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Abstract

We present an O((log n)?)-competitive algorithm for metrical task systems (MTS) on any

n-point metric space that is also 1-competitive for service costs. This matches the competitive

ratio achieved by Bubeck, Cohen, Lee, and Lee (2019) and the refined competitive ratios obtained
by Coester and Lee (2019). Those algorithms work by first randomly embedding the metric space

into an ultrametric and then solving MTS there. In contrast, our algorithm is cast as regularized
gradient descent where the regularizer is a multiscale metric entropy defined directly on the

metric space. This answers an open question of Bubeck (Highlights of Algorithms, 2019).
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1 Introduction

Let (X, d) be a finite metric space with |X| = n > 1. The Metrical Task Systems (MTS) problem,
introduced in [BLS92] is defined as follows. The input is a sequence {c; : X = R, [t =1,2,...) of
nonnegative cost functions on the state space X. At every time ¢, an online algorithm maintains a
state p; € X.

The corresponding cost is the sum of a service cost c;(p;) and a movement cost d(pi-1, pt).
Formally, an online algorithm is a sequence of mappings p = (p1, p2,...,) where, for every t > 1,
ot + (R¥)! — X maps a sequence of cost functions {(cy, ..., c;) to a state. The initial state py € X is
fixed. The total cost of the algorithm p in servicing ¢ = {c; : t > 1) is defined as the sum of the service
and movement costs:

servp(c) = Z ce(pe(er, ..., cr))

t>1
movep(c) = Z d(pt—l(cll ey Ct—l)/ Pt(clz ey Ct))
t>1

costy(c) := servp(c) + move,(c).

The cost of the offline optimum, denoted cost*(c), is the infimum of 3, [ct(p:) + d(pt-1, pt)] over any
sequence (p; : t > 1) of states.

A randomized online algorithm p is said to be a-competitive if for every pg € X, there is a constant
B > 0 such that for all cost sequences c:

E [costy(c)| < a - cost’(c) + B.

Such an algorithm is said to be a-competitive for service costs and a’-competitive for movement costs if
there is a constant § > 0 such that for all cost sequences c:

E [servp(c)] < a - cost'(c) +

E [movep(c)| < o - cost’(c) + B

For the n-point uniform metric, a simple coupon-collector argument shows that the competitive
ratio is Q(log ), and this is tight [BLS92]. A long-standing conjecture is that this ©(log 1) competi-
tive ratio holds for an arbitrary n-point metric space. The lower bound has almost been established
[BBMO06, BLMINO05]; for any n-point metric space, the competitive ratio is )(log 1 /log log ). Follow-
ing a long sequence of works (see, e.g., [Sei99, BKRS00, BBBT97, Bar96, FM03, FRT04]), an upper
bound of O((log n)?) was shown in [BCLL21].

Competitive analysis via gradient descent. Let us consider an equivalent fractional perspective
on MTS where the online algorithm maintains, at every point in time, a probability distribution
¢ € R¥, and we interpret the costs similarly as a vector ¢; € R¥. The cost of the algorithm is then
given by

Z ((Ht, cr) + Wy (i1, #t)) ,

t>1
where W)li is the L! transportation cost between two probability distributions on (X, d). This
perspective is convenient, as now the state of the algorithm is given by a point in the probability
simplex Ax C Rf .



This yields a natural first algorithm for solving MTS:

Ui+l = Proj,, (pe —1nct), (1.1)

where 1) > 0 is some parameter we can choose and proj, , denotes the Euclidean projection onto the
convex body Ax. Moreover, it gives a natural way of relating the cost incurred by the algorithm to
the cost incurred by any other state v € Ax: It is a basic exercise in convex geometry to show that

lpes1 = vIIP = llpe = vII? < nlee, v — ). (1.2)

In other words, if {(c;, pit) > (ct, v), then p; approaches v proportionally in the squared Euclidean
distance.

Thus we cannot consistently incur more service cost than any fixed state. This does not provide a
competitive algorithm because there is, in general, no convenient relationship between the Euclidean
distance ||t — p¢+1|| and the transportation distance W%(yt, Ht+1)-

But one can replace the Euclidean distance by any Bregman divergence D¢ associated to a
strictly convex function ®@. Equivalently, we perform the projection (1.1) in the local inner product

(u,v)y, = (V2D(us)u, v).

Thus by choosing an appropriate geometry on Ay, one can hope to obtain a competitive algorithm.
Such algorithms often go by the name mirror descent and the regularizer @ is called the mirror map
(we will often use the term reqularizer interchangeably).

This framework is proposed in [ABBS10, BCN14] and applied to the k-server problem in
[BCL*18], and to MTS in [BCLL21] and [CL19]. In all these papers, the algorithms apply only to
ultrametrics (equivalently, to hierarchically separated tree metrics (HSTs)). In [BCLL21], mirror
descent is used to analyze the algorithm on weighted stars, and these algorithms are glued together
in an ad-hoc way to handle HSTs. In [CL19], stronger bounds (known as “refined guarantees”)
are obtained by finding an appropriate regularizer on arbitrary HSTs. In both cases, general finite
metric spaces are then handled via random embeddings into HSTs.

In the present work, we apply this method directly to MTS on general metric spaces and match
the best-known competitive ratio. Previously, it was unknown how to achieve any poly(logn)
competitive ratio for general metric spaces using mirror descent and achieving this was posed as an
open problem by Bubeck!.

We consider this an important step in advancing the underlying philosophy. Note that past
approaches to MTS have involved a series of ad-hoc, complicated algorithms, along with clever
potential function analyses. In contrast, in the mirror descent approach, once one specifies a convex
body and a regularizer, both the algorithm and the method of analysis fall out naturally. Indeed,
the most subtle part of competitive analysis lies in connecting the cost an online algorithm incurs to
the cost of some offline optimum, and this is done entirely through the general Bregman divergence
analog of (1.2), which becomes

Do(v [| gt+1) = Do(v || put) < {ce, v — pie)-

1Posed in his talk at HALG 2019.



2 The multiscale noisy metric entropy

To obtain poly(log n)-competitive algorithms for MTS, previous approaches [BCLL21, CL19] employ
a regularizer that can be cast as a multiscale entropy for probability distributions on an underlying
tree metric. To handle general metric spaces, we will consider probability distributions on a lifted
convex body that is specified by a directed ayclic graph whose sinks are the points of (X, d). See
Figure 1 for a pictoral representation when the metric space is a path.

Figure 1: A hierarchical flow DAG over the path

The hierarchical flow DAG. Consider a finite set X and a directed ayclic weighted graph
D =(V,A)with X C V and such that

(i) D has a single sourcer € V, and
(ii) The set of sinks in D is X.

We say that D is a DAG over X. In what follows, we use the notation R, := {x €e R: x > 0} and
Rit :={x € R:x > 0}. For an arc (u,v) € A, we will often use the shorthand uv.

A vector F € R% is called a flow in D if holds that

Z Fuo = Z Fou, YueV\(XUI{r)). 2.1)

v:UVEA v:vUEA

Foraflow Fand u € V' \ X, define F,, := ). ,,pea Fuo. Forasink x € X, we define Fy := },,.,,xca Fux
as the flow into x. Say that F is a unit flow in O if F; = 1, and let fp C Rf denote the convex set of
all unit flows in D.

A (directed) path y in D is a sequence y = (Ui, Uglz, . .., Uy—1Uy) With u;u;1 € A for each
ie{l,...,m—1}. We will occasionally also specify a path as a sequence of vertices. We use y to
denote the final vertex u,, of y. Let Pp denote the set of all paths in O from r to some sink.

The multiscale entropy. Letw € R%, denotea vector of nonnegative arc lengths that are decreasing
along paths, i.e., such that w,, > @y, whenever uv, vw € A. Let 0 € R4, specify a probability
distribution on the edges leaving every vertex, i.e.,

Z Ow=1, YueV\X. (2.2)

v:UvEA



Define the associated values

Nuv =1 +1og(1/0,,) (2.3)
Oup = qu/rluv- (2.4)

We refer to the triple D = (D, w, 0) as a marked DAG. For a given normalization parameter x > 0,
such a marked DAG yields a multiscale entropy functional @4 : ¥ — R, defined by

1 w F
Oy (F) = > (P + 6L,vFu)log( o 5111,) .

F
HOEA uv u

One can consult [CL19] for a detailed discussion of multiscale entropies of this form on HSTs.

Two notions of depth. We define two notions of depth associated to D. The first is the combinatorial
depth Ao(D) which is the maximum number of arcs in any path from r to some sink X. For y € Pp,
let us define

0):= | | 6o (2.5)

uvey

and let the information depth be defined as
Ar(D) := max log(1/6(y)).
y€Pp

Note that 0(-) induces a probability distribution on Pp, and as clearly for y € P it holds that
0(y) > e=M®) we have A
log |Pp| < AI(D). (2.6)

2.1 Mirror descent dynamics

Let us now fix a marked DAG D and take ® := ®;. We seek to define a continuous path
F : [0, 0] — Fp that represents the dynamics of projected vector flow in response to a continuous
path c(t) € RY of costs arriving at the points of X.

A natural Euclidean flow would be specified heuristically by
F(t +dt) = projg (F(t) —c(t)dt),

where for v € R4, we define projz, (v) as the unique point of ¥p with minimal Euclidean distance
to v. In other words, we move a little in the direction —c(t) and then project back to the feasible
region Fop.

Instead, we will define our dynamics using the Bregman projection proj%) associated to our
multiscale entropic regularizer, where

proj%)(v) = argmin {Dg (v' || v) : v’ € Fp},

and
Do (v || v) := ©(v) — D(v) — (VO(v), v" — v)
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is the Bregman divergence associated to ®.

One can show that if ¢(t) is continuous, then there is a path F : [0, ) — Fp for which the
following dynamics are well-defined (for almost every ¢ € [0, o)):

F(t +dt) = projg (F(t) - c(t) dt)

This path further satisfies (for almost all t € [0, c0)) the system of partial differential equations
given by

Fyo(t) Nuo [ Fuo(t) A
oh|—=——=]|= t) — Cupl(t A 2.7
(75 ) = (25 o -2, e .
where C,;4(t) = T, (1)>01Co(t) if v € X, and otherwise
t)
Cup(t) =1 § Fooll) 2.8
Cuo(t) {Fuo(t)>0} F. () Cow(t), (2.8)

w:VvwWEA

and f,(t) is the unique value that guarantees

uv(t)
Z F.(t) 0.

v:UvEA

ie.,

uv FM?) A
Zv:uveA ZW (Fu((tt)) + 5uv) Cuv(t)
uv Fuv t
Zv:uveA g)lm (Fu((t)) + 6140)

Here we express the algorithm in continuous time for conceptual simplicity; its evolution is
completely specified by the regularizer ®; and the costs c(t). But the existence of a solution to (2.7)
is derived from the limit of discrete-time algorithms in Section 4.

,Bu(t) =

2.2 Metric compatibility

To analyze the algorithm specified by (2.7) on a metric space (X, d), we need additionally that
= (D, w, 0) is compatible with the geometry of (X, d). Suppose that D is a marked DAG over
X. Say that D is 1-geometric if it holds that for every pair of consecutive arcs uv, vw € A, we have
Wyy Z TWyy-
Let us define a metric on Pp as follows: Suppose y1,y2 € Pp and let u € V be the first vertex at
which they diverge, i.e., at which uv; € y1, uv; € y2 and v # vy. Define the distance

diStj)()/lz y2) = max(Wyo, , Wuv,)-

One can check that this gives a metric on Py since the arc lengths are decreasing along source-sink
paths. In fact, this defines an ultrametric on Pp.

Say that D is e-expanding (with respect to (X, d)) if for every pair y1, v € Pop, it holds that
disty (y1,72) > €d(71, 75),

where we recall that ¥, ¥, € X are the endpoints of y1 and y», respectively.
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We may extend disty to a distance on ¥y by defining W})(F , F’) as the L!-transportation cost

between F,F’ € Fp with the underlying metric dist;, noting that F and F’ can be viewed as
probability distributions on Pop.

Say that D is L-Lipschitz (with respect to (X, d)) if for every path x1,x3,...,x, € X, thereis a
sequence of flows F1), F@, ... F"™ e Fp such that:

1. FY is a unit flow to x; for everyi=1,2,...,m.

2. It holds that )

3

m—1
W})(F(i),lf(i”)) <L Z d(xi, Xis1)-
i=1

Il
—_

i

Our main result follows from the next two theorems, which are proved in Section 4 and Section 3,
respectively.

Theorem 2.1. Suppose (X, d) is a metric space and D is a T-geometric marked DAG over X, for some T > 4.
If O is e-expanding and L-Lipschitz with respect to (X, d), then for x = 6L, the MTS algorithm specified by

(2.7) is 1-competitive for service costs, and O (L (AO(D) + Al(f))) )—competitive for movement costs.

Theorem 2.2. For every n-point metric space (X, d), there is a 12-geometric marked DAG D over X that is
1-expanding and O(log n)-Lipschitz, and moreover satisfies

Ao(D) + Al(D) < O(log n).

3 Construction of a compatible DAG over (X, d)

In Section 3.1, we present the main construction of a marked DAG 9 whose vertices are net points
at every scale. Achieving the crucial property A;(D) < O(log 1) requires choosing the net points
and the arcs of D carefully. In Section 3.2, we argue that D is e-expanding and L-Lipschitz for ¢ = 1
and L < O(logn). It may not be that Ag(D) < O(logn), but in Section 3.3 we give a generic way of
obtaining this property while leaving the other essential properties intact.

3.1 Hierarchical nets

Fix an n-point metric space (X, d) and assume, without loss of generality, that diam(X) = 1. Define
e:=min{d(x,y):x,y € X} and K := 1+ [log_(1/¢)].

Construction of nets. Consider a parameter 7 > 0. We construct an n-net N C X inductively as
follows. Define Ny := @ and for j > 1, inductively define the set

S]' =X \ Bx(N]‘_1,17).

If S; = 0, then we take N := N;_1. Otherwise, let x; € S; be a point that maximizes |Bx(x,7/3)|
among x € S; and define N; := N;_1 U {x;}.



Lemma 3.1. Theset N C X is an n-net with the property that for any set W C X, if
x* € argmax {[Bx(y,1/3)| : y € NN Bx(W, 1.5n)},

then
IBx(x",1/3)| > max{|Bx(w, 1/3)| : w € W}

Proof. Suppose x; € N is the element with j minimal such that Bx(x;, 1.51) " W # 0. Then

(Bx(x1,m)U---UBx(Qj-1,1) NBx(W,n/3) =0,

and hence by the greedy selection procedure,

|Bx(xj,n/3)| = |Bx(x",1/3)|
|Bx(xj,1/3)| > max{|Bx(w,n/3)| :w € W},

completing the proof. m|

Denote 7 := 12. For each k € {0, 1, ..., K}, let Uy denote a 77 k-net that satisfies Lemma 3.1 with
n= 7K. We now construct a DAG D = (V,A) with V := {(u, k) : u € Uy, k € {0,1,...,K}}. For
k €{0,1,...,K -1}, let Ax denote the collection of pairs (u,u’) for every u € Uy and u’ € Uy
satisfying:

d(u,u’) < 4t7F (3.1)
|Bx (1, 77%/3)| > max {IBX(w, k3w e Bx(u’,6’[—(k+1))} ) (3.2)

We define A == Uy {(u, k), (', k +1)) : (u,u’) € Ax}, and

G f)w k1) = 10T7F.

Since Uk = X, we can identify the sinks in O with the points of X. We take r := (u,0), where
U() = {u}

Observation 3.2. Suppose that (1, k) € Uy and (x, K) € V is reachable in D from (u, k). Then
d(u,x) < 4t F + 4770+ 4o 4= (KED) < 57k,
ForasetS C Xand k € {0,1,...,K}, define
@k(S) := argmax {|Bx(y, 7*/3)| : y € Bx(S,2t*) N Uy} . (3.3)
We will require the following fact later.

Lemma 3.3. Consider a set S C X with diamx(S) < 277K, Ifu’ € S N Ugsq, then (pi(S), u’) € Ay.

Proof. Denote u := @(S). Since u’ € S and u € Bx(S,2t7¥), it holds that d(u, u’) < 477%, and
therefore (3.1) is satisfied. Now denote W := Bx(u’, 6t~ **1). Then Bx(W, 1.577%) C Bx(S,2175),
hence Lemma 3.1 implies that

|Bx (1, 77%/3)| > max{|Bx(w, 5/3) s w e W} ,

which shows that (3.2) is satisfied as well. |



Fork € {0,1,...,K—1} and (u,u’) € A, we define

Bx(u', kD /3)]
Zw:(u,w)eAk |Bx(w, T_(k+1)/3)| .

O k), k1) =

Claim 3.4. It holds that

> Bx(w, TE3)] < |Bx(u, 677

w:(u,w)eAL

Proof. Since the elements of Uy form a 7-**1-net, the balls {BX(w, =D /3y (1, w) € Ak} are
pairwise disjoint. Furthermore, by Observation 3.2, every such ball is contained in

Bx(u,5t ™% + =%+ /3) C Bx(u,617%). m]

Lemma 3.5. It holds that Aj(D) < 3logmn, i.e., for every path y € Pp,

Z log(1/6,,,) < 3logn.

uvey

Proof. Consider a path y = ((u,0), (u1,1), ..., (uk, K)). From the definition (3.4) and Claim 3.4, it
holds that

=
-

|Bx (g, 6T7%)]
|Bx (ug1, T=*+D/3) |

K-1
108 (1/0uy 1w k1)) < ), l0g (3.5)

0 k=0

=~
I

Let us denote ¢ := ug. By Observation 3.2, it holds that d(¢, uy) < 61k for 0 < k < K. Therefore,
Bx (ux, 617F) € Bx(¢,1277F). (3.6)
Furthermore since (ux, tx+1) € Ax, by (3.2), we have
|Bx (1, TF/3)| > max {le<w T%/3)| s w € Bx(ugs1, 6T (k“))} > |Bx(¢,7%/3)l,  (37)
since d(¢, ug,1) < 61K+,
By combining (3.5)—(3.7), we obtain
K-1

K-1
Bx(¢,12775)] |Bx(¢, D)
Elo 1/6 <Elo El < 3logn,
- 8( / (uk,k)(uk+1,k+1)) i S|BX(€, T—(k+1)/3)| IBx(l’ T (k+2))| &

where we used 7 = 12 in the penultimate inequality. m]

The above result together with (2.6) yield the following.
Corollary 3.6. It holds that |Pp| < n®



3.2 Distortion analysis
Lemma 3.7. It holds that D is 1-expanding with respect to (X, d).

Proof. Suppose that y1, 72 € Pp and let u € V be the first vertex for which uv; € y; and uv; € y;
with v1 # vo. If u = (x, k), then wyo, = Wyp, = 107 % and so disty(y1,72) = 107~ k. Moreover, by
Observation 3.2 we have

d(71,72) < d(71,%) +d(7,, %) < 10775,

completing the proof. m]

For a partition P of X and x € X, we let P(x) denote the unique set in P containing X. We will
require the following well-known random partitioning lemma.

Theorem 3.8 ((CKRO1]). For any finite metric space (X, d) and value A > 0, there is a random partition P
of X such that:

1. diamx(S) < A for every S € P.

2. Forall x,y € X, it holds that
d(x, x
(x y)1 |B(x, A)|

P[P(x) # P(y)] < 8— B A8

For each k € {0,1,...,K}, let Py be a random partition of X satisfying the conclusion of
Theorem 3.8 with A = 77X, Define a random map P : X — Uy as follows:

Yr(x) := pr(Bx (Pi(x),77%/2)),
where @y is the map defined in (3.3).
Lemma 3.9. For every x € X, it holds that {(1o(x),0), ({1(x),1),..., (Yk(x), K)) is a path in D.

Proof. It suffices to show that for any k € {0,1, ..., K — 1}, we have ({k(x), Yx+1(x)) € Ak. Define
u = Pry1(x) and S := Bx(Pi(x), 77%/2). Then diamx(S) < 2t7F and

d(x, 1) = d(x, Pri1(x)) < 207D 4 diamy (Bx (Prs1(x), =5 /2)) < 40~ < 7k /2,

where the last inequality follows from 7 = 12. Hence u’ € S N U;1. We can therefore apply
Lemma 3.3 to conclude that (¢« (x), u’) = (pi(S), u’) € Ax, completing the proof. O

For x € X, define W(x) := ((¢0(x),0), (¥1(x),1), ..., (k(x),K)). From the preceding lemma,
we know that W : X — Pqpy.

Lemma 3.10. Forany x,y € X, it holds that

E [distz(¥(x), W(y))] < O(logn)d(x, y).

10



Proof. From Theorem 3.8, we have

K
E [disty, (W(x), W(y)] < Y PIPe(x) # Pi(y)] - 1077
k=0

K
|B(x, 77")|
< 80d(x,y) Z log ———-"=
£ 8 [B(x, 7 F/8)]
< 80log(n)d(x,y),
where in the last line we used 7 = 12 > 8. m]

Corollary 3.11. It holds that D is O(log n)-Lipschitz with respect to (X, d).

Proof. Consider any sequence x1, .. ., X;, and let us map it to the random sequence W(x1), ..., W(xy,).
Then from Lemma 3.10, we conclude

-1

3

m—1
E [distz, (W(x}), W(xj1))] < O(logn) > d(xj, xj41)-
j=1

1l
—_

j
Hence there is a mapping f : X — Pp (that depends on the sequence x1, ..., x,) such that
2}”:_11 d(f(x;), f(xj1)) < O(logn) Z}“;ll d(xj, xj+1), completing the proof. m]

3.3 Compression

LetD = (D, w, 0) be the t-geometric marked DAG constructed in Section 3.1. For a pointu € V,
we let o(u) denote the number of paths in D that start at u and end in a point of X.

Observation 3.12. For u € V' \ X, it holds that
o(u) = Z (). (3.8)

v:UvEA

Say an edge uv € A is heavy if v ¢ X and o(v) > o(u)/2; otherwise we say that uv is
light. Moreover, we say a path y = (ujuo, upus, ..., Up—1ty) in O is heavy-light if all the edges
U1Up, U3, . .., Uym—2Upy—1 are heavy and u,,_1u,, is light. The next lemma is straightforward and
follows from (3.8).

Lemma 3.13. For every u € V, there is at most one heavy edge in D leaving u.

Now we construct the marked DAG D = (D’,«’,0’) with D’ = (V,A’) as follows. We
connect u; = (x;,i) € Vtou; = (xj,j) € Vfor1 <i <j < Kin 2’ if there is a heavy-light path
Y = (Uilliy1, Uir1Uis2, . . ., Uj-14;) from u; to u; in . Note that by Lemma 3.13, at most one such
path can exist. We further set

’ - —j+1
Wy = 10777,

j-1
’ —
Quiuj T 1_[ 6“k“k+1‘
k=i

11



Lemma 3.14. For uv € A’ with v ¢ X it holds that
o(v) < o(u)/2.

Proof. Since uv € A’, there must be a heavy-light path y = (wiwy, ..., wWy-1w,) in O with wy = u
and w,, = v. Clearly the values of ¢(-) are non-increasing along the (directed) paths in D, hence we
have

o(u) = o(wy) > -+ = o(wp-1).

Furthermore, as w;,_1v is a light edge and v ¢ X, it follows that
0(v) < o(wm-1)/2 < a(u)/2,
as desired. O

Lemma 3.15. It holds that Ao(D’) < O(log |Pop]).

Proof. We will argue that for every y € P, one has |y| = O(log |Popl). Let y = (uquy, ..., y—1Um).
Lemma 3.14 implies that for 1 < i < m — 2 we have o(u;4+1) < o(u;)/2. Further note that we have
o(u1) = |Popl, and also clearly o(u,—1) > 1. Therefore,

m -2 < log,(|Pol),
completing the proof. m]

We now define the map f : Pp — Py as follows. For a path y € Pop, let f()) denote the path
obtained by contracting all the heavy edges in y. More precisely, for y = (ujuo, usus, ..., Up—1Um),
we define f(y) as follows. Denote iy := 1, and for j = 1,2,...,m’, let i; denote the jth index for
which uj;—qu; is a light edge. We then denote

f(y) = <ui0ui1, uil Miz, ey uim,_luim,).
Lemma 3.16. It holds that Aj(D) < Ar(D).

Proof. As all the edges in D’ correspond to a path in D, f is a surjective map. Furthermore, for
y € Pp, one has O(y) = 0'(f(y)), for O(-) defined as in (2.5) and 6’(-) defined analogously, and thus
we have

€

Ai(D) = max log(1/6'(y")) = max log(1/0'(f(y))) < max log(1/6(y)) = Ai(D),
V' €Poy y€Pp 7€PD

completing the proof. O

Lemma 3.17. Forall y,y’ € Py it holds that

distg)(y,y") = disty (f (1), f(Y))-

12



Proof. Denote y = (uiup, ..., Up-1ty) and Y’ = (uju
vertex at which y and )’ dlverge so that we have

Wy, u,_jun), and let u; = u! be the first

disty) (P, P’) = max(wy,u,,, @ ) =107"".

By Lemma 3.13, at most one of u;u;,1 and uiulf .1 can be heavy. Suppose that u;u;41 is light. Take
j :=1wheni =1, and otherwise let j < i be the maximum index for which u;_qu; is light. Further
let k > i be the minimum index for which u; is a light edge. Note that k is well-defined because

, k k+1
u; _uy, is light. Now we have
dlStZN)(f(V)/ f(yl)) = max(w:ljlliﬂ’ w;ju,’ﬁl)
= max(wy,y;,,, w”;@”iﬂ) = max(107 77, 10T_k) =1077",
as desired. O

Lemma 3.18. The D is a marked DAG that is also T-geometric.

Proof. We first establish the T-geometric property. Consider u, v, w € V with uv,vw € A’. Denote
v = (x,1) for some 1 < i < K. Then by construction, we have w; > 1077*! and w’,, < 1077,
completing the proof.

uo ow

Next, we show that D is a properly-constructed marked DAG. We need to establish that for
u € V \ X it holds that
> 0, =1. (3.9)

v:uveA’
Let v := u and let y = (uv1, 0102, ..., vk-10k) be the maximal heavy path going out of u for some
k > 0, meaning that all the edges v;v;11 are heavy for 0 < i < k — 1. Lemma 3.13 implies that the

choice of y is unique.
Now using (3.9), write

Z 9; Z Z ijy HQWUM""HQWUM' Z kay

v:uveA’ j=0 y#vjs1: Y:vryeA
vjyeA
k— j-1 k-1
)DL | (Y § C%
j=0 y#vj+1: (=0 (=0
vjyEA
-2 j—=1 k=2
=SS o [Joow [ own | X 0
j=0 y#0vj41: (=0 (=0 Y:vk_1y€EA
vjyeA

= > Oy +Ouur | D Oury

Yy#o1: y:v1y€EA
voy€EA

13



- Z Oooy

Y:voy€EA
=1,

as desired. O
We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. Let us show that D satisfies the requirements of the theorem. Lemma 3.18
shows that D is a 12-geometric marked DAG.

Now note that for y € Pp we have f(y) = 7, and thus Lemma 3.17 in conjunction with
Lemma 3.7 and Corollary 3.11 implies that D is 1-expanding and O(log n)-Lipschitz. Moreover,
Lemma 3.16 together with Lemma 3.5 bounds the information depth of D. Finally, a bound on the
combinatorial depth follows from Lemma 3.15 and Corollary 3.6. m]

4 Algorithm and competitive analysis

4.1 Discrete-time algorithm

Let D = (D, w, 6) be a marked DAG on X with D = (V, A). We now describe a generalization of
the discrete-time dynamics of [CL19] on D in response to a sequence of costs {(c; : t > 1), where
¢t € IRff. Define

QD::{pGRﬂVueV\X: > pm,:l}.

v:UvEA

Forg € Qp and u € V' \ X, we use q(”) to denote the restriction of g to the subspace spanned
by subset of standard basis vectors {e,, : uv € A}, and we define the corresponding probability
simplex Qg) :={q" : g € Qp}. For convenience, we use qﬁ}“ for qgf;).

Let ¥ > 0 be a normalization parameter, and let the values 1, and 6,, be defined as in (2.3) and

(24). Foru e V\Xandyp € Q(Du), define

1 uo
CD(“)(P) = - Z g (Puv + 5uv)10g(puv + O0uv),

uv
v:UvEA

and for p’ € Qg), denote

’ ’ 1
DY lIp) = Deuplip) == >

K u
v:UvEA

+0
[(puv + Ouw)log ?]TZ: +Pio — Puv| -

uv

Wyy

v

We now define an algorithm that takes a point g € Qp and a cost vector ¢ € R¥ and outputs
a point p = A(q, c) € Qp. Fix a topological ordering (u1,uy, ..., ux) of V\ X in D. We define p
inductively as follows. Denote ¢, := ¢y for x € X, and foreachj =1,2,...,N:

65,1”) = Cy Yo :(uj,v) €A 4.1)

14



p) = argmm{ (u;)(p I qw,)) <P C(u;)> |pe QW} (4.2)
b=y pli e, 4.3)

v:UujvEA

We will use A? : Qp — Fp for the map which sends g € Qg to the (unique) F = AP(q) € Fp
such that
Fuv = Fyquo Yuv € A.

Note that q contains more information than F; the map AP fails to be invertible at F € F5 whenever
there is some u € V \ X with F,, = 0. We will drop the superscript D from A? whenever it is clear
from context.

Now let pg be an arbitrary point in Qp. Given the cost sequence {(c; : t > 1), fort =1,2,... we
define

pr = ﬂ(pi—llct)/ (44)

and the associated MTS algorithm plays the distribution A?(p;)|x, i.e., at every x € X (recall that
these are precisely the sinks in ), the algorithm places probability mass equal to the flow in
AP (p;) entering x.

For c € R¥ and F € Fp we define
(c,F)x = Z coFy = Z coFup.
veX uveA:veX

So the service cost of the algorithm until time ¢ > 1 is given by
t
Z c, AP (ps
s=1
and the movement cost is given by
t
W (AP (peon), AP (o))
s=1

where we recall the L! transportation distance defined in Section 2.2.

4.2 Analysis via unfolding to an ultrametric

Let D = (D, w, 0) be a T-geometric marked DAG. As in Section 3.3, for a point u € V, we define
o(u) to denote the number of paths in D that start at u and end at X. Then if D is a tree and
furthermore, for uv € A, one defines

a(v)

Oup == —=,
o(u)

(4.5)
then the algorithm of the preceding section is exactly the same as the one for HSTs introduced in

[CL19], as o(u) is precisely the number of leaves in the subtree rooted at 1. The next result is a
restatement of [CL19, Thm. 2.7].
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Theorem 4.1 ([CL19]). Let D = (D, w, 0) be a t-geometric marked DAG over X, for some T > 4, and
such that D is a tree. If O is defined as in (4.5), and D is 1-expanding and L-Lipschitz, then there is
some value x =< L and a number ¢ = e(D) > 0 so that for any sequence of cost vectors (c; : t > 1)
satisfying ||ct||o < €, the MTS algorithm specified in Section 4.1 is 1-competitive for service costs and
O(L (Ao(D) + log | X1)))-competitive for movement costs.

Note that the condition on the ¢, norm of the cost vectors in the above theorem is not restrictive,
since as noted in [CL19], we can always split arbitrary cost vectors into smaller pieces with each
satisfying the desired ¢, bound.

Our goal now is to show that if 0 is defined as in (4.5), then similar guarantees as in Theorem 4.1
hold for the algorithm on i), even when D is not a tree.

Theorem 4.2. Let D be a t-geometric marked DAG over X, for some T > 4, and such that 6 is given by
(4.5). If D is 1-expanding and L-Lipschitz, then there is some value k < L and a number ¢ = e(D) > 0
so that for any sequence of cost vectors {c; : t > 1) satisfying ||ct|| < €, the MTS algorithm specified in
Section 4.1 is 1-competitive for service costs and O (L (Ao(D) + log | X|)))-competitive for movement costs.

Note that from (2.6) it follows that
Ao(D) +log [Pp| < Ko(D) + Al(D),

and hence the above theorem together with Theorem 2.2 already gives a competitive algorithm
with our desired bounds, though only for the specific choice of 0 given by (4.5). In Section 4.3, we
address the case of general 0.

We prove Theorem 4.2 via a simple reduction to Theorem 4.1. Consider a 7-geometric marked
DAG D = (D,w,0) on X with D = (V,A). Note that d4 defines an ultrametric on Pp. We
show that the dynamics on D are “equivalent” to the dynamics on the HST corresponding to the
ultrametric (Pp, dg). More precisely, let us construct the 7-geometric marked tree D=(D,w, 0’)
with D’ = (V’, A’) as follows. We define V’ as the set of (directed) paths is D originating from the
root. Furthermore, we connect y € V' to y’ € V’ whenever ) is formed by adding the edge )’ to v,
and set

C()V)// = 6)/)/’ = 97/_1

v
One can verify that Disa T-geometric marked tree over Pp. Moreover, since 9’ is a tree, there is a
natural identification between the elements of Py and Pgr so that for y, 9" € Pop it holds that

dp(y,y) =dp(y, ") (4.6)

Now for p € Qqp, define p € Qg to be the natural extension of p in D’ so that for y)’ € A’ one has
Py =Py Furthermore, for a cost sequence ¢ € R¥ define its extension ¢ € R”? as the vector with

¢y = ¢y for y € Pp. Finally, let A denote the single-step discrete dynamics on D as defined in
Section 4.1, and similarly let A’ denote the discrete dynamics on ©. Then the following lemma is
straightforward.

Lemma4.3. Let p € Qp, ¢ € RX. Then it holds that

(AP(p), c)x = (AP)(p), E)pyy. (4.7)

Furthermore, for q = A(p, c) we have
A'(p,¢)=7. (4.8)

16



We are now ready to prove the main result of this section.

Proof of Theorem 4.2. Let pg € Qp and g9 € Qo with go = py. Given the cost sequence (c; : t > 1),
fort > 1let

pr = Apr-1, )
and

qr = A'(qe-1,Ce).
Then by repeatedly applying (4.8) we get that for t > 1 we have gq; = p;. Therefore from (4.7) and
(4.6) it follows that the service and movement costs of the dynamics on D and D are equal. Hence

the competitiveness guarantees for the dynamics on D follow from an application of Theorem 4.1
to the dynamics on O, completing the proof. m]

4.3 Analysis of the general case

We now prove Theorem 2.1 via a relatively straightforward generalization of the analysis in [CL19].
Let D = (D, w,0) be a 1-geometric marked DAG with 7 > 4, and consider the mirror descent
dynamics on D described in Section 4.1.

For a unit flow F € ¥p and q € Qp, define the global divergence function

Fll?}
F. T
(Fuo + Fy6u0)log 7

Wyy

uv
+Fuqu_Fuv ’

uov uv 614?}

ANEEDY

uveA

with the convention that 0log (§ + 6,) = lim.— ¢log (2 + 6,) = 0. We further define the norm
/1(w) as

Il = D @uolFuol.

UveA
Observation 4.4. For F, F’ € Fyp it holds that

1 4 / /
EllF —Fllgw) < W})(F,F ) < |IF = F'llgy(0)-

The next lemma lets us bound the amount of change of the global divergence when the offline
algorithm makes a movement.

Lemma 4.5 ([CL19, Lemma 2.2]). For flows F,F’ € Fp and q € Qp we have
, 1 4 ,
ID(F I19) = B [[9)] < @+ DIF = Fllg

Suppose q € Qp, p = A(q, c), and further let Q = u(q), P = u(p). The KKT conditions for (4.2)
give: For every uv € A,

1 C()uv 10 (puv + 614?]
K Nuo Quo + Ouov

where a,, is the Lagrange multipliers corresponding to the nonnegativity constraints in (4.2),
Bu > 0is the multiplier corresponding to the constraint »,.,,c4 Juv = 1, and ¢ is defined as in (4.3).

) =By —Co+ Quo, 4.9)
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Note that as in [CL19] the nonnegativity multipliers are unique and thus well-defined here. The
complementary slackness conditions give us

Aup >0 = pup =0. (4.10)

We use a® to denote the restriction of @ to the subspace spanned by {e,, : uv € A}.

The following two lemmas, which allow us to bound the service cost and the movement cost of
the algorithm, respectively, are the main ingredients in the proof of Theorem 2.2.

Lemma 4.6. It holds that
D(F llp) - D(F |l9) < {c,F - P)x.

Define wmin = mingyea{@wy, } and

Wmnin T—3

T 20200(D) + (D)) T

Furthermore, for F € Py and r € Qp define

IP(F) = Z WyoFup

and
(1) = ~A(), D (6 || 1)

W(r) = Z W, (r).

ueV\X

Lemma 4.7. Forany Z € Fp:

Q= Pl < [90) = pOOT+ 2 (1W(9) = W(p)] + 24o(D) + A(D))e, Q) . (@11)

Moreover, if ||c|| < €p, then

Q= Pllya) < [0 = p0] + =2 ([W(g) - W(p)] + 280(D) + M(D)(e, Ph) . @412)

We prove Lemma 4.6 and Lemma 4.7 in Section 4.4 and Section 4.5, respectively. Now given
these results, let us prove Theorem 2.2.

Proof of Theorem 2.2. Consider a sequence (c; : t > 1) of cost functions. By splitting the costs into
smaller pieces, we may assume that ||¢¢|[e < €p forall t > 1.

Lett; = 1, and let rs, rI, o, rt*1 € X denote the path taken by an (optimal) offline algorithm in

response to the cost sequence (c; : t > 1). The L-Lipschitzness property of D implies that there
exists a sequence R, R;, ... R:l € ¥p such that R; is a unit flow to r;, and furthermore

Zwl (Ri_,R}) < LZd(rl 1) (4.13)
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Let qo, ..., qy € Qp denote the trajectory of the discrete mirror descent dynamics with x = 6L
on D in response to the cost sequence (c; : t > 1). Further let {Q; = u(g;)}, and suppose Rf, = Q.
Then using D(R] || 90) = 0 along with Lemma 4.6 and Lemma 4.5 yields, for any time t; > 1,

t 51

31
* * 3 * *
D 4e,Qudx < 3 (en, Zdx = DR}, 1140) + = ) IR = Ryl
t=1

t=1 t=1

51 t1
* 3 * *
< ;m,mx = Zl IR; = R}l

|51 6L f
< z;<ct,R:>x = Z; a(ri_y,77),
t= t=

where in the second line we have used D(R || g) > 0 for all R € Fp and g € Qp, and the last
line follows from Observation 4.4 and (4.13). This confirms that the mirror descent dynamics is
1-competitive for the service costs. Now we can write

h t
e 1 AL .
p Z W} (Qt-1, Q1) < - Z W;A)(Qt—lf Qt) (D is e-expanding)
t=1 =1
f
1 .
< - Z Q¢ = Qt-1lle (w) (Observation 4.4)
=1

51
< [(Qu) - 9(Qo)] + = ([‘P(qo) ~W(gn)] + (280(D) + A1(D) D (e, Qt>x) :
t=1

T
where in the last line we used (4.12). This implies that the mirror descent dynamics is (96L/¢) -

(ZAO(Z)) + Al(f)))—competitive in the movement cost, completing the proof. m]

4.4 Bounding the service cost

In this section we prove Lemma 4.6. Let F € Fp, and for u € V' \ X with F,, > 0, define F ONS Qg)

by
Fuw

Fy

The next lemma is a consequence of [CL19, Lemma 2.1].

PS’) =

Lemma 4.8. For u € V \ X we have
D (F(w I p<u>) _p® (F(”) I q<u)) < <5<u> _ g Pl _ p<u)> _ (4.14)
Proof of Lemma 4.6. Multiplying both sides of (4.14) by F,, and summing over all u € V' \ X yields

DFIIp)-DEIl < Y F (e —at, B0 - pi)

ueV\X
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- Z FMU(A(M) )) Z Fupuv(A(H) ag}u))

UveA uveA
< > Rty = > Fupu(@ - al). @™ > 0)
UveA UveA

Note that from (4.10) the latter expression is
DR Y &pe =) Futu.
u¢X VUVEA u¢X

Noting that ¢y = 3, cx 4(p)ucy, this gives

D(FIlp)~D(Fllq) < Y &uFu— > Futu <(c,F—P)y. o
U#r ueV\X

4.5 Bounding the the movement cost

In this section we prove Lemma 4.7. The next lemma shows that when the algorithm moves from Q
to P it suffices for us to bound the positive movement movement cost [[(P — Q)+ |l¢,(.)-

Lemma 4.9 ([CL19, Lemma 2.4]). For F,F’ € Fp it holds that
IF = F'lleyw) = 2 1(F = F)+llgy ) + [P (F) = P (F)].

Lemma 4.10 ([CL19, Lemma 2.9]). It holds that oy, < €y for all uv € A.

Define p,, := log (p””+6“”) so that

q w+HOuy

Juo — Puv = (qu + Ouo)(1 = epuv)_ (4.15)

Recall that for uv € A, we have Qv = 440w Qy and Pyp = puoPy, thus

Quo —Pyy = Qu([hw - Puv) + Puv(Qu —Py) = (Quo + 040 Qu)(1 - epm;) + Puv(Qu - Py).

In particular,

Wyy (qu - uv)+ C‘)uv(qu + 6quu)(1 - ep”v)+ + WyvPuv (Qu Pu)+
< C‘)uv(qu + 6quu)(1 - epuv)+ + Z WyvPuv (Qwu - Pwu)+

w:wueA

w
< C‘)uv(qu + 6quu)(1 - ePuv)+ + Z i~ Puv (Qwu Pwu)+ .

WWUEA

Using »..0ea Puv = 1 and summing over all edges yields

Z Wup (Quo = Puv); < Z Wuo(Quo + 0uoQu)(1 —ePv), + % Z Wyo (Quo — Puo)y

uveA UveA uveA
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hence

Z o (Quo = Puv)y < T i 1 Z Wuo(Quo + 040 Qu)(1 — efr),

UVEA UveEA

T Z a)uv(qu + 6quu)(puv)—

(|
UveA

Z T]llUQuUaU + Z Queuv(ev - Ofuv) 4 (416)

UveA UVEA

<

KT

<
Sr-1

where the last line uses Lemma 4.10 and (4.9), to bound w5 (puv)- < KNuo (Co — Qup).

Lemma 4.11. It holds that

Z nquuvév < (AO(D) + AI(ZA))) <C, Q>X .

uveA
Proof. Consider a decomposition of Q into flows on single source-sink paths. More precisely, let
X : Pp — R, be so that
Q= Z X1,
y€Pp
Note that the existence of such a decomposition is guaranteed by (2.1). Now we have

Z NuoQuoCo < Z C)‘/Q?X(V) Z Nuy S (Ao(D) + AI(ZA))) (¢, Qx,

uveA YePop uvey

since for any y € Pp, we have

D Mo = Iyl +10g(1/6(y)) < Ao(D) + Ar(D). 0

uvey

It only remains to bound the latter term in (4.16). In order to do so, we would need the following
result from [CL19].

Lemma 4.12 ([CL19, Lemma 2.11]). For any u € V \ X, it holds that

\I/u(p) - \yu(Q) < % (Qu—Pu), - v{{}fé‘ Wyp t+ Z (Co = @uo) [Quo — 0u0Qu] - (4.17)

V:UVEA

We omit a proof of the lemma as it is essentially identical to that of [CL19, Lem. 2.11]. In [CL19],
for a fixed u, the probability distirbution specified by (0, : uv € A) is uniform, but the argument
works verbatim for any probability.

Lemma 4.13. It holds that

T—3
KT

1Q = P)llgy ) < 2A0(D) + Ar(D))(e, Q)x + [W(g) — W(p)].
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Proof. Using Lemma 4.12 gives

4.17)
> Qubulls =~ ) < [¥(0) =¥ + = (Q = Plllyo+ D Quol

UveA uveA
2
< W) =W+ Q= P)illyy @) + Ao(D){e, Q)x-
Combining this inequality with (4.16) and Lemma 4.11 gives

T

K HIQ - P) Mgy () < p—

[(zm(@) + 81(D) (e, Qx + (W)~ Wp) + = 1Q = P), |
completing the proof. m]

Proof of Lemma 4.7. (4.11) follows from Lemma 4.13 and Lemma 4.9. To see that (4.12) follows from
(4.11) and Lemma 4.13, use the fact that

l[elleo

Wmin

<C1 Q)X < <C1P>X +

1Q = P), Iy - c
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