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1 ImmepoocTme

The mline Nat-dekoling prodfess 1o one of the moar heals
and e Tl-aindisd slgadiihmis pelmihved In dafs wtmenses, wih
an sxtenatvs 1¥eesinds apaneing nppwe boamea [1]-]14], loorer
bonrcla [15]-20], vadani [2], [9, [11]. [21H35], and open-
peoblam ancwya [19, [26]. The problem had bewn ncepen-
denity ceedlscmnared I many Affaent conterin [9], [24], [25],
[27], and 1 kas foand extena)ve appllcstions in s anch
orlarnd mudnenancs [5], [6, [23], [28], cache-phitvlmne dads
ameoinena [13], [14], [ 2H31], denas Hs mudnenancs [2]1-4,
[Z7]. applec geaph algocithma [32]{37], aec.

The list-lsheling peohlem wa oclginally foemolsied [1] -
folloora. An algowithen onalt sioes & ant of & slamenie (whas
tu changes over Bme) In aociesd oocder 1n an sieay of a0 > n
il Heameni ace Inssoed and deleied over dme, wlh sach
nwsrtion apecifying the new slement’sramk ¢ £ {1 2 .. s+
1} smong the othee alemenin dhat e pestant (g g, Inasiing
ait eanle 1 owang that the Ines e slsment b ths nae wmsliset
dlemend). To keep the slamenis 0 woned oeder 1n the aiesy,
tha a'lgaeithe mos wowmelimes mowe slemenis aonnd . The ces
of an algwithm & the nomber of alamants o docng the
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mmmﬂqmbhmhwﬂlmmtm:aﬂm
j:h fu In thh mede-avpessstie vgime, when
» X 1o postible to achieve (1) amoofized cowt per
npﬂ."nn[iﬁ].InIquqt-,wtm“ Fro bl
the amontized cout beoomed O[lors) [9, [24] [38] Thess
boonds ae knoom o be Hght for both deterrinui= and

cancinwrizad algreithens [10], [39], [40.

It haa ewmainesd an open penhlem, botrews what bappend
In the Fmeer regime, whees tn = [14-¢)% for wome ¢ = €11
In 1981, Tiad, and Roeleh [1] ahovmred b (0 achlsm
amorfized coat O fu], and podsd . oan opean cquaation
whather amy algmelthm sl do bedter Tvaplin & goeat deal of
anhasnant wodk m altemallw solotlone (ncinding deieoenine
lafle, cancoemized and desmoaiteesd algneihoa) foe the wame
peobleen [2H7], [11], [19), [21], the boond of O (g™ ) hat
amalned onimpeoee] Tor fone decades

Stanting In 1044) shews hse bewn & bng lne of woek
mm:mﬂqﬂ[#njlmuhnﬂ[lil—
[17L [20]. [3H Ii & nown hat sy deieminiale slgadihm
eagniees {{kw” ) smoofized coat per nescion [20]. And
the aame lower bond holds for ameaidh algoedhoe, wheos
the lsbelings ae cosicicted o avenly cobalancs slamenia
ook & cmitignne mbaseay [15]. This sacnnd lower binnd 1a
anepeiaingly wrong: ¥ appliss even o candomized algnekhen
and sven in the afline penhiem, whees e sniles wsqoencs of
operaiinee & knoom s prded Hoewer, the beat grness] locres
boons cemadee T3 1o r) [39]

Theas Ivorer bawmela (ol na that, 1720 2 gnrithen o b bead tha
ﬂ[]ng“n]bﬂnd,tmhﬂpdﬂmmmhlﬂtmduhd
and non-amiendh . Whedher o nod any mch algeelihm la poaslbis
ha camained the canieal open goestion [1], [15]{17] [20]
[19] in thla cedearch aina (une alan dlacnaion of the peoblsm 1n
open-pehlem anewys and tecihonds [19], [26], [41] Sewecal
wacel [13H 17] bave conjecmend that ﬂ[hg“n] coat la
opiimal In geneval

A Baerking dovigh abe low® fo betrater
Vo powsni a cncdenBbad Daklabeling algoeithen that
achleven expecied coat [lew™ 7 ) per nastine/delailon In
the linew oeglme (Cooollary 151 In boadcing theangh the
T eocoessrdol (b soey o b owbich bl belag b eed, -

wrie dewc . e prodies In o s cheirosy my e .

hhq#uﬂ:i:dpﬂylﬂ;m{rn:ﬂ:in.l:dqﬂf
i
{l,=. m} a2 4y {3} < #Hyh,

o ralokalad pEr m—
Iumlh-ln.-nliu-p:lh-.
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low™tu barder we satshBah dhat theww 1o & frdamentsl gap
beivreen deierminitl and eandoerized algoelhes for onfins
Vst labelng Owe romnli 1o dhe st saynpinil= Impeoos meni 1n
the lrear cegioe In the dilys s hisory of te ponbisem

The selginal [ kgr” ) npper bonnd by Ial s al [1] ska
extands to e Seme regee of ¢ = of1), whees e boond
on amoized cost becomm Ot w) [l [12] [43.
Frisnding one algmlibm to the awme oegime we achiews
pxpecied cout Dfr ) g™ ) (Theoewm 14)

Applying one oot to the 1nesdlon-mly astiing tha acey
can be Mnd fooem empdy 0 Il (e, fu = fiv) 10 inkal & xpected
tme Ofnkg®n) (Codlay 16) THy improves over the
peevions e of the act of O [sulog® 1), which wa knovn i
be opiims] for deteroriniails slgneihon [20]—again we havs
& shparafion hedveiin what can be achineed with d stedim inlaf=
and candewnized algoeihos

A mepdaing sipwct of one cean¥a 1o howe they conieast with
tha polynoerlsl eeglme s = w20 whows candoerized and
determiniatle algelhoe ae acympintically sqohalsant [10,
[33]. [#0] Omefical oppeestbensd coanlt conakisd & cminnnm
beiwoen thes teglmes whets i = nﬂ[ﬂ.]nn'[i]' In thla
.lpn.rqt- theee b a folklows bannd [9] [24] [38] of
O g5y ), which contiunanaly dafoems between. O (™ 1)
Tor the Rneer ceglome and O 1o ta) foe the polynorial eegloms
TTuing oor tachniqns , we achise? sepacind cnut

ﬂ( s )

vim(afn) )

Thoe we achieve scympiofs Impersremenis foe But lnbang foe
all tn = nl+e={l}

B A wievpecred ool oy sedepesdsies

One cewsarch s hat oor algneliheon bl d¥eeatr npon
1o the amcy of histwy-indegwndant dats wrncnods: & dats
umenes 1o add o be Bitery (edapendent [41] [44 ¥ 1
cocient atsie cowal nodhing shonk the Huoey of the past
opaiatione beyond the cnecent ast of slemenis that we poaasnt

Huieey Incdependence i typlally Wewed aa 2 wsndy
guaranive wih the Ineni being o minimizs the dek Ineneeed
by & asnolly heench Reswch on hluocy-Indspancdent data
amonees [4IHA] (a well m oo bluoryndes pandent s
laheling [21] wpeec]fheal1yy haa foemasd oo bistory Independencs
an an owd gool with the qoeafon bedng whether hBlainey
Incleyw ndones aun e scioved wlithant any e In enning
.

We find that 0 the coniert of T labaling hisiery Inde-
pendence i sanally & valnshle algonidns sl foe nTlding
Tasivwr cancioerizad dads tmanees Hlarwry Incependsnces aToee
for o i0 haw & dats srncines Wb volowahiTdes (Lo,
catain apols whats an nasiion wold be expensdw) whils
(1) bewping thow winscshllifdes Hdden feom the adwseany:
and (2) proventing the adwessry foen having sy conten] over
whees thows viiners bl 1¥ies spywar This wlmpls parsdigm plava

THer Sec o A b e Pl versios of S pogey

an Impnviant enls I allowing ooe eandamized dats aboncinees
0 bypaa the low s bt

O A weorchieg boywr bowd o Mraorpedndsndons dees
Hria Ao R

Flnally, wa dhow bhat oo bonnda In the denes oegloe
atn mympodieally opiimal for amy hlsocy-Indewncdant data
mmainee thety sxlus & podditve contant ¢ anch that for all
1% = g 1/, the sxpecied Inswfion'delsion cout when

= [1 + )% b necomarlly af leaar T kg™ ) for any
Huiney-Indepensdent daty steonctnes 3

Thi mwana that 1T thees arias & candoenized dats wmenes
that schisws bedter bowncda than theas In i papee then
the dafs smaines onat fondsmenis Ty he cdspnlie In hoe 1t
oponcda i the Huney of the opessilone heing pesfoomed
Of coneae, by helng adspihvs, anch & dais smohs ookl
alan 1mpl i1ty aneesnder the smonesl anomymliy that blory
Ndepencence offen, evealing Infemstion abont whees e
“hotapois” ain wlhin the dafs umonees Ooe canke gt
hat o™ 5 . 2 pontlally Sindamenis] baoder—whather o
oot the bonnds achisvsd In dhis papesr we opiimal In gensral
s ing an anileing open peohlem

I Peper oncilive

The osai of thle paper peoceicis . folloere. Seciion IT glwa
praiminaies Sextion ITT glwe an Inm¥ve overviewr of e
iechnicsl confent of the paper Sactione TV and WV posisnt
o nppe e bonncs for dhe e danes oegime A ey bachrlcal
Hea 1s o conien] he local denaliy of e aeay Vs & cancdom
proce that wa call & Tane cndom walk—we deacribe and
anshrzs this eandown walk In Sacting TV Sacflon W then glved
e (hluneyIndspendendy T lsheling dats atmoines snd nes
the bonnda on Fann eancdoen walks i snalyzs 1t W o
oickiova i the Toll veraion® of he pager e one Jvrer hoond
Tour hlstowne Inclopwn cdent dats abmeines e, nppe bannd foe e
Haklsheling, and eelaied ok

I. PrRELWMINARTES

In this wnction, we foemally define the Ju-lsheing peobe
hm and oy ndepwncdencs—wa than ooiline the claslcsl

ﬂ[lm“n]mlﬂm[i]:ﬂlmumﬂmw
varlstlon on that snlofian [21]

A Tho levlobelieg paohime
A Darlabwling dats stoncines stowed & dynami=s Ty =hanging
st of e %t 1n a0 aresy of a dlol Tt enpyweis oo
operall o
v InmmeT(r), ¢ € {1,2 ... 5+ 1}: This opacatinn adds
an alement whoss eank 1o ¢ THa Ineowenanie o and alan
nevworwnte the eanka of 8 2ch of e slerente whoas canka
watn Toemeely 30 ¢ . n].
» DmraTar]), r € {1,2,.. . «u}: This operadon camowi
the slement wheas cank 1o ¢ This decrwmanie +oand alan

Toer Seoling 5 i die Pull waion of e poper.
+ i g sty g T IRTTRS
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v rte the cankea of sach of e alerents whoas eanka

wes Toemally In {++1,... K}
The Huk-lsbeling algaclthen omat msinedn the Imvalane hat
tha alamenis appec 1n aonted aecler (by cank) wiihin the steay
The ol of an Inesntion/bSnlaion 1o e onmber of &lemenie
that ae mowd wihin the scay dodng e et ion/deletlon
(nclnding the alamant bedng nesdectidelsied) In de cas
whars o = ), " Wil foher gnarantes (Toe ooe Dpper
honnce) that the marlonm gap bairesn amy toro contec i
elamanis in the areay 1o of moat 017 poaifione—this sxies
gararivs i often cagniced fne appli=afione of But labelng n
which algrwlthia pesfiem cangs qnevied within the stsy, o g
[14, [30]. [33]. [33] [35]

W il oypleally nes an adcfidona)l parameder ¢ mch that
wither fu = [1— et ok fin 2> (142 )4 (the apeciic cnovwenilm
thai we fnllow will d1ffer foom asction to asction b0 optlondzs
Tor wlmplifying the algabva’s manipnlaiion In sach waciion)

From the pesapeciive of the 1u-labeling duts stncines, the
slaments that 1t stoess e black beeea—ithe only Infemsilon
that the dats wmemes koo shont 1 slaments 1o dhele wnniee
oeder This alloora for 1t labeling o be maad 1n appliesdions
whets the slemente aw fooen achiicary nnivanes

Flnally % o Imponiant o emphaslze that the nes.
flona/delnilone e padfivmed by an elifians sfraraey, who
dowd oo gat (o eee the andom decldone mades by ha 1a-
hbeling dats wtnones IT e adwosaey weos o be adapdw,
then | bch1ally, no randoerized Baklabeling dais wenzines son'ld
newe expected coat army bedie e than dhe wodukcae coat of the
best dedereriniatls 1t lshaling dafs whmesnes_

B Hirwery Dedepondoice

A cdais wenenes L wid 0 be hfery (ndapeedear [11],
[IHE0] If ghoen sccew b0 e cooent aiae of the dais
amoines, the only Infoemalion that an sdwiary can dednes
2 he et ani o elemenis; hat b the advweasy galne
oo Informafion abont the Haeey of opacations pecfiomed  In
the Vai-lahelng dats wrncioes the oneesnt sek of alamania &
apecifind only by thele eelarhe eanke wn the only Infoemsiion
that an schvdisry san cednes B the sokber of slamenie

Histney Indepwncdencs playve an Impastant anppwating snls
theonghont this papee Incdessd alhongh hisory Ind epend sncs
dowd nnd o0 ¥a ovn Impeoses the sympiaiics of 1t lsbeling
¥ cdows craain 3 naineas] ahateaion foe how 0 wapcate the
hehavioe of the dafs smcine that we aa delgring T the
actione of the D

There are wsveral boalc mathernsiles] propeniing of By
ndepwncancs dhat @il be naafin] In bodh ooe nppes and loores
bonncs Tefine the sy configereion of & Juldbheling
cduty wmsnes i ba the boslan vester In {0, 17 lndfleaing
which i ppaitione of the siesy contan alamenis Wa havw the
follmwing poopeentise of & hlstory-ndepen dent dats smoinee foe
Builabeling

Fropany L
1y Whesepsr rhe crey cossoler o alowssisy, or arsy
confpictiion A paiafer A~ G o, wiltee O o O Bowte
peroberhdiey Secribulon opar drrdy comfloririwes

D) Whasepsr du Desstiiw Lr potcisd o sk ¢ £
{1, 2., 1T e et vy ik fo Al rha crray
confgorarions Ay coid Ay bafors coud e dha inpariion
rlty [An A1) ~ L,m,.-.um.I?.,_,.-hﬂjnh
dlmrarione Darne s O o dnd

N Wheweper o delordw o ;!:j’mud af femk + £
11,2, fa+ 17 Ot eon cormry wink i+ 1 alawee, rhe
arpey confporadonr Ay owd Ay bafow owd ofrer rhe
deloriw relaly (Ay Ay) Do, Wl T o dr e
jodu Sivenbiction baryesn Co o coied Coya o

Theas peopeiing Imply that she (probabd iy dlstelbniin on
the) behadoe of the algoclihm an any glven opecsilon 1a Mnlly
deterrined by ti, tin, the opesadlon (nesnion o deleilon)
ﬂhmkrnfﬂnnh:mthﬂn:iuuﬂ:hhﬂd.hm
oppee bomnds, we wil fdher bave hat T, =

wi call any Heklabeling data smowe wlh thh peopesy
I ardoniilsiion 2 yess il

C The (Qarricod Sobaive oed dor Hireori-Tudepedns A

%MMMWWMJ Tha oedginal
wointlon to s bbeling [1], doe to Iad af al [1] 1n 1981
can be datcrlbed In teeme of welght-halanced tewa [9, [51],
[52] For beevity, we will deacebe the aninfon bers foe the

linear cogime, whees fin = [1+ €17, bot the saow aodntion
directhy ganecalizes in all eoglme foom denes (= [1— )
to polynomisl (ta = s1+901H

Conaldar an aeesy of aloe fn, and ompeids & beee abmneines on
It whess the ot nocs capessante the antles sesy the node
In the i-th leww] of he Eee eperesnt dleodnt aoh-aresye of
aize taf 2L, and the leaf nodes eywen st anh-seesya of akze
Al i) W kep the tows tightly weight balsnesd maaning
thai, fow any pak of dblng nades = and p, hede denalfie
arn alwaye wihin & 13 O[1/log ) facow of sxch nthee
In paclenlar whenever an Inewilon or deleiion hesake dhis
Imvarlant for aowre palr of ablings = and p we take the
elamenin n e whesreay = Ll p and ceawvangs tham in b
disteibnisd svenly aconad dhat anbesresy 5

Thia dght weigh balancing aninee thet «ff of e ocde
in the wew have caralfies that aee within 2 facwew of (1 4
O o)yt = Q1) of exch o By wlaating
the comtani 1n the algnrithm spywopelistely, one can snmos
that every leal hat movs doi han ¥ b alemenie which
gnaranives the coveeciness of the dais atmones Om the odhesr
hand, In oecder o madninin anch Hght weight hatancing ooe
moat eshnil podes a Bacter of O[kgr ) ooes often than In
& standard wredght-halanesd binsey aerch oo [3], [51]. [22]
leating to an smoefzed cout of O [log” ).

Ininidwly, the shove dabs urncines wmld asem i ba
thes mympinically opiimal awpeoach o maknidning dghil=
balanced denaiise wihin an aesy—dhe Imown o e bomea
Tor 1 habaling [15H17], [ confem shat ihle & he caen

In cdimbibaning, 3 In o joied dlesiising irieees Sesbsines
Aond B4 B mdl e—p A B

BTl opegarrcdhs i ol et sl ond e, ond e - onsleienl Wil
b ooy s by |oeey bossds [15]-{17]. [40]-
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for bodh determinietls and amonth dats atmenise The oy
honnda In this paywsr ol that pechape anepelingly ¥ &
nod the cws T cancemiesd duty stmoiveed B oo eaiion
Indsmentally cadncs he oot 0 malniain 2 dghtly weight-
halan s bevn

T) Hirirpedndpwndeows B Libelieg - To ondecstand how
Haswy Indeywndencs can ba achlsved n the conen of la
bbeling, ¥ 1o belpfol to feur oodeisnd ¥ In e content
of balanced binary acwch ivevs The clasls sxwmpls of 2
balanced hinary e wih & blunwy-Indspendent palegy L
the resvdonied Heey sswrch o [57], [54] (o dmllaly
the ieeap [53], [54]), which mainisine s an Ieeariant ihat of
amy ghven moment, the amoines of e boes 3 cndom (e,
that wihin each anbirss, the cont of that achives 3 4 cancon
slamend). This can b achisved with ostervnle sampling [21],
[ H55}n pantien 't wheneswe 2 new dom 1o sdded in 2
mbire s of (Toeme’) dlze +, e slament becoows the new ont
with peoba iy 17 [++ 1) (o which cats the wnhiees 1 eabol¥
Torwm aceaich) This wimple appenach yields an expected dma
of O(leg ) per apeeadon

As whoom by Bencler s al [21], the sume bl spywosch
can be nasd in achiew hisocy-Indapencdent But labeling Moo,
tha ee 1o canclowm acioms all righrly baebowcsd rsr—dhat
2 wihin sach anhives 7' containing alamanis =y < =g <
aa D By, the oot 1o & cancoen slament 7 of thoan waiafying
f—E2 € Ok logs). As bafoes, this umames can be
muintained ndng catervndr aampling Hoorewer, the cotieleiion
that ihe ires ot be Aghily balanced neee e the frepeney
with which anhivess s ol wn dhat the sepecteed st pod
mﬂlmhﬂmuﬂ[lng’ﬂ],jﬂuﬂ!ﬂhﬂdﬂdulﬂim
o Bt lahefng

III. Terewr AL OresTmYT

In thls wrciion e peessnt an ninihve ooe eview of ooe nppes
boond and peonf technijnes Compeshensw ncholcal decall
can be foond n Sectione TV and V. Foe aimpliclty, we ahall
sunees In thl wetlon that e = B

Tninlihe by, ooe ariing podnt 1o the bluoey-Independent e
lahwling wointion by Bancer sial [21] Aa detcribed 1In Seciion
I 1n [21], the cond of any mbiees of a1z E los cancdom ol sment
of the middls [ ES ow ) slamente of the unhires . W call thi
ekl 1wt of slemente the condldas ay

A punes) Hes for decresaing e coat of his algaeihm L
i Novaen the des of the candidsin s v SE Tor womme § =
w1/ logrn]. This wray, the oot world be caasmpled leas often
oeanliing 1n fovres o] enbatancss  Howreeer theon 1o 2 penhlam
wiith e spywinsech- the wnbs sesya oopesasnting e noced In tha
i-thlnuld'ﬂnuuhndmdt’nhmuhdhumm}[i—d]‘
ard 511+ 8% bot this means that nodes I the 9 o)
hvulmnu:ﬁmw!th:dmﬂtyd‘i[i+d]% =w[1).
Thos, having § = (] /lowt) vinlsie the cooecness of the

Modlca, hoorever that wosr nocdes 1n the ith el of the
it avold a dena¥y of the foem §(1+ 4 Indeed 3 v s
in perfrem & cancwn walk doom the b, dhen e oode dhat
e anconnieied on oo d-bh sty wonld Bkely have a denaliy

hoonded ahove by § (1 +#)26%. This mears that, If we oaly
it sorr modder in behaow wall, hen we conld ast & cloas
° A
In neciee to obéain dhe bena fite of & ea 17.,/Tof i whils main.
bdning the coerecireta of & ey 17 log i, v smonthhyr adinet the
cancldan wnt dza o each anbiess 2 2 fnetion of the anhieen"s
denaty We show that alonoad a1l anbire st are apares snongh
i0 anppod & “luge® candidate wet (8 e 1 f o), whils ooty
& amall fesctinn of anbirasd reries “msTo™ zandidsis s
(with 4 clowsr to 17 logn) This mesns dhat most pads of
the acesy anppoet Bt Iresiineteleiione, whils mly 2 amaTl
poaion of the steay 1o do i Ineeci'deisie o

Whils wa have muls poogieia by snueing that moat of the
sty can mppendt fast npctaies ) this 3 nod anffielant to pomvs the
fnal bewmed Spe=ificaly, I dhe adwoary baorys which paok
of the stesy ste dlow o npaie, ey snnld dlmphy fena &1
of thelr Ines flone/dslstione o Heas dlver parin of the seay,
candng the indsl soaf in be lwgs Inafesd e wonld B o
Mda the dow panie of e steay foom the acvensry Moes
petchaly, we st concamed sbont o dlafdinst peohlame: the
atveraary conll crace denas oeglons theongh thedr Inasnion
qnency (o by concanieating Inssolon In one locadon),
o, the adwisy omld derscr denen chglone coeaind by the
algodlthen (ag . theongh peloe knowladgs of e algoeithm™s
darlbntion of wtates )

Hiuvwy Indepwncdencs cnmes i play In goaedfing sgainat
theats prohloma Ry ciafiniiion, the fest prohlam csnnot bappen
with & Haney-Indepsncdsnt 2l goelthen alnes the =mnfignesion
of the avay doss ot depend on the sbhrerary™s apaciic
asqnency of nasiine Poe the wacond peoohleam, we add an
ailifional layer of cancoemness called & rosdow: st At the
atant of the aigoclhm, we Inet cancdom mmber k£ fa] of
dommy slemenis at the front of the aoxy, and sn— kst the
ond This conwerin a poteniially acheresrial nesnion o ook §
i & mn1foeenly candon Inasniion of eanke bedwreen § and § 440
Thgeiher with hluteey Indspandencs the cancen shift snanees
that the adversary cannat target apeciic ceglom of the acesy

To analyzs me algwlhm, wa Inbeocines the nodlon of & Tawe
ot wrallt whish B aapecial bype of bomsdesd candomn vk
whers e uep dlzs decreases a the dusncs 0 & bomndsry
decireied The Fano wak capiness the way i whih the
denalis of anhpeohls me eviolve 1T v peefiem & candom wak
dovm me e One anahul of hils eancdom walk (Poopoal-
fon &) alloors o in boond the cowt of & candown Inesnion
(lemms 17 HFnally e exiend thh analysle for o sesdows
esntn o a0 arbdovry lrasntion neng the e sofline

ahave of Ky Inds and & candnen shift, achivwing
an expacind O ] codt Toe any Inwsntionfdslstion

IV Fano's Banmoat Warx

This wectinn descelwd and snahrzed 3 donples bot s ewhat
mnmal typs of cancioen walk that we will eafer o i 2 Fome

salk—thh candiowm walke w1 play an loywwtant & lgnaeibho =
e i later asctiona

Lot 52 (0,12 AZsnnvralk 5, 5y By, wtania st Fn =
0 and dewwminlafcally astlcies B £ [—1,1) foe all i W
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define oy = 1 — |Z| io be e ditancs beivreen 2y and the
et bomndary 1 o0 —1. W deteemine F; oy T Z o
Tinl v

w A0 alapdlve achreriary asleci & goandliy &; < 4, poslbly
aaforcdon ol 55 5, ..., 2
w Zp g 1 then st i be oos of 24 oy o 5 — oy, mach

wih agual peohahiliy

That makes the Fonn walk onmnal 1o that the clowss it
gota o —1 o 1, the amaller lin stepa becoma (alnce e kth
wep hat lin alzs omldpBed by o) The cemnls 1o shat (s In
Zene's paracnr), the walk can gat athlearly cloas to +1 ot
can pever ceach 1

e will e niseed i Zano walln 53, ., Fp whes
the ealslonablp bafwesn § and e lngih f of e wak o
£=ﬂ[‘ll,|’1"'_.!]. Th gain aovrw Inin¥ion hees, condder the camn
whees & = 4 = 1f4/F for all i, and ln Do compas the
Tonn wak 2y F, in a sandad nnhlaaed eandoen walk
X1, .., Xp st changes by 1747 oo axch atep. After !
aepa, the eandom walk X, . X dendstes Teom the oelgin
by 0[1) 1n arperasalon: (bt conld devise by mnch ouws) and
hat the poopaay thet asch uep 1o deverwnbalmically the wcame
ke Tha Fano walk doss the complament of hie 1t devisie
Tevwn the oelgin by b ot 1 deverwmbilaicadly, bot o do dhla 1t
st the alzs of the i-th uep by & Iactoe of 1oy, The key
peopeaty that wa w1 peove (Foopoalfion 1) la that, akhangh
the mulfiplier 1 /e, can potendally be Largs dha svperad perlie
waifivs O[17a) = Q1) Ioe i £ [f] With this lnin¥lon In
mind, wa can now begin he anahala

Defins ¥;:=In[1/[1— Z[)). Rather than analyzs dhe 5’
dieely, we will Insteced analyzs the 3o W w1l e that the
wxqrencs ¥5 Vo behwwss adm Ty inothe stancasd eandnem
walk X3 X3 ... that we described In the peevione phesgeaph
(except that (1) ¥ la aighly bawed and (3) ¥; can neves
go below 1n Lyl To make this more posclas, the next lmmas
ahowra that the eancdowmn walk 75 V5 . . alow sepa of dzs ot
mout ([ 4) and hae blas st mowr O[57) per wtep.

Lamima 1 8w i 2> [, we Repe vl

[Fara — ¥i| = O(d) )

dorardiinne ally coud rhar

BVia — ¥ %o %4 =0F. @
Pasof Dhefinn
T
W= T

Mot that If Z; > [, then 4, — &, and otherwles 4 < 4.

Sncw F;y = F + (1 — ZYy, e have that

s = (T )
1 1

=h(1—&'1iaﬂ)

-»(=g) +»(=3)

1
=ﬁ+lﬂ(ﬁ)-

m;mwmmuh(ﬁj 1a wwithin
Q[ of £y, Thatla ¥] 4 can be compoted feowm ¥7 by fioat
aldfing -+, af candewn v ¥, and then addinganhiescing an
acdfirinal D4 W dhesnfoon have that

Ma— ¥ = +OMN =&+ 0N 08
and that
[ s — % | Vi Yeond | < 018 < 018D s 017
O

Uaing Tamms 2, ™o can now band B[l fory] I the £ =
Q[1/5 N th sep of 2 Zenn vak:

Propodilon 3. Por £ = O[1757), we bave E[1f0u] = O[1).
Pawy By aymmeiry, It anffie e in show that
B[1f e - Iz zen] = D(1),

whetw 2 k] Inflestor cndomn vadahis for the event
Z >0 Noe hat
B[1/oy- Lgpa] = E[1/{1 — 2 - Izza]
i W can complate the peonl’ by dhowing that
E[1/(1 — Z)) = O[1). )

Tk o b 2 anficlondy lwgs poslthie conutant snd define the
mqmence Xy X, . whees

X =Y —i- o

This means that X, 3— X7 = ¥ a—¥—of, w0 we can think
of the X0 s bedng & mocdiicafion of the Y7 that o Rninaies
any npwraid B that the ¥ 's might haw {(pecaT by Tamons 2
that the ¥' have bla af moat O[5

Powmally, ooe can apply Teoma 2 b decines that the X'a
are & anpermarfingals with banndsd £fsencse of O [4). That
by (2) we bevn E[Xpg | Ko Xy < X (o e X[
foom a mpermantingais) and by (1) ™o haww X 3 — X <
O[] (a0 the mantingais hat bonncdsd dfTsesnce of O (457

Wa can apply Azoma's Insqnaliy Toe anpesmaningalee with
boonded diTerences v decdnze e folloming eall boond For
k> 1 we have

Pr[R; > &vE] <
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Unenlling the definltion of X, wa gat that
Prliaf1f(1 — 2] = Skl + daf] < 'L
Flgglng 1n i= £ = {[1/4N, wa conclnds that

Pefin(1/{1— %)) > RfE)] < L.
This frdher demplifies i

P 1701 — 2 2 44 < 70,

which Implea (3), and compleies the peood o

W concinde the ssclion by gensealizing Fann talke bo takn
place In an abitesry Interval (3 —¢ 3 4¢] This vorke exaclly
au befiwes sxcopd that now e Teann walk beglne st Fy = X
It detereriniafically by In the nterval (3 —e 3 42} It el
o = ¢ — | & — 3| iv be the dubnes from Z; v the nawsst
boondary A — ¢ o+ = and hhen Zy = B4 apdy whee
d; = f 1o aslecied by an adwiasy Hmivalendy, a asqnancs
{Z¢} o Tono walk In e Inmneal [A—e, 3] !I{[E.r—l],.f:}
In a Zann wak In [—1,1) (and the fwo Zano wake have
mmﬁunﬂﬂu&m‘mﬂﬂnm
generaNzaion of Peopoaiiion 1.

Proposiion 4. Cowalder o Zowo welk de [ — ¢ 3+ ¢). B
£=O(1/5, we have B[tfay] < O,

V. Ter Zewo Bvpennme: a Data S meor Toes poe
> [14+ekh

Inthis sacfinn, e ghos a lat-labang aolnfion fioe a2 (14
e ¥ that achiswes sxpacied coat Gt ) par nastinn
and deleflion. Wa will toeat v £ Nand ¢ £ (1) s bedng
fized, and we will aller the oonmber f of dlamenis o vy
wnbject io e conateadnt that fn > (1 + ¢l We will ako
ausan e withont Inas of ganeraBiy that + 1o ot bast a o felendy
large podiihes conaisnt

W conatenet and analyes the das wtensine 1n dhess phaded
Pl we descclbw a cariadn bype of abils conumetion, whish
wh call the Tome smiesling fov how in ambed 4 alamenis
Inin tin wlote Then we show how o dynamize the Zeno
ambiifing In owder i afficlandy Implement Aocdw: Naa
Hmatislsione Finally, we possnt ons lat mocdificston o

the Zano ambedding In oeder b0 1mplesrent achiteary lnase.
Hmatisleiinne afficlanihy

A The Sawle Tewor Bubedidineg

The Fann smbwelfing ireste the atesy w having » dempla
cancdve amoner e Jeeel-2 askprallem conalie of the
antlos aceay: and the fewe 4 anhpreddem aach conslat of aithee
mefju[m;ﬂ‘]mﬂmtﬂﬂinﬂnmg

levali anbywohlem 5 & sither & b oo (meaning

ndmtnnthnnh!l:lmhﬂdﬂm)uhumm
chlden If § haa ¢ & {[sn/2%], [1n/2]] lots, then the
chllden of § have | 43| and [4f'3] doil, cepecthraly. Hern
we ae bking stvanisge of the bl matheonsti=sl faci that

AL /2| 721, | Fonf 21 72] | o/ 2| 72T, [T/ 12T

/2™ |, [ 204]

For sach wval-i anhpeohism 5. dafins 5] to be the ooumber
of alemanis aided 1In that sbypeoblem, snd define dhe Aem iy

fug of e mbyeohlem in ba

=10

Mote that In the defin¥ion of pz, the denowinsios 1o e
aviwaly mmber of dlaments pos wsld mbpehlen whizh
maank thai oo can be greater than 1 In fas, we Wil gnacanies
daterriniurica Ty that pe £ [1—2 2 142 /2], The opper bonnd
wil snmee codecines (e tha oo wnhpeoblam o i),
and the e hoond wi] ananee that ey pade o conescnilw
slamanis as within 017 aista of sach other

Wa can now dewsrlbe bow o lmplerent & glwn lewwld

arhpeokinm 5. Diefinn
o = /2~ [1— pu

o b the diutance beiveen g and the nedsst bomdary {1—
ef2 1+ e 2}. Ik %, ., % g denots the alemene of 5 In
wocies] oecler Define the pieef oosdldete st Ine 5 ip ba

_ _ % oy Bl n ag
0= {a| Bl mses e g ]
Ronghly spealring - comlsta of e slemenie sapdssniing

the middls & (g g/ T ti)-feazdon of the mbpechlem
If || < 4 v declars B tobe & we come, and wa apenad

the elameants of 5 svenly aceois o alote Odhertrlen, v dafine
the pival 3 Tor 5 bo b a0 elemeant of {o choden onifiemby s
canclom The slaments =; < jp ais caedwly placad In 5
laft child and the slamenis 2 o g ate ooy placsd In
o dght chid

Later on, when we diames the dpsen’s Tann ambacdding
wa Wil e severs] waye that one can Implement e cancdom
chods of o Por conceatense, we wil mention ooe nsineal
-1ha{|‘n}tﬂh M Indne

elament o & oniforoly cancdon el nomber In [, 1], and st

5 = nrgming oo Mo(E)

Tha propany of e Tenn ambwdding 1o that ¥ e
pafoem & candem walk deom the oemeahe esn, than e

pug that v anconnier fnem an O [log ) -step Zann
In the Interval [1—ef2 14/

Loamima 5 By ohy owkowssr o odhke Rk loscriwer
M ba . Cowsider & rondows welk Ba B B .5
7] umht e, e sk Brg o oa rﬂdﬂm
of B, cowd B OF o beseccre ndwonbldon Thoew she
ﬂw{pﬁ-, 1 ire Towo walk on [L— e/ 14+ ¢/ wirk

fl.

TIecimholly, ner doi s does d secraliy bovr ovem il
vl wieren of cewrss, oW [~ of
cemrnd Erareer, nmﬁﬂhﬂ’mﬁm‘:
clesrsd 3 0 maine ol b)) whes e sl b s

1]

EE“"

ih
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Paogy. Foecallthat a Zano walk on [1—¢ 2 14¢/2] b any walk
Zy &y .. that w3t ] and ialees the folleeing foeem sach
atopy By — Fy b oeandnenly boepdy fow anema &7 5 8 (lhat ey
b chowsn by an sclverewry) and whees o = o/ 2—[1— 2] Oc,
sqmvalenily, each aimp Fp g — & 1o cancoenty + B e wowne
A def2—|1 - 2.

Cmatier & nonehodsec s anbywohlem 5;, and It A and &
ba tha child anbywnbisme of 5 By constmerion,

Y .
|I‘!|_|Bll_ﬂ(2{ m)
Since [A| + | B] = [B|, we haw that g+ o = 2, and
_ L= 18 _ s,
b sal= Ll =0 (722
Thoa, ances 53 & andomly oo of A or 5, v hawa that
fig,,, la cndorly oas of

PE';+|H|[ ﬂ'#& _IHﬁ
whams

= liw — = - T -
A= —nalf2= 0 2] = 0 (dle/2— (1~}
Thoa she wxqnencs {4, ] & Zoano wak oo [1—ef2 14273
with §= 0[] ful

Por clarky, we comadk that the definliinn of the Tann wak
Nelndss an adepitve slveawy who chooam & = 4 Tha
advewasy fov the Fann walk 1n thla lamma almply chooas 2
plvot mifaemly of eandoen fenm the plv candidsis wst whish
deinomine & |

The eaasn that Tavvns 5 1o loywwtsnk 1o that ¥ sl o
o o bennsd the gnani¥ies =, Indewd v nas Feopoalfion &
io prooe the fnllowring nesnaliy

Lamura b Lar &y b rle pov of Lopald madyponsllownr Then
73 a5t =0l
= =

Paogy. Flx any onicomes for the hah Fonciione ba b, M,
Condlder s eancloen walk S, 8y B, - 5, doom the eeenslon
et wheee sach By 1o s eandoen chlld of B, and 5 L a
o s arbywoblvn Tomons 5 talle oo that s }E, ua
T walke oo [1—e 214 ef2 whh =01 fand,
MWL &g, chitsponds i o 0 the Zeno walk).

For i £ [0 ko tin], cafins 7, 0o be g, 1T 5; sxlon and O
otherwles (o, i ) Foopoaldon 4 el oo that foe aach

i £ [, Lowgsa],
E[L /&) =0 ™). (4

On the other hand sach lewld mbpeobiom kas peobabifey
exacily 172 of being 57 Thie

3[1_;:,[]=%.E agl (%)
Sehy
Coerbined | (4) and (5) dmply the mma O

Ti o Iniewsuiing b node dhadt, whews e Tovvvna 5 1o & abaie meni
shont cancaemn walls, Tovvma G le s desrwidalads bonnd on the
a7 s, even thangh It e & peohabifafs wgnement to devive
the bennd

Lastly, wa alan sl iv expiclily ahow hat oo mbpeohiam
v oo finra

Lamma 7. Back leveld nbyooblow 3 rrisfes |B] < |af% |

This lewrwns la & technizaliy that o sesniis Ty nonedisin
Teown the fact that aach mbpeoblom 8 bt denaity pe < 1422
The mly difenly n the poond oo fwn the necasdiy
ip cwafinly handls fSoovtbedlinge Wa defee he ool o
Appandiz in the fnll weslon of the papae

B Dyeow'oiied ol Zawo Bl Sdiwy

Wo nowr deaceTw a dynamis veraion of the Zano ambweedding:
wa Wil et 0 and ¢ feed and allevor s bo vaey anbjest o
the conatexint that f > [14-ha.

Wo oo that n ol sedon e Wl faene oo analyzing
Feptdomt Inasntimnatislatinng, that 1o an nestiontslsiion tha
la perfemed af a cancdom eank (In an siesy wlh ahlieacy
conienia) Ooe aninfion w1 e Haoey Independent and we
will wen In the oot anbascfon that dhia alloee e candom.
cank stanmpdlon in be cemoownd

a) Besplowrowriey Dedervbowr cowd delefowr: Th lmple
men an Ineoion/delaiion In the Fano ambedding wa dm-
ply npdsie he ambedding in acconnt for dhe slameni being
acldoctmned  hinee cnncabely we can Impleamant a0 Inee.
tiontalaing of an slerent = w fnllove We w11 deisribe the
piociis tenaitealy, focalng m bow o esntbslate = lnina
ghven bwald eenaive whypeohioon 5 The Inessfionddslefdon
of = may changs the valoed of g, g, {5, and o, Note that
the wvalnss of {1, and po can changs cegatds of whether the
Inwertion/delafion of = bkes place In the candiiste e IF it
changes the plvoi o, 0e 1 5 1o abods-cane then we lmplesment
ithe Inaston /o Iniion by cabniling the snilos anbpeohlem fonm
lﬂdﬂ,hmnﬂqtmlnfﬂ[ﬂ].ﬂhmh,mumuﬂﬂly
Inaseiice e = Inin aither dhe 1ok =B1d (3 = < 32) octhe dghi
chid 3f = = po) Onca e Inedlon/delafion & complaie the
Zonn ambecdcding w1 b e wame w1 It weaie conatmeted
Torem acesich oo the ooerent st of Alamente

Aa cdeacribeed 1n the aaflc Tann ambedcfing theds an oml-
tipls waye to Implement candoenly chonting & plvot. One way
1o i pes the hadh fonctione by dessrlbed In the peevions
wharciion This means that a leveld anbywnhlem 5 heing
Intanted foe Tl Inin gein enbnll I ergeoedng {by[=) |2 £ {E]
1o changed by the nessionfdsledion We noie that In dhis
conatmerivn e hash fonetlona wiw fresd st dhe wey baginning
and ate neves cetamplad (pvven when anhpeohiame an caln %)

Anndher ey o Implemeant the canciwn chodcs of pivint 1o
i o carvodr aampling [21] [53]{56] Thia mesns that
when & anbyeohlem 1o st o1k (o eoblll), & ploke & cancm
2 £ {7 ip b the plvot: wheneves an slement = b added o
Oz, ¥ ha probabdBiy 1[0z L) {=]| of bacowing the phnt;
and whenever an slemeni = 1o cemmend foown (o, 2 woa the
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phrot, than & eancdom alment In (gl {=] 1o chowsn s dhe new
pheot T3ew thae hashing methaed, ssasrvnd sampling mainidne
s an it that cech sandiste I { 1o sqnally 1kely b
b the phvod

Each of the v methocda (habing snd cetsrvnle sampAng)
haw the¥ oom henefln: csrvek waempling can be s o
1onme ol sty phialn an algeeihon In the B A Mmocds] that ha
thh aume aympinil: aoning Bme a e Daklabwling cost

whils hahing on tha pther hand, snaneea that he smbecdfing
1o deiweominiaflc after fixing the hah foncdom In oo foemal

aguorwnie, e nis e hah fnotion owihed boe thle can
elly bt eaplaced wih ooserwodr wampling

b) Aveclyoieg o aondow dererilowtdalsdon - Th begin ana-
Iyzing the dynamle Fenn arhecdding we ohasrve that, by con
wrnetion . e dynamls Fann ambwedding b Inesoflondsleflon
aymmatels and hlistory Independent

Ohwrmtlon B The Jpewns Tows sibodiug o s
riviAlalariwt Fpubrtarne cond bivory tdepeadon.

Tne io the Inedlon'dslaflon symmetey, the sxpacind oot
of a cancwn Ines olon oo an sicay wiih fielameanis 3 the Lems
s the expecieel cout of & candoem deletinn on an aicsy wWith
fut1 elemani Thoa we el ooty analyzs the expecind oot
of a candom deledlon

We Wil analyee the poohehifiy that the deledon of an
slamant = canaes the cabolld of & mbpeohlem Move poeclasly,
i aay that a anhywehlem § 1o redefly i he plwnt of 5 changea
whils tha pivois of all of the sncastors of 5 do oot changs

Mexi, we Wil pevwen that 1T wre delsie an slement = and §
1a the leweld anbypenhbien hat coniuine =, hen the peobe b1y
that 5 1a eshallt & O J0z|~1).

Lamern 0. K oon slawwwr = O delovad fowee & nubyioblas 8,
rhetic 5 08 2 bande wiek by

O {cr™.

Pl I 5 1o & Dol adther befiwe or afies
the daletion, dhen |Gz | = 0[1), and the lamms 1s tehvis] Now,
anppods 5 B oot & bais-caws mbpeohlam

Iat {5 cdenods the plvnd candidaie st piloe to the delafion
of = and 1t Ty dennie the plvt candiiste w after the
daleflown Fach time that we scdfmayve an slement o' fonem
Uz, the peobabdfty that pr = atgming .~ M[Z) changs 1o
(1 }0x()- It thaweloom anffice to show that g and & have
a oymmatel: diffesncs of at most O [1) elemens

We can think of the tesnafoemation of O I T s taldng
place 1n theew mioyw  Pleat vrn npdade

et
ﬂ.s-==,ﬂ—|1—1%%1-|_

1o hacrems

[~

This changrs & I:gr:tmut:l:ﬂl-,,whhhdmaunu

EF{"']%L;'%E‘EJ%%%L
by st moat (1) elemenis Seennd, we eaplace 5] i (5) wih
|§] — 1. This again changes e st (i by at mow (1)
elomanim Thed we comove the slement = ¥ 2 = 2 foe
wowne f, then the temoval of = haa the affies of decrwmeniing
the Index of each =; whh i > f This sgain changea 'z by s
moat O [1] alamanta

Cowrbined, the thees aepe complaie e teanafoemsiion of
Oz wun &5, meaning ha T ﬂdﬂghmtqmﬂd:
diffewsnce of O[1) slemente a6 dealesd

Lamma G Immeciaiely Implis abonnd o the sxpected cnat
Incneeed feown ebollding 5.
Lorura 1. 5 oo alowtonr = br delorad fowe o bepaledl molpornbe
dowt | e svpwcwd cox ibciored fawe porrbly aebicking B

ir ot
© (m) -

Proof. A eeblld of B oo [ #20) Thoa the lamma fnllowe
Tenm Towmina 9 a

Obwsrve that by dealgn
A = Ofes* VoA,

This la whers Lamms b comed 1nin play: It talla oo that even
thmgh may ba Large for aovne mbpweohlame 5. 1t cannnd

ba = ¥ lwge aceoad all anbywohlame TTaing thia, we
can analyze the sxpaciend coat to delhin & candom slament

Lomma 1L Fhe sopecred conr i delare & rondot alowon =
oot che Tewo cvbeddieg ir Ole L™ ).

Paof Lot & denoes the ast of lveld mbpeohlame (peloe to
the delalon) Fach § £ & conbing Q[nH) slamenis, 1o

P:{s-&E]:EI(%)-
Ifz e 5 then wa haw by Taomms 10 hat B Inn sepected
cabnlld coat

o (%) = Ofaz"v/omn)

The expeciec] coat foown eabnTlda In the é=h leve] of cemealon
1o therafiwn ot et

ﬂ(g%,}.a;l@),

whish by Tamms b L &t st

0 (:‘lﬂ] .

itz |igapramycd oy | el e Mgy of Myl C2pl g P Deoniciacicd oo Jaramry 1225524 gl AR 7 1ITT: irore IEEE Kolong. Flsirilors. sepl v



Someing over e Ofbwn) levels of oemedon the tntal
expected coat of the deleilon i O k™™ ). O

Doe o he peeviomaly dederibed ayomedey bedwssn 1nes .
Hone and dalefione, dhe same lamems 3 tme o nastinee

Lomma 11 The svpecind com to Direrr oo alovesd = yonk o
rervdowir ok Dt {1 % L a1 Do dke Tt aweheditng OF
O ™ n).

O Ackiepdug o Braoed ot Arbirsiry BivaradonyThela doms_

En fwr e have only analyzed eancdeen Inesntinnotsledinne
At fleat glames tha oy aswn Bkew an aignifiewnt ae=nm.
plahment (Indeed ¥ & aleesdy knoom st cancdom 1nese-
ﬂmﬁﬂﬂnﬁmhm@pﬁdhﬂ[r‘] amontted Hma
pet operafion [57].)

What malea the Fonn smbwdding apecis] 1o that I la
hlsory Indeywndent Wa will now show how v cadncs the
llai-labelng peohlem (with cofwlersry Inasnionafdelafloney s

Within sy hlater e Ind s st daie whon csinde, e s et
colt iv pafiem a dalailon af cank + oo an avay of dloe fa
cmiaining fi alemeni can b expestasd by a el flescifon
Tt fu,+) only dependent on s, fand + Moosowee I the
data wmanes 1o Inedlon'delsflon cymmeils, hen e wema
cot fonction T expevaisd the exproind coat foe an Inasnion:
apec fically, the expacind coat i perfoem an Inesnion s cank
on an aeay of gza tn conbining foelemenie 1o T a—1, ]

To cadnes fenm the shiivsry Inasntionfdalafion can to the
candnem Inasntion/deisfdon caes, we w1l dhow hat glwn any
(lrasnion b elsdion-aymmeteds) hiuonendependant algoeeithm
A wih oot Tonction T, i, +], e can conatmet & blstoey-
Incs parcant algardihm F wih oot fonction T [, f, ) anch
that fioe each Indiviinal eank +, the oowt T [t 5, +] 1e nppee
bonnded by e cpersge of the coste T[] aorna all
canks (np o conutant faciord)

Loavera 13 Swgpon shers OF su deiniu Gl e thie
Mmooy -ddapenden alqoribae A whom com ir dererwsbied
by & joteriw Tt ). Thaw e o SOMMAGT & MW
DR T e ot - Fpaottarte Mlnioerp-didependeis of goridor B
whitk: coww foeedon T [, fi, v poriafpleg

e
T[si, 51,+] =0 (m;_HZT[ﬂﬂhm +ﬂ1ﬂ)
=i

oo ol v

Py Fie a bl ndepencdent algnelihm 4 W will cona
wimest 3 hlvneeindsperdent 2lgacihon 7 Wa w11 deterdbe the
behavioe of the algedithm H on an siesy of aka a0 wlh an
arhltewy anqnence & of Ineesfl one/de stlone.

To do an, we W1l comime feoen & an Inpot 0 A Tha
Inpot i A & an aovsy of ake a with the following Iness.
Hlon/delalon aanence Pra ve lneen tin domeny slamenis s
Tollowe Lt ¢ be & onifoemly candom ntegee o [, fin]. Inaset

of dnorweny slesvwnte that e ki u Blring Infinliely wmsll
wained (1a, —co) snd et e — ¢ dnomy sleovenie that s
toeies] s nking Infinliely large valoes (Lo, o) Now, axaonie
the smancs 5.

Mow, define 5 au e slgoeithen that behaws Handeslly b
A on Lu anbarvay [ ¢ + ta] (hat & o wohareay foom e
* ot to the g+ ™ wot), gnoeng he domeomy slsmens
That &, for all i, after the it Iasiion feoen 5, the wobatay
[& g+ ] of A'e steay with e dooory slements s, 10
ldanii=al i e steay

W nnte that 7 i well defired In the wsnes that 2l slamenie
of & alwaye appece I A'w wnhasesy [, o+ ta]. Thia lu dmply
doe b the exlaensy of the domeny slamenie In o astay

Now it i boond the srpecied cout 77 [ n ] foe B b0
pfoom & deleiion af cank + This concsaponcds bo & deletinn s
cark ¢4 gin A, which bat cout T'[26n, fin+ i, ¢ 4 4 Notles,
boorever, that -4 & & candom element In {1, r41,... , r+a}.

Thoa,
1 =
Tl s r) = —— b T, +n, 1),
=

which In ioen la af st

1 e
o (m—HEHMm +ﬂ-1.f.1.|) -
[ |

In the casn whees 4 1a the Fann ambecdding, wa oafer o
H as the shited Tome smladding Now we ate cady o
pit evaryihing ingeiher and peosre one madn thenvem that e
abifted Zono smbeclding Rone expecid coat O lox™ " 1)
it Inas eflnevdwleflon
Theorem 14, Lar ¢ £ [(41], ond mgppose fn 2> [1 42k,
e s OF o Sl perkes e s cheger dpaenl olly Tha
phlfand Ty soprbond e g oot ot cereey of Blpe tin bk tu o by
iy avpacrad can DL log™™ 1) par bessrrlwiialarin.
Paogy. Tt Tt fi ) be the oot foncrion sancisted with
the Fann smbecddfing and nt T [, s+ be the coat Tincdon

sancisted with the dhifted Feno ambadding Fromm Tamma 11,
wh know that

Om
T [, #,#] = O (%ﬂgﬂmm +ﬂ1.ﬂ) - M

The dgh alde of Hgnaflon Vol 1a wlihin a conuteni fac e of
ithe avirags valns of T'[ 26 a4, f) oweall eanks 5 Thioe, It
1o within a conutnt Bacine of the expected valos of T'[ 26, a4
i, f] wheee § lu chossn at canciowm over all canks,
whih wa knowr foren Tovnmas 11 and 1'1,1-.-‘.'![:—11:5”911].
Thoe, T [, f, ) = Qe Log®™ ™ w), aa cealerd O

The fnllvwing coenllery Inlloow lmeedistely by applying
Theorem 14 to an ffl +¢) dzed anhacesy of & Bnely aizsd
arcay fow any e = 1.
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Cornllary 15, Thew sviwr & el gorirbos fowr
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W can 5 ln nee the theswsm in bonnd dhe inds) st in Dot
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Cornllary 16 Thea svineg o Nnlabalieg colgooribe: o B2 o
crey of Mo i fowe swmpey ro Ll wokk evpecrad vared comr
Ofrnlo™ 1)

Paoof Wa will apply a ahifted Tano amhedcling In €3[1og )
phatsd neng sn ¢y, defined balow foe phaas § and esbnTlding
the atexy baivean phies. The feat phsts condlate of the et
/2 Intardions, and aach phats Incsts ball o sy slemsnis
au the peecacding phate Thi contlonet ool fi 2= fin—log tn, &t
which point the final phate comlss of Iasrifing the camaining
al mot logr s elemenie

Mowe praclesly ok k= |'hgm

_ -
T

and fup g =t
Tiwwna st Irwsnive] by cankea, apecifiesd by g . | fn, w0 dhat
for example glnce the fear Inesnion 1o Inie an smply soesy,
1 = 1. Phase F7 1a dafined by the nastions 1y with § £
[nt;,m].wuduhnu=[¥—1]—1ﬂ:ﬁ}1,udu=

— loglongsin ], and dfine

foci=01,.... E

Tt [ donoen the expected tonl cout of fa Inerlms
In phass F; Foei = 1 and foeall § £ [y, %),

(1+edf < [1+edu= (1+¥1_1) (mp;— 11) _
Simllaly, n phats Py, wa bave
M+edi= (1+ “‘?1),%5,“

Thewefres e can apply Thenwnm 1d b0 sy that T a1 & an
Ineedlon dodng phste F Inooes ecpecied oot

O o™ ) = 02 10w ),

and
CLR) =.-;:(2‘, Eh!‘““m] = O s loag™ " 1)

Somming over the feat £ = m][huu.,lt.’l.:hru.
expecied tofal Inedion coat O (1 m].

Ey constenciing the final phase b s oooest logr o Inasntinne,
and thot bt tofal sxpecied coat O[5 logsn]. Finally, adncs
the iods]l nnmbew of elemenis 0 the ateay B boonded by
tin, e oebellch betvreen phatst Inene toda] coat O ke,
complating the pooal

a
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