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1 INTROOUCTHM

The hach table i ome of the aldect xmd nomet fimidsnes nts] dats @ ructurss in compaater eclenee Bach
tahlex were imrentad by Hane Peter Lutm in 1953 during the develnpmoent of TRM & fret commensial
ecientifle comaputer, the TBM 7 [33]. Lubn's implementation weed what i e Enoeen s e e
haehing ! Stnee {teme e addrecesd vis pointers, chainesd hach tahles waste gquare anid offer poor
ket a e alit g

In the mearly oeven derades cinee, there har been s huge Htemture on kaeling, onme important
milectomer can be ounintsrieed in the follvwing pogresdon of worde Linesr pmbing, which wac
ntrodhaced 1954 (33, 50], achievies god dats Ineality snd cometant-tne operatone i espects-
Hom, but ecales panrly o high lce] fartome Inthe 1960, Fradman, Kool aod Seemenfidi [[33]
chowed howr o achiemie womet-cace conetant Hne querisae and cubsequent work [16, 17] chivered
horw o dynamize thic ach table butat the oot of poor epoece efidemey snd dats oeality In the
early Ak, Cudeehaching [3, 18, 31, &5] wacintodwesd, paoshdng conet smt-tme que e and up-
ohatex writh betterepore efficieney Finally, o the post dacades, several haeh tabhlex [4, 34, 35, 39 have
been devieloped that ffer & variety of sven ctronger perfirmsnes guasrantess inchudng very-igh
probabiHty cometant-tHoie operatione, very high lood faetorg, and aoon

One of the great immniss in the etudy of hathing i that, sven after seven decaidec of recesreh
#mu mamy prnpueeed 2 e st hee, chadmed haching mmadne one of the st widely ieed hach table
dexigne, even erving s the defoult n performsn ee-oriented ngusgee ouch se -+ [13, 14] Sines
chaiming iz niedng mawy of the decirshle pmpertes of other hach tables (opore eficmey, data
Incality, eonetsnt-Hme ope o, ete ), why i & that it contime e o be oo wridely ueed?

Chdwing offere e gusrantes that ienot affersd by other hach table decl g referent is] etabdlity.
Referential etability mequines that elements not change lnfstion in the tsble, ssoept fior when tsble
maixes awe performed [13, 14, 37,33, 54]. Thix e mportant i msny et tnge: o eduee Locdkeng amd
nrresce concuTency; i Al pdnters into the table; o oupport fteratom through the ach table,
amud en om

What makees @t abiity algorithmieally mteracing i that the Enown techmiques fve acdeving it
are fimiamentally st odde with the other decrable puamntess Stabdity {teelf e eaddly achieved
by goring ponters o slemente fn the hach table, rather than the slememte theneelvee But o in
chaiming theer podntene compromiies other central gusrsntess, cuch s opace @ ficemey mmd data
Ineality

In fart, gabilty dluetrates just one ezanple of & more genersl phennnienon—that Enown tech-
mques for arleving many contml hach-tahle pusrantess preclude othere Even in caes wherse
we now howr o achleve individusl gusamsntess, the question of whether we can get thea guar
smters together in the exmae hach table & often nmich hander Some of the nomet cubetantial boesk-
throughs in the feld have beem nesded 1o achieve even beede combinatione, e g high oo Sartor
amid dynamie meing [59], high laed faetor and eometant-Hoe operatione [4, or very momitly,
dynamically-recizshle Fgh lood fartorand conetant-tme ope o [79]. And, s we chall Heres
n more detadl Inter, ennie other bace combinstome are @] well beyomnd the kEnoen techmiques

1ha Ernth peini ook o [37], bhe bmplemeriotin moey hove oee been bhe Gk nee of Bk Naby in ssmpnier pdonee
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Mindern work on heeling [4, 34, 35, 30 3%, 54] ferwees on the fnllowing eore Het of desdrable
ATt e
Thoaee
— Covnartant-tHoas o perat one e ome/ e e ofdeletone talke O01) Hme whp.
— (14 (1)) cache opHoaaliy: operatione ineur 1+o(1) carhe micess in the esterns] memory
made]

Space:
— Load Factoraof1 — a1k all but aof 1) Petion of epace ic ueed o ctore elemente
— Dynans de e xbngg: the table dynamaieally adfuste ite qpace concuniption to naateh the cur-
Tent ez,
Panetional Hy:

— ¥ory-high prohsh ity gusrandess: the ges e tes e cubpaoty monaial fdlures probebdHty.
— Heferemtinl atahibty: the only way that sleniente nove amund ie when the table i racieed

Exrh property mdbriche iy hae e o (aomee Hinees st emelve) line of rees sreh, and the question
of whether optinial puesrantess for all of the propertes can be schieved together hae maosdned &

clgmifirant open poblen
Thda artiele: Tnshurg bowt hivg. In thie wnrk, we mtmdues Insbory fuesh tribls Ieeberg haslring
maatehes the @ ates of the art fnr a1l of the above poperties dodimsouchy, anid alen inproees The
ctater of the &t for qpors efieiency and fdbhire prohabllty

Irsberg haehing mirodhees new torbviquees five enme of The moet barle squecte of haeh-table
declgn Notahly, our indirer Hon-free techmique for dynaniie receing, wiich we eall i Bril ad-
dnmsing, snd our techolques fivr o eeing & sbi ity and very-gh pmbabiity gusrsntese, can be
sppied to any haeh table that nosless uee of the badepanding poradign finr heh table decign

Ireberg hawhing alen mevicte one of the oldest approsches for decgning opoes-sficlent haeh
tablex: backepaning It mhoeed in the 1950 [50, 58], the bouee ides i that e s At haebed
intiy bine in the Fand pend and iF the taeget bin de ful]l the rerond de isetesd etomed in & emall
berok yond hach table A lomg s the bark vand ie emall, eomeleting of ofn) elemente, e eanaffond
o etore 10 & leer opowe-afficient osnner o mecent work, barkpaniing ha been wesd o s e
Wgh epore effieiene v i cometant -Hooe hoeh tables [4 8, 34, 35]. O techmiques alloer for e guee
efficlene v to be precerved, widle slen ackimcing the other come gusrsntess deerribed above.

1,1 The Guarantess of a6 leeherg Hasly Table

Heferantial rinbilty. A hach table ieenid tobe sorbls if whenever a newr element e neertad,
the poeition in which » plong with any wahie aceneisted writh o i ctored e gusrsntes] not to
change unt gither x ie deleted or the tshle ie redesd [37, 54]7

Empiries]l work on the problem of declgming opoee sffieient, etsble hach tables dstes bark tn
the early 1080 [1, 30, 37, S4] (e alen Knuth's Volume 3 [M]) Maeh of the theomtesl snrk on
ctahllfy hax firueed om & wreaker verdon of The property called weices strbliite: walue e seeoeinted
with krye sre etable, but the keve need not be etored weith thoes wnlues snd ame s lloeeed o maven

I oodditien b bl resired e oy bopl omestotion s the P moerdered map [13], siobiity oo i siegrol port ef e
sl i Hh= nito wvlo vl b o to s e ob b Syl [i] ond B sl [70] Skl bosh tobl o bypleliy sffer o Pessrss
lnnsion, whic b ol=ws mers Ie o ron e Hhot e o bl il remol noslo bl il Hhe pest Bme Ho bl eae csds pome mserred
mym ity whidhis wiy siohility i bypleoll 7 Bet regoired deving eabing

Mhine sichility in eofflsleet for pom = opplimtiors of o bty (=g stering pedn e b olnes, o Huot the mines mn be
vty st | Rt wsk il ovm o eppertiog it ien, ot peieiers et s bosb o bl ok e be need b veeify Hor

2 given keyfvoine i prescnt: deslpn iy son serent bosh fobies ot rdy on dementy sioying pol ond wes o).
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Dematne ot al give & general-porpoes appeaeeh (Theomen 3of [15]]) for gpoe e-eficently achindng
walue etabilfty in any haeh table, by adding xn extes ager of indineetion that cxn be enendsd writh

Juet O Jog log aj ewtes bite per ey OF coures, cuch & leyer of indirertion i ineonipet dhle writh dats-
Jor ality, en if wre wennt o achleve vahis etabdHty famd, nonre genems by, full etabiHTy) in & hach table
That ix alen cache Priendly, then sn altermstbe approech oot be takeen

Berider the sppmorch of weing indirerton [13, 14, & econd eommon approsch o o deving
ctabilfty hae been o comelder open sl dreedng erhemes (ruch ae Hnesr probing) writh deletiome
plenented udng nwintana n patieulsr, thic oeane that when an element e deleted, i
ciaply nooved fome the table, amd oo other eleniente ame nooved amumd Deepdte both enapiriesl
work [37, 54] and theomtesl wotke [356] on anslyring ouch echemiee, The comiples depe nde e
betwesn inesrtine anid deletione over Hme kave prevented any anabrede from oferng prinesble
guarantess at Wigh lnad fartom (e Hemsedon in [Sa])*

Car tearhndque for stabdHty: an anoisnaged backyard. A trademark of the uee of bkadeyanic
n recent work [3, 4 15, 16, 34 25, 19] has been the deadgn of creative wrage to move 2 emente fom
the backysrd to the fromt yard whenever opaee frees up in the 1atter (for ezample, Arhitman et
al [a] etore the badeyand ac s deanortoed cudenn hach tahle, and whenever 2 oueloon evicton &
performead, they chedk whether the slement can inetead be naoved ook tothe font yand)

Of ovuree, smnther approeeh wid be to cmply leave the badeyan] enmumaged, allowing for
elrment ton remaim in the badeyanid sven wien space fresc g in e fronnard We priove a genesal-
purpesce Tecul that we call the Ensbary Lamwr, wiich ectshlighes that barkyarie do mot, in fart,
Tquire Ay madntensmes o etay emall” An aceentisl ingredent of the Irsherg Lemama i that it
birmidethe dre of the barkcyand not juet with Mgh prokobility, but alen with cuper high probebi ity
{in fart, probebiliry 1 — 175 FRREE) Thig emde up being central o mr dats-gructue dedgn, s it
allowes finr etabiHty anud cuper-gh probebd ity gussntess to be achdmsed dmult aneooely, wdthoot
being at mide with one another

The sppmach of haing an wnmansged badey amd i snalogoiss o the wee of b omes inopen
aidireccing In bath caces, ome takes & dats etructure in which one wevuld mo mally oove slemente
aroumi and ome cmply anslyzes what happene {7 inctead elemente are alwsye left in plare The
mault i that there am tricste dorulsr depenidencles betoeem wherr slrmente recdde over Hme,
depeniing om the etnry of pout ines rHiomne, deletione, sl e-ineertone. To ovenoame Theee depen-
denriex amd acideve cupe - rgh probebdlity pusrantess, oo o of the Ieswe g Lenins ke e
of & number of interacing combinatorial idess

Dadng only O{log log u) exctra bim perkey. The Amt hach table 1o acleve cone ant-tnie opera-
Home with alosd Bactor of 1 —o[1) wat that of Arbitnasn etal [4] They achieve alosd fartorof 1 -2,
whem 2 = n{mﬁj.m e articl pokes ac a0 open quecton whether a emoaller
2 ix actlevable. Herently, Liy, et al [19] precented the fmt pogres on thic pmblem, tharing &
+loglog " factor, and achieving 2 = O{1/Iogn}*

Iesherg haching Purther impmeves 2 1o O(loglognflog n). Thic ic a0 ecpeclally big inopmoce-
et in the comanion cate where kepe concde of S(loga) bite Here, Iesherg haching uces only
f3{log log n) extra hite per key in comparicon 1o the previous etate-of- the- st of S ingn) exra
bit & prr ey [39]

1 Ard v i e o plen wrers praniile the perlrroee s degrodotls n[7] ot thess pebermes in e o high ko Aol
winld sl l oppor be ke prabiaeroile e proving Hme berdn sn o e sl scorbes

"The mme of the keroma sierm freem Hhe bet Bt the mmijenity of oo ke cberg remoine miv by modorwier, whil= soly o
1 e sy [35] n midern ey o nerbiers | ond B A stiern]), Hhe mames basl oppreach e on bemade i werk with Ao sHers,
ming i olevnirolies verslon of dhedr bee bebgn o (oo GeeBlen 7ol [39]).
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Tor & log nj-bit keve, we alm chowr howr to inplenaent Iesherg haehing ae s cuecinet dats etrue-
Ture, ucing only O log log a) extra bite per key when eomapored to the infiornestion- Theome e opt-
it [n arhieving thic epare boumd, our hach table ie the Aret dymamde dietionsry o mateh The
loweer bomd of Demxdne ot al (Theoren 3 of [15], which spplies o 2y etalie- capor iy dynande
drtionary) on the mmiber of bite mquered by any hach table that ctomee slenente by sodeming
Then etable poeritiome 10 2m array. This our hadh table hae provsbly optnosl opoes wesgs o mee a1l
curh harh tahiee

Intereetingly, n additon to exsbing & etable backyan], the Ieeberg Lenines emde up irdepen-
dently playing &n fmaportant mie in our Mgh-apare-sficeney raculte In portieulsr, 1t allowe for
the uer of backepaning a & way o ctore naetadats cuesnety.

Im-placs dynan e resboing. A hach table cupportc dynsmic redring 1fthe quaes comomiption e
& fimeton of the current numiber of recorde n, rather than eomie upper boumd A on the numaber of
recorie that eould ever be o the dets gt rueheres
Arhitman, Waor, snd Segev [4] poee the open quection of how to mxdntain & conetant-Hooe,
epare-effieient hach table that cupporte dynamie eetring Recently, Liu, Tin, and Yu [%9] gave an
enlution to thic problen, in which reronde are ctored in bine and each bin ie oepoeeented
epare-effie o ntly writh Ane-gradned nemiory aloestHone, whene the bin ie inerenee nts Ty o spended/ -
contracted by alloestng'deslorating aall chunkes of menory. The recuting laper of indimeeton
ie incomapotble writh 1 + o1} cache optmality.
We sk that there are many approeehee o redring hadh tables that e an 0112 )-Eactor
Hme overhead fn order to matntsn & gqpace eficeney of 1 —2 For an excellent deruedon of auch

appmoches, eee, &g [41].

O terh rodg we for S drentinn-free rea b g waterfall sddveacing. Witerfall addraccng -
victe the mnet natural approsch o mamtaning o opere-e ficdent hach tahle, which i to dmply
incrementally maixe the table by 1= o(1]) fartone on that 1t slways ctape at & bgh oed faetoe The
problem with thic spproerch, and the maoom that & hae not been wesd in post wnrk, e That each
rexize nabely reqeres CI{) work to rebudld the table, makcng the sppmooch Hme et

Witerfall addrescing nispes @lementeto hinein s way that offers the fnlosing gusrsntess When-
ever the tshle dxe memesces by 2 1+ of 1) factor, only 2 of 1) fraction of elemente kave their bin
changed, #nd in fart, the only elrmente whoee hin change sre the ones that move into the newly
created porton of the hash table. Morewer, sraterfall sidreccing allowe o tme-sficdent way o
idemtify which elemente need tn be moved, eo & recize ean be perfiomaed in Hme propeortones] o
the aminmt by which the tahle dxe iz changing Finslly, the probabiity that sy eleniemt lmdein
sny hin ix nearly wlfinrne, bath before and after recxing

Reparie 1. At thic point, & worth taeing & monient to sepand on the cubtls mlsHoneip be-
toeen etability, raciring and cometant-Hoie operatinne A dlerseesd s rier, etablity 1e 5 priope ty
that halde at all Hmee sesant five when » haeh table illuhgud.uﬂ.‘ Cm the other hand, in ander
o deaninrties meoirer oo that svery operation takees Hoie O[1)]), cometant-Hme hach tabler e ad
the racler operation srmes & eoquencs of operatione o our conetructione, iF & reces iners e
the table dre by & 1 + 1fc]) fortor, then the work for the radee will be opresd armee O(n/s)
oprratione Thic naesane that etabiity ke in only after thees newt O{n/s) opemtione sre com-
plete. OF eouree, another natural approsch ie for each rebulld to oeerur atonede ally o O(nfs) Hoee.

’Hﬂhhllhrﬂﬂhﬂ.hfmhmﬂﬂ.hpr&ﬂ.:hmﬂhnmﬂlmnhﬁﬂhﬁ:mm
maxf ke mewed be s ey 0 sl perilen of memery st we ineer peer spoes oo He)
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If ome e Thic spprocech, Then the only operatione that winlate etablity ame Thoes That trigger &
mhdld

(14 a{ 1)) canke optivaabty. Whersae the etanderd FAM mndel svalust se the mmwing e of an
algoertt e 0 ternae of the numiber of operatone perinmmed, the Externa] Memnry (EAM) nandel [5]
mEAOTEE perinrnianes n cache noieess (ennietinies callad block tramefere or ['08 The EM nondel
har torn paranisters, the dre M of the carhe and the cre B of & cache Hne (both mesnred in
marhine wnrde)

Any conetant-tive hach table tridally incum O01) cache nocess per operstion Jencsn and
Pagh [3] choved that a nouch etronger gusmntes & pocdble: there i & cometant & ouch that iF
M = o8, one c2n imaplenient a hach table having loswd fartor l—ﬂ{lﬁﬁ} and cupporting each
operation with 1+ ﬂlfﬁm}upmﬂuﬁhznﬂ.ﬂ:{ﬂﬂ!mtnfm:m:mﬂm}.

In'ﬂu:aﬂwhmﬂﬂlfulglt‘n,k!bcrghﬂqaﬂh\!:maﬂyum:‘apmtﬂm
cache nodeess wridle aden reducing the computatomns] eoet to O[1) Specifically, udngs eache of cee
M > polylog n, an Tosherg hah table actieves & losd factor of 1— (g BivE) with 1+ O{1/ )
expected cache misces per operation '
¥ory-high probabdH ty conatant-Hoee g uarantess . Gondrich et al. [34, 25] comclder the pooblem
of & Feving cubpolynomisl probebiHtes of faflure in & conetant-tnie hach table They note that
mandern hach tableshaone T eoumees of fdlure: fathrecdue o hach fume Home belng not ouffl clent
mandom; amd fahere due to the decgn of the table {teslf Falhimes of the former type ctem from the
fnrt that the bect nown families of hach funwtone [19, 44, 55] make wee of exponder poaphe
the determimletie conetruction of which mmxine one of the longed -ctanding open problenic in
extremal combinatoriee. A noted by Goodrich et al [34, 35] however, 11 ic nom ethelses precble to
denlate out Falhires of the coromd type by emply aegimaing accees to & fully modon hadh funetion.
Under thic aonmaption, the authom [34, 35] cometriet the fret hach table to heve a cubpolyoomaial
fsdlure probebiltty, specifieally schimding » 1/ @2 probshilite of faihim with & I factor of
1— & for am arhitradly eneall cometant 2 = 0.

Iesherg haching mstehes thic pmbabdity puamntes with an interscting okt if there sxlete &
hach table writha loseer fadhire probebd ity g and That cupposte acometant load fartor, then Ieshe g
haehing eanbe sut o tes Ny impmed o have Sudlure pobabdlity tg)-+34 FSES o] ertth e
comproniicing sy of the other guarantess on cuace eficiency, cache eficency, dynanie recring,
aml etability)

The emalleet arhievable vahie of g remaing an open quection. The hach table of [35] achleves
£ = 1/ ohich i the eiate of the avt. We chow that, in the common caee where keye are
Exlog n) bite, & cubstantially enaaller fudlume pobabdity of g ic achlevable. In partieular, we glve o
cimple data etructure that arhieoes ﬁ:llmpniubﬂi‘tyf:lj‘a”’" (fior & poettive conetant 2 of our
chdee) Thic, in turn, inaplies that the exme fadhre paobabdHty con be actieved for Ieeberg hackring
n thix cace

Axwe ghall Henues Inter, all of the propertes of Ieeberg kaching becies very-gh -probehi ity

guaranteas cam be implenented weng Enowen faniHee of hach fumetome (aecuning the desrription
bit & of the hach fimetom sre eached] The o meoilte on very-gh-pmbability gusrsmte s [in-
cliding o) all raquite soeees to Pully randone eaeh Ffumet ione (or ot her famiHee of kash fimetomne
that are oot vet known o exdle ). Hemoving thic requirenient remadng an intereding drerton for
future wode

"The npper beond sn B b peccsmry gien Shot pebleing the pome guee oy B bger B wenld reguire forther
Iprererment = e stoke o e ot fer bosbelo bl g poe = of sy In dhe B AGE medd
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1.2 Arnfcks Ouilfine
The rest ofthe article pmeesds ac folloer

— Section 3 proves the Iesherg Lenines

—Section 3 precentc & bade verdon of the Iesherg hach table that ic cpore eficlent, cache
efficlent, and etable Subsequent eartione then bidld on thic bace data etructume o o e
further gusrantess

— Sartinm & dhows hoer o pedfinen fne-gradned dynsmic eieing on sn Iosheng ach tahle, ue-
ing waterfall addreccing W chivwr howr 1o aceve opore-e ficlent dynamie meisng st ot
compmmichng ot her propertse, ouh s cache perfirmanee.

—Sartinn 5 ewtends the parsmeter range in which Ieshe g haching com be implemented in
order i allow fior further ipmwensente o opace effidemey. Thic reculte s o faetor of
1 - Oiloglog ny log n.

— Sartion & conedders the pmblem of ackimcng cubpnlyaonaial e gussatese saoming
fully ranidom hach funetione We thow how o maplement Iesberg haching fr Eflog aj-bi
kepe in & way that ariieves fnhre probabilty 1435

—Section 7 ueer quotienting to makes Irsberg haching into & fully curcinet dats @ructurs,
mexning that the gquars comeumaption e (1 +of 1)) tooee the theorstieal optimal Ac o post
work [4, 9] we fonue on the caee where krve are B log a) bite Thic reculte in the Aret oue-
cinet dynamaie hach table to cupport cometant-Hme operatone ferith high probebiity) and
warts only S(loglog a) bite of gpace per ey swhen eonaponed to the dofiornston -the oreties
o Hhun

—Section B precente an overview of related worke

—Finally, Appendte 4 gives explich fanellies of haeh Fune Hone that can be wesd to plement

Ieeberg haching Ak ic the cace fior past hach tables, 1hic introdhaeec & 1/ poly o pobabdity of
fnihare.

Sines ervers] variatone of the Iesherg hach table are precented in the article, each of which
bulide on the previoue one, the mader noxy fnd 1t helpful o omoetnes referenee Appendie O
which inchides & table of (1) the diferent types of metadats weed in each coction; and (3) the
ik rent reacnme that anelement ean end upin the badepani

1,2 Applicatinns I Laler Wik

Sinre the preiminary vendon of thie article, Iesherg haching and the techniquss that it contxdne
have fmmd & varlety of applicstone to both haching [0, 35, 48] smd melated amess [ 7, 35]. Although
the originsl purpeee of thic artels war primadly o ancerer & ot of theomHesl qusstone, The
techmiques and dats etrctures have cubesquently been wesd o applisd e thinge [, 55, 8]

Wi begin by dicruecing s pplicatone within The theory Htemture Bender, Fucenas], and K-
sl (FOCS'31 [H) et wdy the quection of whether it i poecbles o cometriet Hoesr- pobdng hach
tablex that avidd a phenomenon known s pricwary clusiening. The dats gructure that they intno-
dhare, Enaeen ae pranesjparn Aaching, noskees uee of waterfall sddreccing (ntmodueed in Section 4) o
pee xfinermn. e o vt i pulaures T g el Yot enmaperoen el g TAD pusraontese. Kiesman ] (FOCSE3 (A5 ])
mﬂu'ﬂ!qimﬂmnfwht]m'aﬂlmpwaﬂmynfuf“ can be artesed writ hout
fully randon haech fimetione The reculting dats etrueture, called sn Avggifed Rotated The, bullde
upnn The barle declgn/sanslrde foniewrorde inSeetion & for how o anplify probebdHty gesmntese
by uring & trie e backepan] dats etruetue Bender ot al (SODA°37 [7])intmduse & dsts-etraetums]
prindtive called the Any pointer, which can be uesd ae s opoee-efficient cowsp-n eplarenient for
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printers in mawy appliesatone The conetretion of the Hoy podnter reliese hesvily om the faet that
wery-high-probabiHty etabie barkeyarde are poeekble (ehoeen 1o Seetion 3}

Om the spplisd die, Coeslesn @t ol (SPAAS] [6], ASFLOS'2 Dietingeehed Artels [56]) pro-
poez the uer of Ireberg harhing o aecgn wirtiesl prges o phecles] pogs of deeee in BAM. Here,
the etabiHty of Ireherg haehing ie crifesl, ar The wirtusl-to-phedes] mappdng eammot be changed
dynaneie ally Anotherpmpe rty that they eapindt ie the bw amoclarhnfpof Ieshe g harhing (Lo the
Inrtthat each {tem e gunrantesd to be in one of & enall musiber of poetone, wiich fol o fom
the techmiques weed o achimes opace-o ficlent etablity in Section ) Thic, comibined with etahbllfy,
alloex fnr [i5, 356] to medecign & perfvrnaanes-rrities] pece of kanderare Enven s the trame bvH on
Innk-sride helfer (TLH) in onder o aceve cgnifiesnt pesfrmanes improemente in s wide
mnge of seperimente [[35].

Pandey ot al [45] foplenent & prarties] verdon of Iesherg haehing, ealled TeehergHT (SI6G-
MOD'D W8]} IeehergHT fea etatenf-the-art qpace-efident coneurment kach table dedgned fior
pereictent memory amd BAM The stability of Irshe g haching ends up playng an important rols
n the decign, ax it lemde {tee ]t cnap e and e oot concurremey meremime SddiHonslly, the
muting-table terhwlques i Secton 3, which a grior might esem purely theomtes], smd upy lend-
ng themes]ves natum Ty o the wee of AVN=512 vertor netrietione. The (1 -+ o{1)) cache-sficieney
puamantes alen comes into play, s reduess TLE micees (amd thse pogge-table Lonkeupe) oo porsd
o alternatives cuchac Cudoen haching Fnaslly, the opore-s ficency of Ieeberg haching » Tows for
TeohergHT to operate contmwmsly a1 > 3255 full writhout eompromidng pefmmanes.

2 IXEBERE LEMMA

Ax Heruead in the intrndheet ion, & oonenaom echodque fr ino e et ngep aee - et o tshles
i to wee & font yand data etraetume fior et slenente and & badeyand dats etractune omoa eall
wubeet of ove flow elrmente Sinee The badeyand i on emall, The dats etrcture wesd to implensnt
ft newd ot be ax epoee efficlent

Thix eartion comedider The question of what happene if the badeyand i ummanaged, mesying
That onrce a0 element e plarsd intn the badeyand, # ic not sooved bede o the fomt gard, even IF

epace feas up i the sppmpriste bin

The kxaze: Gaux. We captur the problen formally with what we call the Iepamen GaME,
whirh jgnomee the etrurtute of the bardepan] but allowes ue o boumd e dee. The Irpaeen GAME
conclder n bineand 5 umiverss [f of balle 4 eaquemes ofbe ] ineertiomne smd menomes lesms
over e, writh the only conetraint cbeing That there ame nevernome thanm = finballein the cpetem
a1 any glven monient, amd that all balle in the cratem sre detinet Wheneeer a ball ie inertad, 1t
i hached toa ramdom bin (i the eame ball e neerted, deleted, and later reneerted, the exme bin
arcigrmient ie ueed) IF the bin being meerted into containe naome then A+ o balle (Ancladng the
ball currently being inesrted), where £y ie s parameter we will et later, Then The ball ie nbeled s
1 Note that the mmaber of o spueed balle a1 any Hnae i an upper bound fior the miniber of
bealle thent wervulid be in & barkeyard
The Irpaewpn GAME taees an inte ntioms Ty Hberal spponceh to nbeling balle s espoeed Fn portie-
ular, 1 vervuld be maturalto comelder & spoeed bolle ac ecding s bark yarid, amd T not eounting
townn] the Alle of the bine in the fromt yard On the other hand, i the reanen Gaws, we intem-
Homeally eount a1l balle toorsnd the Al of bine A we chall dersee in nonme detadl bnter, Thie enecres

= e bl el i = il i = e e e oo o e np in skl th = biew e b crder o aevbrdl, e gon “iesberg™
kolln of helght of meat o 13 ore beleor the neo bl ond ol sther bolls o= ofl=of ond =rpesed. Gl e kolls o ke el oted,
neme =ypesed bolln eoy wink bedewrneo kel bt ey wil reloin Hhe cvpesed lobed Bn sther wrerde, Hhin ok decar(T rofor
In e evwrent bvolen oo balll in el seberyg ko yent, bnt rather b whether it wos oop esed npen insertien
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the fnfloving uesful property: whether o ghren ball ie srpoeed or not depende only on the et of
balle precent dhring the neertion, mther than on the entire Metory of the cyetent

The threehnld ry nee de to be choten o That & i emesl] smough o mskes the reoiiting heaeh table
epare effl clentand Lergs amviugh tonoslkes the barbpsrd enall IT & < polyiog o, wilch e the relevsnt

paranieter reginie for haeh tables, then will duoor That
ry = k- {Rlog K7,

fior lavge enough conetant ¥, ica good chidee. For the eskee of cleaner ealeulstione, we slon defne
#m aditioms] prrameters = k0 /4 which we will uee in the ans by

Aninaplesxamaple Acanilusctrathe szample, conedders ganewithn = 3bine A= L and 5 = 0.
Coneiider the following eaquence of {meeriome snd deletome, where svery ball ic asuneed o hach
T bdn 1. Firet, balle x; and xy ate neerted, then x e deleted, amd then g 1 imeerted.

Ball x i mot ewpuiaeedd Bl x; dc espooee d cinee, when it dcinesrted, bin 1 comtsine 32> A+ =1
balle (namiely, x anmd xy) After xy e deleted, g remsine srped cinee being expoeed i 2 ctatie
property. Then, when ball xy i fneerted, it o i erpaeed, cnee the Mnetl contsne s = i+ =1
balle (namiely, »y and o) Wote that the fact that g was espoeed Hid not affisct ' expme

Ax Herueesd above, Thie deflmition of @ paeeere & more sggreordve than the ovedflow condiHon
that Iosherg haching will artuslly wee—in an kebe g hach table, ball xy weould end up inthe borck-
yand, ani Then ball xy would end up i the font yand becaues bin 1 wiuld be empt 7 when x W
ineerted (ac xy would not be init) Thic i a caee wheme by etating » elightly @mmger meult (1,
boumuding espuated balle inetesd of badey sod ballk), wre obtain s eeult that i elight]ly sacer o pome.

Bound oy the nansher of excpoasd balla. An sadve resry that selehe etofomre & etate whers a ot
all balle were erpoeed chould eeek to delete non-eepoes] bl amd fmeert new balle (or relneert
the old omed, hoping that the new omes beromie srpoeed The fnllowing emants choore that 1T 3
alnanet mapoecible for a0 obHwioue sdvemesry toachles Thic gos] We uer The convention tThat an
event hap with seepor-high proteeiniiey fasibn) oo i happe ne with probebd 1y T 1ot

1—a= ol

Lrara 1 (Iceneen LEwmra) Ac long az i < polyiong o, fienar serppoint in tee fe aoberof
exporad balls iz o swef nf poly A weip inm

Inthizeection, we scome A < polylog s Thic mesne that we g innicequivalemtio we g
i, e finr noer om. we wll dmply eay wzip without operifying the variable For the eame reacnm,
n/ polylogn = m/ palylog e everywhere

W remark that f i > poby lng re, and we were o oot o = A3 fors > 0, thena racult annlogoue
o the Ireberg Lenama (but omly whp rather than wehp ) senuld be inaneiate baranee ctamndand
Chernnf boum de wivild ehusr that thene sre e speed balle, whp What makecthe i < polylog s
cape {nterecting i that there amw (alnioet certainly) godng i be expuueed balle, but we want o chisr
That there will mot be i mamy

Proviug He Iceberg Lesmns

A aiapls argunient i achires & whp boand We begin by oheerving that themr i s very
cinple angumaent that can be weed o prove 2 whp vendon (rather than s weh povercion) of The
Ieeberg Lemama fior any eoquence of poly A ball meertioneremovale The srpument goee in thee
ctepe Fimt, we partiton the bing into groups of eee n*, and argue that, whp each gmup alwaye
e 2t ot & -+ n'? balle that hach to it at & Hme; the et of the agnment conditone on s Aved
outcome of which group each ball haches tn Secomd, we e lineacity of espectstion o boumd
the eepected sumber of expuaeed balle fir each group of bine Finally, e wee the fart that, onee
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we b eomditioned om which balle haeh to wiich groupe, the mumbere m, Fy, . .., Fy-s 0f8

bealle that are inesrh of the f*pmpmiﬁphtnﬂmnﬁﬂklﬁﬁﬂhﬂiﬂﬁ!mp
[, O{n“}} applying Horffiling's inaquslity, we can conelnde that the totsl number X = F, r of
epierd balle ie tightly comeentrated aroumd $e nesn, whp

Thiz barlr terhwique of bresicing the bine into groups, condtomng on how nosny balle haeh
o each group, and anslrring the groups dependently, s claeele approseh fior hamd g depen-
dencle in balle-amd-bine grmie (amd hae been wead, for ezsmaple, o amdle Aol ted |mdep e dene e
fn hach tabler that require high ndependenee [4, 19 200 to comet et quotient-friendiy famiHee
of pernautation kaeh fimetone [15]) The Hnaftation of the techmique, however, ie that it arbees
nuch wesker probabllity boumde then the cuper-high-probobd ity bmde that we want for the
Iesbwerg Lananas,

In omier to achiewe tight probohilete hinmde, we Wil need o take & more sophietiested ap-
proach that smalyzes all of the baliebine together, and carefully handles the cubtle mterdepen-
denries betoresn opemtione i the operstion cequence By allowing fivr s unmamnsged borleyand,
wihile alen extshliching oiper-gh pmbabdlity boumde, the Iesherg Leninis will alloer fior we to
o v both etabdlity and super-high-probeb 1y gusrantess inthe Ioshe g hach tahls Tt tume out

That the ctmng probebi ity bounde offered by the Ioebeng Lemma alen snshle appliestione of the
Iemama to other areas in dats etractumes—we cutline » number of euch applie somne s e e ot
arrle [5]

Notwtion. Befirre we deres the weehp ansbrde, Lot e take 3 moment to defne eomie notstomn
Let ¢ be amy fwed Hoe etep Lt A = {3, anpr] be the oot of balle present in the cyctem at
Hooe ¢ Let fp be Hme where 2p war nueet recently ineerted, and 1t T = {6, .., fwr} Lot B be
the ort of balle other than thee in A That are precent 8t any 4 € T and denote the balle in 8 by
B, By - -, By Obeerve That m* < m, cince there are there ame st st @ balls precent ot Hme ¢,
amad that [B] = (), clnce there ame at most m ballk precent during each e £, by, . -, e

Let ¢ = {ay, .- -, dtpyr ) be the bin choders ofthe ap'c, and et § = [, .- ., fm ] be the binchoiees
of the by'c Fimally, Jet X, be the indieator variahie that ic 1 ezactly 1F ball a, e espoead at fic
nerrtion e 6. Then X = 7, X iz The mmber of espeed balle at Hme fWe want o poce that

X=nfpolyh wehp

The Aiffra by of pardhrooing a Hght prohas bdH et o anol yvde on X, Roughly qpesicing, the madn
challenge in the ans b eteme from the faet Thet each ball 2y may be precent during s arthitrary

cubert of pot Hme ctepe i T, cinee balle can be deleted and meineerted Thic mesns that the etate
of The cycten #t ctepe before b may already depend onthe randonvmess of a5

Sinee X depende om the ballk precent at e f, 1t folloees that Xy depende on the bin chodee of
ay fior every | such that ¢y < tp, and thue X depende on Xy On the other hand, becsse a, may
have been precent at Hme ¢y (befire being remove d and subcequent)y reineerted at ), X, may
alen depend on X, In partieular, thic atter type of dependency inpHec that we canmot Treal ay &
chongng & bin umfivrn by and {ndependently at randons a1 Hme t.

Ghven that the Xy'c ane mot independent, it i matural to hope that they might nomethelecs be
ctochaetieally dondnated by & ouma of independent 0-1 random varables ¥ ,. .., Fyr. In particular,
one can chow that, weehp, at every tme ctep §,. .., fyr there ic a1 noost & enaall fouetiom g of
bing that hevve lond shove A + 0. Thic cuggeete that, perhape, the X)'c ehould be gtorhad ieally
dominated by independent ¥,'s each with mean g.

Pethape ourpricngly, this storhsetie- dominsn ee approeeh doee not work (even whp ), & one

can eee with the following examaple, wriich highHghtc enmie of the cubtle dependencies betoreen
Xr'e. Comelder the bacie eetting in which m = 3 and balle are labelad s e spoeed if they land on top
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of another ball (note that, o thic com, we have g = 1/a) The atvemary perfornoe The
eaquenee of operatione on oo balle, aand b; (1) neert a, @) neert b, (1) delete a, (4 ineert a Let
X e ate wrhether bic espoeed ot gep d, and et X indieate wehethera ie evpoesd a1 etep & Both
of X7 #md X3 ame 1 exartly when a snd b chooes The exnae bin, snd thue X = X3 deterninietieslly.
Shee Pr{X; + X5 = ] = g, the mndon vwarishles sre oot doneinsted by fdependent ramdont
varishles ¥, 1 with mesn g, Thic exsmaple cxn be extended to an st ey o and thoeehold &+ e,
by adding m — 3 edumdent balle befiore etep 1, #nd Then replacing then writh snother i — 3 balle
befinre etep 3; note that, o genem], thie doee not reult in X5 = 25, but fetead in & cubtle poette
dependenes beroreen X; and X510

Dadng Melisroeld s Inewual iy, In order to prove the Ieeberg leninis, wre Amt derues & wesful
Terrenw 1 (MeDoawr ofe Te(RrALTTY [E]L Lef X, ... X be indzpendmf mador variabis
tainng wakess fom an arbirmry enierss I Lo F; R Sugposs B zarkfiss e fllowing
Lipach Hx com dition: fere ook a reaal iosber £ e Lipachix bound} sweh fue forail | € [k]
XA e I,
WPl - X o X )= P, )] S E.
LaX =FX, .. . X) Then, forafb> 0,

PriX = E[X]+¥] < mp ]

Ingarkwiar, L < polylogik, fen wesan oacdeds far X < E[X] + kf polylogie weh g ink!

What happene if we try o apply MeDdarmiif ¢ maqualtty to the randon varishle X s s funeton
F of the ay’s and ;' Thic comes with twn jonwee: the At i that thers are up o &) dent
A'e, meaming that i ie @) (which ie tn rge to be weefull; and the e oond e that the Liperite
condtion ende up not being exticfed (athough, ac we chall cee, it i “rloee™ o eatiefad)

A two-ph ssed srcalyels. To enable the wes of e Denroedd e dme ques iy, ove 9l break the snalvce
into oo phaee In the fret phaes, we will conclder sn arhitrary 5 and snalyes the randon warl-
shle X | A that ie, the mmdom varable X i which o am weing & predeternined 5 (oo the only
remxining sndoninees ie in o) Sinee o hae doeneion only O], s o ol dtona]l idess e
can e MrTrarn i e i ques Uy To ehoer that, for awe Beed 8, X | Sic dghtly coneentrated smoumd
ite menn E[X | A1

The ercomid phaes 0f the ansbrele will then boumd E[X | ] & & randon varishle that depende
on F'e eendoniness Although EQX | 8] ic & randome varishle (ac & funetion of g), the fart thet £
ie alen am ewpertation (a2 & fumeton of o) sl alloer for we to e Hnesrity of @ opere tation (o onder
o avndd sny compHestione kaving to do with dependencies seroee tooe. Leveraging thie, we will
chowr that E[X | 8] & tghtly coneentrated sroumd E[LX].

Combiming together the twn phates of the snalvc, we will fnally be sble o coneluds that X e
Hghtly eoneentrated sroumd ELX]. We nowr perform the Anet phoes of the amsbnce

10T = ot Hiot e depesvin dlen son e gt ek by b remsen ol Preor cxormp e, in post werk Hhere ore several smems
plenwhve ot s oitenpie A be pse on s e ged o poed [5G 3], 0nd St i sy omsned | ndepen den o betraren
X a [E]. &r cifernpted Ie perisem on sren ssn e sie shostieedemin on == orgrennton deseriied ol [11]—srinrmiedy Hhin
s neito big deol in cither sone sines in beth oses it s sbroigh B sreord bs momge e badopord in gnestien Do csrder
Ies Pl reserer e e lolen o resnlite.

U deed wetieg # % pedylog Eand b = & pelleg k ghe o prebablity of e form expt =y ) - ap(-Siesit,
oxp { =k} pedyleg E).
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Crana 1. Forany wiweof g e madort wrlabie X | § coficfiss
X <E[X] g+ n/polylogn
wshp

Feoce. Howr nmuch dethe vahue of X affected when o cingle oy chomgee? The snewer leat mne the
mmber of halle present at Hme ¢ that choee either the old or the new value of oy Unfortmately,
there ovuld be ax sty s o cuch balls, meswing wre cammot dractly apply MeDdarnodd ¢ inequaHty.

Deflne T = ¥ X7 10 be the number of espued ballein bin i a1 tme ¢, o0 X = F, ¥i. Take g
o be 2 cufficlently lange cometant amd eomedder

I"=z1:nﬂn{fblns“w,

That i, & trume ated verdon of X wheme each bin ean contribute st nooet polylog o balle The varishle
X' | fiza funetion of & with Liperhite bivmd £ = Jogd ;. Benes, by MeDdsrmiFe imaqualtry,
X’| % E[X"| f] +n/palylogn, wehp
To eomplete the ponf, we chow that w.ehp,
X| £<X°| £+ nfpalyiogn (1
In partirular, e woukd mesn that wrehp,

X|f% X | A+ nf palylogn
< E [X'] f] + o palylagn
= E [X] A +n/palylogn
We nowr prove (1L For each bin i, define W) to be

Wi = mas (o, ] | ay = i — log m),
that is, f naome ﬂ:lmlq"mh]l:{n_r]-luﬂ n kn i, then W5 counts the number of rwcecs balle
By dadgn, X — X = 7, W determimieteally Notice, however, that 7, W i 2 fimeton of the m
idmpemdent madom varishles o = {ay} with Liperhits bound £ = 1, and that E[7, W] = of1]
(clnce by & Chernoff boumd each W) = 0whp) Thox we can apply MeDdammid e nequality to
dedure that Pr[y, ) | £ nf polyloga] < -20elBes sompleting the proof O

We newt Tum to the ercomd phaer of the analyce, which ic o prove & comeemtration boumd on
the ranidom varishle E[X | 8] fwhaee outcome depends only on the modomness in §) Sy that &
bin ix Bwrwy (ot & gpiven podnt in time) i it conteine of et A+ oy balle Say that 2 tme etep i Beed
if there ate manre than A/ heavy bing at that etep, and otherwler we ey it'c pand The reaenm
Tinr therae manaee fe that, 174 ball i i neerted during & o ctep, Then it probebd Dty of being = apoeed
e ot mt 2 = 3t

Let By b the imdHestor mondom varishle tThatie 1 if xnd omly ¢y i 2 bad tep, and let 8= ¥, 8,

Crama 3. Forany fiolczaf 5, we determinicicaily fawe far
E X8 =anfat+E[B] A]-

T At frutglones Hhe affeort of dhon gl o sl =0, Hutis, doeging the bin b wrhish kol o) oo, wreedd geem b oy
g X by ok meat 1_EBeb s fook the At mon be mnsh bger Soppsss thot Hhe newe shales of op Ino bin Bot ho
ey =1 balls in it Flosng koll o in ot Ho e s the bin Goppess neer Bab bhers 1o o segrene e of inberkeo ved
lrmeril cow o mewr bo e ond A dleslen g o nerpesed bolle e Hals bin Tt kol i Hhis bin, ol he nes bolle ore sxpesed,
oo bod o ek beem in e bin, pese o e pewr bolls wenld o ve been srpesed | besonse e ot obieg | eserilene ond
et wreld bo v kept Hhe bin | et o der po ity e e we b ook en X of dorping o conld beos kogeonm.
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Feoop. Let 57 be the event that ay ie Iabelod exposeed a1 ¢ By Enearity of evpectston, we hae
E[X| Al =Z::|: 1 A =ZP1-[EE|I|!']-
By comeliering whether each ctepy i g or bad, we can decompiee thie s
Z:[Pr[unmﬂl.ﬁ]-l’r[ﬁl.ﬁ,nsﬂﬂ]+ﬁ [t bad | 8] - Br (55 | 8, bad] )

sZ;tPr[ﬁlﬁ,rmmdl+Pr[nmm}
EZ{athr[umml
=/ +E[B] A-

The followring clain chowre that wehp there sre o bod ctepe
Cranad. Any fxed Hee 2o is good wefip [wifh probabilify taken over bot & and §1

Peoor. Let Lypbethe losd of bin j a1 the Awed etep. Thic ica binomais] mndom variable seith oaean
at moat A Leta = (o log #1949, Then,

Prly = A+ ry] = Fr[ly = A+ {2 log A)*R49] {by the chodre of £y )
=FrLy = (1 +2)A]
= Prily > (1 +2) B[] (2 E[Lf] < A}
|
= exp -?) {by 2 Chernof bonmd, and cnes B[Ly] < &)
= eup(—clog i)
=R, =

Let 7y be the indiestor varishls that ie 1 if and only if when iy > A+ m Then, Z = F, 7
{x the mumber of heavy bine By linearfty of espertstion snd Equation (3), E[F] < nf% Shee
nf = nfpolylog n, and dnee the Zye sre neagatively seeoeinted, o Chemaff boumd miplise that
Z < anfi wehp o

Wi noor uee Clatm 3 tobound E [8 | 5], 2 folows:

Cramud E[B] Al = 0 weig it madonmes takenaver 8)

Feopop Wie have that

E[E (B A]] =E @] (by the tower rule)
=Z:E|]l_-] {by linesrity)
2 ¥ 1 i {by Claim ¥)
_1;3=umn_
T, by Markov'e inequality, Pr [E [8 ] ] = 1] < E[E [B] 8]] 5 1425 wiogs. o

Finally we put the tern phusees tige ther o conoplete the proof.
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Peoow oF Lo 1. We have, wehp,

X<E[X|f]+n/poylogn by Clatm 1)
<anfK" +E [B] A + nf palylogn by Clatm 3)
% i + nf palylogn by Claim 4§
< nfpalyi

3 BASIKC KCEBERC HASHING

Inthiz eection, we condder the problen of cone rueting & opoce-sfieiant haeh table with cometant-
oo operatione, referential etablity, amd nesrly optinosl cache behswine Chor enhetion e the nuoet
barlr verclon of an reberg harh table; in cuberiquent cortone, we will choer how to nnd T the
table to achisve etmnger pusrstass

The emmne in thic erction will acoimie seceer o cone snt-toee fully ramdont heeh funetione
we iberues the uer of expiet feneiles of hash funerHone st the snd of The eartion

The wiruckure of an Iesherg haah tshls 1ot & be 20 upper boumd on the crment mim-
ber of krye n in the table, ot IF be the umveres of keye, amd 1ot & be & parsmeter extefring
i< Olog N/ log log M); we call A the swrape-bin- A parawestsar. Let 7 be an srbitrary hach
table fnaplens ntation that cupporte conetent-tnoe operatione (whp ) amd losd faetor a1 leaet

[Le, the table can @ ome Araronds in e apoly i) We con further serunee srithout loes of geme -
fopthat 7 i bl sines awe hash table eam be made etable by adding an et Lol of mdivreeton
to the reconde (a1 the coet of & conetant- Bartor oee in los] fartor amd an eetrs carhe nole per op-
eratinn] For noe, the cpecifiee of ¢ inaplenientation wrill be umnipaortant—t e seill changs latar
om, inSection & when we duowr how to achieve wehp pusrantees

The leaberg hnth tahle eondete of 5 font paed snd s bedeyard The front yand eonsiete of MR
bine, aach of wiich hae eapasity A+ en (eeall fom Seetion 3 that e = & - (Alog AP for eome
conetant i The barkeyard, which wrill etore only & emall muniber of meorde (roughly M/ poby &) i
LT L L R T

The fromt ward wees Ton hach funetiome: the fumeton bin : [F — [N /] spe beeve o bine, and
the funetion fp: If — [poly A] mape keye o oondom elog A}-bt Angenprin .

When anewlkey x i placed fnto the table, we fret vy to plae it into ite fromt- yard binx). fthe
bdn(x) comtadne frorer tham A + oy reconds, amd all of the rerorde i in e bin otiefy fpie) 2 fp(y),
then x de plaesd into the bin Y Onheraries, x de plaeed it the baelegsnd T

The ineertion prowedume scures that, within each bin, The meorde a1 o dietinet Angemprinte
Thiz ennbles & cimiple opowre- efficlent e henie fior perfinrneing queriess writhin the bin Deflne 5 noee-
try tabis to be & Hetonsry That mape up o A+ oy Hiferent Angerprinte to indeese ] € A+ 0]
within & bin Ax we chall derues chortly, ac long ae A < O(log af log Iog a), & muting table can
be eneoded m O] 1) mackine worde (amd Ok Log A) bite) writh sonetsmt-tine query, meeeide e te
operatione (amd with nocarhe nieess berond thoee nesded to load the O(1) msebine worile] The

muting table ix ueed writ in earh bin to nosp the Angemprint fpiad of each ey o o the eorrecpomnd-
ing poition of » in the bin

BPer cemrernd e = e nedoll e, we will sfen bremb o ressrd on g key {rother thon o kep=raine poid), ol eerieg far b, b
exnrmple ol okt e Brggerprin fip =) b o reeoed 2

Joornal of the ACR, Wil 70, Ko 6, Arllcle o, Bobllmllen dote Heromber 05



|eaberg Hashing: Optindring Mary Hash Tahle Criterla at Ones A5

Enrh bin b alen msintsine eeveral other pleres of metsadsts: s @i ooerutsr Eeeping track of The
mumber of meorde I the hin, & weorney dosrp Eeeping tradke of which dote ame varant o the
bin, amd & Flastin g saemtsr keeping track of how mamy ke i the bacdepan] extiefy Mn(x) = b.

The Al covmter andd varaney hitmape sre wesd o mplenent mesrtione in conetant Hme The
Hoating coumter, on the other hand, ie weed to maks queriss mome cache sficlent If & query for
& kery x goes o & bin b whoer foeting eounter ie ¢, then the query nead not eeamh fior adn The
barkeysrid Ac lomg s the bin At i & dogle earhe Hoe, then The query o x ineure only & dngle
carhe miee

In sy, imeertinme, queriee, and deletionne work s fnllowe:

— An inerrtom of a reeord x ezanmes the mrting table i bin(e) o deternnine whe the rfpix) =
fpy) fnr eomae i in the bin Tt then sesmines the f11eounter to sooeesthe number of free giote
in the kn The moond x goes tn the fomtyand 1T bin(x) containe fewer than & + £y reconds,
amil a1l of the reronie iinthe binestefe fpix) 2 fpiy); 2nd it goes to the badegan] othersrie.
If > goex to the fromty and, Then the vacancy bitnasp b wesd to fAnd 2elot in which o place it
and then the metalats fracancy bitnaap, {11 coomter, routing table) e updated I goee to
the barkyard, then the fioatng comter ie upds ted, 2nd the barkyand haeh table 7 leweed

— A quety to a rasond x essamines the muting table in Bnlr) o deternone whether fpix) =
fpiy) for ennee eonnd i the ko IF oo, the query chedee 1F that moond & Otherwrioe (i
either there i nooeuch i or if i 2 x], then the query ezamines the fosting cmmter fior e
bin Ifthe Aoeting somter ie 0, the query terminstes (with & negative recult) Otherwles The
query ek the barkeyan] tshle 5

— A deletion of a eeond x Amwt performe 2 query o And the recon] IF the recomd & in the
bareyand, f iz deletad from 5 amd tThe fostng counter of The appropriate frontysnd bin i
upedstad T the recond e in the fomtysrd, it i deleted, and the metsiats (vacaney bitnanp, 811
coumter, muting table) i updated

In Figure 1 we preemta dagmn with the bacde @ructure of an Ieeberg hach table

In onder o complete The deerription snd anslvce of Iesherg hadh tables, we have oo madn
tagks: o chow that routing tables cam be implemented in O01) nachine swonlke with Of 1}time
opeatione, which we do vis ctanderd bit techmiques; and to choer that the backeyand renaatne enaall,
even though reroride ame never noved from the backyand to the fromt vand, which we do via the
Ireberg lemanan.

Tmaplemisn ting a rontng tahle with Of 1) meachdne worde Leta, , g, . .., 2, be s eet of detinet

Angerprinte @omed in & routing table and let By, By, ..., B, be the coreepomding indires of The

within the bin — the routing table naspe 2, to by Let Abe an array ctoring 3, 3q,.. ., 3,
amud Jet B be an array ctoring By, By,.. ., b Note that A and B can be gtored in O1) nose rine

waril udng Off log i) b, coee F = O(f) and each elenent in each army & Elog i) b Shee
i =O(lng n/ lng log n), we have |A] = |#] = O(flog i) = Olloga) = O(w), where wic the noarlrine
word dxe. The routing tahle dnply stores A and 8, for & total of O1) wonde.

Creerles to the routing takle face the challnge of de termining whether s Angerprint a & in e
arrxy A, and if en, then the query nuet alen retumn. by for the indew | cuch that 2, = a Fortunately,
theer operatione can be implenented fn conetant e wdng ctandsnd bt techmiques.

In the following, we will explodt the Bt that eevers] weeful wonl opemtons can be performed
in cometant Hoae. Inall our weond operatione, we will operate on emall integere ctomed 1o s dngle
wnril

When thinking of & integer x ac & bt string, we will Teat it acbeing fght juetified, mesming
that x'c leagt dgnifieant bit icthe Anal bit of the bt eiring. We denote the coneatenation of ten
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Premiywwd Pawicyuni (T)

Bp 1 I Nipoly b records | se—

\ Epdin] re
"',. H:l!} » Virsney e L F]
| A ol aflcocie |, .
il.“ : v Fimting cosrivy
% ] w Roclivy tnhile

Fg |- The stuchure of e besic oeherg henbh inhble Al gperstions onoe by 2 oe divided indo oee sbeps
First, sedegt the sppopriste front pand Bnfx} Seood, wbert o Singerpeint slof in bhe bin, using Hee ban
it e Arad Hind, nun e operstion on the e Ehie T e

bit etrings x and wby x oy = a8 BB 4 g That is x oy & the bite of x, followed by 2 prdding e

e, folloeeed by the bite of i [reading Pome noost to least dlgmifleant bit) We ey that gy, .. ., ap 2re

parkad tnta & ward A, f A= a2, 0--- 02y, and we call the bit before a, the | th padding e
The proofe of Lenanese 3, 9, amd 11 wee the followring etands o] eet of Tooke:

(1} Given awond, the pocition of the Laot signlflomt 1 - canbe comaputed fn O] 1) e [34].
(3] Given s wond, the poecttion of the seart sl floe £ - can be conpouted fn O] 1) e [29].
(%) Given & bit etring a of a1 naoet (wiik] — 1 bite, the word A= ao- - - 0a conedeting of i copdes
of a ean be comaputed fn (1) Hnee [339].
{4} Civen twn eete of bit etringe [xy, . ., %o} and {1, ., Y}, Where o] = byl < (wf) — 1 for
ali jekllt X=xo---oxzgand ¥ = y1 0--- 01, 2nd It gy be the lneation of the ith
bl in both X and ¥. Then in £3(1) Hnee [33] we can compute & wond 2 wheme for
I € [k] the gyth bt of Z 32 1 f 2y > 1 2md O otherwies (2nd the hite not comrespomnding to
prdding-bit loratomne gy ate 0} That ic, we can compers svery xy and i O01) Hoe
Ionowra 3. Lot g ..., % Bebifsirings oflengiis < (wir)— L i X =2 0--- 0 X and ety
b an s-bif mober in constans Aee, one can determine wistiiery € {x, .. ., X}, and for wiar inder
1 we Rave sy =y {If aeh an i sk}

Peoce. We uee the ctanderd techmiques outlined shove Wi pork F coples of iy in & new wond
Y. Compare X with ¥, comapore ¥ orith X, and AND together the reculting comaporienn -imdles tor
wonle The recult vlelde an equality-indiestor word 2 {that i, the ith padding bit of 7 indleastes
whetherxy =y} We fnd which x = v, ifany exiete by Bnibng the et dgmifiesnt 1-btof Z. D

The cmplidty of the routing table’'s enending makes mesrtions and deletone of Angerprinte
eacy to implenient fn conetant Hoee. In partioular, meertione amd deletone dmply need to update
achngle entry ineach of the arrare A and B,
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Anatyels of Irsherg haahing . The challengs in snalyring the Ireberg hach table e o boumid The
mumber of 7eenrde tn the barkpsnd There ame ton types of keye e 1o the barbpant ke othast were

placed in the badeyand due tn Lade of epoee in bin(e), and beee o that wemne plared in the basderan]
dhee 1o & Angerprint eolHelon with snother key i Bnlx) Wi refer o keye of the fornier Type ac
gl by Flastsrs and kepe of The Inttertype o Anperpring Flastsrs. A we dhall eee, The mindber
of eape ity fontere can be boimded by the Ireberg Lemnas, amd The mindber of fngerprint foste s
can be boumded by a0 ans by weing MeTHarndd e

Al hovugh fior nowr e sre only intereeted in i < ﬂﬂqH}lqqu],laur!nﬂ! artirle we will
aden eoncide T e ven nante qpace eficlent warinnteof eberg harhing i which & i ger To dnaplify
Herserion [ater, we etate ervemal of the leninise fn thie eertion fior arbitory A < polylog A

Wi begin by binmiding the mumber of Angemprint osters We rematde that the proof of the
me ¥t lemmia reqquires & bt of care o avodd any potential cubtle droulsr dependencies between the
ramdom vatishles being smalyzed

Ipaors 3. Sugpace i < polylog . The weig in N, fere are af mog N poly A fngerpring
Faaterz Morsover, for a glven jeey x, e probabliiy far fere s a fingerprind flaater iy swell A
binx] = biny] Eaf po 17 poly A

Peoow. Let ¢ denote the curment e, and let X denote the eet of keve precent a1 e ¢ For
each key x € X, 1ot A, denote the event that (Mnx], fpix)) = (v}, fpiy)) for eome i € X7, {x],
and ket B, denote the event that (bin(x), fp(x)) = (bn{y), fpiy}) for eome i ¢ X cuch that v wa
precent in the table srhen xwrac ineerted The total mumber of Bngerprint fonters Leupper boumided

by
2 At 3B
X #EX
whem A, amd B, ave troeated s imdestor ramdon varinhles
The fimetom A = Ty A, iz determained by the [X] = N independent mmdom variables
{nxk, fpixj} | x € X}, and A hae Lipaehite binmd £ = 1. By Meldarnodife maquality, &t fial-
lows that A £ E[A] + N/ polylog ¥, wehp in M. On the other hand, doee every 22" € X
collde in their bin-chodes/Angemprint with probabiliy § - oy, each event A, aeeure with prob-
ability st ot 1f poly &, which mesne that E[A] < M/poly A Thk, wehp o N, we haoe
A% Nfpolyh+ N/ polylog N < Nf poly
Nextweanalyze B = F, o Be. Lot Zy be the outeome of (Mnfy]), fpiyi) emd 1e1Z = {2y |y & X}.
If we condition om any Awed Z) then the random varisbles (B | x € X} beoome independent Tt
fnllorwre by & Chernnff bonmd that 8| Z < E[8 | Z]+ Nf polylog ¥, weh p in & Define T, to be
the et of elemente precent when a gheen x i Ineeted No matter what the outeome of 2 i, we
have by a umon boumd that

Ef|Z] < 'Z‘; Fr((bin(x], fpix)) = (Mniy), fpiy)d | Z]
1
= ’g“x ; W % N/ poly i
ek

Those we have B < N/ polyf + N/ polvlog & = N/polyfi, wehp i
So far we have chownthet, weh poin N, there are a1 nost MY poly i Angerprint fosters a1t Hme

£ It rematne to ehoer that, for & gheen key x, the pmbabdlity that there ica Angerprint foster i at
tme ¢ cuch that binx) = Bniy) 1cat oot 1/ poly
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The probability That x {teslf i & Angerprint foster i ot nooet 17 poly A, 2nd dndisdy the prob-
sbility That thers ieamy yat tooe ¢ oouch That (Mnly), fp(y)) = (Bne), fpix)) ieat nenet 17 poly A
To complets the poond, we nnet boumd the probebl iy that thene sriete o Angesmeint Sooter i st
oo ¢ ouch that Mn(x] = Bniy) snd cuch that, when i oo ineerted, thers war 2 meond 2 2 x
precent cuch that (Mn(y) fpy]) = (Kniz), fp(z)] We now that, wehp i &, there ane st nooet
Nipolyh keye y cuch that when v war ineerted, There wat & reron] = 2 x precent ouch that
Hniy, fpiy)) = (biniz), fpiz)). Recond x hae probebdlity A8 of extiefring BMnix) = bny) for
uﬂlnft]!ufl.ﬂ.;nmﬂnnbmmﬂ,ﬂ!prdnhﬂty of x extefring bnlx) = bin(y for sy cuch i
kﬂmﬂﬂ[r-m]=1fpu]§'i,w!ﬂ:hmphulﬂ!pmf O

Sxy & reenrd x ic & srprol fy svposer if, when x wat meerted, there weme alrendy ot et i+ gy
meorie i precent [inehuding the reromnde in the barkepard) cuch that bin(x) = bin{y) Rather than
snalyring the number of caparity Sonters divertly, we inctesd smalyee the mindber of caporfiy e
st {although theie detinetion ie mot ingpaort ant noe, it will be later in our anslyele in Seeton 4)

Iezora & Suppace A £ polylog V. Then, wefig in N, fuere are o o N poly A capaaiy se-
posers in fie tabie Morsover, fora gheen ey x, Az grobablliy far fuere s a sagadiy sxposer if aeefl

Har bin(y) = Bin(x]) iz af mast 1§ poly AL

Peoow. By the Ieeberg Lemans, The mumaber of £apour ty e gpoeere at any gheen moment ieat ot

Nipolyhwehp in M.

Tt remaine to ehow that, fior s glven ke x, the pobability of bin(x] having » eapor iy evpuuesr i
at maoet 1/ poly A Let A denote the eet of keye i precent at Hooe ¢ ouch that, when 1 wac ineerisd
there were at leaet A+ oy — 1other kevez in bin(yj extiefring = 3 » By the Iesherg Lenanan
ucing r; = ry — 1}, |A] i 2t nooet N poly A wehp in M. The probabiHty that bnix) containe amy
elemente from A le therefore 1/ poly A On the other hand, in order for Bn(x) to haoee & capor ity
Honter i 2 x, we nmuet have y € A Thue the probebd ity of Bin(x) baving & caparity Soater ie st

nanet 1/ poly A, completing the pronf O

Combiming the prereding emnise, we anslvze the barkyard

Iezora 5. Suppace i < polvlog M. Then, weiig i N, fere are o piast N poly A reaords in e
backpard Morsoter, fora glven jeey x, Hie grobabiliy far binx) Ras a non-z2m0 floating counter s
af psact L poly A

Peoow. Letr bethe orrent ime By Lemma 3, wehp in A, there are at noost N/ poly Afnger-
print fostere at time £ Alen by Lenanas 3, the probabdity that a glven recomd x haghes toa Bnix)
for wrbrich there 1eat leaet ome Angerprint fonter ie ot oot 1/ poly i

Sinee every capacity Soater ic & capor iy egpoeer, we can uee Lenama & to deduce that, wehp,
there are at nkt N poly Acapee ity Sootereat Une ¢ Aden by Lenmaa & The probebl 1 vihata glven
meord x hadhes o abdnx) for which there ieat leact one caparlty oster ic 2 nookt 1/ poky i Thic

completes the pronf. o

The previoie emmar all amcume aecees to fully mndom haeh funetone In Appendte A we de-
errie how o mnlfy Ireberg haching (hath the dmple verdon deceribed in T eection and the
ctomger wariante in cubes quent cectiome) o be competble with s esplict fawlly of hach fine-
Home (the Tranefivmation i s tally the came s The one weesd o et oo (4, 391 The trane-
formntion preserves all of the pmopertes of esberg haching that we care about (Tine eficieney,
carhe sfficlency, s eficdmey, amd etabdlite) but, acin poevious work, i ntoduees an add-
Homal 1/ poly & Edlure probehility due o the hach funetione themaevee Thus, in onder oo that
o snalycle of Ioeberg haehing ix competdhle writh s espiet family of kach fimetone, we etate
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Thenrem 3 (a well ac the other naxin theom e of the article) o terne of whp gussntess mther
thanin terme of wehp gusrantess The only eereption to teie sl be fn Section &whem we poe
wehp gusrsntese sormiing fully momdon hach fmetione, bulding on paet work [34, 25] which
hae alen semmaed full randomamees fnr The exmae ressme

We now precent the full anslvecie of the Irsberg harh table.

Tomerm i Conciteran lesharp Rach tabis far Reveroon bne mors an N ssoen ik and arppce

Har e avermge-binil pammeter safigies i = Olog N/ log Ing N Segeoss fus fue backoan kb
arpparts sncka e operations fu g in ) seppent ad facerat iz 1f poby &, and iz siabie
Consldsr a supencs af opsmtions in wiilsh e nonberof recork In e bl pever sxceetc N, and

conzidara guery, incery, ordeiste far & perforeed on some feey x. Then, A flibvwing puaraniess
Aokl

— Tiws Effcimury. The apemationonx takes constant tinse in e BAM mods] wiop in N,

— Cachs Effielmumg Considsr the M mads wxing a cadie 8ne of size B > 38 and a cache of dee
M = (1B}, and swgpose farzach bin in e frons yord s memsory digned, FRar is, zach b s
storad in a sigle cachie ine Anally seppose far fie dessriprbn bis of e Rash finctbns are
cacfied Then e operanion onx Ras probabiliy o ieast 1 — 1f poly B of incwrring onbya singie
cachs pazs

—Space Efficimuey The total space in machine wordk conmemed’ by e tabls &, wig ind,

(1 +n(3%}] N={1-+o{1]}H.

—Sixbifiity The Radh table k cable

Peoop. The claime of ime eficency snd ctabiHty follow directly fom the comerrseton of The
Ireberg hach table By Lenmaa 5, the epace comoumaed by the badeyan] & M/ poly A marhine somde
whp in N. The space in naaeine somde coneumaed by the fromt vand & deternrnietieally

B—:{i + e+ O] = (1 +1 (%}] M,

which comap letes the prood of epaee o demney

Tinally, we pmove the cladn of cache efidency. If the operation on key x ic a query, then the
probabiity of incurrng mome than one cache mies ic equal o the probabdlty that bin(x) hae s
non-zem Soating eomter By Lenmas S5, thic probebdlity i at noost 1/ poly A = 1/ poly 8. By the
exmae aveabrele, the probebdlity that & deletion incum noultple cache nrieces i alen 1/ poly 8.

If the operaton isan imeertion, then the probebilfty of inaering more Then one cache wmics i
aqual o the probebility that x ie placed intn the barkysnd Thic in tum, ic the pmbabdity that
elther (1) there ic another record i o binx) cuch that fp(y) = fpix} or (3) them are alveady A+oy
reconds in bin{x). The probebdity of (1) i af moet V- § - 1/ polyA = 1/ poly A by 2 urlon bound,
amil the probabi ity of (3) 4 alon 1 poly & by & Chernndff bound

Thus, for sny opemtion, the pababdlity of ineurdng mome than one carhe mioe in the EM mnde]
ie 1 f poly i = 1f poly 8. O

Wi conelde the eertion with eeveral mmaries on how the theomwHeal techmiques darweesd in
thic eectin relate ton prae tie sl implene ntatinne of Ieeberg hacing

Reruark 2. Tt & wnrth tadng & moment o comment on what A and 3 Jeok 1ee i practies.

It rghT, which ix » Mgh-perfirmanee imple v ntaton of Iesherg hashing by Pander et al 8]
erte i = 138 in omder to oo mcietent iy acidewe aopoce efficieney gresterthan 85% Of coures, & = 138
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maene That the snalyele alen qutee 3 = 138, which meane that fior eomie of caches on & nondern
marhive (pg the L1, 13, and 13 eaches, which uee fd-brte cache Jines), the binek- sl conet mint
in Theorem 3 & mot met (For thess caches, the eache-mics behador of JeshergHT & closer to
that of Cudeon haching wideh (neure toro noleess per query)l Omn the other hand, for eaches with
Inrge line lengthe (ncluding the trandation olk-adide bufier, owich weee Hnes of s 4 KB), the
(1 +of 1J}-carhe-optimaHty pusrantes in Theoren 3 does apply. Thic ie one of the enumres (but oot

the only ome ) of TeehergHT™ e performsmes

Reparie 3. It ictempting to aecumie that the routing-table terhoiques in tic ecbon would be
hope weely mapractiesl fnoa eal cpetent. However, nandern CFP U cupport veretor metrsetons guch
& AVN=512]) that, in prartee, dgmifirantly inemses the efisctive dee of 2 nachine sond hakking
wer of thie ohesrvation, Pandey ot al [&] were sble to maplenent & high-performianes vendon of
Irsherg haehing with & routing-table etructure remsrieably cindler o the one deerribed e,

4 DOYNAMIC REEZFING WITH WATERFALL ADDRESEING
In thic eection, we chow howrto tranefinrm Ieeberg haching into & dynanieally meceable hach table,
while preeerving the cparce efficlency, tie efficlency, and cache eficiency of the orginal data
etructure [2nd ale precening ctablli v during tnee wrindows o which the table & not eced)
The core challenges that ome eneoimters when trying o make Irsherg haching opoee- and Hnoe-
effic fently dynamaieally recleable are the exmoe ot thoee that aviee for any other dmeet-napped hach
table Tocapture thic eetof challenges formally, thic earton defnes the dyewic bn addnasing
prablan. We then glve an efficlent enlution to thic pmblen, which we call waterfll addnes-
tryg, amd e chowr howr to wes wraterfall sddmeedng to conetret & dynanadeally recleshle verdon of

Ieeherg haching

Hewboing through partal excpara iona. If one does not care shout apace sfieiency, then the clae-
cr appmach to dynanically moring & hach table i todmply rebidld 1t swhenever e cee chenges

by & cometant Eartor O the other hand, if epace eficlency & & coneern, then the hach table niust
be meixad in emaller ineenemte

Suppoes that we wrich to asintxin s heeh table at & Joed fortor of 1 —O01fs) for eonee poseer-
of-tern paranieter £ = of1). Perhape the nanet matural sppmech i to groer the table through enasll
partiai svprisans. Each tnoe that the haeh table doubler in des, & total of o partis] s melnme
are perfnrmied We call = the raves grancisrity IF the hach table imitally comclete of 34 bime,
then earh of the partial sepencione ineeseee the mundber of bine by 34z, oo That after s partial
evpancione the numiber of bine beromee 341 The partin] sxponcione s epesd out over Sue e
That The svemge lon] on each bin never changee by & Partor of e than 1 =00 /c)= 1 =a{1).

The prohlems: dynaneies]ly mspping sl svts i b, Bow chiould we nosp elemente to bime
after earh portial sepoencion] IF & haeh table comclete of o1 bine, amnd we haore & fully ramdom haeh
fmeton g : F — [3¥] (for eomee w estiefring T 2 o), Then the claerle approceh o mapping
elemente x € [F to bine (o] 1e o cnaply uee The bin seclgmmoent PumeHon

Binpix} = glx} {mndm] L]

The problem with thic bin aecgnnient fimeton & that, whenever o partial espandon ic per-
fnrnoed, almioet all of the meeomde i the hach table wrill havve Thelr bin accgnmentc changad Thic
meank that, if & partial expancion & performied om a hach table writh n elemente, then the espam-
clon. will e Ci{n) Une. Incontract, I we wich to have D01} te opematione, Then each partial
expancion nnit takee Hne a1 noost Ons).
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The dynamede: bin-sd drowring prohlane. Let [T be the umveree snd g : [F — [@%] & fully random
hagh fimetion whems wie the number of bite in s marhine wond snd 3 e sn upper bound on the
mumber of hine that will sver be 0 owr hash tahle
Daeflme iy = 3 + ) - 342 1 be the number of bine after the fth portsl smponcion i the
proces of doubling » tahle fom 3* 1o 7' bine Define & binsssim s £ fonesian Binia J, x)
[ogs,w— 1] = [5] % If — [pa )] to be the fmetion that aecgne ke o o bine sfter the fth pertisl
up.ﬂmhﬂ!prﬂunfﬁmﬂiqaubhﬂ'nma‘mﬂmmuhuﬂnfmm,wuh
define Rinja & x) = Binja— 1,2 x}
A bin serigrent fumetion ie s enlution to the dynawie Wn-asddnarsing problewe 1711 extiefise
the fnlloering thres propertes
— Tha Clesm Promantion Property. [fBinia, ), x) # Binja, j+ 1, x], then
Binfa j +1,x) € (Mg, M, 1l
In other worde, whenever & pattinl seponedon ie performed, the only keye that noowe ate the
keye that ate acdgned to the newly added bine
— Indeperddenes, For any glven a §, the funeHon Binfa §, ) i nautuaslly iodependent acroee
allx e I
— Near Undforoatty. For every a, ), x and for every £ € [ ],

PriBinia,j, x) = £] = {1+ B{1fs)) - ﬁ

Whereas indeprnidenes and nesr umformity s necesesry for sny addreccng orheme (2ven
in & Awed-cire hach table), the clean promotion property i whst glues together the outoomes of
Binfa, J, x) for ifferent values of 2 amd . It escures that only roughly & 1/5-foeton of elemente
Wil have their adimwes chonged by amy gheen pertial sspencom

A comerquenee of the clesn pmmintion property ie that the imetome Binfa, j, x) and Binja, j+
L x) muet be chiwcely related o one snother Thik a naturl approceh e 1o defne the fimeton
Rinfa j, x} mourcively, eo that Binfa, J, x) depends on Binfa’, f, x) for 2’ < a and §* < J. In 1986,
Lameom gavie an elegant eometrictom [37] chiering that ouch & recundve appeoch {e dmdeed pasee-
ble; Larenn’s echeme exn be uead to conetriet & enlution Biafa, §, x) to the dynande bin aldeedng
problem that cxn be evaluated i logarithmle sxpected Hnie. Lareon’s ochenae has fiound noamy ap-
plicatione to external-memory problenis, but the Ci(log a) evaluation Hnee hae prevented it frome
belng uee ful fior internal memory hach tablee

Thic eertion ehowre that, eomewhat menaarkably, it ic poeclble 1o achieve the clean pmmiotion
property without eordon, and it ic even poedhle o congruet & enhition to the dynande bin
aldreeddng problem that can be evaluated fn Of1) worstcace e We call our enlution, wwhich we
precent o Section &1, weierfell addnmsing.

Efficdenily vy which racords rewd to- he oonwed, So far we ave fooueed on howe o msp
recoris i & dynsmically changing ert of bine, but thic alome does not fully eolve the pablem of

how o dynamically e & hash tsble The clesn pomotion paoperty eneurss that each partal
expansinn moves anly D(a/s) recorde But howr do we eficently loeate thiee meorde weit ot

performing a full eram thmugh the tahie?*
In Sectiom &4 3, we choer that &t i poecible o fneorpaorate wraterfall sldreocing fnto Iesberg hach-
ing in & way that mlves Thic pmblen In particulsr, by alding O(lngc) bite of overhead o each

19 7=ae thut this i o preblem Sot sely orises feor porild eposi s ond pet e the rerems speroiien whish i o ol

o Bn porll snlos, when perifsrming o portio e sebroslan By sben o e ot s bs e mesed ore pree e y e sn o
thot reslde in the port of the toble being A imiobed
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element in The hach table, s noalkes 11 potcble 1o loeate i e S{af) which reronde need to be
moved Cher enhition ie not cpecifle o Iesberg haching: 1t exn fust o well be uerd with any hach
table That etomee the mnjorty of fx dlemente in an sy omgaieed into bine

Inenrporatng waierfall addressing inie Irshery haahing. Finally, when applying waterfall
aidireccing 1o Ieeberg haching, there am aeveral aiditonal terhwieas] challmges that srice Thees
challenges ate gpecifie o Iesherg harhing, amd in perteular, to how the pmbabilicte gustantess
on the cive of the bariepsnd of the hadh tahle interart with the dynamic reciring We duow b to
enhve theer fenwee in Section 49 | doing a, we obtain & verelon of Iesherg haching that de fully

dynamir
4.1 Waterfall Addvesatng

In thix cuberetion, we deerrie 2 conetsmt-time enluton o the dynamie bin-siidreccing pohlen

Tin eimplify Hernsdon, we wil think of The bing as being broken into chemis of § = 345 bine
ihring the 2 doubling {ie., fmm 34 bing to 24+ bing} At the begimming of this doubling there are
5 cnmbks amd a1 the end, there are 3: chnmks Purthermore, when we mfer o the sivs of & chumk
(or of the table s » while], we éhall be referring to the mmber of hine

4717 A Saring Plass larcan’s Ranrdw Scheme The clean promotion property was nimo-
dueed in 198F by Larenn [37], who gawe an elegmt terbmique for arieving the property amd
appHed the approoch o carhe-effieient Hneasr hadhing

In Lamon’s echeme, each bey x hac an (inflmite) eequenees of chemi horh foruefione that are
ueed] dhring the 34 doubling {ie fmm 7* bine to 7 binck

g e 0,
whem ﬂ.ﬂli" ; [ — [3s] mnper elemiente wniformaly to chumiee For each Fe [5+ 1 35] define
G [x, ) 1 be g (x) for the emallect | euch that g7 (x) < r. The deAnition of G4, r) eaticlee
'twn!]?am properties: that fx) &4, r)ic umifermly random o [rF| and that (b) either &34 {x r+
1) =" x, r] nrd""[x, Fl=r+1.

Lameon's erheme computes Binfa, J, ) ac follovws. Firet, recundvely compute g = Binja, @&, x) to
be the pcition that x wrould redde i if the table had 5 bine Then eet

_ G (x ) < 5
Binia,J, x) = {f]”[.\;j]-ﬂ+ i@ (modH)] otherwies

'I'ha:tiq,!.fd""{.\;j] eTurDE & non-eepencion cnmie, Then we do ot ove the e othereriee, we
uee the ﬂnﬂhuhﬂumnd"[x,j]m determine the Fgh-omder bite of the e wadinees amnd the
ol addrees g o deternine the low-onder bite

The pae e e fivr re el ve by comaputing the bin sddrees fior o reeond »ele gheen by Algorithm 1.

Iesora &([A7]L Larcon s addres somputanion fimetion Bimfa, J, x) caticfies fe claan grorobion
progerty and puye sach record x wniformly & randbe fo a bin in [7° + JH]

The mourclve etructune of Lanann’s o heme caees it o takee Hme Ofa) (and espected Hme Sa) L
The main eontribution of thic eartion e wetnfi sddnmsing, o echmique that improws thic
rurmming Hme to O1) woret caee. We begin by chowing howr to meduee The sepected Hme o O(1).

272 Wawrall Addmeess in Concsant Expacid Time. We nandify Latenn’s echeme by intrimdhr-
inga wastor hah Fomatian ex) ; [7 — [3*]. Whenever a key x i moved info & new cnmk by
& partal eepenelon, we wee Mix) o determine The low-onder hite of x'c addrece, rather than the
mourcvely computed g, That i, we dmply cet the ofieet o be mix) (noed ). Algorithm 3 glves
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AE -
A= 27 | i) G B} =3
Ay =

anll L]

Fg 1 An exmmplie of e bincesdection slgesitten i ssber @l sddesing m o Algoitten 2 1n dhis e
.rq:hﬂi:.{!,l,.l:}nm‘rlp.lhd The dunk tet z b o b debemined by swoessively omputing
L {:},f]{:}, o il movmbe mt et 4+ J= 12 el This velue deter mines, dhe daund et condeins,
:,-dﬂmﬂ-bh-ﬁﬂ-duﬁhdhﬁuﬂhrn{z} (ol B}

ALGOHITHM 1: Larenrs Addrecs Computation: Computing Bimia, J, 4

Erppcns we ore denHing e s 22 1s 228 i clewde of phe B = 22 r birm This fone e = smpetes
eeerd 1 bin sy oiter e =i portiol spoeslien

j:lf‘-:nﬂj-rhmﬂ":ﬂﬂﬂ = Fone mme
E pe=Hoja=1 £ r] =y i e bin omlgn enent e & wrhen the tobde wos sy oo ethy £
3= I =1

e-u:gﬂ"mu-;h

PP d

n:tz:]tﬁ ¥ e peimen

E um;ﬁ'im Kol el EY)
% ol I

ALGORTTHM 2: Waterfall Addwes Computation: Compting Binga, J, x)

Grpp cae weore dankling freem s 27 b 22 in chonke of s K = 22 ) rbing Lot mie) be b moter bosh
el e This Ineetien = conpetes e sl ' bin pomberofier e =i potiol sxporslen. The smoll est ol o bl bl
nhelnr

j:lf‘-:nﬂj-rhmﬂ":ﬂﬂﬂ [ T TS
T SR S T pe brgper el b revvarnivedy e ommpte o
3= I =1

@ while ") 3 r e fidn

L] LE L

& '1“!

ﬂﬁ‘k]glhmw—tnﬂ = Thin in theconly e wh o wereome
& due retorn e - B (i) fred ) b Dhe e oty bush iesteod of reraieg
P ol W

the peeudornde fior Thic addreccing scheme (compared o Algorithm 1, ine 3 gete moooved and
lines 7and 8 get oo Aed)

We call the addreecing erheme wntsrfiell addrasing becauee, »x the table govwe, more amd
more of the bix of X'c aldex aw deterndned by px) Different meeorde x comeerge toweand
matehing mix) at diferent rates, together forming & eort of “waterfal”™ In a cngle table, thers
wil clnmtaneouly be meeorde x that agree writh pi(x]) 1o alnooet all of thedr bite, and (far fewer)
recorde that agres with ex) in only afew bite (these reronds areat the “top™ of the waterfall) An
example of waterfall addreccing & chown in Figume 3.
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ALGORTTHM ® Computing Binfa J, x) when j ==
Description: We comapute recon] »'c bin mmaber after the s-th partis] srpencdon

1: 3 =s‘l]unrnﬂ:ngi"{x]nﬂﬂ' ¢ Batr cage
= H‘gf‘"{x]gsﬂunrﬂlm Binfa —1,z2,x)

3 ales reburn g {x} - B+ (mix {mod B})

« o HF

When snalyring waterfall addraecng it will be weeful tn mote that every recusdviely called cub-
problem of Algorthm 3 e » poeeer-of-3 number of bine(that i, | = g} Inthis came, the g ode
fnr Algorithme 3 cmaplifies comelderably. Sinee we alwny uee gf"{.\-], rather than having to fnd
mg}"[x},mmabhmthlhﬂ!—ﬁnf.ﬁ]prhhna,mnﬂﬂn;inﬁbrlﬂm.l

T now ghte an smalvek of (thic baele vercon of ) waterfall addme ecing.

Iesora 7. Wakerfali addreces oo be swniwated InO(1) oopected Hete {Algorithm 2} Morsover, for
a given record x, Binfa, J, x) & wn ooy disivibated acracs [39 + | 5]

Poeoce. We begin by smalyxing the mmming Hme Lines 3-6 of Algorithm 3 tske cometant ex-
pectad Hme einee each (e ton of the while laop o at leaet & 173 probahbllity of terminsting In
cubeaquent levels of rarundon, the algorithm edueess o Algorithm 3, which tskes conetant Hme
per layer of rerundon. Algorithm 3 ke ewactly & 13 probebility of temoinating in earh level of
mcurelon [eexwe Pr[gf‘"{x] % 5] = 173} Thue the expercted Hme toevaluste Algorithm 3 e aden
COTETATT.

Hmma:gm‘ﬂntﬂnadpummpuﬁmﬂmﬂnmlgﬂmﬁwhyiﬂuﬂm
that thic i trwe for all 2% < 4 The value nfg! [x]) weed in lnee 57 of Algorithm 3 ie wmfirmly
modom [z + J] Thue, with probabd ity sfis + f), x ic aedgnad to the Bret c enmiee ucing the
mourelvely computed value of Binja — 1 g x), which we know by indurtion o be imifom i 3]
Om the other hand, srith probebd 1y Jfc, o e seclgned o & ranidon one of the Ansl § comiee and i
then given & ramdon offiest into the chnle ueing the macter kaeh Thie pe see seelgne ¢ um fivena by
at mundom in (34 + 1,3 + JH] Combiming the ten caees, ¥ 1o seclgned tn s random pocition in
'+ JEL o

473 Wawnall Addwees in Wbro-ames Cansiont Time For Ieeberg haching, wre wrant wrome -

came cometant-tnie operatione To thic end, we now deflne tromuortad watsrfi
e of the main isues writh waterfall addreecing (and Laneon’s achene before ) & 'ﬂn‘tmnuq'

newd to evahinte sn arhitarily long eequence of chunk hach fumetome i" Trimeated waterfall

Mm:thw{gﬁ"[ﬂ}muﬂaﬂ =logs A prior, thic does not nerssesly
eeem les e, clnee () & introdheees a0 lene of what o do on & frecnorilan s, that

i when "'J{x} > g+ ) for all of | € {1,3, ... ,Jog 5}, en that the eeanch for o sddrees does not

terminate writhin the ﬂrﬂlqsgi‘"q andd (b) 1t et rnt A s o pet UL ST ClEeT T A WOTE-Ches
cometant-Hone waterfall sddrecdng orheme We will aldres Theee leoies one after another, fret

chowing how to B truneated waterfall addmerng in the caee whers thers i o '|.|'a].'ljilg':"':I anl
then chowring how o comaprute Trunested seaterfall sldrecess in cometant Hoe

What i do on tranes Hon overfios. When & tTimeation overfow oecure, we Fall bark to acdgn-
ing x to reclde aniong the Amt 2 chumkee udng the recurehvely computed Binfa — 1 g ). That i,
if novme of the ﬂ"{x}’:mmﬁh,thxha@dmhmpﬂhm whirh ft would hawe
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ALGOHTTHM 4: Trumeated Waterfall Addoees Conaputation: Conept g Binga, j, x)

: Suppiee we 2w doubling from oiee 3* to 3*4 in chumies of cve B = 7 s bine Lt
mi[x] be the neneter hach funetion Thic fimetion eomaputes recond »*chinnumberafterthe j-th
partial e meion The eniallesct allversble tahle dee ie s

1= H‘:!'”:smﬂj:sﬂnnmﬂmgi"{r]nﬂlf » Bt rae
=i+l

%= wh{hgfq{x]:rs+j and | < log sdor ¢ Truncaton comdiHon m red
w l—1+1

5 el whdle

[ H'i"][x] =& or | > log = themn redurn Binfa — 1, 2 x) ¢ Truncaton comdiHon m red
7 alan vetmrn g (¥} - B+ {mix) {mod B))

e o HF

been axdgred a1 the end of the previme doubling, when there wem sactly 34 bine Pornd ooode
e glven in Algorh e &; the chenges fome Algorithme 3 are inred

The newt lemma extablehe that the bin secgnmeente performeed by truneated seaterfall addoee-
ing are neatly imifinrn, s equited in the dynande bin addreccng pmblen

Leaoca 8. Qftere are ke bing, fen for sach rreord x and sach bin b, e grobablily fafk nencated
waterfall addreccing maagex fob i.':'k -1+ 001 =)k

Peoor Suppoee that 2 < & = 3% and let | be the mmiber of partisl exponcione that have
oeeured, that i, k= 34 + JB.
The probabl 1ty that x experences a tTrumestjom overfiow 1c

Eag s g .
HP: [9‘14[1']} 3+J] = HPI[QE"!{J:] :-_':] = oo = 1z

Om the other hand, f & trimeation overfos oecums Then i socgned to bin Bina — 1 2, x). Inapoer-
tantly, Binja— 1,2, x) b wmfirmly random in the Aret 7 bine, dnes tnmested waterfal] sddresdng
#mud (mom-trumested) wrate riall addreering st squbealent o the com swhere The thble dee e an ezart
power of 3 (inthie caee, both algorithoe redues to Algorithm 1)

In eummary, each by x hae only & 00 1fc) pobabdity of being sddrecesd Hiflrently by the
oo algorithnae, amd 17 » 1e adde e d Hiferently, then trumested sddreecing secgne - umd fiem b st
ranidomw annng 3¢ = Ek]) bine Thic implise the lemma o

Tranesied waterfall addressing i1 worst-coss conatent Hoas. Chur fnsl bk e o conpute
trumeated wrateriall addredng in ronetant Hme. Thie sill requite dealing weith oo herwes: o to

efficlently fnd the ﬂr:'tgi"’{x} = 2+ J amd hover 't elinainate the recwrdon A we chall s Ve At

problem can be dealt writh by etanderd hit-mamipuiston terbdques, whemeas the coromd pooblem
TequTer & nanTe intereeHng thode enhiHon

Notiee that all afg#*x), g} [x],...,gﬂl{x}wﬂh"ﬂbduﬁlluqushmtmlﬂp
fle, log’ s = O{wj} &t follows that the entire equence g {x}, 58" {x}, - .. ,gﬂl{x] can be packed
intn a cingle mariine word {udng the definttion of padding gheen i Sertion 3), which we will
lknnt:hyﬂ""[x]. Moremver, we o compute the entire squene s in conetant Hme by oompiting
#1{x) a2 2 cingle O{log” 5)-bit haeh of x, and then Teroing out every logs + 1at bit inorder to add
tppmpriste padding
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By perfinrming hit mﬂpﬂaﬂmm#” [}, we ean perfinrm Linee -6 of Algorithm 4 o conetant
Hnae_

Iesora 9. Letrand b be integers oo far (b + 1) < w. Letdh g, ., e Be B-BIF naoibers padesd
Into word & and ief g be a b-bif mober in congtany Aee, one o sefamine e pinieaee | aeh
fHards < g, orrehenl = —1 [fmo seefi | 2o

Peoow. The poonf finlloere the exme approsch ag Lemma 3. Pack ke copiec of g 10 & new soed {0,
Compore {3 with o and meturn the naost cignifieant 1-bid of the reculting ndieator sord. o

lines 35 of slgorithen 4 con be evalusted in cometsnt Hme, thers i edl the leme
of the reruncion on Hne 7 eaucng & potentially ciperronetsnt rmming me Sines the = oundve
cubproblenie are Alwaye on & power-of-two number of bine, the challengs beeomes o 2 valiste
Algoerft a3 in cometsnt Hooe
Define the proseation sy eomues Px] for » to be the mdiestor word whers

1 !fgim{x} >x

A= {u ot herwrice.

Annther way o view Algorithm 3 i that we sre Anding the Ixrgest a* < a curch that P (x) = 1,
#mud wre are then mhurming

£90x)- B + (o) fmand ),

whem B* = #'fc Thue, the tade of computing 4lgerithm 3 meducss to the tade of fomp uting a*

If we wem glven the promation caquencs P2, then we could determine a* in constsnt Hme
by ctanderd bit manipulation (eee the densecdon of bt manipulstion i Sertion 1) The pmblem
i that P{x) concete of ome bt fom each of $8 (xf, $9)x}, .. , each of which indhridunlly takes
conetant Hnoe T comaprte

To Ax thic pmblen, we intmuduce one fnal algorthode ides, revendng the relationehip be-
tween Px) and 8>} ST, ... Let Ax) be the output of 2 mndow hach fumetion, and let
WU {x), ¥ (x]), .. _ be hach funetione sach of which mape x o & wond that pardes g 2 haches of
l‘sbitluﬂl[ﬂrnm'talnfltgs{1+lqs]bit:].'l']!nwnkﬂugnm{x]m:mnlﬁ [} ewrept
with 1te nonet elgmifieant bit (Lo, the nonet dlgmifiesnt bit |1|i'iu [x)) overweritten by Pylx]). That i,
m‘ﬂur'ﬂu.ntd.qumhﬂfmuﬂlﬂﬂr}tnﬁﬂiﬂ?{r},mu?{ﬂmﬁumnuli't
in earh $71 (x) Importantly, the eonetraetion of $21{x) i seerwriing the moet cigm feamt Wit of
W Ox] with 2 random b, oo $9(x]) ie el mndow Om the other hand, the onetrietion maskee it
oo That Plx) i et & hach of x and can be computed in cometant Uoe Ueng Ple), we con then
deternrine a° in cometant Hoie weing etandand bit mampulstion, s decred

Putting the pleces together we srrhve a1 the fnllowring theorem wieh setablehee that trumest sd
waterfall addrerng ie a conetant Hoe enlution tothe dynanie bin sddresdng problen

Teprenw 3. Sugposs fatlogs(l +logs) < w witers w k e paciune word siee Then, mmcated
woerfail addreming can be ospwed in constand Hee, carkfisc e sean grossof b grogenty, and
selazin anchi of ke Bine with probabiliey 1fe- (1 -+ O01f2))

Peoow. When evaluating Algorithm 3, wre can uee Lenanas 9o perfiorn the Aretlevelof ecundon
in conetant tiae The newt level of recurdon ic guasntes] to be in the cace where there are &
power-of-3 bine Thic cate can be evahiated in cometant Hnoe ucing The promiotion e quence.

The fart that trumeated wate rfs ]l s ddmeecng extefeas the clesn promoton prope riy fiolloes fom
the definfiion The fart that bin accgnnient i neady wofiorn fiolloewre from Lemanas B o
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4,7 DOeternining Wikids Records in Mowve

The clean promintion prop ety encmecthat, when apoartisl espandon oroure, the numiber ofTer onl
whoer aldrecs changes willbe mughly a 1/ frartion of all eeonde. IF there are n total recorde, then
we wih to be able 1o identify which recomds to noove o toe O{nfs) Thic mesne that we cxnnot
cloply traveme the table to fnd the reronde.

In thiz cubeertion, we chowr how to add & emall amoemt of oetadses o each o en that we
can efficiently detect which meonde 1o naove durlng & pertal sspancdon of truneated wraterfall
aldreedng For cmplicty, we willrestrlet ourelvec o the eace of = < polyiog ndnee it ic the cace
that we will came about for Ieeberg hashing

Linked Heta in ascch bin [ this cubserton, we will asume there sve O{af5) kine amd that the
comtente of each bin are etomed contmsmsly inan array (mote That this i not quite tre fie Tesbe g
haehing, cinee [rehery haching ctores avme elememte in o badeyand, but we will handie thic i
Ister) Within each bin b, we maintain o nked lete 0 (B, Ly(b), . .. L,(b), whem L (b)) comclete of
the monmile whe nest sddrecs change willor our om the £1h partis] espencion of wther the curment
doubling or enmae future doubling

In mume detadl, fivr & record x in bin b, the value £can be computed ae finllowe Suppoes we are
currently doubling from 34 o 7! bine and that we hawe completad § parbsl evpencone, oo there

are 3% + JE bh:.ﬁ'gf‘"[r] > £+ ), then ¢ eurrent bin ascignnaent nauet be ﬂumiuﬂhggf"{x]
fior eomae | 2+ 1. Then for allg € [:L,i},mlnv:gi"’:-s+jan!ﬂnl

£= min %04
"Mg‘, {9 i
O the o't her hamd, tf'gf':'{x} % 5+), then xiein {te Amslpoedton forthe e urment doublng. Suppaees
that x'c mewt pmmaoton i dudng the 2 doubling, that ie, & = aggmin, [P«(x) = 1119 Let
l=arpiu,{§iﬂ[r] = g} {or | = log s + 1 if mo ouch i eswiete) In thic caee,
£= min g
Juin 00 )

We dennte & recond x* chodee of £hy .‘!j""[r],wll:!j i the mmaber of partal srponeione e e
perfiormed en far in the 34 doubing.

Why the Hnled Hate help. When we are perfornrdng the fth partisl sspencion, we nesd only
eamine the lnleed Het Ly(F) fior eachbin b Not all of the elemente of L., (b)) wdill neoncesd)y nomee

chering the partal exponcon (eonie of then will naove dutdng future doubinge), but all of the
elemente that we wich to naove willbe in s Holeed Het Lob) for omae . The newt enanes boumde

the total number of eleniente that are ezandned during & partal espandon

Ienoca 10 Lef mbe e noiberof records, lefie be e naenberofbins, suppose s < polviog n, and
let) € [5]. Then wefig inn,

&
>, Wbl =Dings) e
Bl

Peoor. It euffices to bownd the sxpected value of (&), cnee the lemnia then followes by o Chernoff
bomd Let L= | i, Ly{#). There are twn caces fnr an element x € L

1% ne mouch o el then e con e dres b petploc e bn ooy Beked sk
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— Caee 1; x'e aibirees changee chering the fthpartisl evpemcion, mesning that »gete e d into
the [+ fjth chumk By Lemma 8, the expected number of recorde x in e eaee ie O(nfs).
— Caee 3: %' sl e dowe not change sgain s futre 3% doubling a° > 4 Thatie, o iethe emall-

exta’ > acuch that Prlx) = 1 [on qmakmly,gl“']{x} > 5] In thic caee, The probebiliy
that x € I iz 2t st
Pr [l =214 (x> o]
Since Prigh* ix} = 5] = 1/3, the above probabiliry icat most
aPr gl =1 .

Om the other hamd, by Lenmas 8, each recond hae a O(17c]) chanee 'ﬂn‘t.l!'ﬂ[x]: £ Thus, the
expertad mmiber of recoride in e caee £ O(nk])

Madriadrdng the Hete When mamtrdming the Hnlesd Hete, thene ame oo coneerne: The quoes com-
cumad by the Hnleed Hete, 2ndd the tae needed o updste the nkesd liete per Tach table operaton

Bersues each lnkeed Ut & confined to & engle bin, & can be inapleniented weng pomters con-
cieting of Elog ) hite Indeed, becaues earh bin e eapor ity (i), pointers within the bin ean
be implemiented s numibers between 1 and S(f), thersby raquiring only S(log i) bite each Ag-
oumaing that i < polylog n, the Holeed Hete intmaduee st nooet O(log &) = O(log log aj bite of gquaee
overhesd per ey, or O{nloglog a) bie of peee overhend in total

The Inrger ieoe i howr o comaprte 1) ’{x]hmtﬂmzfmaglvmrmﬂx.l—km,wzmah
uer of the followring renaatde shle fart.

Innora 11 Lefq, 5, ... 5p be b-Dit pumbers packe s inte word 5 2o iy e nusibers and padving
birs raiee mo paore FRAF i Bire Then mind | Spcan be somputed inconstans fne

Peoow. The ides behind tie pront i to £ ometriet oo wo nde Asnd D, whers A onntaine i copdes
of g, .. ., 5p and [ eonclete of & eopdes of 5, fnllowred by & eopdec of 5; and enon Then O(1) wond
operatione on A and 3 ean be ueed o compeoe d every podr ofs,, 5, Flelding » eoniperionn indies tor
wonl E frome wrirdch s eomaprute the mimnium

Let Abe & wond contswing i eoples of 2, . ., 55, with & eopy of the squence sppesring svery

A(b+1)kebite Let B be & word eontdming b copdes o), .. ., 5, withs eopy of the 2 quence appe aring
every 3B + 1)k — 1) bite hingk out all but the mmober ctored &t multples of 3(# + 1)k fron 8

amdl eall thie O S 0 e oy dght justifled dn the laet A0k + 1)k bite, 5 in the precsding 30k + 1)k
bitg and enon Let D conelet of ke coples of ©, writh each eopy ehifted left by & + 1 poeftinne Nowr
D eomelete of & copiee of 5, then b copler of 5, and &0 on. Conapore D weith A to perforns amoall

prirwries conaporlen betoreemn the gy (recall that s dlarues hoer to perfiem eomipo tenne of por eed
machine wnrds in Section 1)

Let B be the resulting comporienn-{ndestor wond Conesrutive mdlestor bite are aborsye oepos-
muted by b bite, and e eet thees b bit eeporatinne o concle ofall 1e Now we are ook g for s run
of &+ 1)k 1ein & mor, indleating that enmie g e no greater than all the other spe Wi And thic by
alding one to the least cgnifleant podtion of each putative mm, o eee f the ommation earrise
alivag the sntire length of the mm_ Wi then idsntife the fret ouch mm by sadeng out all but the
peotental “earry™ bite ome bit after sach potentis] rm) snd eomputing the mimwm o fom the

pocition of the leset dgnifiesant exrry bt u]

iz mwmnﬂirt]!tul:nf:nmpmiq.l!‘_‘l."{x]..ﬁmmhg'ﬂntw:hw:n*mﬂl,'ﬂtm[ﬂa.ﬂ[ﬁ}
canbe evalusted in consamt ime weng Lemma 11 The vahe of 2 in (S) can be fmmd in congtant
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Hme by weing etamdsrd hit trides on the pmomiotion eoquenes The value of | (o either (4] or E))
can then be foumd weng Lemma 9. This we unnh'tain.l!""{x} in syt snt Hme

Putting the plerectogether, we arriveat the followring Thenmem.

Terrenwr 4 Lef m ke e mosberof recomls. Azorne i = [1(5) and A £ polylog 8, wiere B(A) =
the i binsizs Then, e Sniced Hoi L, (F) can be maintained inconstant fme geropsmtion
and indwee af psast Olog 1) bisafoveriead gericep Addidonally weig inn, Fie sof of records
mioue Auring e ney garilal sopanciba can be Wenified in At O(nfs] Finaly i fe BY poded
wming a sacfe e ofcome oxe 8 = EA) and a cacheof sopee siee M = o J]), e ot of recorls f
miouE Auring e aed garilal span con zan be dendifed wi O(nf B) zadis pilses

It ix worth Taleing » montent to better umderstsnd the O{n/8) cache-nres bound Thic boumnd
fnllowre cmaply frome the fart that ome cxn upper-boumd the mundber of carhe noisee by the oost
of perfornitng & Hnesr eean through the haeh table (Lo, louding earh bin into the cache omes)
When we apply waterfall sldreading o Ieshery haching [Thenrem 5], wie will me that ddentfring
the {tenar That need to be moved ie oot tThe only emree of carhe noleese (we noust aden actually
move Then; snd we oot alen do eomie cpecisl-caee hamdHng for the barepand) However, The
O(n/H) eache noleess cpent iden Hiving the (tenie will eomtime tobe the doniinsnt tern i the cot
Sihaee B = S}, i dnes Iﬂ!qhﬂqpﬂmr&ﬂlﬁﬂnﬂnﬂﬂqﬂ[ulﬂgi}ﬁ]
operatione, the cachenies oot of mebidide per operation will end up being

o)

We remark that partis]l eomtractions (thet ic, when » cinmk ic removed mther then adde d) are
nuch dnpler than partial expamcione beraues the et of reconde That nouet be nooved i readlly

spparent (they ame the meeomde in the chimk being remmved])

43 Inpluneusing (Trunrsted) Witeriall Addreafiig bt s Jenberg Haal Tabie

In thre cubeection, we deardbe how to mplevent saterfa]l addreedng in sn Irsherg haeh table in
order to aceve efficlent dynamic ecdng.

Berwwe the backyard in an Iesherg hach table ic o emall, it can be maintained udng any
e amnrtized) reciting erhenee. Thie our fieue %l be on eelxng the mmober of bing in the front
van] of the table. We uee trimeated srate risll addreecing srith pertialespen done goad contractomne)
o meciee the takle

We uee the canderd Alloeste Free hModel of memaory [39]. If we are performing o partial ee-
procione per doubling, then the total mundber of memory allneatione for & table of dre n ic

Oislogn) < polylogn W will acome that wre haoee & lamge snough cache that pointers o the
alloeated naemory chmiee can be cached a1 all Hmes

The masin challemge: Maintaindng the Insheng analynis Recall from the anslyce of (etate-
cixe) [oeberg haching That the Ieeberg Lemma e wesd tn upper bound the mmber of fteme i the
barkyaril When we move feme iToe sre mot careful, we nay end up puching eetra feme into The
barkyaril snd srrhing at a tate that cammot be saalyzed by the Ioeberg Lemma Those our wee of
Waterfall addreccing in Feberg hashing and fic deamnrtzation, snde up st hoome conipliesHome
in onier o gusrantes enmoething fairly etraightforwsnk that the ctate of the cyetem (inclwdng
whin iz in the fromt yan] and whi ic the badeyand) i concdatent with an inctant ssvie expamcon
or comirarton that can be mmalyzed by the Ioeberg Lemma

More eprecifically, the ieoue that wre nmuet be careful shiut ie the following Wheneoer we mie
a moomil Finto a new bin b during an espencdon or contraction, one can think of that moe s
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wpracnting & new ineertion into the bin b But the Hnotng of The inesrtion sl be dependent on
the bin number b famd on where the recon] weae before the move), which mesne we cammot dmple
snalyzs The inerrtion s belng into & randone bin That i, o mus ansbeze meonde b that are
movwing anvund due o & partal espeneion or eonteton diferent b then ave sould teat reeonde
that are being merrted by The ueer

o plera arting partial sepanirinne. Suppoee we are adiing s newr chnle ©, anid 121 fr be the Hme
at which wr begin the partal expenson

At tme fy, we alleate emory i the chunke ©. Foresch reeond o, 1et b () demsnte the bin that
x wroruld be aecigmad to weithout chumle © and et b o{x) denote the bin that » would be aecgmed
o with chumk © present (e after the pertal exponecion] For now 1ot e ssoume that, until the
peartial espemncion i coniplete, queries will test the chumk © o being s -presmf, mesning that
aquery fivr & renomd xwrll] chede baoth bl na () 2md bin e{x] OF conmee, namet meonrie x willes tefy
b () = Bng,. (2], in which eace The query 1o umaffected

Croce o been alloested, the pertal egpanelon & performed o thoee perte

— The Preprocesasing Fhase: Tn thic phaes, we cometret 5 new ooumter i each bin that we
call the dewernd capmter. The denasnd eomter fn bin b keepe track of how sy mee onle
x in the tahle (nclwlng in the badepan] and in other bine) eatlefy slther B, (x) = b or
bn,. [x] = b. (Imaportan thy, thie nesne that adngle recon] eould cont dbute to oo diffement
demam] cvintene |
Later we will deerribe how to desmaortes the phaee Ax the phaees ie perfornied, any comeur-
rent operatione slen update the densand counter of the bine that they noodify.

— The Tioue Preeae: Tet ¢ be the monient intime invmae dately after the Preproreecing Phees

conp letes Wi refer to § ac the e freezs podnt Boughly cpesdng, we will Tty o choulate
the partial sspencion ac haring oerurred inetantaneouely at e §.

Attme #;, every bin e rves eomie of 1te elote fior reronde that ame currently inthe table 15 IF
& bin hae denisnd conmter A, and the eapaclty of the bin e F = & + £y, then the bin weerves
minfd, r) cote for reronde currently fn the tsble Any recorde that ame curmently in the bin
are inanaedately glven recered elote.

— The Heabui¥ling Phoaae: Call & 1o cord gramd fefiurad {F § wac in the table at e 8 and
bt mmsined i the table dnee The meniifling phace identifes which recomnis in the table
{including bath in the fret 2nd badkyandd am grandfathered,'" and sttempte o move each

hered rerond x o 2 recerved elot in bing{x) If thers i & froe reerved elot in
B[], then x i glven that cot, and otherwles x ic et (poechly back) to the badepard
If x i being naovved from Bnas (] in which & seas tlcing up a eeerved elot, then the mmiber
of merrvad dote i that bin ie decreniented by 1 (becaues x & no longsr precsnt fn that b}
Later we will deerribe how to desmiorties the phaes During the phaes, conourment oper-
atione mxy takes plaes IF & gromdfsthersd record » e deleted, then for each of the bime
b € {hing(x]), B, (x]}, if » war slther raclding @ bin b or if thers ic & frar eervad
glot i bin b ok of thic glot s being meeerved for xf, Then the operation that removes x
alen decremiente the number of =eereed elote in bin b I & newr reeond & de fmeerted
the phaes (note thet it herefomne mof goandfatherad), and the onby free lote o the bing (x]
are regerved, then x ic eent to the barkepsnd decpite theme being free dote in the b, (x].

X Then = reserroll sem ore peribren e kgl s By of & bokds Bt req el oy plysieol ostisnot &
Tiine = g offis ey inthe kodeyord in Bt mpsriont, s on slmply o sgurote obles far the gron b h oA ond
meregro rdfiotheeed pesnds
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Onree the Rechniifiing Phase i eomaplete, The portisl svpemcion ic aben complets. Call thie
Hnae &

One minor techmwieal ione that we nawet be eameful shint during the Rechffling Fhaee i that
Ireberg haclhing raquires that mo ten reconds in s given bin kave the eame ingeprint. Thos, when
placing a grandfathers] recond o & free meerved ot s bin, we oot handls the folloeeing
i ditomal oo caces: if thene ie another grandfsthered racond in the bin with the exme Angerprint
& x, then x ieeent o The barkeyand and the numiber of e d dlote in the bin i dermemented by
1(le, the meerved dlot ghen to x e removad] 1T there de xmother son-granafafersd recond yin

the bin oach That  hae the evme Sngerprint s o, then iz eent o the backeyasnd and x b gheen The
rexerved elot.

Rerall that earh bin nouct keep & fiooting ooumter that tTacks the numiber of {trme that hach
o the bn but are in the badkcyand Durdng the Prepocceccing i Recniffling phaces, we st
be careful to ke the fostng cmmters in concietent ctates, s follves. During the Poeprisceccng
Fhaee, the fiocating conmters for each bin & € C ane imitalizsd to be the mmber of eonds xin
the barkyan] cuch that bn,,  {x) = b. Then, during The Rechiffing Phaee, srhemeier the travemasl
vidte a gramdfst ered recomd x i the badeyand ouch that Bn,,, () € C, the foathg coumter for
B (x) 1 de e mented (in eccemes, bin,, (x) 1c mow daclamed to be eeponeible for eeomd »x;, evien
i ¢ remaing in the backepand]

Patting the piacea ingether Ax dearrbed above, the purpoes of the thres phass o each potisl
erpaclim i T eimulate the espandon s hadng oecurrad at a cngle podnt o Hdmwe 5 In Appesds
B, we prone That povrtisl e spomaivne [inaplemented in thic wear) do mot interfsrs with aoy of the pop-
ertes of Ireberg hariing (Lo, the badeyan] remaine emal], snd slemente indviduslly ave paed
probabd Hty of being in the fromt pand) The appe e slen deerribes oo o carefully mplesent The
partisl espandon ouch that it ie deanortieed snd 100 sfficlent, and deer e e to ans gty
handle peartial comtetiomne The necult b the folloeeing theomem:

Teerenw 5. Conslder a dynamic iceberg Rash tabie wirh averagebinfil paraneter L Suppose
far e ober o of sleptents stays i e range e far log af log log a = CI(A). Suppace far fe
tabie wzad i e backyord supports onstan e operations Mg inn} Ras bad factor ar leag
\/ poly (A, and iz dabie Anally et e redze grndaniys = yi

Consldsr an opemiion on a ey x. The following puamntess fold

— Tiwms Efficimury The aperationonx takes constant fime i e BAM mods] wig inn

—ﬂﬂaﬁﬂdﬁq Consider e B miadel wsing a cadie Ane of size B = 3R and a cache of sz
M = &0 +zlogn for sonw sufflclensly large sonstant ¢, and sugpace ar sadh Bn in e
Sront yard s menorpalgned, faf k, 2ad bin s stored ina sihgle ache lhe Pinally acgpose
i e deseripgiion bifs of e Rach fimetions are cacfied Then e evpected nomber of cache
miiszes incurrsd by the ogemtion on x s 1+ O{L¥B) = 1 +o{1).

—Space Effirimuey The total space in machine wordk conmemed’ by e tabls, wig inn, is

(1+ﬂ(3%]]u=[1+d{1]]n_

—Sixbifiitg ifa partlal reclze Racmot besn iviggerad in e pace O{nfs) operanions, fen e abie
Iz stable

Reptaricd In the cate where the cache line creic B = S, the gusrsntess in Theomwm 5 come
clogr o mateing the beet knowrn bounde for sxternal-ne haching [30]. In particular, [30]
arhleves load factor 1 — O(1/¥H) with an sverage of 1 -+ O{1/¥D) cache micees per operation
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Repuare 5. Theomem 5 requires A < O(logaf log iog n). Note, however, that whenever loga
changee by maore than & fartor of teo, we can dmply mbudld our table (writh & new peraneter
i of our chodee) Theer rebidlde exn be perfiemed cpare eficlently snad are rare encugh that
they do mot et the svperted cache behavinr of opemtone In thic emee, the seompton that
Iog n/ logloga == CI(A) & without loee of generslite

I mivee detsd], The b loe ean be inop enent od s folleee Break the tabie's Hfrtme (ot o -
bilny windma, concleting of Hne windows i which the table's cre sther doubles or habee
Then pluee The doubing wrndoees 1nto wtndew rene, wher each windowr mum ie determined s
fnllowre i a1 the beginming of the sindow rum the table dre ie n, then the srndow rum ete for
& randon munaber ¥ € [1 log afd] of doubing seindowre, after which the neet seindow rum begine
Dnring the fnal srindowr of each weindos mim, s rebufld the hach table from erratch icing the

then sppmpriste vahue of i
Earh i con be pe rfirmed opowr e o fidently by orng both the newrand old wrdone of the

haeh table ac dynanieally recieed eberg hach tabiee dhring the rebufld Drring & gliven rebudfld,
operatiomne nxy feur oultiple cache misees, but the probebdlity of & glven opemton beng oon-
teined ins srindow whene o rebudld orcure icat ot 001 log m) (whene aic the corrent table o),
en the sxpected mumber of cache mieess per op eration remaine 1 + O[1 /).

Repuarie 5. Note That pertia] mebidide or cur a1 nooet onee every C(n/s) operatione Thos iTs haeh
table ie chamging cire mpddly, & naxy fomego etabd Wy for eomae (arhitradly enoall) eonetsnt fraction
of 1t ope o tion Thie ie fumdsnientslenes, 17 s kaeh table ie dhrinicng rapdidly, Then swery Hme that
fecies halves (Lo, svery D) operatione), the harh table niuet mearrangs the menosdming &lenoe nte to
Derupy lees Total memory (af st f the hach tahle wiches o be e efidant) ' If, ferthemors,
the hach tahie wriches to ineur O01) woret-caes Hooe per opemation, then f folloees That the haeh
table nauet be umetsble for & conetant Portion of it opestione. On the ot her hand, in thoe pecliode
wher & harh table's clre etaye writin s nxrrowr band, Thenremn 5 pusmonteee full etabd ity

Of eoures, sy haeh tables take the simpler sppmerch of impleventing each partisl meee o
oerur during & cingle ope o ton (which, for Iesberg harhing, srould takee O fc) ime) Thic sould
maenn that operatione that do mof trigger o bl ame O[1) Uooe wrhp, and that operstione that do
trigger & rebid]d awe amortieed O01) Ume An advantage of thic approoeh i that etabiity i eacsr
o think shaut: every ope mation i etable, umle 1t Trggene 2 mbudld Morsover, i sppoech ende
feelf o wmple ledcng erhe s which have been chown o mprove coneurency [E].

5 REDMING THEWASTED BITE PER KEY TO Oflog lng n)

Inthiz eartion, we concider the problem of frther optmising the epoee o cene 7 of Iesberg hach-

ng We arhieve o ol Saetor of 1 — O(log g af log a) Thic mproves on the previos best e

boimd [¥9] af 1—0{1f /g 1) In the caee where kepe sndvalues have 6] log 1) bite, o tshle wactes

only O{log log a) hite per key {in compoarieon with the previoue state of the art of Offiog m) bie
L

Fﬁnhrﬁ;wzhm besn limtrad by the faet that the routing tshle in each bin ean only cup-

port Olognflogloga) meorde Thie, 0 Turn, hae Bmited the aversge-bin-fll rht
D(log n log log n) and hae Hmited our beet aermeabie losd fetor 1o 1 — O(yloglog nfiogn)

W 4 prioed, dhiin s o s g el ghit e be e o coe op Blen be il el sl s mon y implemen o8l s de osh e Prlll olo bility
Hemever, Hil in by odhibered by ol peiegy 2o b edesment in=om dymom b By ol mied p erlien =F memesy, ond Hhen ming
2 ey re)-kit pedeter (0 crder bareleronee Bat clement Bren i we ol e mesnery ol obibcen of orbiiory groenlority,
e pedn ey sverh oo de presinde sposs o Sdeney o oy olly stol = losh obl-
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Supporting Iarge hin ehoes. Throughout The reet of The eartion, we comelider aversags-bin- 11 po-
rametere i curh that
iEJELJiq_
loglogn' lg log n
Hather than haring & cngle routing table per bin, we nowr haoe

i
v~ | el
routing tables B, #y. . .., By per bin, each of whichean noute wp to 3 log myf Leg lng 1 fngerprinte

Earh ey e lects o nouting tahle weing & newr hach fimetom r: [ — [k sehere [P the uveniee
of kbeye Operatinne on kbey x uee routing tahie ., in binlx)

Although the key x haches o & gpecfie roming tahle o, the key cam o]l be placed amy-
whemr within the bn(x]). That ix, the routing tshle #,, nespe Snge pvrinte to arhito ey pod Home in
[A + en]-

The acxlgnnwnt of krye to routing tables introduwess 2 pmblem: sone mutng tables # may
be socigred noore than 3 g nyf Log Log n beye to moute. When thic happemne, the ninting tahle cemnde
onver i ey o the baceyardof the Ieeberg hach table Keveeent to the badey anid by an overfioered
routing table are callad noeotingr ot

Wi onree agsin uee the Ieeberg Lemms, which telle ue that, weh p there ane very few total
routing fioaters

Inswa 13, Let A € [logn/log log n polrlogiaf], and defee & ac in Sectba 1 Thers are
O Nf polyiog(nl} mowting flaaters in fe kb, wefip in N Morsoter, for a pilen jey x, fe
probabiliy A fere s a rowding foater v sl far (Biely), Ayl) = (BiRx), Ax]) = ar oo
(1 palyi))

Fenor. The pmaf fnflowe szartly ac for Lemnin &, smeept that now the “hineg™ in the Iosherg
Lemmn are the routing tahles miher than the actusl bine inthe Ioeberg hach tshle o

Note that the nasrinium capor 7 per routing tables of 3 log nyf log log aic noweh nrger than nerse-

exry finr The ansbrele, cines & eaportty of log af Log g A -+ Pl o /g tag 1. Would onffies fiorthe poood of
Lemanan 13 Wi ame sble to apply thic noweh el to the routing tables becauers they are & low-onder

term in the gpuare comeumaption of the Irsberg hach table.

Chong ea 1o the o st ats, T aeenmanndds te the eges vahe of i, the bonkdesspdng in sach bin 2l
changee elightly. Earh muting table naxintaine 1t oen fosting eoumter, snd querias on a rarond
xneed only go tn the barkeyand if1he fnoting sounter five R, i0 binlx) ko & non-rem
counter Addtonslly duee i oy be souch nrgerthen og n, we can oo longsr keep trade of the
Tree glote in the bin with & bitnsp T the varsney bitnosp ie replared seith & Poee Het, wideh ie s
linkad Het of the fee clote in the bin

The newn-rewtaing raae. We can now extend Theomrm 3 to hald for i < log' N log log &

Terrenw & Conslier an fcsbeg Rach fable faf nevercon taine piore fan N slenen iz and acppace
faf e avergebinfil paraneter catigies i = ﬂ{ki’ N{loglog N} Segposs fat e badopard

tabie supports conctant-Hiete operations fwiig In n} supporis lead factor o leagt 1/ poly(A), and s
sahis

Conclder a srywense of opsmblons in which fie iberof recorsk in e able never excesdc N, and
concldera guery, insert, or delete fab k& perforned on some Jeey x. Then, e folbwing puarantess
faoid
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— Ttwesr Effolmury The opemtion anx takes conztant fime in e RAM modd, wip inV.

— Cants Effiedmumg Consldsr e BM miads woinp a cacfie Bneofzize B = 38 g a cadieof oee
M = (M8}, and suppace far sach bin i e floar yard = ey digned, fmar s ek bin
Iz stored L a single cacfe ine Finady cuppace far fe deccrpilon B of e Rash
are cached Then e opemblononx Ras grebab@ityar isace 1 — 1f poly (8} of incwrring oniypa
single cachs mks

—Spwaw Effinimury The botal space in machine wors conomist by e table wip N, i

(1 +1-::(31;_E;}] N = {1 +o{1}}V.

—Sialiity The fuxh table ic ctable

Peoow. The pronf ic the exme ae for Theorem 3, except with twn changes for the caee of & €
[log ¥/ log log ¥, O{log” N/ loglog M)}

Tiret, we oot aceoimt fior the epoace coneimed by the muting tables &, .. & ineach bin
Fortunately, thess tablescomeumie only O(A log i) bite perbin, in compor) eon to the & log M) bite
otherewies neaded fior the bin Thue the routing tables only neresse the total gpoare conoumipton
by & fartor of a1 nooet

1+ﬂ($)5 1+-D(1IE]I‘N) 5 1+ﬂ(jr%],

logN

whe e the mequaliiies e that & e [Log 5/ loglog N, &{log’ A log log 7))
Seromid, we nmaet accoumt fior the preeenes of routing fosters in the badeyan] This ic handled

by clmply applying Lenanas 12 o
Comwrawr 1. jn Theorsm 5, wisnfl = ]ng’thglngH, Hiz fotal spacs In pasiine wors son-
e Basomas
(ol

Supportng dynanile readeing. One can cupport dynamie redring weing sceentaslly the came
sppmcirh A in Theomn 5. The proces of performing 5 partial espencon or cont oetion nut be
eightly nandHfed to secominendate the routing-tabls etrueture of each bin, however In partiruisg
we now noaintain denad coumtere Ay j foresrh routing table By i each bin b When & e freeze
oeru, the Mn recerves

]
mm(( nﬂn{ﬂu-ﬂlﬂsﬂflﬂshsnl],iﬂn}, ]

clote o rar onde curmently in the bin. That i, the bin meerves A, , flote per routing table, cubject to
the eapor ity enmetrain te of the muting tables snd the bin If (7) 1e 8-+ £y, then the bin can determine
srbitorlly howr naxny lote ame recerved fnr sach routing table, a long s the (th muting Table ha
&t mangt natn(Ay . 3 log af iog log a) dlote eeerved snd the totsl mmiberof meeerved dote ie i+ 0

B L byl 0 = arwritireg He pnerdbensr off mlede pemesrrid for o oh retieg koblle mn e dede s o keeily dewliegs e B abedfieg
Blus~ Thot s, snly when Hhe renting fobde Br s net oeecmed, de wre dee e beor roey el wrere romerred e ok the
B Freese
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The prmnfe of minese smalogoiee o Lemmse 17, 18, and 19 fnllow exartly s in Seetion 49 and
Appeniie B, szrept that noewr routing oot ere are aeeoumted fior i addition o eaposity fostens amd
Angerprint fontene

Putting the pleres together, we can ewtend Theoren 5 to cuppaort e vahoss of &

Terrenw 7. Conslder a Aymamis iezberg Rach tabis wif averngebin il paranetsr L Sugpacs
Har fie orber n of sentenrs chaps in e mnge sl A L = ﬂ:hfrql'hglngu]. Sugposzs
i tabie wmad in e badopard argoont sonstant- ek operafbns fuiig i nl Ras bad factor ar laag
1 poly (A}, and is gtabie Anally, oof e reclee prandariys = ¥

Conzldzr an opemiion on a keey x. The following pramniesc fodd

— Tiws Effolimumy The apemtionan sy takes constant fimie i e BAM mods] wiig inn
— Cachs Effielmumg Conzider e B miads wuing a cadie Une of cize B > 38 and a casfie of oee
M = &8 +zslogn for svoe sufiledently large sonstant c, and sugpacs fat s bin in e

Jronr yard s stemsory aligned, far s sach bin s Sored ina single cacfie line Then Fie sxpected
mumiber afcachs miees incurred by fe operarbrony iz 1 + 001 YE) = 1+0(1)

—Spave Effrimey The total spacs in machine worsk conoemed by e tabls, wig inn, is
i Ly
(1+EI( 7 n=[1+a{l}jn

—Neabiiity ifa parilal reclze Racmot been riggerad in fe pack D(n/s) operanions, fen fe abie
Is skaible

Coporrawy 3 in Theorsm 7, when i = log’ N{ lng log N, rie fotal space in machine womls son-

e becomes
fofe)

6 ACHIFVING SUBPOLYNOMIAL FAILURE PROBABILITIEE

In thiz eartinn, we conclder the pmblent of arFedng cubpoly noniial probebiHtes of faure for
Ireberg haching senmeing secees o fully ramdom hach funetione (a2 10 pet wock, [34, 35], the
aerunaption of fully emdone b Pumet inne i nes ded T avodd fdlume probebdHty That i introdueed
by the haeh fmetione themslvee)

Wiz begrin by etating & ve ralom of Theorem 7 aeeuming fully random haeh Pumetione. The thearen
Tinl e {manee diate by Prome the weh po pesrantess offened by the leninise in the previoue eee tone.

Trrrenw B(TEEAZEM 7 W1 TH SUPER-HIGH PROAARTLITY)L in i sondiflons of Theorsm 7, suppacs
Har e badoar table T ssgpors saci aperatba i congtand Aee wir grobabiliey 1 — gin). Then,
asurding fidly mador ek fimehons, e aearantees of e leeberg Rach tabie Rold wiFi grobabiliny
1 — Ofp{n) + F-tfmiagal] parapemrion

gk == these: e mever mnltiphs deroed ssrnien per bin, we ek be el dhot el i e BALE me d) b= perfarma

il sl an o cnbroslen (s ol 24 ) rl where s e reis e grosnko vty meed by soiesb oddeeming Ferinmiedy
e et volnes fer Hhe dermnd s ey of 2o renting okl ond Itenhed'Efn minfay ;. Elgref bag bag ] e mch
biln. I, o= miraightirwrard b keop brack of ot all lmes frather Han ot dorieg Hhe B ropre: o iog Phose) wibill = odding coly
1] everbeod por apaniion The, in the s ofo ool o esien e Bropeee sl ng Bhos s nesods snby b ieslonilob-
= vobnew in Hhe newr bivw, oo e e soee s o po el o sen o b, e Breprescoling B o s peed s snly opdobe e volin e
eppreprioiely I e g cont of Hhe Sfref r] reecrde ok ore beleg rdecoied.
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Wi norw comelderthe problem of decgrring » baceysn] haeh table 7 st hoe s cup er ena 1] fadlurs
probabiity g (the exmie Pahire probabiHty can then be areved by Iesberg haehing, weing Theo-
= E) By emploring the very-hgh pmbability kaeh table of Goodreich, Finee hberg, Mftremmoacher,
#mud Thaler [35] ome cam achieve g = 3 - In thic eartion, we chow howr todo sgifirsntly
better when each kry & S(loga) bite For thic cate, v ate shle o achlme g = ﬂ[ﬂ"‘“}ﬂra
pocithie conetant 2 of our choles

Throughout the reet of thic coction, et 8 = 2 /4, o0 we ame aiming for g =ﬂ{3-‘*’_“},a.u] =t the
marhine word dre w = S(logn).

The dficaly of mhpalynomaial guarsntess oot ennagh randoos bie The maxdn Hifieahy
that one Fueoimters when trying o achieee & foilie pobability p that i cubpnlynomis] e that
hawh eollidone must be treated ac the conmunm caee That e, dnee any oo beye kave a1 polw(n)
chanee of colliding (onany w = Elog a}-bit hach fimetion), e must be able to handle & cuperoom-
etamt mmuber af keye enlliding om their ach funetione If we wat g = O3 ") then we mun
be willing o tolemte it F log nj keve eolliding weith ome amother.

Sinring n' 7 kreyw deterosinde tieally. Inorder to ctore 2 maall et of A7 keyedetermimetieslly,
we wrill mslkes e of # rae trle with frmaort n?. W fonrnaaltee the propeties that we will need fom
the radfe trie in the followring lenmas

Lexora 19. Suppass feeys are w= Slog n) bz and it > 0 bea congtant There i a determiin-
I daka o reeture far an be inlbaillzed i Ao oln), far saswses spac on], s far sugpors

inztrilons, deletlons, and gueries in onstanf Heieona =2 of up fo LT el Jezys

Peoow. Acnoted shove, the dats etrueture & & oule tris with fanout o The root sode F of the
trie ig anarmy of length o The ith entry in ric mull if there are no keys o whoee Aret & log n bit
equal |. Cnherewice, the fth eniry pofnte 1o a recurcheely-defined trie goring the Anal w— Jlogna
bicof each key x whoee Amt Flog n bie equale L

The trie hax depth (18] = O(1). Sinee the data gtructure stores Oinl—37) keye, the trie can
have at moat O3] nodee. The totsl gpace concmption ie themfom O{n'—") doee each node
COTMUTSE B Epare.

The dats etruchure requires £3{a’ 7} time 1o intialees, wher the mfialestion Hme e gpent al-
lorating G{n' %) armye that each comciet of &Y mull pointes Theee #rraps can then be wed o
mplement opetone onthe trie in cometmt Hme o

Sinring all bt O{n' ") keys in hine We now decrribe 2 hadh tabhle with fadhie prohabdlty
A= O[3} Becsuse we are conetricting & hach table to be ueed o & backyand, snd thus we
are oot coneerned about epace effl clene v (2 Joad Euetor of €4 1) 1c oleay), wre can ignore The fonwe of
dynanie redring (which can be performied writh deamorticad rebidldeg and the foowe of deletinme
(which can be perforned by maricing elementc ac deleted 2nid then mbiudidng the dats gtrueture
every O[n) opetione) Thus, we can seome there are 8] eonde and that the only ope ratiomne
are querles and ineertione

T maintsin nyf log n bine, each with caper ity S log n). Cheeres snd neertomne sne imple e ted
in earh bin ucdng the dynande fudon tree of Pitapru and Thorup [#9], which cupporic conetant
Hnee determimletie operations on & et of dre polyloga Fabin overfosre (that ic, There am nore
than &logn recorde for eomie Iarge cometant &) then the overfow eomde are ctored in the data
ctructure from Lemanaa 19. Call thees reconie strappiors

Leaara 14 With gmbabilky 1 —6{a 4" ) there are GO{n ") raggiers & any givm moment
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Peoop. The fart thet we need only comelder ineertone #liowe for the inllowing smalvee The
expected mmaberof etraggien ieof 1) cnee each bin haea 1/ poby(n) probebdHty of overfowring. Omn
the other hend, the muniber of etragglers ie a Pumetion of O{a) independent randon varableoe{ie,
the binchodes fivr each ball that ie preeent), and each of thees randon varisbies ean onby affeet the
mumber of etraggien by =1. Thie we cxn spply MeTrammald e mequality (ees Theoren 1) o obtadn
2 eome et e tom banmid on the mmiberof @ mgglere Thrie tp Hee that them sve (8= 7) eogglers

with probabilty at least 1 — O34 o

Putting the plerectogether, snd wcing & = 24, we arrive st the following theom

Terrenw 9. Conslasr ey iy are Elog n) Bz and lefs > 0 bea congtant There is a Rach tabie
{uzing fidly mador Rach fimelons} far supports sonctans Aok sgemions and sonstans laad factor
with fallvre probabiliiy 1 —ﬂ{r‘""} peroperation

Feone Thic follows fromt Tenmne 19 amd 14 O

Copninawy 1 Coaslier jeeys rar are Eflog n) bis and lef 2 > 0 be a constant feeberg Raching
Wit fuly madom Radh fimetions can be icgplemented wifL falivee grobab@iny 1 — ofF ™) per
operanion
7 BUCCINCTHERE TH ROUGCH (AMTIENTING
5o far, we haove fnruaed on decgming sn ewplict dats etructurs, that i, & gpaee-efflicent datas etrwe-
Ture that espHetly etomee each bry-value polr enmewhers in memnry. Such a dats etraeture does

mit achime The infivrmost ion-thenrete optimum memory ooncunpton, however Glwnacetof n
krye from & imbverce I, the minimun sumber of bite neaded 1o encnde The ot i

()

which by Stiring’c approsiation ic nlog %l—ﬂ[u}-lnﬂﬂ.:u:ﬁm,weglﬂ & querinet vercdon of
the dynande Ireberg hach table that, scnmaing that [If] < poly a, ctores n keye uchg epace

nlng @+ﬂ{l]‘lﬁ‘l},
bite. The table can alen cupport o-bit vahies for each key uddng an addftional o bite of guace per
ey
Daing quotients o aave space. Although we will remaove the acomption Later, for noer Let ae
amrunes that our keye are eelected at ndomt froma the imbeemee [F. Thic naesme That the neneterhach
ri[x]) of each key can emply uee the low-onder bite of the key . Theee bite, in turn, do oot need to

be explicitly etored in the haghtable [Tirie gpace exving tecbrvique is often called queatimeing]

Storing aones eyn with feer bts then othera. Recall that only pert of each kbey’s siidrece 1c
determined by {te macter hach, and tThat, at any gheen monient, Hiferent beye may wee difement
mumbere of bite fmm thelr macter kaeh All of the kbeye within a glwen bin wee the eame mmber
of bite frvm thelr master haches, howewr [n partioulay the keyein bine whee indieee are i the
ramge § = [=',23"] 4l uee | bite From thelr macter hash Thiu, we can implement the bine in i
o only exvplictly ctome log ] — i bite of each key, srith the reet of the bite fior the ey being etred

impHetly by quotenting.
A comesquenee of thic design i that eome bing are mome gquace efficent than others If there are

i bine, then the moet opace effident bine wee # = log 7] — log = + log = bite per by (ignoring
epaee e fior metadats snd empty ote) and the leset opace o ficent bine wee Log | I bite per ey,
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The fenetion of bimne That wee B+ 1 hﬂlprhqilﬂ{lﬁ‘]-'lhu,ﬂutﬂt:lnmhﬂufbﬁl wast ad by
ot etoring exnetly # bite per key ie

o (éi: E'} i] < Bin).

Critieally, the fart that enme kbeye cave more bite then othere only affeete our apace coneumption
by Gin) bite

Arnahyzing the il o pacs coremniption of the haah tshle The e of quotiente in plare of
the maeter hach funetion eomipliestes eeveral soperete of the salvels of Ieeberg haehing Bafnre

Haruering thees aaperte, however, 1ot ue snalyee the qpace coneumption of the haeh table, struin-
ing the etandsn] smalvele of Ieeberg haehing Throughout the reet of the earton we e21 A to be
qu’ﬂ]gu],wlﬂﬂmuﬂnﬂ:uﬂ!qnuzﬂi:hmynfﬂ! data strctum.

The mumber of bite weed o etore Eeye (in the front yand)of the table ie

nf +Ofm) = 1:;(":9 + O m Ling logz m], (1]

bite Az chown in Theorem 5, the apace concuneed by the badeyanid table i O(n/ log n) bite, the
epare cnmeumed by meta-data de O{nlng lng a) bite, and the eopty elote in fromt-yand bine indues
T et & 1 -+ 0 (Ling Lz Long ) e Hipliesthee onverhesd om the apace meeded o ctivre The ey (That

i, om (2]} Putting the plecss toagether, the total qpace conemaption i
h‘(liﬂ)+ﬂ{ul‘1qu],
bite

Ham Hrag, 1acde o8 e vpes dievraros 3o thes v sarter howh faneton, W now turnourattenton to a
cubtle conaplie siom that sriees in snalyeing Ireberg hach tablee that s quotienting Becsues the
krye are amumed o be random dkAnct elemente fom & umbveme 17, The macter haches (and thos
the bin accgnmentsd sre not independent b parteulsry, the detnemess assimption intrsdoess
(megativie) oorme ntom betoresn the hin socigmwve nte of ey Sinee T bdnseel gemente xre o Longsr
ndep enident, e can no lomger directly apply the Ieebeng lenans

Let ¥ c IF be the et of beye that sre ever plucsd into the hach tshle In gemeral & oould
comtxin all of Y. At the coet of makcng esch ey S(lnglog n) bite longesr, we can aocme weithout
Ioex of generality that [K] < |IF|¥ polylog n for & polylogarithnie fartor of our chodee. Call thi the
aparaity praperty.

Let y.- - -, My be independently eelected mndom elements of [f. For the cake of salpc, we
can el the elemente x;, . .-, xp) of K o being cometracted via the fnllvwing procees: for | =
Lo KLy & {x, ..., %), then et xy = vy, sl otherwice eelert xy at random foom IF )
{2, .-, Xy} Say that The ey x) e dangwnaeor 170 2 5

Whena kbry x i ineerted, exy that x i wor riyecody davgyna e if el ther x e dangenin or theme i
smnther ey i that ic preeentand mapetothe eanee binac doee o Tnonier to smalyze the badeyand of
Iesbwrg hactring in the com tewt of mmdom ey (oo quotiente sre wesd s macter hache), it ouf-
Bres to dhuoer that, 8t any given moneent, the mumber of wieatouely dange moue ke ie nf paodylog i
Allother ey can be ans by oad acthiugh the macter hach e were determinedby i, . - -, ¥ (Which
are independent |

Lrasora 15, Consldera moment in wiilch fere are n ey infistabie Then wefg inn, e neber
of dangerous keys preesnr (s nf polyiog a {fora poiyogarifieks factorofowr chiolce)
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Feoop. The pmbabiity that x i dangeroue ie exartly (| — 13710, and the property of being

dengeroue i ndependent betoreen krve xy. By the cpardty property, The probabdHty (| — 1)/]07 1e
at nanet 1 polylog a fior all kepe xp. The nanas the e fiome fiollowes by & Chernofl boumd. O

Ly 16, Considera miomtent in wiileh fere aren keys infie tabie Then we g inn, e iober
of vearbuxiy Aangerous keys grecenr (s af polviog a {fora paiybgaritimis factor ofour sholes}
Peoor Let A= {a;,...,a,} be the keye precent in the table. 1ot ¥;, ..., E, be ouch thet ¥, ie
the ert of keye precent at the e of 2y'c nerrtion 1ot 2= H 1A

There ame three waye that ap can be vieariously dengerone

— The firet caee ie that ap {tee ] ie demgemue Tenams 15 telle ue that weh p i n thers are st
nanet nf polyiog a dengeroi keve ap.

—The econd caee e That there i an element i € Zp cuch that i & dengeroue and 2y and
¥ naap to the eanie bin By Lemams 15 (seehp/ i n), the number of dangemue beye in Z)
iz nf polylogn Thiz, i tum, naesne that at naoet & 1f polylog a frartion of bine contsdn &
dengemus kry from 7y The probabiity of 2) neapping to the ome bin ac cuch & bry fand
not feslf being dengeroiue) ic at nanet 1f polylog a Stnee the Zy'camw diejodnt (2nd ignoring
the krye a; that are dangeroue), thees probahifiee ame independent seroee keve 25 By &
Chemnaoff boumd, weh p in n, the number of keye in thic caee (that are not dangemie) i
n/ polylogn

— The thind caee i That thers iean slement i € AY {2y} cuch that i ie dangeroe snd 2, and i
maap to the eamie bin By Lenmans 15, the mmiberof dangs ks ve fn A e a1 oot af polylog o
wh p Conditioning on ts, sach key independenthy hae st noet s 1/ polylog a probakilty
of being  thic thind came (and not being dangemuc) By a Chernoff boumd, weh p in n, the
numiber of keeye in thic caee (that are not dengerne] ie af pokriog o

Combiwing the caer completes the prond of the lemma

By Lenman 15, the fart that madter hagher ame deternained by x, .. -, e (wiich ane mot dmde-
pendent] inetead of .- --, Yz (Which are independent) only sfecte the ciee of the badepan] of
the hach table by nf polvioga (becauer of wiearioudy dangsmue recorde behaving diflmntly in
The v categ

Shouniating randoms keys with aloicet randons perointstona In order to dniulste randont
krye, & natuml approoch e to apply & randon perniutation to the umlveres IF. Conetrurting am ef-
Arently deerribable random peronitation that can be evaluated in conetant e enasdne & clgmifl-
cant open queston Fortumstey, there do exlet efl clent i b S-depmudamt pernautations (A S]
that ie, pernautatione drawn fom & dietribution that e S clate 't being je-wrize indep endent_ In
mome detsd], there exite eome cometant o > ¢ cuch that for k = n* and 5 = 1/poly n, ther ic
& jewiee Jdependent famlly of perniutatione whose nemibere can be evahiated fn cometant Hme
s deerribed ucing #7 bite for eome § < 1 In partieulae one ean ackieve & = 137084 yong
Corallary 8.1 of [11] {along with the hach family of [4d] for fi, f5), and then, e shown by [31]
& can be amaplifled to 1/ n by compaering together O[1) independent by eeler ted pemiutatione
that sach extefly & = 175 g

Berwue & = 1f poly n, the frartion of the Hoe that the haeh family doee not behae ac je-wies
independent can be eaclly shenrbed into the fathre pmbabdity of Iesheg haehing [aeoiming we
are omly powving & whp guarsnter) On the other hond, n*-wice ndependencs doex not obid-
ouely ouffies fior our anslvck of Ieeberg haching Eaentially the exme pmblen weac snommtersd
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previoucly o [4] and thelr enhition alen workes e For conopletenees we deerribe the enlution
belivee

Let Wbe & poranoeter Axin Appendie & frhere we derses howr 1o cometriet sepliclt fanedHee of
haeh funetione five Irshere hadhing), we break pur tahle into '~ gibtshles for sme 2 cuffidletly
emaller then & Wi will guamntes that the cubtables ate all The exme deee ac each other, up to
negHpible terme, wich mesne that they ean be reclesd cynehromouely with earh other; thic, o turn,
mieat That earh partial exponcon ehrinkags con be inapleniented in O 1) ooeniory &lloestomne,
wihirh allowee fior e to direr Ty accees a1l of the oubtsbles without sy eetra lepem of indimeetion.
That ie, the et of deromp eng the haeh tahle inta 5 cubtablesdoe e not et the earhe- sffie ey
of our data etrueture.

Wi may aenume without e of gene ity that the dxe of the Tshle @xre i the rangs [M 73, M)
fior wovmie W, eimee @viery Time the clxs of the tsble changes by aconetant fartor, wie can rebadld the
tshle fin adesmortee] falrom] to areomindste the mew vahoe of A Niote that cucha rebad 1 doess
mat vinlate oweeinctmess becsue, s we move elemente from the old vendon of the table o the new
verdon, the partal ehrinkesges that oorur in the ald cibtshles will kesp them ouecinet unt] They
get toemall emough dree that thelr e e comomapt ion e negligihle

Keye x are mapped to & cubtable by pedfvrming & permutation » (x) amd then weng the leat
cignifiesnt (1 — ) Lg & bite ax 5 cubtable chodes Let x* denote the moet cigniflesnst g IF —Log M-+
£ log & hite of », (x]. Rather than storing x in the gubtable, it cuffiess to ctore 7 And rather than
cloring x* in the oibtshle, we ingead perform a eoond permutation g(x‘) tn obtatm the artusl
ey that we eiore in the aibishle

The eecomd pernnitation w; can be implementad aca N*-wiee {14 poly n)-dependent pernuta-
Hon Ax in Sertion 4, the omall dee of the qubtable momwee that ¥ -independenee cuffices The
nTe ﬂ.ﬂtul'tn:'ha]lz?e i maplemanting » on that, with kgh pmbabdity, each of the oibtshle
weetve N¢ -+ Y4 keve

Arhitmanetal [4 glve s elegant enluton to thie pmblen by defning o weing » cingle-roumd
Feletel permiutstion Deflne the rigphepare xp of 2oy xtn be the least dlgm fieant (1 —2) log A bite
ofx anddefine the Lg% pert v nbe the remaining bite Let 5 be the family of aeh fimetone glwen
by Pagh and Pagh [44] parameterized to dmulste i-independenes for k = N7 log® & and oo that
each A € P noape the 1ot pot xp of & ey to am output of (1—2) Log A7hite (wireh je the eame mmiber
of bite in the right patt xp of the key) The gusrantes given by (44 i that for » random & € H,
and fvr avwy given eet 5 of dxe SN/ log® N, the fimetdon & € 9 acte fully randowly on 5 with
Wigh pmbabiity tn &; morsver, each hash funetion A € 4 can be reprecented with DN Lng M)
deerription bite and can be evahisted fn conetant Hme Oeing & random & € #, the permutation
» [x) i defined by Alxr) & x where & denotes the XDR opemtor Note that » changes only the
st wigmifiesmt {1 —a) log & bt of x, meawing that xy doee not changs Thss, even though the
fimrtom fi naxy not be imeertble, the fumetion i inwerthle (and, infar, =zl—1].'l'hium:rﬂ
that »; ica permutatinn Omthe other hand, ac chown by Arhitman ot 2l [4] (eee thelr Claim 57,
the randomnes fom A i cufficient to encure that ry Hetdbutes beyc svenly amimg The cubtshles,
that e, every cubtable hae N + QN %7¥) ks ye with gh pmbability in &

We mmark That, cnee r; precerves oy, the ioput o g e actually hoet a . Thue, the cubtable i
eelerted by A ) S X 2md then the key rgixy )i etomed in the cubtable

We alen remare that, although the permutatone » smd g are uesd o randomize the ke (amd
ﬂnmimiuﬁzmuurh:h;ﬁzﬂuﬂh:hﬂuﬂnﬂ{giqhﬂbgmtﬂﬁﬂuﬂzqmm
be genemnted through s erporate procees, amd ehould s be inop benee nted weng the harh- fmetion
cometrie Hon given in Appends 4

Putting the placea together To oonclude the eoction, we glve a theomen summariing the pear-
sntees of & quotiemted Irsberg hach table
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Teprenw 10 (Taenwm 5 WTTE QUOTIENTINGL Consldsra dymasic guotiented eberg Rach ta-
bie Lot be fie carrend muonber ofeeys, and suppace |[f] < poly o Then e tabis concumes

1-1;{'"') + Oinloglogn),

bz anad argpert s apemiions Wil A iR conskans e witl RighprobabBiny inn Addifbnaiy fe
sabiliy and cache-sfficlency pramnr s Hu il on fe somgue it foberg Rach abie continee
to Rl for e guotlented iceherp Rach tabls faifough, of courss, e foguoienting sooe birs of mach
Jezy may e gored inyplicldy bacet on wiers e key resiibc}

Wi remathe that the quotient sl Ieeberg hach table can alen eacly be ailapted to ctore an O (leg 8)-
bit vahue fivr each ey [T vahuee are j bite, then the tahle wees opore

u('ﬂwmiulnshm
it

E OTHER RELATED WiORX DN HASH TABLES

Inthic eartion, we ouminiarizs eomie of the nollectone s in pag work on hach-table declgn Athough
many of theer works are alen derscesd earlier in the article, we include & densecdon of then all
together heme for comple tenece.

The firet hach table o achieve cometant-time operations with Mgh probabllity wac that of
Dretxfelbinger et al [156] in 1990 (bulding on previous work by Fredman et al [33] and Dhet-
xfelbinger et al [17])L Subkequently, Pagh amd Rodler [45] mtrodheced 2 much dmpler hagh tshle,
namely Cudenn haching, that achleves cometant-Hooe queries but allowes fior inesrtione to eome-

Hoaes takes longer By quewing the wrode to be performed 10 2 Cudeno hach table, and perfnrming 1t
incrementally, Arbinaan etal [3] chowred hoer to noake all operatione in s Cudenn hah table take

oometsnt Hme

A erpomate line of work bt foruesd om optiniving cpoes utHestion The fret dymanaieally-
recleshle, cuecinet (e, the quore conoumiption ie eomaperable seith the infornstion theory lower
bmd) hach table v pmopoesd by Ranisn and Bao [53] o 300, but the nerrton coet was only
O 1) expected in the smaorteed eemee. Denanine o1 2l [15] mproved thie o conetant Hooe 1o the
woret cam inearhangs fors comed ant B tor e in gpaes comemaption . In 3000, Arhdtnan et al [4]
gaore the Aret hach table to both be ouecinet and provide all woret-cace eote (although & & not dy-
namirally et able)] They uweed a fromt vard/backyan] table, in whlch the barerand e inaplem ented
ax a deamnrtieed Cudeno hach table, which naturally lende to & mechamien fior contmlling the or-
cupenry of the barkyard by mordng meeonde back to the front yand Simfler idess wrere wead by
Berees amud Even to bidld haeh tables for random noufeste [10] and for naulteete [11] Recently,
Liuet al [%9] precented & detonary that, in additon to cuccnetnees and wromt-cam cocte, cup-
porte dynamaie eddving Acinthic article, the reculte of [4] 2nd [%9] are precented both i termae of
hneh trhles with kigh lnnd factore amd in terme of cuesdnet dats etructures.

Hesrarch on ewternal memory haehing hae taken two aemee The Bret ic to allow fior cuper-
conetant Hoe queries in seehange fior cub-conetant (aneorteed) e neerte and deletes [13, 29, 57].
The eeromd ic to achleve 1 + of1) cache noieees per operation, for both queries, inerbone, and
deletex [, &) Fartrulsrly intereeting ic the svternal memory hash table by Jeneen snd Fagh
0] which cupporte all operatione in 1 +of 1) expected anortfeed eache noleess, wees (1 +o{1)jn
epare, and i dynamaieally recleable, but does oot achieve conetant-tnie opemtone in the BAM
nanude]l Thelr hach table [3] nosless uer of cache -2 fident redving techmiques that wee previosdy
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developed by Larenn [37] for external-memory Ale siorage (ae dlorueesd i Sartion 4, the ome
woiring techmlques errve ac s etarting podnt in our dedgn of waterfall addreedng) which in turn
extend prewvious work on the opde by Literin [92].

A manjor open question i whether modomnees i needed to ackdew cometant-Hme opemstHome
(eee dheruecion in [4] acwellae [GE, 45, 49, 53, SE]L o the caee where the hach table & very maall,

the dynamie fiscdon tree of Fitrapeu and Thirup [49] achiswes thie gool but five nrger aeh tashlee,
the question mentnine open Thic radess the dnple rqueeston of ewhat the e lieet-acheable fdlure

probabiity i Ut thic artiels, the only Enown echenies o ackiese oibpolymonisl probsbdHHee
wiere thoee of [34, 25], reculting in & fxllure probebiity of 1/2F%98% Whether theer erhemear sre
comapathle with egpielt fematHee of hadh funetone (sithout anplifeng the fdlume pmbabdity)
TETATME XTI O dqeEt dom

APPENDICES
A AN BPLWIT FAMILY OF HASH FUNCTIOMNE FOR ICEBERGC HASHI NG

In thiz earton, we dhowr how to implenent Iesherg haching weing £{n* lg n) random bite fir 5
pocithe conetant & > 0 of our chodes. A paet sk [4, 25, 99], the hach-fmetion fxm{Hee that

we uer will introdhere an addtons] 1f poly a probebdty of fathime, noesming that they eammnt be
wead to ofier anything better than whp gusontese

Hedduedng o the cose whers keya are & log a) bdta. In general, Irsherg haghing allowes for keyve
o lamge ap 6 w) bite, where w ic the noarine womd cxe. Wi can aenme srithout loes of generally,
hareee ver, that keye are Elog n) bite In parteulsr, prior o computing the hach of a key x, we can
e pairories-independent haching o naap x to an internediste wlue o that i Sloga) b and
then we can conpute the hach of x* mther than x. The interneedate wlues introdeee & 17 poly o
probabiHty of collidon betoeen patre of keys, but thic leeadly sheorhed (ot the fadlume probebdHty
of 2 harh table.

Ty FanuiHea of howh Fanctons. We will mace uee of twn favdlies of hach funwetione, both of
which map & imiverase If of cxe pobynomisl in n To G0ing 8} bite

The firgt famity #;, which igdue tn Fagh and Fagh [48] (eee slen melated work by Dietefehingsr
am] Wine 1fiel [197), nffers the follwing guamntes for & ndon 1y celeeted hach fumetion g € 4 : for
any fwed gt 5 C I7 of dxe |5] = n*, with Migh probebdlity in n, g ic random on 5. Moreover, each
hach fimetion 5 € ) can be represented with G log n) deceription bite and can be ewnlunted
In cometant Hoae.

The eecnnd Eamily i wees tabulation haching [51]. Wi will wee 94 1o map recoris 1o mdom
“burkets” in the moge [n' ] for eome ewall cometant 2 o be e lected later By ucng tabulnton
hashing with s appropristely emall tahle-cee prometer o, we can arrive 2t the following gear-
antes fior & mndomly celected hach fimetion g € 5 for any eet 5 of O{n) reconds, Tl'ﬂ:l.%
probability in n, the mumber of recorie from 5 that map o awy given burdeet i [S)n'— = nf
{zee Theorem 1 0f [51]). Moreover, each fimetion g € 3 can be reprecented with £ x’) deccription
bitx and com be evalusted fn cometamt e,

Daing #) and ‘H; in Insheryg haahing. Let & > 0 be 2 emall podtve ennet snt of o chides and
¥tz 0be & oufficlently enoall poactt hre eometant e lative oo Let AT be aporsneeter amd comelder 5
haeh tahin wrhiee des atape in the rangs [N, W], Wi remace that thiesise metretion i arithoe
Inex of genews ity weing the wrindow bkl tee rdque deeeried in Remarde 5 in Seetion 4
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W maintain je = N lesharg hoth tahlex T, . ., T;, each of wiich de mansged ueing » cingle
]u:hﬂntﬁmgﬂramatmﬁmfmmﬂ.ﬂ Krye are then naapped o & ranidone table Ty, whers |
{x erlorted weing » mondom hach Pumetion [ fom #5.

The gusmntes of 75 emewnes that all of the tablee T, To have the enme num bere of recorde
aurlgrand 1 them 1 o =N 97 orivieh e 5 Low order term foreseh table. Af s conesquenes, we £an
dynamaieslly mote a1l of the tablee T . . ., T; incyne with one another That i, when we perforn o
partinlesponcion or ehrinkeags on one of The tables, ore perfiorn 1t on all of thent. Thie i inapaortant,
ar it eminster The need o have i podnten podnting to difemnt dats etructunes, and & loees we to
ctore podnters toal of our soeminey allorstone 0 eache, a2 n Theorem S5

The guarsates of 4, on the other hanid, alloere e o trest each of the whilee T3, T; ax
being mansged by N*-midepwndent hach funetione Sines each tahle T) gome ot ot N kepe
at amy gheen moment (with dgh pmbabflity), and cnee the anslyee of Ieeberg hathing on N
krpe ean be perfirwed with DN i tndepenidenes (mote, in partieulee that the prand of The
hbﬂgkmmmhﬂ:rﬂpﬂmnﬂl}ﬂ[ﬂ’}wﬂ inudep endene s oo that The random variabiee
o = {aey} amd §= [heta,} are muhually independent]), it folloees that A-independenes sufficss for
the annlvek of each imdividuns] tahle Ty

Call the reon Tt ingdasts et ture 2 frw-re dawe e Eovlverprdursh taibls We have the fallowing
Thanrem

Teererw 11. Conslder a low-randominsss eberg Rach fabie whaee size siays in Hie ronge

[Ari—4t4 N] Purtismmors, sugpoce st e decerigiion biks for g and [ i in cacfie Then e guamn-
tees from Theorems 2 5 4 and ¥ Roid

Remtark T A wae the eae in Theorem 5 (gee Remade 5, the cee restricton on the haeh tahle
can be removed by perinmming modom mhbiudlde very rarely. Ax in Renerk 5 thic precerves The
other penrantess of The hach tahle

B THE FULL ANALYEX OF PARTIAL REELZING

Inthic eection, we ghee the fullanslvck of partial sepencione inan Iesheng hach table (2 deceribed
in Sectom &%)

To elnapHfy the sxpoeition, we chall perforn our analvee ac though s wrere udng wraterfall
aldreeddng (rather than trumested waterfall addreecing) The relevant diferemes ic that trumeated
waterfall addreccing ic not quite umifiorn, eelertng eomie bine with a (1 + 00 1/s))-factor greater
Hor Hhoad than othere Thicfartor ieeadly shenrhed into the Ieeberg hagh tahle by dnaply reducing
the entire lnad of the table by & factor of 1 + O01/5) (or by increadng f by & factor of 1 +001/5))
Hather than earry thic factor of 1 +O0(1/5) fon the load of the table) aroumd srith ue thmough the
analvele, we nctead perfomme the ansbrele aenmetng umlfivrn bin aecgnments, amd Then ad] et The
analvele a1 the end appropristely.

The newt lenmia chowes That the gusrantes fome Lenmas 5 (Le, the analrde of the badey and in
ctatic-clre Irsherg haching) comtinues to hold after a partial espencon

Lepwouea 17. Lef A < polyiog A Concider any Azt > & griorfo e ned gartal sxpancion or
confraction. Letry be e nber of bins grior fo e parvlal sxpancion and ry be e iober of bins

after e garilal expancion. Sugpace far, Auring e garvlal spancon, e fotal neeber of records
e et p L and s A =i

T mn e bhe hosh leneten s generaie dl of Hhe ho b ineetiees nesded i on B dberyg bosh bl T abmie the
lash fenellen sno key r, we simply comprie e o 1), whore o denelten sone obemotien
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Wirh suger Righ probabiiiy In N, ar Aee f, e ionber of o infRe bacoard = Ny poly(A)
Morsouer, fora gheen record x, e grobab@iry faf x LEies to 2 DR Gandx] WL a non-z2ro fisaning
LOMPE 2 2 Hie F s af o 1f poly ().

Peoww. Comelder the fnllowing tonn eltustnme.

— Situation (1F Suppoee we create an Iosherg tahle T comedeting of r, bine with capacites
L+ £y Wi Then ineest into T the rerords precent at tie & Pioally, we dupleste on table T
everyihing that happens between Hoe 6 and £

— Situation Ik Suppoee we create an Iosherg tahle T comedeting of my bine with capacites
i+ £y Wie Then ineest into T the records precent at tie . Pioally, we dupleste on table T
everyihing that happens between Hoe iy and £

For i € {1,3} snd for any Hme J, ket X)) denote the mumber of caparty espeene a1 Hme jin
Struatinm {ip % Let Tl jj denote the et of bine & &t tine § in Struston (i) goch that there deat st
ome caper Ty evpuaeer v eatefying guedx) = b By Lemma &, we have that Xp(H ) < N/ poly () amd
Xu(¥) = Nf poly (i) witheuper high probshiHty in M fivr both | € {1, 3}; amd that fivr a gheen raromd
x, the probebi1f 7 that gaa(xl € Fi(g ), that gaa(x] € B (), that e (x) € F(H], o that e () €
Yalr) dcat moet 1f pobe{f). We chall iee theer boimde sc the nxn el fior prning our lemma

The priwces fior perfivening portal erpomcione ie declgred oo that at Hne ¢, dnee £ 2, there
are omly fiour waye that a recond x can be in the badeyand

(1) The meord x ic gramndfsthersd, and a1 the tnoe feexe &, the densand coumter o for the bin
Gl ) wonk Larger than g Dr)'e capor e A+ Ep.

(3} The reromnd x ic grondfsthersd, smd af the Hnoe freexs ¢, there war another record i ouch
That Gapn (] = Gupe (i) 20 both x and i had the eame fngerprinte

() The recond x woae inearted after Hme ¢, amd when v wrae ineerted, there wae annther ree ol
iy ouch that g 0] = Geu (Y} 2nd both x and i had the eanee Angemprinte

(4] The rerond » wae ineerted after Hme #, and when » war inerted, ther wer mo fee
uneerrved dlote in bin g, (x)

We begpin by conelidering the resorde that fa1l into Caee (1) and for wideh g, (%) ie not in
the new chumke C (eall thie Caee (1a)) The barle ddes in thic caee wrill be to comapors our dtestion
o that of Situstom [1] 2t Hme b Let » denote & record in Caee (1a), and let {0 denate the cet of
ootk o Caer (1a) that eoide in the badepan] a1 Hme ¢ Sinee bin b = g (x]) iz oot & C, the
denvamd eoumter A for bin b e aqusl to the mundber of recorde i at Hoae ¢ (L2, at the Hne fees)
cuch that Gau (1 = b. Moreover, the bin b eontributes only 4 — [+ £y} of thoes meeorde to . Thos,
i X i the eet of meomde 5t Tae &, then

b |
ol = 3 mawit, l{x € X | gauld = BH - R+ e
Bl

But this evpreedon e & lower boumd on X[ ), which we know ic ot nooet N/ poly(A) with
cuper high probabilfty fn N. Momover, f we define P to be the ert of bine b for which
Hx € X | gapa(x) = b}] > A+ cp, then we now that P © Fi(# ), which means That the probebdlity
of 2 glven rerond x extlefring guux) € Pie 1/ poly(i] Thic comapletes the anslvee of Caes [1a]
Newt we comclder the reronde Thet a1l into Caee (1) and for which g ofx] & o the new chunk
' feall this Caae [1b]L The anslyels in this cae ie very dmilar o that of Caee (1), secept that we
now comapere to Situaton (3) at Hoee §. Let x denote 2 meeord in Caee [1b), and 1ot ) denote the

T bt pltvnBioss B in meoee red freen Hae frome of poferames of he oefoof okls or e L b obent Thot in, in
mch pilnotin, e e bove inserted the demeniy presont of Hme 4 we e crmlbder thot pednt in Hme s b
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et of menrde . Caes (1b) that reside in the bodepand at e ¢ Sinee bin b = g {x]) iz 0 C, The
denead eounter A for bin b i equal tothe muniber of reronde i a1 Hooe & fo., a1 the Hne feere)
cuch That Guedy] = b Moreover, the bin b contributes only o — (A + ra) of thoe reronde to {J.
Those, 1T X i the eet of menride at e 4, then
i
IEI=Emﬂ[ﬂ,I{rEII§-u[r]=E}I—[i+I:aJ1-
b

But thic evpresdon ic alen a lower boumd on X508 ), which we know & at nost N/ poly (i)
with super high probebility in M. Momover, if we deflne P tobe the e2t of bine b for which
Hx € X | auw[x) = B} > A+ rn, then we know that P © Fi(4 ), which mesne that the probebd 1y
of & ghten record x extefring gue(x]) € P & 1f poly(i]). Thic conapletes the anslvee of Caee (1)

The annlvek of Caees (3) and (3) followre drerthy frome Lenanas 3. In parbeulsr, the mindber of
rernrile x ot e ¢ that Caees (3) and (1) contribute o the baepand b st nanet MY poly(f) with
cuper Fgh probebilty, snd the probebiHty of & meord i haehing toa bin g, y) contaiming cuch
& rerord x ieat naost 17 pole(A]L

We break Caee () into twro cubeacer (et a¢ we did for Coate (1] Conelder The meeonde x in Caes
(4 and ouch that g (x] ¢ C feall thie Caer (48)) The numiber of ouch rerorde » & at naoet 2 (F),
which we now ic at nanet N7 poly(i) with cuper dgh probabifty Moreower, the et ¥ of hine
contxmng euch weorde x eatiefes ¥ © ¥ (¢), noeaming that the pmbabdity of 2 menrd i haching
o & bin gy (i) € ¥ i ot naoet 1/ poleA]

Finally, eoneider the meeorde i Caee (8] and oweh that g, (2 € C (eall Thic Cone (dbj] The
mumber of euch rerorde  1e at nanet X5 (¢), which s knowr ieat nanet N polyi) with cuper Mgh
probabiity. Mo over, the &2t ¥ of hine contaiming cuch reconde » extieflee ¥ © Fp(¢), meaning

that the probebilfty of & meeord i haehing toa M0 e () € ¥ i ot nooet 17 poly(A) O
We com extend the preceding lenanes to comel der Hmee ¢ € [#, 5]
Loy 18, Consldsrany Azt € [¢, 5] privrio e ned gartlal sxpancion or sonfraction. Lef

ry be Fie aepdber of bins grisr bo e parilal evpanclon and iy be e iosber of bins affer fe garilal
expancion. Sugpace far, Auring e parvlal svpancion, A fotal mober of recorls never secsadc r A,
and sof N = ryic Almaily lefde be e maober of recorck x i e badopard ar e b and ief g be e
probabliky fara record x Racies to 2 bR guu () Wi a non-zero floaring sobmter aF Aee g .

Wirh suger Righ gobabiity i N, ar Ao f, A aeeber of recorls In Az badoard s ar st
k+ N} polyii). Morsover, fora given record x, e grobabilliy fary Ragies to a DIR Geadx]) wih a
moR-zaro flaaring sobm bar aF e F s af s g + 1f polyii].

Peoorp. Thic follows by the eanie ansbrele s Lenanas 17, escept that we alen eonclder & Afth
way that reronde can eoide in the badepan], which ic that they recded o the barkyan] a1 Hme
- o

Performaing partal eoniracHsna and hyotareads Partal comiracione can be noplemented ue-
ing the eume sppricrch s {e deerbed abowe fior portal espemcione. We perfomm 2 e feese 6 st

whicrh piint wre meerve qpore in each bin for the eoonds that sre currently precent smd that wich
to recide in that bin (Tecerving up o & + ry ciote in each bin) We then perfomm the Rechniffing
Fhser in the eame way ag for partal espandone

Fartia] esponeione amd comtrartone are pedfinrnoesd via hyetereds Conedder 2 chmk © that ic
the j-thelmmk in & doubling fom 34 bine to 2% hine Let £= 3“5 denote the number of bine in 7
We must perfiorm partal e spanadone s contrae Home oo that, whenewr the mmber of reconds i
- (@ +(J—1)H) or larger, the cmk © ic fncluded in the table, and whenever the mmiberof recondc
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£ A- (7 + - 3)H) or ensaller the ek 0 de mot ineluded (o the table To s vee thie, wrhenemsr
the mumber of meonide reachee i - (3% + () — 3) B+ (3 A)F), 1 7 iz not et peeent, then we porfiem
& partial svpeneion during the neet AESY operatione Likrories, whenewer the mmiber of rer onle
marhes fi - (3] — 3)H + (1/)H], if 7 ie procent then we perfiem a prrtia] eonteaction during the
nest AEMY opetione Thees thredholde snoime That pertal esponeione amd partisl contrartone do
oot overlap empnrally

By comabining the snalveseof portal espomeiomne amd portisl eont moetione, e arrive at s (euper)
hgh pobabiHty gpusrantes fn ternee of The tahie's curment cre

Lesora 19. Conslder a dynamic ieeberp tabie paintained wifi = = A, an suppoce e i n
says in e range e Hu AL < polviog n

Conzidera Ame ¢, and isf o e e oorenr cizeof e bl Then wefig inn, Here e armos
nf poly{A) recomls in e backoae Morsoter, fora piven ey x, e gobabidny far bingix) Rasa
mon-z2ro flafing cosmrar k ar pogt 1 poly ()

Penow. Thic finlloees iimectly frnma the anslrede of the probeb{Hete gesrsm tees dhring and after
earh poartal e o

Perfiornadng cowrhe afficdemnt reabong. Newt we comelder the qﬂtimuf‘hnwtnizgmtpﬂial
expancinne and portal comractone efidently m the EM mndel Suppoes = = and cuppnes
that the drs of  cache line ic 8 = (1{A) Fnally, cuppeee that we have o carhe of oo s st
M =i B+ [z log n) for eome ouifie ntly Iarge conetant o (Note that 2 loga space ic dmply for
ctoring podntere to the chumies of menory that kave been alloested during sach pourtial egpocion
in the tahie's higtory. )

Wi bepin by decrribing howr to efflclent Iy implement the Rechuffing Fhaee of & portisl espan-
ciom_ Travercing the badeyand sand sttempting o mme gramdfst hered moonds beck down i the

fmvnt yand requdres only O(afpolr(A)) cache nieere (weh p), where o ic the curment table clxe.
Restuifling reronis within the fromt vand i cightly mome cubtle, hierever, dnoe we wich to naove
mughly &Sz} reconie with much fewer than afs cache noiceee

Say that arecond x ic prowsatad i -Lrwis during & pourtia] espe el om iF, due to the pertisl espan-
ciom, the munsher of bite in 2 bin podton that sre deternrned by mix) meresces by je

Fartitom the bine into nesdecffiing procepe where the rechuffling group of each bin i deter-
minad by the bin mumber moduln £ There are G{fs) < O(E ") elementc in each res s ngement
goup Importsntly, amy record that iepromoted freerthan og i levels baethe propecty That, when
i & promoted, e rearrangement group doeen’t change (Le, it moved between ton bine in the
ENYE TEATTAIDEMNT groupl W perform the partial espencion grop by goup, Inuding & ghen
weniffiing grovp o cache, anid then perfivrming the recinffiinge fior that groop. Omee & groop
& looded into carhe, mnving recnnds aroumd writhin the group i free (0 terme of carhe mizeex)
Promoting recomds more then lng A levels ic not free, and each cuch pomotion sy ineur up o
1) cache nrieces

By analyxing the abive erheme, we can binmad the number of cache mleee e needed to pefiom
the Reshuffing Fhaee

Lexora 30 Suppass s = ‘\I'i,nnd'swue Hrat e s of a cache ine s 3 = [A) Anally, acgpose
that we Rave a mche afcies at lext M = o' B+ i log n fir svpee sefficient iy large congtant ¢ Letn
safiging i < polylogn be e cxrrens table skee, and we perform a parvial evpangon. Then
e Rechgfiling Puxs can be impemiented with O{n /YA cacfe mizees wzfip inn

Fooow. The mmober of carhe nodtees opent on grandfsthered reconde in the badeyand &
Onf poly(A)) wehp in n The mimber of carhe nreces apent rearanging reconds within each
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rearrangenient group i O(afi), doee each resrongenient group e onded ot and owt of carbhe
Onee Em]@,dn:!!uhuurﬂr]ﬂ:prﬂdﬂlt; at mnet 1/ of being promoted lng A or more
levele ull a1 onee) dhring The Furﬂalup.ﬂnn,’ we have by a Chernoff boumd that the mindber
of meorde x that are pronioted log A or noome levele i O(nfi) wehp inn O

5o far we have deerribed how o perforns the Reetuffing Phaes sficlently. Noties, hoeeever,

that the Prepmesccing Phaes can be inapleniented sith the eane grivapdng appmnach and that the
sppmcerch aden wories for the phates of partial contrarHomne This we have the follosring leninas:

Leaoura 31. Suppases = ﬁ, andsugpace Halk e sz of a cache line & B = [1(R). Anally, acppace
that we Rawe a sache ofcizear bsast M = <278 + "ﬁlq n forsope aufficiens iy arge constans &. Let
nzafisfiang A < polylog n be e caorens tabie size Then a parilal evpancon or sonfrad ba con be
Imjplementead fo incar af maost O A cache pilses wehp inn

Sines each partsl erponeion snd contrarton ineere at oot O(af) cache noleess frehp),
and i epread armes S{AE) = nfﬁqlm‘linm, we can randomtee on which operatione the carhe
nolmees orur, 0 that each operation ineune only oi1YR) recixing carhe mizces in espectation
Those we arrive at the fnllowing leminis:

Leaouea 33. Conslder a dymamic fceberg Rash table whose der n 2ays in M mnge sed

A = Oilogn/ log log n), and acgposs Mar we =t 5 = YA Sugpecs rRar e table weed i e backypard
Spparts con ant- i aperations fuiig inn} aud s e Betor o laac 1/ poly (). Analhy aeppce
fRat we fave s cache of slze of eact M = <A1 B + YR log n for svme affldendy large congant &, and
aeppece far axd bin s sored in g cacfe e of oz G0
Ihugmmimbﬂg'u:hmlm&lmbyngmwhuhl+ﬂ[1fﬁ].

Peoor. We have already chown that the esperted sumber of eache mieses ineurred by word
cpent on receing & D1/ yh). Whenever & partal svpanelon or contracion i eeoerring, each
recnrd x hae an {1 /5] = 01 /) chanee of having fu (x) 2 Guu (x]), o which cate an operation
omn. x naay be foread to vwich noultiple bine In the caces whete Gy (X)) = Gu o {x]), W cananalrze the
carhe nolceas {1et 2k in Thenren 3, escept that we now uee Lemmaa 19 4o place of Lemma s D

Wi can now poove Theorem 5.

Peoor op TEenwew 5 The clxin of carhe efieieney finllowre frome Leananas 33, The elaie of eta-
bility fnllows fom the design of the dats etruetums.

To prove the clain of Hoe o ficeney, we oot verify that each portis] ey smelony cont metion
can be completed in Hme S{nfc). By Lemma 19, the badepard hae ciee S0/ poly ()} < O{nfs)
with hgh probebilfy, and T s can ignors redring Hnee qpent on reconde in the barkeyani Be
Lemanan 10, The tnoe cpent o the Preproceecng Phoes amnd the Rechuffing Phaes on re covde 101 he
fromt yard 1e O{nfc) with high probebiHty o o The other Hne coete (oot fome redeing) cxm be
snalyeed et acin Thenrem 3

Pinally we poove gpore efficieney. By Lemanas 19, the gpoee comeumaed by the barlepsrd i negli-
gible. Om the other hend, our echene »borayematntaine sn averags losd of (1—-001/5)jion the hine
in the table # Sines sach bin talkees epoes (1 -+0(00g #/i)), the cinim of gues effiden ey fnllowe. 0

e portinkor, in the cent Hut £ b pEmeed by bgk o mere kvl o oot bere Hut By fe] = 1 ond Hut
Baalx].-- .o Baiogieafz] = O whare Pir) in bhe prametien sogeenes ond the sorront nember of bies i in the ronge
(2", 2] Thia, in ewm_hopp e with peboblity 1/ %

TThin AT Freem e sl mne whers we= ol sloined onoverogs ko d of e The & fren == sk frem (o] e bt Bt
periren reshingg naleg byateresis, ol se g o She ko d b e borge by o foeler of 1 041 ) r] befiore perirming reshing. ond
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hatadets Ty Mramber of Bitis Acrom Hah Tibls Eactiom n Uew
Promiyari Biva v+ wi N All pactios
Bciryarsd Fiash Takis 0w fpaly (A1) All pactios
Bomctog Tablas O [ logloxn) Bacticrm 3. 4, 5 &
Pur-Siln Fleating Cooniars O [mwlH) Sectiomi, 4
Par-Bin Vicsncy Himops o} Bectiowd, 4
Fer-Routing-Thls Fosting Comrters Ofm log log n} Sectiomm 8, &
Par-Eouting-Tabla Frea Liss Qfm log log n) Sectemw L&
Linionl Listy for Fast Raslring Ofm log log n) Sectrmwd. L, &
Qoetiaciiog =nkgn +0fsloglogn) Section T {moves spmce)

Fg 1 Sper comumptnnof diffeent bpesof mete] sis n b bl boning e ey, mssuming ey of 5o
»— Biflog ) bibs, ©, = &1 ki, mal m inear-spee badyend T For emch bype of mebsisis, 2= sho
il inite which vt 1ar of Ht meteisis.

Top Sactios L[req
Crpunlity Flowbern | Sroffensd 4 & & oy bslers 1 o i wihh & -+ 1y, plreereiie

Fogrwpdt Fasles | Srcibensd, 4, 5 & hhﬂ*ﬁim&;ﬂ-ﬁ-hhﬁmﬂ;hﬂl
Romthinr Pl Bratibrrw 3, B | Toi sk 3 o romsibigg i okt tofiu' Ehank Fatad 2= W g ot Fivgt hiolr i i, |

Fig 4 Rrwwns thet snoebemendt oo be in e bacyend, ol ong with sdich sertinna the nessn sppiiein

C AODITMONAL FIGUREE

Pigure 3 oumamarizes the diferent types of netadats in an Ireberg hach table In eome caces, 1T 3
eaciest o boumd the naetadsts by comcldering the overhead per recond (typleally efther O(1) or
Olog log n} bitg In other came, 1t ic eader o bound the ovethead on s per-bin bade {there xre
nffbing Keeping thees dietnetone in smd, 11 of the bounde sre s mightforesed to derive (and
have alrendy been derhved in previoie eectione) The only cace where 2 metadats takes “negative
epar e’ 1 the uee of the quotienting techmique, which exnves guore overall

Pigure & eumamarizes the Thres wape that an elenaent can end up in the barkepard Acthe data
ctructure e ctable, onee an element e in the badepand, 1t enaxdne thene untl it & nest deleted (or,
n eome caees, umtil & TedEe oeoere)
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