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Abstract
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1 Introduction

Stochastic variational inequalities (SVI) and stochastic saddle-point (SSP) problems
have become a central part of the modern machine learning toolbox. The main moti-
vation behind this line of research is the design of algorithms for multiagent systems
and adversarial training, which are more suitably modeled by the language of games,
rather than pure (stochastic) optimization. Applications that rely on these methods
may often involve the use of sensitive user data, so it becomes important to develop
algorithms for these problems with provable privacy-preserving guarantees. In this
context, differential privacy (DP) has become the gold standard of privacy-preserving
algorithms, thus a natural question is whether it is possible to design DP algorithms
for SVI and SSP that attain high accuracy.

Motivated by these considerations, this work provides the first systematic study
of differentially-private SVI and SSP problems. Before proceeding to the specific
results, we present more precisely the problems of interest. The stochastic variational
inequality (SVI) problem is: given a monotone operator F : WW > R? in expectation
form F(w) = Eg~p[Fg(w)], find w* € W such that

(Fw*),w —w*) >0 YweW. (VI(F))

The closely related stochastic saddle point (SSP) problem is: given a convex-concave
real-valued function f : W = R (here W = X x ) is a product space), given in
expectation form f(x, y) = Eg~p[fg(x, y)], the goal is to find (x*, y*) that solves

)rcrél)r; rynea));( f(x,y). (SP(f))

In both of these problems, the input to the algorithm is an i.i.d. sample S =
(Bi,.-.,B,) ~ P". Uncertainty introduced by a finite random sample renders the
computation of exact solutions infeasible, so gap (a.k.a. population risk) functions are
used to quantify the quality of solutions. Let A : Z" + W be an algorithm for SVI
problems (VI(F)).

We define the strong VI-gap associated with A as

Gapy((A, F) :=Es [ suEV(F(w), AS) — w):| . (1.1)
we

We also define the weak VI-gap as

WeakGapy (A, F) :=E 4 sup Eg [(F(w), AS) — w)]. (1.2)
wew

Here, expectation is taken over both the sample data S and the internal randomization

of A. For SSP (SP(f)), given an algorithm A : Z" +— X x ), and letting A(S) =
(x(S), ¥(S)), a natural gap function is the following saddle-point (a.k.a. primal-dual)
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sap

Gapgp(A, f):=Eas| sup [f(x(S),y)— flx,ySNI|. (1.3)
xeX, ye)y

Analogously as above, we define the weak SSP gap as'

WeakGapgp(4. /) =B _sup B[/ (x(8).) = .y (1)
xeX, ye

It is easy to see that in both cases the gap is always nonnegative, and any exact
solution must have zero-gap. For examples and applications of SVI and SSP we refer
to Sect.2.1. Despite the fact that the strong VI is a more classical and well-studied
quantity, the weak VI gap has been observed to be useful in various contexts. We refer
the reader to [50] for more discussions on the weak VI gap.

On the other hand, we are interested in designing algorithms that are differentially
private. These algorithms build a solution based on a given dataset S of random
i.i.d. examples from the target distribution, and output a (randomized) feasible solution,
A(S). We say that two datasets S = (B;);, S = (B;); are neighbors, denoted S >~ §', if
they only differ in a single entry i. We say that an algorithm A(S) is (g, n)-differentially
private if for every event E in the output space?

PA[A(S) € E] < e P4[AKS) € E]l+n (VS~S). (1.5)

Here ¢, n > 0 are prescribed parameters that quantify the privacy guarantee. Designing
DP algorithms for particular data analysis problems is an active area of research.
Optimal risk algorithms for stochastic convex optimization have only very recently
been developed, and it is unclear whether these methods are extendable to SVI and
SSP settings.

1.1 Summary of contributions

Our work is the first to provide population risk bounds for DP-SVI and DP-SSP prob-
lems. Moreover, our algorithms attain provably optimal rates and are computationally
efficient. We summarize our contributions as follows:

1. We provide two different algorithms for DP-SVI and DP-SSP: namely, the
noisy stochastic extragradient method (NSEG) and a noisy inexact stochastic
proximal-point method (NISPP). The NSEG method is a natural DP variant of
the well-known stochastic extragradient method [30], where privacy is obtained

! The denominations of weak and strong gap functions used in this paper are not standard, but we believe
are the most appropriate in this context. For example, in [50] used the terms weak and strong generaliza-
tion measure for (1.4) and (1.3) respectively, but it is clear that these quantities do not refer to standard
generalization measures used in stochastic optimization.

2 Note that the probabilities in the definition of DP only involve the probability space of algorithmic
randomization, and not of the datasets, which is emphasized by the notation P 4. The datasets must be
neighbors, but they are otherwise arbitrary, and this is crucial to certify the privacy for any user.
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by Gaussian noise addition; on the other hand, the NISPP method is an approx-
imate proximal point algorithm [28, 43] in which every proximal iterate is made
noisy to make it differentially private. Our more basic variants of both of these
methods are based on iterations involving disjoint sets of datapoints (a.k.a. single
pass method), which are known to typically lead to highly suboptimal rates in DP
(see the Related Work Section for further discussion).

2. We derive novel uniform stability bounds for the NSEG and NISSP methods. For
NSEG, our stability upper bounds are inspired by the interpretation of the extragra-
dient method as a (second order) approximation of the proximal point algorithm.
In particular, we provide expansion bounds for the extragradient iterates, and solve
a (stochastic) linear recursion. The stability bounds for NISPP method are based
on stability of the (unique) SVI solution in the strongly monotone case. Finally, we
investigate the risk attained by multipass versions of the NSEG and NISPP meth-
ods, leveraging known generalization bounds for stable algorithms [35]. Here, we
show that the optimal risk for DP-SVI and DP-SSP can be attained by running
these algorithms with their sampling with replacement variant. In particular, NSEG
method requires n? stochastic operator evaluations, and NISPP method requires
much smaller O (n3/?) operator evaluations for both DP-SVI and DP-SSP prob-
lems. In particular, these upper bounds also show the dependence of the running
time of each of these algorithms w.r.t. the dataset size.

3. Finally, we prove lower bounds on the weak gap function for any DP-SSP and
DP-SVI algorithm, showing the risk optimality of the aforementioned multipass
algorithms. The main challenge in these lower bounds is showing that existing
constructions of lower bounds for DP convex optimization [5, 7, 46] lead to lower
bounds on the weak gap of a related SP/VI problem.

The following table provides details of population risk and operator evaluation com-
plexity.

1.2 Related work

We divide our discussion on related work in three main areas. Each of these areas
has been extensively investigated, so a thorough description of existing work is not
possible. We focus ourselves on the work which is more directly related to our own.

1. Stochastic Variational Inequalities and Saddle-Point Problems: Variational
inequalities and saddle-point problems are classical topics in applied mathemat-
ics, operations research and engineering (e.g., [3, 18, 33, 38, 4043, 45]). Their
stochastic counterparts have only gained traction recently, mainly motivated by
their applications in machine learning (e.g., [24, 25, 29, 30, 34] and references
therein). For the stochastic version of (SP(f)), [39] proposed a robust stochastic
approximation method. The first optimal algorithm for SVI with monotone Lips-
chitz operators was obtained by Juditsky, Nemirovski and Tauvel [30], and very
recently Kotsalis, Lan and Li [34] developed optimal variants for the strongly
monotone case (in terms of distance to the optimum criterion, rather than VI gap).
It is important to note that naive adaptation of these methods to the DP setting
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requires adding noise to the operator evaluations at every iteration, which substan-
tially degrades the accuracy of the obtained solution. A careful privacy accounting
and minibatch schedule can lead to optimal guarantees for single-pass methods
[19], however this requires accuracy guarantees for the last iterate, which is cur-
rently an open problem for SVI and SSP (aside from specific cases, typically
involving strong monotonicity conditions, e.g., [24, 34]). We circumvent this prob-
lem by providing population risk guarantees for multipass methods.

2. Stability and Generalization: Deriving generalization (or population risk)

bounds for general-purpose algorithms is a challenging task, actively studied in
theoretical machine learning. Bousquet and Elisseeff [8] provided a systematic
treatment of this question for algorithms which are stable, with respect to changes
of a single element in the training dataset, and a sequence of works have refined
these generalization guarantees (see [9, 21] and references therein). This idea has
been applied to investigate the generalization properties of regularized empirical
risk minimization [8, 44], and more recently to iterative methods, such as stochas-
tic gradient descent [4, 23].
Using stability to obtain population risk bounds in SVI and SSP is substantially
more challenging, due to the presence of a supremum in the accuracy measure (see
Egs. (1.1) and (1.3)). Recently, Zhang et al. [50], established stability implies gen-
eralization results for the strong SP gap under strong monotonicity assumptions.
Their proof strategy applies analogously to address the SVI setting, although this
is not carried out in their work. More recently, Lei et al. [35], proved generaliza-
tion bounds on the weak SP gap without strong monotonicity assumptions. We
leverage this result for our algorithms, and further elaborate on its implications for
SVIin Sect.2.2.

3. Differential Privacy: Differential privacy is the gold standard for private data
analysis, and it has been studied for nearly 20 years [15, 16]. Beyond its classi-
cal definition, multiple variants have been introduced, including local [14, 31],
concentrated [10], Rényi [37], and Gaussian [13]. Relevant to the optimization
community are the applications of differential privacy to combinatorial optimiza-
tion [22].

Differentially private empirical risk minimization and stochastic convex optimiza-

Table 1 Different levels of risk and complexity achieved by NSEG and NISPP methods for (e, n)-
differentially private SVI/SSP. Here n is the dataset size, and d is the dimension of the solution search
space. We omit the dependence on other problem parameters (e.g., Lipschitz constants and diameter), as
well as the privacy parameter n

Type of sampling Type of sampling

single pass multipass single pass multipass
Method Criterion - Strong Gap  Criterion - Weak Gap  Number of operator evaluations
NSEG o(42 +39) oL +42) n n?
NISPP 0+t + %) o(ﬁ + ,{—f) O(nlogn) 0132 log n)

(OE subroutine)

@ Springer



D. Boob, C. Guzman

tion have been extensively studied for over a decade (see, e.g. [5, 7, 11, 12, 19,
26,27, 32, 47]). Relevant to our work are the first optimal risk algorithms for DP-
ERM [7] and DP-SCO [5]. Non-Euclidean extensions have also been obtained
recently [2, 6]. To the best of our knowledge, our work is the first to address DP
algorithms for SVI and SSP. Our approach for generalization of multipass algo-
rithms is inspired by the noisy SGD analysis in [4]. However, our stability analysis
differs crucially from [4]: in the case of NSEG, we need to carefully address the
double operator evaluation of the extragradient step, which is done by using the
fact that the extragradient operator is approximately nonexpansive. In the case of
NISPP, we leverage the contraction properties of strongly monotone VI solutions.
By contrast, SGD in the nonsmooth case is far from nonexpansive [4]. Alternative
approaches to obtain optimal risk in DP-SCO, including privacy amplification by
iteration [19, 20], and phased regularization or phased SGD [19], appear to run into
fundamental limitations when applied to DP-SVI and DP-SSP. It is an interesting
future research direction to obtain faster running times with optimal population
risk in DP-SVI and DP-SSP, which may benefit from these alternative approaches.

The main body of this paper is organized as follows. In Sect.2, we provide the
necessary background information on SVI/SSP, uniform stability, and differential pri-
vacy, which are necessary for the rest of the paper. In Sect. 3 we introduce the NSEG
method, together with its basic privacy and accuracy guarantee for a single pass ver-
sion. Section 4 provides stability bounds for NSEG method along with the consequent
optimal rates for SVI and SSP. In Sect. 5, we introduce the single-pass differentially
private NISPP method with bound on expected SVI-gap. Section 6 presents stability
analysis of NISPP, together with the resulting optimal rates for SVI/SSP gap. We
conclude in Sect. 7 with lower bounds that prove the optimality of the obtained rates.

2 Notation and preliminaries

We work on the Euclidean space (]Rd, (-, -)), where (-, -) is the standard inner product,
and ||u|| = +/{u, u) is the £>-norm. Throughout, we consider a compact convex set
W C R? with diameter D > 0. We denote the standard Euclidean projection operator
on set W by ITyy(-). The identity matrix on R is denoted by I;.

We let P denote an unknown distribution supported on an arbitrary set Z, from
which we have access to exactly n i.i.d. datapoints which we denote by sample set
S ~ P". Throughout, we will use boldface characters to denote sources of randomness
(coming from the data, or internal algorithmic randomization). We say that two datasets
S, S’ are adjacent (or neighbors), denoted by S ~ §', if they differ in a single data
point. We also denote subsets (a.k.a. batches), or single data points, of S or P by B
and B, respectively. Whether 8 or B is sampled from P or S is specified explicitly
unless it is clear from the context. For a batch B, we denote its size by |B|. Therefore,
we have |S| = n. Throughout, we will denote Gaussian random variables by &.

We say that F : W — R? is a monotone operator if

(F(wy) = F(w2), w; —w2) 20, Ywi,wr eW.
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Given L > 0, we say that F is L-Lipschitz continuous, if
| F(w)) — F(w)|l < Lllwy — wall, Ywi, wy € W.

Finally, we say that F" is M-bounded if sup,, .y | F(w)]| < M. We denote the set of
monotone, L-Lipschitz and M-bounded operators by M{,V(M , L). In this work, we
will focus on the case where F is an expectation operator, i.e., F'(w) := Eg~p[Fg(w)],
where P is an arbitrary distribution supported on Z,

and for any B in Z, Fg(-) € M{/V(M, L), B-as’

In the stochastic saddle point problem (SP(f)), we modify the notation slightly.
Here, ¥ € R% and Y C R? are compact convex sets, and we will assume that the
saddle point functions fg(:,-) : X x Y > R, satisfy the following conditions -a.s.

— V. fg (-, -) is Ly-Lipschitz continuous, and V), fg (-, -) is Ly-Lipschitz continuous,
and;

— fg(-, y) is convex, for any given y € ), and fg(x, -) is concave, for any given
x € X (we will say in this case the function is convex-concave).

If the assumptions above are met, we will denote L = /L2 + L% Under the assump-

tions above, it is well-known that SSP [42, 45] (and SVI [18], respectively) have a
solution.

In the case of saddle-point problems, given the convex-concave function fg(-, ) :
X x Y + R, it is well-known that the operator F : X x ) RY x RY below is
monotone

Fg(x,y) = (Vx fg(x, y), =V, f(x, y)). 2.1

We will call this operator the monotone operator associated with fg(-, -). Furthermore,
if Vy fg(-, y) has L,-Lipschitz continuous gradient and V, fg(x, -) has L-Lipschitz

continuous gradient, then F is /L2 4- L3-Lipschitz continuous.

It is easy to see that, given a SSP problem with function fg(-,-) and sets X', V,
an (exact) SVI solution (VI(F)) for the monotone operator associated to f(x,y) =
Eglfg(x,y)] over the set W = X x Y, yields an exact SSP solution for the start-
ing problem. Unfortunately, such reduction does not directly work for approximate
solutions to (1.1) and (1.3), so the analysis must be done separately for both problems.

For batch B, we denote the empirical (a.k.a. sample average) operator Fg(w) :=
ﬁ > BeB Fg(w). On the other hand, for a batch B, the empirical saddle point function

is denoted as fg(x, y) = ﬁ > BeB fg(x,y). Given a distribution P, the expectation
operator and function are denoted by Fp(w) := Eg.p[Fg(w)], and fp(x,y) =
Eg~p[fg(x, )], respectively. For brevity, whenever it is clear from context we will
drop the dependence on P.

3 Here, we mean that for almost every B, we have Fg € M%/V(M, L).

@ Springer



D. Boob, C. Guzman

2.1 Examples and applications of SVl and SSP

An interesting problem which can be formulated as a SSP-problem is the minimization
of a max-type convex function:

min {p0) = max b},

SV

where ¢; : X — R is a stochastic convex function ¢;(x) := E;/.ij [qu,;/. (x)] for
all j € [m]. This problem is essentially a structured nonsmooth optimization problem
which can be reformulated into a convex-concave saddle point problem:

21)1}{2%11}3;1 ;m[zj idj.e; (0]

Here, B = (¢ j)7=1 is the random input to the saddle point problem: fg(x,y) =
Z’}’: 1 Yj®j.¢;(x). Note that a substantial generalization of the max-type problem
above is the so called compositional optimization problem:

min @ (x) 1= P(P1(x), ..., Pu(x)),
xeX

where ¢;(x) are convex maps and @ (u1, ..., uy) is a real-valued convex function
whose Fenchel-type representation is assumed to have the form

DUy, ... Upy) = r/?ea§27:l<uj’ Ajy+bj) — Du(y),

where @, is a convex, Lipschitz and smooth. Then, overall optimization problem can
be reformulated as a convex-concave saddle point problem:

)?;%maxz B (x), Ajy +bj) — Pi(y),

where stochasticity is introduced due to constituent functions ¢ (x) = ]E;j [¢ g x)].

To conclude, we remark that these types of models have been recently proposed
in machine learning to address approximate fairness [49] and federated learning on
heterogeneous populations [36]. In these examples, the different indices j € [m]
may denote different subgroups from a population, and we are interested in bounding
the (excess) population risk on these subgroups uniformly (with the motivation of
preventing discrimination against any subgroup). This clearly cannot be achieved by
a stochastic convex program, and a stochastic saddle-point formulation is effective in
certifying accuracy across the different subgroups separately.

For further examples and applications of stochastic variational inequalities and
saddle-point problems, we refer the reader to [29, 30, 50].
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2.2 Algorithmic stability

In general, an algorithm is a randomized function mapping datasets to candidate
solutions, A : Z" — R? which is measurable w.r.t. the dataset. Two datasets,
S=B1,---.B,), S =B, ..., B,) € Z"aresaid to be neighbors (denoted S ~ §)
if they only differ in at most one data point, namely

B; =B, @GielD¥j#.

Algorithmic stability is a notion of sensitivity analysis of an algorithm under neigh-
boring datasets. Of particular interest to our work is the notion of uniform argument
stability (UAS).

Definition 1 (Uniform Argument Stability) Let A : 2" — R? be a randomized
mapping and § > 0. We say that A is §-uniformly argument stable (for short, §-UAS)
if

sup EAIAS) — ASHII < 8.

Occasionally, we may denote 8 4(S, S’) £ | A(S) — A(S")|, for convenience. The
importance of algorithmic stability in machine learning comes from the fact that stabil-
ity implies generalization in stochastic optimization and stochastic saddle point (SSP)
problems [8, 9, 50]. Below, we restate existing results on stability implies generaliza-
tion for SSP problems below. Before doing so we need to briefly introduce the (strong)
empirical gap function: given a dataset S and an algorithm .4, we define the empirical
gap function for a saddle point and variational inequality problem respectively as

EmpGapgp(A, fs) := Ealsup fs(x(S), y) — fs(x, y(S))] (2.2)
X,y

EmpGapy(A, Fs) := E4[sup(Fs(w), A(S) — w)]. (2.3)

Notice that in these definitions the dataset S is fixed.

Proposition 1 [35, 50] Consider the stochastic saddle point problem (SP(f)) with func-
tions fg(-,y) and fg(x,-) being M-Lipschitz for all x € X,y € Y and B-a.s.. Let
A Z" — X x Y be an algorithm, where A(S) = (x(S), y(S)). If x(-) is 8,-UAS
and y(-) is 8,-UAS, and both are integrable, then

WeakGapgsp(A, f) < EslEmpGapsp(A, fo)l + M[8, +8,].  (24)

This result can be extended for SVI problems as well. We provide a formal statement
below and prove it in Appendix A.

Proposition 2 Consider a stochastic variational inequality with M -bounded operators
Fg(:) : Wi~ R If A : 2" — W is integrable and 8-UAS, then

WeakGapy (A, F) < Eg[EmpGapy(A, Fs)] + M. (2.5)
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2.3 Background on differential privacy

Differential privacy is an algorithmic stability type of guarantee for randomized algo-
rithms, that certifies that the output distribution of the algorithm “does not change
too much” by changes in a single element from the dataset. The formal definition is
provided in Eq. (1.5). Next we provide some basic results in differential privacy, which
we will need for our work. For further information on the topic, we refer the reader to
the monograph [16].

2.3.1 Basic privacy guarantees

In this work, most of our privacy guarantees will be obtained by the well-known
Gaussian mechanism, which performs Gaussian noise addition on a function with
bounded sensitivity. Given a function A : 2" > RY, we define its £,-sensitivity as

sup [LA(S) — AS). (2.6)
S~§'

If A is randomized, then the supremum must hold with high-probability over the
randomization of A (this will not be a problem in this work, since our randomized
algorithms enjoy sensitivity bounds w.p. 1). The Gaussian mechanism (associated to
function \A) is defined as Ag(S) ~ N (A(S), o?l).

Proposition 3 Let A : 2" — R? be a function with £-sensitivity s > 0. Then, for
0% =25 ln(l/n)/ez, the Gaussian mechanism is (&, n)-DP.

Our algorithms will adaptively use a DP mechanism such as the above. Certifying
privacy of a composition can be achieved in different ways. The most basic result
establishes that if we use disjoint batches of data at each iteration, then the composition
will preserve the largest privacy parameter among its building blocks. This result
is known as parallel composition, and its proof is a direct application of the post-
processing property of DP.

Proposition 4 (Parallel composition of differential privacy) LetS = (Sy,...,Sk) €
Z" be a dataset partitioned on blocks of sizes ny, ..., ng, respectively. Ay : Z" x
RIXk=D s Rd | =1,.... K, bea sequence of mechanisms, and let A : Z" +— R4
be given by

Bi(S) = Ai(S1)

Bi(S) = Ai(Sk, Bi(S), B2(S), ..., Br_1(S)) Vk=2,...,K—1)
A(S) = Ak Sk, Bi(S), Ba2(S), ..., Bk-1(S)).

Then, If each Ay is (ex, ni)-DP in its first argument (i.e., w.r.t. Sx) then A is
(maxy &g, maxg ng)-DP.

Some of the algorithms we develop in this work make repeated use of the data, and
certifying privacy for these algorithms requires the use of adaptive composition results
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in DP (see, e.g. [16, 17]). For our algorithms, it is particularly important to leverage the
sampling with replacement procedure to select the data that is used at each iteration,
for which sharp bounds on DP can be obtained by the moments accountant method [1].
Below we summarize a specific version of this method that suffices for our purposes.*

Theorem 1 [1] Consider sequence of functions Ay, ..., Ax, where Ay : Z™ x
RI*K*=D 5 R4 s q function with sensitivity bounded as a function of the last data
batch size, as follows

sup Ak (Sk, L) — A (Sy. )|l < s.
LeRaxk=D §; ~§}

Consider the mechanism obtained by sampling a random subset of size m from the
dataset, i.e., letting Sy ~ (Unif([S]))™, and composing it with a Gaussian mechanism
with noise 02, ie.

Bi(S) = (A1)g(S1)
Bi(S) = (Ax)g Sk, B1(S), B2(S), ..., Bi—1(S)) (Vk=2,...,K).

There exists an absolute constant c¢| > 0, such that if ¢ < ¢ K (m/n)? and the noise
parameter o > /2K In(1/n)sm/[ne], then A(S) := {Bi(S), ..., Bg(S)} is (g, n)-
differentially private.

3 The noisy stochastic extragradient method

To solve the DP-SVI problem we propose a noisy stochastic extragradient method
(NSEG) in Algorithm 1.

Algorithm 1 Noisy Stochastic Extragradient (NSEG) Method
1: Input: Starting point ug € W, dataset S = (8;);c[n] ~ P".,
stepsizes (V¢)re[T]

2:fort=1,...,T do

3 Fi ()= Fg()+&] where Bl € Sand & ~ N(0,07)
13

4w =Ty — v F1(ue—1))

5: Fy() = Fgo() + &7, where B} C Sand &} ~ N(0, 07)
t

6

7T:

8:

up = Iy (ui—1 =y Fp 1 (wr))
end for
return w! = (Z,T:Wr)*lZzT:Wtwt

The name noisy and stochastic in Algorithm 1 is justified by the sequence of oper-
ators I ;, I2 s we use:

Fii() 2 Fpi()+&, Fou() 2 Fp()+E. 3.1

4 In our case we use uniform sampling on each iteration, as opposed to the Poisson sampling of [ 1]; however,
it is possible to verify that similar moment estimates lead to our stated result.
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where B}, B? are batches extracted from dataset S, and & ,l t2 H N0, 0). We will
denote the batch size of batch B) and B? as B, := [B!| = |B?|. The exact details of the
sampling method for B, will depend on the variant of the algorithm. Here, we detail
some key features of the above algorithm. Stochastic extragradient was proposed in
[30] where they do not have any noise addition in F ;, F> ; (stochasticity only arises
from the dataset randomness), and where disjoint batches are used for all iterations, as
well as within iterations. This choice is motivated by the goal of extracting population
risk bounds for their algorithm.

Another important consideration is that this algorithm can also be applied to an SSP
problem by using as stochastic oracle the monotone operator associated to the stochas-
tic convex-concave function (2.1), over the set V¥ = X x ). From here onwards, when
we say that a certain SVI algorithm is applied to an SSP, we mean using the choices
above for the operator and feasible set, respectively.

We start by stating the convergence guarantees for the single-pass NSEG method.
This is obtained as a direct corollary of [30, Thm. 1], where we use an explicit bound
on the oracle error with the variance of the Gaussian.

Theorem 2 [30] Consider a stochastic variational inequality (VI(F)), with operators
Fgin MY (L, M). Let A be the NSEG method (Algorithm 1) where 0 < y; < 1/[/3L]
and (le , Btz) ; are independent random variables from a product distribution Btl , Bt2 .
PB satisfies

Ko(T)

G A, F) <
apy;( ) T

where Ko(T) 2 (132 + 7Y ey YRIM2/2 + daﬁ]), rr = Y7y AGS) is the

output of Algorithm 1 on the dataset S = | J, B; ~ P" and expectation in the left hand
side is taken over the dataset draws, random sample batch choices, as well as noise
g8

On the other hand, A applied to a stochastic (SP(f)) problem attains saddle point

gap
Ko(T)

Gapsp(A, f) < T

3.1 Differential privacy analysis of NSEG method

We now proceed to establish the privacy guarantees for the single-pass variant of

Algorithm 1. This is a direct consequence of Propositions 3 and 4, and the fact that

each operator evaluation has sensitivity bounded by 2M / B;.

Proposition 5 Algorithm 1 with batch sizes (B;):c[r] and variance 6,2 = 83122]11(:#
2 e

is (&, n)-differentially private.

We now apply the previous results to obtain population risk bounds for DP-SVI by
the NSEG method.

Corollary 1 Algorithm 1 with disjoint batches of size B = B = min{/d(In(1/n)/¢, n},
constant stepsize y; = y = D/[M\/7T(1 + %ln(;#)] and variance 0,2 =02’ =
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%l"(sl# is (&, n)-differentially private and achieves Gapy(A, F) (for SVI) or

Gapsp(A. f) (for SSP) of

1/4
0 (MDmaX{[dln(l/n)] «/dln(l/fl)D'

A/ ne ’ ne

Remark 1 Notice thatin the corollary above, the gap is nontrivial iff \/d In(1/n)/[ne] <
1, which means that the left hand side attains the max on the range where the gap is
nontrivial.

Proof Consider a SVI or SSP problem. Let us recall that by Theorem 2, Algorithm 1
achieves expected gap

D? ) 84 In(1/n)
V_T +7M y(l + R 2 )

Choosing y = D/[M\/7T(l + %ln(gl#)], we obtain an expected gap

2/IMD V8d 2J14M DB  8JTMD+d
7 (1+ o Vin(i/m) = Tt Vi,

where we used that for a single-pass algorithm, n = 27 B (this choice of T' exhausts
the data when disjoint batches are chosen).
Recalling that B = min{\/d In(1/n)/e, n}. Then the expected gap is bounded by

( [dIn(1/m]"* /dIn(1/n)
O | M D max { , } .
Jne ne
Hence, we conclude the prrof. O

We observe that excess risk bounds of the same order for DP-SCO based on noisy
SGD and the uniform stability of differential privacy have been established [7]. Improv-
ing these bounds in DP-SCO required substantial efforts, which was only achieved
recently [4, 5, 19]. Furthermore, to the best of our knowledge, the upper bounds on the
risk above are the first of their type for DP-SVI and DP-SSP, respectively. To improve
upon them, we will follow the approach of [4], based on a multi-pass empirical error
convergence, combined with weak gap generalization bounds based on uniform sta-
bility.

4 Stability of NSEG and optimal risk for DP-SVI and DP-SSP

The bounds established for DP-SVI are potentially suboptimal, and many of the past
approaches used to attain optimal rates for DP-SCO, such as privacy amplification by
iteration, phased regularization, etc. appear to encounter substantial barriers for their
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application to DP-SVI. In order to resolve this gap, we show that for both DP-SVI and
DP-SSP we can indeed obtain optimal rates, which match those of DP-SCO. In order
to achieve this we develop a multi-pass variant of the NSEG method, which enjoys
generalization performance due to its stability.

4.1 Stability of NSEG method

To analyze the stability of NSEG itis useful to interpret the extragradient method as an
approximation of the proximal point algorithm. This connection has been established
at least since [38]. Given a monotone and 1-Lipschitz operator G : RY — RY, we
define the s-extragradient operator inductively as follows. First, Ro(-; G) : R? > R4
is defined as Ry(u; G) = ITyy(u). Then, for s > 0

Rsy1(u; G) = Ihy(u — G(Ry(u; G))). (4.1)

Given such operator, the (deterministic) extragradient method [33] corresponds to,
starting from ug € WV, iterating

U] = Ro(us vy F) (Vi € [T —1]).

Itis known that if G is contractive, the recursion (4.1) leads to a fixed point R (#; G),
satisfying
R(u; G) = My (u — G(R(u; G))). 4.2)

It is also easy to see that R(-; G) : R? — W is nonexpansive.

Proposition 6 (Near nonexpansiveness of the extragradient operator) Let F €
M%/V(L, M) and W C R4 compact convex set with diameter D > 0. Then, for

all s nonnegative integer, and u, v € R?,

IRs(u; y F) — R(u; y )| < (yL)* | Ro(u; y F) — R(us y F)|| 4.3)
and

IRs(u; y F) — Ry (v y F)|| < [lu — vl +2D(yL)’. 4.4)
Proof The first part, Eq. (4.3), is proved by induction on s. The result clearly holds
fors = 0, and if s > 1, we use (4.1) and (4.2) to obtain
|Rs(us y F) — R(u; y F)||
=Ty —y F(Rs—1(u; y F)) — ITyy(u — y F(R(u; y )|l

YIFRs—1(u; y F)) = F(Ru; y F))| < yLIRs—1(u; y F) — R(u; y F)||
(yL)'IRo(u; y F) — R(u; y F) |,

N IN

where in the first inequality we used the nonexpansiveness of the projection operator,
next we used the L-Lipschitzness of F', and finally we used the inductive hypothesis
to conclude.
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The second part, Eq. (4.4), is a direct consequence of (4.3), the triangle inequality,
and that Ro(u; y F), R(u; yF), Ro(v; yF), R(v; yF) € W. |

The next lemma shows an expansion upper bound for extragradient iterations. This
type of bound will be later used to establish the uniform argument stability of the
NSEG algorithm.

Lemma 1 (Expansion of the extragradient iteration) Let Fy, F; : RY > R4 monotone
L-Lipschitz operators, and 0 < y < 1/L. Letu,v € W, and w, z, u',v' € W such
that

w = My — y Fi () z = My —yFi(v)
u' = Iy(u —y Fr(w)) Vo= My — yFa(2)).
Then,
lw —z|| < llu — v +2LDy, (4.5)
' —v'|| < llu = v|| + (My + Ma +2LD)Ly?, (4.6)

where My 2 ||Fi(R(u; yF1)) — Fa(R(u; y F2))|| and My 2 ||Fi(R(v; y F1)) —
F(R(v; y F2)) |l

Proof By definition of w and z, we have,

lw—zll = ITw@u — y Fi(u) — ITyy(v — y F1(v))||
S R@; yFr) — R(vs y FOIl + [T — y Fi(w)) — R(u; y Fr)||
+Ihwy (v —y Fi1(v)) — R(v; y F1)||
< lu — vl + yL[IRo(u; y F1) — R(u; y F)|| + [[Ro(v; y F1) — Ty Froll,

where we used the nonexpansiveness of the operator R(-; y F}) and Proposition 6.
Moreover, since u, v, Ry(u; y F1), Ro(v; y F1) € W, we have |w — z|| < |lu — v|| +
2L Dy, proving (4.5).

Next, to prove (4.6), we proceed as follows:

lu = ') = Ty — y Fa(w)) — ITy(v — y F2(2)) |
S |R(u; y F2) — R(v; y )|
HITw @ —y F2(w)) — Iy (u — y F2(R(u; y F2)) |l
HTw @ =y F2(2)) — Ihy(v — y Fa(R(v; y F2))) |l
< llu —vll+yLllw—R@u; yF2)|| + yLlz — R(v; y F2)ll.

Using again Proposition 6, we have that

lw— R(u; y )|l = [|R1(u; y F1) — R(u; y )|
<R (u; y F1) — R(u; y FONl + |R(w; y Fi1) — R(u; y F2)||
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< LDy + |[Ty(u — y Fi(R(u: y F1)))
—Iy(u — y Fa(R(u; y F2))|

< LDy +y | Fi(R(u; y Fr)) — F2(R(u; y F2))||

< LDy + My.

An analog bound can be obtained for ||z — R(v; y F2)||:
lz— R(v; y F2)|| < LDy + May,
concluding the claimed bound (4.6):
lu’ — ') < llu — vl + LMy + Ma +2LD]y>.
O

The Expansion Lemma above allows us to bound how much would two trajectories
of the NSEG method may deviate, given two pairs of sequences of operators Fi ;, F> ;

and F| 1 FZ/,I' The bounds we will obtain from this analysis will give us direct bounds

on the UAS for the NSEG method.

Lemma2 Let Fy,, F>, and Fl/,z’ F; , be L-Lipschitz operators, and 0 < y; < 1/L

forallt € [T]. Let {(u;, we)}ie[r) and {(vs, 2¢) }eerT] De the sequences resulting from
/

Algorithm 1, with operators {(F1t, F2.1)}rerr) and {(F| ,, F2’ DYeelry, respectively;
and starting from u® = v°. Let

Ay 2 sup IF ) — Ff @,
uew

Ayy 2 sup ||Foy(u) — Fy (w)]],
uew

A7[1,t £ ||F1,t(R(Mt—1§ VFl,t)) - F2,t(R(ut—1; J/FZ,t))”, and
M2,t £ ||F1,,(R(v,_1; J/Fl,t)) - F2,t(R(Ut—l§ VFZ,t))”;

then, foralt =0,...,T,

t
v 2 g = vl < Y (1B + W+ 2LDILYE + LALy2 + Azsyy) (47)
s=1
t—1
6 2 lwy =zl < 37 (Ui + Mo + 2LDILYE + LA v + Aoy
s=1

+A1 ¥ +2LDy;. (4.8)
Proof Clearly, vy = 0. Let us now derive a recurrence for both v, and §;.
8 = Ry (us—1; J/tFl,t) — Ry (vi—1; VtFl/,[)”
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SR i—1: i Fi) = Rii—1: vi FLoll + 1R1ui—1s v Fi.) — Ri(ui—1: v Fi )|
< ur—1 — 1l + 2L Dy + |Ry (vi—1; Ve F1,0) — Ri(ve—1; VlFll,z)”’

where in the last inequality we used inequality (4.5). Let us bound now the rightmost
term above,

IRy (vi—15 v F1.0) — Ri(ui—1: v Fy )|
= [Ty (-1 — v F1(v—1) = Iy (vt = v Ff  (v—)) |
< Wil Fre(ui—) = Fi (o) |
<A 4.9)

We conclude that
8 K vi—1 +2LDy; + A1 ys. (4.10)

Now,

ve =llur — vl < 1Ty (e—1 = ye e (we) = My (-1 = v By z0)|

=TTy (ur—1 — ye F2, 1 (wr)) — Thy(ve—1 — ye F2 1 ze)l
+ I (i—1 — Y F2,1(z4)) — Ty (v —1 — )/th/’t(Zt))H

STy r—1 = vt (R ug—15 v F1))) — Thyy (-1 — ve Fa g (R1(v—15 v F{ )
+yillFo(zr) — Fit(Zt)H

<My (ue—q — VtFZ,t(Rl(Mz—U VtFl,t))) —Ihyy(v—1 — VtFZ,z(Rl(Ut—1§ VtFl,t)))H
+ Iy (i1 — v Fa, 1 (R1(ve—15 e F1.0)))
—Ihy(vr—1 — v F2 1 (Ri(ve—1; vt F{,Z)))H + vl

(i) ~ ~

<litg—1 — vyl + (M1 + Ma; +2LDILY? + v LIR  (v—1; v1 F1.0)
— Ry(ve—1; VzFl/),)H + Aoy

(i) ~ ~ 2 2

Vi1 + My + My +2LDILYS + LAy svf + Ap v,

where in inequality (i), we used Lemma 1 (more precisely, inequality (4.6)), and in
inequality (ii), we used (4.9). Unraveling the above recursion, we get that for all
relT],

t
v <0 (UF s+ Mo+ 2LDILYE + LALYE + D213 )-

s=1
Finally, we combine the bound above with (4.10), to conclude that for all t € [T]:

—1
8 <3 (U1 + B+ 2LDILY? + LAYy + Aoyy) + Ay + 21Dy
1

S

O
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The next theorem provides in-expectation and high probability upper bounds for the
NSEG method. Despite the fact that we will not particularly apply the latter bounds,
we believe these may be of independent interest.

Theorem 3 The NSEG method (Algorithm 1) for closed and convex domain W C R?
with diameter D, operators in M} w(L, M) and stepsizes 0 < y; < 1/L, satisfies the
following uniform argument stablllty bounds:

1. Let A,,.cc denote the Batch method where given dataset S, Fi; = Fs + & tl, and
F»; = Fs + &5. Then, in expectation,

Sup IE:-’4hmchrEG [5Abarrh—EG (S’ S/)]

S>~§’
T—1
DML , 2M
<> ([4M +2LD +4Vdo Ly} + = + —yt>
t=0

—Z (— +2LD) Vi,

and for constant stepsize y; = v, there exists a universal constant K > 0, such
that for any 0 < 6 < 1, with probability 1 — 6

SUP 8.4,,,110(S. 8) < 4UTVdo +0/KdIn(1/6)ILy* + [4M +2LDILTy?
S’\/

2ML oM 2ML
( > y. (@411

+ =Ty +—T + (== +2LD
n n

2. Let A,,..c denote Sampled with replacement method where given dataset S, Fy ; =
Fﬂi(m +‘;'ll, and Fr; = Fﬂi(2,t) +E’2,f0ri (1,1),i(2,t) ~ Unif([n)), independently.
Then, in expectation,

sup E[8.4,,,.,(S. 8]

S~S’
T-1
QML , 2M
<3 ([4M +2LD +4VdoILy} + ==y + —y,)
t=0

T
1 2ML
(%

repl-EG

) Vi (4.12)

And for constant stepsize yr = y, there exists a universal constant K > 0, such
that for any 0 < 0 < 1/[2n], with probability 1 — 0:

SUD 84,15, §) <4[TVdo +o/KdIn(2/6)|Ly*

S’\/
+[4M +2LD]|LTy? 4+ 2LDy
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2n,\2MT
+(1+3log () ——(Ly* + /T +y). (4.13)

Proof LetS >~ S’. Then

1. Batch method. Notice that for the batch case Fi , = Fs+£',and F{ , = Fy +&;
and F»; = Fs+&5,and Fy, =Fy + &5. Then, it is easy to see that Ay, < 2M /n
and Ay ; < 2M /n. On the other hand, since the operators are M bounded and
since noise addition is Gaussian

E[M) (] = E[| Fi1(R(u—1; y F1.1)) — Fa. (RGuy—1; y Fa. )]
< B[ Fgy (R(ur—1; ¥ F1.0)) + &1 11+ Bl Fg2 (R (w15 ¥ Fa,0)) + 511
< 2M +E[|E} 1| + 18511 < 2[M + Vdo], (4.14)

and an analog bound holds for E[Ah/iz,,]. Hence, by Lemma 2:

= 2ML oM
E Ayl Auens 5+ SO1 < 3 (14M +2LD +4vdoILy? + ==y + =)

t=0

T
1 2ML

(== +2LD)y,

+7 2 — +2LD)y;

=1

which proves the claimed bound.

For the high probability bound, we use that the norm of a Gaussian vector is
Kdoz-subgaussian, for a universal constant K > 0 (see, e.g. [48, Thm. 3.1.1]),
and therefore ]E[exp{k(”‘;‘f | —on/d)}] < exp{Kdozkz}; hence by the Chernoft-
Cramer bound, for any o > 0

{Z (&1 + 1851) > (2+a)Tfa):| exp{— mTfa}(exp{degm})

te[T]
= exp{T (2K do?2> — av/do))}.

Choosing % = a/[4K /do] and « = 24K \/In(T/6), we get

P S (1€ + 1E5]) > 2TVdo +20/KdIn(1/6) | <6. (4.15)

te[T]

This guarantee, together with the rest of the terms appearing in our previous sta-
bility bound (which hold w.p. 1) proves (4.11).

2. Sampled with replacement. Let i € [n] be the coordinate where S and S’ may
differ. Let i (1, ¢), (2, t) ~ Unif([n]) i.i.d., for t € [T]. Now we apply Lemma 2
with Fi, = Fg,  + g}, and F{ , = Fﬂ;(m +&and Fy, = Fg,,  + &), and

FZ”[ = Fﬂ?(z,z) + E’z Hence we have that (Aq,;);¢[r] and (A2 ;)se[7] are sequences
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of independent r.v. with expectation bounded by 2M /n. Therefore, by Lemma 2
(Eq. (4.8)), and following the steps that lead to inequality (4.14), we have:

T—1
2ML 2M
E[5.4(S.8)] < ) ([4M 4+2LD +4Vdo Ly} + — vE+ — n)
t=0

T
1 2ML
= E 2LD .
T =1 ( T )yt

Finally for the high-probability bound, note that for any realization of the algorithm
randomness, we have

5.4(S.8") < D [4M +2(|E} || + IE4]) + 2LDILy}

t=1
2LD T T 5 1 T T
+ T ;Vt-l-L;J/, Al,t*'?;Al,z)/t-l—;Az,ly,.

We additionally assume constant stepsize, y; = ¥ > 0. Hence, we can resort on
concentration of sums of Bernoulli random variables, which guarantees that

a 2MT 0
P> A > (1431log(2/0))—— | < exp{—1log(2/6)} = .
— n 2

An analog bound can be established for A, ;, which together with bound (4.15)
leads to

P [5 Ao (8,8 > 4T Vdo + 0 /KdIn(1/6)]Ly>
+[4M +2LD]|LTy? 4+ 2LDy

2 OMT
+(1+310g (5)) = (Ly? +y/T + y)] <20.

Notice this bound only depends on our choice of i, and it is otherwise uniform over
all S >~ S'. Finally, by a union bound on i € [n] (together with a renormalization
of ), we have that

P A so] S0P 84,00(S. 8) > HTdo +0/KdIn@2/6)]Ly?
S~§’
+[4M +2LD|LTy?* + 2LDy

4 2MT
+(1+3log (3)) =—(Ly? + /T + )| <o.
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4.2 Optimal risk for DP-SVI and DP-SSP by NSEG method

Now we use our stability and risk bounds for NSEG to derive optimal risk bounds for
DP-SSP. For this, we use the sampled with replacement variant, A, .

Fie()=Fg,, ) +&:  Fu()=Fg,, () +&. (4.16)
Using the moments accountant method (Theorem 1) one can show the following.

Proposition 7 (Privacy of sampled with replacement NSEG) Algorithm 1 with oper-
ators given by Eq. (4.16) and otz = 8M?log(1/n)/€% is (¢, n)-differentially private.

Theorem 4 (Excess risk of sampled with replacement NSEG) Consider an instance
of the (VI(F)) or (SP(f)) problem. Let A be the sampled with replacement variant
(4.16) of NSEG method (Algorithm 1), with y; = y = min{D/M, 1/L}/[n max{/n,
JdIn(1/n)/e}], o = 8 M*log(1/n)/e%, T = n®. Then, WeakGapy,(A, F) (for SVI)
or WeakGapgp(A, f) (for SSP) are bounded by

oD + L0 mes |-, YIHUD) , LD,

Remark 2 Notice that assuming n = §2(min{~/L, /M /D}) the bound of the Theorem
simplifies to

0 <(MD + LD?) max {L —len(l/m]) .
Jn ne

This is quite a mild sample size requirement. In this range, when M > L D, our upper
bound matches the excess risk bounds for DP-SCO [5], and we will show these rates
are indeed optimal for DP-SVI and DP-SSP as well

Proof Given that our bounds for SVIand SSP are analogous, we proceed indistinctively
for both problems.

First, let us bound the empirical accuracy of the method. By Theorem 2, together
with the fact that sampling with replacement is an unbiased stochastic oracle for the
empirical operator:

1 (D? 8d log(1
Es [EmPGap(A, S)] <7 (7 +TM*Ty? (1 - —sz( /n)))

2
< ?—n max{M /D, L} max{/n, \/M/S}
N TM?min{D/M,1/L} 9dIn(1/n)
nmax{y/n, /dIn(I/n)/e} &>

—0 ((MD + LD?) max [% —le:il/")]) ,
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where EmpGap(A, S) is EmpGapy(A, Fs) or EmpGapgp (A, fs) for an SVI or SSP
problem, respectively.

Next, by Theorem 3, we have that A (or x(S) and y(S), for the SSP case) are UAS
with parameter

, 2ML_ , 2M 2ML
8§ =[4M +2LD +4Vdo|LTy* + —=Ty?> + —Ty + | ——= +2LD )y
n n n

41.D? 1  8LD?>/2dIn(1 2LD% 1 2D 2LD 2D
<( +2D)—+ (/) =5+ —F—=+ =<5+ 373
n Men M 32 n w32 R
1 /MD+LD?> LD>/din(i/5) MLD
=o(-( + +255))-
M n en nd/

Hence, noting that empirical risk upper bounds weak empirical gap and using Propo-
sition 1 or Proposition 2 (depending on whether the problem is an SSP or SVI,
respectively), we have that the risk is upper bounded by its empirical risk plus M3,
where § is the UAS parameter of the algorithm; in particular, is bounded by

WeakGapy (A, F) < Es[EmpGapyy(A, Fs)] + M§

= 0((MD+LD2)max{%, dl:il/n)} + AZSL/ZD),

Similar claims can be made WeakGapgp(A, fs). Hence, we conclude the proof. O

5 The noisy inexact stochastic proximal point method

In the previous sections, we presented NSEG method with its single-pass and multipass
variants and provided optimal risk guarantees for DP-SVI and DP-SSP problems in
O (n?) stochastic operator evaluations. In the rest of the paper, our aim is to provide
another algorithm that can achieve the optimal risk for both of these problems with
much less computational effort. Towards that end, consider the following algorithm:

Algorithm 2 Noisy Inexact Stochastic Proximal Point (NISPP) Method
1: Input: wg € W

2:fork=0,1,..., K do

3:  Sample a batch By4| € S.

upr1 < VLOV, Fg () 4 Ak — wp)).

Wi < U1 + &gy, where &g ~ N (0, a,(z+1]ld)

6: end for

7: Wk = (Uico w1/ (Tieovi)

8: Output: [Ty (wk)

AN

In the above algorithm, we leave a few things unspecified which will be stated later
during convergence and privacy analysis. Here, we detail some key features of the
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above algorithm. In line 3, we sample a batch By of size B+ = |Bg41]. Similar
to the NSEG, we will look at two different variants of NISPP method: single-pass
and multi-pass. Depending on the type of the method, we will specify the sampling
mechanism. In line 4 of Algorithm 2, we have uj4; is a v-approximate strong VI
solution of the mentioned VI problem for some v > 0, i.e.,

(FByy (ga1) + g (g —wi), w —ugyr) =2 —v - Yw e W). (5.1

Note that if v = 0 then this is an exact solution satisfying (VI(F)) with operator F
replaced by F(-) 4+ A (- — wg). For v > 0, we obtain that ux1 is an inexact solution
satisfying solution criterion up to v additive error. In line 5, we add a Gaussian noise
to ui41 in order to preserve privacy. The resulting iterate wi41 can be potentially
outside the set WW. Hence, in line 7, the ergodic average wg can be outside W. In
order to preserve feasibility of the solution, we project wg onto set WV and output it
as a solution in line 8. Projection of the average in line 8, as opposed to projection
individual w41 in line 5 is crucial for convergence guarantee of Algorithm 2.

In the rest of this section, we exclusively deal with the single-pass version of NISPP
method, i.e., we assume that batches {Bj1}x=0,... x are disjoint subsets of the dataset
S. We start with the convergence guarantees of single-pass NISPP method. In order to
prove convergence, we show a useful bound on distyy (Wg) := min,ew||lw — wk ||

Proposition 8 Letuy := ;—Kzlfzoykukﬂ. Then,

. _ _ _ 1
disty (@x)* < Ntk =k I” = 7 I8 vekn | (5.2)
K
Moreover, we have
. _ 1
Eldisty ()] < 73 2o Bl (5.3)
K

Proof Notethatug € WW.Hence, firstrelation in (5.2) follows by definition of distyy ()
function. Equality follows from definition of ux and wg. To obtain (5.3), note that
{&)K0" are i.i.d. random variable with mean 0. Expanding || Y5, yx&4 1 |12 using
linearity of expectation and noting E[& lT §;1 = Oforalli # j, we conclude (5.3).
Hence, we conclude the proof. O

We prove the following convergence rate result for Algorithm 2 for the risk of
SVI/SSP problem. In particular, we assume that the algorithm performs a single-pass
over the dataset S ~ P" containing » i.i.d. datapoints.

Theorem 5 Consider the stochastic (VI(F)) problem with operators Fg € M,I/V (L, M).
Let Abe the single-pass NISPP method (Algorithm2) where sequence { vk }k >0, { M }k>0

satisfy
YAk = YoAo 5.4
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for all k > 0. Moreover, B4 are independent samples from a product distribution
Bii1 ~ PB+1 and By, C S. Then, we have

Zy(K)
I'x

1
Gapyy(A, F) < v + + M | oviotd. (5.5)
K

2 22
where, Zo(K) = M%Dz + Mz,ﬁoyﬁ + ohod Zleakzﬁ and Ty =

X Yoho 2
Similarly, A applied to stochastic (SP(f)) problem achieves

Zo(K) 1
Gapsp(A, f) < v+ +M | =i gviod,d. (5.6)
I'k g
Proof Let w € W. Then
(F(w), wiy1 — w) = (F(w), g1 — w) + (F(w), wer1 — tky1)- (5.7

We will analyze each term above separately. First, note that

1 5 Ak 5 M? )
(F(w), Weg1 — Ug+1) < EHF(W)H + 7||§k+1 I~ < R + 7||§k+1 7. (5.8)
Note that

(F(w), ug+1 — w)
SAFWpy1), upy1 — w)
= (FByy (Uk+1), k1 — W) + (F(ury1) — Py (et1), Up+1 — w)
< Ml — w, w — upg1) + v+ (Fug1) — FBy (1), Uk — w)
Ak
= 5 [ = el = w0 = w1 = fuger = wil?] +v
+ (F(uk+1) — FByyy (k1) U1 — w), (5.9)

where first inequality follows from monotonicity and second inequality follows from
(5.1). Now note that

(F (k1) — FByy (Upt1), Ug1 — w)
= (F(ury1) — Fy (upy1) — [F(wp) — FB (W), ug1 — w)
+ (F(wg) — FBy (Wi, 1 — wi) + (F(wg) — FB (W), wp — w)

< N F (i) — Fwp)|? + 3L I &
—_— u — w — U —w
3 2
+ Ny (i) — Fyy )l + = flugs 1 — wl)?
6L2" CFt * 20k
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3 2
+ Z_)Lk”F(wk) — Fpy ()|

Ak
+ kg — will? 4 (F(wg) — Fy,.,, (wy), wg — w)
2
k L 3
< et — wiel® + = lluks1 — wl* + =— | F (wg) — Fg,.,, (wp)I*
2 Ak 2Mk

+ (F(wg) — FBkJrl(wk)v Wi — w),

where last inequality follows from L-Lipschitz continuity of F and Fg,_,. Noting that
lug4+1 — wl < D for all w € VW and using the above bound in (5.9), we have

(F(w), up+1 — w)
< A{F(g41), g1 — w)

Ak
< 5[ = will® = fhw = w1
3L’p? 3 5
+v+ + EIIF(wk) — Fp . (W)™ + (F(wg) — Fpyy (wi), wip — w)

Ak

Ey
(5.10)

Letting u := wo and consequently &, = 0, we have from (5.10)

(F(w), ugy1 — w)

SAF (Wgs1)s 1 — w)
Ak
2
Ak

2

< 5 [ = el = = w17 200 = s = ) + g — wel?] + Ex

1
[0 = k]2 = o = s 1]+ 2k i = ) + Sl + Ex
(5.11)

Let us define an auxiliary sequence {zx}x>0, where zop = wq and for all k > 1, we
have

2k = Ihylze—1 — &l
Then, due to the mirror-descent bound, we have
Sci (e e — w) < gllw —wol? — gllw — 2k 1P+ T IE2 (5.12)
Moreover, noting that

Sxouk — zk—1) + (o zh—1 — zk) < Epoug — zie—1) + 1k Mlzke — zi—1l

(Epoup —zi) = (
< (B ug — zk—1) + &¢I
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Combining above relation with (5.12), we have

S uk—w) < Slw —woll® + 255 18 + X E e uk — zk—1). (5.13)

Now multiplying (5.7) by yx then summing from k = 0 to K; noting the definition of
wg and Ik ; and using (5.8), (5.11) and (5.13) along with assumption (5.4) implies
I (F(w), wg —w)
< yorollw — woll?
+ 0 [ B+ 012 + 2308 + viEk + Yoro (€ wk — zx-1) ]
= I (F(w), Iylwg] — w)
< yohollw — woll* + Tk (F(w), Myl — wk)
+ S0 [ B9 + k112 + 2SI + viEl + Yorolr ui — zk-1) |
< yorollw — woll* + Ik M distyy (k)

2
+ A0 [ B9 + 08112 + 2S8R + viEl + YorolEx wi — zk-1) |
(5.14)

Now note that

3L2D?
Ckcom B = Tkv £+ = ==Y eoh + 3z Lm0 | P (w0) = F(wi) |2
+ 1020 ko (- (F (wp) — Fy (), wi — w) (5.15)

Define A, = ﬁ(F(wk) — I, (wp)). Note that Ep,_,[Ag|wg] = 0. Moreover,
define an auxiliary sequence {f };>0 with hp := wo and

hit1 = ITylhr — Ag].
Then due to mirror descent bound, we have
Sico(Ak it — w) < 3w —woll? = Fllw — hgr1l? + X ol Al (5.16)
Moreover,
(Ap. hic = hyyr) < I Aell g — herr || < [ ARD.
Using above relation along with (5.16), we have

S oA by — w)
= 3K oAk, hrs1 — w) + (Ag, g — higr)]
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< 3w = woll? = 5w — il + 25K 14
= Y oAk wp — w)
= ol Ak wi — i) + (Ag, e — w)]
< oAk wie — hie) + llw — woll> = $lw — hx 1 11? + 23 4o Il Arl>

Using the above relation in (5.15), we have

3L°D> k5 3 <K o2 2
o Zk:o)’k + mZkzoyk | FByy (wi) — F(wi) |

ZfzoykEk =Tkv+

+ VO/\OZEZ()(Ak, wy — w)

2 2
Yo)o L?D
< an — wol® + FKv Zzﬁiom?

T Srorg Zh=0V I Foee (i) = Fw)?

+ 20000 ol Akll? + Yoro X peo (Ak, wi — h). (5.17)
Finally, note that for all valid k, we have

E[l1&,11] = od, (5.18)
E[ll Akl*] = Euy (B, [l Ag I |wi]]

1
= ZBuBh, [P (w0 = ) |2 |

2
)LQEwkEBkH IIFBHl(wk)II k% , (5.19)

E[{Ak, wp — hi)] = E[{(E[Ag|wk, hr], we — hi)] =0, (5.20)
E[(&, ur — zk—1)] = E[{(E[& uk, zx—1], ux — zx—1)] =0, (5.21)

where, in (5.19), we used the fact that Fg) is M-bounded for all 8 € S.

Now, using (5.17) in relation (5.14), noting the bound on distyy (wg ) from Propo-
sition 8 (in particular (5.3)), taking supremum with respect to w € V, then taking
expectation and noting (5.18)-(5.21), we have

I E sup (F(w), ITyylwg] — w)

weW
3)/0?»0 4M243L2D) | Syoh
S + 25 [m pn L WG d Vkv]

1 K 2 2
+FKM\/FZk=OVka+1d'
K

= E sup (F(w), Iy[wg] — w)
weW
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1 [3yM 4AM? +3L2D?
<v [V°°D2+ +

x| 2 YoAo

I k2
+M\/ﬁ2k=03’k‘7k+1ds
K

K 2, SphdK 2
D k=¥l T TZk_lUkH]

where in the first inequality, we used the fact that E[distyy (wg )] < v E[distyy (wk)2].
Hence, we conclude the proof of (5.5).
Now, we extend this for (SP(f)). Denote u**! = (x¥+1 7%+1) Then, we have

(F(y1)s U1 — w)
= (Ve f Rt 1s Vet 1)s Xkt — X) + (=Vy fF Kkt 15 Vet 1) Vi1 — ¥)
> f R, Ver1) = £ Ver 1) + [=f Gt ts Yer 1) + f G151
= f Q1. y) — X, Ver1).

Using the above in (5.11), we obtain,

F Gt ) = £ T < 5 [Ilw = el = lw = w2 + 2 G i = w)

< M
2

1 2

+ E)Lk”gk” + Ey.

Now, using Proposition 8 to bound the distance between points %K(Zfzoykfckﬂ,

> f:o VkYk+1) and (ITx [xk 1, ITy[yk 1) and using Jensen’s inequality to conclude that
1 —x - -
F—sz=o)/k[f(Xk+1, y) — f s Yer1)]
> f(r—;zf_oykml, ) = f O e i onisn]
z fx[xk]l, y) — fx, Hylyg D) — M| ~
v %KZ/f:okaHl — Ix[xk]
7= Dbt St — Mylyk]

and retracing the steps of this proof from (5.11), we obtain (5.6). Hence, we conclude
the proof. O

5.1 Differential privacy of the NISPP method

First, we show a simple bound on £,-sensitivity for updates of NISPP method.

Proposition 9 Suppose v < o g/lzz then £y-sensitivity of updates of Algorithm 2 is at
1

where Biy1 = |Bry1] is the batch size of k-th iteration.
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Proof Let wy be an iterate in the start of k-th iteration of Algorithm 2. Suppose By

and B;( 4 be two different batches used in k-th iteration to obtain uyy and u;< e

respectively. Also note that By and B;_ ; differ in only single datapoint. Then, due
to (5.1), we have for all w € W

(FByyy (Uit1) + Mg (Upt1 — Wi), W — Ujy) = —V
(Fo;,, (ty1) + My — i)y w — g g) > —v

Using w = u), 41 in the first relation and w = w4 in the second relation above and
then summing, we obtain

(FByyy (Upt1) — FB/M(MLH), Ukl — Ujey )
/ 2
<2v — Mg llugs1 — uk+1||
/ /
= (FBk+1 (uk+l) - FBk+1 (uk+1)» Uk+1 — uk+1>
/ / /
S APy, pyr) = FByyy (g y)s Uit — Uy )

2
+2v — Mgllukgr — upy |l

Now, noting that Fg, ,, is a monotone operator and denoting a1 := || FB}(H (uy, )
Fa . DI prt1 = llwiepr — wyy I = llugsr — ug, || we have
0 < (Fy_ | (rfy 1) = P, () i — ) +20 = gl — ufy 11
< A1 Pt — M Piyy + 20 (5.22)
Finally noting that if 8 and B’ are the differing datapoints in By and B}, 41- then
! I Fgr (i) — Fpugy Il < oM
Ayl = 55— (u — u _—
Bk+1 B k+1 B\ =~ Bk+1
Using the above relation in (5.22) and noting that ¢>-sensitivity pxy1 = ||[wig+1 —
Wil = lluk+1 — up|l, we have, py satisfies
5 2M 2v <0
Diy1 — 7T Pk+1 — T .
U MBr e
This implies
. M N M? N 2v . 2M N 2v
k+1 — < T —.
Pl X Mk Br41 )‘I%BI%-H Ak h M Br41 Ak
. 2M? 4M
Setting v < BT we have pi+1 < B Hence, we conclude the proof. O

Using the ¢;-sensitivity result above along with Proposition 3 and 4, we immediately
obtain the following:
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Proposition 10 Algorithm 2 with batch sizes (Bik+1)ke[K ]y Parameters (Ai)ke[K]o»

. 2 . . . .. .
variance okz = )3%23—1?“ ln(:# and v satisfying assumptions of Proposition 9 is (g, n)-
differentially private.

Now, we provide a policy for setting yx, A and B4 to obtain population risk
bounds for DP-SVI and DP-SSP problem by the NISPP method.

Corollary 2 Algorithm 2 with disjoint batches By is of size Bxy1 = B := n'/3 for
all k > 0 and the following parameters

M Jdn(1/n)
J/kzl, )\,k:)\,o ::max{E’L}maX{nl/:i’ n( /77)}’
&

5 32M? In(1/n) 2M?
Oy =———5—, V=—75,
1™ By €2 Lo B2

is (¢, n)-differentially private and achieves expected SVI-gap (SSP-gap, respectively)

0 ((M +LD)D [1%3 + —WD .
n en

Proof Note that values of v, ox41 and other required conditions proposed in Proposi-
tions 9 and 10 are satisfied. Hence, this algorithm is (e, n)-differentially private.

Moreover, all requirements of Theorem 5 are satisfied. In order to maintain single
pass over the dataset, werequire K = 5 = n?/3 iterations. Then, we provide individual
bounds on the terms of (5.5) ((5.6), respectively) and conclude the corollary using
Theorem 5.

Note that we are using a constant parameter policy. Hence, o3+ = 0 = % for
all k£ > 0. Substituting appropriate parameter values, we have

2M D < 2MD
V= X ’
n?3 max{n'/3, /dIn(1/n)/e} n
I k2 MVdoy _ 4M*2dIn(1/n) _ 4v2MD
M FZk:OVk Oppd = = S
K

\/? 8n2/3)»0 = n2/3 ’
3r0D? - 3(M+LD)D [ 1 JdIn(1/n)
2K 2 nl/3 en?/3 ’
AM? +3L2D? 4MD 3LD?
o VA + nl/3 "’
Shodo®  40M3dIn(1/n) _ 40M D/dIn(1/7)
2 €B%y en2/3 :
Substituting these bounds in Theorem 5, we conclude the proof. O

Remark 3 We have the following remarks for NISPP method:
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1. In order to obtain v-approximate solution of the subproblem of NISPP method
satisfying (5.1), we can use the Operator Extrapolation (OE) method (see Theorem
2.3 [34]). OE method outputs a solution uy satisfying |[ug+1 — wi, || < ¢ in

L;f—o)“’ ln(%) iterations, where wy | is an exact SVI solution for problem (5.1).
Furthermore, we have for all w € W,

0< (F(wltJr]) + )»k(wZJr] — W), w — w;;Jr])

= (F(ur+1) + F(wi ) — F(upg1) + A (upg1 — wi)
F A (Wi = ugg1), W — wiy )

SAF (upg1) + Mg (upr1 — wi), w — wi )
+ (L 4 A g1 — wip g Hw — wi |l

SA{F (i) + Mc(upr — wi), w — wiy )
+ (L + 2 Dllugr1 — wi |l

= (F(ugs1) + Mg 1 — W), W — g1 + 1 — Wiy y)
+ (L + M) Dl ugs1 — w,’gH I

S (Fug+1) + Ae(pg1 — wi), w — ugg1) + | F (up1)
+ A g1 — wi) kg1 — wiy |l

+ (L + A) D1 — wi |l

< (F(ur41) + Ak (Ur41 — wi), w — Ugt1)

+ [LD + M + 2)4 D] |Jur 41 — wi |l
Setting { = v/[L D+ M +2x; D], we obtain that uy is a v-approximate solution

Liko |y MD+LD*42),D?
A0 v

satisfying (5.1). Using the convergence rate above, we require
operator evaluations.
L+Xio

Note that since, Ao > L, we have S < 2. Moreover,

MD + LD? + 2x; D? 4, D?
In <In
v v

<2A(2)D232)
= |
M?2

dIn(1 L*D?
=In <n2/3max {n”%#}max{l, )}
e M?

(5.23)

Hence, each iteration of NISPP method requires O (log n) iterations of OE method
for solving the subproblem. Moreover, each iteration of the OE method requires
2B stochastic operator evaluations. Hence, we require O (K B logn) stochastic
operator evaluations in the entire run of NISPP (Algorithm 2). Noting that K B = n,
we conclude that this is a near linear time algorithm and also performs only a single
pass over the data in the stochastic outer-loop. We provide the details of OE method
in the Appendix B.

@ Springer



D. Boob, C. Guzman

2. For non-DP version of NISPP method, i.e., oy = O for all k, we can easily obtain
population risk bound of O(M—Jg) by setting Ag = %ﬁ, B =1 (or K =n)and
V= % in Corollary 2.

In view of Corollary 2, it seems that running NISPP method for n3/2 stochastic
operator evaluations may provide optimal risk bounds. However, running that many
stochastic operator evaluations requires multi-pass over the dataset so, in principle, this
would only provide bounds in the empirical risk. In order to compute the population risk
of this multi-pass version, we analyze the stability of NISPP and provide generalization
guarantees which result in optimal population risk.

6 Stability of NISPP and optimal risk for DP-SVI and DP-SSP

In this section, we develop a multi-pass variant of NISPP method, and prove its stability
to extrapolate empirical performance to population risk bounds.

6.1 Stability of NISPP method

Let us start with two adjacent datasets S >~ S’. Suppose we run NISPP method on
both datasets starting from the same point wo € V. Then, in the following lemma,
we provide bound on the how far apart trajectories of these two runs can drift.

Lemma3 Let (uk+1, Wit1)k>0 and (”;c+1’ w1/<+1)k>0 be two trajectories of the NISPP
method (Algorithm 2) for any adjacent datasets S ~ S’ whose batches are denotes
by Bj41, B;<+1 respectively. Moreover, denote ay1 := || Fg,,, (Ug+1) — FB;(+1 U+l
and 811 = |luk+1 — uy | (= w1 — wy,|) for k-th iteration of Algorithm 2.
Then, ifi = inf{k : Byy| # B;{H},

6.1)

o [=0 Fir1<i
s < Zi:i 2%:1 + ,/i—: otherwise.
Proof Ttis clear from the definition i that B; = B’]. forall j < i.Thisimpliesu; = u’j
andw; = w’; for all j < i.Hence, we conclude first case of (6.1).

Using (5.1) for v-approximate strong VI solution, we have,

(FBipy (Upt1) + Mg (g1 — W), W — Uj1) = —V, (6.2)
<FB;(+1(”;<+1) + i (Ufeyy — W), W — Ujeyy) = —v (6.3)

Then, adding (6.2) with w = u,’(Jrl and (6.3) with w = uy41, we have

(Fppp (k1) — Fﬂ;€+l(u;{+1), Ukl — Ujyy)

<20 — Ak (kg1 — ey y, (g — wi) — (upy — wy))
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2 / /
=2v— )»kak.;_] + )\k(uk+1 —Upgp, Wk — wy)

kk

S2v- 25k+1+ )

—Ls? e (6.4)
Also note that

(FByy (1) — Fyy (’4;(+1), Uyl — Ujy )
= (FB’ (Mk+1) (”k+1) Ukl — ”‘;H—l)
+ (FByy (k1) — FB’k+. (Ur1)s Ukt — Uy y)
2 (Fpyy (Up1) — Fgy | (iet1), e — Uptr)

where the last inequality follows from monotonicity of FB/HI. Using above relation
along with (6.4), we obtain

Ak k
S0k S 08 20 (P (k) = Py (), st = )

5 , 4y 2
= Sy SO+ " + Eak+15k+1,

where we used the definition a; along with Cauchy-Schwarz inequality. Solving for
the quadratic inequality in &+, we obtain the following recursion

a2,
a4 4v

Sep1 < =L 4 [T 4 52 +—
* Ak )»k B

which can be further simplified to

23k+1 4v
Sk+1 <6 —.
k+1 < O + » + "
Solving this recursion and noting the base case that §; = 0, we obtain (6.1). O

A direct consequence of the previous analysis are in-expectation and high prob-
ability uniform argument stability upper bounds for the sampling with replacement
variant of Algorithm 2.

Theorem 6 Let A denote the sampling with replacement NISPP method (Algorithm 2)
where By is chosen uniformly at random from subsets of S of a given size By. Then A
satisfies the following uniform argument stability bounds:

K
2M 4y
sup EA[8.4(S, SN < .
s <3 (5 )
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Furthermore, if |Bx| = B and Ay = A for all k (i.e., constant batch size and regu-
larization parameter throughout iterations) then w.p. at least 1 — n exp{—K B/[4n]}
(over both sampling and noise addition)

, AMK 4v
sup[64(S,SH] < —— + K,/ —
S~S/ kn )\.

Proof LetS ~ S" and (upy1)k, (u), 41k the trajectories of the algorithm on S and S/,

respectively. By Lemma 3, letting 8541 = [|g+1 — Wy, I, we get §; < i, (% +

1‘” where a; = || F,,, (k1) — FB (u;<+l)|| is a random variable. By the law
B B

of total probablhty, Ela;] < %‘sz_}f” + (1 - ";—“‘) 0= 2M . Hence, E[§;] <

i (3 + ) < S (B + &) sinee 1w - M@l <

lwg — wK I < maxke[lq 3k, and since S >~ §' are arbitrary,

K
2M 4
sup E4[84(5,8)1 < ) ( _”> .

S~S’ =1 n)\.k )\.k

We proceed now to the high-probability bound. Let ry ~ Ber(p), fork € [K], with
Kp < 1. Then, forany 0 < 6 < 1/2,

K
|:Z rrp > Kp+ ri| <exp(—6(r+ Kp))[l + pe? — 1)} < exp{Kpo? — 01}.

Choosing 8 = 7/[2Kp] < 1/2, we get that the probability above is upper bounded
by exp{—12/[4K p]}. Finally, choosing T = K p, we get

|:Zrk 2Kp:| exp{—Kp/4}.

Next, fix the coordinate i where S ~ S’ may differ. Noticing that aj is a.s. upper
bounded by (2M / B)rj with ry ~ Ber(p), with p = B/n, we get

K 2a,  20M KB
P — > —— | <exp{——}.
P 4n

\

A Aon

In particular, w.p. at least 1 — exp{—%}, we have a; < % + 47". Using a union
bound over i € [n] (and noticing that averaging preserves the stability bound), we
conclude that

, 4AMK 4v
P sup64(S,S)> ——+ K,/ — | < nexp{—KB/4n}.
S~§/ An A
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Hence, we conclude the proof. O

Remark 4 An important observation, for the high-probability guarantee to be useful,
is necessary that the algorithm is run for sufficiently many iterations; in particular,
we require K = w(n/B). Whether this assumption can be completely avoided is an
interesting question. Nevertheless, as we will see in the section, our policy for DP-SVI
and DP-SSP problem satisfies this requirement.

6.2 Optimal risk for DP-SVI and DP-SSP by the NISPP method

In previous three sections, we provided bounds on optimization error, generalization
error and value of o for obtaining (e, n)-differential privacy. In this section, we spec-
ify a policy for selecting A, Bk, Yk, ox and v such that requirement in the previous
three sections are satisfied and we can get optimal risk bounds while maintaining
(&, n)-privacy. In particular, consider the multi-pass NISPP method where each sam-
ple batch By, is chosen randomly from subsets of S with replacement. Then, we have
the following theorem:

Theorem 7 Let A be the multi-pass NISPP method (Algorithm 2). Set the following
constant stepsize and batchsize policy for A:

M Jdlogl/é
v =1, )\k:)nozmax{B,L}max{\/ﬁ,%/}, By = B = /n,

M? 8M /In(1/7)
K =n, V=—7, O] = 55— ————.
Aon B €

Then, Algorithm 2 is (g, n)-differential private. Moreover, output A(S) satis-
fies the following bound on E p[WeakGapy(A(S), F)] for SVI problem (or E 4
[WeakGapsp(A(S), f)]for SSP problem)

0 ((M +LD)D (i + —dlnl/”)) ,
Jn en

Moreover, such solution is obtained in total of O (n\/n) stochastic operator evalua-
tions.

Proof Note that since v satisfies assumption in Proposition 9, we have £,-sensitivity
of the update of uyy1 is M)4B—A/:1+1' Then, in view of Theorem 1 along with value of 031,
we conclude that Algorithm 2 is (e, n)-differential private.

Now, for convergence, we first bound the empirical gap. Given that our bounds
for (VI(F)) and (SP(f)) are analogous, we proceed indistinctively for both problems.
By Theorem 5, along with the fact that sampling with replacement is an unbiased
stochastic oracle for the empirical operator, we have for any S

roD?  TM?*  160M3%*d 1 8sM
FE_4[EmpGap(A, Fs)] < v+ —— + + In— + M~2d
n A0 §2B%yy 71 Bnekg
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cofur(+ £2T)

Similar claims can be made for empirical gap for (SP(f)) problem: E 4 [EmpGap(.A, fs)]
where output of A is (x(S), y(S)).

Next, by Theorem 6, we have that A(S) (or x(S) and y(S) for the SSP case) are
UAS with parameter

2M 4v  4M 4D
- <

=% TV S a

Hence, noting that empirical risk upper bounds weak VI or SP gap, i.e., using Propo-
sition 1 or Proposition 2 (depending on whether the problem is an SSP or SVI,
respectively), we have that the risk is upper bounded by its empirical risk plus M3,
where § is the UAS parameter of the algorithm; in particular, if WeakGap(A; S) is the
(SVI or SSP, respectively) gap function for the expectation objective, then

E 4 [ WeakGapyy (A, F)] < O(MD(% . @))
JaT
ol )

Similar claim can be made for WeakGapgp (A, f).
Finally, we analyze the running time performance. As in Remark 3, number of OE
Ltk (LD2+MD+AOD2))
) v :

method iterations for obtaining v-approximate solutionis O (

Now note that L}LLO)“’ < “/j;l < 2ssince n > 1. Moreover, in view of (5.23), we have

LD?>+MD+1oD? 4xD? 2p? dIn(l
In (%) < In (OT) < In (n2 max{1, £2°} max{n, ns(—z/")}) Each
iteration of OE method costs B stochastic operator evaluations and we run outer-loop

of NISPP method K times. Hence, total stochastic operator evaluations (after ignoring
the In-term) O (K B) = O (n+/n). Hence, we conclude the proof. O

7 Lower bounds and optimality of our algorithms

In this section, we show the optimality of our obtained rates from Sects. 4.1 and 6.1.
The first observation is that, since DP-SCO corresponds to a DP-SSP problem where
Y is a singleton, the complexity of DP-SSP is lower bounded by £2(M D(\/Lz +

min {1, ;/—f})) this is a known lower bound for DP-SCO [5]. It is important to note
as well that this reduction applies to the weak generalization gap, as defined in (1.4),

as in the case ) = {y} is a singleton:

WeakGapgp(A, f) = Ealsup Es[f(x(S). y)] — xlng Es[f (x, y(S)II

yey
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= EAEs[f(x(S), y)] — xig(f(x, y)

=Easlf(x(8),y) - xlg( VACTRDIN

which is simply the expected optimality gap. Using this reduction, together with a
lower bound for DP-SCO [5], we conclude that

Proposition11 Letn,d € N, L,M, D, e > 0 and § = o(1/n). The class of prob-
lems DP-SSP with gradient operators within the class M%/V(L, M), and domain VW
containing an Euclidean ball of diameter D /2, satisfies the lower bound

2 (D (- +minf1. Y0}),

Next, we study the case of DP-SVI. The situation is more subtle here. Our approach
is to first prove a reduction from population weak VI gap to empirical strong VI gap for
the case where operators are constant w.r.t. w. In fact, it seems unlikely this reduction
works for more general monotone operators, however this suffices for our purposes,
as we will later prove a lower bound construction used for DP-ERM [7] leads to a
lower bound for strong VI gap with constant operators.

The formal reduction to the empirical version of the problem is presented in the
following lemma. Its proof follows closely the reduction from DP-SCO to DP-ERM
from [5]. Below, given a dataset S € Z", let Pg = %Z Bes dg be the empirical
distribution associated with S.

Lemma4 Let A be an (¢/[41og(1/n)], e ¢n/[8log(1/n)])-DP algorithm for SVI
problems. Then there exists an (g, n)-DP algorithm B such that for any empirical
VI problem with constant operators,

EmpGapy (B, Fs) < WeakGapy (A, Fpg) (VS € Z").

Proof Consider the algorithm B that does the following: first, it extracts a sample T ~
(Ps)"; next, executes .A on T; and finally, outputs A(T). We claim that this algorithm is
(e, n)-DP w.r.t. S, which follows easily by bounding the number of repeated examples
with high probability, together with the group privacy property applied to A (for a
more detailed proof, see Appendix C in [5]). Now, given a constant operator Fg(w),
letR(B) € R be its unique evaluation. Let now Rg be the unique evaluation of Fg, and
given a distribution P let Rp be the unique evaluation of Fp(w) = Egp[Fg(w)].
Noting that ET[RT] = Rg, we have that

EmpGapy(B(S), Fs) = Egl suSV(Rs, B(S) — w)]

=Ea1l(Rs, A(T)) — wigvms, w)]

=E 4 sup Er[(Rs, A(T) — w)]
weW

= WeakGapy (A, Fpy),
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where third equality holds since the optimal choice of w is independent of T, and the
last equality holds by definition of the weak gap function and the fact that T ~ (Pg)”.
O

Next, we prove a lower bound for the empirical VI problem over constant operators.

Proposition12 Letn,d € N, L, M, D, e > 0 and 2700 L § < o(1/n). The class of
DP empirical VI problems with constant operators within the class M{,V(L, M), and
domain VWV containing an Euclidean ball of diameter D /2 satisfies the lower bound

oo 1“2 ),

Proof Consider the following empirical VIproblem: Fg(u) = MB, W = B(0, D) and
dataset S with points contained in {—1/ Jd ,+1/ Jd }d. Notice that, since the operator
in this case is constant, the VI gap coincides with the excess risk of the associated
convex optimization problem

Indeed, for any u € W,

- D3} B
EmpGapyi(u. Fs) = vezl?(?l))< tEZ[n] ot ) < l;] pret | Z Bi “>

+ MD(%, S B

This, together with the lower bounds on excess risk proved for this problem in [7,
Appendix C] and [46, Theorem 5.1] show that any (e, 1)-DP algorithm for this problem

1 A/ dlog(1/n)
’ en

must incur in worst-case VI gap £2 (M D min( 1), which proves the result.

O

The two results above provide the claimed lower bound for the weak SVI gap of
any differentially private algorithm.

Theorem 8 Leirn,d e N,L, M, D, e > 0and2~°™ < § < o(1/n). The class of DP-
SVI problems with operators within the class M{/V(L, M), and domain VY containing
an Euclidean ball of diameter D /2 satisfies a lower bound for the weak VI gap

.Q(MD(% + min {1, j—j}))

Before we prove the result, let us observe that the presented lower bound shows
the optimality of our algorithms in the range where M > L D. Obtaining a matching
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lower bound for any choice of M, L, D is an interesting question, which unfortunately
our proof technique does not address: this is a limitation that the lower bound is based
on constant operators, and therefore their Lipschitz constants are always zero.

Proof Let A be any algorithm for SVI. By the classical (nonprivate) lower bounds
for SVI [30, 40], we have that the minimax SVI gap attainable is lower bounded
by 2(MD/+/n). On the other hand, using Lemma 4 the accuracy of any (g, n)-
DP algorithm for weak SVI gap is lower bounded by the strong gap achieved by
(4eIn(1/n), €° é(n))-DP algorithms on empirical VI problems with constant oper-
ators. Finally, by Proposition 12, the latter class of problems enjoys a lower bound

£2(min{1, \/d In(1/[e® 6(77)])/[811 In(1/m)1}) = £2(min{l, V/d/[ne]), which implies
a lower bound on the former class of this order. We conclude by combining both the
private and nonprivate lower bounds established above. O
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A Proof of Proposition 2

Let S = (B),...,B,) be independent of S. For i € [n], we denote §' =
By, Bi—1s ﬁ;, Bii1, .-, By). Then, for any w € W, we have

Es(F(w), AS) — w)
1 n
=Es.s~ > (Fg (w), AS) — w)
i=1
1 ,
=Ess— > (Fp,(w), AS) —w)
i=1
| & ;
=BEs.s~ > (Fp, (), AS) — w) + (Fp, (w), AS) — AS))
i=1
1 .
<Ess— ) (Fg,(w), AS) —w) + | Fg, ) [ | AGS") — AS)|

i=1
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1< .
< ES,S/; Z(F,e,. (w), AS) —w) + M[|AS") — A®)|
i=1

1 & .
= Es(Fs(w), A(S) — w) + Es,s; Z M| AS") — A®) | (A1)
i=1

Now, taking supremum over w € W and taking expectation over A which is §-UAS,
we have,

E 4[WeakGapy; (A(S), F)]

= :
< Eal sup Es(Fs(w), AS) —w)] +Ess Y MEAJAS) — AS)|
we i=1

1< .
< E 45l sup (Fs(w), AS) — w)] + Es,s’; Z ME 4| A(S") — AS)|l

weW i=1

< Es[EmpGapy;(A, Fs)] + M3.

B Operator extrapolation method [34]

Suppose we want to solve VI problem associated with operator Fi(-) = F(-) + Ar(- —
wy) whose (unique) solution be w,’g 1 It is clear that Fj is an (L + XAg)-Lipschitz
continuous operator which is Ax-strongly monotone as well. Denote k := #"M +1
and consider the following algorithm for solving this problem:

Algorithm 3 Operator Extrapolation (OE) method

1: Let zg = z1 = wy be given.

2:fort=1,..., T do

3 zr = argming ey g (Fr@o) + ¢ [FeGo) = Frp] w) + 3w — 22
4: end for

We have the following convergence guarantee for this algorithm:
2 -T 2
lzr — wi 17 <« llzr — wig |l

In particular, in order to ensue that [[z7 — wi || < we require

v
LDZ+MD+2) D2’

LD>4+ MD + 2ka2) C2(L+2) (LD2 +MD + 2ka2)

T=2K1n(
L+ Ay

v v
itearations.
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