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1 Inlrododbn

Howr many bis doms Y tale to stome & pdoter? If we bnowr nothing sbout the podoter except that ¥ mdemencea an
clament In s arrsy of alze v, then thers 1 & e bound of lngn Bia

For many (amnd perhaps emen meat] s of pointers, howerer, thls Infirmation.theoretle lower booni des ot
spply A v ghall e i thie papar, v s emall aoount of prior nfmeatlon shont a potntar (@, 8 ol pm decser
n & Mnlnd 19t) can be wad tn defbat the Ingw lower hound

Thia paper Intrwhaes 2 gearal-purpoas el which we call the g polnise, G cone sl palniers In setilngs
whirs polntera are wead, ting palntam can aften e uesd natead to alnatnats alneoat all of tha apace orerhesd of polntem

What 18 a thny pointar? Suppoes w or mere uees (1o, Aloe Bob, aie) are sharing an array Aofslasn 4 1mer
can request & lotation In A wla a finction Arrocare(), which reburms & polnter 1 to & loeation that 1s nowr resermed

exclvahely for that veer, 1f there 1s an awsllable leratiom: the vaee can later reltmqaieh the, meewery lneatiom b calling
a fmrtion Fepe{n] Fach weer promises only i alloeate at mmtnmmmqlmthnataﬂmﬂFnrmmph,ﬁ
Alla calla ArroaTe() to gt & potnter 1 she muat call Frexe(p) bafors calllng ArrocaTze() agin

Horw large dao the polntam pn mead ta beT The natursl anever 18 that each polnter usm legy Hin However, the et
that aach patnter ha & diatinet oomer malen . pomthils to compmen tha polntars ta sflagn) bta A critieal Indght J that
thet mame paintar m can nwean difomnt things to dferant, s, via the falaring achemw A4 wer k can call ArrocATe(k]
n orier o get a tiny pdnter w; they can derdferece the tingy polnter § by compating a function Desereazwce(k 1)
whoas walie dependa only on k, p, and mdony Wi and they can free 8 the palnter p by calling & function Faee(k o).

The reamn that tlny polniem are ok cometralned by the Informatlon-thenretie losrer boumd of g Bia 1a that k
#ndl B lagather ancode the allcated location miher than paloss Tha thie achenes provlies 8 oachanlan far koo ta ues
Infivrntion slmady aemllahle abort 8 polnter (neawly, whe “ene™ the potnter] o conpmen the potater o eies oflg v B

We refier to the algorthma for the fimctlom Aviocare(k) /Tespreaencelk p)/Fazek p), dong with the army
A and amy seeiated mebadatn M, as 2 dereforenes obie. We will often refer to the uees (e, the cwnem of tmy
polntem) a5 foege anud to the dats shered at the alloeated loratiors polnted st by the ting pdntes an sokes. A
dereferenoe tahle that shores g-hlt wlue In an arrgy of vy bis (and wing Q) bis of metainta) B sald to auppoert

inod factor 1 — & the takls B capable of sboeng {1 — & walue at & tme

An liben] dereference. table wonld stedl tanemnly support 8 losd factne with §=a(1), ting-polnter dem of oflogw),
#nul ooratant-time cpemtione with high pmbablitty A we shall deniss shorily, »e pove & tmdesfT coree hebmeen
the heat arhlemble load Beinr 1| — 4 and the beat achlemahle Horpointer e & Cmetracting cptimsl dereference

tahlm on thie tradenff cures B one of the centm] queatioms of ths papear

Talng tiny pointers to gat tiny dats stretoren, I additiom ta conatrcting derafamemes tables with ng polnbars
we ahivw that mawch derafarencs Akl can be ussd to ohviain Impeoead anhiome e 2 ;umbar of clasels ponblena

lﬁmmmmtmuwmgn&hltvﬂmfnrnmwﬁhnmﬂu nxfi firatloneg and quaries can ba oplavwmbad
tntakﬂu;ﬂ.mm+ﬂ|:n]m"}n] Hin, fir ang comatant = 3 (L, a8 kg an the weer atome a thy pontar of ecpactad
alzs (1] with aach key—hera, logi™'w b the rth lerated lagad
o Any hinary search tres soring w sartabls eys In v wwdes can be nods mcci et whth conatant, tne orarhead  and
can he made within (v bia of optimal with ({log® njtime modifcatiom THe holds ewen for mtationebased
tram much aa the aplsy tes, which la conjachied to e dynamically opiimal
o Any Awed-capadty begomahie dicllonary shodng s-hit vahim can be made gable (e, theme do not move oooe
Imerted) with consbant: times overhead an additive (2 (loge)-bit apacs overhead par value
o Amy begewsloe dictlomary that saquws minrmesiae mloes mnhamthh:m:pp:rtarﬂharpahamhmwtth
nmtmtﬂnmmaﬂ:mimidthmaﬂﬂ.hmlu;ﬂmmmpthnnflg n+ﬂ{lgﬂ Hita per &t value whems
r =05 an ariirary comtant
» (Glwen an extearnal memory array A of dlee (14 ¢n containing & dynamie set of up to » kbeyemahe patrs, 1t 16
pomlble o nahtatn an Internal-nemnry ateah of des ({nlog e hia an that the locsblon of any key-value par
In A can be computad In conatant tme (and with na K]
What untflem theme problema 1a that sach T eaay to miwe apaceinafclently with polntem and the diflodlty In miving
them apace-afifiently sbama fm the challangs of diminating the pinter oesdaad

TE ar b a1 reqnamt Terre then one et m by eresding soolqne bhal £ i ssesh of thetr sllvsdbre In this ses s dopdyr et the
“nee” £ the allvstlmn sa che smostarstin ba £ s the nee b= hes moldpls sl ot oo wihome vidsdhng cthe oo g ohsmamt

Tt ', logt e g v md LogBt Ty s g log e
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A themwn thrughet, our 1am of tingy polnters b the Importance of keving accem to the full tradeaff curea of aptinal
Hmepointer comatructicrn. This 1s becaves of the need tn balanee ten typea of space ceerheadn: that of soring the
Himy polnters themaslren and that of anring the demsference table. The frmer 1a debermined by Hop-poober ske and
the latier s debarminad be load fachor

Ralatimehip to dynamis pardeel hashlng. Tho undersband what malbes the tlmepolnter abetraction powerfil
cmdisr the hllvwing alternaths appmach tn remwng paoloier oserhaead 1n the setiing where each wahe has & urlque

caner: conernact 8 dynamic perfect hash funetlon that mape keys to dots 1n 8 deresly packed arrey, and replace
polmer dereferences with querles to this hash functicn. Such an appmach has & certaln elegance becaime 1t mmores
the polnters entlely. Howerer, 1t alen His a fimdamental bottlemeck: any dynamic periect hash fanctlon mapping
% (14 8{1}) lngn-bit kegn m (1 + )n dote et e S aglogs + nlogd ) His of metadata |5 ]

The v loyg king v=hlt terny neeana that dymamlc parfact kahing cannat b wed o slmulats painders of dwa ang eneallar
than lnglogh His. VWhat makem our maults cn tloy polnters surpeldng B that, by rodunkeg the lengthe of polobars
(rather than athempiing to eliminate them entlrely ), one can hlaat throogh the nloglog v lower hound enshling hath
mur boumda m tny polntes amd the data-sbructural applicatlne that we present In this papar.

Thi papar. In the paper, we fire demecp 8 comprehensie theory of tiny polniem. We condder both  Mneddslae:
liny podniara [where all of the tiny pontes hawe the same sae In hits) and sortobiesise bing polriees (where
enery tiny petnter B of heunded expected e, tut dffeent tny peinters may hawe different slasm). For boath typea
of tiny pointers v debarmoinn the optine teadenff curse ebween load farinr and thg-polnter des 1n demsfarancs tahle
We then go om tao present. the fwe applicatlione of thy ponters ot Aned showe Asan anclllary remlt. wa sl mntarprat
aur tioy-polnter cometractlong as balleand-bima resulis. o dolng &, e Improee cn the known hounds nr dynamic

Jnadl balancing n enmes Impertant paramssier myinen

1.1 HResuls Constrocting Optinal Tiny Polnters T Sactonaf B and [ we devalop tight asymptabl bounda
for the baat achlesshle tradenfl cures hetwesn tlny-pointer ke & and the deraference-table loaid fachnr 1 — 4.

Dpiines] tradenfl Ihr fixad sl variahls sea tny pointem. For dxad-she tiny pdnters, we showr that for any
loadd farkor 1 — & £ £1(1), there 15 a lower beund of $2{1og kg begn] on the timy-ponter sae & Om the cther hand
pammeterizing by 4, we show that 1t '\ peoeahle tn achlese & fxed Hing-potnber aize & = g g lag + log 51, and
we glwe & vwer boumd showlng that this tradenff curee 1a tight

We chow that the ngloglog w barler can be eiminated by lmetead 1eing wrishle.dee tiny polntears. We o
that for ang load factar 1 — 4, 1t1a poedble to achleve average ting-pointer ke &= Qf1 + lng £, and ageln wa poee
that this tradenff cures B tight: for all 4.

For wriable-dee ilny polntem, our congtractlon cffers 2 remarlahly sirong ooncentratlon boomd on esch tny
poimer's slae: 1f the expected sle 18 k, then the prohabilty of any glwen aloration reburning & 1oy poloter of slae
greater than k4 1 fir any § > 1 18 doubly copanonialiy smalin 4.

Al of cur derelemEnce-tahle congtraclom guarantes coretant-tlme cperatioms wlth Hgh pmbabilitty; that 1s, with
pmbablty 1— 1/ paly . Thue, thy potnters can be Inbagmtad i data sbrchimes while Incurring only & conatant-factor
Hee e rhead

Ralatimehip to halls-and-hine ganaen, hmmmmmmwmmuﬂhmkﬂhﬂﬂh!mmﬂu
MNotably, we are able i apply ocur teckhmYques to the dynamic lead-balancng problem whers there are 1 W and up
1o ¥ = wh balh poment at 2 tme for B> 1 we giee 2 balls-and-bm acheme with 4 + 1 hahb finctinms that acklesea
mﬂmmlmdh+ﬂ{1.fhluiﬁj]+ %iﬁf,wﬂnhdpﬂmntbh:prmmﬂﬂmtadthﬂﬂﬂﬁ.sﬂ when hd = oflog v).

Tho undemtand the relatinmabpy hebmeen derdernce. tables and balls-and-bima achermwa tHnk of lesa as ball that
must be sslgned to distinet bine  Fach ball = has aome probe sqouenoe b (2], ba(z]), . . € j] of B whees 1t can
be plaed Supporting timg pantem of sleze Q) B equivalent tn mainisining & dyramie ballbetnehm amlgnment mach
that each hall = 1a n nome Kn k(=) mthfying 4 < 2717

What nxalem ths kalla-awd-hing prblane ntarating J that the zann kall can be Ineertad snecvesd | and subaaqemitly
wimerted ower thme. The first Hime that & hall 16 meerted, 115 prohe sequence ka (2], ka(2], . . 18 Independent: of the
derslemnce tahle's atata But i the ball 1a remwwad amd then later relmsrtad  then ths 1o ao nnger the ceas the atate
of the dereferros table han now heen afferted by (and 15 partlally a fanetlon of] the probe saqencs. The renilt 18

that, In thia fully dynamic aetiing, enen the hehavior of wry slmple balb-ard. bing chemen (eg , madom probing (41

£ TTnamnihnriwe mﬂﬁfm
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o I'néar pmbing |4, 54)) have malabad thearsticsl

A kew lmaight In comatracting amal]l oy polnbem 1a that b dedgring the probe sequence of each “ball™ to heve a8
certaln carafi] structura, we can achiews amall pobe conopledty (aad thos ensdl] tng patatem) fr an arbltrary sequence
o hall Imeerilome arul reremls. The garme techniques are alan what allewr us to et cther mlated problema such
& dynamlc lool-balancing 1n bime wlth unboundsd capaci e

Ralatimehip o soecheet hashing. At a tachndcal Jeval | our conatractlona for ng polndars ahara an ntameting ralatiomne.
ghip tothe conatractiong uwaad In paat works on eecci et hashing (8110199, whem acomnen themen T th ue of & by
fo arteare & el fraction of @ lenenta e Apacs-eficlantly than thelr peer. Chur tng-polntaraconatnaction (Areclically, tn the
wariahle-dlza camd) reveals an altarnattns way toues hackyards now the eenenta in the hackean] hews lea apacs-aficlant
lny g tara than thelr paers, andd rathar them them helng s aingle bacdrpand theare 1 8 camcafi g herarchy of backyarida that,
nuat Intamet clamnly wih oms aeother A ey tachnlcal 1ndght. of ths paper 1a that much a Mlammhy of kackwmndacan b no-
plenwemtad (1) with conatant. tine aperations (1) whils upporting arbtmry sequence of hath heertlons and deletiona, (1)
withant, navwing tems ance they are neerted, (), wihout having to atom the keys cormeponding to elnwnta in the data
structrs and (v) with auficlently high-probai Nty guarantam that sach lxper In the caacads hehavn n & pmdictshle wey

1.3 Resols: Fhe Appleations o Iats Stroctores We nowr deacrbe cur fwe applicatiors of oy polntem In
nxws datall The Amt application b to the claeks data-atractural prablan of shoring & dynamlc @et of sl ssoclabed
with leys. The newt three applicatione are each hlack-bor tramsformatiors 1n which we shew howr to remee 5pace
trerffic emacy frona large clasem of data structures. A the Anal application a8 e dats strscturs for & claslc peokdam

In exiemsl-nemanry sboamgs

Dvermming the f{loglogn)-hit bwer houd thr the cost of data rebrfleval. Chur firek application reviita the
clasl dodo.redrtenal probiem |56 27,20 In which a data strachure must stome a e-hit wloe for each of the k-Ht
leye In aorme et F, and most arewer querls that mirlese the vahie asaoriabed with a ghen In the siatlkc cass,
where the keys/wlus am glven up front, 1t 15 posdhie to ache the retrewm] pmblem with (f1)-tme querles ustng
weo + (flog ) His of apace 27, 2] it n the dynamic case where kegs/salus am lmeerted/deleted omer tlme, and
there are up to n keys/mhie palre preeent at a time (with keys taken from eme lage polynomial-dee unwems), 1
B imawm that ang sahition to the retriewal problan et Be & lower boumd of v + $2(vlog kg v bite of apece, even 1
Bup Encanatant-tne apemtione are allmed 56 This neeana that the minher of netadata Hin par valne 18 52 (g lngn)
m zverags, even X the wmhim am of alzs » = ofloglogn)

Wa ahoer that by juek allghlly nuwfifying the apacification of the mirleeal povklamy, e can completely disanl e the
£2(log Jng 1) -wrasked. Hita-penl bem lower bound. Suppee, In partlcular, that wheneser the vaer Imaerta a ey /malue palr
(=, %), they am glven hack & amall fat h that they am mapanaThle for saring, (We wil guamntes that the hint kasconatant
expactad dza ] Tn the futira, when the uaer whhes ta recover the vahe y for = they presmt both the ey = and the hint &
1 the metriewal data sbructhira Wa call thie the redoaed redreiseol probism awd we mfar to tha hinta aa g redeiesem.

The miaxed retrlemal probleen can slan be vleeed a5 8 elaxation of the tige polnter probleme  the tloy retrlessr
h 5 analegon to & oy polnter, eecept that the palr (= k) doea not hawe to fully enoode the pealtion of g—Inetead,
the relaxed-reirlesal data atnacture can male vae of ot et = and K bk can alen malke uee of A emall suslllary data
atructure whoas purposs B to halp recossr .

{z1wen that we have already sbated tight hunde for tiny poletea 1t B tempting to asnmme that the zame bmanda
shonld held for iy retrlesers. We find that th 18 not ao. We showr howr o constract By retdeesrs of expected slge
(1), while mpporting querdes In constant time (with Hgh pmbablity), and allowing for the folleowing tradeaff curve:
1ing time E(r] for mertiors/deletions, the alze of the dats atructune becnmes xo + G(n(1 + g™ x)) Hin 8o, with
coretant-time cperatiors, we can achlews she, mY, 1o 4 (O g log log Ing g ), and with Oflog® w)-tme cperatioms,
we can arhlewe slae v + 1), Moreeser, In the specia] cape wheme the walue length o 18 sube-logar thmie, ratlafying
" ﬁ,thmmmmpﬂmmﬂmhm+ﬂ{n]ﬂh,mﬁrnmﬂntn

Hanarka by, aur conatruction for iny mirlevars b (o & dircet sppiimidon of Say pointors—In fact. iny mirlevams
are Aimply vadahledength tiy poftnters of (1) expected slae. The ¥ became the aklty to cometruct Of1)-length

T OUETE In th mstting typieadly trede Bomse pecbing snd modom peehing s et amss dr hofdng sn opensddeesd b tahise In the

mmiitn g wriwes el =som ek b mmed skes baing pleesd {0 enhadenth shees heah-tabis dslstlre ww] mplemenisd skh onbebrmey, e aoly

Inerwn berond em. lcher mndam prabiog e Boser probiog  dow ko Lassn ], wha sosbyssd soddom, peahing: weith Ao st i sledtrs.
Mpdrta that qrarles s seqrized o b for wlegyr e F—the A strneimes b allmred to satoen sn sehbmey waine B a8 2
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Hilmy polntem inbo an army with S{n) entries ends up sllowing fior us to reduce the miaxed retriess] prohlem to the

dictimary pmblem, for which highly apacs-sficlent acdutions are kmown |19
We remark that the distinctlon bebween tiny polnters and Sloy retriesss ends up bang slgnificant In eereral of

our applcaticrs beicw. In aome camee, oy retdewers cffer & path to remarkshle (and unespected) space efldency,
while In other casra the armaanth tadeol curre snd polnben e beharlor ofered by oy polobers maken them a8 bebber
1t. The adwmntage of oy retrlenss 18 that they ofier 8 seep tradenff bebween me ani epace; the advantage of tny
pelmies b that they offer Indirectioneless reference to derentn, a5 well a5 8 flextble tdeaff hetween different fppas
of apace conumption (panter dee and lnad fackor).

Socchwel rolat bn-hasad hinary seamh treen. T deacrThe our seoond application, we et ake a digeslon 1ntn
the wiardd of meccinct, Hnary tres. [ Sinca tham are at nwal, 4™ anderad binary trem on wnodes, the polntar sbruchre af 8
hinary tres can be encoded In Of) bita This abaarvation hes lad tas geat desl of work on optine] (And meamoptine )
encod'ngs of Knary trees |10 25,35 85 4,47 M) 53] Apart fmm navigation stabe.af-the.art tree aln mppart 2 wide
vadety of query cperatlors (eg., subtee slae 16 53 4 47,53, depth (1647, lowest-commen ancemtor |1 47, lewel
anceptar |1 47, et ), whils ale supparting hesls dynambmn (g5, neerting/enwving lesva |16, 55 46, 47 55|, Inaerting
2 node tn the middls of an adgs [15)55)35 47 58], compeacting a path of length tvan |16 5591 A7 154, efx.).

Ome patural form of dynamc cperation has proven duele, howemer:  the mown suecdnet binary trem do oot
efidently support roatiors. The lack of support for mtatiors 18 spedally Important for Knary soaeh bros, which
atars & set of v sortahle keys tn wnodem Alnwet, 81 dynamic halanced Hnary aesrch te (eg AYL tme [d], md-hiack
treen |37, eplay treem |, treapa [ 5], ete) rely on rotatiorm when madeing the tee Hone of theas tree struchiea
can be encoddad with the kmown muccnct-trae technlquen

We giva & randbomles] Black-bow apprsach for tnaforning dynamlc Binary search tress Into succhct, data sbruchres
¥ thers am n In the maccheck search tmea. sach of which 1a k Bis long, then the ales of the succhect ssarch tee will
be nk +(n ’}njﬂmmhmmmmlrammmﬂnumLHdmmmthm,m
mly an (fr)-factnr thes onerhesd on tres ndicatiomn Ba for example, i we set = = (flog* n), then adge trevermla
ke tme Of1), edge Inpertioms fdeletiong tale thme Oflog® v, and the tmee structure b encoded 1=lng O(n) His.
cobrat, the prevlous abate of the art 4 for Implenenting rabatlons In epece-6fcent Muary search trees ale encodad
the tres atructurs In ('(n) Hin (actually, 3+ o) bis) but requimd §{legn) tme i Implement: & aingle robation

When r B et to he (1), the fart that rnoming times are peeerved mears that cther propertles, such as
dymamic cptimallty; are a8 well For ewample, ¥ the splay tree |5 5 dynamicslly opiimal (as the widely bellemsd
Dynamlc-Opimaltty Conjecturs [ poatis), then an 1a the muodnct aplsy tres

Spaca-aiTicddent stahla Actionarism, Our thind appllcaticon s 8 black-boe appeoach for tanaiorming any key-smloe
dictlnary that shoras e value 1n & fead-capactty array Inbn A atshle diclmary wlth the sanes operatlon mt amd with

mly & conatant-factor time oeerhead F the arlginal dicblonary atores s-bit walum then the newr atable dictionary alan
borm s-bit walwen and e (F (log ©) exts bite of apacs per velue than dom the original data structure
Fornally, & key-walua dictonary (g, 8 bnary march trea, kb tahle ete ) 5 slobie i whenever  kay-vahe palr
haertad the pottion n which the wahes 18 atomd never chawgen. (This property 1a sonsetines ale mfermd to as refenttal
ntegrity |54 or vl atshifty 11).) Stablty enaures that weem can mantan pointam hia a data stractums whoot, thaae
paintam hecomtng Insalidatad by change ta the data structure |58, 54] Stablity b a sirict requinment In meny Dhmry
data structures |17-34] (and 118 & core masmn why higheperfamaance langqages s as CH-+ 188 chatnad heahing [17,15],
which laatahla, mebaad of nom epecss Aot atarnaties mich an Inear pmbing [B051] or cuckoo hashing [ 54 0 ).
Emplirical merarh on achlesing sallity In spaceediclent hash tahles dates back to the 1980 |52 54| (mee alm
danssion In Knoth's Valune § |4]) and the remlthg tachnlques kaws hean bullt Into widely-used keah table relssmad
ty Google 5| and Facehook |32 On the theoretlcsl slde 1fa dats structure b atorieg k-bi ey and e-bt whes whems
ko=0C(logn), it B Inown how to achlese gtablitty b the ooat of an etm Blog log w) His of apece per wahie (3],
Tt 1 15 nat. o whether £2(lng log ) thﬂmhummﬂﬂmrmuﬂ.uhﬂuﬂﬂﬂthmt—mtﬁnmh
achieved with Oflog #) extra Hia per valua Thisla expeclaly mtawnrhhyhmw]umﬂumhu-dmuhnﬂ.ﬂﬂm

mault appllen to arbltrary Awad-capacty dictlonaden Inchinfing, r exanpla the eucclnet spley tme cometnacted aboes.

T Chiarsstingly chus s muss] spacd = sppeonche fx whish O loglog n) bia par valo s korwn b by neesssey S ssmpls H stahl Ry
b et e v perfast Taahing [ses Tharram S of 56

oo mepa=ialhy ren sl =rmeanes i che fallwrings 17w wish b stom (1) emiza] biia s s wiih meh g o e deis srn=ioe,
and wa whh fo7 tha pewithme of those hits o e rimhle so that w this] pecty wha dom Dot eew ee=sm 10 the dsds siroetozss oo eilll

mereamn f v My the momien 1 hdte, than wes =sn me==mmpfsh this with by Cf1) st hite of spees par Hoam

a1 Unanthooieed mdehnm
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Spaco-aificddlent dActimaris wih varhblesles valoen, Chor fourth application 15 8 black-ber appercach for
tranaforming any kep-vahe dictionary (deslgned to ators fead-atos wahes] nta & dictionary that can stom o et -dzad
wahaea fnr diferent leyn The resl daba atracture Indices 8 coretant-facine thme orerhesd and offem the nllnvering
guaranten on arach aficlency Let Ing'' ' v be the nih Yaratad logad thg and st = o be 8 podilwe conetant, of our chales
The new data atructums incurs an additivs apace orerhesd of anly G{m{"}n+l§|zﬂ blta for each vahe =. [Tiamstingly,
the taratad kgartthm log™ x n this appfoation conen fron an entirely difiarnt, aoume than In our previos applicationa |

The shlty to shome vadabledength wlum alan Flekds a dlmple eolution te the mndd-aed probism, which 15 the
pemileny of haw ta dexign & spacs-afficlant, cnatant-ths haah tabis that stome nultl-eete of keye (mither than just aeta).
The multhast problen was fret poasd & an cpen questlon by Athitman et 8l %), who game & aaocinct conetant-tme
hagh tshle capahle of sorng eets Wit oot mulil-aeta. A eeecls of aobeequent works gave eohatlcms to the multl-aet
moblemn, firet In the case of mndom mottl-seee [14], and then wery recently for arbitrary multlasts [L5]. The lncen
mhitlore corme wlth & drawback, hvmessr the hound on apace 18 the same for dupdicabs kers aa Y 1a for aoneduplicate
leya Mo ) there am w; coples of eume ey, then they ame permitied to talee yn; thmes as moach apace. @1 & alngle cops
wakl even thmgh In princlpls wm;— 1 of the coples could be encedad udrwg an Ingrr-bt comtar Qur ranaforaeatlon
gl a glmple altermatiee mlution that smwlds ths drawback and that can eren be applied directly to the orighnal
hash tshle of Arbitman et al [f]: by storng the multipliely of each beg as a (mriahle-length) walue, one can mpport
arbitmry mulieets at an addtimal evace cost of enly Jog'™ n + Ingsn; + (g logsn;) His per key, where s s the
multinlciy of the key and - 1 2 podtive consbant of mur choles; thie b remareably apace elficlst conddering the fact
that lngn; Bis are needed et o stome the mupAcdty A fee featime of our aohiblen 1 that Y alen applles directly
‘n nther diconarda such aa or exampla, the succinet aplay tres danessd sarlle In the section

An opthmal Inlermal-raemanry stash. Our Anal appllcaticon of oy pelntes rewElis one of the cldest roblema 1n
external mernnry dats dructumee the prohlemn of malninining & emall Internal-rnry Gagh that allows for one o
ifiractly cate whem clemenin rmids 1n A lange extarnal- me ey Army

In nxwa datsl] the proklany can be des bed an falloom |35, We are glwen an (ntally hlank] extameal-nemery army
with (1 +em alin, fr mnws pamnwtan o, n We aoet maintabn 8 dynamleslly changtg aet F of keywahe pam (whems
Jeryn are d'atinet) In the army, such that eac thos 8 key-vahe patr (= 4] 18 heertad Into §, the pelr (= 4) 18 asigmed sones
perneanent. peattion whars 1t reakden 1n the extamal-nenary array We nouel than aly nasintain 8 sl ntamal-nemary
dats structrs X, knomn a8 s abosh, that can be wead to recover, for each ey = peclesly whers ta ap-walue pelr (2 4]
B gionrad In tha external-nemwry array A akaah enables querls to be parfomesd In A Hefle accam to exiemal nemunry

Werk on deslgring epace-efflclent and tmesfident ghashes dates hack to the late 1980s [55]E3E, and 1 alo
cicasly related to the pmblem of deslgring space-afficlent page table In cperating eystema |12 1) The hest-kncwn
theemetleal remilts are due to Gormet and Laraon |3, who give a Gtash that vees only (' lnge—') bits of apace. 4
cossquence B thet If ¢ =8(1), the ataah e only ) bite

Cronnat, sl Lareom!'a merull conees wlth srweral drashacks, komevar (3. Fial, the abaah anly offeraprossh s guamntas
n the astting whers lreartiona/delstions to 5 am mndom; 1n the caae whers § ' mfifiad by an arbitrary sequence of
‘nawrtlona fdele tlona fqueriea the pmblen of dellgning a apace-afficlent atah remalng open. Second, the Intemalnes nary
aperatlona on the stash of B are mat conatant-tine In the BAM newlel [or ewen conatant, expectad tine when &= of17).

By cantining tiny polnters wlth newlarn tachniqan for conatrcting epace-afficlent, Alttam we sl that B poslble
o commtruct & gtesh of gee O log e ') bia that supperts comstanttime cperations 1n the RAM modd (oot just 1n
expactation bt swen with high prohebility] and that supports srbirany squencesa of 1neartionaydelstinm fmuariea

2 Prlmharis
Dperatine, A dersfemnes table with abi-wnm b & dats sbracturs that sppwrta the follvwing operatlone

& OezATE(M, ]! The procedurs creates 8 neor derafrpnce table, and reburms a pointer tn an array with w dots
each of dza g Kin We call this army the abmee

o Arnochae(z] Ghen a ey = the procedhre slloeaben & Gl 1n the store to =, and rebirme a Wt dring g which
wa call o Ding pevindee

& Despreamnce(r 0] (Aven & bog » and & tny pdnter p, the pmoadare returrs the Indew of the dot alorated
to = In the store. If n B not & walld ting polrter for = e 1 wa not reburned by a call o Arrocars (=), then
the pradime mey rsburn an arblirary ndee In the sbam

& Faez(z ¥): Glvan & kay = and a tiny polnter p, the procadum deallocates alok Des e eaEeds (=, 1) from = The

i | TTnenth ool mﬂﬁfm
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user laanly permttted to call this fimction an paim (= ) where @ B & valid thy polnter for = (e, p wea rehrnad
by the moat racsnt call tn ArrocaTe{s]).

We asy & key = 1o preasnl ¥ 1t han beaem Alkacatad nees racendly than 1t has heen fread: In this ceas the ting polntar
3 mtumad by the naoat recent. call ta ArzocaTE(r) B add ta be =8 tny polntar. The weer 18 only pemolthad ta alkeate
& moat one Hny poltrter @ to each key = That 15, each time that Arzocars(r) 18 called o obiain aome thy pdnter
5 the fimctlon Faza{r, p) mumst be callad hafos ALTOCATE(E) can be called agaln

We my that gt 4 In the ghome 1= ocorpled )f thee 18 & reaent key = with oy polober m sach that
DesErERENCE(E, 1] =4, snid ctherwae we gey 1t 15 firee. We typlcally mir o the pammeter xu (e, the mimber of
oA 1n the stors) 83 the tehie's alse or copondiy

Coarantaew. Dealarance tabla priwlds the follnvwing quaranines
e For any twn prement begn = 3 25 wih tiny pelniem g and p;, repectlwly, DesgrespMCe(s, m) #

» DERRFERENCE (2. 1) only depends on =, p mdon Bite, and the paranseter . Dne conasqenes B that, amnes 8 ey 18
alkwcated A slotin the stom, the poalton of that dat cannol changg untll the ey 1a aibeaqent by read and realkwcated

The serond property enmames that the act of dereferencing a toy pelnter ' slmllar to the act of desderancing
& gtaniam pdrter; In both capm, cne dore not need to accees the dats stracture bang polnted Inte 1n order
perinrm the deraference. THe enis up belng Imporaet for aeeeeal of cor applieaticoms labee. In partimolar 1t emenamesm
that 1n extemal-memary appleatiom each demmnce incurs mly & dngle L0y and 1t esnres that in data-arachore
appilcatlons, the loratiors pelmted at by tiny petnters am gtshie (16, cnes & tiny polnter 1 B alloeated to & ey =
the lncation that 1a balng polntad at doms nok changs)

Metadats nfwmation. The dereference teble may siore metadata In crder 1o perform updates (allocatlors and
from) efldlently MMetadata can elther be sbomd aa part of the atom, or 'n an awdlary data sructum that 1a pearmtthad
1o conauine up ta (fn] Hin Tother wonds the derefBencs tahle B alloeed to wee (x) Bie (le_ (1] His of overhead
per alot) of metadats for “free®, withot that coumting towands the spacs commmiption of the sbore, bt any addltinmal
mwtadats mimt coumt tewards the spacs coreamption of the sore. Moke that the dersferanee tahle ¥ nok alleoed o
pboms mwstadaba n any aint of the stam that 1a currently alleated

Fallore probabify. Wae will pemalt allocatinna to heawa & enall fallurs pokabfity That 1a sach alkcation 1a pernd Ged
ton fall with prababifity 1/ paly (n)[in which come the allacstin sy meturne s fallum neeage rather than s ing polnter.
Tn general, If & mndom event. aocura Wth prokabifity 11/ paly (), we asy that . eomrs mith igh prododdiBly (ob.p. )

We renxark that when analyzing demimnce tables we ahall alwae asmmye that the squence of slicatinmn feas,
and demferencen are deteminad by an obliwlos adwmary (Le, the saqumce 1o detemiinad ahead of te rathar than
adspiing tn the hehavior of the derefmence tahle] Ome comeeqaence of this 1a that, if a glven allcation flh, the only
afiact o the opemitinn saquence 1 that the correspnmding call tn FREE B remaond

Load fwctor. Any mplenemtatin of & dereferemcs tabla noet. sl apacfy an addifions] paranwter £ £ ([, 1) dictating
howr full the tahle ¥ allowed to he. This mears that the demdmence tahle can mupport up te (1 — 4 allocations at
a Hme—the quanilty | — 4 & refermad i &8 the table's isod focdnr. B the ArsdciAre function B called when there
are almady (1 — 4 alacatlons perfnrmed, thmtbmta‘ﬂnln;ﬂmlﬂmmfaﬂﬂnaﬂmthnﬂ

Minca derafiare nea tahle can uaa up to (v enace for netadata, the tabal amount of apacs conmimond by & demeferemcs
tahle may he @ large a8 ng 4+ Q) = (1 — d)ng + Sug + O{n). The Arsk term (1 — 8)vg 18 space that allecations can
male use of, the Recond term &g 16 Glack space, and the third term (fn) 5 metadata Note that them 1a no polnt
th conddering 4 7 1fg, stnos thia wauld fust male 1 ao that the aladk apaos 1a dominated by metadata, &t which pont
coreliering emaller § doms nok mahace the apymptbate ameunt of Glade space bang 1\ed. This, when constructing a
mlarance tible with anms load fSchor l—d','mﬂullalwmhnpndﬂamthatq:_hﬂ[&_l]-

Hashihng and hdependenwn. Cur demErence-tahla constructions w11 8l naslka uss of haah functinome For dmpdiclty,
we Ghall teat hash functione In thls paper s bhang uniicrm and fully Independent. Thls asaammlo 18 wlthoot

T Hnactfeally this masoe that the Gssalersres tahls daparels an srme st = 5 0 sod Sl with peohahifyr st mewt 1m0t
"Woim tlmé. man throgh o desduen s abds ooy gossndses the shifly &0 st op b {1 = 5m alestlom ss Sme, ws s o e e
“pbal el Sl of m denduren o tahis b0 mder b0 n e chan {1 = S dines v spreents the el Tomber of @bk sntries n the s
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loss of generallty since theme am already Imown fumdlles of hash finctlors [51)4%| that dmolate n-lndependence with
coretant-time evElustion and Inear space, and there are alresdy well understond techniques |8 28 44| for applylng
thene famfllen ta data structures that require poly (v independence. whils 1eing spece anly (") His ta stam the hash
MHMMWMMEEMMENIEWMEM;ﬂmnnlgl:amtht]:ut
the Bl of hesh functiona bt usad |31 48] Introchacn thelr oo additiona] 1f poly(a) Sihes probahi iy to the dats
piractura Bo ewen 1fa dats sructurs afiem sub-pol yeamatal fshrs provka bl e under the ssumeptlon of fully mdony kah
fmctlons ¥ we whh ta wee an explidt fwfly of hah finctiona then we aaet alow for & 1/ paly(w) mm pmbabiy

3 TUpper Bound B Flxad-Siws Pololam
In thia scllon w6 ghee aptimal comatrctlons or fead-des tiny padnies We powe the inllowing thanmm:
Tee(mEEM 3.1. L2 4 £ (1] da & pammater. Thars &t 8 dorgferanes tabis that {) sucosds on sach ancation
whp, A) has ivad factor af ot 1 — 4, () e conestaend. tims updatos i fop, and ) hes Sy pointors of sz
Oflog loglogx + log 6.
In particular, fir § = 1f Ing logm, we get tiny polntera of dee ((log oglogn) Thus, we can douhly-sxponentially beat
AW log bl palntam whils atll] supporting & load fctor of 1— ofl).

The proaf B the stmplet: of our Hoyp-panter comstruction and make e of too alged thmie hulldtng s

Tha first bolkfing hioelk: Inad-halanwrbgr tahles. 4 ol helancing tabla 18 2 slmpls type of derekmence tabde that
has & very epecliic Inbarnal representation amd that, unlive normal dereference tahles, B parmitied to fall on calls o
ALLOCATE with & nen-negligihle pmbabity Roughly spealking If & load-halandng tahle has oad factor 1 — 4, then
the ad-halancng tahle 1l permitiad o fall on 8 A-fraction of alieeatinme

Load-halancing tahles are Implernented #5 foliews. K the gtome 18 of some sae s, then we partilon Y into s
htkdnnfdmh:ﬂl[&‘"lm&‘l]. To allerate a bey = we hash = Inin one of the luckels 1=ing & hash functlen K.
F buacket K= contslre & free slot, then we allorate amy fee dot 4 £ B within that bucket, and we reburn 4 a8 the
fing painter Ctherwhe all dalhtaln the hucket sre aocupled and the alocation falin The function DeseFERENCE (= 4]
can then be mplemented i etmply Bturn the sth alat 1n Bn k(=)

Losii-halancing tables will perve &5 & bullding hlork 1n the derdference tahles that we cometract. The baske liea
¥ that #e can 1\ & oad-halancng tahle to handle all Wit & d-fractlcn of docatlors, and the emaining allorationg
can be handled ¥vla aome cther mewhanlam Tha, we wlll nesd the fdlcwing lomma whlch bounda the total number
of Rlled alloratiors that are alive at any given moment: (where we conelder each alloeatlon to be oilse up untl the
fime at which the cormeaponding fee oocum, even 1f the allacatlon falla)

Levai 3.1 Coneddar 5 inad-idancing labis udth sim i and bad fadtor | — 4. Conalder 5 smaguencs of alineaiinone
and froas, whars at nuat (1 — A sliecations s aiis At & Bma  Than, af any momsend, e nember of af onations
Hhat have fallol and e a2 alive i (AR with probebiilly at bt | — exp(— paly(8)m).

We remark that n all of cur appleatiors an.ﬂ:um. we will have wlog that log 5 = oflogsn) (Einece,
atherwlen, we would hawe lng 5 = $2{log wn) and o could juet e standan] C (logsn bt polntera) Thos the prokabiNty
o offered B the lemms will akrsys be at laaat l—axp{—ml—ﬂfl}jgl—lfr.n]ﬂm].

We defir the pmaf of Lenma [£1]ta Sactlon[7 1] which esbahlshe a nom ganeral vemhn of the lnoma. Ao the
pmaf 18 nontriwlal due tn Interdependenclen that fomy fom the sane ey potentially belng alocabadf fread /el beeatad
many tlmes, e do oot wlesr a5 e of the maln techmleal combribstions of thls paper. Thhlﬂbﬂ:ﬂ.um[mm
Tllews easlly from & lermma establshed In & recent paper on spece-effcent hash tables |11 Stll, we present an
ﬂm'mthﬂpmfhﬂmthnﬂh:thﬁrmﬂdm,mwﬂlm hecause the pmanf talv & aormesrhat dl feent (znd
nuws slagant] appmach than In our peat work, snd In order tn cover & langer pAETWLEr regma

To conchade cur decuslon of lead-halancing tables we muat desrrhe howr o Implement alloeatiors and fress In
coretant thme. Here, there ame twn casm, depending cn howr § compares o the sae n of the dereference table that
the ad-halancng table 1a balng uead wihin

b= logw, then we can gore s behit Blimap fior each ket ndleating which dots In the aucket are free; and
we can 188 gandand Ht-manipulablon on the bimap to Implement the sllacablon amd free fimectioms 1n cometant thee.

TP b= Slas W to rapieew the dais strnstnne of sspeetty nowhth 87 dxtartrnetres of ssmetty n® Eash alemart 2t the ol A
mizneio puin heabheed st i b oo aof the " A wirnetrss {oing so (01 Avpenden t hesh fometim) mesh of wbi=h ool ot

Pabr{n®} = ofn} Indanan Aenes
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Wa take & diffarent approach If & > ingn In ths cass we clatn that whhod e of gaerallty, ¢ = w(logl), whems
¢ ¥ the das In Bis of each of the dements helng shored (we wil prowe this clalm In & moment). Thi clem means
that we can keep track of which slets ame free In each acket of & losd-halancing table as fidlows: we dmply siore a
e Hat tn pach bucket, that 1s, & Unked lst consleting of a1l the fee dots, where each fee dot contatng & polrter
1 the next frew glot In the 15t This 1 polble slnee each free slot 15 o B and each pdoter 1n the Inled 116k nesds
anly log &t = o{g) bita The log -kt hase polnters of the sl Anked liaie can be stomed n an odfary netadata amy of
dss Gf{m/8) - Igd) < (M), where w 1a the ke of the had-balancng table The fres Aata alkw for the nplmentatin
o the allwration and fres funcllons In coneatamt

Th pmme that this fres-lat sppmach works, 1t mxetne toahowr that ¢ = wing &) W thad 1om of generaltty. Let 1 —4 be
thet load fartar of the full demsfrencs tahle (that the lnad-halancing tabls B part of) and let 1 — -+ be the ked factor of the
lnad-halancing tahle Sines b > lngw, we namt heve 1 = {3,/Togi]. I all of aur conatructlona of dereference tahle, 1f
we 188 & load-kalancing takle with load fartar 1— - stlafring 41 = {3 /g w) (oreven v = w(log g w)], we will aheaya
lﬂvﬂh‘ﬁ—]-:_-‘*ﬂf_h-'r—l].waadmmﬂﬂhMMI—ﬁ,mthmthtmmm
ahls 1a shoring objects of aks ¢ > (4] Kia The, we haws that ¢ = (logd '] = aflegy ) = w(lngd), as detrad

Ths samiwd holkding hiock: a power-DEbwo-cholcsn deredbrenes tahls, To compeneate for the high faflure
probabilty of load-halancing tahles we deselop our second WAking Blork: 2 dmple dereferenee table that mupports
(Nlog kg loeg v )-Hit Hiny pelntems and umfke & load-halandng tahle, has low fallure pmbahitty The downdde of this
acond bullding bl | that ¥ only suppaorta 8 wsry amall load Bebor

Levmi 3.2 Thors ovitte a8 saklaifing 1 — 5§ =8(1 lng bagn), sy Hiat thars i a dargfaranes tabis that (i) sucncods
on parfy afocallon whop, @i has ivad fackor ot boast 1 — 4, i) har conatand-lma updaltor w i, and ) has gy
painiers of size (log log Iogn).

Proaf Wa partiflon the atam nta aclets af sles & = B(lng lngn). When Arsocare(s) 1acallad tha ey = B haahed ta
o bucketa By (=) ha(#] £ [, nf8] Tha kay = 1 alkwated a slat In whichewsr of the e bucketa contatne the ot frae
dom The thry potetar w1 1+ lagh = C(lag log kg ) bie, and hdieate which alat in the tvn bucksts was allecated

We can think of the loeatiors as balls that are imeerted 1nin B wEing the power.of-tancholom nale |57 58],
with the game hall peasThly helng Imeerteddfdelebed fetmeerted ceer time. Sinee the oad factor 1e B(1 g lngw), the
expactad mmiker of bella tn aach bin 3 (1) I this setting, ¥ 1a imown that s hp the mmaber of ball In the fullet
Hn Ja (lnglngn) 58] The alacatiom sucossd s hp.

Fhnally tn aplanent alleatioms amd fram n conatant thes we can jusk wes 8 binsap te eep track of which alnta
n earh ket are free; dnee each backet B cnly (flog g v) dots the bimams are sach cnly ((log lngn) bis, and
tmae parh Bimap Ats nto & mechine wowi. Telng sbamiani Wt mamimilation the Bimapa can be sed o leep track
of which alvie ars free tn conabant tine per alkecation Fren (and to fed & free alak for 2 gheen sllecation ale In conatant
fimw). The bimapa conmmes a tobal of () Kta of apace 0

Poithng tha plarmw tngether. OF ocems pomeoof-ton. cholre demdpmenns table am nok weey maful on thdr cam
bermige they only aapport of1) load farters. Ve now show how to combine them with load-halaneng tibies tn omder

o privee Thanmsm 1]

Praf [PrmfufT]mmEE!mwuam wiing to keve thy polntar of dea 8 (loglog keg w4 g ), =8 can asame
wiﬂmtlnmufgmantgﬂutﬁ=m[:¢}
Wﬂﬂtﬂﬂnl—ﬁ’fmnthnnfthaﬂmﬂhmhalmikﬂhﬂﬂ!tabhnfdmm:El—Jfﬂ}lEh‘tﬂthﬂt.mp;ﬂrtﬂlﬂ:l
Burbnr 1 — 83/ e finr anme. i fcdently lange podtee conabant & we call thia the primory toble Alaratim that &1 In
mmmhhmmmamthhmghmmwﬁhlmgtﬂmmw=£H,F2|i:t.umiu1ppurt.
o fartnr 1 — & =8(1f inglagw'] ¥ an slincatlon fl 1n the sondary ahla, or If the lnad factnr of the seacnndary
tahla evar excands B (11 nglogn), then the alkweation falle i the full derafiarancs tahla an well Mote that the il dea
(In terma of alote) of the pAmary and secomdary table 1a Ethmﬂﬁ:raphhmnft]mh@mﬂnd’ﬂmmmhlm.

Tt & werrth rarecbing em why wm ssomert e ns of & =l =0 b string fam Bate line haea It W tamptihng to try ta sbra
the marisdets v the res Bt In the slote thet see thersshes fres—bhroane & derakrenss iahls myost e shis t0 ropperrt svem, the cas
whars g vary mmall mesn'ing thad the matedsos par frs glrt =l seetmel aersad the o of tha el
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= afl)

&=clogdf e Jeuiill-hlani g tahles

+—— ogmerikor tables
a=clogf

]
O

vl ) devel 1l level?  levald  rou e

Figure 1: A pictom] rapmendation of the layouts of the prinsry awd secondary tablas The princary tahle B Inplenosntad
o eupprart. lnad factar 1 — A7), aa that only #x aliecationa overfion ta the secondary table st a tine The secondary
tahle ¥ Implemented to heve sae @ = dn/2? and to support a (much sparser) load factor of (17 1og lng ') = w(d),
m that ¥ can maccewiully sbom all of the orerflowmed alleatioms fom the primary tabla

Hincs bath the primary and secondary tahles am comataet s oo B the full dersferancs tahle Addtinmalle aach
alkwatlon can retum &ty pointer that 1a etther In the primary tshle ar in the seondary tabls (phie 1 bt of Infornetion
dicating which table 1t B beng pointed Inte). Sinee the primary and seccndary tahles both hawe tiny pointers of
dlze C(log logg lng 1 + g A1), the clalm about tiey. pointer ake B alay proesn

Chr fnsl taek B o bond the pmbablty of a2 glven alloeatien f10ng. Immﬂw.hmﬂm:thmmha-d
ﬂlumﬂnmmthmmnhrgmﬂaﬂbamtﬁ’natmmmwhp Hlore the sercndary table has
w' =B(in /2] sots, and stnee § = Ek Y felloers that the mmmber of aloratiors In the eoondary table at amy
glven moment B o log log ) = ofn’ {log Ingn') with Hgh mrohability We therefore get frumlﬂmmﬂt]mtt]m
alincstone n the secomdery table each maccesd writh high pmba ity o w' Mﬂimt]mnfgaﬂm]ﬂgn}#ﬁ[m
otherwlse 4 < ([ 1fy/x), and we can just uee standsrd lngw-Ht polniem). Tha the alecatioms In the seondary tehle
wach muccasd with Mgh peobablty In w 1]

4 TUpper Bomwds Ibhr Varlahie-Sksd Polnlers
In this scllon w6 ghee optimal comatrctlons e mriakle-aks tiey polnten We poose the Dllvwing thanram:

TeecEEM 4.1. Latd £ [,1] ¥ o promatar. Thors onlss o dergfoenss tabls ot (] areanls on @ ollomilon whyp.,
fil) haar nnd factor ab bt 1 — 4, i) har mabenidme undsiar uifp., and fl) hue Sy painks sizs GF + log 51,
uiian P it o rodom vorishis sush that Pr [P 4] < 27 for a8 . fn portinior, the tiny poinber sive i O+ logd—1)
in empatalion.

We can amume withot lean of generallty that & 2 & for Gome, euffieleet]y armall pesltiee conetant & of cor chdee
(if § > &, we can mast § = a =8{1) whhout changing the guamntes of the theorem).

O'teerme that mﬂngthammamfmmhq’-mbhmmtnlﬂmaamthapmfnfﬂm we CAn
I el atedy redhiee to the cans whers the load fartor 15 & posttles congtant of cur chelre. Tudeed uppeas that we
ol 1rplevnnert: A deredforemes table T' with leadd farbee o for aorme peattles coretant o 2 1) and aseeage tiny peleber

L ] TTnenth ool mﬂﬁfm
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B— BT

A= =logs #— lowd balensing ishies

= =log

]

Imel Fell Feld I=mdd s

Fygure 2 A pictom] mpeantation of the leport usad to Ioplment st contateer of ke B(leg). When an allacatlon
Bk In the &th lcad-halancing tahle 1t eltther pmcesds to the (f + 1)-th lead-balancing table 3 L; .y < &5 ) or 1t
pmceads to the &th overfiow arrsy (which 1a detaminlatlcaly guamntead to hews a e alot).

dze (#(1). Then we can 186 T' a8 the aecondary table In the comatractlon: ¥ the entire des@mence table mupparta load
Bctar 1 — 4, then the mquirenwmt. fmn the secondary table 1a that i nost be able ta mpport 5% eleneemta we ey Sif2
dita &n a8 long 88 4« af2 [whith | withmt loss of genemitty) then T auficea

Thua our task tipmﬂugThnmmErﬂhmmﬂntmkufmtbﬂﬂmﬂmpmpﬂﬂm

Potreamicy 4 1. Thorsaniay o dengforones ki bk f) susmeda w g §i) haa ioad fackor$3{1), f6ll) has constoni-tima
updntes whp dnn, ond fu) has oy pekber s P, whers P @ o medomusisha anbigyig Pr [P o) < 270 foradid.

Lat. £ b tha neawinoumy mmabear of 1tanm that, can be somd 1n the derefemncs tehla We Wil conatruct. 8 demfaramcs
tahle with u = (2] ainta Berause fi and v are only & conebant furtnr geay fmm one another, we moy e Q) bia
of metadata and slivw flumsa wWith probabifty 1f paly(d]

Cosirocting tha derelbrenes tahle. We nowr deacrlbe our cometnaction for the dereferenee table that we =6 to
mernpm]ﬂmE The derefrence tible hashes eqery allorated ey Into one of £/ A coniodnses, 5o that,
at all tlmws amy comtatmer hag log & tene In epectation We deteeminstieallyr Imit the mambee of alomarts n each
comtainer o 4 =elog b 1teme, for aome large eneagh comatant & 1 te he deteemined latee. VWhen 8 ey B hashed
ntn & container that almady kan clogsl 1ema the allacation fafle

Earh cantatner 1 managed ndepemdently, and e alkeeationa fram am parfornad wetng 2 achenen writh log, + levals
& fllvws. For every 0) = A & logo #, the dth leeel 15 a lead-helandng table with & =/ Buckets, sach with & dots
r v large enoigh comebant & 2 2 o be detnrmnined

The hask ldea ¥ that, when an alloration In lessl 4 falls due o a bucket hadng fall, we meorshely atbampt the
alpration n the neot: lewel 4 4 1 (which 1 a diferant hash fimetion than doea leeel ). FhAtwely, as long as #1s
a muifilently largn conatant, than each lawel ahanld awcead an at least 1 /2 of 1t allaeationa which B why w8 can affaed
o 1t the mert lowal 44 1 hawe half the dws of the pmvioe ona

The prnhlam with this heaslr cometmactlon 16 that 1f seem juak & feer comeecties loapl heheee baily, manlting In
tu(a;) alenwmta helng memt. to s lewal 4, then them g nat ba meany fior thoan alamwmita i 8l of the lovela 4, Jogs &
combined On the othee hamwd our constmaetine moak be able tn handle mach bad aemarion. Becmise moak of the leaela
&ra &0 anaall thet wa canmnt offer Mgh-pmbablity guarantam on thalr bahavie Thia e et aewfify the conatmaction
m that when & lewal hehawe badly, the afacta of that are Bolated

Th do thin, e add A fallkack atrsctum to sach lewal which wa call sserfiom orrog i prevent excosslwe oD UEAWY
The marfiow arrsy n aach lbwel 4 has & aloia (the rame mmber of alata @ the nad-balacng table at that leeal). Let

a7 TTnenth ool mﬂﬁfm
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L be the mmdom wmrishle denoting the mmber of e curently anrad 1n lerals 4 or lager, nchuftng thalr omsrfloer
armyn Whenever an slkwcatlon st sonws leve] 4 fafla (dee to buclest fulieen), we mourelvely allacets In the net. level oaly
¥ Esya < a5y, and otharwhe we place the vahwe In any aeallabis dot In the orerflosr arsy of leweld. The reault of thia
B that we debamnlatlcally guamntes L < & for every leval 4 (Inchal'ng lewal ), for which this 1a trivlal aince o = ).

Importantly, no cverflow army can ewer rm cut of space: sinoe Ls = &3 (deterministically), the total mamber of
semerin In the overfiow arrsy for lorel 4 18 albo 8 guaranteesd o be 8 meat &7, which B preclesly the capadiy of the
marflow arrey

We are now ready to descrTbe the full alleeation algorthem &amgmﬂﬂ:raﬂ.m:mnft]ﬂhmtlmim
Implenwnt sach cobalner

ALLOCATE[ 1)
1. Hamly r bt cnse of the £ ke £ ocontadiners,
2. IF the selected contaler §s alvasdy at full capacity s, fail.
3. Eke, allocate & fn tle sebectod oontaimer:
(] For eacl =0, 1, ..., logafs]) — 1
i Dcreneent £,
i Ty o alkecate & o the dtls kaedbalawe ing table,

il IF thee alkscation snocesds:

o Lai i b tlee e slot within the duken bicket.
« Betwn {level i, load-balancing table, bucket slat §),
v, IF Ly o 8y
« Pick Yy free shot fin the =t overflo Ty,
o Lot § be tle closen skt b the aray,
# Return {level from the back keg,[s] — 1 —1i, owverflow array, slot j).

MNitlee that, ¥ an alleration enis up =ing a det § 1n eome bucket 1n the dth levsl's load-balandng table then
the tiny polnter encodes the quantity 4, which 18 (X(logd] bits the fct that the alloeation ueed the load-balancing
fahle rather than the cverflow aray; which 1a (1) bis; and the quantity §, which 15 ({log &) = (1) His. The tokal
length of the tiny polnter 1 (flg 4) . thia

Omn the cther hand I an aloration ende up udng the §-th dot In the s-th level's onerflowr army, then the tlny
polmter encodes the quantthy logs (8] — 1 — o, which B Oflog(loga(a] — 1 — o)) blim; the &t that the sliocatlon weed
the. overflow array miher than the nad-balancing tahle, which 1a (1) hita; and the quantity §, which B Clogs:) i
Impaortantly, In this caee, we dect to enoode ingy(s] — 1 — 4, rather than the equlwalent quantity 4. THie alows us to
b the total des of the dny paaier by

log(loga{s) — 1 — ) + QL) + Oflog &) = Oflog log (4] +- log &) = Qloglog & +loga:] = Ologas).
Tha, when an allcation e the overfiow army 1n level 4 w8 can bound the ting-panter dee by COflog +;).

Implanwnthg operatias In et ant the. Tha ninrasatlon In the tiny paolntare slioes e dereferemcen i gaally
be parfirmad n the (1), Performing alecatinms amd frem in thes Of1) B alghtly mom dfimit, s

Lat. ua atart by condldering the nates appmoach ta oplanemt] g alloeationa and aes why thia 1a i soe. We nouat, At
Mentify which comtatner tn wea (bl juet requins @ to evduats 8 hash function, taldmg conetant the). We anet than
determtng which kvl wa will ba uslng: Y owe and wp utng level 4, then thin taee tae B, which ia too alom when = w1).

We golve ths pmblem as Dllews. Let 4 to be aome suffldently lorge pslilve cmatant. We will Implerment leels
1. .,d— 1ning the nalke approach, and then we wlll Implement the logela 4, .., og, & wolng the Methwl of Four
Rumam (18, the “laninip-tibls appmack™)] Mobies that the tobal mimber of alats 1n the leeee d,. ., g, + 1 at memt:

TI%h kil the emvetlen that logd = D{1) 3o all £, s log0 and logd mee st t1 1

L] TTnenth ool mﬂﬁfm



Downloadad 01712024 0 1288 1200 3 . Rafsidbofion sohiso to SLAM lioanes or coped ghits sas. hitpe-/fapnhe. chm orgftarme-privacy

daa fF < (logd)/i. Tha the entire stabe of which Giots are fee In those Levels can be encoded In (loga) /1) Hig
we gtore this quantity as mebadats fur each comtalner, intafing to () Wi of metadata acman all fiflog A contalners
Morecver, the hashes ky (=), ha(z), . - -, b, »[=) that are ueed to select a buacket 1n each lewel tngether represent coly
OffloglogA)™) His [aﬂmmmphmmmhaﬁaﬂmtamnghgaﬂwﬂnfammmﬂm; Ths,
the ertire gtate of levels d,.. . Iogy 4, phus all of the Informatlon ahout the hashes kafz), Rafz) .. .. i, »[2), can he
mﬂai!nanhﬂrg&énf%ﬂ],ﬂbﬂxﬂmtmhmmtmﬂadhﬂm&ﬂm Thhmﬂml:w&mr.ﬂ-mmtnmt
2 lonleup takle of dea F75AWT 2/ that we oo e to debarming for any ghwm wahe of & which lew] tha sllacaton
ehculd uee. The loolup table tales & neglighle amaoant of metadats space, allows for allocatiors to be performed 1n
time ({1}, and can be conatruckad In time Q) durlng the demmnce takle's creation

Nowr that we have apecifled how to Implement slloeatiors, fees am simple to Implerment, since they et update
the mestadata tn mflact that the alat ke heen feed (this juat Mra a aingls bt i the mebadatn]).

We have now fully apecifled the cenetrartleon amd Ymplereetation of cur dersference, tabhle. It pmaing tn analyze
ta propertien, neamnly the peohablty of flhra the load factne, amd the trg-painter sl

Prohahify of Bdlora. The anly way that an allacatlon can fall 1a ¥ there 1 my mwone 1n the contanar that 1t kashes
tm, 1.e, the contAlner han clog¥l elemenia alwady, Ctherwlas, Y the contaliner haa fewer than clog f elements then
the allecation b guarantead to muccead (bt of courss, 1 not guarsntead to mlt in & emall toy poleder).

Omn awmge, Ing¥l teme hagh to any partlcular contalner, 6o by a Chemoff bound the masimom sae acmes all

containers B at meat clog i whp 1n § for eoree posltlve comatant & By the union bound thle holds for all of the

¥/ lng ¥l contalners emuttanemidy, whp In i Ths, ¥ we plok & = clog i for some large encugh coretant ¢ at any
point 1n time. al1 contalmem will be below capaciy whp Infl

Load Bator. Nest, we werify that the total number of slota 18 (). The dereference table fior each contatner usee

epace ({17 4] = (ay) = Q) = Qflog i) slots, and them are A gyl contalners Hence, the total apace B Q(R),
o the Jnad factr ' S2(1), aa deired

Thy pointar slea. ﬂhnmﬂﬁth;rmfnfm;lﬂﬂmﬂ we andlyse the tlny polnter dee of 8 glwen allocatlon
condltiomed oo the eqent that the slloratlen dossm't 11 The ke of the ny pointer depenids cn where the ey ends

up allcatad Spacfcaly t e
o ({ingd) If the key 1a allocated n the ith loadhalncing tabls;
& (log+;) ¥ the ey B allacated 1n the dth osarflow amray.
Flx an arhltrary contatner i be the me wheam the alleation taes placs awl condder the fnllselng enenta:
5. the key 1aaliocatad In the 4th load halanding tsbhla
& {J;: the ker 1a allacated In the tth overflow array;

o Lo

We wil confiton on twn evente (1) that the slement plclm the container we fwed, snd (1) that the container contatng
Bwer than clng¥l dements (18, the alloratlon doesn't fall]. We wil drop the conditlontng nobation fior cladty. Let
P be the des of the output ny ponter Then by the law of condltiens] erpectation

(L1) E[F] < 3 Pr(] - Ofogd)+ 3 Pri0y - Ofiog ).

We boumd sach term aeparataly On the one hand

Pr[B:] < Pr[B. G B, - G 1. |
(42) <Pr[B] Prf (B 4] - Pr B | Bk - B i -

For ewery §, the load factor of lewel § B &t moab 1A hecame there am L, < &; 1tema, &; bucketn and each bucket
haa capactty & Ths means that at nwat L% of the bl are full detarminstically, aothe probabllity that a full bucket
¥ choasn at moat 1/8 Hence, swsry term In Equation [£3) b bounded by 175, and

Prif] < LA < 1fF.
[ ] TTnamnihnriwe mﬂﬁfm
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Cin the other hand
Fri] < Prifial
“h-mnbnﬂﬂmlatln;nbaﬂ]hmﬂqlmﬂ By comatriactinn the lnad-kalancing table 1n legel 4 always has
&t moat #; alloeations made to 2 nduding the fafled cnes, stace L < #; and L; oounts both the dements 1n lewsl
1 and the slenemts tn leval d + 14 +2 ) mamower, the allocations and frem perfomesd on the table are deps dent
o the micmnes =i In the tahle Asmiming that the hicket-ales & B a ufficdently lange comatant, Y finlleos that
we can apply Lemma [T to daducs that with probabifty at leaat

1 —axp{— paly (&) = L — exp{—12(x]),
the. mmnber of falled alleeations at level 4 at any glven moment 1a lem than & /2= & |, (and henes ;) holda] Thoe

we can conclwds that
Prjy] < /o0
Puttlng the placa tygethar,

2= G —oty

Notice that theee caloulatiors show that a tiny polnter of dae ({log £) has pmbsblty 2% or eqiwslently, &

ting pointer of alea C{f) han probabifty 2~ Thia muggeia that the thy polnter slks dacays at & doubly-exponential
mta We prowe th's next. For amy F

Pripxf< ), PEr@l+ 3. Pria]
e ety Y £ )

= j:h[&]+ E: Fr ]
e e

1 1
—_Eqni“L Y. Fw

Mmmhﬂﬂmﬁitﬁtﬁ:ﬂmmm“muﬁ-m

P[P > 1< g
which completa the pmof of Propoattion [{7] As dacused secrller, Propoattion [7] In turn, imple Theorem [{1]

Boomwihyy somw of ointer s¥ew. In cur applicatiors of tey polniem, & comrmen wey of wdng mrishlealae
maintam will ba to pack B ﬁ&-}nfthmhtnﬂhn]ﬂﬂﬂmmﬂm,mmmhuhtﬂnmﬂhnhgpmhgahmm
of the mtal mmber of Hia commmed by 2 ast F of ({logu/logd—") tny pointem

PROPCImIn 4 2. Likng the eonstrustion in Iﬁmrmth' qﬂﬂqﬂ{:ﬁ"q} biny pointery, Hhe sum of el
ales ulll be OQllogn) b whop

Proaf With Hgh pmbabity, all of the allerablone or § suoceed  Thls mears that we can lgnore the came where
aAllcatinmg fall an when an allncation Rl we shall treat Y as contrlbuting & tiy polntear of ake L

Let K he the aet of beys corresponding o the tny pelntes 1n §. The easy case B ¥ every bey = £ 5 hashes
i & different comtalnes In th'e case, we can analyae each oomfsiner eepamtely to conclhude that each tiy polnter
Arvocurals) ndependently ha langth (flog S~ + E.) biin, whems PrP. > #] < 77" Applying a Charnaff hound
ir muma of Indpemdent: ganmetrle randon wrisklm, we can conchide that 3 o Fr < (flogw] whp, and thus that
the total mimber of K conmmsd by § 18 Ongn).

What ¥ mamn of tha leys = £ K hash tn the saven contatesr an obher s fram KT Then we can e longer analyza
the lengthe of the remilting tmy pdntes ndependently Lot X dencte the aet of sach egs =, Hnee each tmy pol mber
b detarminstically at moat (Y(logn) Wi, we can complsts the ponf by sabakfiahing that withwhp | X]=0(1).

[ ] TTnamnihnriwe mﬂﬁfm
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Lot 23, #3,. .. denoke the beys In K| andd leb X be the lndicatnr ramdem wmrlable i the ement that =; hashes o
the sme container as coe of 23,23, % 3. Then [X]| < 27 X; On the other hand each X; gatleflsm E[X;] <
[i—ui;nﬁmﬁuﬂ Of(log 1) /). The } ;. X; 15 a sum of Independent: Indleator mndem warlables with total mean

n) /). Applying & Charnof bmmd, we concluds that ¥ . X7 = Q1) w.hp., which complstm the pronf 1]

& Lower Boowis

In ths sertlon we peove that the houmds 1n Theorema [E1] and [ Tlare tight We begln by peoving a lower bound for
warlahle-algs tiny pointara slmcs 1t ' then uead an part of the proaf for the feed alze cass

What males the lower boaum for mriably desd oy pelnter tricley B that amy single ey pelnter might be very
aaall For exsmple, the demfiarencs tahle could keve & dogde apeclsl slat that correponda o the Uy potnter 0 (for evary
dey), and them )f the derefirence tatds ever wantad tomale 2 singles Hing polnter anxall 1t cold slkweate the spaclal skt
Tha, our pronf treats different types of dots difieently: fr each alot §, we define 8 pobentia] fnetlon $(f) ndieating
how “useful that slet 15 o & random neertlon. The ldea ¥ that neertions that uee slots § with emall potentiak $(f)
muet, n average, hawe mlatheEy large tiny pelnters Wit neertlors that 1ee dets § with lage potentlal (4] mst
be mre, Bnee only 4 Elathely emall fraction of the slots can haye large pobentlala, and the mmber of 1mesrtlors 1nin
them can be baumded by the mumber of delstlons ot of them

TeeimeM 5.1 Coneidor o undioras I of kaga, whera f 4 aonemsd b sn 6 sgffiniantly iame polypremdal ses I e
dangaranrs tnbin supperts varabiswalved oy painters of epariad e & ond toad fcer 1 — 48 = (1), e s = flog A1)

Progf Let I{ be a 1nimerse of dhe v whem o 15 a suffidently large comatant. Let § « 1f4. Let T he a derefemence
tahle with v 6lots and load facter 1 — 48 (Le, 1t ¥ capable of alloeating up to (1 — 4)n Elots to leys fom If at a tme].
Moreover, suppwms that T' guarantem an expacted tiny-ponter enghh of at moak 2 Then we whh to ahow that

p 2 Sl A1),

To dmplfy our demslcn weshall think of & ey = £ I a5 nealding 1n the loration that 15 allorated to . Those
aAllcatinmg correapaomd to Ineertlone amd free cormapsanmd fo delebiome

Comalder & wnrkinad In which the tahle 1a nltiaNzad tn conteln (1 — 4w arbdtmary eenemita and then we atbarnate
Htwnhmrﬁ:mani:ﬂlﬂﬂnmhnﬁuum Erch Imaertlon adlects & randomy elenent of & (with Mgh probabity n
¥, We never Inaert an elanwnt that 1a already present), and each deletion selects & mdoam alenemt: aut of thaas preamt

We tmeat tny pelnters a8 takring wahim In N. K the finy polnter tabee vahie 4, then Y uees $1{logd) Hits Far
each element = £ I, lot k(=) denote the poltlon whers = would resdde In T ¥ = had & tiny poloter with vahed. Set

£=4-1432 Foreach poattlon § £ [4] In the takls, define the patentéal 4] to be

¢ = {lnd | HEH,E;El [ hafe) =4

Call an Ireertion aafe If the sement = that & Imeerted B Imeerted e one of positioms ko], . k(). Cal an
tmartion reases ffindent 1f the cement = that 1a heertad 1 heertad b & poattion § eatiefring @] =< -'E

1 Unanthooieed mdehnm
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The probabillty that a glven Imeartion B bath safe amd resums sfdent b at mnat

Pr (=) = ]
q-rpia':-msem E”E"
Pty
= 3 m Tl
H#F?;EEEH imd T e
= 2 &4
mnply podtem FE
Wil &
= ¥ =
maply podtsm £
— a2

E: fullovwn that the sxpacted mimbsr of Ineertioms that ans rafe md resums sficdent b st moak w=A /2
Maxt wa boundd the expactad nmaber of neertiona A that are gal bt ot meurce efficlamt. Hathar than bamd A
iractly, w8 Inatead examinn the mmyber of daalone O whare the deletad slensent, b deleted frone 8 podtlon § sstiafring

#{) » £ Nota 'n particular, that
A= Bin
By the definttion of ¢(f), we hevs that 377, ¢(f) =£ K followm that |{4 € [+] | ¢{{]>> £} < n/t Each mndom
ﬂdhnth&nrahapnhbﬂhatmtﬁ'.‘;i 1/ of removing an dement: hapuﬂthnjmﬂﬂﬁhg#ﬁ]}%.
Thm E[H] < w~3/2 which meam that

E[4] =532 +n < (1 +o{1))nr 2

Shhee the srpectad mamber of 1meertiems that mmﬁaﬂrmmmﬂrhnthatmtn‘uﬁmdﬂmm
muniker of Inaertiona that am sl mimmmmhﬂﬂmthatmtl:l+d{1]}u‘ﬂu,ﬂ,thmpﬂntadmmhnrnfhmﬂnm
that are mafa 1 &t numt {1+ o(1))[~. The ewpactad mmiker of neertions that am ot mfe ' thesfom at least YT,
Erch unaafa Inaertion maultain s tiny polnter of lngth b leask $(logf) = 2(log ") Hin Hinee & comatant fractlon of
the masrtlona am expactad ta meult In 2 ting polnter of lamth at least g d ), we nnet haea g Xlog A1) a

Moxt e prove & lower bounud for fwad-dzad oy pooiem whkhnhnutlmtthnbmnﬂnThmmhthht

TeetmeEm 52 Conedlor o undioraa I of ko, whoea If 4 aonemesd bo Raan 8 syffinlontly iamo polyprendal ses I e
dangfaranrs tabia supports ot alved oy pointors of sive & ond nd fastor 1—8 = 1), fa s = (Xlog log logn+log £

It mufflem to prves that & = $2{ingloglog W), alnce we have already ahown that o = $k{log 81
The pmaif re-purpoaes & clasEs ballgand-Hme lower boumd  Say that a ballplacement rule s segren ol ¥ balls
are placad sqesntially withort nnewledge of fubime ball arlwmip awd If balls ae wessr ouwead after haing placad

Tee(EEM 5.3, (TeecEEm 2 v |B7|] Suppus that v il am plamd seuuentlaliy dnto wn e usng an aridirany
Agrumiial ol piseamant ruls, whom odh kil Sosecs efuam d Mes fiad om agantiad indapandenty of roadom acmling

i an arbibmry pebabiilly dlrtrbution on [w%. Then the number of beite i the fultart bin G $2{{log log w) fd)] whs.
We now prove Theomsm [

Proaf MﬁMEMMWMMMEWMMMMI—J:EN
that mupperts feed-ales iy potnters of fhe s = olnglaglog k) His. Let u e the mmmber of Glote In the dereferenoe

[ ] TTnamnihnriwe mﬂﬁfm
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tahle, and let v = [1 — §)n be the maxmoum mmber of slocatioms that the deefaence table can mpport ata tme;
aume withot lom of genemlthy that 1/(1 — 4) £ M, & » 5 a multinle of i Floally, et = 2" and cheerve that,
by amnmptlon § = oflog kg 1) —and alnce v = B{n), F = oflng lgn)

Recall that f 1s the unlverse fmm which the keys am tsben, For each by 2 £ I, define the sequence
ha(=), ha(z),... . hg(=) € ] =@ that ki(s] = |2Deserespwce{r )| Note that, by the definitilm of the
DessresEn(E fincilon, the sequence hy (=), kafz), ..., he(z) 15 a functlon of cnly =, 4, w, and the random bis of
the demeference tehle—therafiome the sequence B predetermined by the ooln fitps and B Independent of the seguenee
of alleratiors fdesllorstiors that are peformed. Let B £ [w® bea mndom wmriahle chialned by selecting = £ & at
mndom and setting B = (kaz), kaz), . ., hg(z)l; and &t ¢ be the probahllty datrhution for B

We wlll now conetract & sequentlal ballplacerment rule for mapping ' ball to i blne Chr rule ndependent]ly
axigne earh ball A random Win eequence (hy, by, - -, gl ~ R o §bina Equivalently, wecan think of the s balls a5
heng i beys 2y 2y, = where each 2 B ederted unlinremly and 1o eperiently at randem fom Jf, and each =
han s bin mquence of fia(a), kale), ... hp(z)) € brP-

Since ff| > pay(w), we heve that with Hgh pmbabllity In n, the =;'5 are disbinct. Cher ball placement: rule usea
mr derefierence, tahle t decMde. where tn place balla. Th place ball =; Intn 8 Bin we compate B; = Arrocare(s;] and
we place = Inin the u.-th bn in =5 hin saquancs, which 1a glven by Hn

helm) = | - Demmrmmmccs(s 5 | € b}

In summary, we have coratracked 8 sequentlal ball placemeet role that places s balls sequentlally 1ot sn bine
anil that chocam 8 et of 4 = F Bme for each hall accoedfing in 8 probabi ity detriwitlon B omer [!lcl'l.]i By Theorem
2 we can daducs that the fullsat bin contatm at et

02{{loglogm)fd) = {{loglog m)/8) = (1)

balla with Mgh probetiliy o m
Om the cther hand, the demdmenoe table guaranters that NersrerEwce(z, 0] € j] 18 umique for each 4 £ ]
The mmber of balls =, aatlafying

Er—

ir & given 4 1a therefore at moat = =Of1] This mears that the mmber of halls In any ghven Hin b alm Qf1). Snce
the demfirence tabls mucoead wih Mgh prakabifty In n, we can deducs that thers are ({1) hall In the fullst b with
High probehilty Inn THa contradicts the fack that the mmber of balla n the fulleat bin ¥ w (L), themhy completing
the prond by contradction 1]

4 Apphing Thny Foinlerm o Flve Prohlenws n Diata Sbhrocinmes
In thia scilon we prement seraral applicatinms of tey polntars o cdamlcs problama In dats structume

» Raawedi Hetrlers]l we ghowr that & gllght moflfication to the clamsie retrlers] peohlem elimiinabes the clamleal
lower hound of £2{ing Ingn) wartad-bitaparthem (Section 3.

# Succinct Hrary search trees: we glve an appmach Ior trameforming arbltmry dynamic binary seamh trees 1nin
muccinek dats atructurs (Saction 3.

@ Space.gficlent gtable dicticnarlem: we tmmaicrm any Axed-capac] ty begesslue diclonary Inin & leg=mlue sahle
dictionary (Saction [d)

@ Space-afichant dictionader e tmnaform any dictlonary whh fwad-dlze walwm nta ome which can apace-aflclantly

& Anoptimea]l ebemal.mamiey atah e conatraet 8 comatamtt e atah that apacsafcet]y sbore the eatione
of elements redding In a largs extarnalmemory data sructure (Saction 5

[ ] TTnamnihnriwe mﬂﬁfm
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4.1 S CeneralPorposs Thehniaqnes b TTealng Tiny Pololers Belore diving 1nto specfic applicatioms, we
hdafly discum aerarsl praliminary definttlone amd technlques that w1l be wssfinl 1n multinde of the appdcatiome

HKoyawalne dictionaries. Seseral of oir applicatlons #ill perform hlack- how tansformatiors 1n coder to add nesr
Taturea (namely, stabilty and warlshie-staed velued) to keywslue dictionaries. Formally, 4 kege-soke dicdion oy
{often fust called a déedl ooy 15 any data sractume that sores kegewslue palm (e, & hash tahle or a tree), where
earh ey appeam 8t meat onee. Typlcally, a keyewahe dicticmary sapporta neertlong, deleblons, and querls, where
querlm In partlcular, mhoen the wmlue asclated to ame ey, Depanding on the data atructum, additional oparatlong
miy alan be suppartad for example mucoceser qualsm which shorn the mcoesnT o aomes ey

We sy that a kegwwalue dictionary 16 & soine ormog 1f 1t deslgnates aome comtigaeis cumk of memory (that
can be extEnded or shrunk over time) whise purpese B to siore the mhies cormaponding to keys. X vahes are k bits
long, then the vahw aray can be vlewed aa & array of k-hit objacta

Inour appllcatinormn. we will matrkt oureslwea o dicbionarles that stome thelr vahiem In wmlue arrgrm. For almplclty,
we Wil amume that the dictorary ueea & sngle mlue aray; although all of cur resulta can slen easlly he applled o
a dictimary that males use of many eeparatply-aliorated wmloe armys (85 long a5 each Indildual wiue arrey 16 at
leaat f2{lng v bia). The reamn that we asnmes & dngls whe ey 1a bacaime, to the heat of our kmowladge all of the
Inuon apacs-aficlant, dep-value dictionarden can eadly be Implanwmted In thie forneat. & we chooss to awold Indood wcing
unmeceenry complicatinn o the remlia

How o slora valoa arrays of ity pointers. 4 thenes 1n aevem] of our applcatione Wil be ta noedYy 8 wahe army
e that, rather than shorlng wahiem directly; we Imetead sinre oy polnies of ome slae k. Recall howeser, that tloy
pointers of Alee k = oflog log kg v Bte are not Axed-das, meaning that aome tiny polniers may requis more than
k Hiz MNometheles, If we are wllling to 156 8 vahie-army that 18 & cometant-fartor larger, then there | & simple trick,
which we call clmanked poinier sloroge that e 15 1nteract with thees smrisbledmngth tny polnters In the game
way that we woull Inbaract with Awadlength tiny polntesa

Break the whie army Intn cont\gumes chumle of C((log w)/k) tiny polntes Bjﬁnpﬂﬂmgthﬂmtalmmha
of blits 1;ed by the tiny polnbes in each cmlk 1a Cflog v with Hgh pmbabllity In n. Tha each chunk can be stored
n (Mlog n) Hita meaning that the entirs velue array can be atnrad 1n Gk ] bia

Theira 18, evmewar, the ranesl ning lemwn of ow 1o efclmily accem and nawfl i the fth tingy polnter In 2 glwen chunke
R each chunke w8 canatars an addtiona] (flog w)-bit bt where the hita that ane et to 1 dicats the posttiona 1n the
thum b whems tiny pointem hagln and and  Th eficlantly P the fth ity polnter, Y ouflces to Ao tha fth awd H-1-th 1an
the Hitnaap (The tiy panter can thenbe extractad newftfed and einaertad In conabant tines uslne standard B manip.
ulatlon an the hineey and the chumke ) The probilens of faditeg the f-th 1 1n 8 C(legn )bt Hinap b eslly sived with the
e thewd of fvur Huedlsna B} dnoply sbors an aedNary Lo tabla of ska 4/ theat alloem for much quedes to be anaverad n
a [log ] 3hY Hinap 1n & atngls balup, and then parfrne (1) lookpa to pe oo mach a query 1nan (2 {log n)-Ht Btaep

How to dynam'eally reslvs a data sbrocdiom oslng thy polobam. Sevarml of aur applications w1 slea encoamtar
tha prablam af wing tiny polntaras n 8 data strscture whoes dza dysandeally changa omer tinee Of coursa, thia nweane
that we must alan dynamically reslse dereference tablea Chr applcatiore wlll take the kllcwing appwoach which we
call zone-gnrepalad resising.

Condder a wvahie arrgy Gioring thny pelrters to k-t 1teme In & dereferenee tahle (and ssmime k Wi 4t 1n (1)
marhine womis). Suppeae that we wish o mantain the dereferencs table st & load farter of 1 — G(1/k], that way
the mamber of hits wasted per 1tem sbored 18 (f1); note that this mears that the timy petnbers In the mlue array are
B (logk) Win o sverage. Further mappwss, howessr, that the wahie army dynamically changss ake ver time [mesning
that elements must he added and remesed fmm the dereference tahle). For cur disnssicn here, we will ssume that
the walue army 1eelf B dynamlcally reskead to slways be ata load factor of at lesst $11).

Howr can we update the dereference tahle to maintatn a lead facher of 1 — &(17k] while the mimher of teme
changes cwer time? Rather than jist using & slngle demeference tahle, we 168 k dereference tables, and add G(lng k)
His o each tiny polnter I order to Indicate which derefarenos table Y heing parted Intn (this dosm't changs the
symptotic dlee of the tny pointers). We can grow and shrink the capacty (Le, mmber of 6los) of the dereference
‘ta.]:ﬂm]:g'ﬂlﬂﬂrl:a] mblﬂltﬂ:gﬂmnlﬂ.ﬂﬂtthmﬂrﬂmnh!ﬂﬂhlﬁmﬂﬂltﬂﬂ]ﬂ,mfb] raballding the lamgeaat derafammea
tahle to halve ta slae. K we asmume for the moment that mhdliing & dereference tahle talem Hme proporticnsal o
the tahle's dae, then the rebulds can be de-amorthed to tale time Of1) per cpemtion (e, per modification to the
derafamncs tahlm), whils mentdning the dedmd load fuckor of 1 — BH17K).

ad TTnamnihnriwe mﬂﬁfm
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The problem wih mbullding & demferance tahds 1 that &l of the oy polniem 1nin that deraferance table hacoms
talldated The actiual comatraetion of the e dereference table can easlly be performed 1n 1near time, bt hoer oo
we update the timy pdotes In the vahe army™ E the mlue arrsy has dee n, then the dereferance table belng reballt
core¥ts of only B{n/k] ltems We want to ldenilfy where the iny polntes to those lteme arein the wlue amray In
time B k) rathar than time B{n)

The aclution to ths Bewue B vy dmplee breal the value army Intn comt\guons avnes each of which conekta of
k valuem, Wlthin earh scne malntaln k Doked Deim, where the ds-th Inked leb conbales the timy pointers that polnt
ntn the i-th derrmnee table. Importantly, becase theae Inked 15ts are wihin 8 sone of ske k|, the poobers wilifdn
each Anked It only mquirs Eflog k) Hie each; thue the I'nied Nata do ot asympbotically hemase the dza of the value
arrsy. Om the other hand In order to find all of the tiny polnbers for 8 glwen demfsrence tahle. nme can almply ok at
e Aniead Nat In each of the B k] sone allowing for sl B{nfk) of the tiny potebers to be Mentiflad tn tines B {ndk]

For reasens that we ahall ee laber, cne of our applications will alko require ue to e larger aones of dae paly(k]
mthar than just aflza k For e, we duply renerk that uatng larger o of akes paly (k) atll] alloem fir the Tnled et
overhead of each tiny polnter tn be houmded by B{log k) Blis and that the time needed o Mdertify the timy polnbers
‘n & demferancs table of alzs § B only

(63 Q4+ n/pay(k]],
dnce the menber of Inked lata that must be sxamined b only O'fn/ pody (k).

8.3 Dwvercoming the £(loglog n-Hit Lower Bound for Nata Retrleval Cur firet appleation revitts the clamsic
mirlewm] pmhlem |5 3 2730 In which a dats sruchure must shore 8 s-bit value for each of the k-blt Leys 1n some
et §, and muet arewer queries that retrlese the wmloe asnclated with & glwen ke Here, we address the dynamic
verdon of the problems whems the dats stracturs et appart the fimctlone ez, §) (whit herta a ew = £ [2¢]
Inte F and aseocabe 1t with mhue y £ [2V]), Dere1=(z) (which remores some = £ § fom §), and Qruesy(z) (which
mhims the wlue y corresponding to = for e = £ §), allowing for the eet § to grow up to some maximion e n.
Note that, 1n the retrleral probleen ¥ B the werls rosponsidilly o enmure that emery mcation of Ingesr B oo a
oy = &5 every Inmmcation of ey b ona ker = £ 5, and eqery Ivacatlon of Derere b on a ey = £ 8

It 15 imown that 1f k = (14 5(1)]logw b, then any adutlon to the dynamic retders]l problem mosk e at
Jeaat e -+ S1(nlng lngn) His of space |5 mgarndles of the tme compleetty; and emen if @ = 1. It 15 further lnoam
that, 1f k = Bflong w] and & = {logn), then the ve + B lnglog 1) epacs hound can b accompflahed by a randomdzad
conatant-time data atructurs (96

We will nowr ahow that be alightly relaxtng the reirlecal problem, we can s Hey poltehers o bizin slgeifcantly
hetter apace baunds n the refomed redvisnol probism, the hasrtion fdeletionfquery operations are newfifiad ta work
m follown. The oparation Iesr (e, 4] now mhorm & bing redeisser - which the usr mat remember In the fiturs,
¥ the veer wishem to query = (and they hawe nok et deleted =), they call Qhreay (=, r] o ohinln the mioe . Flnally,
¥ the umer swsr winha to mmaws = fom the ast §, then the umer cah Deizae(z, F).

The rals of the g ratdewr 16 alollar ta that of 8 Uny polnter—Y. acta 58 8 hint 1o st the dats sractura Tallls
for tlmy polnbers howeser, the patr (= r) doee ok hawe to fully enoode the poitlon of ) 1metead  query cpemtions
QuEsy (=, r] can uee suwllary metadata, beyond fust = and & to debermine the salue . We shall now see that this
distinrtion % very impertant, allowing for us to do bebter than Aofh the lvwer hound for the retieval problem [

mdnu:hmrh:unii:rt]:nﬂqapnhtarprd:hml['l']ﬂnmﬂ At the sarme time (almea paradeedeally), 1t 18 oor
coatrctinm inr mrisbleaks thyy poinbears that allosm for us o get annmd baoth of thess v hounds

TeeimEEM §.1. (oneilar fis misssd mirlasl predian with k-4 ke, o-ME i, and & masihaem capscdy o 1
keyAiius palrs. Lot r £ [log* v be & pammator. Thars i 8 souwiion to e micssd reiricoal probiem et wee tny
mairiaars of owpaciod sies O1), and et ulth high probablily dn n: takar conefend dma por guary, tekas OfF) tms
por droriion/deickion, and wos total speee M+U{n]d"]'n] ks

Furthemare, g n—w(l) and o ﬁ then the spase ronswnnbion beeomes we + Q) bk

The shawa thaomm conem whh an hteaeting tmdenff oree: conatant-tinen haartions fdeis tiona can achlews & apace
cmmmption of for exawpls v 4 (2 log Log log g lagw) Bt and (flog” wi-time Inaertion fdelatlona can achlevs Bpace
cormnption ve 4 ((n) His. Moreswer, 1f » B 6lightly sub-logadthmic then smen oonsbant-time ineertom fdesticne
can achlaws e +0(w) Hia
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Wi mnxark that the thy retrlevera i Theorem[iTT] are, In fact, wadahiealzs tiny pointem as conatrictad 1n Theomm
E1 Ther therdfom satlaly the doihly-eepenentis] tal] Inequaltty ghven by Theorem [{1] & well as the concentration
nequalliy ghven by Pmpmltlon [

Proaf Wﬂu]ﬂ]lmhum:fThmamtnmmhmta:hrﬂﬁrm tahla T' wlth 2« akin What nales our appllcation
d'T]:HrmElm:mm.], howewer, | that we wil oot gtom angthing n the gtom (i fact, wenesd net emen allorate

epare fir 1) Iretead we will tele admntage of the fart that Desprermvce(e o) B & (14 lggwn)-bt mimber that
han basn umlqaly alleeatad to =

To Implermert the cpemtion Ingear(e 4], we cal AriocaTe(e] to obtaln a tiny pelnber 1 of eopected das Of1])
(mote that m wil den be cur tny retrlemr]. Dofine s, = DesEreEpsCE(E b to be the ot mamber In ] aloeabed
o ®. The maln property that we will eeplol: 15 that o, 5£ 8o for all other #* £ . To complete the dear cperation
we Irmert: the keg fwlue palr (2., 4) 1nin & maccnct haah table H (whoss apecficatiors we will deacribe laber] Queriea
and deletea are then Implemented a8 follows Quesy(z, b returms H[DessrerencE(E, | and Derere(r. ¥ delees
loy DesEFERENCEE p) fmm B and calla Fepe(r p) on the derafamncs tahls T.

The coreciness of the data sruchure Dllows fom the fact that, for each = £ F with oy mwirleser g

DeserERENCE(E, 1] B unique. The demferancs tahle usma apace oly ((w) bitsand supporta conetant-thes aperatioe

(with high probeblitty] The tn pmwe the thenrem 1 remetne to analyze the hash table H.
We conatrct K 1sing the meat epace-sficdlent inown coretriactlon fior & hash table (15| ¥ H & soring up ton

leya from a unlwerae [F and =l are o bita, then 1t upporta the fnllowing guarantes wlth Hgh pmbabiity: querlea
e constant-time. 1neertlome il detlione talee tme O, and the tntel apace conmimption 1a

oo (%) 4 O

Hin F inaddilon logfhn = w(l) and o £ I0 | then the apass becomen g (*1) +ne+ Of) H
Chr wee of tiny pointars eneures that the 'n K are from the wary amall universs M =[] Bo

(8- (2) -
by Stiring's formuls. This completen the pmaf of the thearem.

A remark on resdeing. In Subsection [ we ahal s an appfeation of ty retdeeers to the pmbla of conatocting
it Kimary aearch teen. I thie application we il want to heee ton relawei. mirleem] data stracteres wheas
das mam to at meat w. Hers, we can tale aiwaebage of the fact that the kash tahle O ueed shese acteally ofiem a

dynamicslly-reakng guaranies: If at any glwen moment, the hah tahle ha ake s, then Y uss apace &b owoat
¥+ log (f:) +me + Ofmlog’n),

with Hgh pmbablity in m. The fiall retdesl data stractim ([pomsbting of the hagh table B and the dersfierenos. table
T tharafnm uam apacs at et

]IE(:)+H'I'+G‘I:H+H1-1IB{’]'!:}

By Btrling's formula, this b at moak
mlun—mltgm+m-u+ﬂ{n+mkg{r]'n]-

Thug, If & hawe ten mlaxed-retdess]l data struchores, e of dae g = % and cne of e g < wu, and
¥ =13 + ¥g = En), then thelr tobal apacs commmption w11 be at moak

(v 4] Lo v — Wi Lo — ¥ Log ¥+ (i + i) + Q[ + ) Jog ™ )
= log 1 — Wi Log wa. — wa Log v -+ + Ofmlogi ™ n)

[ ] TTnamnihnriwe mﬂﬁfm
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By Jeneen's nequalty, s lagin + ¥ log W = (wa -+ ) log ™™ — wleg F = wmlogn — (). Thos the toal
space B at mwat

mlog n — frlogn — Ofn)) -+ me+Cmiog™ x)
=wn +ﬂ|:mlu{r} |
=wmnn +U‘|:mlg{r} LY

Thia, of coures, 1 the sams boumd that we gat for & slngle ralarad-retdessr data structume of alzs

The rasan that the nsatliam B that Y alkem for 8 atople way o perbrno dynamic redzing: ey tines that, thea ala 1
of & data structum changgn by & fctar of oo, we newae a1l of the Blanemis 1n the curment, ralawad-ratria vl data sactum Dy
‘nto & new relawaderatrieval data structurs Dy (parastasad s heving capaclty v = @m) hamd on the new walue of ).
AR W8 move alanunta from 5, to D, the tatal apace conmmoptlon of 5 and By wil continoe tabe se -+ O(nlegt™ )
hita Nate that, tonsywe an elenemt frome Dy to Oy, we Wl mead to gpnemte & new ting retdever for that elensmt, (aiece
we are deleting the sement fmm 3 and neerting i Intn By) Inour binarg-aearch.tmee application. ths wil be easy
n do by slmply runmlng throoagh 8l of the eamenta and relorating them cne by cne. Furthermere, slnce the work of

conatricting Sy can be apread acroms 8w opemtioma 1t can e achiead at & coat of O] per meertlon/deletion

43 Socchewi Blnary Saamrh Tress Ohr eecond applicatlon B 2 Hack-biw appmach for treforming dynamic
Hinary search trees Intn accnet dats siractumea F there ame w demeris In the maccnet search tree, each of which
% k His long, then the sl of the muodnct aeamh tree will be at most sk + Ofn + nlog™ 1) His wherer =) B an
arhltmry pammeter. Path tmverssls In the tree Inmr cnly 8 cometant-factor crerhead  and moiflficatloms to the tree
ncur miy an Ofrkfactor rsrhead

An adwantage of our appenach | that i can b appllad o rotation-based seamch trem Thia Inchiden nr example,
md-hlack treen |37, oplay trees |5, elc. If the dynamicaptimeltty corjecture 5| 1a true, meantng that the aplay tree
B dynamically optimal then our succnect aplay tee B alan dynamically optimel when == C{1]

TeetmEM §.2. Conddor any dMnary acarh oo Haring a-bt koye et -0t valus uihors aeny sodo & asoristcd uith
8 Sladnrt oy sl uhors carfi noda lad pointors o i Suiden For sey e 0 tha ma see o drpiomentad to gffor o
Jiouingy sweem b wHif g praiabiliy @ e e Hvan b‘ia!lmhhup!mm+nﬁ+ﬂ@'1+nlu{’in] bita, ouorania
Jfrom poranks tn cditeen taks ma Q1), sudmadifiendons b the sma fia . adding or remauieg o adys) taka dema Q).

We remark that, nirmation theoretieally, the tee uem wia 48 bis of epace. And slnee the begs are distinet,
wa =i}{nlogn] Thus for amy r > 1, the ssarch tres abowe 18 succhct

Pruaf To amli ambigotty heteeen different typem of ‘e’ aad “sslues’ 1n cor demesion e wlll aometimes wiee o
the -kt eys amd Bkt wnhies ainead be the wear an whoe ko and weer ysluos

e will nxala use of our anhitbinn tn the relaead retdewal paokden {'I'hnnram Tha ratrleml ke yafwmlinm wil ba
fifferant fromy the weer keyafeslws Each ratdem]l ey = Wil cormepand to 2 user ey with an additional bt apgendad
tat (nwars on this later), amd sach ratriewdl wahe 4 wilatom & a4+ bt wer ey fehe patr (for that noda tn tha trad),
slomy with twn tiny retrlesm vy and ny (which can be 1mad to retriens the chfldran of that nda). Mnce ry and ry am
Themiawil wen wartable-langth ting paintars of erpactad ales 1), this meana that the retdewml whe B abo wmelabielomgth
Cin the othar kand the relasad-retriaval dats sructim B dedgnad e fizsddn gt wmlnm Fortunately, me can stam the
Hry retdegern m amd my with the follvering medhndd Hecall that 1n oo coretmactiom fonre the relaeed retdees] povblemn
we create 8 dewdbmpnes table with 2w slote Bt we do aot achaally sbhore angthing 1n the. dereforenes table's ainre. e
nowr changs the an that the giore 18 a wloe areey with M siots that shemes the tey etrlesms = and my fior each tem
n the deeferace table (@, ¥ 20 16 the tny pdnter fior =, then ry, ry ae I the DeasrerEvce(z p)-th poitlon of the
walue array). Thing the chmiad polnter shorage techmlqes, we can smurs that the ntal slks of the walue areay 1a Q)
hin suen thaugh the pointams that 1t shamen are warlsabe langth

We nover derrThe our sncwfing of the Nrary ssamh trae Fiach mwis In the asarch tes ainras 8 vear lny-enhis palr
(w, #) cormaponding to that nodes along with ten oy retrleeem v and vy, The toy retdewer =y 16 fior the left child
and uem = o) 85 te retdersl bey (@ QueEy(z o)) mtums the laft chlld of 2], and the tiey wirlemer vy B for the
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ﬂght:hﬂdandumasnlmltamtrhﬂhgl{mﬂunm[ann]ratmmthﬂ.ghtdﬂinf:]ﬂbhtatht, If the left
child (resp. dght child) dom not et then we slmply sst ) (reap. ) to mull

Lt 18 hewn by ssumatng that ar hinary search tree ko a Awad capact s of v user leya fwahen, 50 78 can 18 & ralasad-
mtreval dats atructum with capacty v Then aur relaced-mideval data atructus wm na + nd+ O +n gt o) HE
Naw\gating from a naoude talte child tales tines (1] (ce 1t raqies & ategls query to the relasad-retriaval data shoactra)
&l Addfing fremaoding an adge (£, =) fmn & node = to & child » tales tine (7], with high probabity, stnce 1t require
anly & dlngle naert/delete ta the relaxed-ratrieval data structure; Inpartantly, 1f » B the roat of anes aubtres the act of
aetting » ta be ='achld soss pat requim any wudm belde > to hasrtedfdelstad o the mlaxad-retriawal data sbractum.

Flnally, let va nedYy aur data abructurs s that Y dynandcally mdzm @ & fincilon of the current, mimoher w of war
leyfvahe palra For tha we can dmply uBe the reaking appmach oztined 1n Section Emery time that v changen
ty¥ & conatant factar, we mehulld the relased-ratrieval data structure to hawe capacity @ (k) for the new walue aof no [Mate
that ths dd not mquine va tarebulld the tme; 1t juet mouine e to update the ting retrievers wed In each nuds ) For
each relaxed refrleser In the Hnary search tree, we can sbore an extra Bt Indlcating which of the twn melawed. etrieral
dats sractares ¥ 1em—ths preesrees oormeckness. Aﬂuhﬂrﬂh&tﬂmﬂmﬂﬂd’mimﬂmfmmﬂmnlﬂ
mlared-retrieral dats structure to the nesr ome does oot wlolate our deslwed space. guamntes: the tokal mimber of Bie
1med by qur aearch tree remalrs na 4 nb + Ofn -+ nlogi™ ) at &l tmes. And, by epeading the work of rebaullding
the mlamad-ratdemm] datn atructure acrom Eh) operations we maintsln the property that each adge Ineertlon fdeletion
ks time Qr). The the thearem 18 pmven. u|

4.4 SpaceFfclenl Stahle Metlnarles Thing tioy polnters, we glee a blade-boee appenarh for tramirming ang

Ixad-capaclty kay-mmlua dicthnary Into 2 slolfe dctlonary, neaning that the podtlon In which a waha 18 storsd nerar
changes after the walue 1 Ineerted. If the orlginal dictlonary stored k-Ht wlum, then the new dicblomary albe shorea

k-hit s and e &t moat O (logk) exira hits of apace pear wmlne than the odginal dats structim

Teetmem §.3. Conaldar o ool comanliyy koyaniven diciinnary data druchers T' ol foroe O 1aluoe dh 5 valun srray
of some slzewn. Lot 0 donole e sie gf carfy vaius in bk

Tt de poaidic tn potirust & o date strusure T with e sume opemblons and spymptodes fulif, g probadilly |
ax T, bagt wilth the additional poparty et T d siabin. Momoer, o tial spaen coneund by T b guemnitosd fuih
hish probaddilly 4 yn) to be b mot Qminge) more bits e T

Proaf T comatract T¥) we stmply replacs the walue army for T with an array of m tiny polnbers each of se B(lngn)
Hin. [Tfloge < logloglogw, then the cnmledatorage technique can be 1med to handle the fact that difemnt tny
pointers have different daea)] The tlny polntem peint Inte & deraference tahle of slee (1  1fe)wn that stomea the m
ebit valum (Bo the load fartor | 1 — &1 /0] ) Fa ting polnber polnie at the vahie y corresponding tn a key =, then
the thny pdnter 15m = as 1is ey, This feuwa skabifty, Blnee eren ¥ the loeation n which the tey pdnter 16 shored
changea the timy polnter dn not hews tn changs (amd the mlme ¥ dem mot haws o mows)

The array of thy polnters cormmes (nlog ®) mpace Whemeas the welue aray In T conmames wme Hig, the
dereference tshle In T* commumea (14 Lfe)we Wis, which B only ((m) mome bl then ueed In T Tha the datm
m gpace aficlency 15 powven. Jince tiny polnters only add coretant tme per accees/modfication of the mloe, the
mympbotim am (with Mgh proabablitty In ) the aome for bath T and 7. 1}

45 SpacaFfclent I bhooaris with Varla hlsSes Vahees Qur burth appleation b s black-tew appmach e
tranaforming any kep-vahw dictionary [deslgnad to ators Pead-ates whes] nta a dictionarg that, can sbom o et -dzad
walum for differant eyn The resulting dats atrcturs offem the inlosing rencrleble guamntas on apacs eflclency Lat
gty — log g - -log s demabs the nth Memtad logartthm of w. Lat - ba & paalties comstant of aur choes and lat s
be the numiber of entrie In the wehie array wad by the adginal dictonary (&t aone glwn monwmt] The e dictionarng,
which alloom for walwes to he arbimry lengtha raplacas the walue arrsy e T''wlth & dats stractum that conmmees at net,

Ofmngtm) +3 -+ Oeg )

TR et Antinstim haes S that we e natng the ssee bey 2 to smatrnet the ey dr thae ten thy st eers, mhar than g
tha pashhon 4 memoary whars 23 v tored—ihs meene thet when ws e sn hem 2 s2oond In mersry wa do oot nveldsds the thoyr
mairsvers of nodas In the mmhises reteed st 2
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Hin wham . 03, ..., &, denobs the lengthe In bia of the mhie heing atorad

TeEeiEEM §.4. Coneilar o kap-uais sldtinery dats sfruchen T Hial dforos O 1aiuer in 8 15ius sy, and sl &
doriged tn sore feol-ingh ko, a8 r e a posiiie mnsant of owr dusds.

Jt {r poasidie tn coatrust & nou data sucurs T with e same opemidons snd sspmptoties fudifi hlah probebiilly |
ax T, but with fis addibion s propecy il T° owe store taiuss of srbiry tom e fup to QL) marfdne wons)

At ang hen mamant, T wndd e oaon g & el sy of #es v, and e maching word Sim w0 sabisliae
w < | thon e btal spwes coneumsd iy T ter drpiamant tha 1aius ey & uesniasl fuilifh fulsh pobaiy in
) bo be Ak mat

(B4) O log" ) +‘_i|:ai+ Oflog =)

bts, uhoms gy ey aro e slog of o saiuos

We remark that the Imitation on wmlueslas o he (1] mackine words ' Slmply o that each wahie can be
wrlthen fread In coretant time, that wey It 15 eesy to discss hewr the ssymptotios of T and T¥ compare. The game
tevhrlques work for een lager vahies without medWeation a8 eng as one s wllling to epend the necessary time o
madfwrits valum that am of auper-comatant ke

Proaf [PrmfnfT]:mrm Yahuem In T* are ghored with up to v leves of ndlection If 2 valoe B k b, then 1B
¥ peinted at by a tiny pelnter o of sae (g k) bits. The tiny pelnter o B, In turn, ponted at by a tiny polnter
5y of dee Ofloglogk) Hin, and 6o cn, with polnters of she Oflog g lng k), Oflog logloglog k), .., (logttw). That
B, awry wlwe 1n ainmd at the end of 2 'nied Rt of langth (1), whers the bams poinhar af te ]nhﬂi]hthﬂlzlng{"]'n]
hin amd aach subasquent polnter 1a expnmantlally larger than the prevlme ma

For earh tny pdnter of mme dae § 1n the daba gtructure, we mosk alay shome Off) extra bis of nformation
hdicating () whether the tny potnter 15 pointing at ancther they pdnter or at a Anal wahe and (b) what the slae
B of the Hny-potrter femlue beng potrbed at. Throvughout the mat of the mroof, we will coomt thess () exdra Hits

M haing part af the sles of the they pobwher
Shhre there am hoth wmioem amd they peinters of memy dfeent dam, e mst v 8 dieent derefereere Rkl

for parh dlaswclas of teg polnter and the diffsent dereference tible fior sarh dee-rlss of vahe bang ghomedd. [Note

that the derafomnes tabia atorieg thy polntes ney wead ta s the combad-atoarags techmiqen to kandle wariablslzad
finy pantem, an the s derafismncs tabls ahould nat be wBad tn stnre bath iy ponbes and wmhee )

The problem of dynamically reshing all of the deraferenrs tibles Blmultanecialy 18 dightly ticky O onslder a
deraimmea tahle A (ta A could sl be the e argy) that starm J-bit thy palntem for sones There ara K = 22
iftffiremt damefirramas takie By, By, ., Hi that thena ty potntam can potnt nta (dapemd g on th dza of tha objact betng
paintad at and whether the ohject 1 8 thy pantar or 8 wahe] Each B: nnet ndbeldueally be dynamically redead We
wil matntatn what we call the dyromde-sising dnsartont, which guarantam that each B; 1aatther (a) at & load factor
1—0(1f ), whera §* 1a the dea of the objarts storad In B ar (b) Y at seoat a of] f(Kf])-fraction the dea (n Bia) af A4

T Implemert the dynamic-sizing mmriant, we dynamically reslze sach B; using semeaggregated resking (recall
imﬂmﬂmﬂﬁatthhm&hbmhmluﬂmﬂﬂammpm,mmwmmmmt
m that i ake ether douhles or halwes). Tio allver for componenta of each B; to be hllt sflcdently, we break A 1ntn
gomen of Be paly (K], meaning by fmmﬂmﬂmthtaglmnmmpmt (iof aome B;] corelating of & entries

can b rabadl: 1n tme
|4l paly(K] +s,

where |4 15 the mmber of entres In A Ve perform dynamik resing on B diferently depending cn whether 1t 15
wery amall 1t componenta contain fewar than |.A|f poly (K] slementa sach) or not:

o If the components contatn & = [ |A| fpoly (K] elenwnin gach, them wa parbirm sone-ageragatoad makeing ety
aa 1n Sactlon [T} tn keaep B; at 2 oad factor 1 — (L/4'), where #' ' the aka of the objacta atnred In B;. I thia
caa, the ths neaded o rebuflld 8 component of ek« 18 B{s), 0 the dynale reaking of B; can be desnertisad
to tales (1) tlme per operation (on B;). Note that hera ;18 n cess (8) of the dynamic-reatsng Imeariant

& If the compomertn oontatn feerer than |A|fpaly(K) dements each then we perifrm 2o e-aggregated resleing to
keen earh compoment: of B at & capadty of B(].A| poy(K]) (even as |A| changes cwer time, and ragendioe of
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whether tha numbar of clensmin par component nesy be slgnificantly soaller than |A|fpaly(K]). Note that, hem,
B; la'n cae (b of the dynami-melsing trartant

When H; 1aln thin raginen e cannat anwwtien the mode apent, rabulifing B: o the aperatlone that ara parfornwend
on B Thatead we apmad out the wiork apant mbullding component of B; n the fillvwing wmy: fir every B{K)
wurlk that 15 et cn A we sl spend (1) time cn wdaing B Snes B 15 more than a factor of X smaller
than A th's B qufficlent: thne tn kesp B; n & shate whans sach component han capacty B{).A| f paly ()

From the pempectlue of A, esery time that we spend coretant time on lmeertiens)/deletioms fewdldng 4 we
alan may enend conatant tme perfirming rebld-snork cn cne of the Bia (which In tum, mey ecuretely lead
uB tn apend conebant ime on whidlding one of the dereference tahles paolnted at by B; sir). Inportantly, doce
chaine of timy petnters are at mest + < Q1) long, the time spent on eadlds cnly Introdoces & coretan tfacter
owerhead on rnmning tme per opaEratlon

The reakng approaach deacrThad shows guarantam the dynamic-dzing Invariant, whils Incurdng anly & conatant-factar
tnw overhaad par opamtion Next we uss the Invariant t boumd the spacs commoptlon of TY. The deraferancs tablea
B In e (3] are Implementei spare-sfdently encugh that the emphy slots In them tale neglgihle space compared
tn the actusl chjects ghomed In them (e, the empty dots add (1) Hie per chject), and the dereference tabies B;
‘n cane (b] are small enoagh that they tale neglgible apane compared to the sles of the parent deraferenoe tabie A
(e, they cumulathmly add of1] bt per slot 1In A). It follows that the totel space commmed by derference tehlea
will he at meat the sum of the sam of the chjects bang stored 1n the demdmenoe tablem, phs (1) bis per ohject;
thia, In turn, meana that the epace used by T to soms whum/ftiny polnters ' glwen be ().

Next, we bound the tmeaowerhead of T° when compared to T, We have already abown that the tmeaoserhead of
perfrming dynanle-reaking on deraferancs tabls 1o (1) per operation. Sinee e are storsd with st seat, == Q1)
Jewiln of Infimction, the tine meaded to aones faeefify 2 walue 1o aba O1). Thua T* has the o thas aaymptatio @ T

Finally wa argua ﬂﬂtthdﬂmfnrnmutuhlnlmikngumid:thﬂ:ﬂ]mdmmwlﬂlhhh;thmgﬂThm
#re el apprcaches that we coald tsle o ddng this; the stmpledt 18 to just add one more i eation to how e
perfnrm derefrrenre-table maieing: wheneeer & derefenos tble getn down to ale B0, 40, we do ot eesr waee o
hmmﬂmﬂTﬂunﬂmﬂﬂ.m e firenea table could he wery apares, containing 2 4% alate, bt contatying S
Frwar alanwmin E!nmﬁmammhﬂl[w]:m"m fiffarent deraferancs table (racall that wla the nochtsvned sia),
the. net apace. commmption of the dersfierencs. tahlm of sze B(m) B o) Wis The fct that every dereference teble
han alzs at et 2{,4n) means that all of the derafismnes taklm offer WMgh pmbaki ity guarsstam an detrad 0

44 An Dptlmasl Interns L AMevory Stach Cur Anal application of thy pointam reviatia ome of th oldest peeklana
In ewternal-rermnry dats siracthures: the problem of malntaising 8 el ntemmsl-memory slosh that sllows for one
n lncate where alemwnina mdde 1n A lamgs exernal-memnry datn atructum

The problan can b frmaalizad as fllwm We naat sinre & dynanically changng aat F of up to w key-vale palrs,
whira gach key-vahe palr can ba sbamd In one neachind wiord, andd whare each ey | unkque We are glven an snlernol
mamery coreleting of (1 4 €)n mackine wonds, where the kegewalie patrs § ame to he stored. I addition tn shoring
ley-mahie pilta In extemal mermanry, we muat melniain 8 amall Imemsel-rmemiry data siructae X, which we wlll rafer

n a4 the alosh that supparia the fnlloeng operatione

& Quoory(k): Udng only Inirmation in the stash dats strachre, reburms the peltion in arternal memory where
the ker k awl Ya cormapundding wsmhis o ars ainead

» Inseri(k £): Imerts the key-walue par (k =), placng the palr aomewhers In exdemal memory, and updating
the sbash

o Delata(k, o}t Remawen the ey s pelr (k o) from the extenal-memory army, snd updates the atash

The Impartant featirs of & staeh & that querles can be compleded with 8 Bngle accees te exbernal memnry Cm
the nther kol n onder o a ainah b be el seearal other objecd v muak b achleead:

T o Ty At wmpw that ema sonld e dle alloestin dafinves, neinding, b arsople, parkrmin g akeh sabo e of the dais
ot

HBrrawr e momsy o] slly hangs s thoe we G0 nesd to spend smrisnt thes per opeesclon et evederen = bl
e whua /el ma that thay wing shus B sa m clmngm.
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o Comparbnwws: The abah X nesds tn e a8 amall as posdble, that way Y can #t Inin an Inbarnal mesmnry with
Imtad alza

s Efficlent hearts and deleter: Althaugh a abash pelorttem queries, narrtions and delations gumid Mesly slan
raquire only (#(1) acceeeamalcations tn extamsl memory.

* BRAM afficlenwy: Floally, ao that commutations crerhead dore not hecnme 8 hottleneck. the cpemtlone on
& gtmh shald b @ aflcent aa pealhle 1n the BAM mde] Mdeally talding time (1)

A monerete emample of & Gtash that B 1Bl I real-wedd syetema B the poge fobie 1) 2|1, which 1s an
anerating-aratanedoval dictiomary that naapa virtual page addressn to whem thelr correponding phyelkcs magparalds n
nanxry The page table b accenad for every addmm tanalatlon sa i B perforneancs critical sl thom hghly aptiobad
Addithnalle Y 1o opertant that the page tahle ba apace-aficlent. ao that & nsy ba affecthaly cachad In the procasar
carhe Heramhy Mote that, although page tablea geb o select where phydcal pagee realde In mermnry, they oo oot
get o mose phydeal pages that hawe almwady been placed; thue any shash that s 1eed a8 & page tahle must alko be
stahls. For this maann peat work 56,42 4% has typically Inchuded atahbifity as an additiona) criterion for & sbash

Wark on desianing apace-aficiant and tines.afficlmt stashe date hack to the late 15808 [35,43,43] The heat-kmoen
thenmetiral resulin are due to Gormet and Larem (5], who glwe a etalle sagh that uem mly QOfuloge ") bis. A
mmarkahle comaaquence of thia B that when ¢ = 8{1), 1t 1a posdhls to conatract & atash usng only (n) bta

Gormet and Lareon's result comea with aeversl slgnitficant dmwhacks, howeser 5|, which have proven diflmdlt
o fix Fimat, due to t5 mlance on stahle unlform probing |41] as & mechaniem for debarmining where leys/mloea
would reldde the sbash anly offers pmvahle gearantam in the setting whes nesrtionsfdelstlons am perforned medomiy
Becondd the dats structurs i not conatant-time 1n the BAM mudal nabeed taking expecsd thme B{e—)

Uidng tiny polnters, we show that madiern techmlques for comatracting Alters can esslly be adaphed 1n crder o
cmatruct & sbahls atash of des ({nloge—!) bita that mupparts conetant-tine operations in the AAR nwdsl (with high
pmbablity) and that mpports arbltrary saqencmn of nesrtioms fdelstlons fqueris .

Teeimem §.5. It i poaelhin b contdruct & sishis Aahi et apports conatand-tims oparationa in tha B4 A mnddl
that stoves up b i kagsAisinr in an extamal-mamony army of siza (L4 cpn, and it weer ondy Ofmlog et s
of intomal-momary apare. Al of e muamnbos for the siaf ol with gl pobeblifly 6

Pmaf The starting point &r our deslgn 18 the adaptive Atter of Bender et a1 |12, Llke a gtah, ther Ater 15 a
epace-aiic et Inteanal-memnry data stnacture that summark e the ghate of an exdearnal-memory leyewmloe dicticnary,
Unlike & stagh thelr Mter doem not Indieate where 1n exbernal memory each ey vahie B Gored  Ietead the flter
snewers contE et queriea with the follvwing guamntes: earch poatthe query 1a guamntesd tn rebirn e, and each
negathe query 15 guaranteed to retum fake with proheh iy &t least 1 — ¢ (fior some pammeter £). The sle of ther
‘ntern:al-neemary dats structure 1aanly (1+ of1] palnge— = Ofnloge—") bita, whem i la the capactty of the flltm'E

The bede ldes hehind the adapthes Atar af 13 18 o oiore 2 fegeepeinl for aach key =, whera each ngerreint 1n
talen tahe some prafe of the kash K] Dlferent beys hawe diferent-length fngerprints and the Invadant, natntad nad
b the fitter 15 that oo Angerprint & & prefle of any cther Angerrint T maintain this Irearlant whlle sl keeping
the fngerprints a8 amall a8 poesfhle, the Alter will aometimes change the lengthe of (1) differet: Angerpeints during
& ghven Imeertlon fdeletlom; to change the length of & Angerprint the bey comeaponding to that Angerprint most frat
be Btchad fmm sxtsrnal memary, that way the hash k=) of that Wy can he racomp

The Angermeinis In the Alter are stomed a8 follows The et lgw Wis of each Angereint are called the guallent,
anal themn Hita are el io amign the ey 1o one of w B oportantly, the fact that the hinechalcn aecodes the quetiant,
o earh of the ke 1n the Bin mesns that the data sractme dos oot bawe o expldily siore the queblents of the
Ingarprints The newt lge— bitaof gach Angerprint, are callad the Doselne bits ad thew bia are Inchuded for every
Iingarprnt In the dats sructum Flually, any subaaqent bita In 8 Angarpdnt are callad the odopiielip bifs, sl thems
hits am added, rerawed In onder tn mentatn the prelin.freensn lmartant. 4 central plece of |12('s analyda B to ahow
that thers are only Ofn) adaptlviy bits In toba] amd that theas bia can be anred sfcently.

We nowr desrribe by by mnafl fy the Al to beoa ghash In addtlen te sbodng 8 Angepeint for each ey, we oo
&lm atora & tiny palnter with expactad aks B(ing e—'). Thes tiny pointara are eagy to stom, aince the Ater hea already

TR Rt thate dmim it ras ey dymsmdesl by rashls, bt oz emr aqpBestin ths wlll net b mesm—y

TN T e i, wizmestimon mlnn meomet hross Tpeinias the ogthe of Soeeepeints drelog gsdche queim ot meh o e et e
dr the porpme af or dsds wirnsnrs

=] Unanthooieed mdehnm
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made room for nge— haasine bits & each bey Of couree, diferent iny pdnbers may hawe different lengthe, bt
this s can emlly be reaolvad by dﬂmrmhgthanhmhhhragntmhnlqmﬂnﬂﬂih&:thn[urhgampm
the technlquen already ussd In |13 tn handls wmrishle-length Angerprinta)

One miner difieulty 15 that the flter asumes aces o an extarnal-memory dictonary (mther than jist a
dereference. table) that way 1t can loolnip beys 1n order to mafify thelr ingerpeinta In the case of our staah, howeser,
these loolmipe can easlly be perfocmed 1BIing the thny polnters that are already shored. B0 cne dore ook need 8 full
dictlonary In exiernal memanry.

The fact that the tiny pdnbers have dee B{loge—') means that eetems memery can be Implemented as &
derelerenee. table with lad fartar 1 — ¢ The fact that the orlgina] adapthe A1 oupported oomtant-tlme apemtinne
(with high probebiliy In wa) tramelabes to the stash den supporting comstant-time cperatiors. And the fart that the
arwinsl adaptve Atar wed space Ofnlnge—!) Hia i hiemal avmeory sl trandata the s guamntes for the atash
The the thawrsmn b prosen

O

T Iynawls Halk and Hine
In the secllen, we mintarprat cur ing-pointer cometructiome & balls-and-bing arhames In crder o Impmye the siate
of the art fir the clasdc dynamde ad balsncng peobdem

In the dynanie kod-Ealancing problany thars B 8 aysbann of v BHina s A langs undweme IF of halla Balle ara Inaarted
and deleted (arvi sormetimes retnaerted ) oner time by an chllvicus adversary; Bo that the tote] mimber of balls In the
gyatam never exceads 'R — le for e pammetar B Whenesar 8 ball = 1a Imeertad T rnat be placed In one of d Hna
Trom amang Bin, (=), .. Bing(#), wham Bin.[] 8 snws hash function fmny hella to bine Qimes & hall | placed In & bin 1t
cannel be neveed unt 1t B deletad The goel of the dgruormds o d-Dolon cdng probésm B Lo aslen halla o bine 1n ander
1o acheve the amallet newtmumeload poslble (e, to mininks the mmiher of kalla In the fillet Hne). We mfer to the
epaclal cass where balla can be Ineertad sl deletad bt not Elnaartad a8 the asrmd-dgruomde. inod-bolonnsing pobiam,

Them are two clamk elutlons o the pmblemy The Amt b Sooire ballebo-king sl gnnemt: we aet d = 1 and juat
placs each = 1n Ky (2] The secand 18 Lery{d] ballstn-him amlgnment: diwlde the him nbn 4 groupa o thet each k; 1a
unifiormy Into the sth gmooup when Ineerting = plde the Bn k(=) with the smallet load and hmeak te by mintlsing 4

Smwie's hehavlor B Hebery viepervient, 1n that the mawimorn lesd at aay Sme only depeis on which balla
#re prement, and ok the Heinry of thelr arrlval The maxtmorn lead B then completaly charackerleed by standard
Chernoff hounda 2.

Lerrid], cn the cther hand, ¥ highly hstory dependent. The firet time that & hall = 15 Imeerted, the hashea
Bm (), .. ., Bng(z) am hdependent of the ayatem atats, but 1 a ball = 18 ever delstad and then later mfnsertel then
the past Imeerticn of = can hawe long-term skie efecia on the systam sate meaning that the gtate 18 not nereranly
Ind ependent; of Bty fz], ..., Biny{x)

In the meertion-only astttng (16 balls am mot deleted ), Lerr|d] ofies & celebratad bound |57 of

lng ingn
(7.5) At + L)
m marmim load, wheme $; B the generallasi golden ratln. In the dynamic stting, Lerrjd] has prowen to he
dlgnl Aeantly nvea diffcult to andlyss The orlginel analyels of Lerrd] by Yicking [57] can be wsed to achlers 2 hound of

log Jog 1
(7.6 ﬂf”ﬁ"'m

for the semldynamic etting bt as Wiosfel oheerwed|58| the game argument dom nok apply directly to the fully
dynamic astting 7| Ha ahows how madify Yildedng'a proof tn achles a bound of

lng lng
- +
& Ofd) + e
TG APy b 0 Ao with the soskat af the Jeaes I the wne toe, sod S ssey to deser The o the oees whees & =1 To soskss
n bt bull 7 the oipie] smhas me Mardvnfs iy bn ded nes et mesh. of 2% dhim I st mest w13 of lmving 8 or mews
i, snd the snshels smeindes thed the peobshify of sll £ hine smisdniog 8§ o owrs halle b b et - This sxres snnhuls doss nat
spply 1o the InThy dymsomd= meiing sinew & wrook] nmed che ks of the sysiam of L0 b I dependest of 2 heah fin=ttoe Hog{z),. .. Blogz),

whish b ne1t tha e dna to smhils hiwbory depandsn-tas n the seten' s

am TTnenth ool mﬂﬁfm
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n the aettlng whare h = L In genem] when h > [, WieBl's argunsnt vlakds a8 boumd of
(7%) (L +hd) + 5288

dlogda’
which hm remanad the sbate of the art
The beund (%) 1a mest interegting In the case whers k 15 rdablwely emall, that 5, b= aflogn). Hers, ({3 can
be dgrl fieantly bether than the B(lngnf nglogn] hound that weld e ackleasd by Smcre. OF course, the question
mmalng a5 to whether there exlain 8 balb-to-hlme arheme that achless 8 bebter boumid W amewer this queatlo In
the aflmathes by gvwing a2 Hn-aslaction ruls with 4 + 1 kash functlone that achlers acodmom Load

79) Bt B 1 Ofy RglD)-

We mmark that, even when kls 8 comatant, this hound Improves the dependence on d from Qd) to Of./Tog 4]

Chur ruls, which we call Icshergld B & hyhrld of SooGie snd Lerrjd]. This rule B closly ralated to the ruls that
wnumih&mﬂmﬂﬂrnmﬂ:r%ﬂmhknﬂmpnhhr&

The rest of the section proreeids a5 follows. Wﬂh@nhﬂuﬂﬂmﬂhﬁpﬂﬂmuuﬂﬂﬂhﬁhﬂmm.
In Subeection [ we present: and snalyee Iczeeac(d] Fnaly, n Subsection [ we rdnbepret oir wmrishleslas
ng-pointer comatractlon as & mantt ahout probecompleslty of balk-andd-hmE arhermes with b of capadty 1 In
partirular, we ghve the firat dynamic hallalaeation acherme to ofier poly(§—) sverage probe compleatty In the metting
whes them am up to (1 — 4w balla preasnt 1n the syatem at a Hime

T-1 A TTeafn]l Lenama This sectlon promes 2 generallsatlon of 8 technleal lemma Imtrodhiced In recent work cn
epare-efirlent hagh tahles |11]. The new lamma extenis the original me to & wider parmmeter egime. We alao Ele
a different combinaterial apprcach, resulting In 8 dmpler pronf that meeals an Interesting mlatiorehip hebmeen the
Jmnan amd Telagramd's naqualty We remark that eadlsr In the paper, w8 heve almady naade wae of the reailis fron
thia maction In arder to dhinin Lemma E7]

Caralder a dynamic balls-and-hma game wlth » B and at must s = f ball at 2]l imea that are placed with
tha SoviiE rula Whamewer & ball 1a throwm Intn 2 hin ¥ the bin contslme K+ or newa balla, then the ball 1a labalad

& r-sopaaed [and the lshel pemits untl the ball 1a nert delsbad).
Luva 7.1 Suppaes L < ¢ < h. At sy fieed point 4 Bme, tie number of 7 -eopased il i poly(h) - ne™ A5 wik
probab@ity | — axp D HEHY)

Chr pronf of the lemma w1l malks us of & vadant of Tlagrand's Inaqualtty U Chaptar 19):

TeeiEEM T.1. [TALAGEAND'S DeguALTY} Lat X3, .. X, e n indopandand mndom varlahiss from an arddirany
domadn. Fa F e ndin of X3, .. X, not {dondicaliy 1. Suppea that for somao e r = 1), F i clipechilts and
rrerglads doffcd as folious:

e F is e-Fparidts § caning e ouwbrome of any sinme X dusoes F' by ab mot &

o F b rempriffiadia ff, forony &, §F(X, . X)) = &, thon thara & o eortifyiey a0k of of moat v X5 uifioen aubeoma
doe A A wiinaor Bk B 5oop, ki, F' 3 o po madier e gubmme of e ather X; nat in e corifing sol

Then, pr any 1< t < E[5],
Pr [|F— E[F|> f+ﬂhm] % dep (_B_c&[ﬁ)'

The prnnf of the ema procesis by boumding the eepected mmber of eepeaed balle, then ueing Talagmndd'a
aquality tn achisrs & concantrmbive Boumd

In what Rllrvws, we rafer 1o the halls which am present at the el & o, - 8 8oud e wier to the eoaining
halls In the imiverss 858 ag 1, ., & . We denote by o; the Hn choles for ;. For 4 £ k], we deflne £ to be the laat
Hrw gt wrbich o; B 1meerted e deflne X to be the randem varlable Indbeating I a; 1s an erpeaedd ball at the end of
ﬁnm,aﬂmﬂml:ﬂf_l.ﬁmhthmmmmhﬂrnfmm

S TTnenth ool mﬂﬁfm
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CrAm 7.1, The eopered number of expued balis anilgler E[X] = Ofme— /%0

Proaf Recall that X = %, X; where X; Indieates whether a; 15 expoaed By U'nearthy of expectation t suifles to
s that E[¥;] = Qe A% for sach 4 € k).

Fixd £ [k]. Comalder the Ainal thes &; &t which ball a; B Ineerbad The ball a; B exposad ¥ and oaly If the mmber
of halls In bin o; 15 at least &+ 7. If weaet ¥ to be the mamber of halls In bin o;, and weset ¢ =7k, then we can
houmd the pmbalfity of ¥ > &+ wing a8 Charnnff haoumd:

Prl¥ 2 h+o]=Fr[Y = [L+ o] < ¥ &% = ABL
The Pr[X]=e""/% [
CrAm 7.2. The random varisdie X & (R -+ + 1) Lipachits and (k +r + 1) cortiflabe ar a funcion of [}, .

Pronf Changing the wmive of & single a; to of can only affect the mmmber of expeasd ball In Hn a; [erkch may
dacmae) and 'n bin ot (which moy Incresn). The minher of wempusl kel in a bin b detarmintetlcally ot aemt k4 7
THis rweara that mewing ball a; mat of bin o; can newass the momber of merpoaad balla In the Wn b at moat A4 7
&nid thie can decresse the mamber of eepeaed balls by at mest B4 74 1 Ewhu-at]:n+laun1mtaﬂ:rt]:nmmalnf
a; Haalf) Biollady nwwing hell a; Inta Bn of can decresss the maber of umesxpossd balla in the Hn by at neet B+ 7,
mithmmn!mmﬂmmni:arnfmpmibﬂ.]]nhyatmth+f+1.Thlud.ﬂhldmt]ﬂ.lhl[h+r+1]-1.!;mhﬂs.

Th certty that ¥ > & lot J with [ J] = £ b aat of value § £ [‘]lﬂhthﬂtdjhmpmiatthanni:ithm Far
each § £ J, 16t |; ba & mlaction af k + ¢ ballad such that hall a; wea preaent. &t the last tine §; that a; wea hasriad and
much that a; = a,. The aet of mudon wdshle {a; | 4 € B} {a;] ach @ a cartificata that a; t orpossd . Thus the et

| e |4 € B uias}
i

acta an A cartifcats that X > & Thi certfieats conalata of s{h-+r+ 1) mndom varlable hemca X 18 (ht 7+ 1)-cartfakle
1]

Pruaf [Proof of Lemma 1] Set Q= werp (—r7/(BK)). By Claim [71] welnow that E[X] < @ By Claim {2 we
can apply Thingrand's aqualtty (Theoram to X whthe=r=Rh+r+1=00Mh] Appying Talngmmd's haqueatty
with & =B, and usng Q an sn uppar baumd on ELY], we can dedwes that

X = Oleve@

with probabltty at laaat
1 — e (— 52}

E: followm that X < paly(K) - e /5] with probablitty 1 — op(—Q(me— A%NL [0

73 Irshergld We now preent the Iczmeng[d) halsin-Hm rule Let w be the mmber of bing lat hn be the
mawimiim mamber of halls alloeed te he preaent at ang gleen memeet and sk d 2> 1 be & paramebee. Partileming
the bing nte 4 equal-Alesests 5. . 8;. Lot g hea hash functlon mapping halls umtermly at randem e B, and
6t k.. kg be hash fumectoms such that aach h; maps balls undfermly at ramdom to & random B 1n S

We ghall hawe thres types of balle: lomplame balls lewel-tan balle, and lemel-theee balln Fach logel.cne ball = will
maida In Wn g(x), each levaltean ball = wil malde In ane of Bna kg (=), . .., ka(=), and sac lowl-thme ball = @il raakda
n Bin 1 (bt at mament, the mimber of laeel-thras ball will be zarn whp ).

Hetr =&/ four mvmn mrfficlently large podtwe conatant & Ve shall sl beep trade of a mdahle g cound g
the mimkar of lemal-ten balls poeasnt At any gheen muwnant

The procadum fior Inaerting a ball = ' as followm If Bin g(*) contnine h+ ¢ lewal-ane ball or femer, than we place
= 1n Wn gf=), and v claslfy = a9 & lavel-ome ball Ctherwhs we chade whather ¢ < nfd B g« nfd than ma oeanine
Hrs ha(x), .., kalz), anid we place = a3 a level-twn ball fnto whicherer bin k() oontatng the feest Lave-twn balls
(hreaking tem tnwrards the smallet ). Fially, 1f g 2> nfd then we placs = as a laval-thms ball Intn bin 1

1| TTnenth ool mﬂﬁfm
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TeecazM 7.2, Juppss L < k< n gnd 1 < d < o). Suppoes dells ara fasrtad/deated fedaartad dnto n e
auar ma iy on chiflau advermory] sccording ba IcERERG[d]) ruls, with no maors fion l bals prescd of o Gma. Than,
m.ii..p.inn,dwﬂmmﬁﬂumﬂﬁhﬂuﬂuﬂn&h+ﬁﬁf+ﬂ{ hlng

Prnf Earh Hn determiniatically contatng at meat B4 ¢ = R4 0 lwelone halla. This, 1t suflees te
bound the mumber of level-twn and lovel-thme halla in sach hin be =+ f1).
The mmmber ¢ of lewelktwn hall In the entlre syetem B debarminlatically at meat w/d at any ghven moment. In

other warda, the lewel-tann ball are placed aconnding to the Lerr|d rule with K'n bl wheare ' = 1/d Tha we can
ity Emﬂmﬂmt,w.hp,ﬂnmlmmmﬁa‘nfmtﬂ]hpnﬂnlﬂ

Iglogn _ loglogn
Toeds — doady T O

Naba that, In this appleation of {5, we are wing Woafal'a malyda 58] of Lerrid]) n a snewhat unens] pamnwster
mgnoe; that 1, the analyel B Intended prinearty tabe ueed In the metne K2 2> 1 (awd Wiefels sl wa only explicltly
etated fior & = E1)), but we are taldng adwantage of the fact that the anslyds alo helds for &' = ofl) without
mwfiflcatlon

We coaplets the proaf by showing that, whp, The minsher of leval-thres Bna b zara. By Leamnea tha mimohar
 of lewel-twe balls gatlafles g < ufk (At any glven moment] with prohebllty at least 1 — exp—n/ paly(hd)], which
by the asnmptlon k4, < wol% % at least 1 — 1/ paly(w). It follews that sach Indiwidiel ball meertlon ha pmbablty
&t maat 1fpoly(y] of belng lewelthree ThlAng & unian hound ower 81 of the ball In the aysbem, the probabitty that
any of them are level-thmee B 1/ paly(n), 8 deatrad a

QL+ Kd) +

T3 Amignhyy Ballk in Caparliy<] Hing wih Low Average Prrobhe Conmplexty Cur fnal meult of the sactlon
coreliers & dynamic ballsand-bire game In which thems am v bing each with capacdty 1, and st mest [1 — d balls
#re preaent At A time. Fach hall ® has & predebermined (nfintte] aequence (), ka(£), - . . of b whem 1 can mealde,
and we wiah to mintmize the probe. somplantiy of sach hall =, which '\ deftned to be the amallet 4 much that ball =
Bn Hn hifr] Fince we are In the dynawic aetiing the sans ball mey b Inaertad deletead snd retneerted nang tnes

Firat nate that, n the hasrtionanly astiing 1t 1a ssy to achiews probe awmge mmphﬂta‘ﬂ[&"l]l:gam;rhm
uniformy pmbing, which seta each k(=) to e ramdomy and pdaces each bell = ntn the frel avaflsse skt i the saqemce
Ka[=], hal=), .. T the dynamic aeting hovewver, them B nok et ang dmeooen bin sl gnnoemt, achemes thet, achiens averags
pmbe complawtty poly () (for eanpls, untamy pmbing ks only succemsfully been analyzad In the randoneedalstlang
aetting |41, and the snalydas of Inear probing wthout mewing slements sroumd remaine an open pmblem (54

Wa now comatruct 2 binamignment achems that achlevm soerage pmbe compladty paly (8]

TEe(EEM 7.3 Sumpats = Lin=l} . There evitts o Mo-assipnmont srfiome thet supports arbitmry bl imreridons flote.
o droinacrtions, sl susranion an oepontod profe compiordy of O{poly (1) for oo bl dn the syatom

Prmagf Corslder a mriahleslaetlmepdnter deraference tahle with u slols and lead fackor 1| — 4 For each ball = and
earh 4 £ N, define k(2] = Deaprepmce(s ). Thasign a ball = to a Wn, we call the fimetlon 4 = Aroceos{s]),
ani plare = Inte Bin ki(#] = Deaprepewce(e ). Tb deete a ball = we call FReefe 4] In onder o deallorate the
appropdats alok 1n the deraferencs tahla

Lat &2 01 be & ouffclantly anxall poattive conatant EgThnmmEﬂmhhﬂsgatuam]gmdmath;(s]whm
i (which B the tiny poinier returnad by Arrocare(=]) B

Qlogs ™+ F)
tita fior A mndam wrakls PmﬂuﬁrﬂngPr[ng]gﬂ{:r’“}. It filkwm that Prii > poly (i < QT — )=
ﬂ{f},aﬂimtlmtﬂﬂmpﬂﬂmpmhammﬂmﬁynfmhﬂslﬂm[&d]. o
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