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Abstract—We consider the classic question of state tomogra-
phy: given copies of an unknown quantum state p € C?*%, output
p which is close to p in some sense, e.g. trace distance or fidelity.
When one is allowed to make coherent measurements entangled
across all copies, ©(d?/c?) copies are necessary and sufficient
to get trace distance ¢ [18], [29]. Unfortunately, the protocols
achieving this rate incur large quantum memory overheads that
preclude implementation on near-term devices. On the other
hand, the best known protocol using incoherent (single-copy)
measurements uses O(d®/c?) copies [24], and multiple papers
have posed it as an open question to understand whether or
not this rate is tight [6], [18]. In this work, we fully resolve
this question, by showing that any protocol using incoherent
measurements, even if they are chosen adaptively, requires
Q(d®/e*) copies, matching the upper bound of [24]. We do so
by a new proof technique which directly bounds the “tilt” of
the posterior distribution after measurements, which yields a
surprisingly short proof of our lower bound, and which we believe
may be of independent interest.

While this implies that adaptivity does not help for tomography
with respect to trace distance, we show that it actually does help
for tomography with respect to infidelity. We give an adaptive
algorithm that outputs a state which is ~-close in infidelity to
p using only O(d®/~) copies, which is optimal for incoherent
measurements. In contrast, it is known [18] that any nonadaptive
algorithm requires Q(d®/~v?) copies. While it is folklore that in
2 dimensions, one can achieve a scaling of O(1/7), to the best of
our knowledge, our algorithm is the first to achieve the optimal
rate in all dimensions.

Index Terms—Quantum learning, quantum state tomography,
adaptive algorithm, single-copy measurements

I. INTRODUCTION

In this paper, we consider the problem of quantum state
tomography. Here, the algorithm is given n copies of an
unknown d-dimensional quantum mixed state p, and the goal
is to output p which is close to p in some sense.! There
are several standard ways to measure closeness used in the
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literature. Arguably the two most important and well-studied
notions are that of frace distance and infidelity*, which are
the natural quantum analogues of total variation distance and
Hellinger distance, respectively. From a mathematical point of
view, tomography is arguably the most fundamental quantum
state learning task, and can also be seen as the natural non-
commutative generalization of the classical problem of esti-
mating a discrete distribution from samples. From a practical
point of view, state tomography has many applications to the
verification of quantum technologies [5].

In the coherent setting, that is, when the learner is allowed
to make arbitrary measurements to the product state p=", the
situation is very well-understood. [18] demonstrated that for
this problem, n = O(d?log(d/e) /) copies suffice to learn a
state to error ¢ in trace distance, and n = Q(d?/2) copies are
necessary. Concurrently, [29] removed the logarithmic factor
in the upper bound, thus establishing that the optimal rate
for this problem is n = ©(d?/e?). The aforementioned paper
of [18] also showed that, up to a single logarithmic factor,
Q(d?/v) copies are sufficient and necessary to learn a state
to infidelity +. Tight bounds are also known in many other
settings, including for low rank states [18], [29], [30], as well
as for a variety of related testing problems [3], [28].

However, in virtually all cases, the upper bounds that
achieve the optimal rates require heavily entangled measure-
ments. These measurements require all n copies of p to be
prepared simultaneously, which—in addition to the complex-
ity of preparing the measurements themselves—renders such
approaches currently impractical. In light of this, there has
been a recent surge of interest in the incoherent setting. Here,
the algorithm is restricted to only making measurements of
a single copy of p at a time. While such measurements are
strictly weaker than general entangled measurements, they are
much more practical and can be performed on real world
quantum computers [21].

One of the main difficulties that arises when dealing
with incoherent measurements is understanding the power
of adaptivity. In general, an algorithm that uses incoherent
measurements can sequentially measure each copy of p, and

2The fidelity between p, o is F(p, o) = tr(y//po+/p)?. and the infidelity
is1— F(p,0).
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moreover can choose how to measure the i-th copy of p based
on the results of the previous i —1 measurements. We say such
an algorithm is adaptive. In contrast, a nonadaptive algorithm
must specify all of its measurements ahead of time.

Clearly, adaptive measurements are strictly more general
than nonadaptive ones. On the other hand, to date, it has
been unclear whether or not adaptivity actually yields better
rates for any natural quantum learning problems. In large part,
this is because until recently, it was not known how to obtain
tight lower bounds against adaptive algorithms. Existing lower
bound frameworks in the literature could only prove lower
bounds against nonadaptive measurements; such algorithms
are significantly easier to work with, and existing techniques
from the classical learning literature could be adapted to the
quantum setting.

However, starting with recent work of [6], there have
been a flurry of works giving lower bounds against adaptive
algorithms for a number of natural quantum learning prob-
lems. Now, lower bounds are known for a number of testing
problems, such as mixedness testing and identity testing [6],
[9], [10], shadow tomography [7], [8], [22], purity testing [1],
[8]. In all of these cases, the lower bound against adaptive
algorithms matches the best nonadaptive bound (up to poly-
logarithmic factors), so for all of these problems, adaptivity is
not necessary to achieve optimal rates.

In contrast, for state tomography, progress has been slow
in understanding the power of adaptivity. It is known that
nonadaptively, ©(d®/e?) copies are necessary and sufficient
for learning to error ¢ in trace distance [18], [24], and
©(d®/~+?) copies are necessary and sufficient to learn to
infidelity ~ [18]. Similarly, as mentioned above, tight rates
are known for the fully coherent setting (up to log factors).
But nothing nontrivial is known in the adaptive setting: prior
to our work, we did not know any adaptive algorithms that
improve upon the best known nonadaptive rates, nor did we
know any lower bounds against adaptive algorithms which
were better than those known against coherent algorithms.
Indeed, understanding the power of adaptive but incoherent
measurements for quantum tomography has been posed as an
open question by multiple papers [6], [18].

This problem is interesting on both fronts. From the lower
bounds perspective, it seems that fundamentally new ideas
are necessary to develop lower bounds for tomography. This
is because all previous lower bound techniques for adaptive
algorithms only held for testing problems, or via reductions
to testing problems. These techniques will consequently fail
for tomography, which is fundamentally a learning problem.
From the upper bounds perspective, tomography in infidelity
is one of the few natural candidates for a quantum learning
problem where adaptive algorithms are provably better than
nonadaptive ones. Indeed, it is folklore that in 2 dimensions,
there are adaptive algorithms which achieve a scaling of
O(1/7), although we could not find a reference to a full proof
of this fact.

a) Our Results.: In this paper, we fully resolve the copy
complexity of quantum state tomography with (potentially
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adaptively chosen) incoherent measurements, for both learning
in trace distance and learning in infidelity. For trace distance,
our main result is the following:

Theorem I.1 (Informal, see Theorem III.11). With incoherent
measurements, §)(d> /%) copies are necessary for tomography
of d-dimensional states to € error in trace distance.

This matches the upper bound given by nonadaptive algo-
rithms, and therefore for this problem, adaptivity provably
does not help. In contrast, for learning in infidelity, our main
result is the following:

Theorem I.2 (Informal, see Theorem VI.1). With adaptive,
incoherent measurements, O(d®/~) copies® are sufficient for
tomography of d-dimensional states to vy infidelity.

Because trace distance and fidelity are related via 1 —
F(p,o) < |lp — oller < /2(1 = F(p,0)) [16], Theorem 1.1
implies that Q(d®/v) copies are necessary for tomography
in infidelity, so up to polylogarithmic factors, our upper
bound in Theorem 1.2 settles the complexity of tomography
in infidelity with incoherent measurements. In contrast, [18]
showed that Q(d3/~?) copies are necessary with nonadaptive
measurements, so the rate in Theorem [.2 is provably better
than what can be achieved with nonadaptive measurements,
and thus provides arguably the first natural instance of a
separation between the power of adaptive versus nonadaptive
measurements.

b) Our Techniques.: Here, we give a very high level
discussion of our proof techniques for Theorems I.1 and I.2.
For a more detailed discussion, see Section II.

We begin with the lower bound. The main difficulty with
proving lower bounds for state tomography with incoherent
measurements is that essentially all the existing lower bound
frameworks in the literature were fundamentally for testing
problems. In such settings, it suffices to demonstrate hardness
for a point-versus-mixture distinguishing task, where the goal
is to distinguish between the case where the unknown mixed
state is a single point versus the case where it is drawn
from a mixture over alternate hypotheses. Such a setup is
mathematically nice because the resulting likelihood ratios
have a (relatively) simple multilinear form. However, for
learning tasks, no such reduction exists; indeed, it is more
natural to demonstrate hardness for a mixture-versus-mixture
distinguishing task, but here the resulting likelihood ratios are
much more complicated. Indeed, this phenomena seems to
appear more generally in a variety of other (classical) learning
settings, see e.g. [31].

We avoid this by directly bounding how much information
the algorithm can learn from incoherent measurements, a
technique which we believe may be of independent interest.
We demonstrate that, for a carefully chosen prior on mixed
states, the posterior distribution of the algorithm after o(d®/&?)
incoherent measurements is anti-concentrated around the true

3We use f = 6(9) to denote that f = C - g - log®(g)) for some absolute
constants ¢, C' > 0.
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mixed state. It is perhaps surprising that we are able to directly
bound the behavior of the posterior distribution, but it turns
out that the “tilt” caused by the measurements can be upper
bounded “by hand”, and then the required anti-concentration
follows from classical results in random matrix theory.

We now turn our attention to the upper bound. First, let
us briefly discuss why adaptivity may help for learning in
infidelity. At a very high level, learning in infidelity seems to
correspond to learning the eigenvalues and eigenvectors of the
density matrix to some degree of relative accuracy. However,
nonadaptive algorithms are unable to do this easily: the small
eigenspaces are hidden by the “noise” caused by the large
eigenvalues. On the other hand, adaptive algorithms can learn
the large eigenspaces, then project them away to reveal the
information about the smaller eigenvalues.

The main challenge with this approach is dealing with the
error accumulation in the infidelity as we iterate this process.
In particular, we cannot exactly learn the large eigenspaces,
and so we must control the error the projections incur. In
constant dimensions, one can directly brute force the cal-
culations, but in high dimensions, the calculations become
intractable. Our main technical contribution for this part of the
paper is a new technique to bound the fidelity between two
noncommuting states, by carefully guessing a matrix square
root for their symmetrized product.

c) Comparison to Prior Work.: As discussed above, our
techniques are very different from the ones used to prove lower
bounds for quantum festing in the incoherent measurements
setting [1], [6]-[10], [12], [22]. Here we briefly mention the
sole commonalities between our proof and these works.

First, we use the helpful abstraction of adaptive algorithms
as given by decision trees. This is common to all aforemen-
tioned works on incoherent measurements, but here we clarify
a common misconception: the tree representation is not so
much a central technical ingredient as it is a notational neces-
sity for keeping track of the internal state of the algorithm.

Secondly, similar to [9], in place of an ensemble based
on Haar-random unitaries, we work with a suitable Gaussian
approximation. While the former is the construction of choice
for many known quantum property testing lower bounds, it
was observed in [9] that the latter is more amenable to
certain high-degree moment calculations that arise in the
proofs of these lower bounds. We emphasize however that
such moment calculations are not relevant to the current work,
and the Gaussian ensemble turns out to be convenient for
fairly different reasons, namely certain density and isotropy
properties (see Section II-B).

The similarities between our techniques and previous work
essentially end here. In particular, our main lower bound
strategy (which allows us to directly reason about the change
in the posterior distribution) is to our knowledge completely
novel, and we believe it may be of independent interest.

d) Additional Related Work.: Apart from the aforemen-
tioned bounds for state tomography and quantum state testing,
there have also been lower bounds in the incoherent setting
when the measurements are partially adaptive or come from
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a set of bounded size [25], and when the measurements are
Pauli [15].

We also note there is a large literature on understanding the
power that adaptivity affords for tomography in infidelity in
the asymptotic setting [4], [13], [20], [26]. They obtain rates
that are linear in 1/+, but unlike our Theorem 1.2, these results
get some unspecified dependence on d and/or only apply to
the regime of d = O(1).

[32] gives upper and lower bounds for pure state tomog-
raphy in a different setting where instead of getting copies of
the unknown state, one has access to a unitary which prepares
the state.

Finally, the recent work of [11] gives a constant-factor
separation between non-adaptive and adaptive algorithms for
quantum hypothesis selection, as well as a polynomial separa-
tion for a problem in which one is promised that an unknown
state can be diagonalized in one of m known bases and would
like to approximate the state in trace distance by measuring
copies. Their separation is with respect to the parameters d
and m, rather than e as in our work.

e) Concurrent work.: Our proof of Theorem 1.2 directly
generalizes to give that O(dr? /) measurements are sufficient
when the unknown state has rank-r. In concurrent and inde-
pendent work, Flammia and O’Donnell [14] also obtain, up
to polylogarithmic factors, an upper bound of O(dr?/v) for
tomography with adaptive single-copy measurements. Their
guarantee is somewhat stronger as their error is measured
in quantum relative entropy, which is an_upper bound on
infidelity. They also obtain a bound of O(d3/2r®/2/~) for
the same problem where ~ is given by Bures chi-squared
divergence, which also upper bounds infidelity.

II. TECHNICAL OVERVIEW

a) Notation.: In addition to standard big-O notation, we
sometimes also use the notation f < g (resp. f 2 g) to denote
that there exists an absolute constant C' > 0 such that f < Cyg
(resp. f > Cyg).

A. Preliminaries

Throughout, let p denote a quantum state. We recall that a
quantum state is a psd Hermitian matrix in C?*¢ with trace
1.

a) Measurements.: We now define the standard measure-
ment formalism, which is the way algorithms are allowed to
interact with a quantum state p.

Definition II.1 (Positive operator valued measurement
(POVM), see e.g. [27]). A positive operator valued measure-
ment M is a finite collection of psd matrices M = {M,}.cz
satisfying >, M, = I4. When a state p is measured using M,
we get a draw from a classical distribution over Z, where we
observe z with probability tr(pM.,). Afterwards, the quantum
state is destroyed.

In this work we assume that all POVMs used are rank-1. It is
a standard fact that this is without loss of generality (see e.g.
[8, Lemma 4.8]). We will sometimes represent a sequence of
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n measurement outcomes by = (x1,...,x,) to denote that
in the i-th step, the outcome that was observed corresponds to
a POVM element which is a scalar multiple of L;z:f

b) Incoherent Measurements.: An algorithm using in-
coherent measurements operates as follows: given n copies
of p, it iteratively measures the i-th copy using a POVM
(which could depend on the results of previous measurements),
records the outcome, and then repeats this process on the
(i+1)-th copy. After having performed all n measurements, it
must output an estimate of p based on the (classical) sequence
of outcomes it has received. Formally, such an algorithm can
be represented as a tree, see Definition III.1.

B. Lower Bound

We begin with a heuristic calculation that explains how
the threshold d/e? enters our lower bound. We assume
heuristically that we have a discrete set S of quantum states
p € R¥4 gatisfying the following properties.

a) Near-mixedness: for all p € S, all eigenvalues of p lie in
[0.9/d,1.1/d).

b) Packing: for all p,p’ € S, ||p — p'[ler > 2e.

¢) Density: for a 1 — o(1) fraction of py € S, the neighbor-
hood

N(po) ={p €S :|p— pollw <100}

has cardinality |N(po)| > exp(92(d?)).

d) Isotropy: for a 1—o(1) fraction of py € S, the distribution
~(po) = unif (N (po)) is isotropic around py, in the sense
that

Epry(p0)[P] = po, (D
Byt (00— p0)0)?) S 2/, Wl = 1. @

(The below argument still works if (1) holds only ap-
proximately, but having it hold with equality simplifies
the discussion.)

We expect this can be achieved by a random construction. The
scale exp(Q(d?)) arises from the dimension of the ambient
space of quantum states, and the right-hand side £2/d°® of
(2) is the scale we get if we replace v(pg) with an isotropic
distribution around py with appropriate trace distance, for
example that of p po + %?EU TZU for Haar random
U € R™ and Z = diag(1,...,—1,...). We expect the
density and isotropy conditions to hold for all pg € S not
too close to the boundary of the point cloud S.

Assuming such S exists, we will show that it is not possible
to learn py sampled from the hard distribution p = unif(S).
Because S is a 2e-packing in trace distance, learning pp € S
to € in trace distance amounts to recovering po.

The central idea of the proof is that, if py satisfies the
mixedness and isotropy conditions (a), (d), each measurement
improves the log likelihood ratio of pg to N(pg) by at
most O(e2/d). So, if po satisfies the density condition (c),
after observing n < d°/c? measurements the improvement
exp(O(ne?/d)) in the likelihood ratio is not enough to over-
come the cardinality exp(€2(d?)) of N(po). Thus the posterior
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distribution of py still places much more mass on N (pg) than
po itself.

More concretely, let the observations (from adaptive
POVMs) of pg be © = (z1,...,x,) and denote the posterior
distribution of pg by vg(-). Then,

- ¥

pEN (po) i=1 TiPOTi

n

Vg N(pO))

( zlpw;
va(po)

noo4
z! pT;
=|N E,. ! 3)
[N (o)l Epmry(po) Ll;Il x;rpoxi
2 - mf(p — Po)T;
> expq Qd*) + ZEpvv(po) log {1+ ——F—— ¢,
i=1 L Poxq

“4)

where the last step uses Jensen’s inequality. For suitably small
e, Taylor expanding log(1 + z) gives

)

;

z;(p — po)Ti

Epnr(po) 108 (1 +
Li PoLsi

N i 2
z(p — po)x; 2 (z}(p— po)r;
2 Bpro) = 1 T B0 3 (T
L; PoTsq L;PoTq
> —d? ]Epfvy(pn)[(xz (10 - Po)%)Q] (by (a))
z —<*/d (by (2)).

The hypothesis n < d®/e? implies ne?/d < d?, so (4) is
exp(€Q(d?)). Thus the posterior mass on pq is

Vm(po)
Vg (N(p()))

and learning p( is impossible.

However, it is hard to make the above approach rigorous,
due to the difficulty of constructing a point set S with the
required density and isotropy properties. We sidestep this
issue by instead working with a continuous prior i, namely a
perturbation of the maximally mixed state %Id by a suitable
trace-centered Gaussian matrix. In this approach, in lieu of
showing v (N (po))/vz(po) is large, our goal will be to show
Ve (B(po, C¢))/vz(B(po,€)) is large, where B(pg, €) denotes
a trace distance ball of radius ¢ and C is a large constant.
In the new proof, v(py) will be p restricted to B(p, Ce),
then sub-sampled to be transparently isotropic. Being able
to sub-sample a measure in this way is a key advantage of the
continuous setup.

The central idea of the proof is still that each mea-
surement improves the log likelihood ratio by O(g2/d),
which is not enough to overcome the volume ratio
|B(po, Ce)|/|B(po,€)| = CO@), which serves as the con-
tinuous analogue of the cardinality of N(po) from the earlier
argument. Although sub-sampling incurs factors that decrease
our estimate of v, (B(po, C¢))/ve(B(po, €)) by a exp(Q(d?))
factor, this is overcome by setting C' to be a suitably large
constant.

va(po) < < exp(—Q(d?))
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C. Upper Bound

The first observation about infidelity compared to trace
distance is that infidelity is much more sensitive to errors
on smaller eigenvalues. For instance, consider two states
P diag(p1,...,pq) and p diag(pf, ..., p};) where
p; = pi + A; for all ¢ € [d]. When the A; are sufficiently
small (to ensure the following power series expansion is a
good approximation), we have

1—F(p,p) =1~ pi(pi + Aq)
i=1
d d
A, A2 A?
~1-— i—fz—il = L.
Zzl( 2 4Pi) ;4%

The p; in the denominator means that it is necessary to
get better accuracy on smaller eigenvalues. Heuristically, this
means to get infidelity v we should need to learn eigenvalues
of size ~ o to accuracy /o /d.

In the classical setting of estimating a discrete distribution,
if we simply take the empirical point estimates, we naturally
get finer additive accuracy for the lower probability points.
However, in the quantum setting this is not the case because
we do not know the right basis to measure in. If we run a
nonadaptive tomography algorithm on an unknown state p
with d®/~ samples, we can (see Theorem V.4) learn a state p
such that |[p — pllop < g. This would suffice for learning to
infidelity ~ if the eigenvalues of p are all £2(1/d). However,
if p has small eigenvalues, they can be dominated by the
estimation error in p.

Our learning algorithm overcomes this issue by running
logarithmically many rounds. In each round, we run a standard
tomography algorithm and argue that this accurately learns
the large eigenvalues and corresponding eigenspace. Then
we can essentially project out this eigenspace and restrict to
the orthogonal complement in all future measurements using
appropriately designed POVMs (see Definition V.6). This lets
us focus on the smaller eigenvalues and learn those to finer
accuracy. We can then repeat by running a tomography algo-
rithm on the orthogonal complement, learning and projecting
out the largest remaining eigenvalues and so on. At the end
of the algorithm we will have learned projection matrices
I, = ByB,....T1l; = B;B, (where B; has columns
forming an orthonormal basis of the corresponding subspace)
where ¢ ~ log(d/e) and an estimator / that is diagonal in the
basis given by {Bi, ..., B:}. Let d; be the dimension of B;
so d = dy + -+ + d;. In this basis, we can write
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where p;, p; € R%*di E; ¢ Rdix(ditat+di) The guaran-
tees of our tomography algorithm give us appropriate scale-
sensitive bounds on ||p; — pillop and [|E;|op. We can then
bound the infidelity between p, p in two stages. We first bound
the infidelity coming from the differences on the diagonal
blocks i.e. 1 — F(p, pdiag) Where pgiag = diag(p1,...,pt)
(see Lemma VI.5). We then bound the infidelity coming from
the off-diagonal blocks (see Lemma VI1.6) This is the main
technical component of the proof. The matrix square root
that appears in the expression for fidelity can become very
complicated and unwieldy. Instead, we bound it by carefully
guessing a matrix that lower bounds the square root (see
Lemma VIIL.4).

III. PROOF OF LOWER BOUND

In this section we prove Theorem III.11, our hardness result
for tomography in trace distance.

A. Lower Bound Framework

We begin by reviewing a standard framework for represent-
ing an adaptive algorithm as a tree.

Definition III.1 (Tree representation, see e.g. [8]). Fix an
unknown d-dimensional mixed state p. An algorithm for state
tomography that only uses n incoherent, possibly adaptive,
measurements of p can be expressed as a pair (T, A), where

T is a rooted tree T of depth n satisfying the following

properties:

o Each node is labeled by a string of vectors © = (x1, ..., x;),
where each x; corresponds to measurement outcome ob-
served in the i-th step.

e Each node x is associated with a probability p”(x) corre-
sponding to the probability of observing x over the course
of the algorithm. The probability for the root is 1.

o At each non-leaf node, we measure p using a rank-1 POVM
{wxd . :mﬂ}x to obtain classical outcome x € S 1. The

children of x consist of all strings ©' = (x1,...,x¢,x) for
which x is a possible POVM outcome.
o If ©' = (21,..., 24, ) is a child of x, then
() = pP(x) - wed -zt p. (5)

o Every root-to-leaf path is length-n. Note that T and p induce
a distribution over the leaves of T.

A is a randomized algorithm that takes as input any leaf x
of T and outputs a state A(x). The output of (T,.A) upon
measuring m copies of a state p is the random variable A(x),
where x is sampled from the aforementioned distribution over
the leaves of T.

We also recall the definition of the Gaussian Orthogonal
Ensemble (GOE) and define a trace-centered variant, which
will be the basis of our hard distribution.

Definition IIL.2 (GOE, Trace-centered GOE). A sample G ~
GOE(d) is a symmetric matrix with independent Gaussians on
and above the diagonal, with G;; ~ N (0,2/d) and G; ; ~
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N(0,1/d) for i < j. A sample G’ ~ GOE*(d) is sampled by
G’ =G — tr(G) where G ~ GOE(d).

The trace-centered GOE also features in the hard instance
of [9] for state certification, but as discussed in Section I,
our reason for working with this ensemble is very different
from that of [9]. We recall the following standard fact about
extremal eigenvalues of the GOE matrix.

Lemma IIL3 ( [8, Lemma 6.2]). If G ~ GOE*(d), then
|Gllop < 3 with probability 1 — e=¥®).

B. Construction of Hard Distribution

We construct the following hard distribution p of quantum
states. Let U C R%*? be the affine subspace of symmetric
matrices with trace 1 and Uy € R%*? be the linear subspace of
symmetric matrices with trace 0. These spaces inherit the inner
product of R4*?, which deﬁnes Lebesgue measures Leby and
Leby;, on them. Let o = be a small constant. A sample
p ~ [ is generated by

100

= é(fd +0G),

where G is a sample from GOE"(d) conditioned on ||G||op <
4. Note that such matrices are clearly psd and thus valid
quantum states. Concretely, p has density (with respect to
LebU)

n(p) = — exp

d? J .
7 _@HP—aIdHF 1{p € Sqpp}

| !

where Z is a normalizing constant. Further define a set of
“good” states
3

< 3. Due to

40
peU:|p— Idllop_ 7

Sgood = {P eU:|p- éIdHop < :%7
which corresponds to the event |G|op
Lemma I1.3, 11(Sgo0d) > 1 — e~ d)

In the below proof, we will show that all py € Sgooq are
hard to learn. The important property of Sgooq i that it is far
from the boundary of supp(p) = Saupp; this ensures that we
can choose a suitable sub-sampling of y in a neighborhood of
po, which is isotropic around pg.

Finally we record the following straightforward fact.

Lemma IIL4. For all p,p) € Sy exp(—4d?) <
p)/1(p') < exp(4d?).
Proof. For all p € Sgupp,
2
0—4 2||p d ||F—4 QHp dI||op<4d 0
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C. Anticoncentration of Posterior Distribution

Fix a tomography algorithm (77,.4) as in Definition III.1,
and let 7, denote the distribution over observation sequences
x = (z1,...,2,) when T is run on state p. Note that for any
states p, p’ in the support of p, the likelihood ratio

d7, -} 1 PT;
dT' i :L'Tp xT;

is well defined, since p is supported on full-rank matrices. Let
v, denote the posterior distribution of p given observations x.
The density ratio of any p, p’ € Sqpp under v, is given by
Bayes’ rule, and equals

va(p) _ d7, ) p)
ve(p') ATy (e’
So, for an arbitrary reference state p’ € Ssupp (below we take
P = po, the unknown true state) the density of v is
1 d7,
valp) = - a7, = () u(p)
d7,
T = 2 (x dLeb )
|, 37 @t atebo (o

The main technical component of the proof is the following
anti-concentration result for v/.
Definition IIL5. For p € U, let B(p,€) denote the ball {p' €
U:|p' —pllee < e}. Similarly for p € Uy, let B(p,e) = {p' €
Uo: o' = pllee < e}
Theorem IIL.6. Suppose d > 1, ¢ < ¢q for an absolute
constant g, and n < d3/52. If p € Sgood and x ~ T,,, there
is an event S,, € o(x), with P(x € S,,) > 1 — exp(—d?),
on which vg(B(po,€)) < 1.

Let C be a large constant we will set later and ¢y = o/C.
The starting point of the proof of Theorem IIL.6 is the estimate

va(B(po.C2)) _ Jon.co %( x)u(p) dLeby (p)
va(B(po,€)) J500. 5) ( )u(p) dLebgs(p)
fB(Po,CE) AT, ( )ﬂ{p € Ssupp} dLebU(/))

IB(/’O,E) :77:‘) ( )]l{p € Ssupp} dLebU(p)
@)

where the second line uses Lemma III.4. Applying
Lemma III.4 in this way amounts to replacing p in the
numerator of (6) with a measure that sub-samples it, and in
the denominator with a measure that upper bounds it. Define

the volumes
Vi :/ dLeby, (p)
B(0,1)

Vo [ 1{lllen < 1/d) debu ().
B(0,1)

> exp(—4d?)

We now separately bound the numerator and denominator of
(7) in terms of these volumes, beginning with the denominator.
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Lemma IIL7. If py € Sgood, there is an event S, € o(x),
with P(z € S,,) > 1 — exp(—d?), on which

d7,

[ @€ Sy} diebu(p)
B(po,e) 7/ po

S exp(dQ)E(d+2)(d—1)/2V1 )

Proof. Note that E e (2) = 1. So

z~Tp dT

d7,
Eg~, / L (x)1{p € Ssupp} dLebrs(p)
® JB(po,e) 4o pp

_ / 1{p € Swupp} dLebys(p)
B(po,e)

g/ dLeby (p) = e+ =172y,
B(po,e)

The exponent (d + 2)(d — 1)/2 comes from the fact that the
space of symmetric matrices has dimension d(d +1)/2, so U
has dimension d(d+1)/2—1 = (d+2)(d — 1)/2. The result
follows from Markov’s inequality. O

Before bounding the numerator of (7), we define the set

g
Ni(po) = {p €U :lp = pollop < =l = poller < 06}7

which is an isotropic neighborhood of pg. Let v(pp) denote
the uniform distribution on N, (pg) (w.r.t. Leby). That is, for
bounded measurable test function f: U — R,

Jo £(p)1{p € N.(po)}dLeby (p)
B ]l{p € Ni(po)}dLeby (p)

E/w“r(po) flp) =

Lemma IIL8. If pg € Sgood and € < €q, then

a7,
x)1{p € Squpp} dLeby(p
L%&wmf){ o} dLeby(p)
d7,

EPNW(PO) |:d7' ( ):| Va.

Proof. Because py € Sgood, We have [|pg — 21allop < 32.
Because ¢ < g9 = o/C, if p satisfies [[p — polop < &5 we
have the implication chain

@)
> (CE)(d+2)(d_1)/2

Ce o
lo = pollep < 7 o= pollop < 1

1 4o
= Hp - EIdHop < F = pE Ssupp-
So, letting X denote the left-hand side of (8), we have
d7, Ce
X 2 ( ) {Hp pOHop >~ 7} dLebU( )

B(po,Ce) d7,—00

_/ ;77;:0( x)1{p € N.(po)} dLebr(p)
dT7,

=Epro0) {dﬁi(w)} /Ull{p € Nu(po)} dLeby (p).

Finally, note that

/U]l{p € Ni(po)} dLeby (p)

Ce
[ o=l < S} atenut)
B(po,Ce)
_ (Ce)@+Da-1/2y,

which conludes the proof. O

It remains to control E ﬂ(w)} and the volume
PO

p~v(po) [dT
ratio V5 /V;. The former measures the information gained from
the observations . It is bounded by the following lemma,
which formalizes the intuition that each observation improves
the log likelihood ratio by at most O(g2/d). This is the step

that uses the hypothesis n < d® /2.

Lemma IIL9. If po € Sgood, then for any sequence of unit
vectors & = (T1,...,%Tn),

dT7,
Epmry(p0) [d’T;(m)] > exp(—d2).

Proof. For all p € Sgpp, the eigenvalues of p lie within
[0.96/d,1.04/d]. Thus, for any unit vector z, ﬁ"x €
(0.96/1.04,1.04/0.96] C

poT
[0.9,1.1]. Using the fact that log(1+

a) > a— 2a? for |a] < 0.1, we have
2
log oz atp—po)z 2 (t(p— po)x
og > - =
xtpox ztpox 3 ztpox

s 2o = po) ¥

fro 2
I'T,Ool' z (10 po)l‘) .

By symmetry, E
invariance,

& E o) [ (p = po))]

S Eproo lllp =

o~(po) (P — po) = 0, and by rotational

=Epy(o0) [Il0 = poll7]
C?e?
<
pOHOP] ="y

polleellp —

By Jensen’s inequality and the above estimates,

zp
Z Epr(po) log =— Z
=1 Ly pOxz

d7,
log EﬂN'Y(Po) {dT ]

2 ZEpw(po) { p PO 2 (af (o por)?
! pos
C’2n5
- d
Finally, because n < d®/e?, this is lower bounded by —d>2.

O

The volume ratio V5 /V; is bounded by the following lemma,
whose proof we defer to Section IV. The proof uses tools from
random matrix theory.

Lemma II1.10. We have that Vs /Vi > exp(—3d?).

We now put the above claims together to prove Theo-
rem IIL.6.
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Proof of Theorem I11.6. Let S, ~be the event from
Lemma IIL.7. By the calculation (7) and Lemmas IIL.7
and IIL8, for all z € S,

V:c(B(p07 CE))
va(B(po, €))

_ d7, 1%
> eXP(*5dz)C(d-~_2)(d R Epr(po) { 2 :

P )] - 22
d7;70 ( ):| Vi
Lemmas II1.9 and II1.10 bound the remaining factors, giving

Ve (B(po, Ce))

> exp _9d2 O(d+2)(d71)/2.
ve(Blpo,2)) ~ P9

Taking C = €20 gives % > 1. Since
Ve (B(po, Ce)) < 1, this implies vz (B(po,€)) < 1. O

D. Main Lower Bound

We can now prove our main lower bound for tomography
with incoherent measurements, which we state formally below:

Theorem IIL.11. There exist absolute constants £y > 0 and
dy € N such that for any 0 < € < gg and any integer d > dy,
the following holds. If n = o(d®/&?), then for any algorithm
for state tomography (T, A) that uses n incoherent, possibly
adaptive, measurements, its output p upon measuring n copies
of p satisfies ||p — pllvr > € with probability 1 — o(1) for some
.

Proof. Let S € o(p,x) be the event that p ~ p lies in Sgood

and & ~ 7, lies in S,. In this proof we will abuse notation

and use A to also denote the internal randomness used by 4.

It suffices to show P4 p~p,z~T, [ A(Z) — pller < €] = o(1).
First note that

R [[A(x) — pller < €] ®
=EazEpur, (L[| A(z) — plle < €]] (10)
< Bpo Bper, [1[|A@) — plls < & and (p, 2) € 8] + (1)

(1)

where the second step follows by a union bound and the
fact that P[(p, @) & S] = e D 4 AP = (1) by
Theorem II1.6.

For any choice of internal randomness for A and any tran-
script x, let p* denote an arbitrary state for which (p, x) € S
and [|A(x) — p2|lw < e, if such a state exists. Denote by &£
the event that such a state exists. Then under &, for any state
p for which || A(x) — pllw < &, we have [|p — pller < 26. If €
does not occur for some choice of internal randomness for 4
and some x, note that the corresponding inner expectation in
(11) is zero. We can thus upper bound the double expectation

in (11) by
E A zie Epmry [Lll02 — pllee < 26 and (p, ) € S]]

12
<Eacie P_[loz — plle < 2] = of0), (2

where in the last step we used the fact that under £ we have
(p,x) € S, so by Theorem IIL6 the posterior measure v/
places o(1) mass on the trace norm e-ball around pz. O

IV. LOWER BOUNDING THE VOLUME RATIO: PROOF OF
LEMMA II1.10

In this section, we will prove Lemma III.10, which lower
bounds the volume ratio V5 /V;.

Let

d
V_{A_()‘h?Ad)eRdZ)‘z_O}
=1

This is a subspace of R? of codimension 1. It inherits the
inner product of R, which defines a Lebesgue measure Leby, .
Define

d
Az{AeV:A1>A2>-~->Ad,Z|Ai<1},

i=1
and

A= {)\ € A :max |\ < l/d}7
i€[d]

and

F:{)\GV:

d—2i+1 1

Lemma IV.1. We have T C A'.

Proof. If A € T', then
2

2
)\i*>\i+12ﬁfﬁ>0
and
¢ 1
l<d.- - =1
> Nil=dg =1,
=1
so A € A. Moreover
d—1 1 1
N < —+ — < =, O
Xil < d? +d4*d

The volume ratio V5 /V; is the probability that if p is drawn
from the uniform measure on B(0,1) (w.r.t. Leby,), then
llpllop < 1/d. The main random matrix theory fact we will use
is [2, Theorem 2.5.2], which implies that if A = (A1,..., \q)
are the eigenvalues of p drawn from this distribution, then A
has density (w.r.t. Leby) £ f(X), where Z is a normalizing
constant and

fy=1{xear J[ =l
1<i<j<d
For measurable A C V, let Vol(A) = [, 1dLeby denote the
volume of A. Then,
Va _ Ja f) dLeby(A) _ [p F(A) dLeby (V)
Vi o SO0 dieby(3) = [ FOV) dLeby (A)
_ Vol(l) infaer f(A)
~ Vol(A) supxea f(A)

The following three propositions bound the quantities in the
right-hand side of (13).

(13)
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Proposition IV.2. For any X € I, f(A) >
1/((26)d2/2dd(d_1)/2).
Proof. For each i € [d],
IT =Xl
JEldN\{i}
oG- 2\ a4 [26-i) 2
A -3) (50 2)
d? d* d? d*
j=1 j=i+1
zfllij d jfZ
=z 2 H 2
j=1 j=i+1
-1
=15z
j=1
L d-nt _ d (d/e)? 1
= 9dg2(d—1) ~— 9dq2d—1 = 9dg2d—1 = (Qe)dddfl'
Thus
1/2
ﬁ H |Ai = Aj 2 4(2€)d2/2:ld(d71)/2'
i=1jeld\{i}
(14)

O

Proposition IV.3. For any A € A, f(A) < ¢24° /qd(d=1/2,

Proof. Let (M, .. '1;\d) be the permutation of (Aq,...,\q)
with [A;] < -+ < |A\g4|. For each i € [d],
i—1
) -

<e

2d2 sS4 IN

2d| A
d

e2d% A
d’ifl ’

TT =Xl <@ <

J<i

so (since Z?:l A < 1)

HHM

i=1j5<1

2
€2d

s Jad—1)/2

i| < O

Jdld—1)/2

Proposition IV.4. We have Vol(A) < €94 and Vol(T') >
d=0,

Proof. The projection of V' onto its first d — 1 coordinates has
Jacobian O(1). Because this projection maps A injectively to
R?~! and each resulting coordinate is in [—1,1],

Vol(A) < O(1) - 2471 < 0@

proving the first conclusion. Note that I' is the set of A
satisfying \; d— 2”1 + 1141““ where p = (p1,..., ftd)
ranges over

I’ = {ueV:maX|ui| Sl}.
ield)

The set I” certainly contains thg set of p where
Il [pa—1] < 1/d and pg = — Zi;11 - So,
Vol(T') > ©(1)(2/d)* ! = d=9@,
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Finally,

Vol(T') = Vol(T) - (d™*)%~1 = g=9@)]

proving the second conclusion. L

Proof of Lemma II1.10. By equation (13) and the last three
propositions,

Va
Vv, <
V. BASIC LEARNING RESULTS

d-0 (26)7d2/2

—3d?
€0(d) e2d? :

Recall that for two quantum states p, o, the fidelity between
them is F(p,0) = tr(y/\/poy/p)?. This is the quantum
analogue of the Bhattacharyya coefficient, which for two
classical probability distributions p, ¢ over [d], is defined to
be BC(p,q) = Zle \/Pi\/Qi- Note that if p and o commute,
then F(p,0) = BC(p,q)?, where p,q are the classical
distributions given by the eigenvalues of p and o, respectively.
The following inequality is well known:

Fact V.1.

BC(p,q) > 1-0 (x*(la)) -

As an immediate corollary of this, we have the following:
Corollary V.2. Let p € C¥¢ be an arbitrary mixed state, and
let p=1—=7v)p+~- d]l Then F(p,p) >1— 0 ().

Proof. Let p and p denote the the distributions given by the
eigenvalues of p and p, respectively. Since p and p commute,
it suffices to show that BC(p,p) > 1 — O(vy). However, we
have:

(vpi +7 d)? 7p; 0
il = 3 TP o3 IRy
i=1 i=1 i &P
<0(),
since p; > ~/d for all i. O

It is well-known that infidelity is not a metric on mixed
states. However, the associated Bures metric, defined as

Ds(po) =2(1-VF(p0)) .

does satisfy the triangle inequality and is hence a valid metric.
As an immediate consequence of this, we obtain that infidelity
still satisfies a weak version of the triangle inequality:

Corollary V.3. Let k be a positive integer; and let -y < 1/k?
be sufficiently small. Let p1,...,pr be a sequence of mixed
states satisfying 1 — F(p;, piv1) <~y foralli=1,... . k—1.
Then

L - Flp1, pr) < O(k*) .

Proof. By repeated application of the Taylor series expan-
sion of the square root function around 1, we know that
Dp(pi, pis1) < O(y/7) foralli =1,..., k — 1. Therefore by
the triangle inequality, we have that Dy (p1, pr) < O(k\/7),
from which the claim immediately follows. L
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A. Learning a state in spectral norm

Finally, we require the following guarantee for one of
the standard estimators for a mixed state based on unentan-
gled measurements. Given n copies of a mixed state p, we
measure each one with the uniform POVM over the sphere
{d|v) (v|dv} where v ranges over the unit sphere, and let
|v;) denote the outcome of the ith measurement. We consider
the estimator H,,(p) = H,(p,v1,...,vy), defined as

n

S @+ b ol 1)

=1

Hn(p) 5)

We show the following rate for this estimator. The same rate
is claimed in the proof sketch of Theorem 2 in [17], but to
our knowledge no full proof of this exists in the literature. We
include a full proof for completeness:

Theorem V4. There exists a universal constant C so that for

all n, we have that
[d+logl/é
) n )

The key concentration lemma we require is the following:

d+logl/é
n

1H(p) — pllop < C - max (

with probability 1 — 9.

Lemma V.5. Let |v) be the outcome of measuring p using the
uniform POVM. Then, for any fixed pure state |u), and for all
k > 1, we have

E [(d + 1)k <u\v>2’“} < (k+ 1R+

Proof. First consider the case where p = |w) (w| is a pure
state. For any ¢, let II; denote projection onto the ¢-fold
symmetric subspace. Then, we have:

E[(ul)*] = d-/(u|v>2k (w]ew)? do

=d- (u® @ (vl (/ ) EHHD) (| @K+ dv) [u)®* @ |w)

(16)

a7
k+d\
—d. (k:+ 1) (™ ® w]) Mo (j0)™* © )
(18)
k+d\
ca () 19

where the third step follows by the standard Haar integral
formulation of II; [19]. Therefore, we have that

k+d\ "
E[(dﬂ)k (u|v>2k} < (d+1)FFL. (ki 1) (20)
k+1
k1 (k+1)
<(d+1) . W (21)
< (k+ 1), (22)
as claimed. The claim for general p directly follows by
convexity. O
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Proof of Theorem V.4. The proof proceeds via the same gen-
eral strategy as in [17]. Let A/ be a 1/3-net of all pure states
in C%. For any u € N, Lemma V.5 implies that the random
variable

(ul (p = Hn(p)) lu) =

n

> ((@d+ 1) wv)* = 1= (ulplu)

i=1

S

is a sum of n independent O(1)-subexponential random vari-
ables. Therefore, by standard net arguments, we have that for
all v > 0,

Plllp — Hu(p)llop > 7] < exp (c1d — conmax(vy,7%)) ,

for some universal constants ci, co, which is equivalent to what
we wanted to show. O

Finally, we also require the following generalization of the
estimator we considered above:

Definition V.6. Given a projection matrix T € C¥? onto
an r-dimensonal subspace, the projected estimator on the
subspace 11, denoted H,(p,Il) is defined as follows. Let
My = {rv) (v|dv} denote the uniform POVM over the
subspace spanned by 11, and consider the POVM over C**¢
defined by M = {I — 11} U M. Given n copies of p,
let |v;) denote the outcomes of measuring each copy of p
independently with M, where we say v; = L if the outcome
is I — 1L Then, we define

1
Ha(p ) = — 37 (1) i) (6] = 1) -
viF#L
For projected estimators we have the following rate, which
follows immediately from Theorem V.4 and standard Chernoff
bounds:

Lemma V.7. Let p € C¥*? and let 11 be a projection onto an
r-dimensional subspace. Let o = tr(IlpIl). Then, there exists
a universal constant C' so that

([ Hn(p, IT) — HplT|[op
d+logl/é [a(d+logl/d)

In this section, we present our algorithm for tomography in

fidelity. Our main theorem is stated below.

n n

<C~max(

with probability 1 — 6.

VI. LEARNING A STATE IN FIDELITY

Theorem VL1. Let p € C*4 be an unknown rank-r mixed
state. Given n = O(dr?log(1/8)/v) copies of p, there is
an algorithm that uses incoherent measurements and with
probability 1 — 6, outputs a state p such that F(p,p) > 1—~.

Let 7 > 0 be a parameter to be determined later, and let ¢
be an integer satisfying ¢ < log, r/v+4. We first describe our
algorithm. Divide the samples into ¢ groups of n/t samples
each.

We will compute a sequence of orthogonal projections 11y =
0,1I4,...,II;. To find II; given Ily,...,II;_4, the algorithm
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proceed as follows: it forms I'; = 1 — Z] '11;, and using
a fresh batch of samples, it computes o; = Hn /1(p,T;), and
it sets II; to be the span of the nonzero eigenvectors of o
with corresponding eigenvalue at least 277, When it finishes,
it outputs the state

def O

t
M, (p) & where 5 £ Y " Ioill;,  (23)

tr(G) ’ —

To analyze the algorithm, we make the following definitions.

Let 11,41 = I'y41, and define the state
t+1
Pdiag = Z IL; pIl; . (24)
i=1
Forall i = 1,...,t+ 1, let B; € C4*rank{Ils) pbe any matrix

with orthonormal columns so that BiBZ-T = II;. Similarly, for
i=1,...,t+1, let C; € C¥ank(s) be any matrix with
orthonormal columns so that C; CT I;.

Notice that by construction ZtH II; = 1, so this is indeed
a valid mixed state. Furthermore, note that pgiae 1S block-
diagonal with respect to the matrices 1I;,...,II;1, that is,
after a suitable rotation which sends each B; to itself, pgiag
has the form

P1

P2
Pdiag = . 5

Pt+1

where we let p;, denote the projection of II;pll; onto its
nonzero eigenvectors. Note that in this basis, p is not block di-
agonal, and indeed, much of the work in the proof is to bound
the contribution of the error because of these off-diagonal
blocks. To this end, for all : = 1,...,t, let E; = BZ-TpCi_H,
so that

i.e., the F; are the off-diagonal components of p.
Next, since each o; is computed with fresh samples, by
Lemma V.7 and a union bound, we have that

llo; —Ljpljllop < vj

. 4 25

P (d+logt/57 ozj(d+logt/5)> o
n n

for all j = 1,...,t simultaneously, with probability at least
1 — 0, where «; = tr(II; pII;).

For the remainder of the section, let us take n 2
M, and we will assume that (25) holds. We first

show a few basic inequalities. We have the following estimate
on the RHS of (25).

Lemma VL.2. Let n 2 M. Then, we have that ; <

9—(i+t)/2,

Proof. By our choice of n, we have that:

d+logt/5

N

n 7”

L < o-Gt/2

and

i—1(d+logt/d) d+logt/o
\/Ozj 1(d+log /) :\/tr Fh ) g/

n
[o—(i—1) . <2 (J+t)/2

where in both cases we use that t = log, /v + 4. O

With this, we can show the following set of useful inequalities:

Lemma VL.3. Forall j =1,...
(i) 75T lop < 27071,

(ii) ||ojllop < 27U72), and

(iii) B:pB =9277- 1]l, and

(v) tr(Cppapler) < v/2.

Proof. To prove the first bullet point, we proceed by induction.

The case where j = 1 is trivial. Now, suppose the claim holds
for some j — 1. By (25), we have that

,t, we have that

loj—1 —Tj—1plj—1llop < Yj—1 -

Now I'; is defined to be the projection onto the eigenvectors of
- iPLjllop <
7vj—1 + 277. The second and third claims then both follow
from Lemma VI.2, and by the definition of M;. Finally, the
last claim follows because p has at most 7 nonzero eigenvalues,
and therefore so does tr(I';+1pl'++1); moreover by the above,
each one is at most 272 < ~/(2r). O

One simple but important consequence of these inequalities
is that the subspaces II; are low dimensional:

Corollary VI4. For all i, we have rank(Il;) < r.

Proof. Note that p has r nonzero eigenvalues by assumption,
so by Lemma V1.3, o; can only have r eigenvalues which are
at least 2741, O

We will show the following two key estimates. Roughly,
Lemma VI.5 bounds the contribution to infidelity form the er-
ror on the diagonal blocks of p and pqjag. Lemma V1.6 bounds
the contribution to infidelity from the off-diagonal blocks in
p. Putting them together with the (weak) triangle inequality in
Corollary V.3 will immediately imply Theorem VIL.1.

Lemma VL5. Let p, M, (p), and paiag be as above, and
assume that (25) holds. Then, we have that

F(Mn(p)vpdiag) >1—nt

Lemma VL6. Let p, M, (p), and paing be as above, and
assume that (25) holds. Then, we have that

F(p, pdiag) > 1 —~ - min(t,d/r) .
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Proof of Theorem VI.1. Combining
Lemma VL5, Lemma VI.6 and Corollary V.3, we get

F(M,(p).p) 21— O(ymin(t,d/r))

and since ¢t < log,(r /) + 4, we can redefine ~ appropriately
(scaling down by a logarithmic factor) to complete the proof.
O

VII. PROOF OF LEMMA VI.5

We first require the following fact, which is a direct con-
sequence of Proposition 3.1 in [23], and direct calculation:

Theorem VILL. Ler f(X) : CL5? — R be defined by

f(X) tr(VX). Let A € C™? be a non-degenerate
Hermitian matrix. Then, for all symmetric matrices B € C4*4,
we have that

V2f(A)[B,B] > —%tr (BA—WB) (26)

where V2 f(A) denotes the Hessian of f(A) (where we treat
the entries of A as variables) and V?f(A)[B, B] denotes
taking the quadratic form of this Hessian at B.

Proof of Lemma VI.5. For conciseness, throughout this proof
we will let M = M, (p). Let A = M — pgiag. By Taylor’s
theorem, we know that there is some 5 € [0, 1] so that

F(My(p), paiag) = tr (\/M2 — M1/2AM1/2)
=1 + %tr (M_1M1/2AM1/2) + D2f
. <M2 _ BM1/2AM1/2) [Ml/zAMl/z,Ml/ZAMl/Z}
1
> 1 2t (M PAMTA 4 5A) M VAAMY?)

where in the last line we used Theorem VII.1.

Notice that both M and A are block diagonal, and moreover,
by construction, they share the same block structure. Thus, if
we let M; = IT; M1I; and A; = II;All;, then we have that

tr (MPAMTYAM 4 BA) M AAM?)
t
=S (M,f/QAiMfl“(Mi n B&-)*"*”M{”“&Mf”)
i=1

where in a slight abuse of notation, we let M[l and (M; +
BA)~! denote the pseudoinverses of the associated matrices.
For any ¢, we have that

e (M2, 4 5802 A M)
< (M) | AM; M+ BA) 2N A

< C-tr(My) A2 - | MY MG + BA) T 2M oy
(27)

where the last step follows because |Aillop < 75 by
Lemma V.7 and (25). By construction, we have that all nonzero
eigenvalues of M; are at least 2%, so all nonzero eigenvalues
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of M; + BA; are at least 2~ (1) Putting it all together, we
obtain that
e (M2, 4+ 58N A M)
Str(M;) 7222 <r- 202 <y

as claimed.

VIII. PROOF OF LEMMA VI.6

First, observe that we may disregard the subspace spanned
by Ft+1l
Lemma VIIL1. Let T = 1 — Ty, 1. We have that tr(Tpl') =
tr(fpdiagf) & ¢, and moreover, if we let p %fpf
and ﬁdiag = %deiagry then F(ﬁ, P) < 1- ’7/2 and
F(pdiag pdiag) < 1 — /2.
Proof. The first claim follows since II; and T' all commute.
The fact that F(p,p) < 1 — /2 immediately follows from

(iv) in Lemma V1.3, and the last claim follows since the same
lemma implies that tr(I's1pdiagl'e+1) < 77/2 as well. O

In light of this, for the rest of the proof, we will assume
that I' = 1; in particular, this implies that p and pgiag both
have minimum eigenvalue at least 277~! by Lemma VI.3. The
above lemma implies that this incurs at most an additional
additive vy to the overall fidelity calculation. We now establish
the following bound on the matrices FEj:

Lemma VIIL2. Let n 2 8700 und assume that (25)
holds. Then, for all i =1,...,t, we have that ||E;||op < 2v;.

Proof. For any ¢, we have that
[ Eillop = Hrj (p— pdiag) Fj”Op
< |ITpL5 = ojllop + ITj paiagl’; — ojllop
< 2|T;0L5 = ajllop = 25

where the third inequality follows because I';pqiagl’; is the
projection of I'; pI'; onto a basis which commutes with o;. [J

To prove our overall claim we will proceed via a hybrid
argument. For all j =0,...,¢, let

J
p(J) = ZHZPI_L + Fj+1ij+1 .
i=1

Note that by design, we have that p(0> = p and p(t) = Pdiag-
For these matrices, we show:

Lemma VIIL3. Forall j =1,...,t, we have that
F(pU=Y p@))y > 1 — 27 min(rt,d) .

To prove Lemma VIIL.3, we rely on the following fact
that bounds the contribution from off-diagonal perturbations
to infidelity between two states.

Lemma VIIL4. Ler 0 < ¢a,¢1 < 1 satisfy co < ¢1/10, and
let M € C*% and N € C2*% pe PSD matrices satisfying
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al X M = 4eil and c;1 < N = 2¢/1. Let E € Ch >
satisfy ||Ellop < 1, and define the matrices

M FE M 0
A= (ET N) , and Agiag = (0 N) . (28)
Suppose further that A = 0, and that n < \/cica. Then
tr < Ai{SgAAQ{;) >tr(A) —ea(di+dy) . (29)

Proof. For any 6, let Ms = M — 01 and similarly let N5 =
N — §1. we will explicitly construct a matrix B which will

be a PSD lower bound for the matrix A(lh/ngA(lﬁ/jg. Our guess
will have the form
(M., X
B = (XT NC2> ’ (30)

for some matrix X we define shortly. Note that if we can
show that A'/2 A4/ >= B2, we are done, since by operator

o diag diag -
monotonicity of the matrix square root, we have that
A2 A2 ) > (B
tr diag diag | = tr( )
> tr(A) +

tr(M) — Cg(dl —+ dg)
tr(A) — Cg(dl + dg) R

as claimed.
It remains to demonstrate how to construct such an X. We
choose the following matrix:

def

X <= Nt

i .
M, (cater) *

(ca—ec1)
i=1

(MWENW) 31)

We first note that this sum is convergent, since ||M, i_cl | <

m and [|[N¢ .. llop < (1.1c1)". Next, we note that -

Therefore, we have that

M2+ XXT

M, X + XNy = Mo,y X + XNy ey = MV2ENY2
M., X + XN.,,
XX+ N2,

B? = T
(M, X + XN,,)
M2 +XXT  MY2ENY/? G2
- (M1/2EN1/2)T XTX4+NZ)
At the same time, we have that

(

so in particular the off-diagonal block of B? exactly matches

M2

M'?EN
1/2 /2 _
AdiagAAdiag - (M1/2EN1/2>T > ) (33)

N2

that of A(lh/ngA(lh/jg. Therefore,
Al ANy — B? (34)
N T
_ (mM —3I-XXT ) . ) 36)
2coN —c3] — X' X
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Therefore for our candidate to be a valid PSD lower bound,
it suffices to show that c%[ + XXT < 2¢5M and similarly
c%[ + X TX < 2¢yN. Note that for both of these inequalities
to be satisfied, it suffices to show that X ' X < ¢ N.

Define the matrix
o0

_ —i 1/2 i—1
Q="M . (MPE)NL., - 6D
i=1
Since N and Ns commute for all §, we have that
XTX _ NI/QQTQNI/Q )
Additionally, we have that
—i 1/2 i—1
HQHOP = ZM(027C1) (M / E) N(C2+C1) (38)
i=1 op
o0
—i 1/2 i—1
< ZHM@Hl) (M E) Nteo|,, @9
i=1
1.9 2 /1.1\°
< MY2E - 40
~ 1.1¢ | H°Pi; 1.9 (40)
n
<1 < 41
SUE S co 41

by assumption. Therefore, we have that X TX < eN, so B

is indeed a valid PSD lower bound on Aéi/ngAii/jg. O

Proof of Lemma VIIL.3. Fix some j € {1,...,t}. Let B =
C1pCj11, and define the matrices

J
E > s and Adiag = (pj B) .

( ri B
E J B
Then

FpU=, p0)) = F ((T A> : (T Amg)) :

for some shared, unnormalized state 7. Recall that by
Lemma VI.2, we have that p; = 2777 '1, and that 27711 <
B < 277F11. Additionally, we have that |[E;|lop < 27;.
Therefore the matrices A and Agj,e satisfy the conditions of
Lemma VIII.4 with parameters ¢; = 27771, ¢y = 27¢7!, and
n = 2v;. Note that Lemma VI.2 immediately implies that
n < y/cica, as necessary. Therefore we have that

def
A =

A(GEP) @
— t(r) +tr ( A;(ngA;{jg) “3)
> tr(7) +tr(A) — 271 (i I"ank(Hi)> (44)
> 12" min(rt,d) , - (45)
as claimed. O

We can now finish the proof of Lemma VIL.6.

Proof of Lemma VI.6. The desired statement follows by com-
bining Lemma VIII.1, Lemma VIIL.3 and Corollary V.3 and
redefining ~ appropriately (scaling down by a logarithmic
factor). O
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IX. CONCLUSION

In this work we obtained the optimal lower bound of
Q(d3/<?) for state tomography in trace distance using adaptive
incoherent measurements. Our proof technique is based on
setting up a suitable Bayesian problem and arguing that the
posterior distribution over the underlying state, conditioned
on the measurement outcomes, places negligible mass on
the ground truth if o(d®/e?) measurements are made. This
technique is a marked departure from existing approaches to
proving lower bounds for adaptive incoherent measurements,
which exclusively applied to the festing setting. We leave as
an open question whether one can refine this lower bound to
Q(dr?/€?) in the case where the unknown state is rank-r.

Additionally, for the problem of state tomography in infi-
delity, we gave an adaptive algorithm that achieves the optimal
rate of d*/~, up to logarithmic factors. By a lower bound of
[18], this rate is superior to that of any nonadaptive algorithm.
Our algorithm uses logarithmically many rounds of adaptivity,
and we conjecture that this much adaptivity is necessary to
achieve the optimal rate for incoherent measurements.

a) Acknowledgments.: The authors would like to thank
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