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We investigate the monotonicity of the renormalization group (RG) flow from the perspectives of

nonequilibrium thermodynamics. Applying the Martin-Siggia-Rose formalism to the Wilsonian RG

transformation, we incorporate the RG flow equations manifestly in an effective action, where all coupling

functions are dynamically promoted. As a result, we obtain an emergent holographic dual effective field

theory, where an extra dimension appears from the Wilsonian RG transformation. We observe that Becchi-

Rouet-Stora-Tyutin (BRST)-type transformations play an important role in the bulk effective action, which

give rise to novel Ward identities for correlation functions between the renormalized coupling fields. As

generalized fluctuation-dissipation theorems in the semiclassical nonequilibrium dynamics can be under-

stood from the Ward identities of such BRST symmetries, we find essentially the same principle for the RG

flow in the holographic dual effective field theory. Furthermore, we discuss how these “nonequilibrium work

identities” can be related to the monotonicity of the RG flow, for example, the c-theorem. In particular, we

introduce an entropy functional for the dynamical coupling field and show that the production rate of the

total entropy functional is always positive, indicating the irreversibility of the RG flow.

DOI: 10.1103/PhysRevD.108.126022

I. INTRODUCTION

The monotonicity of the renormalization group (RG)

flow serves as one of the fundamental constraints for the

dynamics of elementary degrees of freedom in quantum

field theories [1–6]. This RG monotonicity is formulated as

c-theorem, where cUV at a UV fixed point should be larger

than cIR at an IR one. Here, c is the central charge,

representing the number of degrees of freedom of a

conformal field theory describing the corresponding fixed

point. The c-theorem states that the entanglement entropy

has to decrease along the RG flow whatever perturbations

are applied to the original fixed point [7–14].

In this study, we revisit the monotonicity of the RG

flow from the perspectives of nonequilibrium thermody-

namics [15–20]. In this perspective, UVand IR fixed points

can be regarded as equilibrium states while the RG flow

may be regarded as a nonequilibrium path connecting these

states. Viewing the RG flow as a dynamical process is a

useful perspective, and explored, e.g., in Ref. [21]. In non-

equilibrium statistical mechanics, it has been shown that the

arrow of time in nonequilibrium dynamics can be formu-

lated as generalized fluctuation-dissipation theorems such

as Jarzynski’s equality [22,23] and more microscopically,

the Crooks relation [24–26]. More directly, the so-called

entropy production has been shown to be responsible for

such nonequilibrium work identities [27]. Here, we find

essentially the same principle for the RG flow and discuss

how these “nonequilibrium work identities” can be related

to the monotonicity of the RG flow, for example, the

c-theorem.

We point out that generalized fluctuation-dissipation

theorems or nonequilibrium work identities can be derived

from the symmetry principle in the Schwinger-Keldysh

path integral formulation [28–33]. Here, the number of

elementary degrees of freedom is doubled to cause some

redundancies in the path integral description. As a result,

certain topological symmetries involved with unitarity

appear to be described by two types of Becchi-Rouet-

Stora-Tyutin (BRST) symmetries. In addition to these

topological symmetries, there are microscopic time-rever-

sal symmetries referred to as Kubo-Martin-Schwinger

(KMS) ones if the initial state is in thermal equilibrium.

These KMS symmetries can be described by two additional

fermion-type symmetries. It turns out that these four

types of fermion symmetries form an extended N ¼ 2
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equivariant cohomology algebra [34]. This N ¼ 2 super-

symmetry gives strong constraints to the nonequilibrium

thermodynamics.

To avoid any possible confusion and uncertainties, we

limit ourselves to the semiclassical nonequilibrium

dynamics, for example, Langevin-type dynamics. Then,

the Schwinger-Keldysh formulation is reduced into the

Martin-Siggia-Rose (MSR) formalism [35–37] for the

description of a nonequilibrium protocol with two boun-

dary conditions (equilibrium states) [38]. In this case, the

four kinds of BRST symmetries have been more well

established to give Ward identities for correlation func-

tions [15–19]. These Ward identities can be translated as

nonequilibrium work identities, i.e., Jarzynski’s and

Crooks’ identities.

In the present study, we apply this strategy to the

Wilsonian RG transformation. Applying the MSR formal-

ism to the Wilsonian RG transformation, we incorporate the

RG flow equations manifestly in an effective action, where

all coupling functions are dynamically promoted to be

coupling fields. As a result, we obtain an emergent holo-

graphic dual effective field theory, where an extra dimension

appears from the Wilsonian RG transformation [39–48].

Here, the holography is realized by the appearance of the

extra dimension, identified with an RG scale, and the duality

indicates that the effective field theory is written in terms of

collective order parameter fields instead of the original

fields as the Landau-Ginzburg free energy functional. We

furthermore turn on irrelevant perturbations at the UV scale,

which plays the role of noise in the language of stochastic

dynamics. We observe that there exist four kinds of BRST-

type emergent symmetries in the bulk effective action,

which give rise to novel Ward identities for correlation

functions between the renormalized coupling fields. As a

result, we find a generalized fluctuation-dissipation theorem

for the RG flow, where the standard form of the theorem is

modified by the RG transformation. Based on this thermo-

dynamics perspective, we discuss the monotonicity of the

RG flow, introducing an effective entropy functional in

terms of the coupling field. It turns out that the rate of the

total entropy functional is always positive, indicating

the irreversibility of the RG flow. This indicates how the

generalized fluctuation-dissipation theorem can be related

to the monotonicity of the RG flow, for example, the

c-theorem.

II. A REVIEW ON STOCHASTIC

THERMODYNAMICS IN THE LANGEVIN

SYSTEM

Since the main objective of the present study is to

reformulate the monotonicity or irreversibility of the RG

flow from the stochastic thermodynamics perspective, it

would be helpful to review some mathematical construc-

tions for the stochastic thermodynamics [15–20,27,35–37].

As a prototypical example, we consider the overdamped

dynamics of a particle in one dimension subject to a force,

described by the Langevin equation,

∂txðtÞ ¼ μFðxðtÞ; λðtÞÞ þ ξðtÞ: ð1Þ

Here, FðxðtÞ; λðtÞÞ ¼ −∂xVðxðtÞ; λðtÞÞ þ fðxðtÞ; λðtÞÞ is

the force, where VðxðtÞ; λðtÞÞ is a conservative potential

and fðxðtÞ; λðtÞÞ is an external force. These force sources

may be time-dependent through an external control param-

eter λðtÞ varied according to some prescribed experimental

protocol from λð0Þ ¼ λ0 to λðtfÞ ¼ λf. μ is the mobility of

the particle. ξðtÞ serves as stochastic increments modeled as

Gaussian white noise,

hξðtÞξðt0Þi ¼ 2Dδðt − t0Þ; ð2Þ

where D is the diffusion constant, given by the Einstein

relation D ¼ β−1μ at temperature T ¼ β−1 in equilibrium.

To investigate the symmetries of the Langevin equation,

it is more convenient to consider a generating functional for

physical observables, analogous to the partition function.

Here, the following identity is essential,

1 ¼

Z

xf

xi

DxðtÞδð∂txðtÞ − μFðxðtÞ; λðtÞÞ − ξðtÞÞ detð∂t − μ∂xFðxðtÞ; λðtÞÞÞ: ð3Þ

This δ-function identity is nothing but the Faddeev-Popov procedure for the path integral quantization of gauge fields [49].

As a result, one may propose a generating functional for the overdamped Langevin dynamics subject to a force as follows

[15–20,35–37]

W ¼ N

Z

xf

xi

DxðtÞDpðtÞDcðtÞDc̄ðtÞ

Z

DξðtÞ exp

�

−
1

4D

Z

tf

ti

dtξ2ðtÞ

�

× exp

�

−

Z

tf

ti

dtfipðtÞð∂txðtÞ − μFðxðtÞ; λðtÞÞ − ξðtÞÞ þ c̄ðtÞð∂t − μ∂xFðxðtÞ; λðtÞÞÞcðtÞg

�

: ð4Þ

Here, pðtÞ is a Lagrange multiplier, identified with a canonical momentum to the position xðtÞ, and cðtÞ is a fermion

variable to take the Jacobian factor with its canonical conjugate partner c̄ðtÞ. N is a normalization constant to reproduce
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Eq. (2). Performing the average with respect to random noise fluctuations, we obtain

W ¼ N

Z

xf

xi

DxðtÞDpðtÞDcðtÞDc̄ðtÞ exp

�

−

Z

tf

ti

dtfipðtÞð∂txðtÞ − μFðxðtÞ; λðtÞÞÞ þDp2ðtÞ

þ c̄ðtÞð∂t − μ∂xFðxðtÞ; λðtÞÞÞcðtÞg

�

: ð5Þ

Based on this path integral formulation, Refs. [15–20]

investigated BRST symmetries and discussed Ward iden-

tities. In this study, we apply this framework to the RG flow

and reveal symmetries of the RG flow.

One important ingredient involved with the monotonic-

ity of the RG flow is entropy production in the Langevin

system. Introducing the following probability distribution,

pðx; tÞ ¼ hδðx− xðtÞÞi

¼N

Z

Dξðt0Þ exp

�

−
1

4D

Z

t

ti

dt0ξ2ðt0Þ

�

δðx− xðtÞÞ;

ð6Þ

where the average of random noise fluctuations is taken.

Then, one obtains the Fokker-Planck equation for the

probability distribution function to find the particle at x
and at time t,

∂tpðx; tÞ ¼−∂xjðx; tÞ ¼−∂x½ðμFðx;λÞ−D∂xÞpðx; tÞ�: ð7Þ

jðx; tÞ ¼ ðμFðx; λÞ −D∂xÞpðx; tÞ is the conserved current.

This partial differential equation must be augmented

by a normalized initial distribution, pðx; 0Þ ¼ p0ðxÞ. In
Appendix A, we show our intuitive derivation for this

Fokker-Planck equation. It is straightforward to see the

formal path integral expression for the probability dis-

tribution function as follows

pðx; tÞ ¼
N

W

Z

Dξðt0Þ exp

�

−
1

4D

Z

t

ti

dt0ξ2ðt0Þ

�
Z

x

xi

Dxðt0ÞDpðt0ÞDc̄ðt0ÞDcðt0Þ

× exp

�

−

Z

t

ti

dt0fipðt0Þð∂t0xðt
0Þ − μFðxðt0Þ; λðt0ÞÞ − ξðt0ÞÞ þ c̄ðt0Þð∂t0 − μ∂xFðxðt

0Þ; λðt0ÞÞÞcðt0Þg

�

; ð8Þ

where the normalization constant or the generating func-

tional is given by Eq. (5). One can verify

Z

xf

xi

dxpðx; tÞ ¼ 1: ð9Þ

To discuss the entropy production in the forced over-

damped Langevin dynamics, Ref. [27] proposed a trajec-

tory-dependent entropy for the particle or system as

ssysðx; tÞ ¼ − lnpðx; tÞ: ð10Þ

This definition is consistent with the common definition of

a nonequilibrium Gibbs entropy, given by

SsysðtÞ ¼ hssysðx; tÞi ¼ −

Z

xf

xi

dxpðx; tÞ lnpðx; tÞ: ð11Þ

This microscopic entropy gives rise to the macroscopic

thermodynamic entropy for an equilibrium Boltzmann

distribution at fixed λ,

ssysðx; tÞ ¼ β½Vðx; λÞ − FðλÞ�; ð12Þ

where the equilibrium free energy FðλÞ is FðλÞ ¼

−β−1 ln
R xf
xi dxe

−βVðx;λÞ with the conserved potential

Vðx; λÞ introduced before. Then, it is natural to consider

the rate of heat dissipation in the environment as

∂tqðx; tÞ ¼ Fðx; λÞ∂txðtÞ ¼ β−1∂tsenvðx; tÞ: ð13Þ

Accordingly, one may identify the exchanged heat with an

increase in the environment entropy senvðx; tÞ at temper-

ature β−1 ¼ D=μ.
Combining these two contributions, Ref. [27] found the

trajectory-dependent total entropy production rate as fol-

lows

∂tstotðx; tÞ ¼ ∂tsenvðx; tÞ þ ∂tssysðx; tÞ

¼
∂xjðx; tÞ

pðx; tÞ
þ

jðx; tÞ

Dpðx; tÞ
∂txðtÞ: ð14Þ

Taking the ensemble average, Ref. [27] showed that the

averaged total entropy production rate is always positive,

given by
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∂tStotðtÞ ¼ h∂tstotðx; tÞi ¼

Z

xf

xi

dx
j2ðx; tÞ

Dpðx; tÞ
≥ 0; ð15Þ

where the equality holds in equilibrium only. The ensem-

ble-averaged entropy production rate of the environment is

given by

∂tSenvðx; tÞ ¼ h∂tsenvðx; tÞi ¼ β

Z

xf

xi

dxFðx; tÞjðx; tÞ; ð16Þ

where the force Fðx; tÞ and the conserved current jðx; tÞ
have been introduced above. In this study, we discuss the

entropy production of the RG flow, following this line of

thought.

III. TO MANIFEST THE RENORMALIZATION GROUP FLOW IN THE LEVEL

OF AN EFFECTIVE ACTION

A. Wilsonian renormalization group transformation

We consider a partition function as follows

ZðΛuvÞ ¼

Z

Dψσðx;ΛuvÞ exp

�

−

Z

dDxL½ψσðx;ΛuvÞ; fλaðΛuvÞg;Λuv�

�

: ð17Þ

Here, Λuv is a UV cutoff, where the corresponding effective Lagrangian L½ψσðx;ΛuvÞ; fλaðΛuvÞg;Λuv� is defined.

ψσðx;ΛuvÞ is a dynamical matter field at a given spacetime x, where σ denotes its flavor index σ ¼ 1;…; N. fλaðΛuvÞg
represents a set of coupling functions such as velocity, interaction coefficients, etc., denoted by the subscript a.
Performing the Wilsonian RG transformation, we obtain the following expression for the partition function

ZðzfÞ ¼

Z

Dψσðx; zfÞ exp

�

−

Z

dDx

�

L½ψσðx; zfÞ; fλaðx; zfÞg; zf� þ N

Z

zf

Λuv

dzVrg½fλaðx; zÞg; z�

��

; ð18Þ

where the UV cutoffΛuv is lowered to be zf. In other words, all the dynamical fields ψσðx; zfÞ and all the coupling functions
λaðx; zfÞ are defined at a lower cutoff zf, where the dynamical fields between zf and Λuv are integrated over to introduce an

effective potential N
R zf
Λuv

dzVrg½fλaðx; zÞg; z� into the partition function [39–41].

Considering that the partition function is invariant under the RG transformation, regardless of the cutoff scale, we observe

that the effective potential is

Vrg½fλaðx; zÞg; z� ¼ −
1

N
ln

Z

ΛðzÞ
Dψσðx; zÞ exp

�

−

Z

dDxL½ψσðx; zÞ; fλaðx; zÞg; z�

�

; ð19Þ

at a given scale z. Accordingly, all the coupling functions are renormalized to be

∂λaðx; zÞ

∂z
¼ βa½fλaðx; zÞg; z�: ð20Þ

Here, the RG β-function for a coupling function λaðx; zÞ is given by the first-order derivative of the effective potential with
respect to λaðx; zÞ as follows

βa½fλaðx; zÞg; z� ¼ −
∂Vrg½fλaðx; zÞg; z�

∂λaðx; zÞ
: ð21Þ

Implementing this calculation explicitly, we see that the RG β-function is given by a renormalized vertex function,

Nβa½fλaðx; zÞg; z� ¼
1

ZðzÞ

Z

ΛðzÞ
Dψσðx; zÞ

�

∂

∂λaðx; zÞ

Z

dDxL½ψσðx; zÞ; fλaðx; zÞg; z�

�

× exp

�

−

Z

dDxL½ψσðx; zÞ; fλaðx; zÞg; z�

�

; ð22Þ
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where ZðzÞ is an effective partition function at a given scale z,

ZðzÞ ¼

Z

ΛðzÞ
Dψσðx; zÞ exp

�

−

Z

dDxL½ψσðx; zÞ; fλaðx; zÞg; z�

�

: ð23Þ

B. To manifest the renormalization group flow in the level of an effective action

To manifest the RG flow at the level of an effective action, we consider the following identity

1 ¼

Z

Dλaðx; zÞδð∂zλaðx; zÞ − βa½fλaðx; zÞg; z�Þ det

�

∂zδab −
∂βa½fλaðx; zÞg; z�

∂λbðx; zÞ

�

: ð24Þ

Here, detð∂zδab −
∂βa½fλaðx;zÞg;z�

∂λbðx;zÞ
Þ may be regarded as a Jacobian factor for the functional integral. Introducing this δ-function

identity into the partition function, we obtain

ZðzfÞ ¼

Z

Dψσðx; zfÞDλaðx; zÞδð∂zλaðx; zÞ − βa½fλaðx; zÞg; z�Þ det

�

∂zδab −
∂βa½fλaðx; zÞg; z�

∂λbðx; zÞ

�

× exp

�

−

Z

dDx

�

L½ψσðx; zfÞ; fλaðx; zfÞg; zf� þ N

Z

zf

Λuv

dzVrg½fλaðx; zÞg; z�

��

: ð25Þ

Now, the coupling function is promoted to be a dynamical coupling field, which appears as the path integral formulation

with the δ-function constraint. This is essentially the same as the Faddeev-Popov procedure for the path integral

quantization of gauge fields [49], also applied to the semiclassical nonequilibrium physics, for example, the path integral

formulation of Langevin dynamics, and referred to as the MSR formalism [35–37] discussed before. Here, the RG flow

corresponds to the Langevin equation.

It is straightforward to exponentiate the δ-function constraint as follows

ZðzfÞ ¼

Z

Dψσðx; zfÞDλaðx; zÞDπaðx; zÞDc̄aðx; zÞDcaðx; zÞ exp

�

−

Z

dDxL½ψσðx; zfÞ; fλaðx; zfÞg; zf�

− N

Z

zf

Λuv

dz

Z

dDx

�

πaðx; zÞð∂zλaðx; zÞ − βa½fλaðx; zÞg; z�Þ þ c̄aðx; zÞ

�

∂zδab −
∂βa½fλaðx; zÞg; z�

∂λbðx; zÞ

�

cbðx; zÞ

þ Vrg½fλaðx; zÞg; z�

��

: ð26Þ

πaðx; zÞ is a Lagrange multiplier field to impose the RG

flow constraint, which corresponds to the canonical momen-

tum of the coupling field λaðx; zÞ. In the Schwinger-Keldysh
formulation, it is identified with a quantum field denoted by

the subscript a or qu in the standard notation. caðx; zÞ
(c̄aðx; zÞ) is an auxiliary fermion field to take care of

the Jacobian factor, referred to as the Faddeev-Popov ghost.

z is an RG scale, which serves as a cutoff scale for the

Wilsonian RG transformation. Interestingly, this RG scale

plays the role of an extra dimension, which reminds

us of the holographic duality conjecture [50–56], wh-

ere Seff ½fπaðx; zÞ; λaðx; Þg; fc̄aðx; zÞ; caðx; zÞg; zf;Λuv� ¼

N
R zf
Λuv

dz
R

dDxfπaðx; zÞð∂zλaðx; zÞ − βa½fλaðx; zÞg; z�Þ þ

c̄aðx; zÞð∂zδab −
∂βa½fλaðx;zÞg;z�

∂λbðx;zÞ
Þcbðx; zÞ þ Vrg½fλaðx; zÞg; z�g

corresponds to an effective bulk action, supported by an

effective boundary action of
R

dDxL½ψσðx;zfÞ;fλaðx;zfÞg;
zf�. Here, the duality means that the bulk effective action is

written in terms of the coupling fields fλaðx; zÞg, regarded
to as collective dual fields to the corresponding matter

composites. In other words, λaðx; zÞ is dual to
∂L½ψσðx;zÞ;fλaðx;zÞg;z�

∂λaðx;zÞ
.

Before going further, we point out an essential approxi-

mation in this effective field theory. First of all, nonlocal

terms are neglected in the resulting effective action that

manifests the RG flows of the coupling fields. We recall that

the Wilsonian RG transformation generates nonlocal terms

inevitably. Here, the RG β-function Eq. (21) is given by a

Green’s function of the corresponding matter field at a given

energy scale z. Since the Green’s function is bilocal, i.e.,

depending on x and x0, nonlocality is unavoidable. Such

emergent nonlocal interactions can however be “localized”

at the cost of introducing higher-spin fields to decompose

them in a local fashion based on the corresponding group

structure [57–64]. In other words, integrating over such

higher-spin fields can give rise to an effective gravity theory
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including only up to the spin two fields, but in the presence

of effective nonlocal interactions between gravitons. In most

cases, we will work with a proper local truncation of these

RG-generated nonlocal terms, keeping the original form of

the effective Lagrangian as in the conventional RG trans-

formation [39–48]. Here, based on the gradient expansion in

the limit of Δx ¼ x − x0 → 0, we have only local terms in

the resulting effective action. This issue was well summa-

rized in Ref. [41].

C. To promote coupling functions to dynamical fields:

Irrelevant deformations

Although the above reformulation for the Wilsonian RG

transformation is rather analogous to the holographic dual

effective field theory, there exists one important difference:

The coupling field λaðx; zÞ is not fully dynamical, whose

dynamics is semiclassical, given by the RG flow equation.

To promote the coupling field to be fully dynamical, we

consider the following UV deformation,

ZðΛuvÞ ¼

Z

Dψσðx;ΛuvÞDλaðx;ΛuvÞ exp

�

−

Z

dDx

�

L½ψσðx;ΛuvÞ;fλaðx;ΛuvÞg;Λuv� þ
1

2Γa

½λaðx;ΛuvÞ− λ̄aðΛuvÞ�
2

��

:

ð27Þ

Here, we introduced random fluctuations of the coupling fields at UV, where Γa denotes the variance around the mean

value λ̄aðΛuvÞ. Taking the Γa → 0 limit, we recover the previous formulation, where λaðΛuvÞ is replaced with λ̄aðΛuvÞ. This
UV deformation can be thought of as averaging over theories with different coupling constants [39] or turning on some

irrelevant perturbations akin to the TT̄ deformation [65].

To understand the physical meaning of this UV deformation more precisely, we perform the Gaussian integral with

respect to λaðx;ΛuvÞ. Then, we obtain

ZðΛuvÞ ¼

Z

Dψσðx;ΛuvÞ exp

�

−

Z

dDx

�

L½ψσðx;ΛuvÞ; fλ̄aðΛuvÞg;Λuv� þ
Γa

2

�

∂L½ψσðx;ΛuvÞ; fλaðx;ΛuvÞg;Λuv�

∂λaðx;ΛuvÞ

�

2
��

:

ð28Þ

Suppose the Gross-Neveu model for spontaneous chiral symmetry breaking as L½ψσðx; ΛuvÞ; fλaðx; ΛuvÞg; Λuv� ¼

ψ̄σðx; ΛuvÞiγ
μ
∂μψσðx; ΛuvÞ þ

λχðx;ΛuvÞ

2
ψ̄σðx; ΛuvÞψσðx; ΛuvÞψ̄σ0ðx; ΛuvÞψσ0ðx; ΛuvÞ. Then, the last term is

ð∂L½ψσðx;ΛuvÞ;fλaðx;ΛuvÞg;Λuv�
∂λaðx;ΛuvÞ

Þ2 ∼ ½ψ̄σðx;ΛuvÞψσðx;ΛuvÞ�
4 [48], generally irrelevant at the Gaussian fixed point and expected

not to change the RG flow as long as weak Γχ is concerned. Considering these random fluctuations of the coupling

functions at UV and performing the Wilsonian RG transformation, we obtain [39–41,48]

ZðzfÞ ¼

Z

Dψσðx; zfÞDλaðx; zÞDπaðx; zÞDc̄aðx; zÞDcaðx; zÞ

× exp

�

−

Z

dDx

�

L½ψσðx; zfÞ; fλaðx; zfÞg; zf� þ
1

2Γa

½λaðx;ΛuvÞ − λ̄aðΛuvÞ�
2

�

− N

Z

zf

Λuv

dz

Z

dDx

�

πaðx; zÞð∂zλaðx; zÞ − βa½fλaðx; zÞg; z�Þ −
Γa

2
π2aðx; zÞ

þ c̄aðx; zÞ

�

∂zδab −
∂βa½fλaðx; zÞg; z�

∂λbðx; zÞ

�

cbðx; zÞ þ Vrg½fλaðx; zÞg; z�

��

; ð29Þ

where −
Γa

2
π2aðx; zÞ appeared to give the dynamics to λaðx; zÞ in the extra dimension. It is trivial to check out that the Γa → 0

limit reproduces Eq. (26).

In this study, we claim that the holographic dual effective field theory [Eq. (29)] enjoys essentially the same structure as

the MSR formalism of the Langevin dynamics except for the following two aspects: One is the presence of the effective

potential Vrg½fλaðx; zÞg; z�, which arises from quantum fluctuations in theWilsonian RG transformation, and the other is the

existence of the boundary action, which defines both UVand IR boundary conditions for the bulk effective action. In spite

of these two different aspects, we derive a generalized fluctuation-dissipation theorem for the RG flow and show the

monotonicity of the RG flow to hold as the Langevin dynamics, where the existence of the effective potential gives rise to

some corrections in the formulas.
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IV. EMERGENT BRST “SYMMETRIES” IN THE RG FLOW

A. Four types of BRST transformations

Following the MSR formalism of the Langevin dynamics, we investigate emergent BRST symmetries of the RG-flow

manifested effective field theory,

ZðzfÞ¼

Z

Dψσðx;zfÞDλðx;zÞDπðx;zÞDc̄ðx;zÞDcðx;zÞexp

�

−

Z

dDx

�

L½ψσðx;zfÞ;λðx;zfÞ;zf�þ
N

2Γ
½λðx;ΛuvÞ− λ̄ðΛuvÞ�

2

�

−N

Z

zf

Λuv

dz

Z

dDx

�

πðx;zÞð∂zλðx;zÞ−β½λðx;zÞ;z�Þ−
Γ

2
π2ðx;zÞþ c̄ðx;zÞ

�

∂z−
∂β½λðx;zÞ;z�

∂λðx;zÞ

�

cðx;zÞ

þVrg½λðx;zÞ;z�

��

: ð30Þ

Here, we considered the case of one coupling field for simplicity.

One may consider four types of BRST transformations in

this holographic dual effective field theory as the case of the

Langevin dynamics [15–20]. We recall that in the

Schwinger-Keldysh formulation, the first two BRST sym-

metries with their charges Q and Q̄ are topological in

origin, related with the unitarity. These two BRST sym-

metries do not commute with the KMS ones [33].

Considering both the BRST and KMS symmetries, we

have to introduce additional two fermion-type symmetries

with their charges D and D̄. Although D and D̄ correspond

to the superderivatives in the superspace formulation as

discussed in Appendix B, we also call these additional

fermionic symmetries BRST-type symmetries. The first

two BRST transformations lead the bulk kinetic energy

πðx; zÞð∂zλðx; zÞ − β½λðx; zÞ; z�Þ − Γ

2
π2ðx; zÞ þ c̄ðx; zÞð∂z −

∂β½λðx;zÞ;z�
∂λðx;zÞ Þcðx; zÞ to be invariant while the last two do not.

The effective potential Vrg½λðx; zÞ; z� does transform under

all these BRST transformations. As a result, there do not

exist any BRST-type emergent symmetries in this RG flow,

precisely speaking. However, such BRST noninvariant

terms are expressed in a “universal” way. As a result,

we can derive generalized Ward identities from these four

types of BRST transformations and find some constraints

for correlation functions of the coupling field.

The first BRST transformation is given by

δQλðx; zÞ ¼ ϵ½Q; λðx; zÞ� ¼ ϵcðx; zÞ; ð31Þ

δQπðx; zÞ ¼ ϵ½Q; πðx; zÞ� ¼ 0; ð32Þ

δQc̄ðx; zÞ ¼ ϵ½Q; c̄ðx; zÞ� ¼ −ϵπðx; zÞ; ð33Þ

δQcðx; zÞ ¼ ϵ½Q; cðx; zÞ� ¼ 0; ð34Þ

where the first BRST charge Q is

Q ¼ cðx; zÞ
δ

δλðx; zÞ
− πðx; zÞ

δ

δc̄ðx; zÞ
: ð35Þ

Here, the infinitesimal parameter ϵ is fermionic. Then, the

bulk effective Lagrangian is transformed into

δQ

�

πðx; zÞð∂zλðx; zÞ − β½λðx; zÞ; z�Þ −
Γ

2
π2ðx; zÞ

þ c̄ðx; zÞ

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

cðx; zÞ þ Vrg½λðx; zÞ; z�

�

¼ δQVrg½λðx; zÞ; z� ¼ −ϵcðx; zÞβ½λðx; zÞ; z�; ð36Þ

which is not invariant due to the effective potential

Vrg½λðx; zÞ; z�.
The second BRST transformation is given by

δQ̄λðx; zÞ ¼ ϵ̄½Q̄; λðx; zÞ� ¼ ϵ̄ c̄ðx; zÞ; ð37Þ

δQ̄πðx; zÞ ¼ ϵ̄½Q̄; πðx; zÞ� ¼ ϵ̄
2

Γ
∂zc̄ðx; zÞ; ð38Þ

δQ̄c̄ðx; zÞ ¼ ϵ̄½Q̄; c̄ðx; zÞ� ¼ 0; ð39Þ

δQ̄cðx; zÞ ¼ ϵ̄½Q̄; cðx; zÞ� ¼ ϵ̄

�

πðx; zÞ−
2

Γ
∂zλðx; zÞ

�

; ð40Þ

where the second BRST charge Q̄ is

Q̄ ¼ c̄ðx; zÞ
δ

δλðx; zÞ
þ

2

Γ
½∂zc̄ðx; zÞ�

δ

δπðx; zÞ

þ

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

δ

δcðx; zÞ
: ð41Þ

As a result, the bulk effective Lagrangian is transformed

into
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δQ̄

�

πðx; zÞð∂zλðx; zÞ − β½λðx; zÞ; z�Þ −
Γ

2
π2ðx; zÞ þ c̄ðx; zÞ

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

cðx; zÞ þ Vrg½λðx; zÞ; z�

�

¼ ϵ̄
d

dz

�

2

Γ
c̄ðx; zÞð∂zλðx; zÞ − β½λðx; zÞ; z�Þ − c̄ðx; zÞπðx; zÞ

�

− ϵ̄ c̄ðx; zÞβ½λðx; zÞ; z�; ð42Þ

where δQ̄Vrg½λðx; zÞ; z� ¼ −ϵ̄ c̄ðx; zÞβ½λðx; zÞ; z�. The total derivative term does not affect the corresponding Ward identity

to be discussed below.

The third BRST transformation is given by

δDλðx; zÞ ¼ ε½D; λðx; zÞ� ¼ εc̄ðx; zÞ; ð43Þ

δDπðx; zÞ ¼ ε½D; πðx; zÞ� ¼ 0; ð44Þ

δDc̄ðx; zÞ ¼ ε½D; c̄ðx; zÞ� ¼ 0; ð45Þ

δDcðx; zÞ ¼ ε½D; cðx; zÞ� ¼ επðx; zÞ; ð46Þ

where the third BRST charge D is

D ¼ c̄ðx; zÞ
δ

δλðx; zÞ
þ πðx; zÞ

δ

δcðx; zÞ
: ð47Þ

Accordingly, the bulk Lagrangian transforms as

δD

�

πðx; zÞð∂zλðx; zÞ − β½λðx; zÞ; z�Þ −
Γ

2
π2ðx; zÞ þ c̄ðx; zÞ

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

cðx; zÞ þ Vrg½λðx; zÞ; z�

�

¼ 2επðx; zÞ∂zc̄ðx; zÞ − ε∂zðc̄ðx; zÞπðx; zÞÞ − εc̄ðx; zÞβ½λðx; zÞ; z�; ð48Þ

where δDVrg½λðx; zÞ; z� ¼ −εc̄ðx; zÞβ½λðx; zÞ; z�. We point out an additional noninvariant term 2επðx; zÞ∂zc̄ðx; zÞ.
The last BRST transformation is given by

δD̄λðx; zÞ ¼ ε̄½D̄; λðx; zÞ� ¼ ε̄cðx; zÞ; ð49Þ

δD̄πðx; zÞ ¼ ε̄½D̄; πðx; zÞ� ¼ ε̄
2

Γ
∂zcðx; zÞ; ð50Þ

δD̄c̄ðx; zÞ ¼ ε̄½D̄; c̄ðx; zÞ� ¼ −ε̄

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

; ð51Þ

δD̄cðx; zÞ ¼ ε̄½D̄; cðx; zÞ� ¼ 0; ð52Þ

where the last BRST charge D̄ is

D̄ ¼ cðx; zÞ
δ

δλðx; zÞ
þ

2

Γ
½∂zcðx; zÞ�

δ

δπðx; zÞ
−

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

δ

δc̄ðx; zÞ
: ð53Þ

The bulk effective Lagrangian transforms as

δD̄

�

πðx; zÞð∂zλðx; zÞ − β½λðx; zÞ; z�Þ −
Γ

2
π2ðx; zÞ þ c̄ðx; zÞ

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

cðx; zÞ þ Vrg½λðx; zÞ; z�

�

¼ −2ε̄πðx; zÞ½∂zcðx; zÞ� þ ε̄
4

Γ
½∂zcðx; zÞ�½∂zλðx; zÞ� − ε̄

2

Γ
∂zðcðx; zÞβ½λaðx; zÞ; z�Þ − ε̄cðx; zÞβ½λðx; zÞ; z�; ð54Þ
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where δD̄Vrg½λðx; zÞ; z� ¼ −ε̄cðx; zÞβ½λðx; zÞ; z�. We point out an additional noninvariant term −2ε̄πðx; zÞ½∂zcðx; zÞ�þ

ε̄ 4
Γ
½∂zcðx; zÞ�½∂zλðx; zÞ�.
Before discussing the Ward identities for correlation functions of the coupling field, we check out anticommutators

between BRST charges. The anticommutator for the first two BRST charges is given by

½Q; Q̄�þ ¼ QQ̄þ Q̄Q ¼ −
2

Γ

�

πðx; zÞ∂z
δ

δπðx; zÞ
þ ∂zλðx; zÞ

δ

δλðx; zÞ
þ cðx; zÞ∂z

δ

δcðx; zÞ
þ ½∂zc̄ðx; zÞ�

δ

δc̄ðx; zÞ

�

; ð55Þ

and that of the last two BRST ones is given by

½D; D̄�þ ¼ DD̄þ D̄D ¼
2

Γ

�

πðx; zÞ∂z
δ

δπðx; zÞ
þ ∂zλðx; zÞ

δ

δλðx; zÞ
þ ½∂zcðx; zÞ�

δ

δcðx; zÞ
þ c̄ðx; zÞ∂z

δ

δc̄ðx; zÞ

�

: ð56Þ

In Appendix B, we revisit these two anticommutation relations between BRST charges in the superspace formulation.

B. Generalized fluctuation-dissipation theorems for the RG flows of correlation functions of the coupling functions

To derive the Ward identities from these BRST transformations, we consider an action for sources as follows [18,49]

SSource ¼ N

Z

zf

Λuv

dz

Z

dDxðT̄ðx; zÞλðx; zÞ þ πðx; zÞTðx; zÞ þ Ḡðx; zÞcðx; zÞ þ c̄ðx; zÞGðx; zÞÞ

¼ N

Z

zf

Λuv

dz

Z

dDx

�

T̄ðx; zÞ
∂

∂T̄ðx; zÞ
þ Tðx; zÞ

∂

∂Tðx; zÞ
þ Ḡðx; zÞ

∂

∂Ḡðx; zÞ
−

∂

∂Gðx; zÞ
Gðx; zÞ

�

¼ N

Z

zf

Λuv

dz

Z

dDx

�

∂

∂λðx; zÞ
λðx; zÞ þ

∂

∂πðx; zÞ
πðx; zÞ −

∂

∂cðx; zÞ
cðx; zÞ þ c̄ðx; zÞ

∂

∂c̄ðx; zÞ

�

: ð57Þ

Here, T̄ðx; zÞ (Tðx; zÞ) is the bosonic source field for λðx; zÞ (πðx; zÞ), and Ḡðx; zÞ (Gðx; zÞ) is the fermionic source field for

cðx; zÞ (c̄ðx; zÞ). Accordingly, the four BRST charges are represented as follows

Q ¼ cðx; zÞ
δ

δλðx; zÞ
− πðx; zÞ

δ

δc̄ðx; zÞ
¼ T̄ðx; zÞ

∂

∂Ḡðx; zÞ
−Gðx; zÞ

∂

∂Tðx; zÞ
; ð58Þ

Q̄ ¼ c̄ðx; zÞ
δ

δλðx; zÞ
þ

2

Γ
½∂zc̄ðx; zÞ�

δ

δπðx; zÞ
þ

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

δ

δcðx; zÞ

¼ −T̄ðx; zÞ
∂

∂Gðx; zÞ
−
2

Γ
Tðx; zÞ

�

∂z

∂

∂Gðx; zÞ

�

− Ḡðx; zÞ

�

∂

∂Tðx; zÞ
−
2

Γ
∂z

∂

∂T̄ðx; zÞ

�

; ð59Þ

and

D ¼ c̄ðx; zÞ
δ

δλðx; zÞ
þ πðx; zÞ

δ

δcðx; zÞ
¼ −T̄ðx; zÞ

∂

∂Gðx; zÞ
− Ḡðx; zÞ

∂

∂Tðx; zÞ
; ð60Þ

D̄ ¼ cðx; zÞ
δ

δλðx; zÞ
þ

2

Γ
½∂zcðx; zÞ�

δ

δπðx; zÞ
−

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

δ

δc̄ðx; zÞ

¼ T̄ðx; zÞ
∂

∂Ḡðx; zÞ
þ

2

Γ
Tðx; zÞ

�

∂z

∂

∂Ḡðx; zÞ

�

−Gðx; zÞ

�

∂

∂Tðx; zÞ
−
2

Γ
∂z

∂

∂T̄ðx; zÞ

�

; ð61Þ

respectively.

Taking the first two BRST transformations to the partition function, we find

Z

zf

Λuv

dz

Z

dDx

�

T̄ðx; zÞ
∂

∂Ḡðx; zÞ
−Gðx; zÞ

∂

∂Tðx; zÞ

�

ZðzfÞ ¼
1

2

Z

zf

Λuv

dz

Z

dDxβ

�

∂

∂T̄ðx; zÞ
; z

�

∂

∂Ḡðx; zÞ
ZðzfÞ; ð62Þ
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Z

zf

Λuv

dz

Z

dDx

�

T̄ðx; zÞ
∂

∂Gðx; zÞ
þ

2

Γ
Tðx; zÞ

�

∂z

∂

∂Gðx; zÞ

�

þ Ḡðx; zÞ

�

∂

∂Tðx; zÞ
−
2

Γ
∂z

∂

∂T̄ðx; zÞ

��

ZðzfÞ

¼
1

2

Z

zf

Λuv

dz

Z

dDx

�

−∂z

�

2

Γ

�

∂z

∂

∂T̄ðx; zÞ
− β

�

∂

∂T̄ðx; zÞ
; z

��

∂

∂Gðx; zÞ
−

∂

∂Tðx; zÞ

∂

∂Gðx; zÞ

�

þ β

�

∂

∂T̄ðx; zÞ
; z

�

∂

∂Gðx; zÞ

�

ZðzfÞ: ð63Þ

Considering the second two BRST transformations to the partition function, we obtain

Z

zf

Λuv

dz

Z

dDx

�

T̄ðx; zÞ
∂

∂Gðx; zÞ
þ Ḡðx; zÞ

∂

∂Tðx; zÞ

�

ZðzfÞ

¼
1

2

Z

zf

Λuv

dz

Z

dDx

�

∂z

�

∂

∂Tðx; zÞ

∂

∂Gðx; zÞ

�

− 2
∂

∂Tðx; zÞ
∂z

∂

∂Gðx; zÞ
þ β

�

∂

∂T̄ðx; zÞ
; z

�

∂

∂Gðx; zÞ

�

ZðzfÞ; ð64Þ

Z

zf

Λuv

dz

Z

dDx

�

T̄ðx; zÞ
∂

∂Ḡðx; zÞ
þ

2

Γ
Tðx; zÞ

�

∂z

∂

∂Ḡðx; zÞ

�

−Gðx; zÞ

�

∂

∂Tðx; zÞ
−
2

Γ
∂z

∂

∂T̄ðx; zÞ

��

ZðzfÞ

¼
1

2

Z

zf

Λuv

dz

Z

dDx

�

2

Γ
∂z

�

β

�

∂

∂T̄ðx; zÞ
; z

�

∂

∂Ḡðx; zÞ

�

þ 2
∂

∂Tðx; zÞ
∂z

∂

∂Ḡðx; zÞ
−
4

Γ

�

∂z

∂

∂T̄ðx; zÞ

�

∂z

∂

∂Ḡðx; zÞ

þ β

�

∂

∂T̄ðx; zÞ
; z

�

∂

∂Ḡðx; zÞ

�

ZðzfÞ: ð65Þ

Equations (62), (63), (64), and (65) are one of the main results of this study. Based on these four types of equations, one

can derive various Ward identities for correlation functions of the coupling field. Here, we demonstrate some of them.

Applying ∂

∂Gðx0;z0Þ
∂

∂T̄ðx00;z00Þ
to Eq. (62) and ∂

∂Ḡðx0;z0Þ
∂

∂T̄ðx00;z00Þ
to Eq. (63), respectively, we obtain

�

∂

∂Gðx0; z0Þ

∂

∂Ḡðx00; z00Þ
−

∂

∂T̄ðx00; z00Þ

∂

∂Tðx0; z0Þ

�

ZðzfÞ ¼
1

2

∂

∂Gðx0; z0Þ

∂

∂T̄ðx00; z00Þ

Z

zf

Λuv

dz

Z

dDxβ

�

∂

∂T̄ðx;zÞ
;z

�

∂

∂Ḡðx;zÞ
ZðzfÞ;

ð66Þ

�

∂

∂Ḡðx0; z0Þ

∂

∂Gðx00; z00Þ
þ

∂

∂T̄ðx00; z00Þ

∂

∂Tðx0; z0Þ
−
2

Γ

∂

∂T̄ðx00; z00Þ
∂z0

∂

∂T̄ðx0; z0Þ

�

ZðzfÞ

¼
1

2

∂

∂Ḡðx0; z0Þ

∂

∂T̄ðx00; z00Þ

Z

zf

Λuv

dz

Z

dDxβ

�

∂

∂T̄ðx; zÞ
; z

�

∂

∂Gðx; zÞ
ZðzfÞ; ð67Þ

where all other source fields were set to zero. These two equations lead to

hc̄ðx0; z0Þcðx; zÞi þ hλðx; zÞπðx0; z0Þi ¼ −
1

2
hc̄ðx0; z0Þλðx; zÞ

Z

zf

Λuv

dw

Z

dDyβ½λðy; wÞ;w�cðy; wÞi; ð68Þ

hcðx0; z0Þc̄ðx; zÞi− hλðx; zÞπðx0; z0Þi þ
2

Γ
hλðx; zÞ∂z0λðx

0; z0Þi ¼
1

2
hcðx0; z0Þλðx; zÞ

Z

zf

Λuv

dw

Z

dDyβ½λðy;wÞ;w�c̄ðy;wÞi; ð69Þ

respectively.

Considering the ghost Green’s function ð∂z −
∂β½λðx;zÞ;z�
∂λðx;zÞ Þhcðx; zÞc̄ðx0; z0Þi ¼ −δðDÞðx − x0Þδðz − z0Þ, we obtain

hλðx0; z0Þπðx; zÞi − hλðx; zÞπðx0; z0Þi ¼ −
2

Γ
hλðx; zÞ∂z0λðx

0; z0Þi − hλðx0; z0Þ

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

−1

β½λðx; zÞ; z�i ð70Þ

from Eqs. (68) and (69). If we consider a fixed point defined by β½λðx; zÞ; z� ¼ 0, we obtain
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hλðx0; z0Þπðx; zÞi − hλðx; zÞπðx0; z0Þi ¼ −
2

Γ
hλðx; zÞ∂z0λðx

0; z0Þi:

This is essentially the same as the fluctuation-dissipation theorem of the Langevin dynamics in equilibrium. Away from the

fixed point, there is an RG flow given by the RG β-function, which plays the role of the nonequilibrium work in the

dynamics, reflected in the last term of Eq. (70).

C. RG flow of an on-shell effective action: Hamilton-Jacobi equation

To discuss the RG flow of an IR effective action, we take the large N limit and obtain equations of motion with boundary

conditions. We recall the holographic dual field theory,

ZðzfÞ¼

Z

Dψσðx;zfÞDλðx;zÞDπðx;zÞDc̄ðx;zÞDcðx;zÞexp

�

−

Z

dDx

�

L½ψσðx;zfÞ;λðx;zfÞ;zf�þ
N

2Γ
½λðx;ΛuvÞ− λ̄ðΛuvÞ�

2

�

−N

Z

zf

Λuv

dz

Z

dDx

�

πðx;zÞð∂zλðx;zÞ−β½λðx;zÞ;z�Þ−
Γ

2
π2ðx;zÞþ c̄ðx;zÞ

�

∂z−
∂β½λðx;zÞ;z�

∂λðx;zÞ

�

cðx;zÞþVrg½λðx;zÞ;z�

��

:

Taking the largeN limit and performing variations with respect to πðx; zÞ and λðx; zÞ, we obtain the Hamiltonian equation

of motion as follows

πðx; zÞ ¼
1

Γ
ð∂zλðx; zÞ − β½λðx; zÞ; z�Þ; ð71Þ

∂zπðx; zÞ ¼ −πðx; zÞ
∂β½λðx; zÞ; z�

∂λðx; zÞ
−

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

−1 ∂
2β½λðx; zÞ; z�

∂λ2ðx; zÞ
− β½λðx; zÞ; z�: ð72Þ

We recall

β½λðx; zÞ; z� ¼ −
∂Vrg½λðx; zÞ; z�

∂λðx; zÞ
:

Just for completeness, we write down the Lagrangian formulation for the partition function,

ZðzfÞ ¼

Z

Dψσðx; zfÞDλðx; zÞDc̄ðx; zÞDcðx; zÞ exp

�

−

Z

dDx

�

L½ψσðx; zfÞ; λðx; zfÞ; zf� þ
N

2Γ
½λðx;ΛuvÞ− λ̄ðΛuvÞ�

2

�

−N

Z

zf

Λuv

dz

Z

dDx

�

1

2Γ
ð∂zλðx; zÞ− β½λðx; zÞ; z�Þ2 þ c̄ðx; zÞ

�

∂z −
∂β½λðx; zÞ;z�

∂λðx; zÞ

�

cðx; zÞ þVrg½λðx; zÞ; z�

��

; ð73Þ

and obtain the corresponding Lagrange equation of motion,

1

Γ
∂
2
zλðx; zÞ ¼ −β½λðx; zÞ; z� þ

1

Γ
β½λðx; zÞ; z�

∂β½λðx; zÞ; z�

∂λðx; zÞ
−

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

−1 ∂
2β½λðx; zÞ; z�

∂λ2ðx; zÞ
: ð74Þ

To obtain boundary conditions, we consider an effective boundary action as

SeffðzfÞ ¼ N

Z

dDx

�

Vrg½λðx; zfÞ; zf� þ πðx; zfÞλðx; zfÞ þ c̄ðx; zfÞcðx; zfÞ

þ
N

2Γ
½λðx;ΛuvÞ − λ̄ðΛuvÞ�

2 − πðx;ΛuvÞλðx;ΛuvÞ − c̄ðx;ΛuvÞcðx;ΛuvÞ

�

: ð75Þ

Here, the boundary effective potential Vrg½λðx; zfÞ; zf� comes from

Vrg½λðx; zfÞ; zf� ¼ −
1

N
ln

Z

ΛðzfÞ
Dψσðx; zfÞ exp

�

−

Z

dDxL½ψσðx; zfÞ; λðx; zfÞ; zf�

�

; ð76Þ
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and πðx;zfÞλðx;zfÞþ c̄ðx;zfÞcðx;zfÞ−πðx;ΛuvÞλðx;ΛuvÞ−
c̄ðx;ΛuvÞcðx;ΛuvÞ results from the bulk action

πðx; zÞ∂zλðx; zÞ þ c̄ðx; zÞ∂zcðx; zÞ by integration by parts.

Taking variations of this effective boundary action with

respect to λðx; zfÞ, cðx; zfÞ and λðx;ΛuvÞ, cðx;ΛuvÞ, we
find the IR boundary conditions

πðx; zfÞ ¼ β½λðx; zfÞ; zf�; c̄ðx; zfÞ ¼ 0; ð77Þ

and UV ones

πðx;ΛuvÞ¼
N

Γ
½λðx;ΛuvÞ− λ̄ðΛuvÞ�; c̄ðx;ΛuvÞ¼ 0: ð78Þ

Combined with the canonical momentum Eq. (71), we

obtain both UV and IR boundary conditions for λðx; zÞ,
which support the second order Lagrange equation of

motion for λðx; zÞ.
We emphasize again that the partition function is

invariant under the RG transformation, formulated as

−
d

dzf
lnZðzfÞ ¼ 0: ð79Þ

This equation gives rise to

−

�

Γ

2
þ 1

��

∂Vrg½λðx; zfÞ; zf�

∂λðx; zfÞ

�

2

þ Vrg½λðx; zfÞ; zf�

þ ∂zf
Vrg½λðx; zfÞ; zf� ¼ 0; ð80Þ

where the IR boundary condition πðx; zfÞ ¼ β½λðx; zfÞ; zf�
has been used. This is nothing but the Hamilton-Jacobi

equation to determine the IR renormalized effective potential

Vrg½λðx; zfÞ; zf� [40,41]. One may regard this Hamilton-

Jacobi equation as a signature to guarantee self-consistency

of the present framework [40,41], where the IR effective

potential is given by Eq. (76).

D. “Entropy production” in the RG flow

To investigate the monotonicity or “irreversibility” of the

RG flow, we discuss “entropy production” in the RG flow,

following the procedure for the overdamped Langevin

system in Ref. [27]. We recall the effective partition

function to manifest the RG flow as an effective bulk

action with an extra dimension,

ZðzfÞ ¼

Z

ξir

ξuv

Dξðx; zÞ exp

�

−N

Z

zf

Λuv

dz

Z

dDx
1

2Γ
ξ2ðx; zÞ

�
Z

λir

λuv

Dλðx; zÞDπðx; zÞDc̄ðx; zÞDcðx; zÞ

× exp

�

−N

Z

zf

Λuv

dz

Z

dDx

�

πðx; zÞð∂zλðx; zÞ − β½λðx; zÞ; z� − ξðx; zÞÞ þ c̄ðx; zÞ

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

cðx; zÞ

þ Vrg½λðx; zÞ; z�

��

: ð81Þ

Here, random noise fluctuations were explicitly introduced by the Hubbard-Stratonovich transformation for the bulk

canonical momentum. The IR boundary conditions were assumed, where both λir and ξir can be determined by the IR

boundary conditions of λðx; zfÞ and πðx; zfÞ. Accordingly, the “Hamiltonian equation of motion” is given by

∂zλðx; zÞ ¼ β½λðx; zÞ; z� þ ξðx; zÞ; ð82Þ

∂zπðx; zÞ ¼ −β½λðx; zÞ; z� − πðx; zÞ
∂β½λðx; zÞ; z�

∂λðx; zÞ
−

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

−1 ∂
2β½λðx; zÞ; z�

∂λ2ðx; zÞ
: ð83Þ

The first equation corresponds to the overdamped Langevin equation, where the coupling field λðx; zÞ and the RG scale z
may be identified with the position of a particle and time.

The “probability distribution” function for the coupling field is defined as follows

ρðλ; zÞ ¼ hδðλ − λðx; zÞÞi

¼ N

Z

Dξðx; z0Þ exp

�

−N

Z

z

Λuv

dz0
Z

dDx

�

1

2Γ
ξ2ðx; z0Þ þ Vrg½λðx; z

0Þ; z0�

��

δðλ − λðx; zÞÞ; ð84Þ

where N is a normalization constant to be specified below. We emphasize that there appears a correction in the RG flow,

given by Vrg½λðx; z
0Þ; z0�. Then, the path integral expression of this probability distribution function is given by
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ρðλ; zÞ ¼
1

ZðzfÞ

Z

λ

λuv

Dλðx; z0ÞDπðx; z0ÞDc̄ðx; z0ÞDcðx; z0Þ

×

Z

Dξðx; z0Þ exp

�

−N

Z

z

Λuv

dz0
Z

dDx

�

1

2Γ
ξ2ðx; z0Þ þ Vrg½λðx; z

0Þ; z0�

��

× exp

�

−N

Z

z

Λuv

dz0
Z

dDx

�

πðx; z0Þð∂z0λðx; z
0Þ − β½λðx; z0Þ; z0� − ξðx; z0ÞÞ

þ c̄ðx; z0Þ

�

∂z0 −
∂β½λðx; z0Þ; z0�

∂λðx; z0Þ

�

cðx; z0Þ

��

; ð85Þ

where the normalization constant is given by the partition

function introduced above. One can check out

trρðλ; zÞ ¼

Z

λir

λuv

dλρðλ; zÞ ¼ 1: ð86Þ

Following the standard procedure to derive the Fokker-

Planck equation from the Langevin equation, we obtain

ð∂z − Vrgðλ; zÞÞρðλ; zÞ ¼ −∂λ

��

βðλ; zÞ −
Γ

2
∂λ

�

ρðλ; zÞ

�

;

ð87Þ

where the RG effective potential Vrgðλ; zÞ serves as the

“time” component of a background gauge field. The

conserved current is given by

jðλ; zÞ ¼

�

βðλ; zÞ −
Γ

2
∂λ

�

ρðλ; zÞ; ð88Þ

which shares essentially the same structure as that of the

overdamped Langevin dynamics, discussed before. In

Appendix A, we show our intuitive derivation for this

Fokker-Planck equation.

Following Ref. [27], it is natural to introduce the entropy

of a system, given by

ssysðλ; zÞ ¼ − ln ρðλ; zÞ: ð89Þ

Then, the ensemble average of the system or bulk entropy is

SsysðzÞ ¼ hssysðλ; zÞi ¼ −

Z

λir

λuv

dλρðλ; zÞ ln ρðλ; zÞ; ð90Þ

as expected.

The time evolution of the bulk entropy is given by

∂zssysðzÞ ¼ −
∂zρðλ; zÞ

ρðλ; zÞ
−
∂λρðλ; zÞ

ρðλ; zÞ
∂zλðx; zÞ: ð91Þ

Resorting to the Fokker-Planck equation and considering

the definition of the conserved current, we rewrite the

above expression as follows

∂zssysðzÞ ¼
∂λjðλ; zÞ

ρðλ; zÞ
− Vrgðλ; zÞ þ

2

Γ

jðλ; zÞ

ρðλ; zÞ
∂zλðx; zÞ

−
2

Γ
βðλ; zÞ∂zλðx; zÞ: ð92Þ

Here, we introduce the time evolution of the “environment”

entropy in a similar way as Ref. [27],

∂zsenvðλ;zÞ¼∂zqðλ;zÞ¼
2

Γ
βðλ;zÞ∂zλðx;zÞþVrgðλ;zÞ: ð93Þ

∂zqðλ; zÞ is the rate of heat dissipation in the medium,

where we identify the exchanged heat with an increase in

entropy of the medium.

Summing over these two contributions, we obtain

∂zstotðλ; zÞ ¼ ∂zsenvðλ; zÞ þ ∂zssysðλ; zÞ

¼
∂λjðλ; zÞ

ρðλ; zÞ
þ

2

Γ

jðλ; zÞ

ρðλ; zÞ
∂zλðx; zÞ; ð94Þ

fully consistent with that of the overdamped Langevin

dynamics [27], although there exists a clear modification in

the Fokker-Planck equation, Eq. (87). As a result, we find

the irreversibility of the RG flow, given by the total entropy

function,

∂zStotðzÞ ¼ h∂zstotðλ; zÞi ¼

Z

λir

λuv

dλ
2

Γ

j2ðλ; zÞ

ρðλ; zÞ
≥ 0; ð95Þ

where the ensemble average has been taken, and the

following current conservation has been used,

�

∂λjðλ; zÞ

ρðλ; zÞ

	

¼

Z

λir

λuv

dλ∂λjðλ; zÞ ¼ 0: ð96Þ

More explicitly, we have

h∂zstotðλ;zÞi¼

Z

λir

λuv

dλρðλ;zÞ

�

2

Γ
½βðλ;zÞ�2þ

Γ

2
ð∂λ lnρðλ;zÞÞ

2

−2βðλ;zÞ∂λ lnρðλ;zÞ

�

≥0: ð97Þ
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V. SUMMARY AND DISCUSSION

In this study, we applied the MSR formulation to the RG

flow and obtained the holographic dual effective field

theory to manifest the RG flow at the level of an effective

bulk action. Here, we observed that four types of BRST

transformations can give some constraints to the RG flow

of the coupling field although the RG-generated effective

potential breaks such BRST symmetries. Resorting to the

BRST transformations, we derived Ward identities for

correlation functions of the coupling field. In particular,

we found that the fluctuation-dissipation theorem is modi-

fied by the RG β-function, analogous to the nonequilibrium

work relation. This becomes more transparent in the

superspace formulation.

It is natural to apply the present framework to the

holographic renormalization [54–56]. To consider the

holographic renormalization, we introduce the Arnowitt-

Deser-Misner (ADM) formalism for general relativity [66],

where the coordinate system is given by

ds2 ¼ ðN 2ðx; zÞ þN μðx; zÞN
μðx; zÞÞdz2

þ 2N μðx; zÞdx
μdzþ gμνðx; zÞdx

μdxν: ð98Þ

Here, N ðx; zÞ is the lapse function and N μðx; zÞ is the shift
vector. We consider the Gaussian normal coordinate system,

given by gauge fixing of N ðx; zÞ ¼ 1 and N μðx; zÞ ¼ 0.

Then, the holographic bulk effective action is

F ¼ −
1

β
ln

Z

Dgμνðx; zÞDπμνðx; zÞDc̄μνðx; zÞDcργðx; zÞ exp

�

−N2
c

Z

zf

0

dz

Z

dDx

�

πμνðx; zÞð∂zgμνðx; zÞ − βμν½gμνðx; zÞ; z�Þ

−
κ

2

1
ffiffiffiffiffiffiffiffiffiffiffiffiffi

gðx; zÞ
p πμνðx; zÞGμνργðx; zÞπ

ργðx; zÞ þ c̄μνðx; zÞ

�

∂zGμνργðx; zÞ −
∂

∂gργðx; zÞ
βμν½gμνðx; zÞ; z�

�

cργðx; zÞ

þ
1

2κ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

gðx; zÞ
p

ðRðx; zÞ − 2ΛÞ

��

: ð99Þ

Here, Nc is the number of color degrees of freedom in dual quantum field theories. πμνðx; zÞ is the canonical momentum

of the metric tensor gμνðx; zÞ, and Gμνργðx; zÞ is de Witt supermetric [67],

Gμνργðx; zÞ≡ gμρðx; zÞgνγðx; zÞ −
1

D − 1
gμνðx; zÞgργðx; zÞ:

ð100Þ
The RG β-function is introduced for the appearance of the RG flow as follows

βμν½gμνðx; zÞ; z� ¼ −
∂

∂gμνðx; zÞ

�

1

2κ

ffiffiffiffiffiffiffiffiffiffiffiffiffi

gðx; zÞ
p

ðRðx; zÞ − 2ΛÞ

�

¼ −
1

2κ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

gðx; zÞ
p

�

Rμνðx; zÞ −
1

2
Rðx; zÞgμνðx; zÞ þ Λgμνðx; zÞ

�

; ð101Þ

which modifies the holographic dual effective field theory [40,41].

Following the strategy of the present study, we propose the following Ward identity

hgμνðx
0; z0Þπμνðx; zÞi − hgμνðx; zÞπ

μνðx0; z0Þi ¼ −
2

κ
hgμνðx; zÞG

μνργðx0; z0Þ∂z0gργðx
0; z0Þi

− hgμνðx
0; z0Þð∂zGμνργðx; zÞ −

∂

∂gργðx; zÞ
βμν½gμνðx; zÞ; z�Þ

−1βργ½gμνðx; zÞ; z�i; ð102Þ

which is analogous to the fluctuation-dissipation theorem

away from equilibrium. Here, the Einstein tensor

Gμνðx; zÞ ∼ βμν½gμνðx; zÞ; z� [40,41] would result in entropy

production in the holographic RG flow.

All these thermodynamics perspectives motivate us to find

an effective entropy functional in terms of the coupling field,

expected to show its monotonicity during the RG evolution

along the extra dimension. Following Ref. [27], we dis-

cussed the entropy production during the RG flow. First, we

introduced a probability distribution function for the cou-

pling field, where the effective Fokker-Planck equation has

been modified by the RG effective potential. Based on this

probability distribution function, we proposed a microscopic

definition for the entropy of the bulk system, and considered
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the RG evolution of the system entropy, resorting to the

modified Fokker-Planck equation. This leads us to introduce

the rate of heat dissipation in the medium, identified with the

rate of environmental entropy. Combining these two con-

tributions, we could find that the total entropy production

rate is always positive after the ensemble averaging. This

positive total entropy production rate confirms the monot-

onicity or irreversibility of the RG flow.

We would like to point out that our nonequilibrium

thermodynamics perspectives for the monotonicity of the

RG flow may have an interesting geometrical interpretation.

It has been demonstrated that the holographic RG flow is

given by the Ricci flow equation, where the extradimen-

sional coordinate plays the role of time in the evolution of

the geometry from UV to IR [54–56,68,69]. We recall that

the general RG flow equation can be made manifest in the

level of an effective action with the introduction of an

emergent extradimensional space, regarded to be emergent

dual holography [39–44]. It has been also shown that the

Ricci flow [70–72] is a gradient flow [73], where the

evolution of the induced metric in the ADM hypersurface is

given by a gradient of a functional. Indeed, G. Perelman

constructed the so-called “entropy” functional and showed

that the Ricci flow belongs to the gradient flow with positive

definite metric, extremizing his entropy functional [73–75].

He was able to show the monotonicity of the Ricci flow

based on his entropy functional. We speculate that our

entropy functional constructed from the probability distri-

bution function serves as a microscopic description for the

macroscopic thermodynamics entropy functional, analo-

gous to Perelman’s entropy functional [76–78]. We hope

to clarify this aspect in our future study.

Unfortunately, we could not reveal a clear connection

from the monotonicity of the RG flow based on our

holographic dual effective field theory to the holographic

c—theorem of Refs. [13,14]. In the holographic c—
theorem, the so-called holographic c-function has been

constructed from geometry and shown to have monoto-

nicity. It would be interesting to understand how these

three frameworks, (1) our microscopic construction of the

entropy functional, (2) the macroscopic description of the

Perelman’s entropy functional, and (3) the geometric

construction of the holographic c-function, are related.
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APPENDIX A: DERIVATION OF THE FOKKER-PLANCK EQUATION

We recall the generating functional for the overdamped Langevin dynamics,

W¼N

Z

xf

xi

DxðtÞDpðtÞDcðtÞDc̄ðtÞexp

�

−

Z

tf

ti

dtfipðtÞð∂txðtÞ−μF½xðtÞ�ÞþDp2ðtÞþ c̄ðtÞð∂t−μ∂xF½xðtÞ�ÞcðtÞg

�

: ðA1Þ

This generating functional indicates that the “Hamiltonian” would be given by

H ¼ −ipðtÞμF½xðtÞ� þDp2ðtÞ → −
∂

∂x
μFðxÞ þD

∂
2

∂x2
: ðA2Þ

Hinted from

∂tΨðx; tÞ ¼

�

−
∂

∂x
μFðxÞ þD

∂
2

∂x2

�

Ψðx; tÞ; ðA3Þ

we obtain

∂tpðx; tÞ ¼ −∂xjðx; tÞ ¼ −∂x½ðμFðxÞ −D∂xÞpðx; tÞ�; ðA4Þ

where Ψðx; tÞ is identified with pðx; tÞ.
Following this strategy, we derive the Fokker–Planck equation for the holographic dual effective field theory. The

partition function is given by
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ZðzfÞ ¼

Z

Dλðx; zÞDπðx; zÞDc̄ðx; zÞDcðx; zÞ exp

�

−N

Z

zf

Λuv

dz

Z

dDx

�

iπðx; zÞð∂zλðx; zÞ − β½λðx; zÞ; z�Þ þ
Γ

2
π2ðx; zÞ

þ c̄ðx; zÞ

�

∂z −
∂β½λðx; zÞ; z�

∂λðx; zÞ

�

cðx; zÞ þ Vrg½λðx; zÞ; z�

��

: ðA5Þ

This expression gives the “Hamiltonian” as

H ¼ Vrg½λðx; zÞ; z� − iπðx; zÞβ½λðx; zÞ; z� þ
Γ

2
π2ðx; zÞ → Vrgðλ; zÞ −

∂

∂λ
βðλ; zÞ þ

Γ

2

∂
2

∂λ2
: ðA6Þ

As a result, it is natural to propose the Fokker–Planck equation of the RG flow as

ð∂z − Vrgðλ; zÞÞρðλ; zÞ ¼ −∂λ

��

βðλ; zÞ −
Γ

2
∂λ

�

ρðλ; zÞ

�

: ðA7Þ

We emphasize that this Fokker-Planck equation of the RG flow is semiclassical, i.e., justified in the large N-limit.

APPENDIX B: SUPERSPACE FORMULATION

In this appendix, we reformulate the holographic dual effective field theory in superspace, following Refs. [15–20]. The

superspace formulation shows transparently that both the boundary action and the RG-generated effective potential are two

sources to break the previously introduced BRST symmetries, more precisely, N ¼ 2 supersymmetry. This point clarifies

that the RG-generated effective potential is responsible for the entropy production during the RG flow.

First, we introduce a superfield,

Φðx; z; θ; θ̄Þ ¼ λðx; zÞ þ θc̄ðx; zÞ þ cðx; zÞθ̄ þ θθ̄πðx; zÞ; ðB1Þ

and its source field,

Jðx; z; θ; θ̄Þ ¼ Tðx; zÞ þ θḠðx; zÞ þ Gðx; zÞθ̄ þ θθ̄ T̄ðx; zÞ; ðB2Þ

respectively. Here, θ and θ̄ are Grassmann coordinates in superspace, where
R zf
Λuv

dz
R

dDx is replaced with
R zf
Λuv

dz
R

dDxdθ̄dθ.

In this superspace formulation, the first two BRST charges Q and Q̄ are represented by

QΦðx; z; θ; θ̄Þ ¼

�

cðx; zÞ
δ

δλðx; zÞ
− πðx; zÞ

δ

δc̄ðx; zÞ

�

ðλðx; zÞ þ θc̄ðx; zÞ þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ

¼ cðx; zÞ þ θπðx; zÞ ¼ −∂θ̄ðλðx; zÞ þ θc̄ðx; zÞ þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ; ðB3Þ

Q̄Φðx; z; θ; θ̄Þ ¼

�

c̄ðx; zÞ
δ

δλðx; zÞ
þ

2

Γ
½∂zc̄ðx; zÞ�

δ

δπðx; zÞ
þ

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

δ

δcðx; zÞ

�

ðλðx; zÞ þ θc̄ðx; zÞ

þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ ¼ c̄ðx; zÞ þ θ̄

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

þ
2

Γ
θθ̄∂zc̄ðx; zÞ

¼

�

∂θ −
2

Γ
θ̄∂z

�

ðλðx; zÞ þ θc̄ðx; zÞ þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ; ðB4Þ

respectively. The second two BRST charges D and D̄ are given by

DΦðx; z; θ; θ̄Þ ¼

�

c̄ðx; zÞ
δ

δλðx; zÞ
þ πðx; zÞ

δ

δcðx; zÞ

�

ðλðx; zÞ þ θc̄ðx; zÞ þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ

¼ c̄ðx; zÞ þ θ̄πðx; zÞ ¼ ∂θðλðx; zÞ þ θc̄ðx; zÞ þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ; ðB5Þ
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D̄Φðx; z; θ; θ̄Þ ¼

�

cðx; zÞ
δ

δλðx; zÞ
þ

2

Γ
½∂zcðx; zÞ�

δ

δπðx; zÞ
−

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

δ

δc̄ðx; zÞ

�

ðλðx; zÞ þ θc̄ðx; zÞ

þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ ¼ cðx; zÞ þ θ

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

þ θθ̄
2

Γ
½∂zcðx; zÞ�

¼ −

�

∂θ̄ þ
2

Γ
θ∂z

�

ðλðx; zÞ þ θc̄ðx; zÞ þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ; ðB6Þ

respectively.

Anticommutation relations of these BRST charges are given by

½Q; Q̄�þ ¼ QQ̄þ Q̄Q ¼ −∂θ̄a

�

∂θa
−

2

Γa

θ̄a∂z

�

−

�

∂θa
−

2

Γa

θ̄a∂z

�

∂θ̄a
¼

2

Γa

∂z; ðB7Þ

½D; D̄�þ ¼ DD̄þ D̄D ¼ −∂θa

�

∂θ̄a
þ

2

Γa

θa∂z

�

−

�

∂θ̄a
þ

2

Γa

θa∂z

�

∂θa
¼ −

2

Γa

∂z; ðB8Þ

both of which lead to the translation operator along the extra dimension.

Based on these constructions, we rewrite the partition function as follows

ZðzfÞ ¼

Z

Dψσðx; zfÞDΦðx; z; θ; θ̄Þ exp

�

−

Z

dDx

�

L½ψσðx; zfÞ; λðx; zfÞ; zf

�

þ
N

2Γ
½λðx;ΛuvÞ − λ̄ðΛuvÞ�

2

�

− N

Z

zf

Λuv

dz

Z

dDxdθ̄dθ

�

Γ

2
DΦðx; z; θ; θ̄ÞD̄Φðx; z; θ; θ̄Þ þ Vrg½Φðx; z; θ; θ̄Þ; z� þ Jðx; z; θ; θ̄ÞΦðx; z; θ; θ̄Þ

�

− N

Z

zf

Λuv

dz

Z

dDxVrg½λðx; zÞ; z�

�

: ðB9Þ

The kinetic energy is checked out as

Z

dDxdθ̄dθ
Γ

2
DΦðx; z; θ; θ̄ÞD̄Φðx; z; θ; θ̄Þ ¼

Z

dDxdθ̄dθ
Γ

2

�

c̄ðx; zÞ þ θ̄πðx; zÞ

��

cðx; zÞ þ θ

�

πðx; zÞ −
2

Γ
∂zλðx; zÞ

�

þ θθ̄
2

Γ
½∂zcðx; zÞ�

�

¼

Z

dDx

�

πðx; zÞ∂zλðx; zÞ −
Γ

2
π2ðx; zÞ þ c̄ðx; zÞ∂zcðx; zÞ

�

: ðB10Þ

The RG β function is generated by the effective potential

Vrg½Φðx; z; θ; θ̄Þ; z� ¼ −
1

N
ln

Z

ΛðzÞ
Dψσðx; zÞ exp

�

−

Z

dDxdθ̄dθL½ψσðx; zÞ;Φðx; z; θ; θ̄Þ; z�

�

ðB11Þ

in the superspace. The source-field coupling action is

Z

dDxdθ̄dθJðx; z; θ; θ̄ÞΦðx; z; θ; θ̄Þ ¼

Z

dDxdθ̄dθðTðx; zÞ þ θḠðx; zÞ þGðx; zÞθ̄ þ θθ̄ T̄ðx; zÞÞðλðx; zÞ þ θc̄ðx; zÞ

þ cðx; zÞθ̄ þ θθ̄πðx; zÞÞ

¼

Z

dDxðT̄ðx; zÞλðx; zÞ þ Tðx; zÞπðx; zÞ þ Ḡðx; zÞcðx; zÞ þ c̄ðx; zÞGðx; zÞÞ: ðB12Þ
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