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SUBSETS OF F; x F) WITHOUT L-SHAPED CONFIGURATIONS
SARAH PELUSE

ABSTRACT. Fix a prime p > 11. We show that there exists a positive integer m such that
any subset of F} x [ containing no nontrivial configurations of the form (x,y), (z,y +
z), (x,y + 22), (x + z,y) must have density < 1/log,, n, where log,, denotes the m-fold
iterated logarithm. This gives the first reasonable bound in the multidimensional Szemerédi
theorem for a two-dimensional four-point configuration in any setting.

1. INTRODUCTION

Szemerédi’s famous theorem on arithmetic progressions, which states that any subset of
the integers with positive upper density contains arbitrarily long arithmetic progressions,
has the following multidimensional generalization due to Furstenberg and Katznelson [4]:

Theorem 1.1. Let X be a finite, nonempty subset of Z%. If S C [N]® contains no nontrivial
homothetic copy a + bX of X, then |S| = o(NY).

Here we use the standard notation [N] := {1,...,N}. There has been great interest
over the past few decades in proving a quantitative version of this theorem with reasonable
bounds, i.e., with an upper bound for |S| whose savings over the trivial bound of N grows at
least as quickly as a finite number of iterated logarithms. Indeed, Gowers has posed the prob-
lem of proving such a result on several occasions [5], [7, §], and others, such as Graham [I1],
have asked for bounds for sets lacking particular multidimensional configurations. While
reasonable bounds are known in Szemerédi’s theorem due to work of Gowers [6l [§], none
are known in the Furstenberg—Katznelson theorem in general. Furstenberg and Katznel-
son’s original proof, which was via ergodic theory, produces no explicit bounds, while the
hypergraph regularity proofs of Nagle, Rédl, Schacht, and Skokan [16] 18], Gowers [9], and
Tao [22] each give a saving over the trivial bound of inverse Ackermann type.

Reasonable bounds in Theorem [[.T] are currently known for only one genuinely multidi-
mensional configuration: two-dimensional corners

(1.1) (z,9), (v,y + 2), (v + 2,y),

(and, thus, their linear images,) due to work of Shkredov [19] 20], who proved that any subset
of [N] x [N] containing no nontrivial corners has size at most < N?/(loglog N)¢ for some
absolute constant ¢ > 0. No reasonable bounds are known for any two-or-more-dimensional
four-point configuration, such as three-dimensional corners,

(1.2) (2,9, 2), (z,y, 2 + w), (z,y + w0, 2), (x +w,y, 2),
or axis-aligned squares,

(1.3) (x,y),(:E,y+z),(a:%l—z,y),(x%—z,y%—z).
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The latter of these two configurations is the topic of a conjecture of Graham [I1], which
states that any subset S C N x N for which Z(w)e S wQ—Lﬁ diverges must contain an axis-
aligned square. Graham also conjectured, more generally, that if Z(w)es @
then S must contain a homothetic copy of [m] x [m] for every positive integer m. This is a
two-dimensional generalization of the famous and still unresolved conjecture of Erdés that
every subset T C N for which ZneT% diverges must contain arbitrarily long arithmetic
progressions.

Proving reasonable bounds for sets lacking the four-point configurations (L2) and (I.3))
seems to be out of reach. This is because no one has managed yet to prove anything
useful about a certain two-dimensional directional uniformity norm that naturally appears
in the study of these configurations. Details on this difficulty can be found in the work of
Austin [1I, 2], where he demonstrates how enormously complicated and difficult even 100%
and 99% inverse theorems can be for directional uniformity norms.

The purpose of this paper is to identify the first two-dimensional four-point configuration
for which reasonable bounds in the multidimensional Szemerédi theorem can be proven, and
to prove such bounds in the finite field model setting. We will study the configuration

(1.4) (@, 9), (2, y + 2), (2, y + 22), (¢ + 2,9),

which, when plotted on a two-dimensional integer grid, takes the shape of the capital let-
ter “L”. Because of this, we refer to (L4) as an L-shaped configuration, and an L-shaped
configuration with z # 0 as a nontrivial L-shaped configuration.

diverges,

Theorem 1.2. There exists a natural number m and a constant C > 0 such that the following
holds. Fiz a prime p > 11, and set N :=p". If n > C, then all S C ) X F}) containing no
nontrivial L-shaped configurations satisfy

N2
log, N

The m obtained in the theorem is huge, so we do not attempt to compute it. The bulk of
the size of m comes from our use of a recent quantitative inverse theorem for the U'°-norm
on F7 due to Gowers and Milicevi¢, who in [I0] give a rough upper bound for the number of
iterated exponentials appearing in their result. Based on this, m is likely at least 24 trillion.
The use of this inverse theorem is necessary in our proof, and no amount of care to argue
efficiently in the rest of the argument can reduce m by much. So, we have not tried to
optimize the proof of Theorem [[.2], choosing instead to present the simplest argument that
gives a reasonable upper bound.

It is likely that the proof of Theorem can be adapted to the integer setting to prove a
reasonable bound for subsets of [N] x [N] lacking L-shaped configurations, with the bound
obtained being far more reasonable than the bound in Theorem [[L2l This is because the
quantitative aspects of Manners’s [I5] inverse theorem for the U*-norm on cyclic groups are
better than those of Gowers and Mili¢evié¢’s inverse theorem when s > 4. It is also likely
that Theorem can be extended to more general L-shaped configurations with a longer
vertical “leg”,

15| <

m

(z,y), (x,y +2),..., (x,y + mz), (x + 2,y),
in both the finite field model and integer settings. We expect, however, that understanding
L-shaped configurations with two longer “legs”,

(), (x,y+2),....(x,y +m2),(x+ 2,9),...,(x + {z,y),
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is significantly more difficult, for some of the same reasons that proving reasonable bounds
for sets lacking three-dimensional corners or axis-aligned squares seems out of reach.

While progress in proving a quantitative version of the multidimensional Szemerédi theo-
rem has so far been extremely limited, there has been a bit more success in proving reasonable
bounds for sets lacking multidimensional configurations with more degrees of freedom than
those in Theorem [Tl Prendiville [I7] has proven reasonable bounds for subsets of [N]¢
lacking any sufficiently nondegenerate three- or four-term matrix progression, and one con-
sequence of his work is that any subset of [N] x [N] containing no four vertices of any square
(not necessarily axis-aligned) has size at most < N?/(loglog N)¢ for some absolute constant
d > 0.

The remainder of this paper is organized as follows. In Section 2l we give a detailed out-
line of our proof of Theorem [[.2] including statements of the three main components of the
density-increment argument: control of the count of L-shaped configurations by directional
uniformity norms, obtaining a density-increment on a structured set, and pseudorandomizing
the structured set previously obtained. After introducing additional technical preliminaries
in Sections [l and @], we prove these three main components in Sections [, [0, and [ respec-
tively. We then carry out the density increment argument in Section 8, proving Theorem [L.2]
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2. OUTLINE OF THE PROOF OF THEOREM

We begin this section by introducing the minimum amount of notation and preliminaries
needed to understand our proof outline. We will use the standard asymptotic notation O, €2,
and o, along with Vinogradov’s notation <,>, and <. For any two quantities A and B,
the relations A = O(B), B = Q(A), A < B, and B > A all mean that |A| < C|B| for some
absolute constant C' > 0. We will write O(B) to represent a quantity that is < B and 2(A)
to represent a quantity that is > A. When any of these asymptotic symbols appears with
a subscript, the implied constant is allowed to depend on the parameters in the subscript.
Since we fix a prime p in Theorem [[2] the implied constants appearing throughout the
paper will sometimes depend on p even though we will not alert the reader to this with a
subscript. We will use log,, to denote the m-fold iterated logarithm, so that log, := log and
log; := logolog, ; for all i > 1, as well as exp™ to denote the m-fold iterated exponential,
so that exp! = exp and exp’ := expoexp’~! for all i > 1.

We will frequently denote the indicator function of a set A by the letter A itself, so that

A(x)::{(l] z;ﬁ
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For any pair of finite sets X C Y with Y # (), we denote the density of X in Y by
X

Y]

For any function f : X — C, we denote the average of f over X by

Eexf(x) = 57 Zf

zeX

py (X) =

When X = F}, we will usually drop “€ X7 and just write E, for E,cpn. Whenever f satisfies
|f(x)| < 1forall z in its domain, we say that it is 1-bounded. Note that the indicator function
of any set is 1-bounded.

For any f : F) — C and £ € F), we define the Fourier coefficient of f at § using the
normalization

f(&) == Eof(z)ep(=¢ - ),
where ¢,(z) := €*™*/P and - denotes the usual dot product in F7Z. With this choice of
normalization, the Fourier inversion formula and Parseval’s identity read

= > f(©eplsx

£€Fp

Elf@P =3 [fo]

geFy

and

respectively.
Let H be any abelian group and g : H — C. For any h € H, we define the function
Apg: H— C by

Apg(x) = g(x)g(x + h),
and, for any hq,...,hs € H, define the s-fold iterated differencing operator Ay, . n. by
g:=A2p - Apg.
Note that Ap, 5,9 = Au, ...k, 9 for any permutation o of {1,...,s}.

Now we can recall the definition of the Gowers uniformity norms.

Definition 2.1. Let s € N, H be an abelian group, and f : H — C. The U*-norm of f is
defined by

-----

oy = B, hoer Dy, f ()

The basic properties of these norms can be found in [23]. One such fact needed in the
upcoming outline is the inverse theorem for the U2-norm, which is a simple consequence of
Fourier inversion and Parseval’s identity.

Lemma 2.2. Let H be an abelian group and f: H — C be 1-bounded. If || f||lv2(m) > 0, then
there exists a v € H such that
Everf(a)¥(z)] > 6%
We will also sometimes need the notion of the U?-norm on an affine subspace w + V of

I, which is defined by || f|lv2(w+vy := || f(- = w)|lv2(v). The corresponding inverse theorem
for these norms follows from Lemma
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2.1. A review of Shkredov’s argument in the finite field model setting. Before we
outline the proof of Theorem [[.2] it will be instructive to review Shkredov’s argument for
corners ([LT)) in the finite field model setting. A detailed account of the argument can be
found in the expositions of Green [12, [13].

Shkredov’s proof proceeds via a density-increment argument. As in all analytic approaches
to Szemerédi’s theorem and its generalizations, we begin by defining a multilinear average
over the configuration of interest. For go, g1, 92 : F) X F = C, set

A (90,91, 92) = Eqy290(z, y) g1 (2, y + 2)ga(T + 2,9).
Then, for any S C Iy x F, the quantity A_(S, .5, S) equals the normalized count,

#{z,y,z€Fp: (2,y), (x,y+2),(x+2y) €S}
3
of the number of corners in S. Setting N := p” = [Fp|, we let o := |S|/N? denote the density

of §'in F} x F}) and gs := S — o denote the balanced function of S. It follows from the
trilinearity of A_ that

Y

A(S,S,S) = oA (1,S,S) + A (gs, S, S).

Since A (1,5,5) > 02 by the Cauchy—Schwarz inequality, if the normalized count of corners
in S is far below the ~ 02 expected for a random set of density o, which is the case when S
has no nontrivial corners and N is sufficiently large in terms of o, then |A _(gs, .S, 5)| must
be large.

It can then be shown, by an appropriate sequence of applications of the Cauchy—Schwarz
inequality, that gs must have large box norm

1/4
9510 = (Bayarar g5z, y)gsCe, y)gs 0@ glas(a’ ) -

If |gs||o is large, it follows by an averaging argument that S has density at least o +Q(c®™)
on a product set A x B for some large A, B C F}.

One may then hope to continue the density-increment argument by proving the following
generalization of the result just sketched: if S is a subset of density o of a product set
T = A x B and contains no nontrivial corners, then S has density at least o + Q(c°™M) on
a product set 7" contained in 7.

It turns out, however, that the Cauchy—Schwarz argument mentioned previously yields a
lower bound on the box norm of large enough size only when A and B are sufficiently Fourier
pseudorandom, meaning that their balanced functions A — |A|/N and B — |B|/N both have
small U%-norm. The components of the product set just obtained are essentially arbitrary
aside from being large. They are, in particular, not guaranteed to be Fourier pseudorandom.

To overcome this difficulty, Shkredov introduced a pseudorandomizing step into his proof.
He used an energy increment argument incorporating the UZ-inverse theorem to partition
[ x F) into products of large affine subspaces of the form

(2.1) (u+V)x (w+V),

for most of which the sets (A —u)NV and (B —w) NV are Fourier pseudorandom in V. By
an averaging argument, there must exist such a product of affine subspaces (2.1) on which
the restrictions of A and B are both sufficiently dense and Fourier pseudorandom, and such
that S still has increased density o +Q(c?™M) on the intersection of T with (u-+V) x (w+V).
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By passing to this product of cosets and using that corners are preserved by translation
and invertible linear transformations of the form (x,y) — (Ez, Ey), one can then continue
the density-increment argument with F} x F} replaced by IF;L' X IFZ/, where n' = dim V. If
S C T contains no nontrivial corners and A and B are sufficiently Fourier pseudorandom,
then gs must have large box norm localized to 7. One must then prove that S has a further
density-increment on a product set contained in 7', which is, fortunately, of exactly the
same difficulty whether T" = F} x ) or some other large product set. By applying the
pseudorandomizing procedure to the factors of the product set just produced, one can then
deduce that if S is a subset of density ¢ of a product set T' = A x B, where A and B are
large and sufficiently Fourier pseudorandom, and S contains no nontrivial corners, then S
has density at least o +Q(c®™M) on a product set T" = A’ x B’ contained in 7', where A’ and
B’ are also large and sufficiently Fourier pseudorandom. The density increment iteration can
be carried out repeatedly to produce a good bound for subsets of F}) x ) lacking corners.

2.2. An outline of our argument. The obstructions to uniformity for L-shaped configu-
rations are not just (skew) product sets, as was the case for corners, but also very general
sets of the form

{(z,y) e Fp xF} :y €up + Vi },

where each u, +V, is an affine subspace of . For example, assume that n > 3, and consider
the set
{(z,y) €eFp xF2:z-y =0},
This set has density
(N-1)N/p+N 1

N2 P

in F7 x F7, but
(N —-1)—(p—1)] (5—1)g+<%—1) (p—l)E+N+2(N—1)E~E

P p p p P

L-shaped configurations, in contrast to the ~ N3 /p* expected in a random subset of Fp x Fy
of density 1/p. Similarly, the number of L-shaped configurations in the sets

{(:E,y) ey xF):¢(x) -y :O}
and

{(:E,y) ey xF) 1y = u(a:)} ,
where ¢(z) € F and u(z) € F, are now chosen uniformly at random, is also ~ N*/p?® with
high probability, while the sets have density ~ 1/p with high probability. These new sorts
of obstructions to uniformity are the main reason why the study of L-shaped configurations
is significantly more difficult than that of corners, and must be taken into account to prove

Theorem [L.2]
For any functions go, g1, g2, g3 : I X ) — C, we define

(22) A(907 g1, 92, 93) = Ex,y,zQO(x> y)gl(x> ) + 2)92(1'7 ) + 22)93(I + Z, y)a

so that A(S, S, S, 5) equals the normalized count of L-shaped configurations in any subset S
of F) x . The multilinearity of A implies that

(23) |A(Sa Sa Sa S) - U4| S U2|A(1a 1795) S)| +U|A(1agSaSa S)| + |A(gSaSa Sa S)|a
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where, as before, g¢ = S —o is the balanced function of S. Thus, if the normalized count of L-
shaped configurations in S is far from the random normalized count o, one of |A(1, 1, gs, S)|,
|A(1, g5, 5,5)], or |A(gs, S, S, S)| must be large. In particular, when S contains no nontrivial
L-shaped configurations and N is sufficiently large in terms of o, one of these quantities
will be larger than o/2. Tt then follows from several applications of the Cauchy—Schwarz

inequality that one of the following directional uniformity norms of g¢ must be larger than
4
ot /2:

1/8
(2.4) 191l 7= (Ba s o, hs D0,1),(0.02), (5009 (,9))
1/4
(2.5) 19112 = (Bayhr b D0,0),(~hosnn) 9 (@, )
or
1/2
(2.6) 19]ls == (Bayuns A—ny2nng(@,y)) "
Here || - ||+, is only a semi-norm, while || - ||, and || - ||s, are genuine norms. Since these

are all Gowers box norms, one can find a proof that they are (semi-)norms in Appendix B
of [14]. The norm || - ||+, had previously been studied, in the setting of cyclic groups, in work
of Shkredov [21].

Directional uniformity norms with two differencing parameters,

[E:c,y,h,kEHAhm,kvzg(xa y)]1/4

Y

for fixed nonzero vy, v9 € H x H, are well-understood. Either v; and vy are scalar multiples
of each other, in which case the norm is just the U?-norm on (v;) averaged over cosets of (v1),
or they are linearly independent, as in the definition of || - ||4,, in which case the norm is, after
a change of variables, equivalent to the two-dimensional box norm. Directional uniformity
norms with three differencing parameters,

[Ew,y7h1,h27h3€HAh1v1 ,hzvz,hsvsg(xa y)]1/8 )

for fixed nonzero vy, vy,v3 € H X H analogously fall into one of three cases: either vy, vo,
and vs are collinear, lie on exactly two lines, or are in general position. In the first case, the
norm is just the U3-norm on (v;) averaged over cosets of (v;). In the third case, the norm is
linearly equivalent to the intractable norm that arises in the study of 3-dimensional corners
and axis-aligned squares. The norm || - ||,, we encounter falls into the second case, and the
study and fruitful use of this norm turns out to be possible (though still complicated) due
to its structure as a “U' x U?-norm”.

The upshot is that if S contains no nontrivial L-shaped configurations, then it must have
density at least o + Q(c®M) on a set of the form

(2.7) T := {(x,y) celFy xFy: B(y)C(x +y)D(2x +y)®(x,y) = 1} ,
where ® C A x IE‘Z is of the form
(2.8) O :={(z,y) EAXF}:ycu+V,},

for some element u € F} and collection of subspaces {V, : x € A} of F}, where A, B,C, D C
[F) are large and codim V, is small for each x € A. Note that this set ® is not quite as
general as the one appearing at the very beginning of this subsection, as the element u of )
does not vary with x. It takes some extra work to show that we can guarantee ® to be of
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this special form, which turns out to be necessary for our density-increment iteration. We
say more about this point in Section

We would like to continue the density increment iteration and show that S’ := TN S,
which also lacks L-shaped configurations, has a further density increment of at least the
same size as the first on a subset 7" of T' of the same general form (2.7). Analogously
to Shkredov’s argument for corners, we can only hope to do this if A, B,C, D, and ¢ are
sufficiently pseudorandom, for some appropriate notions of pseudorandomness. We will need
to control the count of L-shaped configurations by the norms || - ||+, || - I, and || - ||+, defined
in (24), (23), and (Z0) with no loss of density factors, i.e., show that

A or fos for £3) 1folle

. >

(2.9) AMLTTT) =0 = 1., 0t
‘A(T7f17f27f3)| ||f1H*2

. >

(2:10) AT.T.TT) =0 = T,

and
‘A(T7T7f27f3)‘ Hf2||*3

. >

(2.11) AT =0 = I, o h

and also obtain a density-increment with no loss of density factors when some localized norm
|| - ||, of the balanced function of a set is large, i.e., show that if

lgslle Nlgslles  Ngsllss
) Y or Z 57
1Tl ™ TN 17 [|s

where now gg := S — o7, then there exists a subset 7" C T of the same general form,
T = {(z,y) € F) x F) - B'(y)C'(x +y)D'(2z + y)®'(x,y) = 1},
as T on which S has a density increment
EyerS(z,y) > o+ Qs(1)

depending only on ¢. Such results are needed so that the density increment obtained at each
step of the iteration is independent of the step. If one is not sufficiently careful, it is easy to
end up with a density increment that gets smaller as the subset T of ) x F} gets sparser,
which is not enough to close the density increment iteration.

To carry out these arguments, we will need A, B, C, and D to be pseudorandom with re-
spect to the U0 (F;‘)—norm. The situation for ® is more complicated, and deciding on a good
measure of pseudorandomness for ® that is amenable to a Shkredov-like pseudorandomiza-
tion procedure and can also be used to analyze the various averages appearing throughout
our argument is one of the challenges of the proof of Theorem A suitable condition
on ® turns out to be that it is pseudorandom with respect to the U®(F}! x F7)-norm. This
condition is not, on its own, immediately useful in the arguments of Sections [l and [6] since
the various averages that appear are not controllable by the U 8(FZ x [F))-norm of ®. It takes
a bit of work to show that it implies a roughly equivalent statement about the typical codi-
mensions of certain affine subspaces obtained from ®. We prove this in Section @] deriving
some new results on the combinatorics of approximate polynomials along the way.

The proof of the implications (2.9), (2.10), and (2II) when A, B,C, D, and & are suf-
ficiently pseudorandom consists of many careful applications of the Cauchy—Schwarz in-
equality, along with appeals to standard facts about the number of linear configurations
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of bounded Cauchy—Schwarz complexity in products of pseudorandom sets intersected with
subspaces of bounded codimension. We carry out this argument in Section [

Obtaining a large enough density-increment when || gg||,, is large for S C T requires some
new ideas and a significant amount of extra work beyond the proof of the non-localized case,
in contrast to the situation for the box norm localized to product sets, where the argument
is the same as the non-localized case. In order to get such a density-increment that only
depends on ¢ and not on the densities of A, B,C, D, or ®, one of the key ingredients is a
density-preserving inverse theorem for the U?(®(z, -))-norms on pseudorandom sets derived
from A, B, C, and D, which we prove using a version of the transference principle. We carry
out this argument in Section

As was the case for corners, the sets A', B',C’, D', and ®’ obtained in the previous para-
graph are not guaranteed to be pseudorandom. We must also carry out a pseudorandomizing
procedure to locate a product of large affine subspaces of the form (u+V') x (w+V') on which
A, B, C", D', and ® are sufficiently pseudorandom and S still has a large density increment
on T"N[(u+V) x (w+ V)]. Our pseudorandomization procedure is similar to Shkredov’s,
but with some new complications coming from our desire for A’, B’,C’, and D’ and 9’ to be
pseudorandom with respect to the U'(F})- and US(Fy x F})-norms, respectively, and from
®"s particular structure as a union of affine subspaces in the second factor of Fj x F}. To
handle the first complication, we use a recent quantitative inverse theorem of Gowers and
Mili¢evi¢ [10] for the Us-norms on vector spaces over finite fields, combined with a result of
Cohen and Tal [3] that allows us to partition F} into large affine subspaces on which any
finite collection of bounded degree polynomials are all constant. The structure of ®’ has
the potential to cause issues in a Shkredov-like pseudorandomization argument, since the
intersection of ®" with a cell may no longer be the union of affine subspaces all having the
same dimension. We will explain how this complication is dealt with in Section [7] since it
requires a bit of set up.

2.3. Key intermediate results. We finish this section by stating the key intermediate
results needed to prove Theorem that we just described in the outline. Recall that
gs = S — o denotes the balanced function of S.

Lemma 2.3 (Estimation of A(T,T,T,S)). There exist absolute constants 0 < ¢; < 1 < ¢y
such that the following holds. Let d be a nonnegative integer, and set p := p~%. Suppose that
A, B,C, D CFy have densities a, 3,7, 0, respectively, and that ® C F)) x ) takes the form

o={(z,y) eAXF iy cutV,},

where each V, is a subspace of ) of codimension d. Define T C F} xF7 by ([2.1) and suppose
that S C T has density o in T. Let € < c1(ocafvyip)? and assume that

A = allus@Eny, |1B = Bllusen), |C = vllus@n), [|D — 6
Then

Us(F;)v H(I) — ap||U2(ngFg) < €.

AT, T,T,S) > oa’B3v*6 p*.

As a consequence, we get that if € is small enough, n is large enough, and S C T has no
nontrivial L-shaped configurations, then

max(|A(gs, S, S, 9)|, |AT,gs, S, S)|, |\T, T, gs,5)|) > ot 334353 p3.
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Lemma 2.4 (Control by || - ||s, norms). Let d be a nonnegative integer, and set p := p~.
Suppose that A, B,C, D C Fy have densities o, 3,7,9, respectively, and that ® C F} x F}
takes the form

d={(r,y) e AxFr:ycu+V,},
where each V, is a subspace of ) of codimension d. Assume that
A — a”US ||B 5||U8 ||C 7||U8 Fr) D — 5||U8(1Fn |® — ap||U6(F”xF”) <e.

Define T C T x Fp by (2.7) and suppose that fo, f1, fa, f3 : B x F) — C are 1-bounded
functions supported on T. Then

£001)
(2.12) IA(fo, 1, fa, f3)P < a1 5041061 18||f0||8 +0 <p (1))
£0(1)
(2.13) AT fus for o)l < @*B5 8% Aulls, + O (p <1>)
and
£0(1)
(2.14) IMT,T, fo, f5)* < aB®°6* 0% fall2, +O<p 1>)-

Thus, if ¢ is small enough, n is large enough, and S C T has no nontrivial L-shaped
configurations, then one of
loslle lgslle _ losl
1Tl " N0 ™ 1Tl

is > 90,

Theorem 2.5 (||gsl«;s lgs|lss, OF ||gs|l«s large implies a density-increment). There exist
absolute constants 0 < ¢; < 1 < ¢9,c3 such that the following holds. Let d be a nonnegative
integer, and set p := p~¢. Suppose that A, B,C, D C [} have densities o, 3,7, 0, respectively,
and that ® C F) x ) takes the form

d={(r,y) e AxFr:ycu+V,},
where each V, is a subspace of ¥} of codimension d. Let o,7 > 0 and
e < ci(oTafydp)? exp(—(64/7°)%),
and assume that
A = allpogg), 1B = Blluwoey), [C = vllvoey), [D = dllvwey), |2 — apllusey <y < e
Define T C Fy x Fy by 2.7) and assume that S CT has density o in T Suppose that
lgslley > Ta 151280,

gslls, > Ta?By"?6p,
or
lgs e > TaBy8"p.
Then, S has denszty at least o + Q(7°W) on a subset T' C T of the form

h= { z,y) €y x F) : B'(y)C'(x + y)D'(2z 4+ y) @' (x,y) = 1} ,
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where the densities of A', B',C", D" C ) are all > (o1aBv6p)°M), and the set ' C Fy < Fy
takes the form

' ={(z,y) €c AAXF, :ycu +V},
where each V, is a subspace of T} of codimension d + 1.

The first three lemmas combined tell us that if S has density ¢ and contains no nontrivial
L-shaped configurations, then one can find a subset T" of F; x I of the form (2.7) on which
S has density at least o + Q(¢®V). The next lemma tells us that, after restricting to a
product of large affine subspaces, we can get this same conclusion with A, B, C, D, and ® as
pseudorandom as we need, which will allow us to continue the density-increment iteration.

Lemma 2.6. There exist absolute constants 0 < ¢; < 1 < ¢9,¢,c such that the following
holds. Let d be a nonnegative integer, and set p := p~%. Let & > 0, and suppose that
A,B,C,D C F} have densities «, 3,7, 0, respectively, and that ® C F) X F and takes the
form

®={(z,y) eAXFr:ycu+V,},
where each V, is a subspace of F} of codimension d. Define T C Fp x Fy by 1), and
assume that S C T has density o + 7 in T, as well as that

exp®(c’/e")
> 2 _— .
reup <C2 dr pn xwn (1)

Then there exists a subspace V < IFZ of dimension

O(expc(c’/s/)/druﬁ;gXIFIT)L(T))
dim V' > n% )
u,w € Fy, and 0 <14 < d such that, on setting C = (u+V) x (w+V),
e B':=BnN((w+YV),
e ":=CnNnut+w+V),
e D :=DNQRu+w+V),
e UV :=dNC and ¢ :={(z,y) € V : E,cp v V'(x,2) = p'},
o Ai={zcu+V :E,cpv®?(z,z)#0},
o 0 = v (4),
o 3= puwrv(B'),
® v = turwrv(C'),
o = U2q+w+V(D/)’
e o :=p" and
o T":={(z,y) € C: B'(y)C"(z + y)D'(2x + y)¥'(z,y) = 1},

we have

||A,_p,||U10(u+V)’ ||B/_6/||U10(w+\/)a ||C/_7,||U10(u+w+V)> ||D/_5/||U10(2u+w+V)> ||(I>/_O/p,||U8(C) < 2e,
0/7 Blv 7/7 o > T,U/IF;}X]F;L (T)/47 and

He(SNT) > (0 + 1) ne().

By combining the previous four lemmas and using that L-shaped configurations are pre-
served by translation and invertible linear transformations of the form (z,y) — (Ex, Ey),
we thus deduce the following density-increment lemma, which we will iterate in Section [§ to
prove Theorem [1.2



12 SARAH PELUSE

Lemma 2.7. There exist absolute constants 0 < ¢; < 1 < ¢9,¢3, ¢4, ¢, such that the follow-
ing holds. Let d be a nonnegative integer, and set p := p~?. Suppose that that A, B,C, D C Fy
have densities «, 3,7,0, respectively, and that ® C ) x F takes the form

O ={(z,y) e AXF,:y €u+V,},

where each V,, is a subspace of F}; of codimension d. Define T by [2.7) and let S C T have
density o inT. Let ¢ < (cafv0p)® exp(—(64/0)%), and assume that

A = allpo@g), [|B = Blluwowy), [C = vllvroey), [D = 8llvwey), |2 — apllusmy <) < e
Let &' > 0, and suppose that S has no nontrivial L-shaped configurations. Then either

2 (caexp(c'/e’)
(1) n < exp (W) or
(2) there exists natural numbers n' and d’ satisfying
I Cixpc(C'/Sl)/(mxﬁ'véﬂ)c2
n'>n
and 0 < d < d+1, subsets A', B'",C", D’ C F;" of densities o/, B',~', ', respectively,
a subset ' C Fgl X Fgl of the form

<I>’:{(x,y)eA’xFZ/:yEU’jLV;},

where each V. is a subspace of F;‘/ of codimension d' (so that ® has density o'y,
where p' = p~%), and a subset S'" C T", where

T = {(x,y) €F, xF, : B'(y)C'(x +y)D'(2z +y)®'(z,y) = 1} )

of density at least o + Q(a®M) in T', such that
/!

’|A,_a/’|U10(Fg’)7 HB,_ﬁ/HUlo(Fg’)v ’|C,_7,||U10(Fg')7 ||D,_5/HU10(IF;;’)7 H(I)/_O/p,HUs(Fg’xIFg') <,

o, By, 0" > (cafydip), and S’ contains no nontrivial L-shaped configurations.

3. ADDITIONAL PRELIMINARIES

In this section, we present some more preliminaries that were not needed for the outline
of the proof of Theorem [I.Z) but will be convenient to have for the proof itself. We begin
with the notion of Cauchy-Schwarz complexity, first defined by Green and Tao in [14].

Definition 3.1 (Cauchy—Schwarz complexity). Let ¢1,...,¢q : (F))" — Fy be a collection
of linear forms in r variables. We say that 11, ...,%q has Cauchy—Schwarz complexity at
most s if, for every j € [d], there exists a partition of {11,...,¢Ya} \ {¢;} into at most s +1
subsets such that 1; is not contained in the linear span of any of the subsets.

The smallest s such that {11, ..., 1¥q} has Cauchy—Schwarz complezity at most s is called
the Cauchy-Schwarz complexity of {u1,...,0a}.

For example, four term arithmetic progressions,
T, x4y, v+ 2y, x+ 3y,

have Cauchy—Schwarz complexity 2.

Any system of linear forms of complexity at most s can be shown to be controlled by
the Ust!1-norm using repeated applications of the Cauchy-Schwarz inequality. In particular,
carrying out the proof of the generalized von Neumann theorem of Green and Tao in [14]
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in the finite field model setting (where the technical details are much simpler) produces the
following useful result.

Theorem 3.2. Let ¢y, ..., ¢4 : (F))" — F} be a collection of linear forms in r variables with
Cauchy-Schwarz complexity at most s. For any 1-bounded functions fi, ..., fa: F) — C, we
have
d
Eey,. o H fj(¢j(xl> e axr)) < 121}%[ ||fj| Us+1(Fn)-

j=1
Further, if all of f1,..., fa are supported on a set A C ) of density a that satisfies ||A —
o usiEn) < Q€, then

< a1 .
< o™ min [|f5)

d
Eml,...,xr H fj(wj(xlv s 7x7‘))

J=1

Us+1([ﬁ‘;z) + Od7s (gﬂd’s(l)) .

We will use the following immediate corollary of Theorem numerous times throughout
the proof of Theorem

Corollary 3.3. Let ¢y, ...,¢q : (F})" — Fp be a collection of linear forms in r variables
with Cauchy—Schwarz complexity at most s. Suppose that fi, ..., fq: F) — C are 1-bounded
functions having average values oy, . . ., aq, Tespectively, and that

1f5 = ajllusien) <ej

forall1 < j3<d. Then

1<j<d

d d
Eml,...,xr H fj(d}j(xla e oy .CL’T)) — HO&j S d max €j.
7=1

j=1
We will also need the Gowers—Cauchy—Schwarz inequality.

Lemma 3.4 (Gowers—Cauchy-Schwarz inequality). Let s be a natural number, H be an
abelian group, and f, : H — C for every w € {0,1}*. We have

Ew,hl,...,hseH H fw(I+W' (hl,...,hs)) S H ||fw|

we{0,1}¢ we{0,1}

Us(H)-

Next, we record the basic fact that a function on ) with small U 2_norm has small average
on affine subspaces of small codimension.

Lemma 3.5. Let f : F)) — C be a 1-bounded function satisfying || f||lv=@p) <€ and w+V C
[} be an affine subspace of codimension d. Then

Epewiv f(z)] < ple.
Proof. The indicator function of V' can be written as

1
e Z ep(§ - ),

cev+
so we have that

By f(z — )V (2)| < pi S B f(@)ey (€ 2)] < 1 luacep,

cevd



14 SARAH PELUSE

by the Gowers-Cauchy-Schwarz inequality. Since [V| = |F|/p?, the desired result follows.
U

The last lemma of this section will be used to analyze the various averages appearing in
the proofs of Lemmas 2.3 2.4 and

Lemma 3.6. Let ¢, ... ,10q € Fplz1,..., 2, y] be a collection of linear forms such that the
coefficient of y in each of 1y, ..., ¥4 is nonzero, and F : (Fp)' x I — [0, 1] be a function of
the form

d
x,y) = [[ £i(wi(x.v)

J=1

for some 1-bounded functions f; : ¥} — C with average value B;, each satisfying I\ fi —
;] vs@pn) < €. If the Cauchy-Schwarz complexity of the set of linear forms

(3.1) U{wjxy bi(%,y + h), i (x,y + k), (%, y + b+ k)}

in the variables xv, ..., x4y, h, k, is at most s — 1, then

P | x € (F}) > e8| <4 /e

Proof. Set = H?Zl B;. Note that Exemnye || F(x, ) — ﬁHUQ(Fn equals

Z (_ﬁ>|w|Ex€(Fg)tEy,h,kff(X7 y)f;(xv Yy + h)féu(X, Yy + l{:)fjf(x, Yy + h =+ ]{7),

we{0,1}4

where

w . 1 wzzl
fi (va) - {F(X,y) w; =0

for each w € {0,1}* and 1 < 4 < 4. Since BJ) has Cauchy-Schwarz complexity at most
s — 1 by hypothesis, Corollary [3.3] implies that

Eace(e)y By i fy (%, 9) 5 (%, 4+ h) [ (%, + k) £ (x,y + h+ k) = 87 + Oue)
for every w € {0,1}*. Thus,
Exeny || F(x,-) — 6||4U?(]Fg) <a€
Markov’s inequality then gives

P(x € (Fp) < [1F(x,) = Blloaey) = 1) <a—

for every r > 0. Taking r = £'/8 gives the conclusion of the lemma. U



SUBSETS OF Fy x F, WITHOUT L-SHAPED CONFIGURATIONS 15

4. PSEUDORANDOMNESS OF ®

The main purpose of this section is to show that if ||® — apl|y2s+2(gn «pm) is small and @ is
a subset of the form

d={(r,y) e AxFr:ycu+V,},
where each V, < F is a subspace of density p in Fj) and A C F} has density a in F},

then, whenever ¢y, ..., ¢, € Fy[z1,...,2,] is a collection of linear forms of Cauchy-Schwarz
complexity at most s and wy,...,w, € F}, the affine subspaces

{y €F,: H¢(¢i(x)>y+wi) = 1}

typically have maximum possible codimension. This allows us to transform the condition
that ® is U 8(15‘; x I} )-pseudorandom into a more useful property for evaluating the various
averages that arise in the proof of Theorem

Lemma 4.1. For each nonnegative integer s and positive integer r, there exist constants
Ci.ry s > 0 such that the following holds. Let d be a nonnegative integer, and set p := p~<.
Let 6 >0, A CFy have density o, and ® C Fy X F} be a set of the form

®={(z,y) e AxFr:ycu+V,},
where each V,, <) is a subspace of codimension d. Assume that
|® — apllyes+2@pxrm) < Csp(adp)™r.

Let i, ..., € Fylxy, ..., 2] be a collection of linear forms of Cauchy-Schwarz complex-
ity at most s. Then, for all but at most a §-proportion of m-tuples x € (F;)™ for which
U1(X), ..., 0.(x) € A, we must have that

codim {y SIS ﬁ@(@bi(x),yjtwi) = 1} =rd

i=1
Jor all wy, ..., w, € Fy.

We begin by showing that if @ is pseudorandom with respect to the U*(Fy x Fy)-norm,
then A is pseudorandom with respect to the U*(F})-norm. This result will also be useful at
a few other points in the proof of Theorem [L.2L

Lemma 4.2. Let d be a nonnegative integer, and set p := p~%. Let A C [} have density
and ® C ) x F} be of the form

o={(z,y) eAXF:ycutV,},

where each V,, is a subspace of Fy of codimension d. Then, for every natural number s, we

have
1

|M—ahwm§ﬁ@—am

Us(Fn xFp)-
Proof. We write
|A — «

2USS(]F;L) = Ew,h17~~~7hs H (A - Oé)(l‘ +w- (h17 ) hs))

we{0,1}*
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and then, for each w € {0, 1}*, insert the identity

(A—a)(@+w- (b, ... hy)) = %Ekw(CI) —ap)@tw- (b, ), k)

to get that || A — a|F, gy, equals
P

1

—BapnB okerr [ (@ —ap)(@+w- (b, k), k).

p wE{O,l}S we{o’l}s
We can average the above quantity over y, {1, ..., ¢, and make the change of variables k,, —
ko+y+w-(l,...,0) to get that it equals

1
(A1) —E pewr Baynynrree || (@ —ap)((@ ko +y) +w- ((he, &), ., (ha, ().
we{0,1}* we{0,1}s

Applying the Gowers—Cauchy—Schwarz inequality bounds (4.1]) above by

1 1
—E koern H (@ — ap)(- ko + lvs@nxrm = —
wE{O,l}s w€{071}5 p

¢ — ap”%]ss(]F;ng)a

which gives us the conclusion of the lemma. U

To prove Lemma 1] we will need the notion of an approzimate polynomial of bounded
degree, which we define using the additive discrete difference operator 0. For ¢ : H — H
and h € H, define 0,¢ : H — H by

ho(z) = d(x) — ¢(x + h),
and, for hy, ..., hs € H, the s-fold additive difference operator 0y, 5, by
..... hof = Oy - Op, [

Definition 4.3. Let H be an abelian group, A C H, and ¢ : A — H. We say that ¢ is an
e-approximate polynomial of degree at most s —1 on A if

O, h () =0

for at least an e-proportion of (s + 1)-tuples (x,hy,... hy) € H*T' for which v + w -
(hi,...,hs) € A for all w € {0,1}°.

We will also need the following result, which is the key combinatorial input into the proof
of Lemma [4.1]

Lemma 4.4. For each nonnegative integer s, there exist constants Cy, cs > 0 such that the
following holds. Let A C F} have density o, with

||A - OK||U25+2(F;) < CS(OK(S)CS
and ¢ : A — ) be a d-approximate polynomial of degree at most s on A. Then, for at least
a Qy(09W)-proportion of (2s + 2)-dimensional parallelopipeds
(4w (hi, ., hast2))wefoyes+

in A" the derivative of ¢ on the (2s+1)-dimensional face (x+w-(hy, . .., hast2))wefo,1y25+2

wi=¢€

> (DM@t w (b, hagr)),

we{0,1}25+2
wi;=¢€
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vanishes for all 1 <i <2s+2 and e =0, 1.

Proof. We proceed by induction on s, beginning with the case s = 0. If ¢ is a d-approximate
polynomial of degree at most 0 on A, then E, ycalg@)=4) = 0, so that, by the pigeonhole
principle, there exists some z € F} for which s ({z € A: ¢(x) = 2}) > 6. Set X := {r €
A: ¢(x) =z}, and consider the set of quadruples

X' ={(z,c+hz+ka+h+k)e Az, x+har+kar+h+keX}.
Note that if (x,z + h,z + k,z+ h+ k) € X', then
¢(x) =¢(x+h)=¢(x+k)=¢(x+h+k) =z,
so certainly the derivatives
o(z) —o(x+h),p(x) —p(x + k), p(x+ h) —¢p(x + h+ k), and ¢(x + k) — p(x + h + k)

of ¢ on each of the 1-dimensional faces of the parallelopiped (z, x+h, x+k, x+ h+ k) vanish.
Since

RAAN
ad < || X|loren) < ([ Xv2ag) = <p3n) ,

we must have | X'| > (ad)?p". Taking ¢y = 8, the total number of quadruples (x,z + h, z +
k,x+h+k)in A'is (a* +0O(Cya®))p*™ by Corollary B3, which means that X’ consists of at
least a §* /2-proportion of parallelograms (x, x+h,x+k, z+h+k) in A* if Cj is chosen small
enough. Thus, for at least a % /2-proportion of parallelograms (z,z + h,z + k,x +h + k) in
A%, the derivative of ¢ on each 1-dimensional face vanishes, as desired.
Now suppose that the result holds for a general degree s — 1 > 0, and let ¢ be a d-
approximate polynomial of degree at most s on A. By Corollary 3.3]
Ehe]}r; HAhA - 042’

22s

U2 () s Cs(ad)*,

so that, as long as Cj is sufficiently small and ¢, is sufficiently large, it follows from Markov’s
inequality that
Cs—l (Oé5/2)265*1

2 )

||AhA — a2||U25(IFg) <
and thus
Cs_1(ad[2)%es—1
2

as well, for all but a O(d?)-proportion of h € Fp . Thus, for at least a Q(d)-proportion of
hsy1 € Fy, we have [|A, A — a?[|yzegn) < Co1(ad/2)%1 /2, |upn (AN (A = hgyr)) — 0| <
Cs—1(d/2)%1 /2, and that the function 9y, ., ¢ is a O(d)-approximate polynomial of degree
at most s — 1 on AN (A — hgy1). Denoting the set of such hgyy by H, so that ugq (H) > 6,
the induction hypothesis then says that, for each h € H, there are at least a ,(59(M))-
proportion of 2s-dimensional parallelopipeds (4w (A1, ..., hos))wefoy2s in (AN (A— h))%”
for which the derivative of 0,¢ on each (2s — 1)-dimensional face vanishes.

Summing over all h € H, it follows that, for at least a Q,(d9™M))-proportion of (2s + 2)-
tuples (z,y, by, . .., hos) for which (z+w-(hq, ..., has))wefoayes and (y4w-(ha, . . ., has))wefo,132s
are both in A%, one has

|y (AN (A= h)) —a®| <
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foralli=1,...,2s and e = 0,1. By Corollary B3]
Ahl h sA - a228 %Jl(JFE) <s Cs(ad)cs>

7777 has

-----

and so, by Markov’s inequahty,

(4.2) pe | () A=we (b, he))] | = o+ O ([Cu(as)]2D)

we{0,1}2s
for all but a O([Cy(ad)™]*™)-proportion of (h,...,hss) in (F?)%*. By taking Cy small
enough and c, large enough, there are therefore at least a 2,(§9())-proportion of 2s-tuples
(hi, ..., has) in (F7)* for which ([2) holds and, for at least a {,(6%*")-proportion of pairs
(z,y) € A% such that (z+w- (hi1, ..., has))wefoyzs and (y+w- (hi,. .., has))wefo1)2s are both
in A% one also has

Oy, @@ €hi) =0y Oy + €hi)

foralli=1,...,2s and € = 0, 1. For each such 2s—tuple h, it follows from the pigeonhole
principle that there exists a ¥y, in the set

Avi= () A-w-(h,... D))
we{0,1}2s
such that, for at least a Q,(69()-proportion of € Ay, one has
ahl ..... Riyeens h25¢(x + €hi) = ahl _____ oy, h25¢(yh + ehy)
foralli=1,...,2sand e =0, 1.
Now set vy en =0, 5 O(yn + €hy),
Xh::{xEAh:0 ..... oo Pz +eh;) =vin foralli=1,. 2$ande:0,1},

so that pia, (Xn) > 59 "and
X, ={(wz+ka+k o+k+k)eA v a+ka+k o+k+k € Xy}
Note that (z,xz + k,z + K,z + k+ k') € X, if and only if
Oy, h2sq5(x +ehi +w - (k,K)) = vien
foralli=1,...,2s,¢ =0,1,andw’ € {0,1}?. Thus, whenever (z, z+k, v+k', v+k+k') € X|,
we have
O has k®(T) = Ony, oo b D(T) = Oy by k(@ + k') = Oy, ho e (@ + k)

= V1,00h — V1,1,h — (Ul,o,h - Ul,l,h)
=0

and

ahl _____ Foiyerhos K, k/QS(ZE + €h;) = Vieh — Vieh — Vieh + Vign =0
for all i = 1,...,2s and ¢ = 0,1. That is, the derivative of ¢ vanishes on all (2s + 1)-

dimensional faces of the (25+2)-dimensional parallelopiped (z+4w-(h1, ..., hos, k, k') )wefo,1y2s+2.
As in the s = 0 case,

52 W pipn (Ap) < || Xal] < || Xl _ (*h
Hrn (An s hi|UL(Fr) S h||U2(Fp) = p3n ’
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so that
#X4, > 6% W g (Ap)'p™"

for at least a €,(69M)-proportion of 2s-tuples h. Each ordered quadruple (z,h, k,&’) for
which (z,z + k,o + K,2 + k + k') € X], corresponds to a unique (2s + 2)-dimensional
parallelopiped

P(ZIZ’, h, k, k/) = (l’ +w- (h'l’ ce ey h'257 k, k/))w€{0,1}25+2
in A%*2. Thus

#{P(z,h,k, k) :he (F)* and (z,x+k o+ K z+k+k)e X}
>>8 503(1) (a22s+2 + O ([Cs(a(s)cé]ﬂ(l))) p(28+3)n‘

In comparison, the number of (2s + 2)-dimensional parallelopipeds in A is
(a225+2 —I— O (OS(OZ(S)C5)) p(28+3)n

by Corollary The conclusion of the lemma now follows as long as C is sufficiently small
and ¢, is sufficiently large. O

With a bit more work, it is possible to prove a version of Lemma [1.4] with (2s 4 2)-
dimensional parallelopipeds replaced by (s 4 2)-dimensional parallelopipeds (which is opti-
mal), and thus a version of Lemma 1] with the U?*™2-norm replaced by the U**2-norm, but
this would make a negligible difference in Theorem [L.2]

Now we can prove Lemma £.11

Proof of Lemma [{.1. We proceed by induction on r and s, beginning with the r =1, s =0
casel. Since codim{y € F} : ®(z,y) = 1} = d for all z € A, certainly

codim{y € F : ®(¢1(x),y +w1) = 1} = codim ({y € F} : ®(¢1(x),y) =1} —wy) =d

for all x € ()™ for which v;(x) € A, and this case follows trivially without even needing
the assumption that ||® — apl|y2@pxpr) is small.
Now let r > 2 or s > 1, and assume that the result holds for all pairs of integers (1, s")

satisfying

(Ho0<r<rand1<s <sor

(2) 1<¢ <s,
and let C’ be at most the minimum of C,/ ¢ and ¢’ be at least the maximum of ¢,/ ¢ over
all such pairs with 7/ < max (r,2°1). As long as [|® — apl|yzss2(gp ey < C'(adp™ [2)7%, it
follows from the induction hypothesis that for all but a O(6)-proportion of x € (IF;)™ for
which ¢ (x),...,%,(x) € A, we must have

E, [(® - p)(@i(x),y + wi) =E, H B(i(x), y + wi) — o

i=1

INote that if a system of r linear forms has finite Cauchy—Schwarz complexity, then it has Cauchy—Schwarz
complexity at most r — 1.
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for all wy, ..., w, € F}. If the codimension of some {y € Fy : []:_; ®(¢s(x),y +w;) = 1} is
not rd for one of these typical x, then it is either n or at most rd — 1, which means that
T p,r.
(4.3) E, H(‘I) —p)(Wi(x),y +wi)| > o
i=1

in either case, since p > 2. Squaring both sides of (3)), multiplying by []'_, A(¢:(x)),
averaging over all x € (F)™, swapping the order of summation, and applying Lemma
(to deduce the uniformity of A) and Theorem B.2 yields

Ey = l[(@ = pA) (5 )(® = pA) (-, )l eyy > 397 (o + Oy (€)W 7))

By Holder’s inequality, we then have

2 r 9s+1 s+1 . o —
B osiens By, (@ = pA) @ 9)[* >0 (57)7 (a2 4 0, (€)™ 0a1)).

It follows from this, the induction hypothesis, our assumption that ||® — Ozp||Uzs+2(FgXF;z) <
C'(a6p® /2)¢?", and Lemma A2 that

E(E,hl,...,herl

s 2 s s o —
Ey A0 (hes0)@(@5) = 07 A@)| > 007 (a2 4+ 0, (€00,

since the Cauchy—Schwarz complexity of any proper subset of
{x +w-(hy,...,hsy1) :w € {0, 1}5“}

is at most s — 1.
Thus, by taking C” sufficiently small and ¢ sufficiently large, we get that

(4.4) codim {y € F : A, 0),.0(horn,0)@(w,y) = 1} # 2°71d

for at least a Q,((5p)?™M)-proportion of (s + 2)-tuples (z, hi, ..., he1) € (F7)**+2 for which
(x 4+ w - (hi, .o hey1))weqoays+r € A" The condition @) implies that, for each such

(x,h1,...,hst1), there exist vectors vy n € le_w,h, w € {0,1}*"! not all of which are zero,
such that
Z Vrhw = 0.
we{0,1}s+1
Fix a basis {71, ..., 7.4} of V> for each z € [F). We can write every vector v, ., in terms

of this basis, giving us that

d
Z Z bmvh,w,jfym—i-w-h,j =0

wE{O,l}“’*l 7j=1

for some 2°*!d-tuple of constants (b nw,;)wefo.1}5+1,1<j<d, DOt all of which are zero.
We apply the pigeonhole principle to deduce that there is some 257!d-tuple of constants
(buw.j)we{0,135+1,1<j<d> Dot all of which are zero, such that

d
Z Z bw,j'}/x-i-wh,j =0

we{0,1}5+1 j=1
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for at least a Q,((5p)?*™M)-proportion of (s + 2)-tuples (z, hi, ..., he1) € (F7)**+2 for which
(x+w- (hiy o hes1))wefonysnt € A2 Defining

d
= Z bw,j'yz,j
j=1

for each w € {0,1}*%1, the above says that, for at least a Q,((6p)?*()- proportlon of (s +2)-
tuples (z,hy, ..., ko) € (Fp)*+? for which (4w (h, ..., het1))wefoye+1 € A¥, we must

have
Z ¢u(r+w-h)=0,
we{0,1}s+1
where at least one of the functions ¢, : ;) — F} does not have the zero vector in its image

(because ¢,(z) is always a nontrivial linear combination of linearly independent vectors).
Let ¢ be any such ¢,,. It then follows by applying Corollary B.3] to the inside average of

,,,,, o (U Y Gu(t+w-h) | A(gu(z +w-h))

we{0,1}s+1

that O, . n.,,¢(x) = 0 for at least a Q,((5p)2=V)- proportlon of (s+2)-tuples (x, hy, ..., hsi1) €
(F7)*+2 for which (z 4+ w - (h1, ..., hst1))weqoayt1 € AZ, again provided that C’ is suffi-
ciently small and ¢ is sufficiently large. That is, ¢ is a Q,((6p)?*("))-approximate polynomial
of degree at most s on A.

If C" is small enough and ¢ is large enough, Lemmas A2 and [£.4] then imply that
for at least a Q,((adp)?M)-proportion of (2s + 2)-dimensional parallelopipeds (z + w -
(hiy ..oy hasia))wefony2s+2 in A7 the derivative of ¢ on each (2s + 1)-dimensional face
vanishes, i.e.,

S DMG@ +w (b, ) =0

we{0,1}25+2
wi=¢

for all i = 1,...,2s +2 and € = 0,1. Call the set of (2s + 3)-tuples (z,hq, ..., hosio)

corresponding to such (2s+2)-dimensional parallelopipeds X. Consider ||®—pA]| (2]22122 (Ep xFp);

which, plugging in the expression

pA) Y ep(v-(y—u)

0AveEV-
for ® — pA, equals
225+2 w
p ESCJLI ----- h25+2Ah1 ----- h25+2A($) E H lo E (_1)‘ "Uw
0FvL, €V, 1SiS25+2 we{0,1}2s+2

we{0,1}25+2 e=0,1 wi=¢€

The above has size >, (p—1)(ap)?" " (adp)®D) >, (adp)?*M, coming from the contribution
of vy = A¢(x +w - (h1,. .., hosy2)) for each A € FX and (z, hy, ..., hosy2) € X. On the other
hand, we have

||q>_pA||U23+2(]Fg><]F;‘) = ||@—pa—l—pa—pAHUzﬁz(ng]Fg) S ||(I)—pOé||U25+2(]F;zXF;)+p||A—aHU23+2(F;),
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so that
(O&(Sp)os(l) <5 || @ — pAHU23+2(Fg><Fg) < 205 (adp)®=r.

Taking C;, sufficiently small and c,, sufficiently large will thus yield a contradiction if

codim {y el : ﬁ@(wi(x),y +w;) = 1} # rd

i=1

for some wy, ..., w, € Fy for a d-proportion of x € ()™ for which ¢, (x),...,¢,(x) € A. O

5. CONTROL BY DIRECTIONAL UNIFORMITY NORMS

This section is devoted to proving Lemmas and 2.4l Our arguments mostly consist
of careful, repeated applications of the Cauchy—Schwarz inequality to ensure that there is
no loss of density factors and using the results of Sections Bl and Ml to analyze the resulting
averages. As a simple warm-up, we begin by showing that if 7 C F; x F} has the form (2.7)
and B,C, and D are sufficiently pseudorandom, then T has density close to the product
density afvdp.

Lemma 5.1. Let d be a nonnegative integer, and set p := p~¢. Let ¢ > 0 and assume that
A, B,C, D CFy have densities o, 8,7, and 0, respectively, and satisfy

1B — 5||U4(1Fg)a 1C - 7HU4(1F;;)7 1D — 5||U4(1Fg) <é
and that ® C F}) x F] takes the form
o= {(r,y) € AxFyycu+V,},

where each V, is a subspace of ) of codimension d. Then the set T C F} X F} defined
by 2.7) has density

aByip + O(eV®).
Proof. The density of T"in ) x [} can be written as
Ew,yF(xa y)q)(l', y)7

where F(z,y) := B(y)C(x+y)D(2x+y). Set L(z,y) :=={y,r +y, 2z + y}. Lemma [3.0 says
that

Pz € F) : || F(x,-) — 575||U2(F3) > eM®) <« /e,
since
L(z,y) UL(z,y+h)UL(x,y + k) U L(x,y + h+ k)
has Cauchy—Schwarz complexity at most 3. Thus, Lemma yields
E,F(z,y)®(x,y) = (By5p + O("/%)) A(z)
for all but a O(y/g)-proportion of x € I}, so that

E, F(z,y)®(z,y) = aBydp + O('®).

Now we can prove Lemma 23]
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Proof of Lemma[2.3. The quantity of interest A(T,T,T,S) is
E, . .B(y+2)B(y+22)C(z+y)C(z+y+22) D(2x+y) D (2z+y+2)P(x, y)O(z, y+2)S (z+2,y),
which, after a change of variables, can be written as
EeyS(z, y)p(z, ),
where u(x,y) equals
E.B(y+2)B(y+2z)C(z+y—2z)C(x+y+2z)D(2e+y—22) D(2z+y—2)P(z—2,y)P(x—2, y+2).

We will show that p(x,y) is very close to the constant value a3%v252p? for almost every pair
(z,y) € Fp x Fy, from which it will then follow that A(T, T, T, S) is close to oa®3%736%p?.
The first moment E, ,u(z,y) equals

E,,.By+2)B(y +22)C(z+y)C(zx+y+22)D2x +y) D2z 4+ y + 2)P(z,y)P(z,y + 2).
Applying Lemma 3.6 yields

P ((@,y) € F) x By [F(r,9,) = B0 loeqey) > €°) < V5,
where
F(z,y,z) = By+2)B(y +22)C(x +y+22)D(2z + y + 2).
It therefore follows from Lemma [3.5] that
E.F(z,y,2)®(x,y + 2) = (8°70p + O('*)) A(x)
for all but a O(y/e)-proportion of (z,y) € F)y x F}. Thus,
Eoyi(z,y) = 8246 pEayC(x + y) D (22 + y)®(2,y) + O (/%) .
By arguing as in the proof of Lemma 5.1l we have
E,,C(z +y)D(2x + y)®(z,y) = aydp + O (%),

and thus conclude that
E,ypi(z,y) = af®y*6%p* + O (%) .

The second moment E, ,u(z,y)? equals

Egmy,Z,h (AhB(y + Z)AghB(y + 2Z)A_hC(ZL’ + y)AhC(ZE + Yy + 22’)

A_on D2z 4+ y) Ay D22z +y + 2) A0y @(2, Y) Acppn)@(z,y + z)) :
Applying Lemma [3.6] again yields
P ((2,y,h) €F) < B3 x By Gy, h,) — 590 uaqeyy > V%) < VE
where
G(z,y,h,z) == A,B(y + 2)Aon, By + 22) A Clx + y + 22) Ay, D(2x + y + 2),
and applying Lemma [4.1] yields

£0(1)

P((z,2—h) € Ax A:codim{z € F} : Apm®(z,y+2) =1} #2d) < 200
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for all y € Fy. Thus, by Lemma [3.5]
E,G(z,y, h, ) ACppm®(z,y + 2) = B*7°6%p> + O('/%)
for all but a O /p?W)-proportion of (z,x + h,y) € A x A X F2, so that

~Q(1)
Ex,yﬂ(xv y>2 = /847252p2Em,y,hA—hC(x + y>A—2hD(2x + y>A(—h,0)q)(x7 y) + O (po(l)) .
By Lemmas B.6] and 1] again, we have
P ((a:, h) € B x B : || H(w, h,-) — 720y > 51/8) < VE

and
‘ ! £001)
P ((z,2—h) € Ax A:codim{y € F} : A_p0®(z,y) =1} #2d) < POk
where
H([lj’, h> y) = A_hC(ZIZ' + y)A—2hD(2x + y)>
so that
262 9 e
Esyh A_hC(x + y) Ao D22 + y) Achoy®(2,y) = v 6" p"Eg n Ay A(x) + O (W)

by Lemma Using Corollary B.3 to estimate E, ,A_,A(x), we thus conclude that
2 204, 454 4 )
Ex,yﬂ(xvy) =Q B fy 5 p + O (po(1)>
Our estimates for the first and second moments of x4 imply that p has variance E, , |p(x, y)—
aF?26%p|? < %M /pPM Tt follows that
By S (2, y)u(z,y) = 00 5°7°6°p° + O (B y |z, y) — af*+26%p?|)
= 00?3*7°8°0° + O ([Boy lnlz,y) — af*6*p* 7))
-20)
= 0?33 8%p* 4+ O ( 0(1)) .
p
When ¢; is sufficiently small and ¢y is sufficiently large, this gives the desired lower bound
for N(T,T,T,5). O
To finish this section, we prove Lemma [2.4]

Proof of Lemma [2.]]. We prove (2.12]), (2.13]), and then (2.14]), proceeding in decreasing order
of the number of applications of Cauchy—Schwarz required. For (2.12)), we make the change

of variables z — z — x — y to write A(fy, f1, f2, f3) as

Ex,y,sz(x>y)fl(x>Z - x)f2($’ 2z —2x — y).f?)(z - y>y)>

which, by applying the Cauchy-Schwarz inequality in the x and z variables, has modulus
squared bounded by

sy iy (T) - B o B(z — 2)D( + 2) [Ey folw, y) foliw, 22 — 20 — y) fo(z — 9, y) -

The first factor equals a3vdp + O(¢'/®) by Lemma 5.1l Expanding the square and making
a change of variables, the second factor equals

Ex,y,anB(Z - ZL’)D(ZIZ’ + Z)A(th)fo(!lf, y)A(O,—h1)f2(za 2z — 2z — y)A(—hl,hﬂfi’)(z - Y, y)
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By another application of the Cauchy—Schwarz inequality in the y, z, and h; variables, the
modulus squared of this is at most

(51) Ey,z,m AhlB(y>C(z + y>A—h1D(2Z + y)A(—h1,h1)q)(zv y)

times
Ey,z,hl (C(Z)A(—hl,hl)q)(z -, y) ‘EIB(Z - ZL’)D(ZIZ’ + Z)A(O,h1)f0($a y)A(O,—h1)f2(x> 2z — 27 — y)‘2 ) .

The first factor (5.I) can be estimated in the same manner as the averages appearing in
the proof of Lemma 23] and equals a?3%v6%p? + O(e94V) /p°W). Expanding the square and
making a change of variables, we get that the second factor equals

Es g 2hiho (A_th(y —2)C(x+y—2)An,D2x +y — 2)Ah w)P(x + 2,y — 22)

A 0,11),(h2,0) o (T, — 22) A(0,~hy),(ho,—2h2) f2(T, y)).

A final application of the Cauchy—Schwarz inequality in the z,y, hy, and hy variables bounds
the modulus squared of this by

(52)  Eogmmndn—2mB@) A —n,C(x + ) A, D22 + Y) Ao —hy).(ha—200) P(,9)
times
Evyhihe Ahy,—2ho BY) Ay 1o C(2 + y) A, D22 + ) A(hy,—210) P (2, )
NEA By — 2)C(x +y — 2) A, D20 +y — 2)ACpy w)P(z + 2,y — 22)
Ao, (ha,0) fo(T, y — 2z)[?
By Lemmas and [.T], we have

P ((x,y, ho) € Fy x By x By« | F(2,y, ha, ) — B827°0| 2 em) > 51/8) <V,

P ((v,h2) € Fy x By |Gl ha, ) = B30 ey > ) < VE,

Q1)
P((z,2 4 h) € Ax A:codim {hy € F} : Ay —ony)®(x,y — h1) =1} #2d) <

W
for all y € F, and
)
P((z,24hs) € Ax A:codim{y € F? : Apg,—2n) (2, y) = 1} # 2d) < POk
where
F(z,y,ho, ) i= A_op, B(y — hi)A_p,C(z +y — ) D(2z + y — ha)
and

G, h2,y) = Aon, B(y) Ap,C(z +y) D (22 + ).
It then follows from Lemma 3.5 that (5.2]) equals

2Q(1)
52725/J2Ex,y,h1,hzﬁ—2hzB(Z/)A—hzc(x +y)D(2x 4+ Y)A(hy,—2n)P(2,y) + O (m) ;
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which equals
4,452 4 A A et — 23452 et
ﬁ”y pEm,hg ho (LU)+O W —Oéﬁ”)/ p—i—O W .
It remains to relate

Ex,y,h1,h2A—h1,—2th(y)A—h1,—h20('x + y)A_th(2LU + y)A(hz,—2h2)q)(x7 Z/)
EA_, By — 2)C(x+y — 2)An, D2 +y — 2)Apy n)P(2 + 2,y — 22)
Ao,),(ha0) fo(, y — 22)]?

to || fol|x,- Expanding the square and making a change of variables yields

Eovy,zhn s (A —ny,—2ne By 4 22) A_py 1y B(y + 2)
A_p —nCr+y+22)Ap,Clx+y+2)
A, DQ2x +y+22)Ap, —pn,D(2x +y + 2)
A(hy,~200) (2, Y + 22) A (hy ), (hs,—20) B (2 + 2, 9)
A(o,hl),(hz,O),(o,—zhg)fo(il?, y)),

which can be written as

By b hahs A 0,h1),(h2,0),(0,—2hs) Jo (2, y) (2, y, ha, ha, hs),

where

w(z,y, hy, ho, hs) = E, (A_h17_2h2B(y +22)A_p, _n,B(y + 2)
A_p O +y+22)A,Cx+y+2)
A, DQ2x+y+22)Ap, —n,D(2x +y + 2)
Ahg,—20)P(2, Y + 22) A (Zhy ), (h—200) R (T + 2, 1))
We will show that, for almost every 5-tuple (z,y, hy, he, h3) € (IE‘Z)5 for which z,z + hy € A,

w(z,y, hi, ho, h3) is very close to the constant value a?3%7y%§5p5. Indeed, the first moment

Exvy,h17h2,h3ﬂ(xv Y, hi, ha, h3) is
r,x+hoEA

1

mEaz,wmhmg (Ahi—2m B(y +22)Apy iy By + 2)

A—hh—hzc(I +y+ QZ)A_h3C(ZL' +y+ Z)

A, DQ2x +y+22)Ap, —n, D22 +y + 2)

A(hg—20) P(L, Y + 22) Ay ) (hss—20) R (2 + 2,)).
Lemmas and E.1] tell us that

P <(x, 2ol b, hs) € (B2 |H (2, 2, ha, ho, iy, ) — B398 ey > 51/8) < Ve

and

P((z,z+ho,x+z,0+2—hi,x+ 2+ hg, o+ 2 — hy + h3) € A°
(1)
9

: codim {y el : Ahy,—2h)P(T, Y + 22) A(Cpy ), (hs,—20) (T + 2,Y) = 1} #* 6d) < W,
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where
H(z,y,hi, ha, hs, z) == (A_p, —ony B(y + 22) A_py —ny B(y + 2) Ay, —n,Clx + y + 22)
A_p,Clx+y+2)An, D2+ y + 22) Ay, _py D(2z + y + 2))
so it follows from Lemma that the first moment equals

1
a2+ 0O(e)

which equals

201)
35706 0 B 2 iy oy s Dhy A(2) Ay iy Az + 2) + O (p0(1)> ;

408 656 6 e

by Corollary B3l The second moment Eq .y ho hs 4(T, Y, b1, ho, h3)? is
z,x+ho€EA

mEm,y,z,hl,hz,hg,k (A n —2n2kB(y +22)A p, gk By + 2)
A_py —pokClx +y+22)A, ,Clx +y + 2)
A_p o D2r +y+22)An, _pa 1k D(2r +y + 2)
A hg,—2h),0,28) P (2, Y 4 22) Ay o), (hs —2h),(k0) (2 + 2, 1)),
which, noting that
A(hg,—2h2),0,20)P(T, ¥ + 22) = Ahy—on0) P(2, Y + 22) Ay —ony) P(, 2k — ),
we can write as
B e hashsde (Do hy —2ha 2k By + 22) Ay iy 1 By + 2)
A_p —h2kClx +y+22) A, 1, Clz+y + 2)
Ay D2z +y+22)Ap, —py 1k D22 +y + 2)
Ay, —2n2) ®(T, Y + 22) Ay ha), (hs,—2hs), (1,0 P(T + 2, 1)
Ay, om0y P(, 2k — u)),
Lemmas and [4.1] analogously to the case of the first moment, tell us that

P ((ZE, Zs h’17 h’2a h3a k) € (IFZ)G : ||I(ZL',Z, hla h27 h’3a ka ) - 516712512HU2(F2) > 51/8) < \/E

and
Plee AN(A-hy)andz+z€ (| (A—w-(—hi hs,k))
we{0,1}8
' £00)
: codim {y € F) 1 Apny,—2n)P(2, Y + 22) A(Chy ), (hs,—2h), (6,0 R(T + 2,Y) = 1} #* 10d) < 0

where
I(x, 2, h, hoy b, Ky y) = (A_py —ony ok By + 22) Ay —ny k By + 2)
A—hl,—hg,%c(f + Yy + QZ)A_;B,]QC(ZE + Yy + Z)
A_hhng(QSL’ + Y + 2Z)Ah27_h37kD(25L’ -+ Yy + Z)),
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so it follows from Lemma 3.5 that the second moment equals (o + O(g))™! times

Q(l)
(53) ﬁ16’yl2512p10Em727h17h2’h37kA_h1’h37kA(LL’ + Z)A(h%_gm (I)(flf 2k — U) + O <p0(1))

To estimate the main term of (5.3]), we note that
[2(-, 2 —u) — apllusmpxmy) = 1P — apllyswy<ry)
and apply Lemmas and 1] again to get that
P (2,20, hs) € (F)*: 10 (2,2, b, s, ) — @ flpageyy > €/°) < V2

and
Q(1)
P ((ZL’,ZL’ + hg) € Ax A : codim {k‘ € FZ . A(h2,_2h2)fb(:)§',2k‘ — u) = 1} 7& Qd) < m,
where
J(x,z,hy, hs, k) := A_p, p, A(z + 2 + k).
Thus, by Lemma [3.5], we have that
Es 2 b hosha e D —hy b e AT+ 2) A(ny,—one) P2, 2k — )

equals

Q1)
g
QPP Ea 2y o g Dy A(2) Ay g Al 4 2) + O ( 5 ) :

10,2 e
ap +O< )
000

by Corollary 3.3l It therefore follows that the second moment is

£00)
3316 12512p12+0< (1)).
p©

which equals

Thus,
£0(1)

Boay,h1 ho s ‘,u x,y, hi, ha, hg) — oz4ﬁ8 656p6} <

T x-l-hzeA pO(l)

and we conclude that

(1)
B s s D 0,10), (h20),02h0) o (2, ) (@, y, B, Pz, hg) = a* B57°6° p° foll5, + O (p (1)) '

Putting everything together gives

2201
IA(fo, f1, for f3)|° < @ 82041561018 £ |2, +O(p )),

as desired.
For (213]), we make a change of variables and apply the Cauchy—Schwarz inequality to
bound |A(T, f1, fa, f3)|* by

pipncin (T)-Eay B(y)C(24y) (2, y)|E.C(x+y—22) D22 +y—22) fi(x,y—2) fs(x+2,y—22) .
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Expanding the square in the second quantity and making a change of variables yields
E;ymBly+22)C(x+y+ 2)A_op,Cr+y — 2)Agp, D2z +y — 22)0(x — 2,y + 22)
A(o,—hl)fl(x —Z,Y+ Z)A(hl,—zhl)f:a(% y).

By applying the Cauchy—-Schwarz inequality again in the x, y, and h; variables, the modulus
squared of this is bounded above by

(54) Ez,y,hl A—2h1B(y)A—h1C(ZE + y)D(ZE + y)A(h17—2h1)q)(x> y)
times
Eq y,h, (A—%lB(y)D@x + y>A(h1,—2h1)q)(x7 Z/)
|E.[Bly+22)C(z+y+ 2)A_op,Cx +y — 2)A o5, D22 + y — 22)P(x — 2,y + 22)
Ao —n) fi(z = z,y + 2)]).

Expanding the square and making a change of variables, the second factor equals
Eo 2 h1 haDony By + 2) A _op, B(y — 2)A _opy n,C(x +y — 2)An,C(x +y + 2)

A_ghl’_2h2D(2$L’ + Yy — Z)D(QSL’ —+ Yy + Z)A(_h%hQ)(I)(SL’, Yy + Z)A(hl’_ghl)q)(l’ + Z,Y — Z)

A, ~h) (~ha ) J1(T,Y),
which we can write as

By, h1 ha D 0,~ha ) (=hasha) J1 (T ) (2, o),
where
w(x,y, ha, he) = B Aogp, B(y + 2)A_on, B(y — 2)A_gn, —m, Oz +y — 2) Ap,Clz + y + 2)
A opy—on, D2z +y — 2)D(2x + y + 2) AChy p) P(2, ¥ + 2) Ay —2n)P(x + 2,y — 2).

The quantity (5.4) and the weight x4’ can be analyzed in the same manner as the correspond-
ing quantity and weight in the proof of (2.12), so that

Q@1
AT b 1 <005 8l + 0 (S )
Finally, for (2.14]), we make a change of variables and apply the Cauchy—Schwarz inequality

to bound [A(T, T, fo, f3)|* by pinxwn (T) times

EeyB(y)C(x +y)®(z,y)|[E.B(y + 2)C(x +y — 2)D(2r +y — 22)D(2r +y — 2)

Oz — 2,y + 2) folr — 2,y +22)?
Expanding the square in the second quantity and making a change of variables yields
E,ynBy)Clx+y—2)0(x + 2,y — 22)Ap, By — 2)A_,C(x + y — 22)
Ao, D2z +y —22)A_p, D2z 4+ y — 2) ACpy ) P(2, ¥ — 2) A(Chy 2m) f2(2, 1),

which can be written as

Ex,y7h1A(—h172h1)f2(x> y):U“H(Ia Y, h1)>
where

,u//(x’ Y, hl) = EZB(y)C(ZIZ' + Y- Z)(I)(Zlf + z, Y- 2Z)Ah1B(y - Z)A—hlc(I + Yy—= 22)
A_thD(QSL’ +vy— QZ)A_th(QSL’ +vy— Z>A(—h1,h1)q)(x7 Y — Z).
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This weight can again be analyzed in the same manner as the weights appearing in the proof
of (2I2), giving
Q(1)
€
AT, o PO < a8 Al + 0 (S ).

and completing the proof of the lemma. O

6. OBTAINING A DENSITY-INCREMENT

As was mentioned in Section 2] one ingredient in the proof of Theorem is an inverse
theorem for the U?(®(z,-))-norm localized to pseudorandom sets. Applying the standard,
nonlocalized inverse theorem for the U?(®(z,-))-norm would yield a density-increment that
gets weaker as T' becomes sparser, which is inadequate to close the density-increment itera-
tion. To get a strong enough localized version of this inverse theorem, we will need to use the
transference principle. The particular instance of it required is an immediate consequence
of the dense model lemma from [24], which appears as Lemma 3.3 in that paper.

Lemma 6.1 (Dense model lemma for the U*-norm on subspaces). For every natural number
s, there exists a constant cs > 0 such that the following holds. Let € > 0, V. < FJ be a
subspace, and f,v:V — [0,00) be functions satisfying

(1)0< f<v,

(2) Epev f(z) <1, and

(3) lv = s vy < exp(—e™).
Then there exists a f:V — [0, 1] such that B ey f(z) = Exevf(x) and || f — f||Us(V) <e.

One can see that this lemma is a consequence of Zhao’s lemma by using the Gowers—
Cauchy—Schwarz inequality to translate between his (s, e)-discrepancy pair condition and
our U*-uniformity condition.

In the course of the proof of Theorem 2.5 we will encounter various averages of linear
forms that turn out to be controlled by certain degree 1 and 2 directional uniformity norms.
Because of this, we will also need to obtain a density increment when these norms of the
balanced function g¢ = S — o are large. The first two subsections of this section are devoted
to proving that this is possible.

6.1. Results on degree 1 norms. We first show that the relevant fibers of any set of the
form (2.7)) typically have close to their average density, provided that A, B, C, D, and ® are
sufficiently pseduorandom.

Lemma 6.2. Let d be a nonnegative integer, and set p := p~%. Suppose that A, B,C, D C )
have densities a, 3,7, 0, respectively, and that ® C F} x F} has density ap in Fy X F) and
takes the form

b= {(r,y) €c AxF) 1y cu+V,},

where each V, is a subspace of F}) of codimension d. Let € > 0 and assume that
A = allus@g), 1B = Bllusey), 1C = vllusey), 1D = dllusey), |2 — aplluzwy e <e.
Define T by 2.7). Then
1/8

(€)%a’

P(zeA: |\ (T (, +)) — Bydp| > ') <
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/ o178
B(y € B:lusy(T(y)) — dp] > &) < .
/ o178
P (z eC: |,u]Fg(T('7 z—)) —aBép| > 5) < ()2
and 1/8
P (w eD: \,uu?g(T("w —2)) — aByp| > 5/) < (e")26

for any & > 0.

Proof. From Lemma B1], we have Eyeapey(T(2,-)) = Bv0p + O (¢'/8/a). For the second
moment, we argue as in Section [B] to estimate
E, A(z) [E,B(y)C(x +y) D2z + y)®(z, y)[* = af**6*p* + O('/%)
using Lemmas B3 and B8, giving Eyeapiry (T(z,))* = 2926%p* + O (/8 /a). It now follows
from Markov’s inequality that
1/8
()

for all & > 0. The three other estimates are proved analogously. U

P(zeA: |\pwn (T (, +)) — Bydp| > ') <«

Now we can obtain a density-increment when the degree 1 uniformity norms controlled by
| - ||x, and || - ||, are large. The proof is essentially an averaging argument, like the proof of
the analogous Lemma 3.1 in [I2]. The most substantial new feature, which will arise many
times in this section, is that we must now verify that the set on which we claim to have
found a density-increment actually has close to the correct density in F) X F}). In the case of
corners, any product set A x B trivially has density equal to the product of the densities of A
and B. This is not, in general, the case for sets of the form (Z7]) unless further assumptions
are made about A, B,C, D, and ®.

Lemma 6.3. There exist absolute constants 0 < ¢; < 1 < ¢y such that the following holds.
Let d be a nonnegative integer, and set p := p~%. Suppose that A, B,C, D C ) have densities
@, B,7,0, respectively, and that ® C ) X F} takes the form

¢ ={(z,y) e AXF,:y €cu+V,},

where each V, is a subspace of F, of codimension d. Let 7 > 0 and e < ci(Ttafydp)?, and
assume that

|A = allys@y, 1B = Bllos@g), 1C = vllosws), 1D = dllus@p), [Po — pllozggxwm) <.
Define T' by 2.7)), and let S C T have density o in T. Suppose that

(6.1) Esynlomgs(z,y) > Taf?y?6%p?,
(62) Ex,y,hA(h,O)gS(xvy> > TO(2/8’7252 27
or

(63) Ex,y7hA(_h7h)gg(x, y) > Ta2ﬁ2752p2.

Then S has density at least o + Q(7O1)) on some subset T' of T of the form
T = {(:)s,y) ey xF): A'(z)B'(y)C'(x + y)D(2x + y)P(z,y) = 1} ,
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where the densities of A', B',C" C F2 are Q(r°Wa), Q(r°W5), and Q(r%Wy), respectively.
Proof. The assumption (6.1]) can be written as

EoealBygs(z,y)|* > 75°9%6%p°.

Since ppy (T(2,-)) > 2p870p for at most a O(e'/®/a?B%y*6%p?)-proportion of 2 € A by
Lemma [6.2] it follows that, as long as ¢, is sufficiently large, there exists a subset Ay C A of
relative density at least 7/4 for which

B, 5(a, )| > YT

for all x € Ay, provided that ¢; is small enough and ¢, is large enough. Note that E,gs(z,y)
is a real number, and thus is either positive or negative. There must therefore exist a subset
Ay C A of density at least 1/2 in Ay such that either

for every x € Ay or

Eygs(z,y) < —@

for every x € A;.
In the first case, setting A" = A; and o = gy (A’), we have

TBv0
EocaBy05(2,1) — (Beca B, S(r,y) — oiyip)] < YT
by Lemma whenever ¢; is small enough and c; is large enough, so that
T
By A (05(.0) > (o4 ) o'

Since E, ,A'(2)B(y)C(z + y)D(2x + y)®(x,y) = «/Bvép + O(c'/*%/a) by Lemma 6.2 the
conclusion of the lemma follows when ¢; is small enough and ¢, is large enough by taking
B' = B.
In the second case, setting A" = A\ A; and o = iy (A’), we use the fact that E, ,g5(z,y) =
0 to deduce that
T2 Bydp
16

whenever ¢; is small enough and ¢ is large enough. Note that E, ,A'(x)B(y)C(x+vy)D(2z+
y)®(z,y) = o/Bydp + O(c'/'% /a)) in this case as well by Lemma 6.2} so the conclusion of the
lemma will follow as long as o/ = Q(7°Ma). But this also follows from Lemma 6.2, for we
have

Ta(By0p) + O(e'10) < |E, A (2)gs(z,y)| = [E,A'(2)gs(x, y)| = o/ (Bv6p) + O(a'e"1 Jav).

ExeA’EygS(xa y) >

The proof of the lemma starting from the assumptions (6.2)) and (6.3) is essentially identi-
cal, but using the second and third probability estimates from Lemma [6.2] respectively. [
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6.2. Results on degree 2 norms. To obtain a density-increment when the relevant degree
2 directional uniformity norms of gg are large, we first need to show that certain degree 2
“inner products” are controlled by the degree 1 directional uniformity norms studied in the
previous subsection.

Lemma 6.4. Let d be a nonnegative integer, and set p := p~¢. Suppose that A, B,C, D C )
have densities «, 3,7,0, respectively, and that ® C Iy x F} takes the form

d={(r,y) e AxFr:ycu+V,},
where each V, is a subspace of ¥} of codimension d. Let € > 0 and assume that
|A = allus@g), 1B = Bllusep), [C = Ao, 1D = dllusws), 12 — aplluagxr) <e.

Define T by 27), and let S C T and T > 0.
If

(6.4) Evyne ] 9u((@9) +w-((0,h),(0,F))] = rap'y'd'p’,

we{0,1}2

where g, equals T or gs for all w € {0,1}2, at least one g., equals gs, and at least one g,
equals T', then

Q1)
2 p2 252 2 €
E.ynlongs(®,y) > m°af™y"0°p" + O ((aﬁWSP)O(I)) :
If

(6.5) Eeyni || o((@,y) +w- ((1,0),(0,k)))| > ra’8>y'5"p",

we{0,1}2

where g, equals T or gs for all w € {0,1}2, at least one g, equals gs, and at least one g,
equals T', then

Q(1)
2 p2 2¢2 9 €
Ex,y,hA(O,h)gS(xuy) >T OKB v 0 P+ 0 ((aﬁ,yép)O(l))

or
Q(1)
2 25 2¢2 9 €
Ex,y7hA(h,0)gS(xuy) > T ny 0 P+ 0 (W) '
If
(66) Em,y,h,k H gw((xv y) +w- ((07 h’)v (_ku k))) Z TO[2B4’)/254 47

we{0,1}2

where g, equals T or gs for all w € {0,1}2, at least one g., equals gs, and at least one g,
equals T', then

Q1)
Ex,ymA(o,h)gs(fB, y) > 720452725202 +0 ((aﬁvép)o(l)) ’

or

Q(1)
2 252 2 2 €
Ex,y,hA(—h,h)gs(%y) > T a0 p" + O ((aﬁ”y5p)0(1)) ’
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Proof. We rewrite the various assumptions that (6.4, (6.5), and (6.6) hold when at least
two of the g,’s equal T as

By ngs(@,9)gs(x, y + h)m(a,y, h)| > rafy 6 p’,
Eeygs(, y)pa(e,y)| > rafy'ep’,
By k9s (2, y)gs(x, y + k)pa(w, y, k)| > TaB25%p*,
By ngs(@,9)gs(x + hyy)pa(z,y, h)| > 70?5246 pt,
B y9s(2, y)us(a,y)| > 7a? 5216 pt,
Esyn95(2, y)gs(z, y + hus(x, y, h)| > 7?5425,
B y19s(,y)gs(x — k,y + k) (2, y, k)| > 7o’ By?6" p,
and
Esy9s (2, y)us(z, y)| > 7a?Biy28"pt,
where
pi(x,y, h) =B T(x,y + k)T (z,y + h+ k),
pa(z,y) = EppT(x,y + h)T(x,y + k)T (v,y + h + k),
us(z,y, k) =ET(x+ h,y)T(x+ h,y + k),
pa(x,y, h) = B T(x,y + k)T (x+ h,y + k),
p5(x,y) = EnpT(x + h,y)T (2, y + k)T (z + h,y + k),
pe(x,y,h) =B T(x —k,y+ k)T (x —k,y+h+k),
wi(x,y, k) =E/T(x,y+h)T(x—k,y+h+k),
and
ps(z,y) =By T(z,y + h)T(x —k,y+ k)T (x —k,y + h+ k).
Using the definition (2.7) of 7" and arguing as in Section[Hlusing Lemmas 3.5 B.6] and 4.1 gives

that each of uq, ..., usg is typically very close to its average value on its support. Precisely,
we have the estimates

£01)
Ex,y7hA(x)q)(xv h — u)|/'L1(:'U7 Y, h) - 527252P‘2 < pO(l) ’
3.3¢3 22 )
By A(@) @ (2, y)|pa(@,y) — B27°0%0°)" < —555,
P
262 212 el
Ex,y,kB(y)B(y + k)|ﬂ3($a Y, k) —ay 0 p | < po(l)’
262 912 et
E%y,hA(l’)A(l’ + h)‘:u4(x7 Y, h’) - /ny 0 p ‘ < pO(l)’
2 353 312 )
E.yA(z)B(y)|us(z,y) — B7°0°p7|° < 00
20
Em,y,hc(x + y)C(l’ + Yy + h>|/'L6(:'U7 Y, h) - a5252p2‘2 < pO(l) )

£0(1)

B,k A(@)A(z — k)| ur(z,y, k) — B2v8%p*|° < o
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and
Q1)

E,yA@)C(@ + y)lis(@,y) = af6'" < o5,

which imply that

220
sy n9s(2,y)gs(x, y + ) (2,9, h)| = 8278 pEq y ngs(x, y)gs(z,y + h) + O (m) )

o)
By 9s(z,y)a(@, )] = B77°0° 0% |[Eoygs (2, )] + O <W) ’

~Q(1)
By k95 (z,y)gs(,y + k)ps(z, y, k)| = av*6* p°Bu y 195 (x, y)gs (2, y + k) + O ( o ) :

‘Ex,y,th(xv y)gS(x + h, y),u4(x, Y, h)‘ = 57252P2Ex,y,h95(x7 y)gS(x + h, y) + ) (po(l)) ;

L)
Eey9s(2, y)ps(x, y)| = 27°0°p°|Ee ygs (2, y)| + O < pom) )

Q)
By ngs (@, 9)9s (2, y + h)ps (2, y, )| = aB?6* p*Eqy ngs(z, y)gs(z,y + h) + O (W) ’

20(1)
By k95 (@, y)gs(@ — k,y + k)pa(x, y, k)| = 8290°p°Eq y19s(. y)gs (v —k, y+k)+0 (W) ’
and

£0(1)
[Eay95(2, y)ps(z,y)| = >0 0 [Eayg5(x, )| + O ( 00 ) '

Since |E, ,95(x,y)|* < aFyyngs(x,y)gs(x, y + h) by an application of the Cauchy-Schwarz
inequality, the conclusion of the lemma easily follows starting from any one of the assump-
tions (6.4)), ([6.5]), or (6.6]) when at least two of the g,,’s equal T

To prove the lemma when only one g, in ([6.4), (6.5), or (6.6) equals T', we will apply
the Cauchy—Schwarz inequality once, and then argue analogously. By making a change of
variables, we may start from the assumption that

Esynkgs(®,y)gs(x, y + h)gs(z,y + k)T (z,y + h+ k)| > Taf*y*6*p°,

|Esynikgs(,y)gs(x+ h,y)gs(x,y + k)T (x + h,y + k)| > T2 B2y,
or

By nkgs (2 y)gs(@,y + h)gs(x — k,y + k)T (x — k,y + h+ k)| > 705475 p.
We apply the Cauchy—Schwarz inequality in each of these three cases to get that
(6.7) By [Ergs(z,y+ k)T (z,y+ h+k)> AB(y) AnC(z + y) Ay D (2 + y)®(z, y)
times B, n AT (2,y) is at least 72a?35%6%p°,
(6.8) By [Ergs(e,y + k)T (x + h,y+ k) Bly) AnC(x + y) Ao D (22 + 1)Ao@ (2, y)
times B, , nAn0)T(z,y) is at least 72a*344%6%p®, or
times E, ., AonT'(z,y) is at least 720" 33416%p®.
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We have
2 2:2 2 e
E:c,%hA(O,h)T(xvy) =afy o7 p 4+ 0 (po(l))

and

£2)
Em,y,hA(h,o)T(ﬁfa y) = 0425725%2 +0 (pO(l))

by Lemmas B3] B.6] and 41l Expanding the square and making a change of variables, (G.7])
equals

Ex,y,lA(O,Z)gS($a y)u9($a Y, £)>

where
po(z,y, 0) == Ep ApnB(y — k)AiB(y + h)AC(x +y — k)AlC(z+y + h)
ApDQ2x +y—k)ADQ2z+y + h)P(z,y — k)P(z,y + h)
([68) equals
EvyeA0.09s(: y)o(z,y, ),
where

pio(z,y,0) == Ep By — k)ALC(z +y — k)AC(x +y+ h)
ANopD(2x +y — B)AiD(2x 4+ y + 20) A0y ®(z,y — k) A0, @(x + h,y)
and (69) equals
EoyeAe09s(@,y)m(z,y, 0),
where
pir(x,y, l) = Ep pApB(y — k)A¢B(y + h)C(x +y + h)
ALDQr+y+k)A_ D2z +y + h)Apn®(@+ky —kE)ACio®(x,y +h)
Analogously to the weights pu1, . .., ug, Lemmas B0, 3.0, and 1] give the estimates

Q1)
2 €
Em,y,ZA(O,Z)(I)(xv y) }/1’9(']:7 Y, 6) - ﬁ47464p2‘ < W’

Q(1)
2 S
Ex,y,fA(I)AfB(y) ‘MlO(x> Y, f) - 055'7454p4} < W>
and
4_ ¢4 4]2 )
Ew,y,ZA—ZA(x) }:U’ll(xvyvg) - O‘B 75 P ‘ < pO(l)’

from which it follows that

Q(1)
€
‘Ew,y,gA(o,z)gs(% Y)po(z, y, 5)} = 547454P2Ew,y,éA(0,5)95(Iv y)+0 ( 0(1)> '

Q(1)
£
}Ex,y,éA(O,Z)gS(za y),ulO(ZEa Y, g)} = a57454p4E:c,y,€A(0,Z)gS(x> y) + O ( 0(1)) )

and

o0
Ea e Ae09s(z,y) i (z,y,0)| = af* 6 p By oA o095 (2, y) + O ( 0(1)) :

This completes the proof of the lemma. 0
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Now we are almost ready to prove our desired density-increment result for the localized
degree 2 directional uniformity norms controlled by || - ||, :

Lemma 6.5. There exist absolute constants 0 < ¢; < 1 < ¢o,c3 such that the following
holds. Let d be a nonnegative integer, and set p == p~¢. Suppose that A, B,C,D C 7 have
densities «, 3,7, 0, respectively, and that ® C ¥} X F} takes the form

O ={(r,y) e AxF)ycu+V,}

where each V, is a subspace of Iy, of codimensiond. LetT > 0 ande < ci(TafBy0p)® exp(—(32/7)%),
and assume that

A = allus@p, 1B — Bllus@n), 1C — Ylus@py, |1D — dllus@n, |2 — apllva@pxrm) < €.
Define T' by (2.7)), and let S C T have density o in T. Suppose that

(6.10) Euy kDo), 00952, y) = TaBy 6% p?
or
(6.11) By kAn,0), 0,595 (T, y) > 7?8215 p.

Then S has denszty at least o + Q(7°W) on some subset T' of T of the form
= {(z,y) e F) x F} : A'(2)B'(y)C(x + y) D2z + y)®'(2,y) = 1},
where the densities of A', B' C F} are both Q((o1aBy6p)°N), and ' is of the form
' ={(z,y) e A xF:yecu +V]},
where each V, is a subspace of ), of codimension d + 1.

To prove this lemma starting from the assumption (GI0), we will apply a localized
U?(®(x,-))-norm inverse theorem for many fixed x, which will produce a density-increment
on a set of the form

(6.12) {(z,y) e Fp x F : A'(2)B(y)C(z +y)D(2x + y)¥(z,y) = 1},
where
U= {(z,y) € A xFy:yecu,+V,}

This is not yet what the conclusion of the lemma promises, since u!, varies with x. To show
that we can select a fixed u' (at the cost of shrinking the size of A’ a bit) we will need
Lemma [6.6] below.

The reader may wonder why we cannot just run the density-increment argument on sets
of the form (6.12) and skip having to prove Lemma [6.6. The issue with this hypothetical
proof is that U*(F) x I )-uniformity of a set of the form W is not strong enough to guarantee

that the analogue of Lemma [£T]is true, regardless of how large s is taken to be. Thus, such
sets are not as amenable to a Shkredov-like pseudorandomization procedure.

Lemma 6.6. There exist absolute constants 0 < ¢; < 1 < co such that the following holds.
Let d be a nonnegative integer, and set p :=p~?. Let A C ) have density a, ¥ C F} x F}
take the form

U= {(z,y) € AxF) :ycu, +V,},

where u, € F} and each V, is a subspace of F of codimension d, and K C A X F} satisfy
By K (2, y) — &, [By K (z,y)H(y) — rp| <e
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for every x € A and every affine subspace H of ¥ of codimension d. Let T > 0, assume that
e < ci(taByép)®, and suppose that S C F) x F has density at least o + 7 in K N, where
o > 0. Then there exists a u € Fy and a subset A" C A such that SNT" has density at least
o+ 71/4 inT', where
T"=AxF,NnKNJd,
= {(z,y) € A xF, 1y cu+V,},
and gy (A') = apt /2.
Proof. Define
U, ={(r,y) e AxF) :ycu+V,}
and
A, ={re€eA:u, —ueV,}
for every u € Fy, and set a, := ppn(Ay), so that E,a,, = ap. By our assumption on K, we
have
prn < (K) = ak + O (¢)
and
,u]FgX]F;L (K N \Ifu) = QuKkp + O (8)
for all u € F}.
Note that

Euppnxrn (SN K NW,) > plo + 7)prn e (K) = (0 + akrp® + O (g),

and set

G(u) :
(U) HFzxFn (K N ‘I’u)

for each u € IFZ. Then we have

(0 +7)akp® + O (¢) < kpE,a,G(u)

<@ (a+£> Z oy, + Z y

" u€lFy u€lfy
G(u)<o+71/4 G(u)>o+71/4
-
< %p((cHZ) (ap—n)+77),
where ]
n= n Z Qg
p u€ely
G(u)>o+71/4
so that
dTAp
8

when ¢; is small enough and c; is large enough. The contribution to 7 coming from wu for
which «, < Tap/2 is obviously at most Tap/2, which implies that

1 TOp
P Z Q> 8’
u€ly
G(u)>o+71/4
au>Tap/2
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which is clearly positive. We thus conclude that there must exist a u € F} for which
oy, = pipn(Ay) > Tap/2 and

-
NngFg(S NKN \Ifu) > ((7 + Z) ,M]F;LX]F;L(K N \Ifu)

The conclusion of the lemma now follows by taking A" = A, and ®' =¥, N (A" xF}). [
Now we can prove Lemma

Proof of LemmalG. 3. First assume that (6.I0) holds. By writing S = gs + 0T, we see that
Eq kA 0,1),0.0)5 (7, y) equals
0" By n kD 0.0),0,0) T (2, Y) + Ea gy n kA 0,n), 0095 (2, )
plus 14 terms of the form
(613> Er,y,hk H gw((xvy) tTw: ((07 h’)v (Ouk)))u
we{0,1}2

where at least one g, equals gg and at least one other equals oT", and

o0
0 EuyhkDon), 00T (@, Y) + Boy hklon), 04095 y) > (0* + 7)apy*6*p® + O (W) :

If one of the terms (6.I3)) has absolute value larger than TaB%y%54p?/32, then combining
Lemmas and produces the desired density increment. Thus, we may proceed under
the assumption that all have size at most Ta3%y46%p%/32, so that

.
Ex7y,h7kA(0,h),(0,k)S(l', y) > <0’4 + 5) O‘ﬁ4745403.

For each x € Fp, set ®,(y) := ®(z,y), To(y) := T'(x,y), and S,(y) = S(v,y). Lem-
mas [3.5] B.6, and E.T] tell us that
ExA(LL’) }Ey,h,kAh,ka(y) — 547454p3‘ < 89(1),
E,A(z)|Te — 876 |IE2 @,y < ™V,
and that A
E.A(z) |Eyes, Se(y) — a8v0) < &aﬁzvch 2
or else Lemma will again give the desired density increment. It follows that there exists

a subset Ay C A of density > 7 in A such that

T8y
64

-
HSmH4U2(<1>x) > (0'4 + Z) B 1T = B0 v, < e?W, and [Eyea, Su(y) — 0870 <

for every x € Ap. Setting
1 1

fa(y) = B—wSm(y) and Uy = ﬁ—w_Tm,

for all 2 € Ay we then have || fo||j2(g,) > 0" +7/4, 0 < fo <vp, By fu(y) < 1, and

Q(1)

W <exp (—(32/7)%),

provided that ¢; is small enough and ¢, is large enough. Thus, as long as c3 is sufficiently
large, Lemma [6.1] tells us that there exists a function f, : ®, — [0, 1] such that E cq, f,(y) =

Ve = Lv2@,) <



40 SARAH PELUSE

Eyca, f2(y) and || f, — fgc||Uz(CI> < 7/32. As a consequence, since ||fx||4U2(%)
must have

> o'+ 7, we

- T
I felli@,) > o' + 3

as well. Set ¢, :=E, f,(y) = Eyfx(y) and let v, € ®,, so that
4

—

(fe = 0)(&)

1felle@n =02+ >

0£EED,—vs

Since |6, — o| < 7/64, it follows that there exists a nonzero £m € @ﬁm such that
Eyeo. (2 — 0)W)en(& )| 2 12,

where we have crucially used that f, is 1-bounded. As || f, — f:c||U2(q> < 7/32, it therefore

follows that
-

Eyea, (fo —0)(y)ep(&e - y)| > 33

for every x € Ay.
Extend z +— &, from Ag to A by picking a nonzero &, € <I> — v, arbitrarily for all x € A\AO
We now split the average over y € ®, above into an average of averages over cosets of <§x>

in @, and average over all of A to get that

E yeo. (fo - a><y>' >

EmGAEtEFp
Ezy=t

and use the fact that
EucaBect,E o, (f = 0)(y) = ExcaByea, (£ = o)) = 0
to deduce that
BucBree, max (0.E e, (1 = 2)1) ) 3 7
By applying the pigeonhole principle in the x and ¢ variables, it follows that there exists a
subset A; C A of density > 7 in A and, for each z € A;, an element ¢, € F, for which

E yea, (fo—0)y) > .

&z y=ta

Thus, recalling the definition of f,, we have

(6.14) Ex6A1E£y6<1>x S(x,y) = (o +Q(7)) B
z Y=tz

Define ¢ : F — F} by taking ¢(z) = &, for all z € A and ¢(z) to be an arbitrary element
of (D, —v,)" \ {0} for all z € Fj \ A, and similarly extend z — ¢, from A; to A by taking
t, to be an arbitrary element of IF,, for which

K IS S(SL’, y) Z Ey€q>zs(x7 y)
(x)-y=ts

for all z € A\ A;. Such an element must exist by the pigeonhole principle. Set
Ui={(z,y) €P:9(z) y=t.},
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so that codim{y € F}} : W(z,y) = 1} = d+1 for every 2 € A, and oy := [A;]/p". Then (6.14)
can be rewritten as

By S, ) ()W) 2 (0 + (7)) 1,

It remains to check that the density E, ,A;(z)B(y)C(x + y)D(2zx + y)¥(z,y) is close to
a1 879p/p, so that we indeed have the desired density-increment. But by Lemmas[3.5 and [3.6],
we have

J
E,B()C (e + 9)D(2e +5)W(ay) = “2F 40 ()
for all but a O(y/2)-proportion of x € A, from which it follows that
J
Bey s (0) B)C(o +9)D(20 +)Wlasy) = 2% 10 (1),

Thus, S has density at least o 4+ Q(7) on
Q= {(z,y) € Fy x Fy: A () B(y)C(z +y) D (2 + y)¥(z,y) = 1},

provided that ¢y is large enough. The conclusion of the lemma now follows from Lemma
Now suppose that (6.11]) holds. By writing S = gs 4+ o' and arguing as in the first case,
we may proceed under the assumption that

Er atrS(2,4)S(@,9)S(@, ) (@', y/) = (o +
We will first show that either
E.yS(z,y)S(2",y)Ca +y) D2z + y)®(z,y) = (0% + O(1%)) apy’6’p’
for almost every pair (2/,y') € S, or else we can deduce the desired density-increment using
Lemma [6.3]
Consider the average
EvryyS(x,y") S, y)S (2, y")C(x + y) D(22 + y) (2, y).

Using that S = gs + o7, the above can be written as

-
5) Q23245 .

(6.15) 0yt gy T(2,y)T(2,y)T(2,y") Oz + y) D22 + y) (2, y)
plus seven other terms of the form
(616) Ex,x’,y,y’QO(za y,)gl (IJ> y).gQ(x/> y/)C(ZIZ' + y)D(2ZE’ + y)q)(llf, y)>

where gg, g1, and gs all equal gg or o1 and at least one g; equals gs. By Lemmas 3.5 B.6]
and B1] the quantity (6.I5) equals o®a?2y%6p* + O(4V /p°M). Suppose that k of the
functions go, g1, and g¢o in (6.10) equal o7T. By a similar argument to those used to prove
Lemma [6.4], if any term of the form (6.16]) has size at least To*a?32y*5%p*, then

Q1)
Esynlongs(T,y) > 78@527252/’2 +0 <p0(1))

or

£2(1)
Eeyn A0 gs(t,y) > 7°0°By*6%p" + O <p0(1>) ’

so that the desired density-increment follows from Lemma Thus, we may proceed under
the assumption that

E(w y)esBayS(z,y)S (@, y)C(x + y) D2z + y)@(z, y) = 0”aBy’6*p® + O(r*a By’ p?)
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Now consider the average
EyyS(2',y) By yS(x,y)S (@, y)C( + y) D22 + y)(x, )|
Using that S = gs + o7, the above can be written as
(6.17) 0" By T(',y) [Byy T, )T (', y)C( + y) D (2 + y)®(x, )|,

plus 31 other terms of the form
(6.18)

Eu oy w2902 ) g1(x,y") g2 (2", ) g3(2, 4 ga(a’, w) C(24+y) C(24w) D(22+y) D(224w) P (x, y) (2, w),

where go, 91, g2, g3, and g4 all equal gg or o7 and at least one g; equals gg.

By Lemmas B8 B.6, and @11 the quantity (6.17) equals o°a’3y767p7 + O£ /pOM).
Suppose that k& of the functions g, ..., g4 in (6I8) equal 7. Analogously to the situation
for the first moment, if any of the terms of the form (6.I8) has size at least T80%a33%~y767p7,
then we will be able to deduce the desired density-increment. The most involved case is
when go = --- = g4 = gs. All other cases can be handled using a simpler version of the
argument we are about to carry out.

So, consider this most involved case, i.e., that

Byt w2952,y gs (2,9 )g9s (2", y)gs (2,4 gs (2", w)C (a+y) C (z4+w) D(2z-+y) D(2z4w) D (2, y) 8 (2, w)
has size at least 78a333y707p". Applying the Cauchy-Schwarz inequality in the variables
2,1y, y, and w gives that

Ex’,y’,y,wT(x/a y,)T(l’,’ y)T($,a w)

times

Eo oy g (B 295(2,4) g5 (2,4 )C(a + y)C(2 + w) D(2x + w) D(2z + w)®(z, y) 8 (2, w)|*
-B(y)B(w)C(z' +y)C(z' + y)C(2' + w)
-D(22' 4+ y')D(22' + y)D (22" + w)®(2', y') (2, y) (', w))
is at least T8af5%41§1p!. By Lemmas B.5, B.6, and 1] Eyv oy, o T (2, )T (2, y)T' (2, w) =
aBy383p3 + 0% /p°M) . Expanding the square in the average above, this means that
Eo iy yaw = (95(2, 4 9s(2, 9 ) g5 (u, 4 gs (v, y/)
B(y)B(w)C(a" +y")C (2" + y)C(a" + w)
Clx+y)C(z+w)C(u+y)C(v+ w)
D(2x +w)D(2z + w)D(2u + w)D(2v + w)
D(2x" +y')D(22' + y)D(22" + w)
O(x,y)P (2, w)P(u, y) (v, w) (2", y ) (2, y) P (2", w))

is > 833y ptt | provided that ¢, is small enough and ¢, is large enough. We can write
the above as

Ey’,x,z,u,ng(Ia y')gs(z, y/)gS(ua y,)gS('Ua y,)lu“(y,a X, z,u, U)>
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where
u(y's @, 2,u,0) = By (B(y) B(w)C (2" + ) C (2’ +y)O(2' + w)
Clz+y)C(z +w)C(u+y)C(v+ w)
D2z + w)D(2z + w)D(2u + w)D(2v + w)
D22 4+ )D(2x' 4+ y)D(22" + w)
(2, y)® (2, w)P(u, y) (v, w) (2, y ) (2, y) @ (2", w)).
Yet more applications of Lemmas B.5] B.6 and 1] give the estimate

£01)
By ounA(@) A(2) A(w) A(w) |0y, 2, 2,u,0) — a6 < peo
so that
Ey’,m,z,u,ng(xv y/)gS(Zu y,)gS(uu y,)gS(Uu Yy ) >T 0445”)/4(54 !
It follows from one more application of the Cauchy—Schwarz inequality in the variables
y', z,u, and v and a similar analysis to above that

By nAnoygs(z,y') > 1'% 51267 p?,

which, combined with Lemma [6.3] gives the desired density-increment.
Thus, we may also proceed under the assumption that

2
Ew yes [BeyS(2.y)S (2, y)C(z +y) D22 + y) (2, y) — 0?afy’6’p|” < m1a?52956%°.

By Markov’s inequality, we therefore have

(6.19) E,,S(z,y)S(2', y)C(x + y)D(2z + y)®(z,y) = (6 + O(7?))afy*s*p*

for all but a O(7%)-proportion of (z/,9') € S. As a consequence, there exists a pair (2/,y') € S
for which both (6.19) holds and

EvyS(@,9)S(0,y)S( ) 2 (07 + ) ay's’"
which together imply that
|SNT|
7|
when we take A'(z) = S(x,vy), B'(y) = S(a',y), C" = C, D' = D, and ¢ = ® in the
definition of 7. O

> o+ Q(r)

6.3. More preliminaries for ||-||,,. We will similarly need that certain ||-||,,-inner products
are controlled by the degree 1 and 2 directional uniformity norms appearing in the previous
subsections. The proof of the lemma below is similar to the proof of Lemma [6.4, but with
an extra application of the Cauchy—Schwarz inequality in some cases.

Lemma 6.7. Let d be a nonnegative integer, and set p := p~%. Suppose that A, B,C, D C Fy
have densities «, 3,7,0, respectively, and that ® C ) x ¥ takes the form

¢ ={(z,y) e AxFy:y €cu+V,},
where each V, is a subspace of F) of codimension d. Let € >0, and assume that

A = allpogn, |B = Bllowes), [C = yllowoey, D — dllowoe, |2 — apllus@Enxen < e
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Define T by 1), and let S C T and T > 0. If

Eogmntons || 90((@y) +w- ((0,h), (0, ha), (b3, 0)))| = 7a?5'7%6%",
we{0,1}3
where at least one g, equals T and another equals gs, then
Q1)
(0&575/))0(”) ’
Q1)
(aﬁ%p)o(”) ’

£201)

Euy kDm0 9s(,y) > T8aB16 p* + O (W) ,

Euynlomgs(e, y) > T°af?726%p* + O (

Ew,y,hA(hp)gs(:E,y) > 7'804257252,02 +0 (

or

~Q(1)
Euy bk h,0),0k) 95T, y) > Byt + O <W> .

Our final preliminary lemma says that, for almost every (z,x + h3) € A% the function
A(ns,0)S(x,-) is supported on a Fourier uniform subset of the affine subspace {y € F) :

Ay 00P(2,y) = 1}

Lemma 6.8. Let d be a nonnegative integer, and set p := p~¢. Suppose that A, B,C, D C Fy
have densities «, 3,7,0, respectively, and that ® C I x F} takes the form

b= {(r,y) €c AxF) :ycu+V,},
where each V, is a subspace of Ty of codimension d. Let € >0, and assume that
IA = allvagy), 1B = Bllusey), [C = Aoy 1D = dllvagy), 12 — aplluagy«ry) <e.

Setting
Ron(y) = B(y)AnC(x + y)Aon D(27 + y)

and
D, n = A0 P,
then the probability
£1/32
P ((x,a? + h) € A? : codim{y € F) 2 @ n(y) =1} # 2d or || Ry n@en — 57252||U2(¢17h) > W)

is < UV /0,

Proof. By Lemmas B.6 and &1}, we have that [|R,, — 776%(|p2(@p) > €'/® or codim{y € F} :
@, 1(y) = 1} # 2d for at most a O(c*V/p°M))-proportion of pairs (z,z + h) € A% For all
of these typical pairs (x,h), we have

|Ron P p, — 57252”?]2(@1,,1) = p By s e Dro[Raog — BV () Pup(y) P (y + k) Do s (y + £),

which is at most
> Byl Ran — BV W)en(& - y)[Ra — B0 (y + K)eyp(n - (y + k)
57”7V€(¢z,h_u)l

[Ron — B0 (y + Oep(v - (y + O)[Rop — By 0% (y + k + 6)‘



SUBSETS OF Fy x F, WITHOUT L-SHAPED CONFIGURATIONS 45
by inserting the identity
Pyn(2) = Zﬁ Z ep(§ - [z — u])
§E(<I>x’h—u)L

for every z € F}. For each fixed triple (§,7,v), the interior average above is bounded by
| Re i~ 87°0% |2y by the Gowers-Cauchy-Schwarz inequality. Since there are p~° possible
triples to sum over, we must have

|Ren®en = 87282, ) < 07N Rap — B0 2oy < €%/ °,
from which the conclusion of the lemma follows. U
6.4. Proof of Theorem Now we can finally finish the proof of Theorem
Proof of Theorem [2.3. First assume that
lgslls > Tal/* 3 2y3p* 1.
Analogously to the proof of Lemma [65, by writing S = gg + 0T, we see that ||S||%, equals
a®ITIIZ, + llgslls,
plus 62 terms of the form
(62()) EI,y,hth,hs H gw((xv y) tw- ((07 hl)? (07 h'2)7 (h37 0)))7
wef{0,1}3

where at least one g, equals ¢1" and at least one other equals gg. Note that
8 204, 858 6 g
IT[5, = a”B"y°6°p" + O 200

by Lemmas B.0, B.6, and @Il If any of the terms (6.20) have absolute value at least
70?3488 0 then combining Lemma with Lemma or Lemma produces the
desired density increment. We may thus proceed under the assumption that these terms are

all small, so that

8
By b1 b ks D 0,h1),(0,ha),(hs,0)S (T, 1) > (08 + 7) a?Biy86%p0.

For each pair (x,2 + h) € A2, let R, ) and @, be as in Lemma [6.8, and set S, ,(y) :=
An0)S(x,y). By Markov’s inequality, either

8

8 T
(6.21) P ((:E,x +h) € Ax A:|E,S,uly) — 0*By26°p%| > 6_457252,02) <

or else By yinealEySen(y) — 0287202 p?|% is > 71%329%6%p*, in which case a combination of
Lemmas [6.3], [6.4], and will produce the desired density increment. We may thus proceed
under the assumption that (6.21I]) holds.

By (6.21)) and Lemma [6.8] there exists a subset A9 C {(x,h) € F) x F} : x,2 +h € A} of
density > 79Ma? in F? x F? such that

7_8
ISeallso, = (254 ) 512°0"

8
B, Senly) = 0%67°8°7| < 18780,



46 SARAH PELUSE

IRy n®, s — 252” <€1/32
x,h ¥z, h Y U2(®,. 1) p3/2’

and codim{y € F : &, ,(y) = 1} = 2d for all (z,h) € Ay. Note that S, is supported on
Ry 1 ®;.p, and, setting

f 1 S, d 1 R, n®

z,h T x an Vg h = x,h*x,h>

h 5257 h h 5257 2Pz

we have ||fac,h||éll]2(CI>z n) > 08 + 7_8/47 0< fx,h < Vi, hs Efx,h < ]-7 |Efx,h - U2| < 78/647 and
Ve — 2@, ) < €/%2/B7262p%? < exp(—(64/7)%), provided that ¢; is small enough
and ¢y is large enough. Applying Lemma on the affine subspace @, yields a function
fon : @Pen — [0,1] such that

o

; = T
Efen=Efen and [ fen = fenllvz@, ) < 61
provided that c3 is large enough. We must then also have
8
5 T
1 fenllte, ) > 0° + 6

Arguing as in the proof of the first part of Lemma [6.5] it follows that, for every pair (x, h) €
Ay, there exists a nonzero &, 5 € ®, 5, — u such that

8
F T
B (Fon = o) W)eylan )| 2 5.
so that
2 8
‘Eyé%,h(fm,h — o) (y)ep(Ean - y)‘ > 64
as well.

Extend (z,h) + &, from Ag to the set {(x,h) € F) x F) : z,2 + h € A} by picking

a nonzero &, € q)x/,htu arbitrarily for all pairs outside of Ay. We split the average over
y € ®, 5, up into an average of averages over cosets of (£, ,)* and average over all pairs (z, h)
such that x,x + h € A to get that

(6.22) By vinealicr, [Eyes,, (fon —0°)(y)| > ¢

gac,h'y:t
for some absolute constant ¢ > 0. Note that

1
2 - 2
Ex,x-i—heAEterEéi:I.’;ﬁt(fx,h —0)(y) = WEx,y,hS(% y)S(x+hy)—o

1
- 237262 p> Ez,%hgs(a:, y)gS(I +h, y)a

so that, if it were the case that

Ex,x+heAEterE YED, 1 (fm,h - 0'2)(y) > 7'20,
g:v,h'y:t
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then we would be able to deduce the desired density-increment from Lemma 6.3 Thus, we
may proceed under the assumption

Ex,x+heAEterE YEDP, 1 (fm,h - 0'2)(y) < T2C,

fz,h'y:t

which we can combine with (6.22)), a change of variables, and an application of the pigeonhole
principle in the ¢ variable to deduce that

(6.23) E, hea max (0, Eyea, . (fop-a — 02)(y)) > 7°

Sz,hfz'y:t

for some fixed t € F,,. Set
(6.24) Uy o= {(z,y) €Fy xFp:y € Pppy and & py -y =1t}

To deduce the desired density-increment by applying the pigeonhole principle to ([6.23]), we
will have to show that almost every set of the form

{(l’,y) S S(h> y)Al(zah - l’)\lfh(l',y) = 1}

has close to the “correct” density. Most of the remainder of our argument for |- ||,, is devoted
to this task.

Set Qun(y) = S(h,y)C(z + y)D(2x + y). We start by showing that either ||Q,, —
067*0*|v>(@, ,,_,) is small for almost every pair (z,h) € A x A, or else we can deduce a
density-increment from Lemmas and Note first that

Eoyh A(@)A(R) Py h—2(¥) Qupn () = By nS(h, y) A(x)C(x 4+ y) D22 + y)P(x, )
= En,,S(h, y)(y),

where p(y) := E,A(x)C(x + y)D(2x + y)P(x,y). By Lemmas 3.5 8.6, and 4.1l we have
) 0
P(y € Fp : |uly) —aydp| > ¢) < ot
so that |E, j, A(2)A(R) @y h—o(y)Qun(y) — 00287252 p?| < eV /pPW0) | Similarly, the average
Ex,hA(z)A(h)|Eny,h(y)q)x,h—x(y) - 067252p2|2 equals

Q)
Bt A AN ()24 Qs Q-+ ) = 25918 + 0 (S5 )

and By 1 A(2) A(h) P p—2(Y) Pap—a(y + k) Qun (1) Qun(y + k) equals
EynwS(h,y)S(h,y + k) (y, k),
where
Wy k) =E,A(x)C(z+y)C(x+y+k)D2x +y)D2x +y + k)®(z,y)P(z,y + k).
By Lemmas B.5] .6, and 4.1}, we have

£01)

00

P((y, k) € Fp x Fl |1 (y, k) — ay?6°p?| > ) <

so that
EpyniA@)AR) Py ph—o0(Y)Po p—o (Y + B)Qun(¥) Qun(y + k)
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equals

ay?6?p*Ey kS (h, y)S(h,y + k) + O (ZZ—EZ) :
Thus, if
E. j A(2) A1) By Qun(9) oo (y) — 0872007 > 74020’ 5%6p*
for some ¢ > 0 (to be chosen later), and ¢; is small enough and ¢, is large enough, then
BeynS(,9)S(@,y + ) > (02 +9(%) ) a0,

in which case the desired density increment follows from Lemma [6.3. We may thus proceed
under the assumption that

E. i A(@) AR Ey Qo (y) an—a(y) — 08720%p% < 7' 0%a® 516",
so that, by Markov’s inequality, we have
P <(x, h) € Ax A |ByQui(y)Pun_o(y) — afy26%p%| > 720’057252;)2) < 7%
It follows that E, » A(2) A(A)[|Qup — 087?02, , .
E  snerr  A@)AR)ArQun(y) — o*a®B*6* + O(77¢ o 856%).

yvy""k’y'l'zeq)z,hfz

By Lemmas B.5 and [3.0],

) equals

aytet £0(1)
B apery  A@)A) Ak Qun(y) = TEx,y,k,ZA(O,k),(O,Z)S(I )+ 0 (po(l)) :

Y y+ky+edy o
If
}Ew,y,k,ZA(O,k),(O,E)S(Iu y) o O_4aﬁ4,y454p3‘ > T4C,Oéﬁ4”)/454 37
then we could deduce the desired density increment from Lemmal6.5 So, we may proceed un-
der the assumption that this inequality does not hold, which implies that E, , A(x)A(h)||Qzn—
057252||‘[1]2(q)m71) < 70234868, It then follows from Markov’s inequality that

625) P ((0,h) € Ax At Qui— 0B o, ) > T B0 < 7

Next, we will show that, for typical (z,h) € Ax A, the average size of S(x,y)S(h, y)Vs(x,y)
is not very large. Certainly,

EyS(z,y)S(h,y)Vn(z,y) < EyT(z,y)T(h, y)Vi(z,y)
=E,B(y)C(z +y)C(h+y)D(2z +y)D(2h + y)¥n(z,y)
for every (x,h) € A x A. Setting
F(z,h,y) == B(y)C(z + y)C(h+y)D(2z + y) D(2h + y),
Lemma [3.6] says that
P ((a:, h) € B X B : | F(a, h,-) — 8720 ey > 51/8) < Ve

Thus, by B.0 as long as ¢, is large enough, we have
(6.26)

2522
P ((x, h) € Fy x )« [E,S(z,y)S(h, y)Vn(z,y)| > 100£W ) < VelloTapydp)to,
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say.

Now, setting ¢ = 8¢, the contribution to the left-hand side of (€23 coming from pairs
(z,h) € AxAfor which ||Qe n—07°0%||v2(a, ,_,) > T'B7?0% or B, S(z,y)S(h, y)Uu(z,y)| >
1008926 p? /p is < 71%¢. Thus, by the pigeonhole principle, there exists an h € A and a subset
A’ C A of density o > 7o in F such that

EmGA’E(m,y)G‘I’h (fx,h - 02>(y> >T7°
and [|Qqn — 08720 lv2(a, , ) K T'9°B7%6° for every x € A'. Recalling the definition of f;
the above displayed equation says that

! 282 .2
BrS(e,) A (2)S(h, ) Un(i,) = (0 + 02r) S0

We now use Lemma to find a subset A” C A’ of density a” > o/pr®M and a v’ € Fy

such that G252 2
/ c oo
E.,S (2, y)A'(2)S (h, y)®) (2, y) > (o + Q7)) #,
where

) = {(:E,y) eFy xF) 1y € Qpppand &y (y — u') = 0}.
This gives the conclusion of the lemma.
The proofs of the two remaining cases are very similar to those appearing in earlier sub-
sections, so we will be more brief in our arguments. Next, assume that
lgsllss > Ta'/?B~"25p.

As in the second part of the proof of Lemma[6.5] we may proceed under the assumption that
4
EeyaryS(a,y)S(z,y —2)S(—a', 2 +y +2")S(—2, 2" +¢') > (04 + %) a’Bly2etpt,

and use it to show that either
E.,B(y)D(2x + y)®(z,y)S(z,y' — 2)S(=2',x +y + ') = (0 + O(%)) af*16°p’

for almost every pair (2, y’) for which (—a’,2'+y’) € S, or else the desired density-increment
follows from Lemma By Lemmas 3.5, B.6, and 1] and the Cauchy-Schwarz inequality,
either

E( “ E.,B(y)D(2e+y)®(w,y)S (v, y'—2)S(—, a+y+a’) = 0°af®y6° p*+0 (7% 3%75°p?)
—SC/,Z‘/'H// s
and
E( ‘. B,y B(y)D(23 + )02, 9)S (2, — 2)S(=,z +y +2) — a?af0°p*|* < 72030920 )°
—x' 2’ +y')eSs
or else we have the desired density-increment from Lemmal6.3l It then follows from Markov’s
inequality that
E.,B(y)D(2x +y)®(z,y)S(z,y' — 2)S(=2',x +y + ') = (0 + O(%)) af*16°p’

for all but a 7/4-proportion of pairs (z’,y’) for which (—a’,2' + y') € S, which means that
we can find such a pair for which we also have

4
Em,ys(xv y)S(SL’, y/ - .CL’)S(—.ZL’/, T+ Yy + LU,) Z (04 + %) 04254’}/254 47
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so that we get the desired density-increment by taking A’ = S(z,y’ — x), B’ = B, C' =
S(—z',x+y+2a'), D' =D, and & = ® in the definition of 7.
Now assume that
lgsls; > TaBy8"2p,
which means
EzGD‘E2m+y=zgS(xvy>|2 Z 7—20‘2B272P2'
By Lemma and the pigeonhole principle, there exists a subset Dy C D of density at least
72 /2 for which

[Eavymes(e. )| = 207

whenever z € Dy. As in the proof of Lemmal6.3] there is a subset D; C Dy of density at least
1/2 in Dy such that either Eopty—.gs(z,y) > Tafyp/4 or Egyry—rgs(z,y) < —Tafyp/4 for
all z € D;. As in the proof of Lemma [6.3] we can simply take D’ = Dy and D' = D\ D; in
these cases, respectively, since, by Lemma [6.2] the fibers {(x,y) € T': 2z + y = z} typically
have very close to their average size. O

7. PSEUDORANDOMIZATION

This section begins with yet more preliminaries. To prove Lemma [2.6] we will need a
result of Cohen and Tal, which says that, for any finite set of polynomials in [F, [z, ..., 2],
one can find a partition of ;" into affine subspaces of relatively large dimension on which
all of the polynomials are constant.

Theorem 7.1 (Cohen and Tal, Theorem 3.6 of [3] specialized to prime fields). Let d, m, and
t be natural numbers. There exists a positive integer m’ satisfying

. mM)
m > —
te
such that, for any polynomials Py,..., P, € F,lxy,..., x| of degree at most d, there is a
partition of F' into affine subspaces of dimension m' such that Py, ..., P; are constant on

each affine subspace.

To see that this formulation of Cohen and Tal’s theorem is equivalent to Theorem 3.6
of [3], note that one can make all of the affine subspaces in the partitions produced by their
theorem have the same dimension by simply partitioning each subspace not of the minimum
possible dimension into more subspaces.

We will also need a “bilinear” version of Cohen and Tal’s result, which we will use to find
partitions of F) x 7" into product spaces of the form (u+V) x (w+V') on which polynomials
in two sets of variables z1,..., T, Y1, ..., Y, are constant.

Corollary 7.2. Let d and m be natural numbers. There exists a positive integer m’ satisfying
ml/(d—l)!2
de
such that, for any polynomial R € F,|x1,. .., Tm,Y1,-..,Ym] of degree at most d, there is a
partition of F' x " into products of affine subspaces of the form

(u+V)x (w+V),

with each dimV = m/, such that R is constant on each product of affine subspaces.

m >
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Proof. Write

R(x,y) = Z Pi(x)Qi(y),

i=0
where Py, ..., Py, Qo,...,Qa € Fpy[z1,..., 2] satisty deg P; < i and deg@; < d — i for all
0 < i < d. Applying Theorem [Tl to F,..., Py gives us a positive integer my > %
and a partition

Fy = ][ +V))

jeJ
of F}', with dim V; = my, for each j € J, such that F, ..., Py are all constant on each affine
subspace u; + Vj.

Now write
Fr xFpr =T+ Vi) <Fr =11 JI (w+V)x@w+V)).
jeJ J€J w+V;eFm /V;

Since restricting a polynomial to a subspace cannot increase its degree, for each j € J, we
can apply Theorem [7.]] on each affine subspace w + V; to the polynomial

Qjuly ZP (uj + V;)Qi(y)

to get that there exists a positive integer m’ satisfying

) (mé)l/(d—l)! ml/(d—l)!2

N P s T

and a partition
w+ V= ] (we+ W),
k‘EKj,w

with each subspace V|| < V; having dim V;] = m’, such that Q;,, is constant on each wy, + V}.

Thus, we can write
o = H H H (u; +V;) x (wg + V),

]EJ 'LU+V EFm/V kEK] w

where R is constant on each product (u; + V) x (wy + V). Since V < V; we can further
refine this partition to one of the desired form

Tx = H H H H (u+ V) x (w, + V),
JEJ wH+V;€FD /V; k€K j 0w u+ V€V, V]
on each part of which R is still constant. O

Finally, we will recall the recent quantitative inverse theorem of Gowers and Mili¢evi¢ for
the U®-norms on vector spaces over finite fields:

Theorem 7.3 (Gowers and Mili¢evi¢, Theorem 7 of [10]). Let s be a natural number and
assume that p > s. There exist constants cs, c, , > 0 so that, if f:F}' — C is a 1-bounded
function satisfying

If1

Us 257
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then there exists a polynomial P € Fplz1,. .., xy) of degree deg P < s — 1 such that

|Eq f(2)ep(P(2))] > xpo (), J3)

7.1. Proof of Lemma [2.6l. Our proof of Lemma is modeled after the corresponding
pseudorandomization arguments in [19, 20] and [I2]. As was said in the outline, some new
features arise from our desire for B’,C’, D', and ®’ to be uniform with respect to U*-norms
of degree greater than 2 and from ®’s particular structure as a union of affine subspaces of
the second factor of ) x . The first of these two complications can be overcome by using
Theorem and then Theorem [7.I] or Corollary [7.2. We will discuss how ®’s structure
influences our proof shortly.

The proof of Lemma proceeds via an energy-increment argument. Each step of the
energy-increment iteration will produce a partition &; = (Ci,j>i61j of Fg X IFZ into cells C; ;
of the form

Cij = (uij +Vij) X (wij + Vij)
for some subspace V; ; <. For each cell C = (u+ V) x (w+ V) in a partition €, we set
e Bc:=BnN(w+V),
e Co:=CnNu+w+V),
e De:=DN_2u+w+V), and
[ J (I)c =®N C,
and, correspondingly,

e B(C) := pwyv(Be),
® 7(C) = pus+w+v(Ce),
[} (S(C) = /~L2u+w+V(DC>7 and
P(C) = pe(Pe),
so that
TNC={(x,y) € C: Be(y)Ce(x +y)De(2 +y)Pc(x,y) = 1}

Analogously to the pseudorandomization procedure for corners, we will show that if || B —
B lus@n), [1Ce —v(C)llusen), or [[De — 0(C)||lysy) is large for a substantial portion of cells
C in a partition %, then there exists a refinement €’ of ¥ which has substantially larger
energy. But even if ®¢ is a union of affine subspaces of the same codimension d for most
cells in the partition, this may not be the case for the ®¢’s corresponding to the cells C' in
the refinement ¢”’. The codimensions of the affine subspaces {y € w' + V' : ®¢/(x,y) = 1}
can range from 0 to d, so before even considering how to obtain a pseudorandom @', we have
already found an obstacle to even getting a set of the same general form as @’.
To get around this issue, we will pseudorandomize each of the sets

(7.1) @gi = {(:E,y) € be: Ecpiv®(z,z) > p"}

for 0 < i < d, instead of just ¢ = <I>C§d itself. The definition (Z.1]) of <I>C§i selects all of the
subspaces of the second factor of C comprising ®. that have codimension at most 7. This
will pseudorandomize each of

(I)ZC = {<$7y> € (I)C : Ezéw-l—V(I)(x? Z) :p_i = (I)gl \ (I)Cgi_l

as well. At the end of the proof of Lemma 2.6l we will use an averaging argument to choose
®’ to be some suitable ®f.
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For each 0 < i < d, set ¢=/(C) := puc(®5"). We define the energy E(%) of a partition € of
Fy x F} by

- (5“’)2 +7(C)* +8(C)° + Z¢fi<c’>2) —

Note that the energy of any partition is bounded above by 1. We will now prove a couple of
lemmas concerning this energy.

Lemma 7.4. Let m' > m and d be nonnegative integers, A, B,C,D C F,, ® C Fy x F} be
of the form
b= {(r,y) €c AxF):ycu+V,},
where each V, is a subspace of I of codimension between 0 and d, € be a partition of Fy xF}
with each cell C taking the form
C = (uc + V) x (we + Ve)
for some subspace Vo < T} of codimension m, and suppose that ¢" is a refinement of € with
each cell C' taking the form
C' = (ugy + Vo) X (wer + V)

for some subspace V3, of codimension m'. Then

Z B(C')? g g (C') > Zﬁ 2 iy (C),

cree ce
Z Y(C")? pry e (C') > ZV )2ty (C),
cree ce
Z 8(C")? pupp i (C') > 25 ) i xem (C),
cree ce
and
D S (C) gy (C1) 2 D 6 (C) sy ry (C)
cre ce

for every 0 <1 < d.

Proof. Note that it suffices to prove the result with the sum over C € % restricted to a single
cell Cy and the sum over C' € ¢ restricted to all cells contained in Cy, since one can then
just sum over Cy in % to get the desired result. So, we may assume without loss of generality
that ¢ is the trivial partition {F} x F}}.

Let 3,7, and 4 denote the densities of B, C, and D, respectively, in F}. Since F} X B has
density 8 in F} x F}, we have

B="> BC)ryry(C),

ces’
so that, by the Cauchy—Schwarz inequality,

2 < (Z 5(C')2> (Z MIF;xIFg(C,)2>
= =
Z 5 ,UIF”XIF"( )

c'et’
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as desired, since

2n

p 1 1
Z MF;}XF?(C/)2 = on—om/ | Am  p2ml ’UF;}XF?(C,)
cree p p p
for all cells C" of ¢”. Similarly, since {(z,y) € F, x F} : 2 +y € C} has density v in F; x F
and {(z,y) € Fy x F : 2z +y € D} has density ¢ in F x F, we have

V= Z V(C/)MF;}ng(C/)

C'ee’

0= 8(C)prpary(C),

=

and

it follows again from the Cauchy—Schwarz inequality that
Z Y(C")? g rn (C) > 2
c'ee’

and

> 6(C) gy (C') > 6%
C'ee’

The argument for the ¢=%’s is also essentially identical, but with one small difference. For
ease of notation, set ®= := (I)iéXF? and ¢=' 1= ¢='(F} x F7) for all 0 < i < d. Then we

actually have
<Y 65(C) gy (C),
ce’

instead of equality, since ®<'NC’ C (IDCS,i (which is why we run the energy-increment argument
with the ®<%’s, instead of the ®%’s). It therefore follows yet again from the Cauchy—Schwarz
inequality that

> %€ gy (C') = (65)
=
forall 0 <i¢<d. O

Lemma 7.5. Let m and d be nonnegative integers, A, B,C, D C I, ® C F} x F} be of the
form

¢ ={(z,y) e AXF,:y €u+V,},

where each V., is a subspace of T of codimension between 0 and d, and € be a partition of
Fy x T} with each cell C taking the form

C= (uC—G—‘/c) X (wc—l—‘/c)
for some subspace Ve < ) of dimension m. There exists a positive integer
m > m1/(8!)2

and positive integers c, ¢, > 0, such that the following holds.
LetC € €.
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(1) If | Be — BC)||v10@we+ve) = €, then there exists a partition €} of C with each cell C'
taking the form

C" = (uer + Ver) X (wer + Ver),
with each dim Vi, =m/, such that

2 PCYue(€) 2 H(CY + <exp<1 )

C'et)
(2) If ||Ce — v(O)||lv10(ue+we+ve) = €, then there exists a partition 6 of C with each cell
C' taking the form
C, - (ulcl + ‘/é/) X (Wé/ ‘I‘ Vél),
with each dim V., = m/, such that

5 el 2202+ (s )

/ 2
= /)
(3) If || De — 0(C) |10 2ue+we+ve) = €, then there exists a partition 6; of C with each cell
C' taking the form
C/ - (U/C/ + ‘/é/) X (U)éj/ + Vé/),
with each dim V., = m/, such that

PRI >6(C)° +Q (%) .

/
C/E%/ exp (Cp/g)

(4) Let 0 < i < d. If | 95" — ¢=(C)|lusc) > €, then there exists a partition €4 of C with
each cell C' taking the form
C/ == (ue/ + ‘/é/) X (wé/ + VC//),
with each dim Vi, = m/, such that

Y ¢5(C ) ue(C) = ¢5(C)* + 0 (W) :

=

Proof. Let c and ¢, denote the constants cip and ¢}, ,, respectively, from Theorem [Z.3] and
m’ denote the smaller of the two minimum values of m’ appearing in Theorem [Z.1] when we
take m as in this lemma, d = 9, and t = 1 and m’ appearing in Corollary when we take
m as in this lemma and d = 7.

First assume that | Be — B(C)||y10(we+1ve) = €. Then applying Theorem with s = 10

yields a polynomial P € Fp[z1,...,z,,] of degree at most 9 such that

[Eveuwerve (Be = B(C))()ep(P(x))] > D /2)

By Theorem [7.1] there exists a partition (w; + V;);er of we + V¢ into affine subspaces of
we + Ve of dimension m/, on each of which P is constant. Thus, by the triangle inequality,

Eie[ ‘EIEGwi-FVi(BC B B(C))(x” > (e /2) exp ( /5)



56 SARAH PELUSE

so that, by the Cauchy—Schwarz inequality,
Eie[ ‘E$€U)i+‘/i(BC - ﬁ(C»(I)‘z > exp ( /6)

Expanding the square, this means that

1
7.2 Eict |Eocw, v, Be(z)|* > B(C)* +Q
(72) ot B Belo) 2 ACP +9 (s ).
Now we partition the whole cell of interest C by writing
C = (uc+Ve) x [J(wi + Vi) = [J(we + Ve) x (w; + Vi),
i€l iel
and, for each ¢ € I, use that V; < Vi to partition ue + Ve into cosets of V; to get
C:H H (ue +u' + Vi) X (w; + Vi) = HC’
i€l u'+VieVe/V; cete

Since uc(C') = |€"|* for each C' € ¢}, ([2) reads

2 PCPue(€) 2 H(CY + <exp<1 )

C'ee;

The arguments for Ce and D¢ are again analogous, but we include them for the sake
of completeness. Next, assume that ||Cec — 7(C)|v10(ue+we+ve) = €. Applying Theorem [73]
yields a polynomial P € Fy[z1,...,z,] of degree at most 9 such that

|E:c6uc+wc+‘/c (CC - V(C))(x)ep(P(x)” > (@ )2) exXp ( /5)

By Theorem [TT], there exists a partition (v; + V;);es of ue + we + Ve into affine subspaces of
ue + we + Ve of dimension m’ on each of which P is constant. Thus, by the Cauchy—Schwarz
inequality again,

1
Fics [Eecv v, Co(x)]? > v(C)* 4+ Q| ——— ) .
er |Ezev,+v: Ce(@)]” = v(C)” + (expc(c;/€)2)
Now we partition the whole cell C by writing
C:H H (vi—we+0 + V) X (we —v' +V;) = HC’
el v+ VeV /V; C'ese
Since (v; —we + v + Vi) + (we — v +V;) = v; + V;, we conclude that

5 A€ e(€) 22102+ (s )

c! E(éjé eXp ( /8)

Now assume that [|[D¢ — 6(C)||v10(2uetwe+ve) = €- Applying Theorem [73] yields a polyno-
mial P € F,[xy,...,z,] of degree at most 9 such that

‘E$€2UC+WC+VC (DC - 5(6))(;{,’)€p(P(SL’>>| D) €Xp ( /8)



SUBSETS OF Fy x F, WITHOUT L-SHAPED CONFIGURATIONS 57

By Theorem [}, there exists a partition (v; + V;);es of 2uc + we + Ve into affine subspaces of
2ue +we + Ve of dimension m/ on each of which P is constant. Thus, by the Cauchy—Schwarz
inequality yet again,

1
Bier B Del@)* 2 50 + 0 (s ).
Now we partition the whole cell C by writing
C:H H (ue +v" + Vi) x (v; — 2ue — 20" +V;) = HC'
el v+ VeV /V; C'ese
Since (2ue + 20" + V;) + (v; — 2ue — 20" + V;) = v; + V;, we conclude that

PRI > 6(C)2 +Q (W) .

cred)
Finally, suppose that [|[®5° — ¢=%(C)||usc) > ¢ for some 0 < i < d. Theorem [Z.3] then says
that there exists a polynomial R € F,[z1, ..., Zm, Y1, ..., Ym]| of degree at most 7 such that
, . 1
E, O5' — ¢=(0))(x, R(z, -
[ecl@5' = 5= @) v)en Rl )| > ooy

By Corollary [T.2] there exists a partition 67 of C into affine subspaces of the form (u+ V') x
(w+ V) with dim'V = m’, on each of which R is constant. Thus, by the Cauchy—Schwarz
inequality, we have

Ecreq,

i 2 i L
Eyee 3 (2, y)]” 2 ¢5'(C)* + (W) '
P

Since

E(x,y)EC’q)gi(xv y) S E(z,y)EC’ (I)CS’Z (LL’, y) = ¢Si (Cl>7

S () 2 6P+ )

/
=, e, 2)

the conclusion

now follows. O
Now we can prove Lemma

Proof of Lemma 2.6. We proceed via an energy-increment argument, as described at the
beginning of the subsection. A cell C = (u+ V) x (w + V) in a partition %; is said to be
expired if 5(C),~v(C),5(C), or ¢=¢(C) is less than Tpiwnxwn (1) /4, and a nonexpired cell C is
said to be uniform if

| Be — B(O)||rro@wvy, [Ce = v(C) om0 uswsvys |1 De = 6(C) |0 @uiwsvy < €
and
105" — ¢~ |lusie) < e

forall 0 < ¢ < d. We will denote the subset of expired cells of €; by &, the subset of uniform
cells by %;, and the subset of nonexpired, nonuniform cells by .4}, so that &, %;, and .4;
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partition ;. For any subset K C I;, we define n(K) to be the measure of all cells indexed
by K:

n(K) = pwyxwy (H Ck,j) -
keK
Finally, we define a sequence of mtegers (m;)52, by setting mo = n and, for every j > 0, m;
to be the minimum of the value of m’ appearing in Theorem [7.I] when we take m = m;_,,
d=29, and t = 1 and of m’ appearing in Corollary when we take m = m;_; and d =7,
so that

mj > clncg
for some absolute constants 0 < ¢y, ¢ < 1.

Set 6o to be the trivial partition {IF} x F7'} of Fy x F}. Letting ¢ = ¢jp and ¢’ = ¢}y,
be as in Lemma [T.5] then, as long as n(4}) > Tupnxwn(T)/2 and m;q > 1, there exists a
refinement €4, of ¢, such that

(1) dimV; j 11 > mjyq for every ¢ € I;4; and dimV} ;11 = m;41 whenever C; ;11 € A
and @
(2) B(%141) 2 B() +Q (e ).

dexp®(cp/e)
Indeed, suppose that n(45) > Tupnxes(T)/2. Each cell C in .45 must be of dimension

m; x m;. By Lemmas [.4] and [T.5] there exists a partition €% j11 = (Cijt+1)kek,. Of each
C € A such that

d
o d > ( B(Chjs1)* + ¥ (Crjs1)® + 0(Crjsr)’ + ¢Si(ck,y’+1)2> tie(C j+1)

keKe i=0

is at least

B(C)? +7(C)% +6(C)2 + 300, =°(C)? 1
4+d o (dexpc(c’/a)2)

and each Cj j11 is of the form (v’ + V') x (w' + V') with dim V' = m;;; > 1. Taking
]+1 {Ck]—i-l k‘EKc,CEJV}UéaUgZ/],

we see that multiplying both sides of the above by fignxpn (C) and summing over C € ]
yields

E%@»zE%@+a(”ﬂmﬂ”).

dexpe(d/e)?

Since E(%¢) < 1 for all partitions %, this iteration must terminate for some j = j, <

dexp®(c'/e)?

THFR xFR (r)°
_ _—(o+1)

n>c ° ensures that the latter case cannot occur.

Since (&) < Tprpxrn (1) /4, we have

at which point either n(4j,) < Tupnxwn(T)/2 or mj,41 < 1. Assuming that

-
pEnxpn | SN U c| > <U+Z> M]ng]Fg(T)-

cew;,
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This certainly implies that
-
> mpap(SNC) = (04 2) Y papey (T N1C),
Ce;, Ce,

so that, by the pigeonhole principle, there exists a cell Cy in %, for which
T
pEnxrn (S N Co) > <0 + Z> pn<en (TN Co).

Since ®¢, = H?:o <I>éo, another application of the pigeonhole principle tells us that there
exists a 0 < ¢ < d for which we also have the density-increment

. T .
NFgXFg(S NCy N (I)é()) > <O’ + Z) M[ngFg(T NCyN (I)ZCO).

As noted at the beginning of this subsection,
192, — ¢'(Co)llusico) = 195, = ¢='(Co) + =71 (Co) — @G llus(eo) < 2¢,

so that the conclusion of the lemma now follows. O

8. THE DENSITY-INCREMENT ARGUMENT
Now we can finally prove Theorem [[2] by iterating Lemma 271

Proof of Theorem[L2. Suppose that S C ) x [ has density o and contains no nontrivial
L-shaped configurations. Set Sy := S, ng :=n, dy =0, &g := 1, Ay = By = Cy = Dy = Fy,
and @ := ) x F}. Applying Lemma 2.7 repeatedly produces sequences of Si’s, n;’s, d;’s,
gi’s, A;’s, By’s, C;’s, Dy’s, and ®;’s, with A;, B;, C;, D; C 7 and ®; C A; X Fy of the form

o, = {(:)s,y) € Ay x F)i :y€u+Vx},
where each V,, < F) is a subspace of codimension d;, such that, on setting
Ty = {(z,y) € F}' x By : Bi(y)Ci(x + y) Dy(22 + y) ®i(, y) = 1},

;= pgni(Ay), Bi = pgni(Bi), vi v= pgni (C3), 6i o= pgri (Dy), and p; := pugni i (B3) [0 =

p~%  we have, for each ¢ > 1, that

(1) S; C T; has density o; in T;, where o; > 0,1 + 2 (00(1)),
O(CXPC(C,/Ei)/(Uai—lﬁi—l'Yi—l‘si—lpi—l)o(l))
(2) ni > n;'y ;
(3) & < (0aiBividipi)°V exp(—(64/a)°M),
(4) o, B, vir 6 > (001 Bi-17Yi—16i—1pi—1)°W,
(5) di < di—y +1,
(6) ||Az'—04i||U10(1F;fi)> ||Bi—5i||U10(F§i)> ||Cz'—%||U10(IF§i)> ||Di—5i||U10(1F;i)> ||®i—aipi||U8(1F;ixF§i) <
€iy
(7) and S; contains no nontrivial L-shaped configurations,
provided that
: expe(¢ /=)
(8.1) Ni_1 > exp (O ((Uai—lﬁz’—l%'—lfsi—lpi—l)C4)) )

Since no set can have density larger than 1, the lower bound (81]) must fail for some ¢ =
iop+1 < 090, Thus, there exists an absolute constant ¢’ > 1 such that

niy < exp”’ (0(1/5°0))
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while, on the other hand

o (expc” (0(1/00(1))»

N, > n :
Comparing the upper and lower bounds for n;, and taking the ¢’-fold iterated logarithm of
both sides yields the bound in Theorem O
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