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We investigate the monotonicity of the renormalization group (RG) flow from the perspectives of
nonequilibrium thermodynamics. Applying the Martin-Siggia-Rose formalism to the Wilsonian RG
transformation, we incorporate the RG flow equations manifestly in an effective action, where all coupling
functions are dynamically promoted. As a result, we obtain an emergent holographic dual effective field
theory, where an extra dimension appears from the Wilsonian RG transformation. We observe that Becchi-
Rouet-Stora-Tyutin (BRST)-type transformations play an important role in the bulk effective action, which
give rise to novel Ward identities for correlation functions between the renormalized coupling fields. As
generalized fluctuation-dissipation theorems in the semiclassical nonequilibrium dynamics can be under-
stood from the Ward identities of such BRST symmetries, we find essentially the same principle for the RG
flow in the holographic dual effective field theory. Furthermore, we discuss how these “nonequilibrium work
identities” can be related to the monotonicity of the RG flow, for example, the c-theorem. In particular, we
introduce an entropy functional for the dynamical coupling field and show that the production rate of the

total entropy functional is always positive, indicating the irreversibility of the RG flow.

DOI: 10.1103/PhysRevD.108.126022

I. INTRODUCTION

The monotonicity of the renormalization group (RG)
flow serves as one of the fundamental constraints for the
dynamics of elementary degrees of freedom in quantum
field theories [1-6]. This RG monotonicity is formulated as
c-theorem, where cyy at a UV fixed point should be larger
than cr at an IR one. Here, ¢ is the central charge,
representing the number of degrees of freedom of a
conformal field theory describing the corresponding fixed
point. The c-theorem states that the entanglement entropy
has to decrease along the RG flow whatever perturbations
are applied to the original fixed point [7-14].

In this study, we revisit the monotonicity of the RG
flow from the perspectives of nonequilibrium thermody-
namics [15-20]. In this perspective, UV and IR fixed points
can be regarded as equilibrium states while the RG flow
may be regarded as a nonequilibrium path connecting these
states. Viewing the RG flow as a dynamical process is a
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useful perspective, and explored, e.g., in Ref. [21]. In non-
equilibrium statistical mechanics, it has been shown that the
arrow of time in nonequilibrium dynamics can be formu-
lated as generalized fluctuation-dissipation theorems such
as Jarzynski’s equality [22,23] and more microscopically,
the Crooks relation [24-26]. More directly, the so-called
entropy production has been shown to be responsible for
such nonequilibrium work identities [27]. Here, we find
essentially the same principle for the RG flow and discuss
how these “nonequilibrium work identities” can be related
to the monotonicity of the RG flow, for example, the
c-theorem.

We point out that generalized fluctuation-dissipation
theorems or nonequilibrium work identities can be derived
from the symmetry principle in the Schwinger-Keldysh
path integral formulation [28-33]. Here, the number of
elementary degrees of freedom is doubled to cause some
redundancies in the path integral description. As a result,
certain topological symmetries involved with unitarity
appear to be described by two types of Becchi-Rouet-
Stora-Tyutin (BRST) symmetries. In addition to these
topological symmetries, there are microscopic time-rever-
sal symmetries referred to as Kubo-Martin-Schwinger
(KMS) ones if the initial state is in thermal equilibrium.
These KMS symmetries can be described by two additional
fermion-type symmetries. It turns out that these four
types of fermion symmetries form an extended N =2
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equivariant cohomology algebra [34]. This N' = 2 super-
symmetry gives strong constraints to the nonequilibrium
thermodynamics.

To avoid any possible confusion and uncertainties, we
limit ourselves to the semiclassical nonequilibrium
dynamics, for example, Langevin-type dynamics. Then,
the Schwinger-Keldysh formulation is reduced into the
Martin-Siggia-Rose (MSR) formalism [35-37] for the
description of a nonequilibrium protocol with two boun-
dary conditions (equilibrium states) [38]. In this case, the
four kinds of BRST symmetries have been more well
established to give Ward identities for correlation func-
tions [15-19]. These Ward identities can be translated as
nonequilibrium work identities, i.e., Jarzynski’s and
Crooks’ identities.

In the present study, we apply this strategy to the
Wilsonian RG transformation. Applying the MSR formal-
ism to the Wilsonian RG transformation, we incorporate the
RG flow equations manifestly in an effective action, where
all coupling functions are dynamically promoted to be
coupling fields. As a result, we obtain an emergent holo-
graphic dual effective field theory, where an extra dimension
appears from the Wilsonian RG transformation [39-48].
Here, the holography is realized by the appearance of the
extra dimension, identified with an RG scale, and the duality
indicates that the effective field theory is written in terms of
collective order parameter fields instead of the original
fields as the Landau-Ginzburg free energy functional. We
furthermore turn on irrelevant perturbations at the UV scale,
which plays the role of noise in the language of stochastic
dynamics. We observe that there exist four kinds of BRST-
type emergent symmetries in the bulk effective action,
which give rise to novel Ward identities for correlation
functions between the renormalized coupling fields. As a
result, we find a generalized fluctuation-dissipation theorem
for the RG flow, where the standard form of the theorem is
modified by the RG transformation. Based on this thermo-
dynamics perspective, we discuss the monotonicity of the
RG flow, introducing an effective entropy functional in

|

terms of the coupling field. It turns out that the rate of the
total entropy functional is always positive, indicating
the irreversibility of the RG flow. This indicates how the
generalized fluctuation-dissipation theorem can be related
to the monotonicity of the RG flow, for example, the
c-theorem.

II. A REVIEW ON STOCHASTIC
THERMODYNAMICS IN THE LANGEVIN
SYSTEM

Since the main objective of the present study is to
reformulate the monotonicity or irreversibility of the RG
flow from the stochastic thermodynamics perspective, it
would be helpful to review some mathematical construc-
tions for the stochastic thermodynamics [15-20,27,35-37].
As a prototypical example, we consider the overdamped
dynamics of a particle in one dimension subject to a force,
described by the Langevin equation,

0,x(1) = uF(x(2), A(1)) + &(2). (1)

Here, F(x(1),A(t)) = =0,V (x(1),A(2)) + f(x(2),A(z)) is
the force, where V(x(¢),A(r)) is a conservative potential
and f(x(t),A(r)) is an external force. These force sources
may be time-dependent through an external control param-
eter A(¢) varied according to some prescribed experimental
protocol from A(0) = 4y to A(¢;) = As. p is the mobility of
the particle. £(7) serves as stochastic increments modeled as
Gaussian white noise,

(£(0)E() = 2Ds(1 - 1), (2)

where D is the diffusion constant, given by the Einstein
relation D = ~'y at temperature 7 = ! in equilibrium.

To investigate the symmetries of the Langevin equation,
it is more convenient to consider a generating functional for
physical observables, analogous to the partition function.
Here, the following identity is essential,

1= /.Xf Dx()5(0,x(t) — uF (x(1), A()) — &(1)) det(0, — ud, F(x(1), A(1))). 3)

This §-function identity is nothing but the Faddeev-Popov procedure for the path integral quantization of gauge fields [49].
As a result, one may propose a generating functional for the overdamped Langevin dynamics subject to a force as follows

[15-20,35-37]

W=N / [x" Dx(£)Dp(t)Dc(t)DE(1) / DE(r) exp<—% / v dtéz(t)>

X exp {— [f di{ip(t)(9px(t) = pF (x(1), A(1)) = £(2)) + €(2)(0, — poF (x(2), A(1)))c (1) } | (4)

i

Here, p(¢) is a Lagrange multiplier, identified with a canonical momentum to the position x(¢), and ¢(¢) is a fermion
variable to take the Jacobian factor with its canonical conjugate partner ¢(¢). A/ is a normalization constant to reproduce

126022-2



NONEQUILIBRIUM THERMODYNAMICS PERSPECTIVES FOR ...

PHYS. REV. D 108, 126022 (2023)

Eq. (2). Performing the average with respect to random noise fluctuations, we obtain

W=N / _” Dx(t)Dp(1)De(t)De(t) exp [— / 7 at{ip(1)(9,x(t) — uF(x(), A(1))) + Dp2(1)

00, ~ 0,50 400

Based on this path integral formulation, Refs. [15-20]
investigated BRST symmetries and discussed Ward iden-
tities. In this study, we apply this framework to the RG flow
and reveal symmetries of the RG flow.

One important ingredient involved with the monotonic-
ity of the RG flow is entropy production in the Langevin
system. Introducing the following probability distribution,

p(x.1) = (6(x = x(1)))
:N/Dg(t’)exp(—%[tdtlgz(tf)>5(x—x(l‘)),
(6)

X

(5)

|
where the average of random noise fluctuations is taken.
Then, one obtains the Fokker-Planck equation for the
probability distribution function to find the particle at x
and at time ¢,

atp(x’ t) - xj(x’ t) = _ax[(/‘F(x’/l) _Dax)p(x’t)]' (7)

J(x, 1) = (uF(x,4) — Do,)p(x, 1) is the conserved current.
This partial differential equation must be augmented
by a normalized initial distribution, p(x,0) = po(x). In
Appendix A, we show our intuitive derivation for this
Fokker-Planck equation. It is straightforward to see the
formal path integral expression for the probability dis-
tribution function as follows

p(x.1) _% / DE(?) exp<—$ / ’dﬂgw)) / %Dx(t’)Dp(t’)DE(t’)Dc(t’)

i

X exp {— [tdt’{ip(f')(at/X(f’) —uF(x(f), A(t')) = &(7)) + e(¢) (0y — o F(x(), A(')))c(£)} . (8)

where the normalization constant or the generating func-
tional is given by Eq. (5). One can verify

/_x" dxp(x,1) = 1. 9)

Xl

To discuss the entropy production in the forced over-
damped Langevin dynamics, Ref. [27] proposed a trajec-
tory-dependent entropy for the particle or system as

Seys(x. 1) = =In p(x, 1). (10)

This definition is consistent with the common definition of
a nonequilibrium Gibbs entropy, given by

&Mﬁ—@w@J»——/”ﬁM&ﬁmMLﬁ (11)

Xi

This microscopic entropy gives rise to the macroscopic
thermodynamic entropy for an equilibrium Boltzmann
distribution at fixed A,

Seys (0, 1) = B[V (x,4) = F(A)], (12)

|
where the equilibrium free energy F(1) is F(4) =
—'1In [¢/ dxeV)  with the conserved potential
V(x,2) introduced before. Then, it is natural to consider
the rate of heat dissipation in the environment as

0q(x.1) = F(x.2)0,x(t) = f~ Oyseqy (x. 7). (13)

Accordingly, one may identify the exchanged heat with an
increase in the environment entropy s.,,(x,7) at temper-
ature ' = D/p.

Combining these two contributions, Ref. [27] found the
trajectory-dependent total entropy production rate as fol-
lows

arstot(x’ t) = atsenv(x’ t) =+ atssys(x7 t)

o) )
=) | Dplp - 1Y

Taking the ensemble average, Ref. [27] showed that the
averaged total entropy production rate is always positive,
given by
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Sl >0, (15)

Xf
0rSior(1) = (Opsat(x. 1)) = [i deP(X, 1)~

where the equality holds in equilibrium only. The ensem-
ble-averaged entropy production rate of the environment is
given by

OySen(5:1) = (Osen(5.0) = [ dxF (5. x0). (16)

where the force F(x,t) and the conserved current j(x, ¢)
have been introduced above. In this study, we discuss the
entropy production of the RG flow, following this line of
thought.

III. TO MANIFEST THE RENORMALIZATION GROUP FLOW IN THE LEVEL
OF AN EFFECTIVE ACTION

A. Wilsonian renormalization group transformation

We consider a partition function as follows

20) = [ DwlosiAuexp{ = [ @xlly(vid: Galhu) il (17)

Here, A,, is a UV cutoff, where the corresponding effective Lagrangian Ly, (x;A,,); {A.(Ay,)}; Ay,] is defined.

ws(x; A,,) is a dynamical matter field at a given spacetime x, where ¢ denotes its flavor index ¢ = 1, ..., N. {1,(A,.)}

represents a set of coupling functions such as velocity, interaction coefficients, etc., denoted by the subscript a.
Performing the Wilsonian RG transformation, we obtain the following expression for the partition function

26z0) = [ Dwstrizy)exp] - [ a2x(Livaloz: Gtz iz + ¥ [ REs okd)} as)

where the UV cutoff A,,, is lowered to be z;. In other words, all the dynamical fields v, (x; z) and all the coupling functions
Aq(x, z7) are defined at a lower cutoff 7, where the dynamical fields between z, and A,,, are integrated over to introduce an
effective potential N || iﬁ ~dzV,y[{44(x,2)}: 7] into the partition function [39-41].

Considering that the partition function is invariant under the RG transformation, regardless of the cutoff scale, we observe
that the effective potential is

Vol )iz = = [

o Dy, (x;2) exp{— / dPxLlys(x;2); {Aa(x, 2) }5 2] } (19)

at a given scale z. Accordingly, all the coupling functions are renormalized to be

02,(x,72)
0z

= fal{a(x, 2)}: 2. (20)

Here, the RG f-function for a coupling function 4,(x, z) is given by the first-order derivative of the effective potential with
respect to 4,(x, z) as follows

_Wi[{Aa(x 2)}3 7]

Pal{da(x,2)}: 2] = o1, (x.2) (21)
Implementing this calculation explicitly, we see that the RG f-function is given by a renormalized vertex function,
NRG 52l = 55 [ Dwatoia) (50 [ Pl Gat))id))
Z(z) Jar) 0y(x,2)
cenp{ = [ aPxtly(vi2) )il 22)
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where Z(z) is an effective partition function at a given scale z,
2)= [ Dwatwz)exp{- [ axcipitoias x| 2
Az)

B. To manifest the renormalization group flow in the level of an effective action

To manifest the RG flow at the level of an effective action, we consider the following identity

= [ Dau(2030.4003:2) = Bul{hal i) det (azaab —W} (24)

Here, det(d.5,, — W) may be regarded as a Jacobian factor for the functional integral. Introducing this d-function

identity into the partition function, we obtain

20e) = [ Dtz DAl 000401 2) = Pl 2))i2) der 08, — Pl o023 )
. exp{— [ (c[wg<x, ) UhnzpYizg) + N 7 Vit z)};z]) } (25)

Now, the coupling function is promoted to be a dynamical coupling field, which appears as the path integral formulation
with the S-function constraint. This is essentially the same as the Faddeev-Popov procedure for the path integral
quantization of gauge fields [49], also applied to the semiclassical nonequilibrium physics, for example, the path integral
formulation of Langevin dynamics, and referred to as the MSR formalism [35-37] discussed before. Here, the RG flow

corresponds to the Langevin equation.

It is straightforward to exponentiate the J-function constraint as follows

Z(zp) = /Dy/a(x, 27)DA,(x, 2)Dr,y(x,2) DT, (x, 2)Dey(x, 2) exp [—/deﬁ[l,l/a(x,Zf);{/la(x, 20)} 2]

v [T [ de{nuoc, D(@sha(x,2) = Bul{a(. 2} 2]) + Eal ) (azaa,, -

uv

Vllha(n )i .

7,(x,z) is a Lagrange multiplier field to impose the RG
flow constraint, which corresponds to the canonical momen-
tum of the coupling field 1, (x, z). In the Schwinger-Keldysh
formulation, it is identified with a quantum field denoted by
the subscript a or qu in the standard notation. c,(x,z)
(€4(x,z)) is an auxiliary fermion field to take care of
the Jacobian factor, referred to as the Faddeev-Popov ghost.
z i1s an RG scale, which serves as a cutoff scale for the
Wilsonian RG transformation. Interestingly, this RG scale
plays the role of an extra dimension, which reminds
us of the holographic duality conjecture [50-56], wh-

ere Ser[{my(x.2). 2a(x.)}. {Ca(x. 2), calx. D)} 240 Au] =
N [y dz [ dPx{m,(x.2)(0.24(x. 2) = Bul{Aa(x. 2)}:2]) +
= ful{da(x.2)}; .
Ea(x, 2)(0:80p — Lt 0, (x, 2) + V), [{Aa(x, 2)}: 2]}
corresponds to an effective bulk action, supported by an
effective boundary action of [dPxL[y,(x.z;);{A.(x.2/)}:
zf]. Here, the duality means that the bulk effective action is

Pal{Aa(x,2)}: 7]
04y(x,2) >Ch(x’ 2

(26)

written in terms of the coupling fields {1, (x, z) }, regarded
to as collective dual fields to the corresponding matter

composites. In other words, 4,(x,z) is dual to
0Ly, (x:2):{44(x.2) }:]
02, (x,2) .

Before going further, we point out an essential approxi-
mation in this effective field theory. First of all, nonlocal
terms are neglected in the resulting effective action that
manifests the RG flows of the coupling fields. We recall that
the Wilsonian RG transformation generates nonlocal terms
inevitably. Here, the RG f-function Eq. (21) is given by a
Green’s function of the corresponding matter field at a given
energy scale z. Since the Green’s function is bilocal, i.e.,
depending on x and x’, nonlocality is unavoidable. Such
emergent nonlocal interactions can however be “localized”
at the cost of introducing higher-spin fields to decompose
them in a local fashion based on the corresponding group
structure [57-64]. In other words, integrating over such
higher-spin fields can give rise to an effective gravity theory
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including only up to the spin two fields, but in the presence ~ C. To promote coupling functions to dynamical fields:
of effective nonlocal interactions between gravitons. In most Irrelevant deformations

cases, we will work with a proper local truncation of these
RG-generated nonlocal terms, keeping the original form of
the effective Lagrangian as in the conventional RG trans-
formation [39-48]. Here, based on the gradient expansion in
the limit of Ax = x — x’ — 0, we have only local terms in
the resulting effective action. This issue was well summa-
rized in Ref. [41].

Although the above reformulation for the Wilsonian RG
transformation is rather analogous to the holographic dual
effective field theory, there exists one important difference:
The coupling field 1,(x, z) is not fully dynamical, whose
dynamics is semiclassical, given by the RG flow equation.
To promote the coupling field to be fully dynamical, we
consider the following UV deformation,

2(0) = [ Dl MDAy exp{ = [ a2 Lol o) G ) ] 51l M) =T AP .
@)

Here, we introduced random fluctuations of the coupling fields at UV, where I', denotes the variance around the mean
value 4,(A,,). Taking the T, — 0 limit, we recover the previous formulation, where 1,(A,, ) is replaced with 1,(A,, ). This
UV deformation can be thought of as averaging over theories with different coupling constants [39] or turning on some
irrelevant perturbations akin to the 77 deformation [65].

To understand the physical meaning of this UV deformation more precisely, we perform the Gaussian integral with
respect to 4,(x; A,,). Then, we obtain

0w = [ Dyt ayn]- [ 5] o G+ (SRS A) Ul Al i)

(28)

Suppose the Gross-Neveu model for spontaneous chiral symmetry breaking as Ly, (x; Ay, ); {4a (x5 Ayy) }s Aw] =
(X Alll/) "y

l/_/O'(x AMl)iy WU(X AML) l//U('x All/l/)lllﬂ('x AM1 )ll/()' ('x AML)WO' ('x Al,l/l/) Then’ the laSt term iS
((M[l"‘r XAgjl (EAAXA‘“ }A‘“])z [wa(x,Am,)l//G(x, Ay)]* [48], generally irrelevant at the Gaussian fixed point and expected

not to change the RG flow as long as weak T, is concerned. Considering these random fluctuations of the coupling
functions at UV and performing the Wilsonian RG transformation, we obtain [39-41,48]

Z(zf) = /Dq/(,(x, 27)DA,(x,2)Dr,(x,2) D, (x, 2)De,(x, 2)
enp| = [ aPx( Llyatezy ) Gl izg] + g Bl ) = A0 )

- 7z [ aox{m e 0400 = Rl i) - S A

Bal{Aa(x,2)}; 7]

e (0.0 - Pelen

) ep(5.2) + Vi [{ha(x.2)}:2] H , (29)

where — e 72 (x, z) appeared to give the dynamics to 4,(x, z) in the extra dimension. It is trivial to check out that the I', — 0
limit reproduces Eq. (26).

In this study, we claim that the holographic dual effective field theory [Eq. (29)] enjoys essentially the same structure as
the MSR formalism of the Langevin dynamics except for the following two aspects: One is the presence of the effective
potential V, [{4,(x, z) }; 2], which arises from quantum fluctuations in the Wilsonian RG transformation, and the other is the
existence of the boundary action, which defines both UV and IR boundary conditions for the bulk effective action. In spite
of these two different aspects, we derive a generalized fluctuation-dissipation theorem for the RG flow and show the
monotonicity of the RG flow to hold as the Langevin dynamics, where the existence of the effective potential gives rise to
some corrections in the formulas.
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IV. EMERGENT BRST “SYMMETRIES” IN THE RG FLOW

A. Four types of BRST transformations

Following the MSR formalism of the Langevin dynamics, we investigate emergent BRST symmetries of the RG-flow

manifested effective field theory,

2(e9)= [ Dualwzy DA, 2)Da(r.2)De(x.2)Deln)exp| - [ aPx( Llyatialo sy 4 3 atx M) = K07

N P : . 0pA(x,2):2]
_N[\W dz/d x{ﬂ(x,z)(dzl(x,z)—ﬂ[l(x,z),z})—zzﬂ(x,z)—i—c(x,z) (@—W)c(x,z)

+V,g[/1(x,z);z]}].

(30)

Here, we considered the case of one coupling field for simplicity.

One may consider four types of BRST transformations in
this holographic dual effective field theory as the case of the
Langevin dynamics [15-20]. We recall that in the
Schwinger-Keldysh formulation, the first two BRST sym-
metries with their charges Q and Q are topological in
origin, related with the unitarity. These two BRST sym-
metries do not commute with the KMS ones [33].
Considering both the BRST and KMS symmetries, we
have to introduce additional two fermion-type symmetries
with their charges D and D. Although D and D correspond
to the superderivatives in the superspace formulation as
discussed in Appendix B, we also call these additional
fermionic symmetries BRST-type symmetries. The first
two BRST transformations lead the bulk kinetic energy

7(x, 2)(0.A(x, 2) = B[A(x, 2)32]) =5 2% (x, 2) +€(x, 2) (0, —

9PA(x.2)iz]
0A(x.,z)

The effective potential V,,[A(x, z); z] does transform under
all these BRST transformations. As a result, there do not
exist any BRST-type emergent symmetries in this RG flow,
precisely speaking. However, such BRST noninvariant
terms are expressed in a ‘“‘universal” way. As a result,
we can derive generalized Ward identities from these four
types of BRST transformations and find some constraints
for correlation functions of the coupling field.

The first BRST transformation is given by

)c(x, z) to be invariant while the last two do not.

SoA(x,z) = €[Q, A(x, 2)] = ec(x,z), (31)
Son(x,z) = €[Q.m(x,2)] =0, (32)
8pc(x,2) = €Q, ¢(x,2)] = —en(x, z), (33)

Soc(x,z) = €[Q, c(x,2)] =0, (34)

where the first BRST charge Q is

|
1
SA(x, 2)

0 =c(x,2) —7(x,2) (35)

oe(x,z)’

Here, the infinitesimal parameter € is fermionic. Then, the
bulk effective Lagrangian is transformed into

5Q{7r(x, 2)(0.4(x, z) = BlA(x,2); 7)) — gﬂz(x, 2)
+¢(x,z) <az - W) c(x,z) + V,y[A(x. 2); z]}
= 8gVyglA(x. 2): 2] = —ec(x. 2)p[A(x, 2): 2], (36)

which is not invariant due to the effective potential
V,y[A(x.2):2).

The second BRST transformation is given by

SpA(x.z) = €[0, A(x, 2)] = €¢(x, 2), (37)
Som(x,z) = €[Q.x(x,2)] = E%dzé(x,z), (38)
8pt(x.z) = €[Q.2(x.2)] =0, (39)

Spc(x,z) =€[0,c(x,2)] = é(ﬂ(x, 2) —1%6Z/1(x,z)>, (40)

where the second BRST charge Q is

0 = olx.2) 5o+ p ol ) 5

SA(x,z) T
+ (TL’(X 7) — %dzﬂ(x, z)> ﬁ (41)

As a result, the bulk effective Lagrangian is transformed
into
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5Q{7z(x, 2)(0.4(x, z) = BlA(x,2); 7)) — gﬂz(x, 7) +¢(x,z) (az - %) c(x,z) + V,[Ax. 2); Z]}
= e { Reln2)0.20.2) = Bl 20i2) = el 2Jalr.2) - el )plan, 22l @)
where 65V,,[A(x, 2); 2] = =€ &(x, 2)f[A(x. 2); z]. The total derivative term does not affect the corresponding Ward identity

to be discussed below.
The third BRST transformation is given by

SpA(x.2) = e[D, A(x,2)] = &(x, 2). (43)
Spr(x,z) = e[D, n(x,2)] =0, (44)
Spe(x.z) = e[D, ¢(x,2)] =0, (45)
Spe(x,z) = e[D, c(x,2)] = en(x, 2), (46)

where the third BRST charge D is
D=ex3) (i Sl 5 (i’ 5 (47)

Accordingly, the bulk Lagrangian transforms as

50{7[()6, 2)(0.4(x, z) = BlA(x,2); 7)) — gﬂz(x, z) +¢(x,2) <6Z - %) c(x,2) + V,[Ax, 2); Z]}

= 2en(x,2)0.¢(x,z) — €0,(¢(x, 2)m(x, 2)) — ec(x, 2) B[A(x, 2); 2], (48)

where 8pV,,[A(x, 2); 2] = —e¢(x, 2)B[A(x.z); z]. We point out an additional noninvariant term 2ez(x, z)d,¢(x, z).
The last BRST transformation is given by

SpA(x,z) = &[D, A(x,z)] = gc(x. 2), (49)
pr(x.2) = ElD. 2(x. 9] = 220.c(x.2). (50)
5pe(x.2) = E[D. 2(x.2)] = ¢ (ﬂ(x, )~ 20.d(x, z)), (51)
Spc(r.2) = €D, c(x.2)] = O, (52)

where the last BRST charge D is

- o 2 o 2
D = c(x,2z) a0x.2) +r [0.¢(x, 2)] D) <7r(x, z) — Fazl(x, z)> 5o d) (53)
The bulk effective Lagrangian transforms as
o] (5. 2)0.x.2) = Pl i) = 5 2(.2) + 260.2) (0.~ LT Yoty v, it el
= —2¢x(x.2)[0.c(x.2)] + 5% [0.¢(x. 2)][0:A(x. 2)] — ?%OZ(C’(M 2)BlAa(x,2);2]) — 8c(x, 2)BlA(x. 2)3 2], (54)
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where 65 V,,[A(x, 2); 2] = —&c(x, z)p[A(x.2); z]. We point out an additional noninvariant term —2&z(x, z)[d.c(x,z)]+

£4[0.c(x.2)][0.A(x.2)]-
Before discussing the Ward identities for correlation functions of the coupling field, we check out anticommutators
between BRST charges. The anticommutator for the first two BRST charges is given by

[0,0], =00+ 00 = —% <ﬂ(x’z)azﬁx,z) + dzﬂ(x,z)% + c(x, z)dzﬁ + [0.¢(x, 2)] %) (55)

and that of the last two BRST ones is given by

_ o 2 13} o
[D,D], =DD+ DD = T <7r(x, 2)0, ] + 0.4(x, 2) 5. + [0,¢(x,2)]

In Appendix B, we revisit these two anticommutation relations between BRST charges in the superspace formulation.

i 5
RN e(x.2)0; 57— G Z)> . (56)

B. Generalized fluctuation-dissipation theorems for the RG flows of correlation functions of the coupling functions

To derive the Ward identities from these BRST transformations, we consider an action for sources as follows [18,49]

Ssource = N/\Zf dz/de(T(x, 2)Ax, z) + 7(x, 2)T(x,2) + G(x,2)e(x, 2) + ¢(x,2)G(x,2))
o D[ 7 0 3} _ 9 p)

- N/\ dz/d x(T(x, 7) = 2 + T<X’Z)76T(x, ) + G(x,z2) 3G _aG(x,z)G(x’ z))

:N[\Zf dz/de< i Z)—Fiﬂ(x,z)—ic(x,z)+E(x,Z)L>' (57)

0A(x, z oc(x, z)
Here, T(x, z) (T(x,z)) is the bosonic source field for A(x, z) (z(x, z)), and G(x, z) (G(x, z)) is the fermionic source field for
c(x,z) (€(x,z)). Accordingly, the four BRST charges are represented as follows

ot
) A, or(x,z) ac(x,z)

1) _
0= c(x, Z) m - 77.'()6, Z) m = T(X, Z) m - G(X, Z) aT(x, Z) > (58)
_ _ o 2 1) 2 1)
0 =cln2) 0+ o 5+ (n<x, 9 - 20l z>) s
_ 0 2 0 _ 0 2 0
= _T(X, Z) ()G(X, Z) - F T(x» Z) <az aG(x, Z)) - G<x7 Z) (aT(X, Z) - faz ()T(x, Z)) ’ (59)
and
D =¢(x,2) 5.0 +7(x,2) ﬁfcz) =-T(x,2) 0G(i, i G(x,z2) ()T((jc, 3 (60)
_ ) 2 o 2 1)
D= cn) g+ Elocte - (zr(x, 3 - 20.(x. z>) ]
_ 0 2 0 0 2 0
T g 109 (e 4 o 1) o
respectively.

Taking the first two BRST transformations to the partition function, we find
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/W dz/dD{ XZaG(a . %(x z)(a aG(a >+G( )<0T(i p Ii@zaT(i,@)}Z(zf)
-1 )0 o [ x|l (oot (ort) ) st - arteomta)

X,2) 0T (x,z) 0G(x, 2)
0
+ﬂ(aT(x, z)’ ) aG(x,z):| Z(Zf).

(63)
Considering the second two BRST transformations to the partition function, we obtain
/Zf dz/de <T(x, z) ﬁ + G(x,2) ﬁb) Z(zy)
/ e / a7 [ <0T(x 2)0G (a z)) _ZaT(i, 0 aG(i, ot/ (aT(i,@”) ()G(i, z)}z(zf ) (64)
[ e f {70 gy 2709 (0350 5) =69 (e~ £ ) 12
- EA dz / dx [ { <()T (x,7) > ac‘;(i, z)} + 20T(?c, 2) % 6(7(1, 2) _li <dz 5T(i, z))az 06((1, 2)
“0{orem) a2 )

Equations (62), (63), (64), and (65) are one of the main results of this study. Based on these four types of equations, one
can derive Various Ward identities for correlation functions of the coupling field. Here, we demonstrate some of them
Applying 0G( 7 0T(x” 7 to Eq. (62) and 5 PeE] 9 ) dT(x(?’ oy to Eq. (63), respectively, we obtain

0 0 0 0 1 D 0
<6G(x’,z’)df}(x”,z”)_0T(x”,z”)aT(x’,z’))Z(Zf )= 2aG(x 7) / e / d (aT )ac‘;( 72,
(66)
< 0 0 4 0 J0 2 0 N 0 )Z(z )
0G(x',7)0G(x",7") ~ oT(x",7")oT(x',Z') ToT(x",7") * oT(x',7) !
1 0 D 0
T 20G(x,7)oT(x" z”)/ dz/ 45 <0T z)’ Z) 0G(x,z) ZGy). ©7)
where all other source fields were set to zero. These two equations lead to
(€. 2)el2)) + (. Da(x. ) = =3 @ 2)at2) [ [ @Pyplarowiwletr.m) (68)
(e, 2)e(r.2) = (U (e 2) + 1A 200 2) = 3 el )a) [ aw [ dPypiatrwswletrn). (69

respectively.
Considering the ghost Green’s function (d, — %)(c(x, 2)e(x', 7)) = =6P) (x — x')6(z — Z), we obtain
2 oplA(x,z);z]\ !
(U)ot 2) = (i Dol ) = =2 2 0. ) = . 2) (0.~ LoD D) Ty iy o)
from Egs. (68) and (69). If we consider a fixed point defined by f[A(x, z); z] = 0, we obtain
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(AX, 2 )r(x,2)) = (Ax, 2)m (X, 2)) = —%(i(x,z)azul(x’,z’».

This is essentially the same as the fluctuation-dissipation theorem of the Langevin dynamics in equilibrium. Away from the
fixed point, there is an RG flow given by the RG g-function, which plays the role of the nonequilibrium work in the
dynamics, reflected in the last term of Eq. (70).

C. RG flow of an on-shell effective action: Hamilton-Jacobi equation

To discuss the RG flow of an IR effective action, we take the large N limit and obtain equations of motion with boundary
conditions. We recall the holographic dual field theory,

Z(zf):/Dy/z,(x,zf)Dﬂ(x,z)Dﬂ(x,z)DE(x,z)Dc(x,z)exp [—/de(E[z//(,(x,zf);ﬂ(x,zf) 4+ g[ﬂ(x Ay)— Z(AM)P)

v Ya: / de{;z(x,z)(az/l(x,z)—ﬁ[ﬂ(x,z);z])—l;ﬂz(x’ZHE(x’Z) <0Z—W>C(X’Z)”’g“(x’z);dH |

Taking the large N limit and performing variations with respect to z(x, z) and A(x, z), we obtain the Hamiltonian equation
of motion as follows

(3.2) = 1 0:2(x.2) = Bla(x. 23, )

B 0BlA(x.2): 2] 0BlA(x. 2); 2]\ 7 O?BlA(x, 2); 2]
0.7(x,z) = —n(x, Z)W - (az T oi(x ) ) 922 (x, 2)

— BlA(x, 2); 2] (72)
We recall

0V, [A(x. 2); 2]

BlA(x,2);2] = — 0A(x, 2)

Just for completeness, we write down the Lagrangian formulation for the partition function,
= D . N 7 2
2z) = [ Dol 2)Dalx,2)De(x, )De(x, hexp| = [ dx( Llyr )i 2 27] + 50 103 Au) = H(A)]
9plA(x, z);
- ["a: [ arx{Gpaten) - pat g+ ot (0.~ L ety + v el 09)

and obtain the corresponding Lagrange equation of motion,

1 IplA(x, 2); 2] IPlA(x, 2); 2]\ 1 PBlA(x, 2); 2]
—A(x.z) = B4 B A A R 7 . 74
R = ~plAr. 2 + Al )i L (o, - LRI )T IR (74)
To obtain boundary conditions, we consider an effective boundary action as
Serr(zy) = N/ dPx <Vrg[/1(x’ z2p)szg] + w(x,2p)A(x, zp) + €(x, zp)e(x, 2p)
N = _
+ ﬁ M(x’ Am)) - )“(Am)]z - ﬂ(x’ Auv)ﬂ(x’ AIH/) - C()C, Am))C(X, Auv)) . (75)
Here, the boundary effective potential V,,[A(x,z); z;] comes from
1
Valite i) == [ Dutwize{ [ acivanziatnzial), (76)
)%, AG) VARY
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and z(x,z)A(x,2p)+¢(x,2p)c(x,27) = 7(xX, Ay ) A(X, Ayy) —
c(x,Ayy)c(x,A,,) results from the bulk action
7(x, 2)0,4(x, z) + ¢(x, z)d.c¢(x, z) by integration by parts.
Taking variations of this effective boundary action with
respect to A(x,zy), c(x,z¢) and A(x,A,,), c(x,A,,), we
find the IR boundary conditions

m(x.zp) = PlA(x. zf)s 24]s c(x,zp) =0, (77)

and UV ones
N = _
r(x,A,,) = T A, Ay) —A(Aw)],  €(x,A,,)=0. (78)

Combined with the canonical momentum Eq. (71), we
obtain both UV and IR boundary conditions for A(x, z),
which support the second order Lagrange equation of
motion for A(x, z).

We emphasize again that the partition function is
invariant under the RG transformation, formulated as

d
——InZ =0. 7
4z, " 2(e) =0 (79)
|

This equation gives rise to

B (g " 1) (W) + Vi lAx. 2p)i 2]

+ aZfV,g[/l(x, Zf>; Zf] =0, (80)

where the IR boundary condition z(x, z;) = B[A(x, zs); 2]
has been used. This is nothing but the Hamilton-Jacobi
equation to determine the IR renormalized effective potential
Vygld(x,27); 24 [40,41]. One may regard this Hamilton-
Jacobi equation as a signature to guarantee self-consistency
of the present framework [40,41], where the IR effective
potential is given by Eq. (76).

D. “Entropy production” in the RG flow

To investigate the monotonicity or “irreversibility” of the
RG flow, we discuss “entropy production” in the RG flow,
following the procedure for the overdamped Langevin
system in Ref. [27]. We recall the effective partition
function to manifest the RG flow as an effective bulk
action with an extra dimension,

Z(zs) = /éir Dé(x, 2) exp{—N [\Zf dz/de%éz(x,z)} /lir DA(x,z)Dr(x,z)De(x, z)De(x, z)

uv

uv

X exp [—N /A f dz / de{ﬂ(x, 2(0A(x, 2) = Blalx, 2): 2] — E(x, 2)) + E(x, 2) (az - M) c(x.2)

+ Vg [A(x, z);z]}].

0A(x, z)

(81)

Here, random noise fluctuations were explicitly introduced by the Hubbard-Stratonovich transformation for the bulk
canonical momentum. The IR boundary conditions were assumed, where both 4;,. and &;. can be determined by the IR
boundary conditions of A(x,zs) and 7z(x, z¢). Accordingly, the “Hamiltonian equation of motion” is given by

0;A(x,z) = PlA(x, 2); 2] + &(x, 2),

0.7(x,z) = —=p[A(x, 2); 2] — 7(x, 2)

OplA(x. 2): ] OplA(x. 2): I\ ! FBA(x. 2): ]
oAz) (az - ) '

(82)

(83)

a/l(x, z) aAZ(x, Z)

The first equation corresponds to the overdamped Langevin equation, where the coupling field A(x, z) and the RG scale z

may be identified with the position of a particle and time.

The “probability distribution” function for the coupling field is defined as follows

P4 2) = (8(4 = A(x, 2)))

:N/D(f(x,z’) exp{—N/\; dz’/de<21F§2(x,z’)+V,g[ﬂ(x,z’);z’]> }5(/1—1(x,z)), (84)

where N is a normalization constant to be specified below. We emphasize that there appears a correction in the RG flow,
given by V,,[A(x,2); Z']. Then, the path integral expression of this probability distribution function is given by

126022-12



NONEQUILIBRIUM THERMODYNAMICS PERSPECTIVES FOR ...

PHYS. REV. D 108, 126022 (2023)

1
A7) =——
plh.2) Z(zs) Ja,

p
DA(x,7')Dx(x,7')Dé(x, 2" )De(x, 2)

x / DéE(x, 7)) exp{—N /A Z dz/ / de(%éz(x,Z’) + VlA(x, Z’);Z’]>}

X exp |:—N/Z dz//de{”(x7Z'
Auw

where the normalization constant is given by the partition
function introduced above. One can check out

)(0:A(x, ') = A(x. 2'); 2] = €(x, 2))

+c(x,2) (62/ —%)c()@ z/)}}, (85)
|
s 2 A
=250, 2)0.(x.2). (92)

trp(A,z) = A Y dap(h ) = 1. (86)

uv

Following the standard procedure to derive the Fokker-
Planck equation from the Langevin equation, we obtain

0.Vl o) = -0{ (W3.2) =50, ot |
(57)

where the RG effective potential V,,(4,7) serves as the
“time” component of a background gauge field. The
conserved current is given by

0.0 = (paa) =50 o0 89

which shares essentially the same structure as that of the
overdamped Langevin dynamics, discussed before. In
Appendix A, we show our intuitive derivation for this
Fokker-Planck equation.

Following Ref. [27], it is natural to introduce the entropy
of a system, given by

ssys(’l’ z) =—Inp(4z). (89)

Then, the ensemble average of the system or bulk entropy is

Sys(2) = (sys(Ar2)) = — / Y dip(d2)Inp(dz). (90)

uv

as expected.
The time evolution of the bulk entropy is given by

0.p(4,z) 0p(4.z)
p(4z)  p(A2)

azssys(z) == az/l(x’ Z)' (91)

Resorting to the Fokker-Planck equation and considering
the definition of the conserved current, we rewrite the
above expression as follows

Here, we introduce the time evolution of the “environment”
entropy in a similar way as Ref. [27],

0. (1.2) = 0:q(4,2) = P4 2)0:A(x,2) 4V, (4,2). (93)

0.4(4,z) is the rate of heat dissipation in the medium,
where we identify the exchanged heat with an increase in
entropy of the medium.

Summing over these two contributions, we obtain

azstot()“’ Z) = azsenv(/h Z) + azssys (l’ Z)
_j(k2) | 2j(A2)
p(4.z)  Tp(dz)

0.A(x,z), (94)

fully consistent with that of the overdamped Langevin
dynamics [27], although there exists a clear modification in
the Fokker-Planck equation, Eq. (87). As a result, we find
the irreversibility of the RG flow, given by the total entropy
function,

Air 2]2(1, Z)
0:Si(2) = (Ous(h2)) = | di 20 &
:Siot(2) = (0:810(4. 2)) Aw I p(d.z) 3)

where the ensemble average has been taken, and the
following current conservation has been used,

0,j(A.2)\ _ [H . B
< p(A.2) > - A d20,j(A,z) = 0. (96)

More explicitly, we have

sl = [ dﬂp(&z){éw,zuz+g<aﬂnpu,z>>2

uv

—Zﬂ(ﬂ,z)dﬂlnp(l,z)} >0. (97)
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V. SUMMARY AND DISCUSSION

In this study, we applied the MSR formulation to the RG
flow and obtained the holographic dual effective field
theory to manifest the RG flow at the level of an effective
bulk action. Here, we observed that four types of BRST
transformations can give some constraints to the RG flow
of the coupling field although the RG-generated effective
potential breaks such BRST symmetries. Resorting to the
BRST transformations, we derived Ward identities for
correlation functions of the coupling field. In particular,
we found that the fluctuation-dissipation theorem is modi-
fied by the RG f-function, analogous to the nonequilibrium
work relation. This becomes more transparent in the
superspace formulation.

It is natural to apply the present framework to the
holographic renormalization [54-56]. To consider the
holographic renormalization, we introduce the Arnowitt-
Deser-Misner (ADM) formalism for general relativity [66],
where the coordinate system is given by

ds? = (N?(x,z) + N, (x, 2)N¥(x, 2))dz*
+ 2N, (x, 2)dx*dz + g, (x, z)dx"dx”.  (98)

Here, N (x, z) is the lapse function and V), (x, z) is the shift
vector. We consider the Gaussian normal coordinate system,
given by gauge fixing of N'(x,z) =1 and N ,(x,z) = 0.
Then, the holographic bulk effective action is

F= _%ln/Dg;w(x, z)Drt"(x, z)De (x, z) DY (x, z) exp [_NE Aq dz/de{”W(x’Z)(azgﬂv(x’ 2) = Pulgu (. 2):2))

K 1
2\/g(x,2)

+ 5 VARG -2 |

wvmgwwwwwm+wm@@&wwo——ﬁ—wﬂ%@a@}wn@

99" (x.2)

(99)

Here, N is the number of color degrees of freedom in dual quantum field theories. 7#*(x, z) is the canonical momentum
of the metric tensor g,,(x,z), and G,,,,(x, z) is de Witt supermetric [67],

g/wpy(x’ Z) = gﬂp('x’ Z)gyy<x’ Z) -

1
mgﬂv('x’ Z)pr(xv 2).

(100)

The RG f-function is introduced for the appearance of the RG flow as follows

0

'Bﬂu[gﬂu(xy Z);Z] = —{ 1

09" (x,z) | 2«

1

= (R0 5 RO D1 2) + Agl.2)).

- 2k+/9(x, 2)

mmamwzwnm}

(101)

which modifies the holographic dual effective field theory [40,41].
Following the strategy of the present study, we propose the following Ward identity

(G (', ) (x, 2)) = (g (¥, )" (', 21)) =

d
=9 (¥, 2)(0.Gppy (x. 2) — 0¢” (x.2)

which is analogous to the fluctuation-dissipation theorem
away from equilibrium. Here, the FEinstein tensor
G (x.2) ~ Bu[gu(x. 2): 2] [40.41] would result in entropy
production in the holographic RG flow.

All these thermodynamics perspectives motivate us to find
an effective entropy functional in terms of the coupling field,
expected to show its monotonicity during the RG evolution

B9 (%, 2): 2]) 7 By (9,0 (x. 2): 2]).

2
— (G (x,2)G7 (X', 2) 0 g, (X', 2))

(102)

along the extra dimension. Following Ref. [27], we dis-
cussed the entropy production during the RG flow. First, we
introduced a probability distribution function for the cou-
pling field, where the effective Fokker-Planck equation has
been modified by the RG effective potential. Based on this
probability distribution function, we proposed a microscopic
definition for the entropy of the bulk system, and considered
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the RG evolution of the system entropy, resorting to the
modified Fokker-Planck equation. This leads us to introduce
the rate of heat dissipation in the medium, identified with the
rate of environmental entropy. Combining these two con-
tributions, we could find that the total entropy production
rate is always positive after the ensemble averaging. This
positive total entropy production rate confirms the monot-
onicity or irreversibility of the RG flow.

We would like to point out that our nonequilibrium
thermodynamics perspectives for the monotonicity of the
RG flow may have an interesting geometrical interpretation.
It has been demonstrated that the holographic RG flow is
given by the Ricci flow equation, where the extradimen-
sional coordinate plays the role of time in the evolution of
the geometry from UV to IR [54-56,68,69]. We recall that
the general RG flow equation can be made manifest in the
level of an effective action with the introduction of an
emergent extradimensional space, regarded to be emergent
dual holography [39—44]. It has been also shown that the
Ricci flow [70-72] is a gradient flow [73], where the
evolution of the induced metric in the ADM hypersurface is
given by a gradient of a functional. Indeed, G. Perelman
constructed the so-called “entropy” functional and showed
that the Ricci flow belongs to the gradient flow with positive
definite metric, extremizing his entropy functional [73-75].
He was able to show the monotonicity of the Ricci flow
based on his entropy functional. We speculate that our
entropy functional constructed from the probability distri-
bution function serves as a microscopic description for the

macroscopic thermodynamics entropy functional, analo-
gous to Perelman’s entropy functional [76-78]. We hope
to clarify this aspect in our future study.

Unfortunately, we could not reveal a clear connection
from the monotonicity of the RG flow based on our
holographic dual effective field theory to the holographic
c—theorem of Refs. [13,14]. In the holographic c—
theorem, the so-called holographic c-function has been
constructed from geometry and shown to have monoto-
nicity. It would be interesting to understand how these
three frameworks, (1) our microscopic construction of the
entropy functional, (2) the macroscopic description of the
Perelman’s entropy functional, and (3) the geometric
construction of the holographic c-function, are related.
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APPENDIX A: DERIVATION OF THE FOKKER-PLANCK EQUATION

We recall the generating functional for the overdamped Langevin dynamics,

WZNA_XfDX(I)DP(f)DC(f)DE(t)CXP {—/tfdt{ip(l)(atX(t)—MF[X(I)])+DP2(I)+E‘(t)(az—uaxF[X(l)])C(t)} - (A1)

1,

i

This generating functional indicates that the “Hamiltonian” would be given by

H = —ip(t)uF[x(t)] + Dp*(t) — —a—iﬂF(x) +D—.

Hinted from

0¥ (x,1) = (—%ﬂF(X) +D

we obtain

0,p(x.1) = =0, j(x.1) = -

where W(x, 1) is identified with p(x, 7).

2
6_;> ¥(x, 1), (A3)
O (WF(x) = Do p(x. 1)) (A4

Following this strategy, we derive the Fokker—Planck equation for the holographic dual effective field theory. The

partition function is given by
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Z(zs) = /D/l(x,z)Dﬂ(x,z)Dé(x, z)Dc(x, z) exp {—N /\Zf dz/de{iﬂ(x, 2)(0,4(x, z) = BlA(x,2); 2]) —I—Eﬂz(x, 2)

2
_ IplA(x, 2); 2]
+¢(x, 2) <6Z "oz c(x,2) + Vyyld(x,2):2] ¢ |- (A5)
This expression gives the “Hamiltonian” as
, r, 0 r o
H =V, [A(x.2): 2] — in(x, 2) f[A(x, 2); 2] + 57 (x,2) = Vyyld2) = a—ﬂﬁ(ﬂ, 7) + S (A6)

As a result, it is natural to propose the Fokker—Planck equation of the RG flow as

(0. Vil o) = -0{ (pa:2) =50, ot . (a7

We emphasize that this Fokker-Planck equation of the RG flow is semiclassical, i.e., justified in the large N-limit.

APPENDIX B: SUPERSPACE FORMULATION

In this appendix, we reformulate the holographic dual effective field theory in superspace, following Refs. [15-20]. The
superspace formulation shows transparently that both the boundary action and the RG-generated effective potential are two
sources to break the previously introduced BRST symmetries, more precisely, N' = 2 supersymmetry. This point clarifies
that the RG-generated effective potential is responsible for the entropy production during the RG flow.

First, we introduce a superfield,

®(x,7,0,0) = A(x,z) + 6¢(x,2) + c(x,2)0 + 00x(x, 7), (B1)
and its source field,
J(x,2,0,0) = T(x,z) + 0G(x,z) + G(x,2)0 + 00 T (x, z), (B2)

respectively. Here, 6 and @ are Grassmann coordinates in superspace, where / [i’ dz I dPx is replaced with
Ja dz [ dPxdbde.

In this superspace formulation, the first two BRST charges Q and Q are represented by

Q®(x,z.0,0) = (c(x, 2) #Z) - n(x,2) ﬁiz)

=c(x,2) + 0n(x,z) = —05(A(x, 2) + 02(x, ) + c(x,2)0 + 00r(x, 2)), (B3)

) (A(x,z) + 602(x,z) + c(x,2)0 + 00x(x, 7))

Qd(x,z.0.0) = {E(x,z)(%(iz) + % [0.¢(x, )] 67z£cz) + (ﬂ(x, 7) — %@l(x, z)) (sc(iz)}(/l(x,z) +60¢(x,z)

+ c(x,2)0 + 00n(x, 7)) = &(x,z) + 9(ﬂ(x, 7) — 1%6/1(36, z)) + %eéaza(x, 2)
= <09 — ?9@) (A(x,z) + 0¢(x,2) + c(x,2)0 + 00x(x, 7)), (B4)
respectively. The second two BRST charges D and D are given by
D®(x,2.0,0) = <E(x, 7)

+ 7(x,2) ) (A(x,2) + 6¢(x,z) + c(x.2)0 + 00x(x, 7))

o
SA(x, 7) de(x,z)
=¢(x,z) + 0n(x,z) = dg(A(x,2) + 02(x, 2) + c(x,2)0 + 00n(x, 2)), (B5)
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D®(x,z,0,0) = {c(x,z) 5&(?2) + Ii [0.c(x, 7)) %}CZ) - (ﬂ(x,z) - %(321()@ Z))

) _
r 5. Z)}(ﬂ(x, z) + 0¢(x, 2)

+ c(x,2)0 + 00n(x,2)) = c(x,z) + 6<7r(x, 7) — 1%61/1(% z)) + 6’9% [0.c(x,7)]

2 .
=- (0(; + Fédz) (A(x,z) + 0¢(x, z) + c(x,2)0 + 007 (x, 7)), (B6)
respectively.

Anticommutation relations of these BRST charges are given by

b, = (B7)
- o 2 2 2
[D,D], = DD + DD = —dy,( 95, + F—Qadz — | dg, + F—eaaz Oy, = —F—az, (B8)
both of which lead to the translation operator along the extra dimension.
Based on these constructions, we rewrite the partition function as follows
7 D N 3 2
2zp) = [ Dy 2)D®(x.2,0.8) exp | [ dPxd Ly, (. 20)s 405, 27): 27| + 32 Au) = A(A,)]
A _ r o _ _ _ B
_ N[\Zj dz / ded9d9{2Dd>(x,z,6’, 0)DD(x,2,0,0) +V,,[®(x,2,0,0):z] + J(x,2.0,0)D(x, 2,6, 9)}
-N / 7 dz / deV,g[/l(x,z);z]]. (BY)
Ao
The kinetic energy is checked out as
. _ = - e b - 2
d xd&d@ED(I)(x,z,é’, 0)DD(x,z,0,0) = | d xd@d&z ¢(x,2) +0r(x,z) pq clx,z) + 0| m(x,z) — I:ale(x,z)
002 [0.c(x.2)
[ 0:c(x.2
D I, =
= [ dPx{ 7(x,2)0.A(x,2) —57 (x,2) +¢(x,2)0.¢(x,2) . (B10)

The RG S function is generated by the effective potential

_ 1
V,g[q)(x,z,G, 0);z] = —Nln/

Dy, (x,z) exp{— / dPxd0doLy ,(x,z); ®(x,z,0,0); 7] }
A(z)

(B11)
in the superspace. The source-field coupling action is

/dedédQJ(x, 7,0,0)®(x,7,0,0) = /dedédQ(T(x, 7) +0G(x,z) + G(x,2)0 + 00 T (x,2))(A(x, z) + 60¢(x, 2)

+ c(x,2)0 + 00n(x, 7))

= /de(T(x, 2)A(x,2) + T(x, 2)7(x,2) + G(x,z2)c(x, 2) + &(x,2)G(x,2)). (B12)

126022-17



KI-SEOK KIM and SHINSEI RYU

PHYS. REV. D 108, 126022 (2023)

[1] A.B. Zamolodchikov, Irreversibility of the flux of the
renormalization group in a 2D field theory, Pis’ma Zh.
Eksp. Teor. Fiz. 43, 565 (1986) [JETP Lett. 43, 730 (1986)].

[2] J. L. Cardy, Is there a ¢ theorem in four-dimensions?, Phys.
Lett. B 215, 749 (1988).

[3] Z. Komargodski and A. Schwimmer, On renormalization
group flows in four dimensions, J. High Energy Phys. 12
(2011) 099.

[4] D. L. Jafferis, I. R. Klebanov, S.S. Pufu, and B. R. Safdi,
Towards the F-theorem: N = 2 field theories on the three-
sphere, J. High Energy Phys. 06 (2011) 102.

[5] L R. Klebanov, S.S. Pufu, and B.R. Safdi, F-theorem
without supersymmetry, J. High Energy Phys. 10 (2011)
038.

[6] S. Giombi and I. R. Klebanov, Interpolating between a and
F, J. High Energy Phys. 03 (2015) 117.

[7]1 T. Nishioka, Entanglement entropy: Holography and re-
normalization group, Rev. Mod. Phys. 90, 035007 (2018).

[8] H. Casini and M. Huerta, On the RG running of the
entanglement entropy of a circle, Phys. Rev. D 85,
125016 (2012).

[9] H. Casini and M. Huerta, A finite entanglement entropy and
the c-theorem, Phys. Lett. B 600, 142 (2004).

[10] H. Casini, M. Huerta, and R. C. Myers, Towards a derivation
of holographic entanglement entropy, J. High Energy Phys.
05 (2011) 036.

[11] H. Casini, E. Test’e, and G. Torroba, Markov property of the
conformal field theory vacuum and the a theorem, Phys.
Rev. Lett. 118, 261602 (2017).

[12] H. Casini, I. S. Landea, and G. Torroba, The g-theorem and
quantum information theory, J. High Energy Phys. 10
(2016) 140.

[13] R.C. Myers and A. Sinha, Seeing a c-theorem with
holography, Phys. Rev. D 82, 046006 (2010).

[14] R.C. Myers and A. Sinha, Holographic c-theorems in
arbitrary dimensions, J. High Energy Phys. 01 (2011) 125.

[15] G. Parisi and N. Sourlas, Random magnetic fields, super-
symmetry, and negative dimensions, Phys. Rev. Lett. 43,
744 (1979).

[16] S. Chaturvedi, A.K. Kapoor, and V. Srinivasan, Ward
Takahashi identities and fluctuation-dissipation theorem
in a superspace formulation of the Langevin equation,
Z. Phys. B 57, 249 (1984).

[17] K. Mallick, M. Moshe, and H. Orland, A field-theoretic
approach to non-equilibrium work identities, J. Phys. A 44,
095002 (2011).

[18] J. Zinn-Justin, Quantum Field Theory and Critical Phe-
nomena, International Series of Monographs on Physics
(Clarendon Press, London, 2002).

[19] I. Ovchinnikov, Introduction to supersymmetric theory of
stochastics, Entropy 18, 108 (2016).

[20] Piotr Surowka and Piotr Witkowski, Symmetries in the path
integral formulation of the Langevin dynamics, Phys. Rev. E
98, 042140 (2018).

[21] G. Vidal, Class of quantum many-body states that can be
efficiently simulated, Phys. Rev. Lett. 101, 110501 (2008).

[22] C. Jarzynski, Nonequilibrium equality for free energy
differences, Phys. Rev. Lett. 78, 2690 (1997).

[23] C. Jarzynski, Equilibrium free-energy differences from
nonequilibrium measurements: A master-equation ap-
proach, Phys. Rev. E 56, 5018 (1997).

[24] G.E. Crooks, Nonequilibrium measurements of free energy
differences for microscopically reversible Markovian sys-
tems, J. Stat. Phys. 90, 1481 (1998).

[25] G.E. Crooks, Entropy production fluctuation theorem
and the nonequilibrium work relation for free energy
differences, Phys. Rev. E 60, 2721 (1999).

[26] G.E. Crooks, Path-ensemble averages in systems driven far
from equilibrium, Phys. Rev. E 61, 2361 (2000).

[27] Udo Seifert, Entropy production along a stochastic trajec-
tory and an integral fluctuation theorem, Phys. Rev. Lett. 95,
040602 (2005).

[28] F.M. Haehl, R. Loganayagam, and M. Rangamani, The
fluid manifesto: Emergent symmetries, hydrodynamics, and
black holes, J. High Energy Phys. 01 (2016) 184.

[29] F.M. Haehl, R. Loganayagam, and M. Rangamani,
Schwinger-Keldysh formalism. Part I: BRST symmetries
and superspace, J. High Energy Phys. 06 (2017) 069.

[30] F.M. Haehl, R. Loganayagam, and M. Rangamani,
Schwinger-Keldysh formalism. Part II: Thermal equivariant
cohomology, J. High Energy Phys. 06 (2017) 070.

[31] P. Glorioso and H. Liu, The second law of thermodynamics
from symmetry and unitarity, arXiv:1612.07705.

[32] P. Glorioso, M. Crossley, and H. Liu, Effective field theory
of dissipative fluids (II): Classical limit, dynamical KMS
symmetry and entropy current, J. High Energy Phys. 09
(2017) 096.

[33] K. Jensen, N. Pinzani-Fokeeva, and A. Yarom, Dissipative
hydrodynamics in superspace, J. High Energy Phys. 09
(2018) 127.

[34] D. Birmingham, M. Blau, M. Rakowski, and G. Thompson,
Topological field theory, Phys. Rep. 209, 129 (1991).

[35] P.C. Martin, E.D. Siggia, and H.A. Rose, Statistical
dynamics of classical systems, Phys. Rev. A 8, 423
(1973).

[36] H. K. Janssen, On a Lagrangean for classical field dynamics
and renormalization group calculations of dynamical critical
properties, Z. Phys. B 23, 377 (1976).

[37] C. de Dominicis and L. Peliti, Field-theory renormalization
and critical dynamics above T.: Helium, antiferromagnets,
and liquid-gas systems, Phys. Rev. B 18, 353 (1978).

[38] A. Kamenev, Field Theory of Non-Equilibrium Systems
(Cambridge University Press, Cambridge, England, 2011).

[39] Ki-Seok Kim, Beyond quantum chaos in emergent dual
holography, Phys. Rev. D 106, 126014 (2022).

[40] Ki-Seok Kim, Shinsei Ryu, and Kanghoon Lee, Emergent
dual holographic description as a nonperturbative generali-
zation of the Wilsonian renormalization group, Phys. Rev. D
105, 086019 (2022).

[41] Ki-Seok Kim and Shinsei Ryu, Entanglement transfer from
quantum matter to classical geometry in an emergent
holographic dual description of a scalar field theory,
J. High Energy Phys. 05 (2021) 260.

[42] Ki-Seok Kim, Emergent dual holographic description for
interacting Dirac fermions in the large N limit, Phys. Rev. D
102, 086014 (2020).

126022-18



NONEQUILIBRIUM THERMODYNAMICS PERSPECTIVES FOR ...

PHYS. REV. D 108, 126022 (2023)

[43] Ki-Seok Kim, Geometric encoding of renormalization
group f-functions in an emergent holographic dual descrip-
tion, Phys. Rev. D 102, 026022 (2020).

[44] Ki-Seok Kim, Emergent geometry in recursive renormali-
zation group transformations, Nucl. Phys. B959, 115144
(2020).

[45] Ki-Seok Kim, Suk Bum Chung, Chanyong Park, and Jae-
Ho Han, A non-perturbative field theory approach for the
Kondo effect: Emergence of an extra dimension and its
implication for the holographic duality conjecture, Phys.
Rev. D 99, 105012 (2019).

[46] K.-S. Kim, M. Park, J. Cho, and C. Park, An emergent
geometric description for a topological phase transition in
the Kitaev superconductor model, Phys. Rev. D 96, 086015
(2017).

[47] K.-S. Kim and C. Park, Emergent geometry from field
theory: Wilson’s renormalization group revisited, Phys. Rev.
D 93, 121702 (2016).

[48] Ki-Seok Kim, Mitsuhiro Nishida, and Yoonseok Choun,
Renormalization group flow to effective quantum mechan-
ics at IR in an emergent dual holographic description for
spontaneous chiral symmetry breaking, Phys. Rev. D 107,
066004 (2023).

[49] Michael E. Peskin and Daniel V. Schroeder, An Introduction
To Quantum Field Theory (CRC Press, Taylor and Francis
Group, New York, 1995).

[50] J. M. Maldacena, The large N limit of superconformal field
theories and supergravity, Int. J. Theor. Phys. 38, 1113
(1999).

[51] S.S. Gubser, 1. R. Klebanov, and A. M. Polyakov, Gauge
theory correlators from non-critical string theory, Phys. Lett.
B 428, 105 (1998).

[52] E. Witten, Anti de Sitter space and holography, Adv. Theor.
Math. Phys. 2, 253 (1998).

[53] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri, and
Y. Oz, Large N field theories, string theory and gravity,
Phys. Rep. 323, 183 (2000).

[54] M. Bianchi, D. Z. Freedman, and K. Skenderis, Holographic
renormalization, Nucl. Phys. B631, 159 (2002).

[55] J. de Boer, E.P. Verlinde, and H.L. Verlinde, On the
holographic renormalization group, J. High Energy Phys.
08 (2000) 003.

[56] E.P. Verlinde and H. L. Verlinde, RG flow, gravity and the
cosmological constant, J. High Energy Phys. 05 (2000) 034.

[57] C. Fronsdal, Massless fields with integer spin, Phys. Rev. D
18, 3624 (1978).

[58] E.S. Fradkin and M. A. Vasiliev, On the gravitational
interaction of massless higher-spin fields, Phys. Lett. B
189, 89 (1987); Cubic interaction in extended theories of
massless higher-spin fields, Nucl. Phys. B291, 141 (1987).

[59] L. R. Klebanov and A. M. Polyakov, AdS dual of the critical
O(N) vector model, Phys. Lett. B 550, 213 (2002).

[60] X. Bekaert, N. Boulanger, and P. A. Sundell, How higher-
spin gravity surpasses the spin-two barrier, Rev. Mod. Phys.
84, 987 (2012).

[61] E. Mintun and J. Polchinski, Higher spin holography, RG,
and the light cone, arXiv:1411.3151.

[62] R.G. Leigh, O. Parrikar, and A.B. Weiss, Holographic
geometry of the renormalization group and higher spin
symmetries, Phys. Rev. D 89, 106012 (2014).

[63] R. G. Leigh, O. Parrikar, and A.B. Weiss, Exact renorm-
alization group and higher-spin holography, Phys. Rev. D
91, 026002 (2015).

[64] Ofer Aharony, Shai M. Chester, and Erez Y. Urbach, A
derivation of AdS/CFT for vector models, J. High Energy
Phys. 03 (2021) 208.

[65] J. Cardy, The TT deformation of quantum field theory as
random geometry, J. High Energy Phys. 10 (2018) 186.

[66] R. Arnowitt, S. Deser, and C.W. Misner, Dynamical
structure and definition of energy in general relativity, Phys.
Rev. 116, 1322 (1959).

[67] Bryce S. DeWitt, Quantum theory of gravity. I. The
canonical theory, Phys. Rev. 160, 1113 (1967).

[68] E. Kiritsis, W. Li, and F. Nitti, Holographic RG flow and the
quantum effective action, Fortschr. Phys. 62, 389 (2014).

[69] S. Jackson, R. Pourhasan, and H. Verlinde, Geometric RG
flow, arXiv:1312.6914.

[70] R.S. Hamilton, Hamilton: Three-manifolds with positive
Ricci curvature, J. Diff. Geom. 17, 255 (1982).

[71] D. Friedan, Nonlinear models in 2 + ¢ dimensions, Phys.
Rev. Lett. 45, 1057 (1980); D. H. Friedan, Nonlinear models
in 2 4 ¢ dimensions, Ann. Phys. (N.Y.) 163, 318 (1985).

[72] B. Chow and D. Knopf, The Ricci Flow: An Introduction,
Math. Surveys and Monographs Vol. 110 (American Math-
ematical Society, Providence, 2004).

[73] G. Perelman, The entropy formula for the Ricci flow and its
geometric applications, arXiv:math/0211159v1; Ricci flow
with surgery on three-manifolds, arXiv:math/0303109v1;
Finite extinction time for the solutions to the Ricci flow on
certain three-manifolds, arXiv:math/0307245v]1.

[74] T. Oliynyk, V. Suneeta, and E. Woolgar, A gradient flow for
worldsheet nonlinear sigma models, Nucl. Phys. B739, 441
(2006).

[75] A. A. Tseytlin, Sigma model renormalization group flow,
“central charge” action, and Perelman’s entropy, Phys. Rev.
D 75, 064024 (2007).

[76] Xiang-Dong Li, Perelman’s entropy formula for the Witten
Laplacian on Riemannian manifolds via Bakry-Emery Ricci
curvature, Math. Ann. 353, 403 (2012).

[77] Xiang-Dong Li, From the Boltzmann H-theorem to Perel-
man’s W-entropy formula for the Ricci flow, arXiv:1303
.5193.

[78] Xiang-Dong Li, Perelman’s W-entropy for the Fokker—
Planck equation over complete Riemannian manifolds, Bull.
Sci. math. 135, 871 (2011).

126022-19



