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a b s t r a c t

Competition is a pervasive interaction known to structure ecological communities. The Lotka-Volterra
(LV) model has been foundational for our understanding of competition, and trait-based LV models have
been used to model community assembly and eco-evolutionary phenomena like diversification. The
intrinsic growth rate function is determined by the underlying resource distribution and is a key deter-
minant of the resulting diversity, traits and abundances of species. In these models, the width of the
resource distribution relative to the width of the competition kernel has been identified as a key param-
eter that leads to diversification. However, studies have only investigated the impact of width at just a
few discrete values, while also often assuming the intrinsic growth rate function to be unimodal. Thus,
the impact of the underlying resource distribution’s width and shape together remains incompletely
explored, particularly for large, diverse communities. In this study, we vary its width continuously for
two shapes (unimodal and bimodal) to explore its impact on community structure. When the resource
distribution is very narrow in both the unimodal bimodal cases, competition is strong, leading to exclu-
sion of all but the best-adapted species. Wider resource distributions allow stable coexistence, where the
traits of the species depend on the shape of the resource distribution. Extremely wide resource distribu-
tions support a diverse community, where the strength of competition ultimately determines the diver-
sity and traits of coexisting species, but their abundances reflect the underlying resource distribution.
Further, competition acts to maximize the use of available resources among the competing species. For
large communities, the shape of resource distribution becomes immaterial and the width determines
the diversity. These results affirm and extend our understanding of limiting similarity.

! 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Competition structures communities and is ubiquitous in nat-
ure (Connell, 1983; Elton, 1946). The Lotka-Volterra (LV) competi-
tion model is a phenomenological model that underlies much of
our understanding of competition (Lotka, 1925; Volterra, 1926),
particularly the two-species LV model. However, the application
of these models to natural communities that can have tens or hun-
dreds of species in competition is not straightforward. Because
each pair of species requires a pair of competition coefficients apart

from their own growth rates, the number of parameters in the LV
model increases quadratically with the number of species, making
parameterization and complete exploration impossible.

To address this enormous complexity in parameterization, one
approach is to explicitly ground the parameters in species traits,
thus making the model more mechanistic. Focusing on species
traits has several advantages (McGill et al., 2006; Messier et al.,
2010). Both ecological processes such as competition and evolu-
tionary processes such as natural selection act on species through
their traits. Traits offer a natural currency to make comparisons
between disparate communities. Therefore, focusing on traits
instead of species identities allows us a biologically significant
way to cut through the complexity of diverse communities, allow-
ing us to extract meaningful insights (e.g. in Hui et al., 2018).
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Trait-based LV models can be derived from more-mechanistic
consumer-resource models (Ackermann and Doebeli, 2004;
MacArthur, 1972), and have frequently been used to understand
the interplay of competition and evolution (Barabás et al., 2012;
Fort et al., 2009; Polechová and Barton, 2005; Roughgarden,
1979; Scheffer and van Nes, 2006). The width and shape of the
resource distribution has been shown to play an important role
in determining the diversity of communities. A broad consensus
has emerged from previous work that the width of the resource
distribution determines community diversity (Barabás et al.,
2016; Barabás and Meszéna, 2009; Kremer et al., 2017; Szabó
and Meszéna, 2006). Wider resource distributions result in wider
trait ranges where intrinsic growth rate of species is positive, also
known as the fundamental community (Klausmeier et al., 2020).
Simply put, wider fundamental communities have more room in
which to pack species, resulting in more diverse communities.

While studies have investigated the impact of width and shape
on various aspects of the diversification process, they each have
some limitations. First, most studies have assumed unimodal car-
rying capacity functions (quadratic or Gaussian). Kisdi also consid-
ered monotonic functions (linear and convex) (Kisdi, 1999);
Barabas and D’Andrea also considered triangular (Barabás et al.,
2016); and Szabo & Meszena also considered rectangular and frac-
tal (Szabó and Meszéna, 2006). Yet, as far as we know, none have
considered bimodal carrying capacity functions. Second, most
studies using the LV model to study diversification typically focus
on the transition from one species to two (Dieckmann and Doebeli,
1999). Those that consider more species-rich communities use
either a few discrete width-values (Barabás et al., 2016; Pastore
et al., 2021; Szabó and Meszéna, 2006) and/or focus on evolution-
ary divergence through time (Birand and Barany, 2014; Bonsall
et al., 2004; Cressman et al., 2017; Pontarp et al., 2015). Therefore,
the impact of continuously varying the width of resource distribu-
tions with different shapes on the generation of large numbers of
species and their traits has not been investigated (although see
(Barabás et al., 2016; Landi et al., 2013; Szabó and Meszéna, 2006)).

To address this gap, we investigate a trait-based LV model
across a range of resource distribution widths and with two
resource-distribution shapes. Keeping with previous studies, we
assume a Gaussian competition kernel. For the resource distribu-
tion, we choose a traditional unimodal function as well as a more
novel bimodal function. For each of the shapes of the intrinsic
growth rate function, we solve for the Evolutionarily Stable Com-
munity (ESC) (Edwards et al., 2018; Kremer et al., 2017) as a func-
tion of the width of the resource distribution. We find that wider
resource distributions result in higher diversity in the community.
At low widths of the resource distribution, the bimodal distribu-
tion results in twice as many species as the unimodal, but not for
very high widths. For very high widths, we see the same diversity
regardless of the shape of the resource distribution function. We

also find that Matessi and Jayakar’s maximization principle
(Matessi and Jayakar, 1980, 1981) (an extension of MacArthur’s
purely ecological minimization principle (MacArthur, 1970, Mac
Arthur, 1969) to co-evolving species) is applicable to our model,
with multiple species at various widths of the intrinsic growth rate
function.

2. Model

2.1. Model formulation

We model competition using a trait-based LV model, where the
number of speciesN is not fixed a priori but allowed to emerge via
community assembly and eco-evolutionary processes. Each species
i has population density ni, trait value xi, and per-capita growth
rate

1
ni

dni

dt
¼ r xið Þ $

XN

j¼1

a xi; xj
! "

nj ¼ g xi; n
!; x!

# $
ð1Þ

A species’ trait value xi determines its intrinsic growth rate r xið Þ,
the growth rate when no competitors are present. The intrinsic
growth rate function implicitly models its consumption of
resources (Ackermann and Doebeli, 2004; MacArthur and Levins,
1967) and thus captures the resource supply distribution. Since
this distribution might differ between sites, a range of different
intrinsic growth rate functions are possible depending upon the
environment. The competition coefficient a xi; xj

! "
determines the

strength of competition between species i and j, and depends on
the difference between their traits xi and xj. Further, we assume
that the strength of intraspecific competition is 1 (a xi; xið Þ ¼ 1),
so that the equilibrium density of the species by itself (carrying
capacity) equals its fundamental growth rate r xið Þ. More generally,

the per-capita growth rate is denoted by the function g xi; n
!; x!

# $
,

to signal its dependence on the trait xi of the focal species i and the
whole community’s abundances ( n!) and traits ( x!). Since the traits
determine the species’ abundances at an ecological equilibrium,

we simplify the invader growth rate as g xi; x
!# $

at equilibrium.

This simplification only applies at equilibrium since the invader’s
growth rate does depend on the densities of the resident species
when the resident community is not at equilibrium. Note that
our formulation of the LV model in Eq. (1) differs from the more
common formulation that uses the carrying capacity as the trait-
dependent term. We believe that this formulation is more intuitive
because it separates the per capita growth rate of a species into
two terms — the density-independent intrinsic growth rate and

Fig. 1. The two intrinsic growth rate functions plotted at different values of w, the width parameter. A) The unimodal function represents a resource distribution where there
is one prominent resource in the environment. B) The bimodal function represents a different environment where there are two prominent resources.

R. Ranjan and C.A. Klausmeier Journal of Theoretical Biology 538 (2022) 111054

2



the density-dependent effect of competition — and is better
behaved outside a species’ fundamental niche, when r xið ) < 0
(Kuno, 1991; Mallet, 2012).

It is important to note that while our model is phenomenolog-
ical in nature, LV models can be mapped on to consumer-resource
models (MacArthur, 1972; MacArthur and Levins, 1967) under a
restrictive set of assumptions. Specifically, when either the
resource carrying capacity (resource density when no consumers
are present) or the consumer mortality are dependent on the con-
sumer trait, mechanistic consumer-resource models can be con-
verted to a LV form like ours with symmetric competition
coefficients and trait-dependent intrinsic growth rate (Section 2
in the Supplementary information to Pastore et al., 2021). How-
ever, when both the resource carrying capacity and the consumer
mortality are constants, a LV model with symmetric competition
and trait-dependent intrinsic growth rate cannot be derived from
a mechanistic consumer-resource model (Appendix 1 in
Ackermann and Doebeli, 2004). Therefore, our LV model captures
the essence of resource competition while incorporating biological
realism through trait-dependent intrinsic growth rates.

2.2. Functional forms

To represent different resource distributions, we use two
growth rate functions. The first is a displaced unimodal Gaussian
function, for which a single trait (xi ¼ 0, in this case) yields the
maximum intrinsic growth rate (Fig. 1a). The intrinsic growth rate
is given by:

r xið Þ ¼ k1 exp $
x

wk3

# $2

2r2
e

0

B@

1

CA

0

B@

1

CA$ k2 ð2Þ

The parameter w determines the half-width of the intrinsic growth
rate function. Note that the intrinsic growth rate can be negative as
we assume that the environment only allows species with a range
of traits to grow. Constants k1 ¼ 1:1 and k2 ¼ 0:1 determine the
intrinsic growth rate at the peak and ensure that it is negative at
very high and very low trait values.

The second growth rate function is bimodal, which has two trait
values that allow for a maximum intrinsic growth rate (Fig. 1b).

r xið Þ ¼ k1 exp $
x

wk3
$0:5

# $2

2r2
e

0

B@

1

CAþ exp $
x

wk3
þ0:5

# $2

2r2
e

0

B@

1

CA

0

B@

1

CA$ k4 ð3Þ

The constants k1 ¼ 1:1 and k4 ¼ 0:10037 ensure that the intrinsic
growth rate matches the unimodal function (2) at the peaks. For
both unimodal and bimodal functions, re determines the width
of the peaks. In the bimodal case, re also determines the intrinsic
growth rate in the average environment (xi ¼ 0) since it controls
the width of each of the two peaks. For the purposes of this study,
we fix this width at re ¼ 0:25 so that the intrinsic growth rate at
xi ¼ 0 in the bimodal case is positive. In both cases, the constant
k3 ¼ 1:04575 ensures that the region of trait space where
r xið Þ > 0 for the bimodal function is the same as the unimodal
one (2) at any w. The rest of the parameters are the same as in
the unimodal case.

The competition coefficient is determined by the competition
kernel, which we take to be a Gaussian function:

a xi; xj
! "

¼ exp $ xi$xjð Þ2
2

% &
ð4Þ

Here, xi and xj are the traits of the competing consumers i and j and
the competition strength between them decreases with increasing
magnitude of trait difference. Species with similar traits, therefore,

are stronger competitors as opposed to species with dissimilar
traits. Note that this function implies that the strength of competi-
tion is symmetric (see Gallien et al., 2018 for similar work on the
asymmetric case).

2.3. Model analysis

We focus here on the endpoint of the eco-evolutionary commu-
nity assembly process, where invasion is impossible and direc-
tional selection stops, called an Evolutionarily Stable Community
(Edwards et al., 2018; Klausmeier et al., 2020; Kremer et al.,
2017; Minoarivelo and Hui, 2016). In contrast to adaptive dynam-
ics (Geritz et al., 1998), we do not restrict the phenotypes of poten-
tial invaders to be similar to resident species (Brown and Vincent,
1987). This could model either large mutations of residents, or
immigration of distinct species from the regional species pool
(community assembly). Therefore we focus on global evolutionary
stability, which prevents the system from getting stuck on a local
but not global ESS (Geritz et al., 1999). In most cases, the same
equilibrium arises in both the ESC and adaptive dynamics frame-
works (Klausmeier et al., 2020). We briefly point out situations
where it does not below.

One approach to determining the Evolutionarily Stable Commu-
nity (ESC) is to apply an invasion-based algorithm to build up the
ESC for a fixed value of the parameter w. In an empty environment,
we start with a single invader species with trait x1 invading an
empty environment. Since there are no competitors, the invasion
growth rate ( 1

n1
dn1
dt ) for the first invader is r x1ð Þ and invasion is only

successful if x1 is such that 1
n1

dn1
dt ¼ r x1ð Þ > 0.

After a successful invasion, the former invader becomes a resi-
dent, and we solve for its equilibrium abundance bn1 by setting
g x1; x1ð Þ ¼ 0. We then introduce a new invader with trait value x0
at low abundance and calculate its invasion fitness (per-capita
growth rate). With a single species as resident (x1), the invasion fit-
ness of the invader is:

1
n0

dn0
dt ¼ g x0; x1ð Þ ¼ r x0ð Þ $ a x0; x1ð Þbn1 ð5Þ

As before, invasion succeeds if g x0; x1ð Þ > 0 and fails if g x0; x1ð Þ < 0.
The outcome of a successful invasion further depends on the out-
come of the reverse invasion (x1 invades x0), which is determined
by the sign of g x1; x0ð Þ. If g x1; x0ð Þ < 0, we assume that the invader
replaces the resident, otherwise the two coexist (this is not neces-
sarily the case for non-local invaders, where unprotected coexis-
tence is possible (Dercole and Geritz, 2016; Priklopil, 2012), but
such coexistence is not robust to stochasticity and we never
encountered it in our model). More generally, we denote a commu-
nity ofN residents as x! and the fitness of an invader x0 invading a

community with residents x! is g x0; x
!# $

:

g x0; x
!# $

¼ r x0ð Þ $
PN

i¼1a x0; xið Þbni ð6Þ

The fitness gradient, @g
@x0

'''
x0¼xi

determines the direction and

strength of directional selection on species i, which continues until
an evolutionary equilibrium is reached ( @g@x0

¼ 0 for all species i). If an
evolutionary equilibrium is stable such that no other strategy can
invade it, it is called evolutionary stable strategy (ESS). Evolutionary
stability is typically measured locally, using the second derivative

of invasion fitness with respect to the trait of the invader (@
2g

@x20
). If

@2g
@x20

< 0 at an evolutionary equilibrium, the equilibrium is locally

evolutionarily stable. However, @
2g

@x20
> 0 means that the equilibrium

is at a fitness minimum and is called a branching point when it is
convergence stable (however see Dercole et al., 2016 for caveats).
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In adaptive dynamics sensu stricto, the invaders are considered to
be mutants of resident species, with small mutations (Della
Rossa et al., 2015; Dercole et al., 2016; Geritz et al., 1998; Metz
et al., 1996). Thus, the invaders are limited to nearby trait values
of the resident. In that case, a local ESS is the endpoint of the
assembly process, since local evolutionary stability of the evolu-
tionary equilibrium is enough to prevent further invasions from
occurring. However, to account for invaders with substantially
different traits from the residents (either large mutations or immi-
gration of other species), we look for globally evolutionarily stable
equilibria, which we call Evolutionary Stable Communities (Edwards
et al., 2018; Kremer et al., 2017).

This eco-evolutionary community assembly algorithm is well-
established (Edwards et al., 2018; Klausmeier et al., 2020;
Kremer et al., 2017), but can be computationally inefficient, partic-
ularly for diverse communities. Because we are interested in how
the width of the resource distribution (w) determines the ESC,
we instead use a more efficient approach to generate bifurcation
diagrams using continuation as follows (see also Klausmeier
et al., 2020; Landi et al., 2013). First, we calculate the evolutionary
equilibrium of a single species (N ¼ 1), at a narrow width of the
resource distribution to ensure evolutionary stability, using New-
ton’s method to numerically solve for equilibrium abundance

(bn1) and trait value (bx1) by setting g bx1; bx1
! "

¼ 0 and @g
@x0

'''
x0¼bx1

¼ 0.

Then we increase w by a small amount dw, extrapolating the pre-
vious evolutionary equilibrium as an initial guess for Newton’s
method to solve for the evolutionary equilibrium at w0 þ dw. Using
the previous equilibrium as an initial guess helps to ensure conver-
gence and saves computational time, particularly when the num-
ber of species is high, thus allowing us to track the ESC
effectively as w changes. At each value of w, we check local

(@2g=@x2 < 0) and global evolutionary stability (max g x0; x
!# $

& 0) and verify that no species have gone extinct (bni > 0 for all i),
which never occurred in our model. We also check for dynamic sta-
bility (both ecological and convergence stability) by calculating
eigenvalues of the Jacobian matrix of the coupled population equa-

tions (Eq. (1)) and trait equations dxi=dt ¼ @g
@x0

'''
x0¼xi

; the ESC was

always convergence stable and ecologically stable (for a discussion
on non-stationary coexistence, see Landi et al., 2013). If the com-
munity loses evolutionary stability at one of these steps, a bifurca-
tion occurs. In this case, we add another species to the community

by adding g xNþ1ð Þ ¼ 0 and @g
@x0

'''
x0¼xNþ1

¼ 0 to the set of equations and

solve for the equilibrium abundances and traits of the new ESC at a
w value just past the bifurcation point. This solution serves as a
new set of initial guesses for an ESC with Nþ 1 species, allowing
us to continue varying w and solving for ESCs.

We used the EcoEvo package (Klausmeier, 2020) in Wolfram
Mathematica 12 (Wolfram Research, Inc., 2021) to do the numeri-
cal analyses for the bifurcation diagram. The resulting bifurcation
diagrams allow us to contrast the diversification patterns for large
communities under two different shapes of the resource distribu-
tion and investigate the role of the resource distribution vs. compe-
tition in structuring these communities.

3. Results

For each intrinsic growth function, we analyze how the
Evolutionarily Stable Communities (ESCs) depend on the width of
the growth function. We start with the smallest ESCs in both cases
– one species for the unimodal growth function and two for the
bimodal growth function. Increasing the width of the growth
function leads to diversification via evolutionary bifurcations. We

illustrate the initial bifurcations using invasion fitness landscapes.
Since these bifurcations repeat to generate diverse communities,
we then analyze the trait patterns in large communities generated
under each intrinsic growth function. Finally, we investigate the
impact of the intrinsic growth rate functions on the ESCs by com-
paring the resulting trait patterns in the respective bifurcation
plots.

3.1. Unimodal intrinsic growth function

3.1.1. Initial bifurcations
To begin, we examine in detail the initial bifurcations, from one

to two, and two to three species. Low values of w represent a nar-
row resource distribution, so that species compete strongly with
each other. In the narrowest environments, there is no room for
niche differentiation, so that the species with the highest intrinsic
growth rate excludes all others. The evolutionary equilibrium
bx1 ¼ 0 is both convergence and evolutionarily stable (Fig. 2a;
Geritz et al, 1998).

Increasing the width of the resource distribution, w, increases
the invasion fitness of species with traits dissimilar to xi ¼ 0 (both
higher and lower) due to the weakened competition. At the bifur-
cation point w ¼ 1:5511, the second derivative of invasion fitness
becomes zero (Fig. 2b) (Della Rossa et al., 2015; Dercole et al.,
2016). Beyond the bifurcation point, the single species ESC
becomes unstable (Fig. 2c) resulting in a two-species ESC
(Fig. 2d). Notably, this bifurcation occurs through the local evolu-
tionary instability of the single-species ESS, so the new two-
species ESC is reachable under adaptive dynamics sensu stricto.

As w increases further, the increased width of the resource dis-
tribution allows the traits of the two species in the ESC to become
more dissimilar to reduce competition. At these ESCs, although an
invader with x0 ¼ 0 has the highest intrinsic growth rate, it also
experiences strong competition from both the residents, which
prevents its invasion (Fig. 2d). As w continues to increase, the
increasing dissimilarity between the two species in the ESC weak-
ens competition for an invader with x0 ¼ 0 (Fig. 3a). The invasion
fitness of a species with x0 ¼ 0 is zero at the bifurcation point
(Fig. 3b). For larger w, it has a positive invasion fitness (Fig. 3c).
Invasion of this unstable community results in a new three-
species ESC (Fig. 3d) (for a discussion of the consequences of
non-invasion of an empty niche, see Hui et al., 2021, Hui et al.,
2016). Interestingly, this eco-evolutionary transcritical bifurcation
results from the loss of global stability of the two-species ESC
while it remains locally stable. Since adaptive dynamics sensu
stricto only allows invaders with small trait differences, the
three-species ESC would initially be unreachable under adaptive
dynamics, but reachable by large mutation or immigration of other
pre-existing species.

3.1.2. Large communities
Having investigated in detail the bifurcations from one to three

species at low resource distribution width, we now focus on a lar-
ger range of resource-distribution widths that support up to 25
species (Fig. 4). Large widths of the resource distribution support
greater diversity, which arises through the two types of bifurca-
tions we characterized in the previous section. As the community
goes from an odd to an even number of species, it undergoes a
bifurcation where one of the species loses its local evolutionary
stability, similar to the transition from one to two species
(Fig. 2). As the community goes from an even to an odd number
of species, it undergoes a bifurcation where the community loses
global evolutionary stability and becomes invasible by the central
species with x0 ¼ 0, similar to the transition from two to three spe-
cies (Fig. 3).
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As predicted by classical theory (Abrams, 1983; MacArthur and
Levins, 1967), competition results in approximately evenly spaced
traits at any width of the resource distribution due to the character
displacement between the species (Fig. 4). Interestingly, the role of
the shape of the intrinsic growth function is not immediately
apparent from the trait patterns in this case, apart from setting
the range of species with positive growth (white region of Fig. 4),
termed the fundamental community (Klausmeier et al., 2020).
The width of the resource distribution determines the species

richness because species divide the available trait space between
them, each with a roughly constant distance between species.

3.2. Bimodal intrinsic growth function

3.2.1. Initial bifurcations
A bimodal intrinsic growth rate function such as Eq. (3) is rep-

resentative of an environment with two prominent resources. At
low widths of the resource distribution, each peak behaves like

Fig. 2. The invasion fitness landscapes during the transition from one to two species at ESC. The colored vertical bars in the figures represent the traits of the resident species.
(a) Before the bifurcation point (w ¼ 1:55), the invasion fitness of an invader with any trait value is negative. (b) At the bifurcation point (w ¼ 1:5511), the invasion fitness of
the invaders with traits close to resident species at ESC (xi ¼ 0) is zero. (c) As the width increases beyond the bifurcation point (w ¼ 1:5512), the invasion fitness of the
invaders becomes positive and the resident becomes susceptible to invasion. (d) Finally, after invasion at w ¼ 1:5561, a new ESC with two species emerges.

Fig. 3. The invasion fitness landscapes during the transition from two to three species at ESC. The colored vertical bars in the figures represent the traits of the resident
species. (a) Before the bifurcation point (w ¼ 1:72939), no invader can invade the two-species ESC. (b) At the bifurcation point (w ¼ 1:82939), the invasion fitness of the
invader with trait, xi ¼ 0 is zero. (c) As the width increases beyond the bifurcation point (w ¼ 1:8294), the invader faces weakened competition, and its invasion fitness
becomes positive. The inset shows a magnified picture of the invasion fitness landscape. (d) At w ¼ 1:93939, invasion results in a new ESC with three species.
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an independent unimodal growth rate function. As in the unimodal
case, we first examine the initial bifurcations – going from two to
four species, and then from six to seven species. We skip discussion
of the bifurcation from four to six species since it is similar to the
bifurcation from two to four species.

At low w, only a narrow range of species can invade the empty
environment. Typically, in the limit as w ! 0, coexistence is
impossible and the species with the greatest intrinsic growth rate
is a global ESS. However, the growth function in Eq. (3) is atypical,
because the growth rate at the two peaks is exactly equal. There-
fore, at low w, the ESC consists of the two species with maximum
intrinsic growth rate (Fig. 5a).

Increasing the width of the resource distribution increases the
dissimilarity between traits that maximize the intrinsic growth
rate, which also increases the trait differences between the species
in the ESC. Upon further increasing w, two bifurcations occur

simultaneously, one corresponding to each peak of the resource
distribution. At this bifurcation point, the invasion fitness of the
invaders with traits with small differences from the resident
appears to be zero (Fig. 5b), apparently similar to the first bifurca-
tion in the unimodal model where the ESC goes from one-species
to two species (Fig. 2). However, a close inspection (Fig. 5c) shows
that this is actually a nonlocal bifurcation as in Fig. 3, although the
nonlocal invader is so close to the resident that the two scenarios
are practically indistinguishable. Increasing w results in less com-
petition for potential invaders with traits dissimilar to the species
at the peak. As the width crosses the bifurcation point, the evolu-
tionary equilibrium can be invaded (Fig. 5d). Upon invasion, each
peak allows for two residents at the new ESC, bringing the overall
number of species to four (Fig. 5e).

As w increases further, the same type of bifurcation repeats,
resulting in an addition of one species under each peak of the
resource distribution, bringing the overall diversity to six species.
However, increasing w further leads to a different type of bifurca-
tion, which takes the ESC from six species to seven species (Fig. 6).
The increasing width of the intrinsic growth function results in
increased distance between the traits that maximize the intrinsic
growth rate. Since the species at ESC follow these peaks, they are
roughly equally spaced under each peak and become more and
more dissimilar as the width of the resource distribution increases
(Fig. 6a). At the bifurcation point, the central invader with xi ¼ 0 is
on the cusp of invasion and has zero invasion fitness due to
reduced competition (Fig. 6b). Increasing the width further results
in the loss of global stability for the resident community, and
leaves it open to invasion (Fig. 6c). After the invasion by the species
with xi ¼ 0, the new resident community with seven species
regains global stability and is therefore a new ESC (Fig. 6d). As with
the second bifurcation in the unimodal case, this bifurcation con-
stitutes the loss of global stability for the resident and is therefore
not reachable through the small mutations assumed by classic
adaptive dynamics methods.

Fig. 4. The trait patterns of communities up to 25 species as the width of the
unimodal intrinsic growth function is increased. The shaded portion is outside the
fundamental niche, where the intrinsic growth rate of each species is negative.
Competition results in roughly equal spacing of the traits within the fundamental
niche.

Fig. 5. The invasion fitness landscapes during the transition from two to four species at ESC. The colored vertical bars in the figures represent the traits of the resident species.
(a) Before the bifurcation point (w ¼ 2:86283), the ESC consists of two species. (b) At the bifurcation point (w ¼ 2:96283), the invasion fitness of the invaders with traits close
to resident species at both peaks is zero. (c) For a very small parameter range (2:962837 < w < 2:963012) after the bifurcation point, the evolutionary equilibrium loses global
stability but maintains local stability. (d) As the width further increases (w ¼ 2:96383), the evolutionary equilibrium becomes locally unstable. Thus, the invasion fitness of
the invaders at each peak becomes positive (shown in inset) and the resident community can be invaded. (e) After invasion (w ¼ 3:06283), a new ESC with four species
emerges. A magnified view of the fitness landscape at each peak is shown in inset.
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3.2.2. Large communities
As in the unimodal case, after analyzing the initial bifurcations,

we extend the bifurcation diagram to 25 species by increasing the
range of resources and investigate the emerging trait patterns
(Fig. 7). The increased diversity is generated by the two types of
bifurcations we characterized in the previous section, which alter-
nate to add species to the ESC as the resource distribution becomes
wider. The impact of competition on the trait structure is modu-
lated by the bimodality of the intrinsic growth function, but only
at low widths of the growth function, where competition results
in evenly spaced traits centered on the two peaks in the intrinsic
growth function. At high widths however, competition is more
localized in trait space and the species at ESC become evenly dis-
tributed across the entire width.

3.3. Comparison of the unimodal and bimodal cases

Here, we compare the patterns of community structure gener-
ated under the two intrinsic growth functions (unimodal and
bimodal). Since the competition kernel is common between the
two scenarios, comparing them allows us to understand the role
of the shape of the resource distribution. In this section, we com-
pare both the trait patterns from the bifurcation diagrams dis-
cussed above. Further, we also calculate the total competition
faced by the species at ESC under both intrinsic growth functions
and compare it to the intrinsic growth function.

In both cases, we found that increasing the width of the resource
distribution results in greater diversity (Figs. 4 and 7). This is intu-
itive because wide resource distributions mean that species can
evolve to consume different types of resources, thus reducing inter-
specific competition and allowing more species to coexist. In con-
trast, narrow resource distributions restrict the species to a
limited resource range, which increases competition between the
species most adapted to the dominant resource and others. This
competition consequently leads to the extinction of any species
not adapted to the dominant resource, reducing diversity.

The trait patterns in the unimodal and bimodal cases also make
for an interesting comparison. For low w, the number of species in
the bimodal resource distribution ESCs (Fig. 7) is twice the number
of species in the unimodal resource distribution ESCs (Fig. 4). This
is a direct result of the underlying resource distribution allowing
two different dominant resources, which results in species evolv-
ing towards traits which allow for optimal consumption of these
resources. However, as w becomes larger, the diversity generated
in the bimodal case becomes equal to the diversity generated in
the unimodal case. In large communities, diversity is proportional
to the width of the resource distribution. Wider resource distribu-
tions allow more species, which leads to more localized competi-
tion and slightly tighter packing of species in trait space. Even
species with the lowest intrinsic growth rates (corresponding to
the minimum of the growth function) are part of the ESC, thus
erasing the effect of the shape of resource distribution on the resul-
tant trait patterns altogether.

Fig. 6. The invasion fitness landscapes during the transition from six to seven species with a bimodal growth function. The colored vertical bars in the figures represent the
traits of the resident species. (a) Before the bifurcation point (w ¼ 3:74248), the ESC consists of six species. (b) At the bifurcation point (w ¼ 3:84248), the invasion fitness of
the invader with trait, x0 ¼ 0 is zero. (c) As we cross the bifurcation point (w ¼ 3:84258), the invader x0 ¼ 0 faces weakened competition and its invasion fitness becomes
positive (shown in inset). (d) Invasion of the resident community results in a new ESC with seven species (w ¼ 3:91248).

Fig. 7. The trait patterns of communities up to 25 species as the width of the
bimodal intrinsic growth function is increased. At low widths, competition results
in evenly spaced species corresponding to each peak of the bimodal growth
function. However, with increased widths, species can grow with traits corre-
sponding to the minima of the bimodal growth function. Therefore, competition
results in equal spacing of the traits across the entire trait axis where the intrinsic
growth rate of the species is positive.
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While the role of the shape of the resource distribution on the
community cannot be seen through the trait distribution at high
w, the competition faced by the species at ESC is clearly shaped
by the underlying resource distributions. In Fig. 8, the competitive
impact on growth rate by each species, a x; xj

! "
bnj, at a 20-species

ESC is shown by the series of smaller curves in each panel. Since
the competitive impacts are weighted by abundance, which is
directly linked to the intrinsic growth rate (Fig. 8a, b), the intrinsic
growth rate functions determine the total competitive impact from
all the species at ESC,

PN
j¼1a x; xj

! "
bnj. This can be shown by the tal-

ler curves in Fig. 8c and d, where the total competitive impact is
very close to the intrinsic growth rate for traits where the intrinsic
growth rate is positive. For the species in the ESC, the total compet-
itive impact is nearly identical to the intrinsic growth rate. How-
ever, since the difference between the intrinsic growth rate and
the total competitive trait is extremely small for the remaining
trait values, the curves look virtually identical in the figures except
beyond the range of the community.

The underlying explanation for the close match between the
total competitive impact and the intrinsic growth function is that
the equilibrium abundance bnj of the species j is more or less pro-
portional to the intrinsic growth rate (Fig. 8a, b). Since this holds
true for both shapes of the intrinsic growth curve, the match
between the total competitive impact and intrinsic growth also
holds for both shapes of the intrinsic growth function (Fig. 8c, d).
Therefore, this observation is independent of the shape of the
intrinsic growth function and unifies both the cases.

3.4. What does competitive coevolution maximize?

The close match between the intrinsic growth rate function and
the total competition exerted by the community in Fig. 8 suggests
that the trait-based eco-evolutionary community assembly process

acts to maximize the use of available resources. In a purely ecolog-
ical context, MacArthur (1969, 1970) found a quantity that is min-
imized by equilibrium population sizes bni in symmetric Lotka-
Volterra competition. In a lesser-known paper, Matessi and
Jayakar (1981) extended this result to an eco-evolutionary setting
with a fixed number of species. Specifically, they derived two
quantities that are maximized by coevolution; in terms of our
parameterization, they are:

W ~x;~nð Þ ¼
XN

i¼1

2r bxi
! "

$
XN

j¼1

a bxi; bxj
! "

bnj

 !
bni

and

C x!
# $

¼
XN

i¼1

r bxi
! "

bni

 !2

=
XN

j¼1

a bxi; bxj
! "

bnibnj

The difference between them is that w maximized over both the
traits x! and the population sizes n!, whereas C is maximized only
over the traits, with the population sizes taken as functions of the
trait values. Note that these extremum principles apply only to the
case of symmetric competition, where a x; yð Þ ¼ a y; xð Þ.

We found that these functions are also applicable to our eco-
evolutionary LV model with a variable number of species N.
Fig. 9 plots C as a function of trait values, superimposed on a
mutual invasibility plot (MIP), which shows sets of species that
can coexist (Geritz et al. 1998), for a range of resource distribution
widths corresponding to one- to four-species ESCs in the unimodal
case. The dots correspond to the ESCs found in our bifurcation dia-
gram (Fig. 4). Fig. 9A-B are standard MIPs with the traits of two
species on the axes. To show that C is also maximized in more
diverse communities, Fig. 9C-F are non-standard MIPs that assume
the symmetry found in Fig. 4, which allows us to illustrate up to

Fig. 8. The impact of the intrinsic growth rate function on the (a, b) abundance and the (c, d) total competition faced by species in a 20-species ESC. The 20-species ESC is
shown under both shapes of the intrinsic growth function - (a, c) unimodal and (b, d) bimodal. The panels in the top row (a, b) show the invasion fitness landscape (the black
curve) of a 20-species ESC under the (a) unimodal and (b) bimodal intrinsic growth function. The traits of resident species at ESC are denoted by the vertical bars and their
abundances are proportional to the height of the bars. As can be seen in both (a) and (b), the abundances of the species at ESC are largely determined by the intrinsic growth
function. The panels in the bottom row (c, d) compare the total competition faced by 20 species ESC in the (a) unimodal and (b) bimodal cases to the intrinsic growth rate. The
abscissa represents the trait values and the ordinate is in units of growth rate. The blue curves in (c) and (d) denote the unimodal and bimodal intrinsic growth functions
respectively. The series of smaller curves in both panels show the amount of competition each species at the ESC faces from species with trait value xi . Finally, the tall yellow
curve in (c) and (d) shows the sum of the competitive impacts of a species with trait xi on the 20 species in ESC. As can be seen, the total competition faced by the ESC follows
the shape of the intrinsic growth rate function closely. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)
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four species in a two-dimensional plot. In all cases, the ESCs can be
seen to maximize C, which we verified numerically.

While theC function ismaximised over traits, it also allows us to
interpret the number of species present at ESC. Specifically, when
maximization of the C function is done in more dimensions than
the number of species present at ESC, the resulting maximum
always shows redundant species. In Fig. 9A, the maximization is
done in twodimensions but the ESC lies at x1 ¼ x2 ¼ 0, thus showing
a redundant second species. Similarly, in Fig. 9C, themaximization is
done in four dimensions but the ESC lies on the diagonal of the plot
such that there are only two distinct trait values at ESC. In Fig. 9D-E,
the maximization is again done in four dimensions but the ESC lies
on the edge of the plot resulting in only three distinct trait values.

4. Discussion

The LV model has a long history for studying competition, but
studies of diversification have not mapped out the effect of parame-
ters such as the width of the intrinsic growth function beyond two-
or three-species communities in a continuous fashion. Moreover,
the role of changing underlying resource distributions on the out-
comeof these diversification processes remains unclear.We address
both of these questions using a trait-based LV competition model,
where we analyze the how community structure depends on the

shape and width of the underlying intrinsic growth rate function.
Wechoose twodifferent shapes—unimodal andbimodal— tomimic
resourcedistributions in naturewhere one or two resource types are
prominent. These resource distributions are modeled implicitly
through trait-dependent intrinsic growth functions.

In the unimodal model, the traits at the ESC are roughly evenly
spaced over the trait axis, displaying limiting similarity. Even in the
bimodal model, the resulting traits become approximately evenly
distributed at large w, within the constraints set by the resource
distribution. Such patterns have previously been seen in LV models
(MacArthur and Levins, 1967), in spatial models (Mágori et al.,
2005; Pontarp et al., 2015), seasonal models (Kremer et al., 2017)
and models with environmental stochasticity (May 1973; May &
MacArthur, 1972). However, none of these previous studies exam-
ined these patterns for more than three species under continuously
varying width of the environment except Kremer et al., 2017 (but
see examples of large communities at a fixed widths in Bonsall
et al., 2004; Cressman et al., 2017; Hui et al., 2018). We have exam-
ined this pattern for up to 25 species in both environments and
find that the pattern is robust.

We also investigated the impact of the width of the resource dis-
tributions on community structure in these models. In general,
wider resource distributions resulted in higher diversity. Narrow
resource distributions results constrain the fundamental niche of
the species, resulting in lower diversity. As the resource distribu-
tions become wider, more resources become available to the com-
petitors, which allows for higher diversity. This process is
modulated by the shape of the resource distribution. At narrow
widths in the bimodal case, competition resulted in twice the diver-
sity observed in the unimodal case. However, as thewidth of the dis-
tribution increases, competition becomes more localized and the
resulting diversity patterns become similar under both growth
functions.

The resulting diversity under both growth functions was gener-
ated via two types of bifurcations — one involving the loss of local
evolutionary stability of one of the species in the ESC and another
involving the loss of global stability of the ESC. For unimodal
resource distributions (and practically for bimodal resource distri-
butions, see Fig. 5), these bifurcations alternate in transitions to
higher numbers of species. While ESCs just past the bifurcation
involving the loss of local stability can be attained by following
adaptive dynamics methods, the focus of adaptive dynamics on
invaders with small trait differences from the resident means that
the loss of global stability does not immediately lead to increased
diversity. Interestingly, as can be seen in the bifurcation from two
to four species in the bimodal case (Fig. 5), local evolutionary stabil-
ity is typically lost for slightly larger widths after loss of global
stability.

The shape of the growth functions helps us draw insights about
the interplay of competition with the environment to generate pat-
ternsof trait distribution in communities.While the traits of the spe-
cies were roughly evenly spaced under both growth functions, they
were evenly spacedwithin the two peaks of the bimodal fundamen-
tal growth rate function at narrow widths. Therefore, competition
acts to evenly space traits within the constraints set by the environ-
ment. However, this distinction vanishes when the resource distri-
butions become extremely large. Large w leads to similar trait
patterns in both unimodal and bimodal environments. This shows
that when the resource distributions are extremely wide, traits
become evenly spaced irrespective of the environmental filter.

A clearer picture of the role of the growth function emerges
from the competition generated by the species (Fig. 8). While the
trait patterns are overwhelmingly determined by competition,
the competition these species face is clearly linked to resource
availability. The abundance of the species is determined by the
resources available for it to consume, which in turn determines

Fig. 9. C as a function of trait values for different values of the resource distribution
width w. Shaded regions indicate sets of species that can mutually invade (MIPs),
and lighter colors correspond to higher values of C. Dots indicate ESCs extracted
from our bifurcation diagram (Fig. 4). A-B) are traditional MIPs, with up to two
species. C-F) assume symmetry to show up to four species.
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the competitive impact it generates. Therefore, the sum of the
competitive impacts faced by each species at ESC is unimodal
when the growth function is unimodal and demonstrates a clear
bimodality under a bimodal growth function. Therefore, while
making inferences from trait patterns about the processes acting
in the community, it is critical to include competitive impacts on
the species in the community. Since the equilibrium abundances
are more or less proportional to the resource availability, measur-
ing abundances in conjunction with the traits empirically is a fea-
sible, albeit not fully accurate alternative to measuring
competition strengths.

As in previous symmetrical ecological (Mac Arthur, 1969;
MacArthur, 1970) and eco-evolutionary LV models (Matessi and
Jayakar, 1981), we find that the ESC maximizes a function that
describes the match between resource supply and utilization
(Fig. 9). This maximization principle might provide a viable alter-
native numerical method for finding ESCs, but it is currently lim-
ited to symmetric LV models (but see Marsland et al., 2020 for
an extension to a range of resource competition models). Its real
utility is in illuminating how competition acts to best match the
resource distribution provided by the environment.

More broadly, our results confirm and contribute towards a
fairly general understanding of limiting similarity (Abrams, 1983;
MacArthur and Levins, 1967). The number of species at ESC is pro-
portional to the width of the fundamental community (trait space
where r xð Þ > 0) divided by the spacing between species (Barabás
et al., 2016; Barabás and Meszéna, 2009; Kremer et al., 2017;
MacArthur and Levins, 1967; Scheffer and van Nes, 2006; Szabó
and Meszéna, 2006). Therefore, the number of potential species
at ESC scales directly with the width of the fundamental commu-
nity. This allows us to predict the diversity and structure of com-
munities without having to identify the ESC itself. Further, since
this scaling holds true across different shapes of the intrinsic
growth function, the precise shape of the intrinsic growth function
ceases to be significant for the prediction of community structure
particularly for large communities. This holds true as long as the
intrinsic growth function is positive in a well-defined compact
region and zero or negative outside it.

In a review on linking trait patterns to niche differentiation,
D’Andrea and Ostling (2016) call for more simple conceptual mod-
els exploring various biological complexities. In this work, we have
taken a step in that direction by exploring a simple model incorpo-
rating both evolution and different environments. We have shown
that competition can lead to diverse communities, if the width of
the resource distribution is large. We have also shown that while
the resulting trait patterns contain signatures of the environment,
they are ultimately driven by competition. Future empirical work
using trait patterns to characterize processes like competition
needs to consider the role of the width of the resource distribution
of the competing species.
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