final ESC.

Our assembly process cannot accurately capture the tempo-
ral dynamics of the trait space equations or other assembly
processes, as we integrate themoment equations to equilib-
rium between each branching or invasion event. Moreover,
we have necessarily made some choices regarding the order
in which we carry out our assembly steps. We have chosen
to check for evolutionary branchings before invasions, as
the existence of a branching implies a successful invasion
but not vice versa. When a single final ESC exists, the order
will not matter much, as the assembly process will converge
on this ESC. Our Lotka-Volterra example models in this
article are of this type. However, for more complicated
eco-evolutionary dynamics, multiple alternate ESCs may
exist, and under such conditions choices made regarding
assembly order may yield different final communities. This
situation is, however, no different from community assem-
bly in adaptive dynamics, and similarly to the situation
there, care must be taken when multiple ESCs are present,
using tools from, for example, bifurcation theory to capture
all of the possible ESCs.

Eco-Evolutionarily Stable Communities in the Unstruc-
tured Lotka-Volterra Model. We now have all the tools
necessary for assembling ESCs, so we will now turn to
applying them to our unstructured Lotka-Volterra model
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(eqq. [10]). As we stated, the Lotka-Volterra model exhibits
an inherent tension between the tendency toward multiple
species and larger ITV in each species under disruptive or
weak stabilizing selection. Using adaptive dynamics, where
no species has any ITV, Ranjan and Klausmeier (2022)
studied a similar Lotka-Volterra model and found that as
the resource spectrum became wider, an increasingly large
number of species could coexist in the assembled eco-
evolutionarily stable community. Conversely, in another
similar Lotka-Volterra model, Barabás et al. (2022) found
that ITV decreased when more species were included in a
quantitative genetics models for a given resource spectrum
width, but had no way to systematically determine whether
any of their communities were stable to invasions or evolu-
tionary branchings. Here, we will use our moment equa-
tions together with our assembly procedure to determine
how community trait variation is partitioned into inter-
and intraspecific terms in our Lotka-Volterra model.
To see how this tension manifests, we assemble eco-

evolutionarily stable communities for a range of different
resource spectra. Specifically, we vary the resource spec-
trum varianceVr from1 to 36, although for ease of interpre-
tation we will here present results usingwr p

ffiffiffiffiffiffiffiffiffi
r0V r

p
as the

independent variable, which describes the half-width of
where the net growth function r(x) is positive (the funda-
mental community sensu Klausmeier et al. 2020). We de-
pict the results in figure 2A. To further examine the role
of ITV in eco-evolutionary community assembly, we also
compare the results from our model with ITV to a model
that does not incorporate ITV (adaptive dynamics; see
sec. S3 of the supplemental PDF), depicted in figure 2B.
When wr p 1, selection is strongly stabilizing, and only

mutations prevent the trait variance of the single species
from collapsing to zero. As wr becomes wider, stabilizing
selection weakens, and the disruptive selection from intra-
specific competition initially increases trait variance, but
eventually the one-species community becomes invasible
and the community transitions into a two-species commu-
nity. As we increase wr, the ESCs with ITV initially follows
the ESCs without ITV closely (fig. 2D). However, as wr be-
comes increasingly large, the role of ITV becomes increas-
ingly important, and the bifurcations into more species
desynchronize between our model and the one without
ITV (fig. 2A, 2B). In particular, the species more centrally
located in trait space show large differences for when ITV
is included compared with when it is not.
Figure 2E and figure 2F show two communities where

our model with ITV exhibits large discrepancies compared
with when ITV is not taken into account, in terms of both
the number of species present in the community and the
values of the mean traits. One primary reason for this dis-
crepancy is the fact that species close to the center of the re-
source spectrum develop large trait variances. This is in

contrast to the species closer to the edges of the resource
spectrum, which have less trait variance. These differences
come about through intra- and interspecific competition.
As can be seen in equation (10c), intraspecific competition
always generates disruptive selection, and interspecific com-
petition can engender either stabilizing or disruptive selec-
tion, depending on how far apart the species’ mean traits
are. Additionally, all species are not equally prevalent, since
the environmental conditions are better toward the center
of trait space and the species there have larger total densities
u than species close to the edge. This means that species
close to the center will experience more intraspecific com-
petition and less interspecific competition, resulting in
stronger disruptive selection, which in turn translates to
more standing variation in the ESC for these species. This
model is thus an example of when being able to keep track
of both ITV and dynamically assembling a community
with a variable number of species is required for under-
standing how trait variation is partitioned over the long
term. We also note that the substantial differences in trait
variances between species in the ESCs for larger resource
spectrum widths means that models that incorporate ITV
but fix the trait variances would also have been insufficient
for a good characterization of the distribution of traits.
Figure 2D and figure 2E show good agreement between

the trait space solution (in gray) and the moment equation
approximation (in black). Although qualitative agreement
is usually good between the moment solution and trait
space solution for the ESC (e.g., fig. 2F), the moment ap-
proximation becomes less accurate near transitions in spe-
cies richness for the moment equation ESC. This is due to
the fact that while the moment equations by construction
always has a well-defined number of species, the trait space
equations have no such constraints and around the transi-
tion points in species richness for the moment equations,
the trait space ESCs tend to exhibit nonnormal shapes that
are ambiguous with respect to the number of species. We
provide examples of this in section S5 of the supplemental
PDF, where assembled communities can be seen for all re-
source spectrum widths wr.
The amount of standing variation in an ESC also de-

pends on how much variation is generated through muta-
tion (fig. 2C). For exceedingly low mutation variances M,
the ESCs with ITV closely resemble those without ITV
(fig. 2G). However, for the species located in the middle
of trait space, even very low levels of mutation variance
can result in qualitative differences, with the two central
species merging around M ≈ 1028. To better understand
why this merging happens, we note that as trait variances
get larger because of increased mutation widths, both the
directional selection repelling the two species (eq. [10b])
and the stabilizing selection generated by interspecific com-
petition with other species (eq. [10c]) will get weaker. This
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will ultimately lead to the two species collapsing into one as
themutation variance gets bigger. As themutation variance
is further increased, other species will merge for the same
reasons, but as stated above, more centrally located species
aremore sensitive to this pattern, as they experience stron-
ger intraspecific competition.

Eco-Evolutionary Dynamics and Community
Assembly in Structured Populations

For communities of unstructured populations, we saw
how weakened stabilizing selection could increase both

the number of species and ITV and that there was an inher-
ent tension between these two forces. In spatially structured
communities, a related phenomenon spread over space can
take place. In heterogeneous environments, spatially vary-
ing selection can lead to local adaptation within a species
(Kirkpatrick and Barton 1997; Bruggeman 2009; Norberg
et al. 2012; Le Gland et al. 2020), resulting in greater ITV
across the landscape (essentially, increased beta trait diver-
sity within a species). On the other hand, under the no-
variance conditions of adaptive dynamics, variable local con-
ditions can lead to coexistence of multiple species (Troost
et al. 2005; Débarre and Gandon 2010; Fortelius et al. 2015;
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Figure 2: Eco-evolutionarily stable communities for different resource spectrum widths and mutation variances in the unstructured Lotka-
Volterra model. A, For each value of resource spectrum half-widths (wr p

ffiffiffiffiffiffiffiffiffi
r0V r

p
) we depict the mean traits (solid blue lines) and 1 standard

deviation (filled blue areas) for each species in the eco-evolutionarily stable community computed assuming species with intraspecific trait
variation (ITV) for that resource spectrum width. The gray area depicts where the environment yields positive growth rate (i.e., r(x) ≥ 0).
The mutation variance is M p 1023:5. B, Same as A, but black lines here depict the mean traits in eco-evolutionarily stable communities
computed assuming species without ITV. C, For each value of mutation variance M we depict the mean traits (solid blue lines) and 1 stan-
dard deviation (filled blue areas) for each species in the eco-evolutionarily stable community for that mutation variance. Arrows on the right
indicate the mean traits of the eco-evolutionarily stable communities without ITV. The resource spectrum width is wr ≈ 4:2. D–G, Eco-
evolutionarily stable communities computed assuming species with and without ITV for the values of wr and M indicated by dotted lines
in A, B, and C. The gray line depicts the numerical solution of the trait space equations (eqq. [3]), v(x) , and the black broken line depicts the
numerical solution of the moment equations (eqq. [10]), ~v(x) p

PS
ip1uiN (x, !xi,Vi), where the number of species S was determined through

our assembly procedure. The colored areas depict the trait densities of each species i p 1, ::: , S when ITV is included, and the black bars
depict the densities and traits of species when ITV is not included. Parameter values other than wr and M are as in table 2.
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Wickman et al. 2017). Additionally, usingmodels with fixed
trait variance, large fixed variances have been shown to lead
to communities with fewer surviving species but with more
local adaptation, and smallerfixed variances tomore surviv-
ing species but with less local adaptation (Norberg et al.
2012; Edwards et al. 2018). Thus, we here have a similar
but distinct tension between ITV and diversification into
multiple types, but now playing out over space in the form
of local adaptation. To be able to model such scenarios, we
need to generalize equation (2) to take population struc-
ture (including spatial structure) into account.

Trait Space Equations for Class-Structured Communities

Since populations can be structured in ways other than spa-
tial, for generality we will here assume that the community
is class structured, meaning that the community can be
sorted into K discrete bins, such as spatial patches, age
classes, or size classes. The trait density distribution in each
class k is given by vk(x), k p 1, 2, ::: ,K , which describes
how abundant individuals with a given trait x in class k
are. We also write v≔ (v1, ::: , vK) for the vector of all trait
density distributions. For unstructured communities it
was sufficient to consider a birth rate and a mortality rate,
but in general structured communities other demographic
processes can cause the trait density vk(x) in each class to
change over time. We can consider separately the contrib-
ution of each process with per capita rate f (x, v) from a
source class s to a destination class d.Within-class processes
(s p d) may include local birth and mortality rates on a
spatial patch, whereas between-class processes (s ( d)
may include immigration from spatial patch s or from
births from adult class s to juvenile class d in a stage-
structured model. Each such process can have a mutation
kernel N (x, y,M) associated with it (most processes will
haveM p 0). The contribution of each process to the trait
space equations is given by

dvd(x)
dt

⩲
ð∞

2∞
f (y, v)vs(y)N (y, x,M)dy, ð14Þ

where the⩲ operator means addition to the left-hand side,
so that we sum up the rates of all processes to get the total
rate of change of vd(x). For (most) processes whereM p 0,
we will interpret integration of the process rate against the
mutation kernel in the delta Dirac sense so that simply

ð∞

2∞
f (y, v)vs(y)N (y, x, 0)dy p f (x, v)vs(x): ð15Þ

Trait Space Equations for the Two-Patch Lotka-Volterra
Model. To take a concrete example, we generalize our
Lotka-Volterra competition model to take place on two

patches, so that K p 2, with local births b1 and b2, deaths
m1 and m2, competition a on each patch, and a constant
symmetric rate of dispersal D between the patches. The
trait space equations are given by

dv1(x)
dt

p
ð∞

2∞
b1(y)v1(y)N (y, x,M)dy2 m1(x)v1(x)

2 a(x, v1)v1(x)2 Dv1(x)1 Dv2(x), ð16aÞ

dv2(x)
dt

p
ð∞

2∞
b2(y)v2(y)N (y, x,M)dy2 m2(x)v2(x)

2 a(x, v2)v2(x)1 Dv1(x)2 Dv2(x), ð16bÞ

bk(x)p r0, mk(x) p
(x2 xopt

k )2

V r
,

rk(x) p bk(x)2 mk(x) p r0 2
(x2 xopt

k )2

V r
: ð16cÞ

This model is locally the same as the unstructured Lotka-
Volterra model (eqq. [3]) on each patch apart from the
optimal traits xopt

1 and xopt
2 now potentially being differ-

ent. Comparing with the generic trait space equations
(eq. [14]), when patch 1 is the destination patch (eq. [16a]),
we thus have five demographic processes, four for which
patch 1 is the source patch—namely, b1, 2m1, 2a, and
2D—and one for which patch 2 is the source patch, D.
Of these, only b1 has a nonzero mutation varianceM asso-
ciated with it.

Moment Equations for Class-Structured Communities

As for the unstructured community, we will assume that
we can approximate each trait density distribution vk(x)
in each class with a sum of S normal distributions with
total density uik, mean trait !xik, and trait variance Vik for
species i p 1, ::: , S in class k p 1, ::: ,K , so that

vk(x) ≈ ~vk(x) p
XS

ip1

uikN (x, !xik,Vik): ð17Þ

Note that a species will exist across all classes (even if its
density could be very close to zero in some) so that the
species richness in each class, as well as globally, is equal
to S. We define ~v p (~v1, :::, ~vK) to be the vector of ap-
proximate densities. Also as for the unstructured commu-
nities we define the population-level per capita rate for a
population with mean !x and trait variance V to be

f̂ (!x ,V , ~v) p
ð∞

2∞
f (x, ~v)N (x, !x ,V)dx: ð18Þ

510 The American Naturalist



We can now derive the moment equations for our class-
structured system (see sec. S1 of the supplemental PDF),
which, when summing over all demographic processes,
are given by

duid

dt
⩲ f̂ (!xis,Vis, ~v)

︷

z}|{

i: population‐level

per capita rate

uis,
ð19aÞ

d!xid

dt
⩲ uis

uid

z}|{

ii: relative

density

weight"

Vis
∂f̂
∂!x

(!xis,Vis, ~v)
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
iii: directional selection

1 f̂ (!xis,Vis, ~v)(!xis 2 !xid)|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

#

iv: mean trait flow

,

ð19bÞ

dVid

dt
⩲ uis

uid

z}|{
ii "

V 2
is
∂2 f̂
∂!x2

(!xis,Vis, ~v)
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
v: stabilizing=disruptive

selection

1 f̂ (!xis,Vis, ~v)(Vis 2 Vid)|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
vi: trait variance flow

1 f̂ (!xis,Vis, ~v)(!xis 2 !xid)
2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
viia: between‐ to within‐class

variation

1 2Vis
∂f̂
∂!x

(!xis,Vis, ~v)(!xis 2 !xid)
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

viib: class local adaptation and

directional selection interaction

1 f̂ (!xis,Vis, ~v)M|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
viii: mutation

#

: ð19cÞ

Interpreting the Moment Equations for Class-Structured
Communities. As noted for other moment-based frame-
works (e.g., Norberg et al. 2001), in addition to being more
tractable, moment equations can also be more interpret-
able than the trait space equations from which they are de-
rived. We now go through the various terms and factors in
the moment equations (eqq. [19]) and their interpreta-
tions. Table 1 contains a list of symbols and descriptions
of the various quantities related to the class-structured trait
space and moment equations.
Equation (19a) describes the rate of change of the to-

tal density uid of species i in destination class d. Term i
(population-level per capital rate) describes the per capita

rate of process f̂ between source class s and destination
class d evaluated at the mean trait !xis and trait variance
Vis of species i in the source class s. The equations capture
how the total population densities of species change both
due to within-class processes (s p d), such as local birth and
death, and between-class processes (s ( d), such as dis-
persal between patches.
Equation (19b) describes the rate of change of the mean

trait !xid of species i in destination class d. Term ii (relative
density weight) weighs contributions by the relative total
densities of classes d and s, so that if the density in the des-
tination class d is much greater than that in the source class
s, the ecological processes going from s to dwill have only a
marginal impact on the mean trait in class d. Conversely, if
the total density in the source class s is much greater than
that in the destination class d, the ecological process will
have a large impact on themean trait in class d. The change
of the mean trait is then governed by two terms, iii and iv.
The first term, iii (directional selection), describes the effect
of directional selection in the process f̂ in class s, pushing !xid

in the direction of maximum increase of f̂ at a rate propor-
tional to the trait variance of species i in class s, Vis. This ef-
fect comes about since the process in the source class will
producemore trait density on the side of themean inwhich
the slope is pointing and less on the other side. The second
term, iv (mean trait flow), describes howmean traits are ho-
mogenized by between-class transitions, where the rate of
homogenization is governed by the per capita rate function
f̂ , so that the mean trait of the destination class, !xid , will
change in the direction of the mean trait in the source class,
!xis. For within-class processes (s p d) we note that the rel-
ative density weight (ii)p 1 and the mean trait flow (iv)p
0, meaning that for within-class processes only directional
selection (iii) is relevant. If the process under consideration
is trait independent, such as for a constant dispersal rate be-
tween patches, directional selection (iii) would be equal to
zero, but mean trait flow (iv) could still contribute toward
changing the mean trait in class d if the mean traits in s
and d differ.
Equation (19c) describes the rate of change of the trait

variance Vid of species i in destination class d. As for the
mean traits, the changes are weighted by the relative densi-
ties between class d and s, term ii. The dynamics of the trait
variance then depends on five terms. The first term, v, des-
cribes stabilizing/disruptive selection resulting from the
process with rate f̂ . Roughly speaking, if individuals close
to the mean trait !xis of species i in class s contribute more
than individuals away from this optimum to process f̂ , then
the curvature as measured by ∂2 f̂ =∂!x2 will be negative,
which will contribute to a decrease in trait variances. Con-
versely, if individuals close to the mean contribute less, the
curvature will be positive, and this will contribute toward in-
creases in trait variances. The second term, vi (trait variance

ð19aÞ

ð19bÞ

ð19cÞ
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Table 1: Quantities involved in the trait space and moment equations for class-structured communities

Symbol Description Definition
Label in
eqq. (19)

x Trait value
K Number of classes
vk(x) Trait density distribution in class

k p 1, ::: ,K
v Vector of trait density distributions v p (v1, ::: , vK)
f (x, v) Per capita rate of a demographic process
M Mutation variance associated with

process f

f̂ (!x ,V , v) Population-level rate for mean trait !x and
trait variance V for rate f f̂ (!x ,V , v) p

ð∞

2∞
f (x, v)N (x, !x ,V)dx

S Number of species
vik(x) Trait density distribution of species i in

class k
uik Total density of species i in class k uik p

ð∞

2∞
vik(x)dx

!xik Mean trait of species i in class k !xik p (1=uik)
ð∞

2∞
xvik(x)dx

Vik Trait variance of species i in class k Vik p (1=uik)
ð∞

2∞
(x2 !xik)

2vik(x)dx

~vk(x) Approximate trait density distribution in
class k

~vk(x) p
XS

ip1
uiN (x, !xik,Vik)

~v Vector of approximate trait density
distributions

~v p (~v , ::: ,~vk)

d Index of the destination class
s Index of the source class
f̂ (!xis,Vis, ~v) Population-level per capita growth i
uis/uid Relative density weight ii

Vis
∂f
∂x

(!xis,Vis, ~v) Directional selection iii

f̂ (!xis,Vis, ~v)(!xis 2 !xid) Mean trait flow iv

V 2
is
∂2f
∂!x2

(!xis,Vis, ~v) Stabilizing/disruptive selection v

f̂ (!xis,Vis, ~v)(Vis 2 Vid) Trait variance flow vi

f̂ (!xis,Vis, ~v)(!xis 2 !xid)
2

Between- to within-class variation viia

2Vis
∂f̂
∂!x

(!xis,Vis, ~v)(!xis 2 !xid) Class local adaptation and directional
selection interaction

viib

viia 1 viib Effects of class local adaptation
on variance

vii p viia 1 viib vii

f̂ (!xis,Vis, ~v)M Mutation viii



flow), homogenizes trait variance between classes, so that
having trait density flow from class s to d drive the variance
Vid of species i in class d closer to the trait variance Vis in
class s. Terms vii (effects of class local adaptation on vari-
ance) describe the effects of variability in mean traits be-
tween classes on the trait variance within each class. In
the case where the classes are spatial patches, a species hav-
ing different mean traits for different patches would simply
be referred to as “local adaptation,” and we adapt this mon-
iker here to the broader context of any class-structured
community. Term viia (between- to within-class variation)
describes how trait variances are increased by the differ-
ences in mean traits between classes, converting between-
class variance into within-class variance. Term viib (class
local adaptation and directional selection interaction) de-
scribes the interaction between directional selection and
between-class differences in mean traits. Roughly speaking,
trait variances will decrease when the mean trait difference
and the selection gradient point in opposite directions and
increase if they are aligned. Finally, term viii (mutation) is
the contribution to trait variance frommutations in process
f̂ , which will contribute toward increasing trait variances.
Note that typically for most processes under considera-
tion M would be zero, as in our Lotka-Volterra example
(eqq. [16]), where only birth processes are assumed to have
mutations associated with them.Howmuchmutations con-
tribute toward trait variance increase also depends on the
rate f̂ . Thus, for example, in a system with high birth and
death rates with mutations associated with births, the muta-
tions would have a stronger impact on trait variance than in
a systemwith low birth and death rates even if net per capita
growth were the same in both systems. For within-class pro-
cesses (s p d), the relative density weight (term ii) will be
equal to 1, and only stabilizing/disruptive selection (term v)
and mutations (term viii) will be nonzero, making these
the only contributing factors. If the process f̂ under consid-
eration is trait independent, stabilizing/disruptive selection
(term v) and class local adaptation and directional selection
interaction (term viib) will be zero, but mutations (term
viii), trait variance flow (term vi), and between- to with-
in-class variation (term viia)may still contribute to changes
in the trait variances.

Moment Equations for the Two-Patch Lotka-Volterra
Model. For a specific example, we take our two-patch
Lotka-Volterra model with trait space equations given by
equations (16). We can, after identifying the various rates,
now plug these into the generic class-structured moment
equations (eqq. [19]) to yield the moment equations for
the two-patch Lotka-Volterra system. Below we display
the moment equations for the dynamics on patch 1; the dy-
namics on patch 2 are nearly identical, with patch index 1
swapped for patch index 2 as necessary:

dui1

dt
p

"

r0 2
(!xi1 2 xopt

1 )2 1 Vi1

V r

# $

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
i: r̂ 1(!x i1,Vi1)p ^b 1(!xi1,Vi1)2 m̂1(!xi1,Vi1)

2
ffiffiffiffiffiffiffiffiffiffiffi
2pV c

p XS

jp1

uj1Nij

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

#

i: â(!x i1 ,Vi1 , ~v 1)

ui1

ð20aÞ
2D

︸i
ui1 1 D

︸i
ui2,

d!xi1

dt
p Vi1

"

2
2(!xi1 2 xopt

1 )
V r|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

iii: ∂r̂ 1

∂ !x
(!x i1,Vi1)

1
ffiffiffiffiffiffiffiffiffiffiffi
2pV c

p XS

jp1

uj1

!xi1 2 !xj1

Vi1 1 Vj1 1 V c
Nij

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

#

iii: 2∂â
∂ !x

(!x i1,Vi1, ~v 1)

1
ui2

ui1|{z}
ii

D(!xi2 2 !xi1)|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
iv

, ð20bÞ

dVi1

dt
p V2

i1

"
2

2
V r|ffl{zffl}

v: ∂
2 r̂ 1

∂!x 2 (!xi1,Vi1)

1
ffiffiffiffiffiffiffiffiffiffiffi
2pV c

p XS

jp1

uj1
Vi1 1 Vj1 1 V c 2 (!xi1 2 !xj1)2

(Vi1 1 Vj1 1 V c)
2 Nij

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

#

v: 2∂2â
∂ !x 2

(!x i1,Vi1, ~v 1)

1
ui2

ui1|{z}
ii

D(Vi2 2 Vi1)|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
vi

1
ui2

ui1|{z}
ii

D(!xi2 2 !xi1)
2

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
viia

1 r0M|{z}
viii

: ð20cÞ

where Nij p N (!xi1, !xj1,Vi1 1 Vj1 1 V c). Here, we have
marked the various terms with their corresponding terms
in the generic equations (eqq. [19]). The total density dy-
namics (eq. [20a]) describe the local net growth on patch
1 due to the intrinsic birth and death rates, the mortality
from local competition, and dispersal to and from patch 2.
The mean trait dynamics (eq. [20b]) describe local selection
on patch 1, where the selection due to the intrinsic growth
rate drives the mean trait toward the patch 1 optimum
xopt
1 , and the selection due to local competition drives each
species mean trait apart from the mean traits of other spe-
cies. The second term describes mean trait flow from patch
2 driving the mean trait on patch 1 to become more similar
on patch 2, eroding local adaptation over time. The first
term of the trait variance dynamics (eq. [20c]) describes lo-
cal stabilizing/disruptive selection, where selection due the
intrinsic growth rate is universally stabilizing and selection
from local competition can be either stabilizing or disrup-
tive in the sameway as for the unstructuredmodel. The next
term describes trait variance flow, which drives the trait var-
iance on patch 1 to become closer to the variance on patch 2.
The final term describes how between-patch variation (i.e.,
the difference between mean traits on the patches) is con-
verted to within-patch variation by driving an increase in
variance. Note that since the only between-patch process,
with rate D, is trait independent, term viib in the generic
equations (eq. [19c]) does not arise in this two-patchmodel.

Eco-Evolutionary Community Assembly
for Class-Structured Communities

Our general approach for community assembly in class-
structured communities closely resembles that for

ð20aÞ

ð20bÞ

ð20cÞ
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unstructured communities, albeit with more involved math-
ematical machinery. For evolutionary branchings, we per-
form the same kind of splitting and stability analysis as for
the unstructured communities. The invasion analysis too
proceeds along similar lines, but since the community is
now structured we need to keep track of the frequency
distribution of invaders across classes. As for the unstruc-
tured model, we can use these branching and invasion cri-
teria to build up a community one species at a time until no
more invasions or branchings are possible and we have an
eco-evolutionarily stable community. The details of how
the branching and invasion analysis are carried out for
structured communities are available in section S2 of the
supplemental PDF.

Eco-Evolutionarily Stable Communities in the
Two-Patch Lotka-Volterra Model

When the optimal traits on the patches xopt
1 and xopt

2 differ
between the patches, there will be local selection toward dif-
ferent traits on the two patches (eq. [20b]). Under suffi-
ciently low dispersal a single species can thus be expected
to exhibit local adaptation, with its mean trait differing be-
tween patches. However, based on insights derived from
adaptive dynamics, we expect to instead seemultiple species
as a response to heterogeneous local conditions. This then
raises the question when these two possibilities are com-
bined: with heterogeneous local conditions and weak dis-
persal, will we end up with fewer locally adapted species
or more species with less local adaptation but differing in
their mean traits?
In the two-patch Lotka-Volterra model (eqq. [20]) as

well as the general class-structured moment equations
(eqq. [19]), we can see that directional selection (term iii)
is multiplied by the within-patch trait variance of the spe-
cies to determine the effect of directional selection on
changes in the mean trait. We can also see that there is a
term that converts between-patch variation into within-
patch variation (term viia). This means that if the trait op-
tima on the two different patches are different, there will be
selective pressure for themean traits in a species to separate,
and as they separate, term viia will increase within-class
variation, strengthening local directional selection and fur-
ther increasing the selective pressure on trait separation.
This, then, creates a positive feedback between local adap-
tation (between-class variation) and within-class variation.
However, the potential of local adaptation as a strategy for
covering more of trait space on the regional scale has two
limitations potentially opening up a locally adapted species
to invasion. First, the mean trait flow term (iv) acts as a bar-
rier to local adaptation by exerting a force towardmean trait
homogenization and may prevent sufficient local adapta-

tion from developing, leaving unused trait space available
for invasion. Conversely, if local adaptation—and hence
within-patch trait variance—becomes too large, this might
make the species relatively maladapted by covering too
much unfavorable trait space, again opening up the species
to invasion. None of these scenarios are universally favored
above another, and local adaptation, multiple species, or
neither will be model and parameter dependent.
To explore a specific instance of this tension between lo-

cal adaptation and divergence intomultiple species, we use
our Lotka-Volterra model (eqq. [20]) and assemble eco-
evolutionarily stable communities under conditions of weak
dispersal and for a range of differences in the trait optima
between the two patches. Specifically, we let V r p 4 on
each patch, which is enough resource spectrum breadth
for two species to coexist in the unstructured model, and
then make the patches more dissimilar by varying xopt

2 p
2xopt

1 from 0 to 2. The results are depicted in figure 3,
and parameter values are listed in table 2.
Generally, the outcomes when we vary the patch dissim-

ilarity fall into three categories with respect to local adap-
tation. The first is no local adaptation (e.g., fig. 3E, 3F). The
second is symmetric local adaptation, meaning that a spe-
cies is split roughly equally between the two patches and
the mean traits between the patches differ (e.g., fig. 3C).
The third is asymmetric local adaptation, where species
are significantly more prevalent on one patch, and their
mean trait on the sink patch differs from that of the main
patch (e.g., fig. 3D). To better illustrate the effects of the in-
clusion of ITV, we also depict ESCs for a model that does
not incorporate ITV (adaptive dynamics; see sec. S3 of the
supplemental PDF). Note that without ITV, all individuals
in a species are identical, meaning that a species necessarily
has the same mean trait on both patches. Below we de-
scribe in detail how the ESCs change as the patch optima
become further separated.
When the optima are both equal to zero, the patches are

identical and the two-patch system is functionally equiva-
lent to an unstructured model. Conversely, when the op-
tima are equal to52 there is no overlap in trait space of
positive growth rates between the two patches, and for
any species having a positive intrinsic net growth rate on
one patch, the other patch will be a pure sink. To the very
left in figure 3A and 3B the communities with and without
ITV agree in terms ofmean traits, and since the patches are
identical, two species exist across the region. However, af-
ter the patch optima separate only slightly, the community
without ITV diverges into a four-species system, with two
species roughly corresponding to the community that would
have evolved on patch 1 in isolation and one community
corresponding to the one that would have evolved on
patch 2 in isolation. In contrast, the communities with ITV
remain as a two-species system all the way up to roughly
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Figure 3: Eco-evolutionarily stable communities for different environmental optima in the two-patch Lotka-Volterramodel.A,B, For each value of
environmental optima xopt

1 and xopt
2 we depict themean traits (solid colored lines) and 1 standard deviation (filled colored areas) for each species in the

eco-evolutionarily stable community computed assuming species with intraspecific trait variation (ITV) for that pair of optima. Depicted as black
lines are the eco-evolutionarily stable communities for communities computed assuming species without ITV. Note that without ITV, local adap-
tation is precluded, and these black lines are the same in A and B. The gray area depicts where the environment yields positive growth rate (i.e.,
rk(x) ≥ 0) on patch 1 (A) and patch 2 (B). The species in the communities with ITV are color coded so that the same species is depicted in the same
color for both patches for any given value of xopt

k . C–F, Eco-evolutionarily stable communities for the values of xopt
k indicated by the dotted lines in A

and B. The gray line depicts the numerical solution of the trait space equations (eqq. [16]), vk(x), and the black broken line depicts the numerical
solution of the moment equations (eqq. [20]), ~vk(x) p

PS
ip1uikN (x, !xik,Vik), where the number of species Swas determined through our assembly

procedure. The colored areas depict the trait density of each species i p 1, ::: , S for the moment equations, and the black bars depict the traits and
densities of the eco-evolutionarily stable community without ITV. Parameter values are as in table 2.



xopt
k p 50:25, but with both species exhibiting symmetric
local adaptation between the patches (fig. 3C).
The community with ITV does split into four species

around xopt
k p 50:25, but the resulting four-species com-

munity is still characterized by significant asymmetric local
adaptation in at least two species for the interval between
approximately 0:25 ≤5xopt

k ≤ 0:5 (fig. 3D). The two species
depicted in blue and orange are here primarily patch 1
specialists, and the species depicted in green and red are pri-
marily patch 2 specialists. The asymmetry in local adapta-
tion can come about through the weighted effect of densi-
ties on mean trait flow between the patches (terms ii and
iii in eqq. [20]), where the species density on the off patch
exerts relatively little pressure on themean trait on themain
patch to diverge from its local optimum.
Around xopt

k p 50:7 the two sets of lines describing the
community without ITV on each patch cross, and there is a
small interval where the community without ITV will have
only three species before the lines separate after the cross
into four species again. For the community with ITV, the
interval with three species is significantly larger, spanning
roughly 0:5 ≤5xopt

k ≤ 0:9. For this interval, the community
is characterized by two outer species (blue and red) with lit-
tle local adaptation and a central species (olive) that exhibits
significant and symmetrical local adaptation except in the
middle of the interval, where there is no significant local ad-
aptation in any of the three species (fig. 3E).
After xopt p 50:9 the community with ITV once again

splits into four species, where the central two species (or-
ange and green) are initially characterized by asymmetrical
local adaptation. As the environmental optima separate fur-
ther the means converge onto those for the community
without ITV, and for large separations jxopt

k j 1 1:1 the sys-
tem for both the communities with and without ITV are
characterized by two species (blue and orange) being pres-
ent almost entirely on patch 1 and two species (green and
red) being present almost entirely on patch 2 (fig. 3F). Be-
cause of the huge asymmetry in densities across the two
patches, the mean trait flow from the main patch to the

sink patch becomes so strong that local adaptation can ef-
fectively not occur on the sink patch.
Across the range of patch dissimilarities, this model then

showcased a range of behaviors with respect to local adapta-
tion and diversification into multiple species. That we could
roughly sort these outcomes into three qualitatively different
regimes is particularly interesting, and we could not have
come across this behavior without the use of our framework.
As for the unstructured model, the two-patch moment

equation ESCs mostly have good agreement with the trait
space equations, with some issues around the transition
points in the number of species (see sec. S5 of the supple-
mental PDF). One issue that did not arise in the unstruc-
tured model is that very close to the transition from two
to four species (xopt

k ≈50:25), the two-species community
depicted is invasible, but after the invasion, one of the orig-
inal species is depressed to extinction, after which the invader
assumes the total density, mean, and variance of the ex-
tinct resident, yielding a never-ending cycle of invasions
and extinctions. Similarly, the species are also branchable,
but after an initial divergence in trait space one of the
branching species becomes extinct and the remaining spe-
cies assumes the distribution of the original branched res-
ident, yielding a never-ending branching-extinction cycle.
For these kind of cycles, we have amended our assembly
procedure to remove any species with very low total den-
sities and to merge any species whose mean traits and trait
variances are very close before any branchings or invasions
are checked for.We define the ESC to be the community to
which the cycle returns between branchings or invasions
that is in equilibrium with respect to equations (19), which
is the community we depict in figure 3A and 3B for
xopt
k ≈50:25. This cycling phenomenon occurs only in a
very small sliver of parameter space.

Generalizing the Framework

For the purposes of exposition and to focus on our
main questions regarding the tension among ITV, local

Table 2: Parameters for the two Lotka-Volterra models

Symbol Description

Value/range

Unstructured Two patch

r0 Maximal growth rate 1 1
Vr Resource spectrum variance [1, 36] 4
Vc Competition variance 1 1
M Mutation variance 1023.5 1024

xopt
1 Optimal trait, patch 1 . . . [22, 0]
xopt
1 Optimal trait, patch 2 . . . [0, 2]
D Dispersal rate . . . 1023
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adaptation, and diversification into multiple species, we
have kept our example models simple. However, several
more complications can be handled by generalizing the
framework. First, more than one trait may affect perfor-
mance, so tracking a single scalar trait may not always be
sufficient, and in such cases we would need some way of
deriving the dynamics for a mean trait vector and a trait
variance-covariance matrix. In sections S1 and S2 of the
supplemental PDF we show how the framework can be
expanded to include multiple traits in this way. Second,
in our Lotka-Volterra models the rate functions were sim-
ple enough that we could calculate the population-level
rates necessary for the moment equations using Gaussian
integration analytically. This will in general not be possible,
and in section S1.3 of the supplemental PDF we show
how to derive Taylor approximations of arbitrary order to
accommodate such situations. Third, our Lotka-Volterra
models do not include any dependence on any external
variables, such as abiotic resources, and in section S1.5 of
the supplemental PDF we show how external variables
can be included in the framework. To provide an example
that includes all of these complications, we have in sec-
tion S4 of the supplemental PDF briefly explored a stage-
structured model with one juvenile and one adult stage in
two traits that compete for two abiotic resources.
We have here focused on fully heritable trait variation,

but our framework can be extended to include nonheritable
environmental variation. While we have not worked this
case out to the same level of generality as we have for fully
heritable traits, in section S1.6 of the supplemental PDF we
provide a sketch for the simplest case of one trait in unstruc-
tured populations. While it is relatively straightforward to
incorporate the generation of nonheritable variation into
the model, it requires additional moment equations, and
the derivation of themoment equations from the trait space
equations becomes more involved.

Discussion

In this article, we have presented a general framework for
eco-evolutionary community assembly for class-structured
communities that incorporates ITV. We have done so by
derivingmoment equations for the total density,mean trait,
and trait variance for each species in a community, com-
bined with a procedure for determining whether additional
species need to be added to a community in order for it to
be closed to further invasion. Through examples, we dem-
onstrated the application of the framework in an unstruc-
tured and a two-patch-structured Lotka-Volterra competi-
tion model, where we saw how less stabilizing conditions
could result in different combinations of more intraspecific
variation, local adaptation, and the addition ofmore species
to the assembled eco-evolutionarily stable community.

Intra- and Interspecific Trait Variation

In recent years, the role of intraspecific vs. interspecific var-
iation in traits has received increasing attention in functional
and community ecology, with two broad questions at the
center. First, how much of trait variation is intraspecific
and how much is interspecific (Albert et al. 2011; Siefert
et al. 2015; Griffiths et al. 2016; Gaudard et al. 2019; Xavier
Jordani et al. 2019)? And second, how important is ITV for
higher-level outcomes such as species coexistence and eco-
system functioning (Bolnick et al. 2011; Violle et al. 2012;
Turcotte and Levine 2016; Raffard et al. 2019)?
Regarding the first question, ITV has in general been

found to account for substantial portions of trait variation,
especially in plants (Siefert et al. 2015; Westerband et al.
2021). However, in some study systems of ants (Gaudard
et al. 2019) and beetles (Griffiths et al. 2016) ITVwas found
to be negligible, and even among plant studies the prepon-
derance of ITV is highly variable (Westerband et al. 2021);
in addition, patterns of intra- and interspecific variation
can be highly idiosyncratic (Costa-Pereira et al. 2018;
Umaña and Swenson 2019). For the insect-plant discrep-
ancy, Gaudard et al. (2019) suggested that one explanation
could be related to the higher plasticity in plants that arises
as a consequence of plants being sessile. In the context of
individual niche specialization, several factors have been
proposed as important for accounting for the level of ITV,
including intra- and interspecific competition, ecological
opportunity (the diversity of resources), and predation
(Araújo et al. 2011). While these factors can no doubt play
a role in shaping ITV, they can also, in turn, be shaped by
ITV. In our unstructured Lotka-Volterra model (eqq. [10];
fig. 2) ecological opportunity can roughly be said to corre-
spond to the resource spectrum widthwr, which we take to
be fixed, but intra- and interspecific competition both
shape and are shaped by intra- and interspecific trait var-
iation through eco-evolutionary feedbacks, so that neither
can be said to be the strict cause of the other. In field stud-
ies, idiosyncratic patterns of trait variation are to some
extent to be expected because of the myriad factors that
can be present in natural systems. Interestingly, however,
even for our simple model with just one parameter varied
(fig. 2A), ITV is sometimes, but not always, important for
characterizing the trait variation in the community. When
the width of the resource spectrum is small, yielding one or
two species (wr ≤ 2:3), ITV is small so the traitmeans of the
species of ourmodel incorporating ITV agree very well with
a model not incorporating ITV, implying that ITV is not
important for characterizing the trait distribution in the
community. For larger resource spectrum widths, how-
ever, ITV becomes much more substantial, and the mean
trait values—and even the number of species in the com-
munity—no longer agree with the model without ITV,
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implying that the role of ITV is crucial for characterizing
the trait distribution in the community. Given the simplic-
ity of our model, our results thus suggest that whether ITV
is important for characterizing communal trait variation
could be highly system specific and may resist broad-scale
explanation. However, a more complete theoretical explo-
ration of whether broad patterns in different models can be
found that serve as good indicators for the importance of
ITV is outside the scope of this article, and more research
will be required to determine the extent to which such
patterns exist. Our framework would serve as a good tool
for carrying out such explorations.
Scaling up to structured communities, Albert et al. (2011)

proposed that in a nested sampling design, ITV should sat-
urate as the spatial or ecological scale is increased, since at a
sufficiently large scale species will cover their entire range,
meaning that interspecific trait variation should become
the more important factor. Although our two-patch Lotka-
Volterra model (eqq. [20]; fig. 3) is not set up for one-to-
one comparisons with this hypothesis, we observe some re-
lated phenomena as the environments on the two patches
become increasingly different (fig. 3). Initially, ITV, mostly
in the form of local adaptation, increases as the patches
separate. More interspecific variation is then added as more
species join the community, but beyond a certain point the
patches are too different to permit local adaptation and in-
terspecific variation dominates. To wit, not much theoreti-
cal attention has been paid to what conditions generically
promote intra- versus interspecific variation on the regional
scale (but seeNorberg et al. 2012; Edwards et al. 2018), and a
more systematic exploration of this question would be an
interesting application of our framework.
Regarding the second question concerned with how ITV

affects higher-level outcomes, species coexistence has been
proposed to be both negatively and positively related to
ITV (Violle et al. 2012). In two theoretical models of com-
petitionwith fixed intraspecific variances, Hart et al. (2016)
and Barabás and D’Andrea (2016) found that coexistence
is (mostly) hampered by ITV. In our framework, both
the number of species and ITV are dynamic outcomes,
and it is thus not strictly possible to speak causally about
how species coexistence affects ITV or vice versa within
the framework. As we have done, however, it is possible
to compare a model that includes ITV (our framework)
to one that does not (adaptive dynamics), and in this sense
it seems unlikely that the inclusion of ITV would yield a
higher number of coexisting species. The available trait
space must be apportioned, and if it can be effectively cov-
ered by fewer species by incorporating ITV, the number of
coexisting species will be lower.
In a two-patch version of the Hart et al. (2016) model,

Uriarte and Menge (2018) found that ITV could pro-
mote regional species coexistence. This contradicts our

findings, and in our two-patch model, ITV in the form
of local adaptation can preclude the coexistence of spe-
cies by a single species covering more trait space. A cru-
cial difference between our models is that Uriarte and
Menge (2018) assumed that the trait means and variances
were fixed on each patch, whereas in our models these are
outcomes of the dynamics. As for the unstructured case, it
is hard envisioning a scenario using our model where the
inclusion of intraspecific variance would lead to more
coexisting species than the reference model without ITV.
A scenario like that of Uriarte and Menge (2018) is more
likely if trait variation is plastic and driven by the environ-
ment as opposed to heritable. The nature of ITV could thus
be an important factor too in determining whether ITV
can promote coexistence, as has also been observed in an
apparent competition model (Schreiber et al. 2011).
Ecosystem functioning has also been shown to depend

on the trait distributions of communities (Mouillot et al.
2011; Gross et al. 2017). Our modeling framework opens
the door for theoretical explorations of the relationship be-
tween trait variation both within and between species and
various ecosystem functions. Similarly to coexistence, eco-
system function and trait variation are both outcomes of the
system’s dynamics, so that neither is the strict cause of the
other. However, this enables explorations of what mecha-
nisms and environments create and sustain either, neither,
or both of trait diversity and ecosystem functioning.

Relationship to Other Theoretical Approaches

Our framework builds on and connects to several other
strands of eco-evolutionary theory. Considering a single
class and setting all mutations to zero, our framework re-
duces to the community ecology framework of Wirtz and
Eckhardt (1996) and Norberg et al. (2001), where the mo-
ments of the trait distribution of an ensemble of species
is tracked. This approach often includes an immigration
term from a fixed species pool to maintain trait variance
in the community. Such an immigration term could easily
be incorporated into our framework by designating one of
the classes a “species pool class” and letting the internal
rates of this class all be zero to keep the species pool fixed.
Note that our formulation also includes cases where the
species pool too consists of structured populations, so that,
for example, juveniles and adults in a stage-structured
model could immigrate at different rates from the species
pool.
Although the assumptions going into the model at the

outset are different, the moment equations derived for
our model are also very similar to the equations derived
under the assumptions of quantitative genetics. Assuming
a single class, no mutations, and that phenotypic variation
equals genetic variation (no environmental variation), our
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equations mirror those of Barabás et al. (2022), who derived
equations for mean traits and trait variance-covariance
under the assumptions of quantitative genetics formultiple
traits. These similarities between trait space approaches and
quantitative genetics have been noted before (e.g., Débarre
et al. 2013), and the two approaches have complementary
strengths and weaknesses. Most notably, the assumptions
of normality are less ad hoc in quantitative genetics, and
each species is, as described by a normal distribution, well
defined (Turelli and Barton 1994; Barton et al. 2017). Sim-
ilarly, the reproductive isolation of species, which in our
moment equations is an approximation, is in quantitative
genetics based on the biological species concept. This, how-
ever, comes at the cost that diversification into multiple
peaks cannot be easily incorporated, as opposed to our ap-
proach here.
Our moment equations also closely resemble those de-

rived in trait diffusion approaches (Merico et al. 2014; Le
Gland et al. 2020), where mutations are generated by a dif-
fusion process in trait space.Merico et al. (2014) derived the
moment equations for well-mixed, single-species, single-
trait populations, and Le Gland et al. (2020) extended this
to multiple traits and spatial structure by way of reaction-
diffusion equations in continuous space. For mutation
kernels with small variance-covariance matrices without co-
variances, our mutation convolution integral is well ap-
proximated by such trait diffusion processes (Kimura 1965;
Débarre et al. 2013), and our assembly framework is easily
adapted to this setting, equipping the trait diffusion ap-
proaches with a way of assembling eco-evolutionarily sta-
ble communities of several species.
Finally, our framework also produces similar equations

to those in oligomorphic dynamics (Sasaki and Dieckmann
2011; Débarre et al. 2014; Lion et al. 2022), where a trait
density distribution is also decomposed into a number of
“species” to track their moments. Compared with oligo-
morphic dynamics, the major innovation we present here
is our invasion analysis and community assembly frame-
work, but there are also differences in how the moment
equations are derived. First, we assume that mutations are
associated with some specific ecological process (typically
births), whereas in oligomorphic dynamics mutations are
assumed to be an independent process. Second, rather than
assuming that each species is reproductively isolated, in
oligomorphic dynamics it is instead assumed that new indi-
viduals are allocated to each species in proportion to each
species’ density for any given trait. For structured popula-
tions, additional assumptions are required (Lion et al. 2022).
These assumptions do, however, ultimately produce the
same general shapes for the moment equations as we de-
rived here. Finally, rather than assuming that each species
is normally distributed, oligomorphic dynamics assumes a
small variance approximation and can derive equations

for an arbitrary set of moments under these assumptions.
To get a closed system ofmoment equations a so-calledmo-
ment closure approximation is then used, where using nor-
mal distributions is one such possible closure.
Our choice of approximating each species’ trait density

as a normal distribution at the outset rather than expanding
around the mean of each species for an arbitrary number of
moments has both advantages and disadvantages. The ad-
vantages are that our moment equations are more stable
when variances become large compared with a small vari-
ance expansion and that we can more easily integrate mu-
tations into birth processes. The disadvantage is that the
flexibility in shape is more limited. In principle, functions
other than normal distributions could be used to derive the
moment equations. For example, Klauschies et al. (2018)
and Cropp and Norbury (2021) used beta distributions as
the approximating distribution to close their moment
equations, and there are also approaches that use more in-
volvedmethods formaking nonnormal approximations for
the trait space distributions at equilibrium (Mirrahimi and
Gandon 2020) as well as studies that have examined the ef-
fects of highermoments, such as skew (Débarre et al. 2015).
Assumptions other than normality are likely possible while
still retaining the core features of our approach, but each
such differing assumption would require the rederivation
of nearly all moment equations. While a shortcoming, our
comparisons between the trait space equations and mo-
ment equations indicate that as long as normality in the
distributions of birthed phenotypes from a parent pheno-
type is assumed, then our additional assumption that spe-
cies’ trait distributions are normal seem not to affect the
accuracy of the moment approximations by any large de-
gree, as our eco-evolutionarily stable communities assem-
bled by moment equations agreed very well with the cor-
responding trait space equations (figs. 2D–2F, 3C–3F).
We note that although we assume normality in each spe-
cies, the community trait density distribution is the sum
of these normals, which makes the community distribu-
tion much more flexible (for an example, see fig. 3D).
The primary exception to good accuracy in the moment
equations is when the number of species is ambiguous.
In these instances the trait space equations would yield so-
lutions that could not easily be approximated by a sum of
normal distributions that were assumed to be reproduc-
tively isolated (for examples, see sec. S5 of the supplemen-
tal PDF).
While these drawbacks should be kept in mind, we nev-

ertheless believe that our framework makes substantial
progress in eco-evolutionary modeling with ITV. In a phy-
toplankton model, Peeters and Straile (2018) compared
trait space equations without mutations to single-species
moment equations and concluded that single-species mo-
ment equations failed to provide any useful information
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when considering parts of parameter space where the trait
space equations diverged into multiple species. In a similar
model using the trait diffusion approach, Le Gland et al.
(2020) noted that their trait space equations sometimes ex-
hibited multimodality and speculated on the utility of mod-
eling multiple modes, making the selection of how many
modes to include based on functional groups. While mul-
tispecies moment models are not new (Sasaki and Dieck-
mann 2011; Norberg et al. 2012; Barabás and D’Andrea
2016), our assembly approach obviates the need for a priori
decisions on howmany modes or species to include by us-
ing our assembly process. It also gives an alternate ap-
proach for deriving the equations for moment dynamics
for general class-structured populations, compared with
Lion et al. (2022).
Taken together, we believe that our framework of unify-

ing the community assembly techniques of adaptive dy-
namics with the moment equation approach to including
ITV could be of great use to theoreticians and modelers
seeking to take advantage of facets of both eco-evolutionary
modeling frameworks.We also believe that being able to as-
semble eco-evolutionarily stable communities that accounts
for ITV could help address many ecological questions re-
garding the extent and importance of intra- and interspe-
cific trait variation.

Note

Readers of this article may be interested in the work by Lion
et al. (2022), who independently derived a related formal-
ism to analyze eco-evolutionary dynamics in structured
populations.
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