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Abstract

Modern generative models exhibit unprecedented capabilities to generate extremely
realistic data. However, given the inherent compositionality of the real world, re-
liable use of these models in practical applications requires that they exhibit the
capability to compose a novel set of concepts to generate outputs not seen in the
training data set. Prior work demonstrates that recent diffusion models do exhibit
intriguing compositional generalization abilities, but also fail unpredictably. Mo-
tivated by this, we perform a controlled study for understanding compositional
generalization in conditional diffusion models in a synthetic setting, varying dif-
ferent attributes of the training data and measuring the model's ability to generate
samples out-of-distribution. Our results show: (i) the order in which the ability to
generate samples from a concept and compose them emerges is governed by the
structure of the underlying data-generating process; (ii) performance on composi-
tional tasks exhibits a sudden “emergence” due to multiplicative reliance on the
performance of constituent tasks, partially explaining emergent phenomena seen
in generative models; and (iii) composing concepts with lower frequency in the
training data to generate out-of-distribution samples requires considerably more op-
timization steps compared to generating in-distribution samples. Overall, our study
lays a foundation for understanding emergent capabilities and compositionality in
generative models from a data-centric perspective.

1 Introduction

The scaling of data, models, and computation has unleashed powerful capabilities in generative
models, enabling controllable synthesis of realistic imadge$]], 3D scenes]2-16], videos [L7—

25], accurate image-editing26-31], and semantically coherent text generati@2{46]. With
increased interest in incorporating these models in day-to-day applicadier&]], e.g., to improve

robotic systems via better planning and groundiéity-p9], analyzing and improving their reliability

has become crucial.

With the motivation above, we study compositional generalization abilities of conditional diffusion
models, i.e., diffusion models that are conditioned on auxiliary inputs to control their generated
images (e.g., text-conditioned diffusion moddds 26]). Given the inherent compositionality of

the real world, it is dif cult to create a training dataset that exposes a model to all combinations of
different concepts underlying the data-generating process. We therefore argue that compositional
generalization is central to model reliability in out-of-distribution scenarios, i.e., when the model has
to compose a novel set of concepts to generate outputs not seen in the training difiz6dgtAs

shown by several prior works investigating the compositional generalization capabilities of off-the-
shelf text-conditioned diffusion model62-72], modern diffusion models often compose complicated
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Figure 1: (Lack of) Compositionality in text-conditioned diffusion models. Images generated
using Stable Diffusion v2.1 [73]. We see diffusion models conditioned on text descriptions of the
concepts in an image often allow generation of novel concepts that are absent from the training
data, indicating an ability to compose learned concepts and generalize out-of-distribution (lizard
and goldfish panels). However, the model sometimes unpredictably fails to compose concepts it has
learned, i.e., compositional capabilities depend on the specific concepts being composed. For ex.,
generating a panda in the above figure is difficult for the model, likely because it has not been exposed
to different colors of pandas. The model instead alters the background or lighting to change the color.

concepts, producing entirely non-existent objects, but also unpredictably fail to compose apparently
similarly complicated concepts (see Fig. 1). It remains unclear why models produce novel samples
by composing some concepts but not others. Indeed, what concepts does a model learn to compose?
What differentiates these concepts from the ones the model is unable to compose?

“Model Experimental Systems” Approach with (@ Train Set (©) Test
Interpretable Synthetic Data. To address the above Tuple (La) 2a) (Lb) 2,b)
questions, we seek to take a systematic approach

to understanding complex systems, such as gener- Image . A ‘ ?

ative models, by dividing the process into hypoth-
esis generation and testing. Specifically, drawing

e . 2.a) (La) (1,b)
inspiration from the natural sciences, we adopt a

model-experimental systems approach, which in- A ‘
volves studying simplified, controllable, and steer- Shape Color
able experimental systems to develop mechanistic 1: circle, 2: triangle  a: red, b: blue

hypotheses applicable to more complex systems. For
instance, in neuroscience research, model organisms
like mice or fruit flies are used to study neural mech-
anisms and develop hypotheses that can be tested on
the larger-scale human brain [74-76]. Similarly, in
our work, we design a synthetic experimental setup
that pursues simplicity and controllability while pre-
serving the essence of the phenomenon of interest,
i.e., compositional generalization. Specifically, our
data-generating process tries to mimic the structure
of the training data used in text-conditioned diffusion
models by developing pairs of images representing
geometric objects and tuples that denote which con-
cepts are involved in the formation of a given image
(see Fig. 2). We train diffusion models on synthetic
datasets sampled from this data-generating process,
conditioning the model on tuples denoting which concepts an object in the image should possess,
while systematically controlling the frequencies of concepts in the dataset. Thereafter, we study the
model’s ability to generate samples corresponding to novel combinations of concepts by condition-
ing the denoising process on a correspondingly novel tuple, thus assessing the model’s ability to
compositionally generalize. This approach allows us to systematically investigate the key properties
of a dataset enabling compositional generalization in an interpretable and controlled manner in
conditioned diffusion models. Our main contributions follow.

Figure 2: Compositionality in a minimal-
istic conditional generation task. (a) We
train diffusion models on pairs of images and
tuples, where the tuples denote the values of
the concepts represented in the image (e.g.,
values of color and shape in the figure). (b)
Samples between which only a single tuple el-
ement differs simplify the learning of a capa-
bility to recognize and alter the concept distin-
guishing the images. (c) To test the existence
of such capabilities of a trained model, we
ask the model to generate images correspond-
ing to novel tuples that are out-of-distribution,
hence requiring compositional generalization.

e Concept graphs: A simple, synthetic framework for studying conditional diffusion models.
We develop a minimalistic abstraction for training conditional diffusion models by introducing
a framework called “concept graphs”. The framework forms the foundation of our systematic



study of how diffusion models learn to generate samples from a set of concepts and compose these
concepts to generate out-of-distribution samples.

« Multiplicative emergencef compositional abilities. We use our model system's interpretability
to monitor learning dynamics of a diffusion model's capabilities and the ability to compose them
to produce out-of-distribution data. As we show, a diffusion model rst memorizes the training
dataset and then sequentially generalizes to concepts that are at a greater “distance” from the
training distribution. Since progress in learning each capability multiplicatively affects the model's
performance in compositional generalization, we nd a sudden ability to compose and produce
samples out-of-distribution “emerges”. We thus hypothesize compositionality may partially
explain emergent phenomena seen in modern generative madebi].

* Investigating challenges for compositional generalizationWe systematically examine the
challenges arising from decreased frequency of speci ¢ concepts necessary for learning a cor-
responding capability. We further evaluate the effectiveness of using ne-tuning to address
misgeneralizations in adversarial settings, and nd thatgfaeerally insuf cientto enable the
learning of new capabilities.

Before proceeding, we emphasize the trade-offs and limitations of our model-experimental systems
approach. Just as neural mechanisms identi ed in model animals cannot be directly applied to human
medical applications, our observations should not be considered de nitive conclusions that can be

directly transferred to modern large generative models. Instead, our study aims to establish conceptual
frameworks, identify data-centric control variables, and formulate mechanistic hypotheses, paving

the way for further theoretical and empirical explorations of larger models.

2 Related Work

Diffusion models. Diffusion models are the state-of-the-art method for generating realistic visual
data [l-11]. They are often trained using image-text pairs, where the text is processed using a
large language model to produce semantically rich embeddings that allow controlled generation of
novel images and editing of existing imag@6{31]. Such conditional diffusion models are easy

to test for compositional generalization, as one can directly give a text description that requires
composition of concepts the model is likely to have learned (e.g., avocado and chair) to produce
images that were not encountered in the model's training data (e.g., avocado chdirgeeuch

results demonstrate the model's ability to compose and generalize out-of-distribution. However, we
emphasize that text-conditioned models may fail to generalize compositionally if the text model is
unable to suf ciently disentangle relevant concepts in the text-embedding space. To avoid this pitfall,
we use ordered tuples that denote precisely which concepts are involved in an image's composition.

Compositional generalization. Compositionality is an inherent property of the real wod@][

wherein some primitive such as color can be composed with another primitive such as shape to
develop or reason about entirely novel concepts that were not previously witné6sdddtably,
compositionality is hypothesized to play an integral role in human cognition, enabling humans
to operate in novel scenario83-87]. Inspired by this argument, several works have focused on
developing 67, 68, 88-93] and benchmarkingd4, 66, 90, 94-102] machine learning models to
improve and analyze compositional generalization abilities. We especially highlight the works of
Lewis et al. P6], who use a similar model experimental system approach as ours to evaluate factors
in uencing compositionality in contrastive language-image pretraining (CL3B]) [Our focus on
generative models, instead of representation learning, distinguishes our results however. Relatedly,
we note the notion of compositionality has been discussed in several recent works in the elds
of disentangled and causal representation learriigy L03-107]. Our framework for systematic
understanding compositionality in generative models was heavily in uenced by the synthetic dataset
design considerations promoted in these papers. We also emphasize that a thorough formalization
of compositionality in modern machine learning is generally lacking, but highlight the notable
exceptions by Hupkes et all(g and Wiedemer et al.10g. To avoid ambiguity, we provide a
precise formalization that instantiates our intended meaning of compositionality.

3 Concept Graph: A Minimalistic Framework for Compositionality

In this section, we present tloencept grapHramework, as illustrated in Fi®, which enables us
to visually depict compositional structure of our synthetic data and forms the basis for generating









and images, each drawn from one of the following four concept clat668; (circle; red largeg,

f 100 (triangle red larggg, f 010 (circle; blue largeg, f 001, (circle; blue smallg. Consider the

following two tuples:f 00G (circle; red large g andf 100, (triangle red largég. In this case, we see
that the shape concept is encoded in the rst elements. Beepresents a circle aridrepresents a
triangle. The remaining concepts are similarly encoded in later elements.

Evaluation Metric. Evaluating whether a generated image corresponds to the desired concept class
might require a human in the loop. To eliminate this requirement, we follow methods from literature

on disentanglement and train classi er probes to predict whether a generated image possesses some
property of interest]03 109-114. Speci cally, we use the diffusion model training data to train

three linear probes, which respectively infer the following three concept variahlape , color ,

andsize . We de ne a model's accuracy for generating images of a given concept class as the
product of the probabilities outputted by the three probes that each concept variable matches the
value for the concept class. Note that a random classi er for a concept variable will have an accuracy
of 0.5. We indicate this random baseline with dotted, gray lines in our plots when useful.

4 Multiplicative Emergence of Compositional Abilities

We rst investigate the order in which a model learn capabilities to produce sample from a concept
class and how the learning of such capabilities affects the ability to compositionally generalize.

Learning dynamics respect the structure of the concept graph (Figs). We nd the ability to
compositionally generalize, i.e., produce samples from out-of-distribution concept classes, emerges
at a rate which is inversely related to a class's concept distance with respect to classes seen in training.
Speci cally, in Fig.5 (a) we show the learning dynamics of the model, whire nodes denote
concept classes within the training dataset, while: anddarkpinknodes respectively denote classes

at concept distances of 1 and 2 from classes in the training dataset. As the model learns to tits
training data l( nodes), it learns capabilities that can be composed to produce samples from
out-of-distribution concept classes (< / darkpinknodes). Fig5 (b) further shows that the learning
dynamics of compositional generalization are in uenced by the concept distance from the training set:
the model rst learns the concept classes in the training datasei{uelines) and then generalizes

to concept classes with a concept distance of 1 from the training daiasetifes). Thereafter,

the model suddenly acquires the capability to compositionally generalize to a concept class with a
concept distance of 2 from the training datasktrkpinkline). Fig.5 (¢) shows the images generated

by the model over time. We observe that rough shapes and sizes are learned relatively early in training,
by the 4th epoch, while the color is highly biased torbé the majority color in the training dataset,

up to the 10th epoch. Then, around the 20th epoch, the model learns to generate the underrepresented

Figure 5: Concept distance from the training set governs the order in which compositional
capabilities emerge. (a) Concept graph (cube) depicting training data points (blue nodes) and
concept distances for test data points, where nodes represent distance = 1, afaakpinknodes
represent distance = 2. Each trajectory represents the learning dynamics of generated images given a
tuple prompt. Each trajectory represents the learning dynamics of generated images based on each
tuple prompt. During every training epoch, 50 images are generated and binary classi cation is
performed to predict each concept, including color, shape, and size. (b) Compositional generalization
happens in sequence, starting with concept distance = 1 and progressing to concept distance = 2.
The x-axis represents the number of epochs, and the y-axis represents the progress of compositional
generalization. (c) Images generated as a function of time clearly show a sudden emergence of the
capability to change the color of small, blue, triangles.

6



color (blue) for concept classes with a concept dis-

tance of 1. Finally, around the 40th epoch, the model

learns to generate the underrepresented cblagf

for the class at distance 2, showing a sudden emer-

gence of capability to generate samples from that

class. The observations above generalize to higher-

dimensional concept graphs as well (see Hig.

Speci cally, we now introduce a fourth concept vari-

ablebackgroundcolor ={white, black} and again

nd that compositional generalization occurs in the

order governed by the distance from the training set:

the accuracy begins to rise for concept distance ofFigure 6: Multiplicative in uence of indi-
continues to increase for distance 2, and peaks fowilual capabilities elicits an “emergence”

of compositionality. (a) Accuracy of pro-
ducing samples from the concept class {111,
(triangle, blue, small)}, which has a concept
distance of 2 from the training data. A multi-
licative measure (solid line) has a score of
é{\_/hen all concept variables of shape, color,
and size are correctly predicted. Conversely,
n additive measure (dashed line) indepen-
ntly relates each concept variable predic-
h accuracy to the compositional accuracy,
ceptively suggesting smooth progress. (b)
earning dynamics of predicting each of the

Multiplicative in uence of capabilities drives the
sudden emergence of compositional generaliza
tion (Fig. 6). The interpretability of our experimental
setup illustrates that theultiplicative reliance on
underlying capabilities is the critical structure behing
the sudden emergence of compositional generali
tion in our setup. For example, in Fi§.(a) we
show the dynamics of an additive vs. multiplicativ
accuracy measure for generating concept class {1 §
(triangle, small, blue)}, which has a concept distan

of 2 from the training data. We observe a sudd
improvement of the multiplicative measure. To b ; )
ter understand the above, in Fiy(b), we plot the tre€ concept variables: shape (blue), color
accuracy of probes used for predicting each concéB‘Eange)' and size (green).

variable (shape, size, color). From the plot, we notice

that the model fails to acquire strong color transformation capabilities until the nal stage of training,
effectively bottlenecking compositional generalizatioriLafl class. This empirical observation leads

us to the following hypothesis agmergence of compositional abilities in generative madels

Hypothesis. (Compositional Abilities Emerge Multiplicatively.)We hypothesize the nonlinear
increase in capability observed in large neural networks as size and computational power scale
up is partially driven by the task's compositionality. Models must learn all required concepts, but
compositional generalization is hindered by the multiplicative, not additive, impact of learning
progress on each concept. This results in a rather sudden emergence of capabilities to produce or
reason about out-of-distribution data.

(@)

The core aspect worth noting in our hypothesis is that
compositional tasks require the concurrent acquisition of
all involved “atomic” capabilities, akin to an AND logi-
cal condition. Correspondingly, in generative models, the
learning of individual atomic abilities leads to a manifesta-
(b) Optimization Steps (1) tion of emergent capabilitiésWe argue this requirement

T s leads to a non-linear increase in a model's capabilities (see
also concurrent work making similar claimgg 117)).

We analyze this further via a simple toy model below.

P'=0.95

Critical Steps (t

Toy analysis.We consider a toy compositional problem
Concept Distance (1) which demonstrates how complex capabilities can rapidly
Figure 7: Toy Model of Compositional  develop (“emerge”) from a set of atomic abilities. Assume
Emergence.(a) Probability of learning a there aren atomic abilities, each with a probabilityof
compositional capability at a concept didseing learned in a given time step, i.e., the dynamics of
tancen w.r.t. atomic abilities as a funcdearning an ability can be modeled as a Bernoulli coin
tion of timet. (b) Critical optimization ip: once the coin turns fron0 to 1, the model learns
time stepd required for the above probthe said ability. The probability that the ability will be
ability to reach a threshol@ as a func- learned irt steps is thus given by (1 p)t. Animplicit
tion of concept distance. assumption in this model is that the learning dynamics of

10°

1This is related to the notion of “weak emergence” studied in psycholb§ Bnd complex systemd 6.



atomic abilities are independent (hence the name atomic) and that once an atomic ability is learned,
it will not be forgotten. Now, our goal is to characterize the dynamics of learning a capability that
involves composing these atomic abilities. The multiplicative emergence hypothesis argues that the
learning such a capability by timterequires that the model have learned thatomic abilities by

that time. We then get the probability that the compositional capability has been learned by time
isP(n)=@ (1 p")". These dynamics are plotted in Figj(a) and look strikingly similar to

the rapid learning (emergence) we found in our diffusion model setup (seB B)p.for increasing

degree of compositionality, we see much sharper learning dynamics (i.e., emergence) that is controlled
by the concept distance w.r.t. atomic abilities. Further, assuming a given threshold prolgability

at which one claims a capability has been learned, for a degree of compasjti@ncan solve fgr

the critical timet at which a compositional capability is learned as follotvs= W

Plotting this in Fig.7 (b), we see the progress on increasingly more compositional tasks is logarithmic
w.r.t. the number of atomic concepts being composed (aka concept distance). Importantly, this
implies if we allow the model to train in nitely and it learns several atomic abilities, it will have an
explosion of capabilities due to the inherent compositionality of the data generating process—we
further investigate this in a follow up world 18,.

4.1 Challenges for Compositional Generalization

We have shown that, given a well-structured synthetic training dataset, a conditional diffusion model
can learn to compose its capabilities to generate novel inputs not encountered in the training set. Next,
we analyze an adversarial setups under which the model fails to learn relevant capabilities to compose
concepts and if simple interventions can help mitigate these failures.

Critical frequency for learning capabilities (Fig. 8). We rst probe the effect of changing the
frequencies of samples from different concept classes in the training data and examine how this
affects the model's ability to learn and compose capabilities involving that concept class. Results are
shown in Fig.8 and demonstrate how the frequency of color and size concepts in the training data
impacts the generalization capabilities of the diffusion model. Speci cally, we change the number
of samples in the training data from 0 to 300 for concept disqFig. 8 (a)) and clas400(Fig. 8

(b)). As can be seen, low frequencies of certain concept values degrade the accuracy of the model
in both settings. Notably, training for out-of-distribution concept classes (ines) requires more
samples than that for in-distribution ones|( lines). This suggests that as the sample size
grows, memorization occurs rst, and generalization is achieved superlinearly as a function of data
frequency. More importantly, we observe a critical number of samples are required before we can
see the onset of capabilities to alter a concept. Speci cally, in&{g), we can see that the model
rapidly learns the color concept after being provided with 10 samples for a concept of large blue
circle,001 In contrast, in Fig8 (b), the model learns the shape concept only after reaching a certain
threshold in the number of samples with a concept of large red triah@e,

We believe the results above are especially interesting because an often used strategy to prevent a
generative model from learning harmful capabilities, such as the ability to generate images involving
sensitive concepts, involves cleaning the dataset to remove images corresponding to such concepts,
hopefully hindering the model's ability to generate samples containing the cord3ptp, 120.

Figure 8: How does the frequency of data samples impact the learning of capabilities®ve
systematically control the frequency of a speci ¢ concept class in the training dataset and observe
how it affects the model's learning of capabilities. (a) Capability to alter colors is quickly learned
after introducing approx. 10 samples with a concept class of large blue €iédle(b) In contrast, a
critical threshold (marked with dotted vertical lines) exists for learning a capability to alter the shape:
as we gradually introduce samples, with a concept class of large red tria0gle,
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A.6 Experiment with real data

We sourced our data from the CelebA datis@ur training dataset consists of 15,000 facial images,

each labeled with its respective concept class. We delineated the concept classes based on these
attributes: gender (classi ed as "Male" or otherwise), facial expression ("Smiling" or not), and hair
color (either "Black Hair" or "Brown Hair"). We adjusted the images to a resoluticgt8of 48 pixels.

For our evaluation, we designed three classi ers for each concept using a three-layer CNN with 64
units. The learning rate was established@t?, trained the model for 10 epochs. We employed the
ReLU activation function for the hidden layers and the sigmoid function for the output layer. We
divided the image dataset into training and test sets at a ratio of 80% to 20%. The trained classi er
exhibited a 96% accuracy for gender, 86% for facial expression, and 95% for hair color. All additional
experimental con gurations conformed to our synthetic data experiment procedures.

B Additional experimental results

In Fig. 16, we generalize the nd-
ings in Fig. 5 to a larger con-
cept graph, i.e., one with four con-
cept variables. Speci cally, we
now introduce a fourth concept
variable backgroundcolor ={white,

black} and again nd that composi-

tional generalization occurs in the orFigure 16:Compositional generalization. (a) Consider

der governed by the distance from thg |attice representation of a concept graph corresponding
training set: the accuracy begins to risg; four concept variables. Blue nodes denote classes rep-
at a concept distance of 1, continues teesented in the training data; a model can either memorize
increase at a distance of 2, and peakfata from these classes or learn capabilities to transform
at3. samples from one class to another. If it learns capabilities, it

In Fig. 17, we investigate the bottle-C&n compose them Wif[h data-ggar_lerating process of samples
necks that affect compositional geneffom a concept c!ass in the training qata and produce sam-
alization by examining the predictionples that are entirely out-of-dlstrlbutl_o_n, denoted as p!nk
accuracy of concept variables such f£nd green nodes. (b) We nd c_:omp_osmonal gen(_arallzanon
shape, color, and size, as well as tHAPPENSs in a sequence, starting with concept distance of 1
overall classi cation accuracy. To eval@nd then progressing to concept distance of 2 and 3.

uate this, we generated 50 samples in each epoch of training and classi ed them using a linear
probe. Our ndings reveal that various concept bottlenecks impede the learning process for different
compositional objects. For instance, the generalization of blue-colored olf)@dtd01, 111) is
hindered by the color concept, indicating that the model struggles to correctly identify objects based
on their color when it comes to these particular compositions. Similarly, the generalization to small
red triangles111) is bottlenecked by the shape concept, implying that the model faces dif culties

in accurately recognizing the shape of these speci c compositions. These observations highlight
the challenges associated with compositional generalization and shed light on the speci ¢ concept
bottlenecks that hinder the learning process. Understanding and addressing these bottlenecks can
contribute to the development of more robust models capable of achieving better compositional
generalization in various contexts.

In Fig. 18, 19, and20 we present the experimental results for the diffusion model without global
attention. Notably, we observe that these results exhibit a similar pattern to the ones obtained from
the diffusion model with global attention, which is shown in FBgand6. The experimental results
consistently support our ndings. Firstly, the order of emergence of compositional capabilities
aligns with the compositional structure of the data-generating process, as evident in the results
shown in Fig.18. Secondly, we observe a notable delay in the emergence of the ability to generate
underrepresented colors as the concept distance within a concept class increases. This emphasizes
the importance of continued training beyond the point of achieving in-distribution generalization,

as demonstrated in Fig9. Speci cally, we observe that the model is capable of generating the
majority color ¢ed much earlier than the underrepresented cdtrd). Importantly, the training

3https://mmlab.ie.cuhk.edu.hk/projects/CelebA.html
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Figure 19: Delayed emergence of abilities to generate underrepresented colors for distant
classesPrediction accuracy of color based on generated samples at each epoch during training. We
observe that the ability to generate underrepresented colors emerges signi cantly later as the concept
distance of a concept class increases, highlighting the need for extended training beyond the point of
achieving in-distribution generalization. This prolonged training enables effective composition of the
underrepresented concept and leads to improved generalization.

Figure 20: Multiplicity underlies the sudden emergence of compositional capabilities.(a)
Accuracy of producing samples from the concept class {111, (triangle, blue, small)}, which has a
concept distance of 2 from the training data. (b) Learning dynamics of accuracies for predicting each
of the three concept variables: shape (blue), color (orange), and size (green).

Figure 21:The additional experimental results with different con gurations by using varied
sets of nodes in the training data.
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