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—— Abstract

We give the first pseudorandom generators with sub-linear seed length for the following variants of
read-once branching programs (roBPs):

1. First, we show there is an explicit PRG of seed length O(log?(n/e) log(n)) fooling unbounded-
width unordered permutation branching programs with a single accept state, where n is the
length of the program. Previously, [Lee-Pyne-Vadhan RANDOM 2022] gave a PRG with seed
length Q(n) for this class. For the ordered case, [Hoza-Pyne-Vadhan ITCS 2021] gave a PRG
with seed length O(logn - log 1/¢).

2. Second, we show there is an explicit PRG fooling unbounded-width unordered regular branching
programs with a single accept state with seed length O(y/n - log(1/€) + log(1/)). Previously,
no non-trivial PRG (with seed length less than n) was known for this class (even in the ordered
setting). For the ordered case, [Bogdanov-Hoza-Prakriya-Pyne CCC 2022] gave an HSG with
seed length 5(logn -log1/e).

3. Third, we show there is an explicit PRG fooling width w adaptive branching programs with
seed length O(logn - log?(nw/c)). Here, the branching program can choose an input bit to
read depending on its current state, while it is guaranteed that on any input = € {0,1}", the
branching program reads each input bit exactly once. Previously, no PRG with a non-trivial
seed length is known for this class.

We remark that there are some functions computable by constant-width adaptive branching
programs but not by sub-exponential-width unordered branching programs.

In terms of techniques, we indeed show that the Forbes-Kelly PRG (with the right parameters)
from [Forbes-Kelly FOCS 2018] already fools all variants of roBPs above. Our proof adds several new
ideas to the original analysis of Forbes-Kelly, and we believe it further demonstrates the versatility
of the Forbes-Kelly PRG.
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New PRGs for Unbounded-Width/Adaptive-Order Read-Once Branching Programs

1 Introduction

One central question in complexity theory is whether randomness is necessary for efficient
computation. In the time setting, the question is essentially asking whether P = BPP. While
it is commonly believed that P = BPP [23, 16], it is known that establishing this would imply
breakthrough lower bounds in complexity theory [13, 17], which seems to be out of reach for
current techniques. Therefore, most previous works are devoted to derandomizing sub-classes
of BPP. In particular, the class of randomized log-space algorithms (BPL) has attracted a
lot of attention, since not only it contains many interesting problems, but also it is indeed
possible to give unconditional derandomizations of BPL [22, 27].

A leading approach to derandomize BPL is to construct explicit PRGs for ordered
read-once branching programs (see below for a formal definition) with short seed length.

» Definition 1. An ordered read-once branching program (roBP) B of length n and width
w computes a function B: {0,1}" — {0,1}. The program has (n + 1) layers of states
VouViU---UV, where V; contains all states in the i-th layer. Being width-w means that
[Vi| < w for every i € [n]. On an input x € {0,1}", the branching program computes as
follows. It starts at a fized start state s € Vy. Then for everyi=1,2,...,n, it reads the next
input bit x; and updates its state according to a transition function B;: V;_1 x {0,1} = V;
by taking v; = By(v;—1,x;). Note that the transition function B; can differ at each time step.

When we use the program to compute a decision problem, we specify a set Vi C [w]
of accepting states in the final layer. Let v, be the final state reached by the branching
program on input z. If v, € Vi, the branching program accepts, denoted by B(z) = 1.
Otherwise, the program rejects, denoted by B(z) = 0.

Next, we recall the definition of a pseudorandom generator (PRG).

» Definition 2. Let F be a class of functions f: {0,1}" — {0,1}. An e-PRG for F is a
function G: {0,1}* — {0,1}™ such that for every f € F,

P =1- P G =1]|<e.
WP U@ =1= P [f(G@) = 1]|<e
We say that G e-fools F if it is an e-PRG for F. The input length s is the seed length of the
PRG G. We say a generator is explicit, if given as input a seed x € {0,1}*, the output is
computable in space O(s).

In a seminal work, Nisan constructed an explicit PRG that e-fools length-n width-w
ordered roBPs with seed length O (logn - log(nw/€)). Since then, many PRGs with improved
seed lengths were constructed for sub-classes of ordered roBPs (see [5, 10, 20] and the
references therein), but Nisan’s PRG remains the state-of-the-art even for width-4 general
roBPs.

Nisan’s PRG (and [15, 9]) crucially relies on the following “communication” argument:
The first half of the roBP can only communicate logw bits (describing the state reached at
the end of the first half) to the second half. Due to this, it is possible to reuse all but log w
bits from the seed that is used to generate the first half of the pseudorandom input, when
generating the second half of the pseudorandom input. Recursively applying the idea gives
the log nlog(nw/¢c) seed length of Nisan’s PRG.

However, some researchers have the feeling that this type of argument is inherently limited
to having seed length at least log2 n [6, 26, 28]*, and different approaches are required to

! For example, in [26], “This paradigm seems unlikely to yield pseudorandom generators for general
logspace computations that have a seed length of O(logl‘99 n).’
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overcome this log® n barrier. The search for a different paradigm for designing PRGs has
motivated the study of models stronger than normal roBPs, with the hope that studying them
would inspire us to find new techniques. In particular, two interesting models, unordered
roBPs and unbounded-width roBPs, were introduced recently. It turns out that designing
PRGs for both models requires inherently new techniques or analysis compared to Nisan’s
original PRG (or the INW PRG [15]).

Unordered roBPs. Let B be a class of ordered roBPs. We say a function g: {0,1}"™ — {0,1}
is computable by an unordered B roBP, if there is a function f: {0,1}" — {0,1} and a
permutation 7 on [n] such that f is computable by a roBP in B and g(z1,...,2,) =
f(ﬂs‘.,r(l), Tr(2)y--- ,xﬂ(n)).

It is known that Nisan’s PRG fails to fool unordered roBPs [29]. After a long line of
previous works [4, 14, 26, 28, 11, 19, 7], Forbes and Kelly [8] constructed O(log? nlog(nw/e))-
seed-length PRGs fooling length-n width-w unordered roBPs with error .

Unbounded-width roBPs. Another recent line of works studied roBPs with unbounded
width [12, 25, 24, 3, 18]. Of course, a general roBP with unbounded width can compute any
function (even with a single accept state), so we must restrict our attention to sub-classes
of such roBPs. The following two sub-classes of roBPs are the most studied ones in the
literature.

» Definition 3. Let B be an ordered roBP with length n and width w. We say that B is a
reqular roBP, if for every t € [n] and every v € [w], there are exactly 2 pairs (u,b) € [w]x{0,1}
such that By(u,b) =v. We say that B is a permutation roBP, if for every t € [n] and every
be {0,1}, Bi(-,b) is a permutation on [w].

In [12], an O(logn - log 1/¢)-seed length PRG with error ¢ is constructed for ordered
unbounded-width permutation roBP with length-n and a single accept state. A later work [25]
(building on a prior work [1]) constructed an O(logn - \/log(n/e) + log(1/¢))-seed length
weighted PRG for the same class.?

1.1 Our Results

In this work, we consider two even stronger models of roBPs: (1) roBPs that are both
unordered and have unbounded width and (2) roBPs that can read input in an adaptive
order (that is, the next bit to read can depend on the current state).

1.1.1 Unordered and Unbounded-width roBPs

Given the recent developments on unordered roBPs and on unbounded-width roBPs, a natural
question is whether one can construct non-trivial PRGs for unordered and unbounded-width
(permutation or regular) roBPs. A prior, it is even unclear whether such a class admits
non-explicit PRGs with short seed length, since the usual probabilistic argument for the
existence of PRGs with short seed length does not apply here [12].

Our first result is a polylog(n/e)-seed-length PRG for unordered unbounded-width
permutation roBPs with a single accept state, significantly improving the previous Q(n)-seed
length PRGs from [18].

2 A weighted PRG for a class of functions JF is a pair of functions G: {0,1}* — {0,1}" and p: {0,1}* — R
such that E,cro,1ys[p(x) f(G(x))] is e-close to Egero,13n[f(2)]-
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» Theorem 4 (Unbounded width permutation BP). For all integers n and € > 0, there is an
explicit e-PRG G: {0,1}* — {0,1}™ with seed length

s = O(logn - log®(n/e))

that fools unordered unbounded-width permutation branching programs with a single accept
state.

Our second result is a O (y/nlog(1/e))-seed-length PRG for unordered unbounded-width
regular roBPs with a single accept state. No (even non-explicit) non-trivial PRG is known
for this class even in the ordered setting; Bogdanov, Hoza, Prakriya, and Pyne [3] has
constructed O (logn - log(1/))-seed-length HSG for the ordered case.?

» Theorem 5 (Unbounded width regular BP). For all integers n and e > 0, there is an explicit
e-PRG G: {0,1}* — {0,1}" with seed length

s = O( nlog (g) -logn>

that fools unordered unbounded-width regular branching programs with a single accept state.

In terms of techniques, we indeed prove that the Forbes-Kelly PRG suffices for the
two theorems above. Our analysis carefully modifies the original analysis from [8]. In
fact, we prove that a single round of Forbes-Kelly pseudorandom restriction fools unordered
unbounded-width regular roBPs (see Theorem 10). Iterating this restriction O(log(n/c)) times
proves Theorem 4. Unfortunately, it is unclear whether the same iterative construction fools
unordered unbounded-width regular roBPs since they are not closed under restrictions. Still,
doing the pseudorandom restriction exactly once with the right parameters proves Theorem 5.

1.1.2 Adaptive roBPs

While an unordered roBP can read its input in any order, it cannot change the ordering
based on the input it has read so far (i.e., the order is input oblivious). We also consider an
even stronger variant of roBPs, called adaptive roBPs, which are programs that can decide
the next bit to read given its current state. We formally define them as follows.

» Definition 6. An adaptive read-once branching program B of length n and width w computes
a function B: {0,1}" — {0,1}. The program has states VoU V3 U---UV,, where V; consists of
the w states in the i-th layer. On an input x € {0,1}", the branching program B computes as
follows. It starts at a fized start state vy € [w]. Then for every t = 1,2,...,n, it reads the bit
Tpos(t—1,0,_,) and updates its state according to a transition function By: V;_1 x{0,1} — V; by
taking vy = Bi(Vi—1, Tpos(t—1,0,_,))- Here, pos: Vo U --- UV, 1 — [n] is a function specifying
the index of the next bit to read given the current state vi_1. We require that on every input
x € {0,1}™, B reads each bit in = ezactly once.

We remark that adaptive roBPs are strictly stronger than unordered roBPs as shown by
an example function f : {0,1} x {0,1}™ x {0,1}"™ — {0,1} as

fb,w,y) =1 =0 1z =y] + 1[b = 1] - L[z = y"].
3 A hitting set generator (HSG) H: {0,1}* — {0,1} for a class of functions F satisfies the following: for

every f € F such that Pryeo,13=[f(2) = 1] > ¢, there exists z € {0,1}" such that f(H(z)) = 1. Note
that a PRG is automatically an HSG, while the converse may not hold.
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Here, yf* denotes the reversed string of y. Observe that there is a constant-width adaptive
roBP for f. The program first reads b. If b = 0, the program reads and compares x and y
bit by bit. Otherwise, the program compares x and y bit by bit. Moreover, it is easy to
see (via a communication complexity argument) that every unordered roBP for f requires
exponential width.

Our third result gives O(polylog(nw/e))-seed-length PRG for adaptive roBPs. To the
best of our knowledge, no explicit PRGs with seed length less than n was known prior to our
work.

» Theorem 7. For everyn,w > 1 and e > 0, there is an explicit e-PRG G : {0,1}* — {0,1}"
fooling width-w adaptive roBPs with seed length s = O(logn - log®(nw/e)).

We prove Theorem 7 by adapting the argument in [8]. The key observation allowing
us to do so is the following. Suppose B satisfies the read-once promise. Then, for every
vertex v € V;, if we denote by Pre, (resp. Post,) the set of possible variables read in any
path from the starting state to v (resp. v to the accepting state). It must be the case that
Pre, and Post, are disjoint for every v. By a delicate argument (Claim 15), we show that
this disjointness property is sufficient for applying the key technique of Forbes-Kelley proof:
decomposing the branching program by high/low-degree Fourier terms.

Moreover, when the width w of the adaptive roBP is small, we can show that the branching
program has bounded Fourier growth (following [7]). In particular, we show that the L-th
level Fourier mass of a width-w adaptive roBP is bounded by O(log(nw))?:*. As shown in
[8], for programs with bounded Fourier growth, we can further improve the seed length by a
log(n) factor. Formally, we show

» Theorem 8. For everyn,w > 1 and e > 0, there is an explicit e-PRG G : {0,1}* — {0,1}"
fooling width-w adaptive roBPs with seed length s = O(wlog®(n/e)).

Theorem 8 is a direct corollary of the new Fourier growth bound. We briefly comment on
how we get the Fourier growth of O(logn)?L* for adaptive roBP. Roughly speaking, given a
width-w, length-n adaptive roBP B, we construct a related witdh-2w, length-n? oblivious
roBP B’, such that the Fourier spectrum of B is “dominated” by that of B’. The idea is
simple: we duplicate each input of B for n times and get n? bits. Now, it is easy to construct
a width-2w oblivious roBP running on the n? bits to simulate B. (Essentially, the n? bits
allow us to make n passes over the input, we can use each pass to implement one step of
transition of B.)

Although B’ has n? input bits, we can exploit the promise that B is read-once, and prove
the following nice property: For any input z € {0, 1}”27 B'(z) depends only on n bits of z
(that is to say, there is a subset of n bits from z, such that flipping all other bits of z cannot
change the output). This allows us to connect the Fourier weights of B’ and B. The details
can be found in Appendix A.

2 Preliminaries

For a Boolean predicate P, we use 1;p} to denote the indicator of P, which takes value 1 if
P holds, value 0 otherwise. We often use U, to denote the uniform distribution over {0,1}"
(when n is clear from the context, we will just write U for simplicity), and U(X) to denote
the uniform distribution over a set X. For two strings a, 8 € {0,1}", we use a A § and oo+ 8
to denote their bit-wise AND and bit-wise XOR, respectively. Similarly, for two distributions
Dy, Dy, we use D1 A Dy (resp. Dq + D3) to denote the distributions obtained by drawing
a ~ Dy and 8 ~ Dy and outputting a A 8 (resp. a+ ().
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We always work with the {—1,1}"™ basis for Boolean function analysis. For a function
f:{-1,1}" = R, recall that its Fourier characters indexed by a C [n], is defined by

f(x)sz] -

[A<TeY

foy=_E

ze{-1,1}"

We often use greek letters (such as «, 8,7) to index Fourier characters.

We will need k-wise independent and y-almost k-wise independent distributions through-
out the paper, which look locally uniform and thus fool functions that only depend on a few
bits.

» Definition 9. Let D be a distribution over {0,1}". We say D is k-wise independent if, for
every f:{0,1}™ — [—1,1] that depends on at most k bits, we have

Ef(D) =B f(U).
If D merely satisfies

E (D)~ Ef(U)] <+

for every such f, we say that D is vy-almost k-wise independent.

It is possible to sample from a k-wise independent distribution using O(k -logn) random bits
([30]) and from a y-almost k-wise independent distribution using O(k + loglogn + log1/7v)
random bits ([21, 2]).

3 PRGs for Unbounded-width Branching Programs

In this section, we will prove the following theorem, which shows that one round of pseu-
dorandom restriction fools regular branching programs with unbounded width and a single
accept state.

» Theorem 10. Let B be an unbounded-width regular branching program of length n with
starting state s € Vy and a single accept state t € V,,. Let D, U denote a 2k-wise independent
distribution and a uniform distribution over {0,1}", respectively. Let T(@) denote a 2k-wise
independent distribution over [a]™, and let distribution T be defined as T; = 1 —1 for all

i € [n]. Then

{rl*

|E[B(U)] —E[B(D+TAU)]| <n-(1—1/a)*2

Since the class of permutation BPs is closed under restrictions, we can iteratively apply
Theorem 10 to it with k = log(n) and a = 2. The immediate consequence is that we get a
PRG for unordered unbounded-width permutation branching programs.

» Corollary 11 (Restating Theorem 4). For all integers n and € > 0, there is an explicit
e-PRG G: {0,1}* — {0,1}" with seed length

s = O(logn -log®(n/e))

that fools unordered unbounded-width permutation branching programs with a single accept
state.
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However, when it comes to regular branching programs, this class is no longer closed under

restrictions. Hence we can only apply Theorem 10 once and set k = O(y/n) and a = O(y/n).

It remains an interesting open problem to apply iterative restriction for unbounded-width
regular branching programs.

» Corollary 12 (Restating Theorem 5). For all integers n and & > 0, there is an explicit
e-PRG G: {0,1}* — {0,1}" with seed length

=0 (oo (2) s (2)) tsn)

that fools unordered unbounded-width reqular branching programs with a single accept state.

We will prove Theorem 10 in Subsection 3.1 and Subsection 3.2. In Subsection 3.3, we
prove Corollary 11 and Corollary 12.
3.1 Fourier Decomposition of Regular BPs

Recall that V; is the set of nodes in the i-th level of our branching program. s € V; is the
starting point and ¢ € V,, is the unique accepting state. z € {0,1}"™ is the input to our

branching program B. In order to work with {—1,1} basis, we let y; = (—=1)* for all i € [n].

For any two nodes a € V; and b € V;. We define the indicator P, ; : {—1,+1}" — {0,1},

1 Starting from a, we reach at node b on inputs z;11,...,%;;

P, =
) {O Otherwise.

Its Fourier expansion is as follows:
Popy)= >, Pupla) xaly)
aC{i+1,i+2,....5}
where the Fourier characters are defined as
Xo(w) = [ v:-
[1<teY
This naturally extends P, to R” — R.

Furthermore, we define

PRy = Y Pu) xaly)

aC{i4+1,i+2,...,5}
la|=k, j€a

which is the sum all the degree k terms that contain y;.
We also define

k o~
PRy = Y Pul@) xa®)
aC{i4+1,i+2,...,5}
la|=k, i+1ca

which is the sum all the degree k terms that contain y;41.

» Fact 13. Let D, T, U be the distributions defined in Theorem 10, and let G be a distribution
defined as

—1)bi T, =0,
Gi:{( ) VZG[TL]
0 T, =1.

Then, we have E[B(U)] = Py 1(2) and E[B(D + T AU)] = Eyuc[Ps+(y)].

39:7
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Proof. Notice that when y; = (—1)% for all 4, B(z) = Ps(y). The first fact holds because
fi)r all a # @, we have Ey y(+1}n)[Xa(y)] = 0. Hence E[B(U)] = Eyyq+13)[Pst(y)] =
P, (92).

For the second fact, conditioned on an instantiation of T, we define an intermediate
distribution G’ as

r_ (*1)Di
G = {(_1)(]1_

we know that E[B(D + T AU)] = Eyc [Ps 1 (y)].

T; =0,
T,=1.

When T; = 1, we have Eyoor[y; | T; = 1] = Eyogly; | T; = 1] = 0 since y; is sampled
uniformly and independently from {+1}.
When T; = 0, we always have G; = G’ = (—1)D:.

Hence for all a, we know that

Eyvcr[Xa(y)] = Ey~er [H yz} =Er H Ey~c [yi | Ti = 1] Eyocr H yi | T
L7558 =0

i€

=Br [ [[Bocli I Ti =11 Byee | [ i | T| | = Bonclra®)].
Bl 7=
As a result, Ey o/ [Ps+(y)] = Eyq[Ps,:(y)]. This finishes the proof. <

3.2 Bounding the Error

In the error analysis, we follow the approach of Forbes and Kelley [8]. By Fact 13, the result
we wish to prove is equivalent to

EyncPos(y)] = Pot(@)]| < (1= 1/a)"/2,
In the analysis of [8], they considered the decomposition,

Ly(y) = Z P,s(0) - Xa(y),

aC{1,2,...,n}
0<|a|<k

Here Ly (y) are the low-degree terms, and Ps[k,]n(y) - P, 1 (y) are the terms that reaches degree
k exactly at node m € V. The intuition is that the 2k-wise independent distribution D fools
L (y) while the high-degree terms are fooled by T'A U.

However, in order to work for unbounded-width regular branching programs, we have to
consider a different decomposition. Let Ly (y) be the same as before. We have

Poy(y) = Pus(@) = L) + > > Puml(y) - PULw).
i=1 meV;

Observe that we are using P,(,ﬁ 1 (y) instead of Rgf]t(y) The benefit of this decomposition is
that now for all y, we have

> Pon(y)’ <1,

meV;
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since from s only one state m can be reached under input y. In contrast, in the original
decomposition, Zmem Py.1(y)? could be very large. This difference will be essential in our
analysis.

Now we are ready to prove Theorem 10.

Proof of Theorem 10. By our decomposition, we know

E,~alPot®)] = Pot(@)| < [BynclLe@)]l + Y. Y [Byne [Pun®) - P |- (1)

i=1 meV;

Since G is k-wise independent, we know E,q [Lk(y)] = 0. Now we bound the second term.
We will need the following fact: For any two (not necessarily independent) sequences of
random variables { fm }mevi, {gm fmev;, we have

1/2
> fngm > > gfnl :

meV; meV; meV;

1/2

E <E E

This is the Cauchy-Schwarz Inequality for random variables.
Let fm = |Psm(y)| and g, = P,Sf%(yﬂ We have

Z (Ps,m(y)>2

meV;

> [Evec [Pun) P < Byro
meV;

We bound these two separately.
We first bound E, ¢ {Z p (y)Q} Suppose

meV; = m,t
PR =Y caxal).
By 2k-wise independence of G, we know for all o # § and || + |5] < 2k, the cross term

Ey~clxa(y)xs(y)] = 0.

For the square terms, notice that for all 7; = 1, we have y; = 0. When T; =0, y; = (—1)D'i.

T; = 1 happens with probability 1/a. D, T are 2k-wise independent. Hence when |a| = k,
we have?

EycXa(®)?] = Eyn[Xa(®)® - Livica1.=0}]

- (1 ~ i)k ‘EyvXa(®)’]

()

=k
= (1 - i)k IZ cl < <1 - i)k Ey.v {(Pm,t(y))z} :
=k

4 For brevity, we use y ~ U to mean that y ~ U({—1,1}").
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The last step follows from Parseval identity. Summing over all m € V; for a fixed i, we get

£ el (-2 G e
(1_> S Brvlfa >}=(1—i)k-

The last step is because now y ~ U, and the branching program is regular so that

ZmGVi Ey~U[Pm,t(y)] =15
On the other hand, as we mentioned, for any y, s can reach a single vertex in V;, hence

Z E ¢ [Ps,'rn(y)2] <L
mevV;

Putting these two together, we get

1/2

> (Pom())?

meV;

k/2
1
< (1 — > n. |
a

Finally, we prove Corollary 11 and Corollary 12 in the rest of this section.

[ByclPes(y)] — Pos(2)] < Z Ey-c B,-c

S PPy 1 "

meV;

3.3 Applications

Proof of Corollary 11. Let {D®},c (g, {TD};c(q be ¢ independent copies of 2k-wise inde-
pendent dsitributions defined in Theorem 10 with k = log (2) 4 loglog(2) 4+ 1 and a = 2.

We construct pseudorandom distributions G(9, G ... G® with ¢ = O(log(n/e)). We
let G be the set of all one strings in {0,1}" and set

GU+Y — pl) L 76 A ).
Let branching program B®) be defined as B(Y) = B and
BW(z) = BUHU(DO 4 70 A 1),

Since any restriction of a permutation branching program is still a permutation branching
program. For any realization of D and T, Theorem 10 says that,

BB (U)] = BB W) = [Bampio iz ao B ()] - BB )

( 1>log( )+10g log(%)Jrl 5/2
<|1-—= n < -

2 log(g)
From a standard Chernoff bound, with probability at least 1 —e/2, T AT@ A ... ATO =

0000...0. This implies that |E[BO(U)] — E, gw[B?(2)]| < /2 since B() does not
depend on its input when 7MW AT@ A ... A TE = 0000. . .0.

5 This is the only place we use the regularity of the program.
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On the other hand, by definition, we know Ep©) ,qo [B?(2)] = E, gw® [B(z)]. Hence
a hybrid argument proves that

B, o0 [B@)] — E[BU)]| = B, q0[B ()] - BBV U)]| + [E[BY ()] - E[BY U)]|

£
<e/2+ 3 |BIBY () - BBOW))|

<e. <

Proof of Corollary 12. For regular branching programs, let D and T be 2k-wise independent

distributions defined in Theorem 10 with k = 24/nlog () +1log (1) +2 and a = logr(lﬂ)'

We let D' be another independent copy of D.
We construct pseudorandom distribution G = D + T A D’. From Theorem 10, we know
that

k
B0 [Be)] — BBO)] < n- (1 - 1) <cf

Let N = |[{i | T; = 1}|. Since T is 2k-wise independent,

E[N*] < Z Pl =T, = =T, =1]
il,ig,...,ike[n]

P : 12
i1,92,...,i €[n]

Pr[T;, =1|T;, =T, = =T,

15—1

:1]

<
Il
—_

I
S
=~
\'Ew

<n.

==

(Pr[ij S {il,i27. .. ,ij—l}] +PI‘[T,'j =1 | ij g {il,ig, C aij—l}])

<.
Il
—

A
3
=
N
S|
_|_
SN
N———
ol

From Markov inequality, we get that Pr[N > 2k] < 2-(1/2)* +2- (n/(2ak))*. By the 2k
wise independence of D',

|Esnc[B(2)] = Evnpirav[B(@)]] <2-(1/2)F +2- (n/(2ak))* < e/2.
The seed length is 3k(logn + loga) = O (( nlog (%) + log (é)) -log n) <

» Remark 14. We believe the seed length in Corollary 11 can be improved to O(log? n-log(n/¢))
following the sharper analysis in Section 7.1 of [8]. However, for the simplicity of presentation,
we choose to only present it for the seed length of O(logn - log®(n/e)).

4 PRGs for Adaptive Branching Programs

In this section, we prove our results for adaptive roBPs.

4.1 Decomposition of roBPs

As before, We use B : {0,1}" — {0,1} to denote the adaptive branching program we are
analyzing and use P : {£1}" — {0,1} to denote the function computed by BP over {£1}
basis. For every input x € {0,1}", define y € {£1}" as y; = (—1)* for every i € [n], and
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define P(y) = B(z). For any state v in the program, we denote by pos, the index of the
variable queried on state v. We have two outgoing edges from v, one marked with zpes, = 0
and another with xpes, = 1.

For any state v in the program, we denote by Pre, the set of variables read in any path
from the starting state to v, and by Post, the set of variables read in any path from v to the
accepting state. We observe that Pre, and Post, are disjoint as otherwise there exists a path
from the starting state to the accepting state (and passes through v) and reads the same
variable twice.

Formally, suppose there exists a vertex v and an index i € Pre, N Post,,. We choose a
computation path 7 from starting vertex vy to v that queries the set S C [n] of variables,
and a path 7" from v to the final layer that queries the set T' C [n], where i € S.

We can construct an input « € {0,1}" that guides the program to follow the computational
path of mo7’. Each time the program reads a variable x;, if z; has been queried before, this
clearly violates the read-once requirement. Otherwise, we can set x; to make the program
follow the path of mo «’. However, since know z; is queried at least twice along the path,
there must be some point, where the “read-once” requirement is violated.

Define P : {—1,1}"™ — {0,1} as the function computed by the program. For a state v
in the branching program, we denote by P_,, the event that the path from the starting
state passes through v. Note that P_,, can be described as a branching program on the
variables Pre,. We denote by P,_, the sub-program of P starting at v. Note that P,_, can
be described as a branching program on the variables Post,,.

4.1.1 Fourier Decomposition for Adaptive BP

~

Recall that the Fourier representation of any function f: {£1}" = Ris >0, () f(@)xa(y)

-~

where xo(y) = [[;cq ¥ and f(a) = Eyoqi13»[f(¥) - Xa(y)]. Furthermore, we have that
Ey (z10 [f()%] = X4 f(@)? and By g1y [f ()] = f(0).

Let k € N. Let a be a set of size £ > k. We express ]3((1) as a sum of products of Fourier
coefficients, where the Fourier coefficients come from sub-programs of B. In particular, we

have the following claim.

> Claim 15. We have

—

P(a) = Z ];_:}(a N Pre,) - P, (aN Post,).

v:|Pre,Na|=k,pos, Ea

Proof. By definition

P(Oé) = EyN{:tl}” [P(y) * Xa (y)] = Eyw{:l:l}” [P(y) . 1{B on y reads all the variables in a} * Xa (y)]

where the second equality holds due to the following reason. For any 3 C o let Xg be the set
of strings on which the program reads 8 and doesn’t read a \ . We note that if z € Xz for
some set S which is a strict subset of a, then also 2’ :=x @ e; for i € '\ § is in X3, since
the path for both z and 2’ will be the same (as the path doesn’t query x;). We see that the
inputs in X can be partitioned to pairs, and each pair contributed 0 to E,+13n [xa(¥)]-

For any z for which B(z) reads all the variables in «, there is a unique state v along the
path such that B reads exactly k variables in a before v, and B reads the k£ + 1 variable
from « immediately on the edge that goes out from v.

Thus, we can partition these paths according to the state v. We observe that v is the
state immediately before reading the k + 1 variable in « if |Pre, Na| = k and if pos, € «a.
This gives
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P(a) = Ey~{il}" Z Py (y)Pos (y) - Xa(y) - 1{B reads all the variables in a}
v:|Prey Na|=k,pos, Ea
= Z EyN{il}" [P—)u (y)P'UH (y) " Xa (y)] . 1{B reads all the variables in a}]
v:|Pre, Na|=k,pos, Ex
= Z Ey g1y [Poo(y) Pos (y) - Xa ()]

v:|Pre, Na|=k,pos, €

where the last equality follows from the same argument as before by observing that
P, (y)P,—(y) is equivalent to the indicator of a program B’ that checks that we passed
through v and reached the accept state of B.

Now, for every state v : |Pre, N | = k, pos,, € a, we get

Eo[Pou(y) Pos (1) - Xa ()]

= Eye{O,l}P'ev [P—W (y)XaF‘lPreU (y)} : EyE{O,l}POStv [Pv—> (y)onﬁPostv (y)]

= P/’_:,(a N Pre,) - E,:(a N Post, ),
which completes the proof. <

By summing over all sets of size larger than k we get

> Pla)xa(y)

a:la|>k

= > Py (a N Prey)Xarpre, () - Poos (@ N Post, ) Yanpost, ()

a,v:|Pre,Na|=k,pos, Ea

Y mews) [ ¥ A

v a’:a’ CPrey,|a’ |=k a’’:a’’ CPost, ,pos, €Ea’’

For each v we denote

—

H,(y) = > Poyy(@)xar (y)

a’:a’ CPre,,|a’ |=k

Goly) = >, Pou(@”")Xan (9)-

a’’:a’’ CPost, ,pos, €a’’

We observe that G, (y) is the pos,-Laplacian® of P,_,. As such, G, (y) is a bounded function,
ie, |Gy(y)| <1forall y e {£1}"

» Lemma 16. For any read-once adaptive branching program B, let P be the function
computed by B. We have

P(y) =E[P(U)] + L(y) + Y_ Hu(y) - Gu(v)

where L(y) = Zlg\a|§k ﬁ(a)Xa(y)'

5 Given a function f : {#1}" — R and index i € [n]. The i-Laplacian of f is defined as a new function
Lif(y) := M, where e; denotes the i-th unit vector. Observe that L; f(y) = ZS:Z'ES F(S)xs(y).
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Proof. Any function can be written in the Fourier representation, i.e.
P(y)= Y P(a) xa(y)-
aCln]

Now, we can partition this sum to the sum of sets of size at least k and the sum of sets of
size smaller than k,

P(y) = E[P] + L(y) + H(y)

where
E[P|=P0), L= Y P@xily) and Hp) =Y Pl@)xa)
1<) <k || >k
We decompose H(y) by the above decomposition. <

4.2 Forbes-Kelley PRG fools Adaptive roBP
In this section, we prove that the Forbes-Kelley PRG fools adaptive roBP. First, the following

lemma is the analog of [8, Lemma 6.3] for adaptive roBP.

» Lemma 17. Let B be a read-once adaptive branching program of size s. Suppose D, T,
and U are independently drawn from a 2(k 4 1)-wise independent distribution, a (k4 1)-wise
independent distribution, and the uniform distribution over {£1}™, respectively. Then,

|[E[P(U)] —E[P(D+TAU)|| <s-27%2
Since we are working over £1 basis, T AU is a coordinate-wise operation defined as (TAU); =
—lifand only if T; = U; = =1, and D+ (T AU) is defined as (D+ (T AU)); = D; x (T AU);.
Proof. We use the Decomposition Lemma (Lemma 16):

B[P~ E[P(D+ T AU)]| < [EIL(D+T AU+ S [El(H, - G)D+TAD).  (2)

veV

The first summand in the RHS of Eq. (2) equals zero since D + T A U fools any y, for
|a| < k. Namely,

E[L(D+TAU) = Y  P(a) Elxa(D+TAU) =0.

0<|a|<k
We bound the second summand in the RHS of Eq. (2) term by term. For each v € V:
|Ep,rul(Hy - Bos )(D+T AU
< Epr [E[(H, - Bos)(D + T AU

=Epr[Ev[H,(D+T AU [Ev[Guo(D+T AUl 3)
< Epr[[Ev[Hy(D+T AU (4)
<27k/2, (Claim 18)
Here, (3) follows by observing that, for every fixed T' and D, H,(D+T AU) and G, (D+T AU)

are independent. (4) is due to that B,_, is bounded. Finally, the last line utilizes a claim
that is to be introduced and proved next.
Overall, we get

E[BU)] -E[BD+TAU) < Y 2772=5.27F2
i, weV;

as desired. <
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The following claim has been used in the proof of Lemma 17. We show its proof now.

> Claim 18. Let H, : {1} — R be a function whose Fourier spectrum is k-homogeneous,
ie.,

Hy(y)= >  Hy(a) xaly).

aClm]:|a|=k

Let D, T, and U denote a 2k-wise independent distribution, a k-wise independent distribution,
and uniform distribution over {0,1}"™. Then,

Epr[[Ev[H,(D+TAU)|] <27F2. /ZH

Proof. We verify the claim by direction calculation.
(Epr [|[Eu[H,(D+T AU

<Epr [Ev[H,(D+T AU)P
:EDTUU’[H (D+T/\U) (D+T/\U)]

fZHU o) EpruuXaD+TAU) Xar(D+T AU
= Z H,( o) - Ep[xa(D)xa (D)) Br.u.urxXa(T AU) - xor (T AU")]
= ZEW EruoXaTAU) Xa(TAU)] + > [Hy(a)] - |[Hy()] -0
« aFa’
(D is 2k-wise)
= ZH -Er[l{anr=0)]
= Q—k . Z[/{;(Q)Z, (T is k-wise independent, |a| = k)

<

Finally, let us remark that we can also use J-almost k-wise independent distributions
T, D to construct D + T A U. Doing an analysis similar as we have done for Claim 18, one
can show that

[E[PU)] -E[P(D+TAU)|| <s- <ﬁ+2k/2+ﬁ<z Iﬁ(a)l>>~

The argument is also similar to the one done in [8, Lemma 7.2]. We omit the detail here.

Note that, if we can prove a good upper bound of ) |ﬁ(a)|, we can hope to construct
D, T using v-almost k-wise independent distributions with larger . Recall the seed length
to sample a y-almost distribution is O(log(1/7v) + k + loglog(n)), which is smaller than the
seed length to sample a perfect k-wise independent distribution by a log(n) factor for large
(e.g., when v ~ 27F).

4.2.1 PRG for Adaptive roBP

Given Lemma 17, we prove Theorem 7 now.
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Proof of Theorem 7. The proof is nearly identical to that of Corollary 11.

Let {D(i)}iem, {T(i)}ie[z] be ¢ independent copies of 2k-wise independent dsitributions
defined in Lemma 17 with k = log (%) + loglog(Z) + 1.

We construct pseudorandom distributions G, G ... G with ¢ = ©(log(n/e)). We
let G be the trivial PRG that outputs 1™ € {0,1}™. Then we set

G+Y) — p@) 4 7@ A &,

Define a branching program B® as B®) = B and

BW(z) = BGHU(DO 4 70) A 1),

Note that B is a random variable depending on D®) and T, Since the restriction of
an adaptive roBP is still a roBP. For any realization of D) and 79, Lemma 17 says that,

€/2
~ log(2)
From a standard Chernoff bound, with probability at least 1 —e/2, T AT@ A ... AT =
0000...0. Conditioning on this event, B(®) does not depend on its input, implying that
|E[BOU)] — E,.qo [BYW]| < &/2 since B,

On the other hand, by definition, we know Eg) ,.qo [B (2)] = E, g [B(z)]. Hence
a hybrid argument proves that

BB )] - E[BOW)]

[Bacio [B@)] — E[BU)]| = [Eyrgo [BO()] - BB U)]| + [BBO©)] - E[BOW)]

IN

4
e/2+ > [EBC V() - BB )]
i=1

IN

€,

completing the proof. |
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A  Fourier Growth of Constant-Width Adaptive roBP

In this appendix, we show that the Fourier growth of width-w adaptive roBP is upper
bounded by that of width-2w oblivious roBP. As a corollary, we can use almost k-wise
independent primitives in the construction of Forbes-Kelley PRG, which saves the seed length
from O(log®(n/c)) to O(wlog?(n/e)) when w is small.

A.1 Reducing Adaptive roBP to Oblivious roBP

We start by proving the following lemma.

» Lemma 19. Suppose B : {0,1}"™ — {0,1} is computed by a width-w adaptive roBP. Then
there is a width-2w oblivious roBP B’ : {0, 1}”2 — {0, 1} such that the following inequality
holds for every L > 1,

S Bl Y [Bla)

aClnflal=L aCn2flal=L
Proof. For an input z € {0, 1}"2 to B’, we partition the bits into chunks of length n. Namely,

w= (@2, (@b, (k).

For each i € [n], we will think of (fj')je[n] as n duplicate bits that equal to the i-th input bit
to the original program B. Namely, consider a mapping o: {0,1}" — {0, 1}”2 as

o(z) = (21,22, -+, Zn)s- -5 (21,22, - .-, 2n))-
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Constructing the oblivious program. We construct a width-2w oblivious roBP B’ such
that B(z) = B’(o(x)). To illustrate, in the following, we use z = (z1,...,z,) to denote
the input of B, and z = (21,...,2") to denote the input of B’. Note that 1f z = o(x), then
zf = x; for every 14, j,

We describe the construction now. Note that B’ involves n? + 1 layers and n? transitions.

For each i € [n], We use the ((i — 1)n + 1)-th to the (in)-th transitions of B’ to implement
the i-th transition of B.
Recall that the (i — 1)-th (resp. i-th) layer of B contains states V;_; (resp V;). Write

Vier = {v1,...,vp} and V; = {ug,...,uy}. We construct V,_1 = {v,... v, uf, ... ul,}.

» Yo

Identify vf,...,v), with vy,..., v, and u),..., u,, with uq,...,u,. Recall that each vertex
v; reads one input bit Tpos, from z.

We make n+ 1 copies of Vl 1, denoted by il ,V?_l. Next, we build a sub-program

from Vl L to V', using mputs 2}, ..., 2" For each t € [n], we add edges from V;:i to

V _1. We let all states of V ] | read the varlable 2! (which is supposed to be z; if o(x) = z2).
For every v; such that pos,, = t, suppose v; has two out edges to u;,,u;, with label 0 and 1.

We add two edges from v/ (in V:j) to u} and v, (in V:fl) with label 0 and 1. For every v;
where pos,,. # t and every u;, the state reads the input and simply ignores it. (operationally,
this means we add two edges from the current state to the corresponding state in the next
layer.)

Now we have n sub-programs: for each ¢ € [n], we have a subprogram from V?_l to
V7' |. For each i € [n], observe that both the “u”-states of V; ; and the “v”-states of V?

are identified with states in V;. We naturally glue each pair of corresponding states together.

We also glue “v”-states of V| and “u’-states of V; arbitrarily. This way, we construct a

larger branching program of length n? (from ﬁl) to V) and width 2w. It is straightforward
to verify that B(z) = B'(o(x)).

Calculating Fourier weights. Now we verify that B’ satisfies the lemma statement. Consider
the Fourier spectrum of B':

=2 B

aCln?]

We claim that, for every o C [n?] such that there exists {kin + i, kan + i} C a for some
k1 # ko and ¢, it must be the case that |B’(«)| = 0. Indeed, we have

B'(a) = E.tr 5 [Xa(2) - B'(2)]. (5)
We observe that

B'(z) = Z 1[B’ on input z follows ).

m:accepting computation path

Let zj, ,zj, be the two variables associated with indices {kin + i, kon + i}. By the promise
that B is read-once, in any computation path 7 of B’, it cannot be the case that both .
and z;, are used (i.e., at least one of them is ignored in the path). It follows that each path
contributes zero to (5). Consequently, /B\’(a) =0.

Next, we have

B(z) = = > Bla (z)).

aC[n?]
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As we have shown, B\’(a) is non-zero only when a does not contain two variables z}cl , 2,22 in
the same group k. For every such a, xa(0(2)) = X11(a)(z) Where II denotes the projection
of a onto [n]. Namely, II(«); = 1 if and only if agpt; = 1 for some k € [n]. It follows that
|a| = [TI(«)]. Finally, applying the triangle inequality gives

o B@I< > B,
BCIn]:|BI=L aCln?):|al=L

as desired. <

A.2 Fourier Growth and Pseudorandomness

Chattopadhyay, Hatami, Reingold and Tal [7] proved the following Fourier growth bound for
width-w oblivious roBP.

» Theorem 20 ([7]). Suppose B: {0,1}"™ — {0,1} is computed by a width-w oblivious roBP.
Then, for every k > 1, it holds that

Y IB(a)| < O(log(nw))"*.
a:lal=k

As a direct corollary from Lemma 19 and Theorem 20, we obtain the following Fourier
growth bound for width-w adaptive roBP.

» Corollary 21. Suppose B : {0,1}™ — {0, 1} is computed by a width-w adaptive roBP. Then,
for every k > 1, it holds that

S 1B(a)] < O(log(nw))?*.

a:|lal=k

Similarly as done by Forbes and Kelley [8], one can use the Fourier growth bound to
improve the seed length for small-width adaptive roBP, and obtain the following corollary.

» Corollary 22 (Restating Theorem 8). For every n,w > 1 and € > 0, there is an
explicit e-PRG G : {0,1}* — {0,1}" fooling width-w adaptive roBPs with seed length
s = O(wlog®(n/e))).
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