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Abstract—Network reconfiguration has long been used by
distribution system operators to achieve certain operation
objectives such as reducing system losses or regulating bus
voltages. In emerging distribution systems with a proliferation of
distributed energy resources (DERs), co-optimizing network
topology and DERs’ dispatches could further enhance such
operational benefits. This paper focuses on the optimal network
reconfiguration problem of distribution systems via an
unbalanced AC optimal power flow (ACOPF) framework, which
rigorously addresses operation characters of unbalanced
network, DERs, and voltage regulators (VRs). Two VR models
with continuous and discrete tap ratios are studied and
compared. The proposed co-optimization problem is formulated
as a mixed-integer chordal relaxation based semidefinite
programming (MISDP) model with binary variables indicating
line-switching statuses and tap positions. Several acceleration
strategies by studying the structure of distribution networks are
explored for reducing the number of binary variables and
enhancing the computational performance. Case studies on
modified IEEE 34-bus and 392-bus systems illustrate the
effectiveness of the proposed approach.

Index Terms—DER, distribution system operator, network

reconfiguration, unbalanced distribution system, voltage
regulator.
NOMENCLATURE
Indices:
d,g Index of loads/ DERs
l(n,m) Index of a lines and ideal transformer with two

terminal buses n and m

m,n Indices of buses

s Index of static var compensators (SVCs) and
static synchronous compensators
(STATCOMSs)

b, p Indices of phases

Sets:

D,G,R,B,S Set of constant power loads/conventional
DERs/ renewable DERs/ buses/ SVCs and
STATCOMs

e Standard basis vector of R3*?, i.e., [100]7/
[010]7/[0 0 1] for phase a/b/c

LT Set of lines/ideal transformers

T; Set of tap ratios for ideal transformer [

R, C Set of real/complex numbers

v Set of phases, i.e., ¥ = {a, b, c}

Variables:

b, Switching action flag
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P0¢, ng Active/reactive power injection at phase ¢ of
the distribution substation bus (indexed as 0)

Pn¢, fo Active/reactive power through VR connected
at phase ¢ of bus n

By, Qq Active/reactive power injection from DER g

Qs Reactive power injection of SVC and
DSTATCOM s

7 Tap ratio of ideal transformer [

U Line/ideal transformer status indicator, 1 for
ON and 0 for OFF

v, vt Auxiliary status indicators for line/ideal
transformer [ that connects buses m and n

n¢ Complex voltage of phase ¢ at bus n

|74 Vector of complex voltages, ie., V=
VEVEVE . Vitn Vibir Viiarl”

v, Voltage vector of bus n, i.e., = [L& VL V€T

Constants:

N,R Total number of buses/VRs

B Allowed number of switching actions

Py, Qq Active/reactive power demand of fixed load d

Pyst Forecasted active power generation of
renewable DER g

PF Power factor

U, Line/ideal transformer initial status indicator

v, Given voltage values of the distribution
substation bus, i.e., V, = [V¢ V& VET

0 Matrix/vector with all zeros

(_)min’ (,)max

Lower/upper bound of a certain parameter

() P Element corresponding to phase ¢ and phase p
in a matrix

Symbols:

card(:) Cardinality of set

re(*) Real part of a complex number

tr(), || Trace/ magnitude

()T, (O*, (¥ Transpose/ conjugate/ transpose and conjugate

I. INTRODUCTION

Distribution systems are usually operated under a radial
configuration for two reasons: protection devices can be
effectively coordinated with simple parameter settings, and
magnitudes of ground-fault currents are limited. However,
distribution systems are exclusively designed as loops or
meshed networks, for guaranteeing reliability and flexibility in
fault isolation and load restoration. Indeed, by taking
advantage of the meshed network design, DSOs adopt network
reconfiguration strategies for optimizing system operations
and achieving certain objectives such as system loss reduction
and voltage regulation. Network reconfiguration can be



conducted by adjusting statuses of sectionalizers/tie switches
which are normally closed/open to reshape the network
topology.

Distribution system network reconfiguration is inherently a
mixed-integer nonlinear programming (MINLP) problem,
which includes binary variables for indicating open/closed
statuses of configurable lines, as well as AC power flow
equations representing nonlinear/nonconvex relationships
between voltages and power injections of individual buses.
Thus, solving the distribution system network reconfiguration
problem is challenging in terms of computational burden and
solution quantity. Heuristic algorithms, such as branch
exchange method [1]-[3], genetic algorithm [4]-[5], and
particle swarm optimization [6], were commonly used to solve
the problem. However, solution consistency cannot be
guaranteed and solution quality is hard to justify. Specifically,
different initial values such as first breaking loop and first
generation of genes in genetic algorithm could highly impact
final solutions. Moreover, without any information about the
best possible optimal solution, it is difficult to quantitatively
evaluate optimality of a solution from heuristic algorithms,
which could be far from the global optimum.

Convex relaxation technique was first introduced by X. Bai
et al. in [7] to solve AC optimal power flow (ACOPF)
problem, which was formulates as a semidefinite
programming (SDP) model aiming at obtaining global optimal
solutions with a high computational efficiency. Reference [8]
extended the application to unbalanced distribution systems. A
well-cited pioneering paper [9] builds up the theoretical basis
for applying convex relaxation technique in the ACOPF
problem. Recently, convex relaxation techniques have been
applied for solving nonconvex reconfiguration problems in an
attempt to obtain global optimal solutions. Reference [10]
modeled the network reconfiguration problem of balanced
distribution systems as a mixed-integer second-order cone
programming (MISOCP) model, in which topology constraints
were used to preserve network radiality and connectivity.
Several convex models are compared in [11], including
mixed-integer ~ quadratic,  mixed-integer  quadratically
constrained, and MISOCP models, for solving balanced
distribution system reconfiguration problems. Moreover, [12]
proposed a branch exchange based algorithm to solve the
reconfiguration problem of balanced distribution systems, in
which the inner optimal power flow problem is formulated as
a SOCP model.

However, references [10]-[12] exclusively focused on
balanced distribution systems, whereas the actual distribution
systems are inherently unbalanced with unbalanced three-
phase loads, untransposed line segments, and single- or two-
phase laterals, especially for medium and low voltage systems
[13]. In unbalanced distribution systems, couplings between
three-phase currents cannot be offset, while neglecting such
couplings will undoubtedly cause significant inaccuracy and
may not provide physically viable operation instructions to
DSOs. Therefore, unbalanced distribution system network
reconfiguration models and solution approaches are eagerly
needed, as indicated in recent works [14]-[17]. References

[14]-[16] solved unbalanced reconfiguration problems via
heuristic algorithms, while solution consistency and quality
continue to be major concerns. The study in [17] convexified
the unbalanced reconfiguration problem by including a line
current sparsity penalty term into the line loss minimization
objective, while the distributed energy resources (DER)
dispatches were considered as constants. However, the
coefficient of the penalty term needs to be carefully tuned for
simultaneously ensuring network radiality and solution
optimality.

Furthermore, in emerging distribution systems with the
proliferation of DERs, the value of network reconfiguration
has been clearly illustrated [ 18], while coordinating dispatches
of DERs with network reconfiguration presents new
challenges for the optimal operation. Specifically, as voltage
magnitudes are sensitive to active power injections of DERs
due to high resistance to reactance ratios of distribution lines
[19], a deeper penetration of DERs is likely to cause voltage
issues. In recognizing that, voltage regulators (VRs), static var
compensators (SVCs), distribution static synchronous
compensators (DSTATCOMs), and shunt capacitor banks are
widely used in distribution systems to maintain voltage levels
at load buses, and their operation statuses should also be co-
optimized to derive better network reconfiguration solutions.
Reference [20] considered the voltage regulation effect of
substation transformer with continuous tap ratio and modeled
a balanced single-phase distribution reconfiguration problem
as a mixed-integer nonlinear programming (MINLP) model,
which is solved by generalized benders decomposition.
However, voltage regulators with discrete tap ratios have not
been considered under any three-phase unbalanced
distribution system reconfiguration study.

This paper studies the optimal network reconfiguration
problem of unbalanced distribution systems with DERs and
voltage regulation devices. The objective is to minimize the
total system operation cost. Two typical categories of DERs
are considered, with conventional DERs directly connected to
distribution network and renewable DERs connected via
electronic inverters. Optimal operations of voltage regulation
devices, including VRs, SVCs, DSTATCOMs, and shunt
capacitor banks, are modeled. The entire problem is
formulated as a mixed-integer SDP (MISDP) model based on
chordal relaxation technique [21]-[22]. The MISDP model is
solved via a branch-and-bound based algorithm, in which a
series of binary variable relaxation subproblems are computed
sequentially. Each binary variable relaxation subproblem is an
SDP problem that can be solved via primal-dual interior point
algorism, in which binary variables are either fixed as 1/0 if
they have been branched, or relaxed as continuous in [0,1] if
they are to be determined. Moreover, as illustrated in literature
that chordal relaxation technique can improve computational
performance of SDP based OPF problems as compared to
conventional rank relaxation technique [23], it could also help
reduce calculation time of MISDP based three-phase
distribution system reconfiguration problem studied in this
paper. Moreover, the MISDP solution process requires no
initial values and solution quality can be effectively evaluated



via lower bound provided by branch-and-bound algorism.

Moreover, if a solution satisfies certain conditions as

discussed in this paper, corresponding optimal power flow

results (i.e., dispatches of DERs, voltages, and real/reactive
power flows) are global optimal with respect to the obtained
configuration solution.

Major contributions of this paper are:

1) The three-phase unbalanced distribution system
reconfiguration problem, which co-optimizes distribution
network topology and operation of various DERs and
voltage regulation devices, is formulated as a chordal
relaxation based MISDP model for the first time. The
proposed model also optimally coordinates inverters of
renewable DERs, VRs, capacitor banks, and SVCs within
the three-phase distribution system reconfiguration
framework to effectively regulate voltage levels within
their limits while achieving the minimum total operation
cost of distribution systems.

2) Several acceleration strategies are proposed by studying
distribution network structures and VR models with
continuous and discrete tap ratios. These strategies would
reduce the number of binary variables associated with line
switching statuses as well as auxiliary continuous
variables, and in turn enhance computational performance.

The rest of the paper is organized as follows. The
unbalanced distribution system reconfiguration problem is
described in Section II. The chordal relaxation based MISDP
formulation and two VR models are introduced in Section III.
Numerical case studies are conducted in Section IV, and the
conclusions are drawn in Section V.

II. UNBALANCED DISTRIBUTION SYSTEM RECONFIGURATION

Unbalanced distribution systems with wye connected three-
conductor solidly grounded or four-conductor solidly multi-
grounded neutral are studied. In such systems, impedance
matrix of line [ can be simulated as a 3x3 phase frame
complex matrix ¥;. For single- and two- phase lines, elements
in ¥; corresponding to missing phases are zeroes. Similarly,
line shunt matrices can be represented as a 3x3 phase frame
complex matrix ¥7.

A.  System Component Modeling

o Constant Loads: A constant power load (CPL) d is modeled
via fixed active and reactive power demands P; and Q,;. A
constant impedance load (CIL) d is simulated by a 3%3 matrix
Y% shunted at bus n. For single- and two- phase CILs,
missing-phase elements in Y¢ are zeros.

e DERs: Conventional DERs (g € G) and renewable DERs
(g € R) are modeled as (1) and (2) respectively. Operation
cost of a conventional DER is represented via (1a). In current
distribution systems, instead of directly owning renewable
DERs, it is a common practice that utilities purchase
electricity from renewable DER owners through power
purchase agreements (PPA) [24] at long-term fixed prices.
Thus, the energy feed-in tariff of a renewable DER is
represented as (2a), where 1, represents the inverter power

loss factor. Renewable DERs, like photovoltaics and wind
turbines, are usually connected to an AC distribution network
via electronic inverters [25]. (1b) and (lc) represent power
output limits of conventional DERs. (2b) indicates that
renewable DERs can be dispatched between 0 and the forecast

value. Inverter capacity limit P/ + Q7 < (51;’“”)2 is presented
in the Schur complement form as in (2c). (1d) and (2d) are
power factor constraints.
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—=—0 T
1-(PFJM™) 1-(PFJax)

e Voltage Regulation Devices: Different types of reactive
power compensition devices are considered. A static capacitor
bank ¢ provides specific capacitance Y¢, shunted at bus n,
which can be combined with CILs at that bus to derive
impedance matrix of bus n as Y,=Y%+Y, . An
SVC/DSTATCOM s can inject or withdraw reactive power at
the connecting bus without involving active power as in (3).
Qrin < Q, < QIex; SES (3)
A three-phase wye-wye solidly grounded VR is modeled as
an impedance in series with an ideal transformer [, as shown
in Fig. 1 [26]. m represents the virtual bus connected to the
secondary side of ideal transformer [. Three-phase tap ratios
are equal to each other, i.e., the taps are ganged. The ideal
transformer is modeled as in (4), where P,j’,P,f: and Q,‘f ,Q,‘fl
are active and reactive powers transmitted through transformer
l. Two-phase and single-phase VRs can be simliarly modeled.

Un Vn¢ = Vrf;
p? =p? @f =q?; net,lnmeT 4
n-1 n m n+_1

D
*Pf, *QZ) T Ideal transformer T 1’,5, Qf,’, Y
Fig. 1 Equivalent circuit of a voltage regulation transformer

B. Distribution Network Modeling
This paper consideres distribution system network
reconfiguration by switching ON/OFF sectionalizers and tie
switches equipped on three-phase lines for dynamically
adjusting the network topology. For single- and two- phase
lines, sectionalizers are primarily used for protection purposes
to isolate faults, and tie switches for reconfiguration is rarely
reported in literature or engineering practices [14]-[17].

To study the distribution system network reconfiguration
problem, the concept of maximum meshed sub-network is first



defined. A maximum meshed sub-network refers to the
Lme(mlunm)e(£-£2)) tr(®h, - V5 Vh]
Vi) = 2 gegtunt Fo = Zgept Pa + A .p?
Zme{mﬂ(n,m)e(!)—Lg) } tr (¢Q,l VZ; VrTn]
V) = 2ycgtumt @ = Dyepp Qo+ Doeso O + A~ Q7

connected via at least two paths. Considering a distribution
network with all sectionalizers and tie switches being initially
ON, lines that are not contained in any maximum meshed sub-
network must be ON to ensure network connectivity. In turn,
only status indicators of lines that are contained in maximum
meshed sub-networks and equipped with sectionalizers/tie
switches need to be defined as binary decision variables.

LY is defined as the set of three-phase lines equipped with
sectionalizers/tie switches contained in maximum meshed sub-
networks. When all sectionalizers/tie switches are closed, a
distribution system would contain several maximum meshed
sub-networks. £ and T4 are sets of three-phase lines and
ideal transformers contained in maximum meshed sub-
networks, and H is the set of starting points assigned for each
maximum meshed sub-networks. Topology constraints (5)
guarantee the network radiality and connectivity [10]. (5a)
describes the upstream-downstream topological relationship
between nodes n and m that are directly connected by a line or
an ideal transformer in maximum meshed sub-networks. v;* =
0 means n is the adjacent upstream node, and otherwise
downstream node. (5b) forces that a starting point is the
upstream node of all its adjacent nodes. (5c¢) indicates that
except for starting points, each node can only have one
upstream node. (5d) restricts that ideal transformers and three-
phase lines without switches will be kept ON.

Constraint (6) restricts the number of switching actions
which affects the life span of sectionalizers/tie switches.

vt =y vhuhy € {0,1}; L(n,m) € LU TS (Sa)
v =0; ne€H, l(n,m) € (LU TYI) (5b)
Zl(n,m)e(llgu:’fg) Uln =1 neé&J (SC)
u =1 In,m) eTgU (LY —LY) (5d)
Zl(n,m)e(llgu:’fg) bl <B (6a)
by=zu—-U; b=2U—u; Ilnm)e(LIUTY) (6b)

C. Three-phase Power Flow Modeling

In an unbalanced distribution system, total complex power
withdrawn at phase ¢ of bus n includes three parts: power
withdrawn via adjacent lines not contained in maximum
meshed sub- networks, power withdrawn via adjacent lines
contained in maximum meshed sub-networks, and power
withdrawn via CILs and shunt capacity banks. Summation of
the three parts is equal to net complex power injections from
DERs, CPLs, and ideal transforms at phase ¢ of bus n. Such
nodal active and reactive power balances are represented in
matrix trace forms (7). In formulation (7a) for example, the
first two terms of left side are active power injections from
lines not contained and contained in maximum meshed sub-
networks, which are matrix forms of

{Zme{m|l(n,m)e(ll—£g)}vn¢ ’ [Zpe'l’(yib'p + Yf'(P'p) ' Vnp - Y?b'p ’

T VE VD + Sepmummecs ) [tr(@h, - V5 VEIT

! [Vg V%]) + Zme{mu(n,m)elg}[tr(@g,l ’ [V7T1 Vzn]T

maximum sub-network in which any pair of nodes is
VEVED -w] + tr(@f, -V, -
(7a)
[VE VED w] + tr(@), -V,
(7
Vnﬂ*} re {Zme{mu(n,m)eLg JU A [Zpew(yf'p +
Yo yf —yPe V,,’Z]*}. The third term is active power
injection from CILs and shunt capacity banks, i.e., the matrix
form of re {Vn¢ . (Zpe.,, Yf'p . Vnp)*}. While the three terms in

the left side of (7b) are the imaginary parts of the three above
formulations. A,, d)f,’l, dig I d)z’n, and ¢(g'n are defined as:

and

-1 if Al(nm)eT
A, =11 if Alm,n) ET or n=0 (8a)
0 otherwise

Y, +Y;
l—Y lY +YS] (8b)

‘7’3,1 :é" (Yz¢_(YI¢) ) (8¢)
(8d)
o) =1 (Y,Z’—(Y,‘{’)H) (8¢)

$ = [(e¢)T 01x3]T ' [(e¢)T 01><3] ) [
5?,1 = % (Yl¢ + (Yz¢)H);
y;’: = (e¢)T .e? . Y,
o, =3 (1401

gn, , and Sff are sets of CPLs, conventional and
renewable DERS, and SVCs/DSTATCOMSs connected at
phase ¢ of bus n.

D. Distribution System Network Reconfiguration Problem
Given electricity price ¢, of all three phases at the
distribution substation bus, the network reconfiguration
problem is formulated as (9). The objective (9a) is to minimize
the total distribution system operation cost, in which the first
term represents total production cost of conventional and
renewable DERs and the second term represents purchasing
cost of importing electricity from the main grid through the
substation bus. (9¢) is bus voltage magnitude limit, where

(V,'f)* : Vn¢ for each phase ¢ is represented via a compact
V, V) with @, =e?-(e?)
Current limit of three-phase lines is modeled as (9d) to prevent

matrix form tr(d);fﬂ-

line thermal limit violations, where current [ l¢ of line [ at phase

¢ can be calculated as ¥, cp ¥,*” - (V= V%) and in tum

2
squared line current magnitude |Il¢ | is represented via a

compact matrix form tr(¢3¢ -[VT VLT - [VH VE]), with

<D¢ Y, -Y, )7 -e®- (e¢) Y, -Y,]. (9e) sets voltages

of the distribution substatlon bus. Variable sets € =

{P, Qg Qs} and I = (v}, u;}.

mmVn.CJ.Tz{degu:R Cy(Py) + Tpewco - Po¢} (%a)

Subject to: constraints (1)-(7) (9b)
miny 2 max

(W™ < er(@f, v, v < (Iv2™) (%)

(@Y, - [V VI [VH VE]) -y < (|1"’|max)

l(n,m) € L (9d)



Ve, Vobv VOC]T = Vo %e)

— w W
(0] nn nm
Zme{mu(n,m)e(t—Lg) ytr (¢P,l ) [Wm,n Wom

- . p?
deg,‘fuﬂ;’: Fy ZdeDf Pot Ay By
Wn,n Wn,m

— — ¢ , , ¢ —
Zme{m|l(n,m)€(£—£§) } tr (¢Q,l ’ Won Wi ) + Zme{m”(n,m)eLg } tr (¢Q,l ) [Wmn w,,, ) + tr((bQ,n ’ Wn,n) =

. 0®
Lyegtunt Qg ~ Lyepd Qat L5 Os + M- Qn

III. CHORDAL RELAXATION FOR UNBALANCED DISTRIBUTION
SYSTEM NETWORK RECONFIGURATION

A. Chordal Relaxation Based Reformulation

The proposed distribution system network reconfiguration
problem (9) includes three types of nonlinear and nonconvex
terms V2 - (V) -u, V- (VE)', and r, - V. Indeed, based
on author’s previous work [23], the first two types of
nonlinear terms can be directly relaxed as semidefinite
constraints which are convex. Thus, if the third term could be
properly convexified, (9) can be reformulated as a MISDP
model after chordal relaxation. A new variable Wnd),,f is thus

introduce to substitute the nonlinear term Vn¢ : (V,,’l) )* in (9).
However, implementing such a variable substitution will
introduce a bi-linear term Wn‘{’,’rf * U, a product of a continuous
variable and a binary variable. By further defining an auxiliary
variable Wf 1'5,1
equivalently linearized as:

=W P, , the bi-linear term can be

~Mw WP <M I(n,m) € Ly (10a)
—M-(1—w) SWHP =Wt < M- (1-w);
I(n,m) € £ (10b)

where M is a complex constant [(1 +)- |Vn¢|max . |V"/l’|max]_
In (10), “=" (“<”’) means both real and imaginary parts are no
smaller (no larger) than corresponding right-hand-side values.
After this, the distribution system network reconfiguration
problem (9) can be reformulated as (11) applying chordal
relaxation, where V,, V¥ and V, -V are substituted by
matrices W, and W, ,, . The objective function (1la)
corresponds to (9b). The first term is represented in an
epigraph form with auxiliary constraints (11c) and (11d),
where (l1lc) is in Schur complement form. (1le)-(11f)
represent the active and reactive power balance constraints for
each phase at each bus equivalent to (7a)-(7b) in (9). (11g)
corresponds to (4), representing the voltage relationship
between primary and secondary sides of an ideal transformer.
(11h)-(11i) are voltage and current limits equivalent to (9c)-
(9d). Distribution substation bus voltages (9¢) are expressed in
the matrix form (11j). (11k) represents positive semidefinite
constraints corresponding to lines not contained in maximum
meshed sub-network which could be derived according to the
author’s previous work in [23]. (111) represents positive
semidefinite constraints corresponding to switchable lines
contained in maximum meshed sub-networks. W, ,, and W, ;

are defined in (12). Specifically, when u; =1 (line [ is

o W, W
) + Zme{mﬂ(n,m)elg } tr (¢73,l ’ [Wr:ll’n Wr;nll ) + tr(‘p?n ' Wn,n) =
(11e)
Wnl an
(111)

switched ON), W¥# will be equal to Wf’p

n,l
and in turn W, will be equal to W, ;. Thus, (111) works
equivalently to (11k). When u; = 0 (line [ is switched OFF,
that is the line is physically not existed in the circuit), the
power injection from line [ is zero. According to (10a), when

w =0, W

nl

according to (10b),

and Wf:l'f:n_l are all zeros and in turn W, ; and
W,,, are 0 in (111). Furthermore, positive semidefinite

constraints (111) force W, ,, and W,,, to be 0 since the

diagonal elements of matrix Wi Wom
Wmn Wml

. . Wn,l Wn,m _ . .
thus the entire matrix = 0, which effectively
Wmn Wml

] are all zeros and

removes the power injection components from switched OFF
line [ in power balance constraints (11¢)-(11f).

minwn,m'wn,lﬂgrcrl'rl{degugg Ay + Z¢qu Co* P0¢} (1 13)

Subject to constraints (1)-(3), (5), (6) and (10) (11b)

a, —Cq1' By — Cqo " P

[g A “’]>0; geG (ilo)
- ng " Pg 1

ay—cg-(1+n,) B =0; gER (11d)

Wi =17 W ner, lnnm)eT (llg)
miny 2 max- 2

(W) < tr(@f, W) < (W) (11h)

— 4% 1% max\ 2
¢ . nl nm [0} . 0 .
tr (cp,_l [Wm,n w,, )s (|Il | ) ; l(n,m) € LY (110)

[(Wo's® Weo® W

Wi Wb Wb | =74+ (V)" (11j)

| Wosh Woy Woy

3,/;1 3,/;’1”” > 0; Im,m)e L—L (11k)

M“,Zi K,’:n"; > 0; I(n,m) € L3 (111)
Wi Wit Wi W, lwrttlr?z Wont

Wom = |WEAWLEWLE s W, = |Wot W wie [ (12)
Wi Wiem Woim Wi Wi Wi

It can be seen that if (11g) is excluded, problem (11)
becomes a MISDP model. In the following section, we study
how to reformulate (11g) to make (11) an MISDP model.

B.  Reformulation of Voltage Regulators

In this paper, two ideal transformer models are studied. The
first one regards the tap ratio as a continues variable within the
range of [ry™™, 77"%*|. Thus, (11g) could be reformulated as a
positive semidefinite relaxation form (13) according to [23].



(rlmaX)z ' Wn,n - Wm,m 7 0; Wm,m - (rlmin)2 ' Wn,n Y 0;
<y < e I(mm)eT (13)
The second model formulates the tap ratio as a discrete
variable in (14). That is, the tap ratio of an ideal transformer
can only take certain discrete values (™" + ¢; - k) for 0 <
k < 2K;, ie., 0 to 2K, taps with the tap ratio step of ¢; =
( X — rlmi") /2K;. Binary variable R, ; represents the tap
position indicator. (14b) forces that tap positions are
exclusively set.

m= [ YK A (o k) Rkl] W, Ilnm)eT
(14a)

Ry, € {0,1} (14b)
in (14a) can be further
linearized as (15), where w?: lk is an auxiliary variable to

substitute Ry, ; - VI/;f'_b,'lp . Thus, (11g) can be reformulated as (15)
and (14b). For each three-phase ideal transformer [(n,m) € T,
2K; + 1 binary and 6 X (2K; + 1) continuous variables will
be introduced in this discrete linearization model, which may
cause significant computational burden as compared to the
continuous linearization model (13).

ZZKZ Rkl =1

Nonlinear terms Ry W¢'p

—M Ry, WP < MRy, (15a)
ml({)ﬁp - (1 - Rk,l) M< Wfﬁc

< vvn‘?”+(1—Rk,l)-M (15b)
W = Tt | Gimin + e, - k) - W] (150)

C. MISDP Model for the Network Reconfiguration Problem

Depending on whether VRs are formulated via continuous
or discrete tap ratios, the proposed unbalanced distribution
system network reconfiguration problem could be formulated
as an MISDP model, either in the form of (16) or (17).

e Reconfiguration model with continuous tap ratios (Rec-c):

minwn'm,wn'l,ag,C,I,Tl{deguﬂ leg + Z¢qu Co" P0¢} (163)
Subject to (11b)-(11f), (11h)-(111), and (13) (16b)

e Reconfiguration model with discrete tap ratios (Rec-d):

min
WnmWn,1.ag,CL1, Wnnk Rkl{degufR Ay + Zqﬁe'l’ Co- P }

(17a)
Subject to (11b)-(111), (11h)-(111), (14b) and (15) (17b)
After solving Rec-c or Rec-d, matrices W, ., and W, ,,
corresponding to lines with u; = 0 are all zeros. If matrices
Wn,n Wn,m
Wm,n Wm,m
not contained in maximum meshed sub-network are all rank
one, and in the same time, (18) is satisfied, the optimal
solution to the original problem (9) can be recovered [23].
(f'l)z ’ Wn,n = Wm,m; ln,m)eT (18)
7; represents the optimal tap ratio solution from Rec-c or
Rec-d. Otherwise, if rank one condition and (18) are not
satisfied simultaneously, the solution of (16) or (17) is an
infeasible solution to the original problem (9), which indicates
the relaxed convex models (16) or (17) is not tight enough.
However, based on our extensive experience in different
distribution system studies, such an infeasible situation rarely

corresponding to lines with u; = 1 and lines

happens and finding a practical system that cannot be exactly
solved may not be easy according to our study.

IV. CASE STUDIES

In this section, an illustrative example is first presented to
explain the maximum meshed sub-network concept and the
representation of power flow equations in (9) and (11). After
that, two distribution systems are studied to illustrate the
effectiveness and computational performance of the proposed
unbalanced distribution network reconfiguration solution.

A. A Small lllustration Example

A 4-bus system example shown in Fig. 2 is first used to
illustrate the maximum meshed sub-network concept and the
representation of power flow equations in (9) and (11).

All four lines in the system are three-phase lines. It is
observed that buses 0 and 1 are connected through only one
path, while each pair of buses 1, 2 and 3 is connected via two
paths. That is, line 1(0,1) must be ON to keep connectivity,
while only two of the other three lines 2(1,2), 3(1,3), 4(2,3)
have to be ON for ensuring connectivity. Thus, according to
the definition of maximum meshed sub-network, 1-2-3
constitutes a maximum meshed sub-network.

For this 4-bus system, active power flow equations of phase
a at bus 1 are written as in (19) corresponding to (7a).
Specifically, in (19), the first three terms are respectively
active power flows through lines 1(0,1), 2(1,2), and 3(1,3),
and the fourth term is active power flow through line shunt
admittance and constant impedance load. u, and u; in (19) are
binary variables indicating ON/OFF statuses of lines 2(1,2)
and 3(1,3). For instance, when u, is 0, tr(®$, - [V] V3]T
V¥ V1) -u, and tr(@%, - [V] VE]" - [VE VE])-u, are O,
which indicate line 2(1,2) is switched OFF and power flow
carrying is disabled. Status indicator of line 1(0,1) is not
needed because it must be ON as discussed above.

Variable substitutions to reformulate (19) are defined in
(20). After variable substitution with auxiliary variables, (19)
can be equivalently represented as in (21). Similarly, when u,
is zero, based on (10a), all elements in W, , and W, , are

W1,2 .
is forced to be a zero matrix
w,,

because of semidefinite constraint (111) and zero diagonal
elements. It shows that line 2(1,2) is switched OFF and power
flow carrying is disabled. In addition, line 1(0,1) must be ON
to keep connectivity, thus W, ; and W, ; do not need to be
defined.

zeros and in turn [
Wz 1

0 abc

1(0,1)

1

2(1,2) 3(1,3)

2 423 3

Fig. 2 A 4-bus system example
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B.  The Modified IEEE 34-bus System Case Study

The modified IEEE 34-bus system shown in Fig. 3 includes
34 original buses and 2 virtual buses 7 and 20 for the two
VRs. Four tie-lines 8-32, 13-28, 17-31, and 30-33 equipped
with tie switches are added, shown as dashed lines with three
slashes in Fig. 2. The modified distribution system includes
only one maximum meshed sub-network as highlighted via
dashed lines in Fig. 2. All 20 three-phase lines in the
maximum meshed sub-network are considered switchable.
Lower and upper bounds of tap ratios of the two VRs are 0.95
and 1.05. For the discrete tap ratio setting, K is set as 4, and ¢;
as 0.0125. A single-phase SVC, SVCA, is connected at phase
a of bus 12, with reactive power limits of [-550kVar,
850kVar]. A three-phase conventional DER, GA, is connected
as bus 17. A three-phase renewable DER as bus 30, GB, has
an inverter loss factor 0.02. Power factor limits of both DERs
are set as [0, 1]. Configuration data of GA and GB are shown
in Tables I-II. Electricity price at the distribution substation
bus is 10¢/kWh. Voltages at the distribution substation bus are
1.05240°p.u., 1.05£-120°p.u., and 1.052£120°p.u.. For all other
buses, lower and upper bounds of phase voltage magnitudes
are 0.95p.u. and 1.05p.u.. Current limits of all three-phase
lines are set as 0.352kA. The initial statues of entities in £L§ U
T4 are considered as ON (U;=1) and in turn B is set as
card(L{ U T9) minus R+N-1. Other detailed configuration
data can be found in [27].

The formulated MISDP problems are solved by integrating
the branch-and-bound (BAB) solver in Yalmip [28] to handle
binary variables and Mosek [29] to solve SDP problems at
individual BAB nodes. Threshold of relative gap in the BAB
algorithm is set as 0.01%. As the rank of a matrix is equal to
the number of its nonzero eigenvalues, 1x10* is set as
threshold to determine if a numerical eigenvalue is nonzero.

The following three cases are studied.

Case I: Network reconfiguration with CPLs only.
Case 2: Network reconfiguration with DERs and SVCs.
Case 3: Network reconfiguration with both DERs and CILs.

TABLE [ DATA OF THE CONVENTIONAL DER GA
max min max min
F™™ B Qg™ Qg

Phase Co2 Co1 €g0

(105¢AWH)  (¢AWh) (&) (kW) (kW) (kvar) (kvar)
a 189 6.1 0 1680 200 720 100
b 203 6.3 0 1680 200 780 100
c 195 6.0 0 1680 200 700 100

TABLE Il DATA OF THE RENEWABLE DER GB

Phase cgy (¢kWh) P"@* (kW) Pm (kW) S7e* (kVA)

a 5.1 1250 0 1400
b 5.2 1250 0 1350
c 5.6 1250 0 1350
11¢
SvcA 12 H
8
7

Substation
bus 1 2 3

Fig. 3 The modified IEEE 34-bus distribution system

Case I: This case studies distribution system network
reconfiguration with CPLs only. Without DERs, objective
function of the original problem is degenerated to minimizing

electricity purchase cost from the substation Y gew Co -P0¢.

Indeed, as Po(iJ covers all demands and distribution losses, this
case is equivalent to minimizing distribution losses.

Both Rec-c and Rec-d models are tested. Rec-c is
Wn,n Wn,m
Wm,n Wm,m
corresponding to switched-on lines (i.e., u; = 1) and lines not
contained in maximum meshed sub-networks are rank one,
and (18) is satisfied. That is, a feasible and good-enough
solution to (9) could be recovered from solution to Rec-c. In
addition, voltages of phase c at virtual buses 7 and 20, which
are secondary sides of two ideal transformers, reach their
upper bounds. The reason is that, a higher voltage would
mitigate distribution losses by reducing line currents, and in
turn minimize the total operation cost. Rec-d is solved in 90
seconds, while all variable matrices corresponding to
switched-on lines are also rank one. However, extra variables
introduced in (14b)-(15) show noticeable impact on
computational efficiency when considering discrete tap ratios.

Detailed solutions to Rec-c and Rec-d are compared in
Table III. It shows that the network topology configuration
results of both models are identical. Indeed, the system after
network reconfiguration contains two main radial laterals (i.e.,
buses 14-23 and buses 8, 24-26, 29-35) with 10 and 11 buses
respectively, while total loads of the two laterals are very close
(i.e., 5670kW and 6270kW). On the other hand, operation cost
of Rec-d is slightly higher than that of Rec-c, because optimal
tap ratio solutions in Rec-d can only take discrete values. In
fact, since voltages of buses 7 and 20 both reach their upper
bounds in Rec-c, optimal tap ratios of Rec-d are equal to the
largest discrete tap values that are smaller than those in Rec-c.
For further comparison, two base cases with continuous VR
tap ratios (BS-c) and discrete VR tap ratios (BS-d) while
neglecting network reconfiguration are also studied. As shown
in Table III, both BS-c and BS-d present much higher
operation costs associated with larger distribution system
losses. Significant loss reductions, namely 49.08% and
49.07%, can be achieved in Rec-c and Rec-d, respectively.

completed in 31 seconds. All variable matrices

TABLE IIT RESULTS IN CASE 1
Switched-Off Line Objective Losses

Tap Ratio (p.u.)



®) KW)  (6-7)  (19-20)
Rec-c  21-2426-27,28-29,17-31 9635  963.5 1.0377 1.0144
Rec-d  21-24,26-27,28-29,17-31  96.40 9640 1.0375 1.0125
BS-c  17-31,8-32,13-28,30-33 18920 1892.0 1.0372 1.0384
BS-d  17-31,8-32,13-28,30-33  189.29 18929 10375 1.0375

Case 2: This case explores impacts of DERs and SVCs on the
optimal operation of distribution systems by adding SVCA,
GA, and GB into the system. Rec-c and Rec-d are completed
in 12 seconds and 61 seconds, respectively. All variable
matrices corresponding to switched-on lines are rank one, and
(18) is satisfied in both models. Thus, same as Case 1, a
feasible and good-enough solution to (9) can be recovered.

Solutions of Rec-c and Rec-d as well as the two base cases
BS-c and BS-d without network reconfiguration are compared
in Table IV. It is noted that in Rec-c, phase a voltages of buses
7 and 18 reach their upper limits. Primary and secondary sides
of the ideal transformer [(19,20) are reversed as compared to
the original system topology, i.e., bus 19 is at the downstream
of bus 20. That is, 1(19,20) still works as a step-up
transformer with the tap ratio of 1/0.9967.

Table IV also shows that the topology reconfiguration
results of Rec-c and Rec-d are identical, but significantly
differ from those in Case 1, which demonstrates the impacts of
DERs and SVCs on the optimal network reconfiguration. In
addition, in Case 2, after reconfiguration, the system contains
two main radial laterals (buses 13, 27-30, 33 and buses 8, 17-
26, 31-35), with 6 and 15 buses respectively, which supply
very different amounts of loads (i.e., 6760kW and 8190kW).
Furthermore, after network reconfiguration, the two DERs are
connected towards the ends of the two radial laterals for
holding up terminal bus voltages and reducing line currents, so
as to reduce system losses. In turn, Rec-c and Rec-d reduce
system losses by 50.76% and 50.97%, as compared to BS-c
and BS-d.

Dispatches of DERs and SVCs in Rec-d are detailed in
Table V. Results show that active power output of GB reaches
the upper limit because of its relatively low operation cost.
Apparent power through the three-phase inverter of GB also
reaches its upper limit, which shows GB has also fully
contributed its reactive power capacity. Reactive power
outputs of SVCA in phase a and GA in three phases all reach
their upper limits. That is, reactive power capacities of both
SVCA and DERs are fully utilized to elevate voltage profiles
and minimize system losses, so as to reduce the total system
operation cost.

TABLE IV RESULTS IN CASE 2

. . Objective Losses  Tap Ratio (p.u.)
Switched-Off Line ) (W) (6-7) (19-20)
Rec-c  16-17,17-31,26-27,32-33  1740.97 377.51 1.0200  0.9967
Rec-d 16-17,17-31,26-27,32-33  1741.22 379.80 1.0125 0.9875
BS-c 17-31, 8-32, 13-28,30-33 1780.51 766.65 1.0233 1.0182
BS-d 17-31,8-32,13-28,30-33 1781.44 77456 1.0125 1.0250
TABLE V DERS AND SVCS DISPATCHES IN REC-D OF CASE 2
Substation Bus GA GB SVCA
Phase P,(kW) Qy(kvar) P,(kW) Q,(kvar) P,(kW) Q,(kvar) Q(kvar)
a 4239.1 1607.5 1160.5 720 1250 630.5 850
b 42474 2400.0 1027.3 780 1250 510.1 /
c 41506 25879 1162.8 700 1250 510.1 /

In Rec-d of Case 2, active power dispatches of renewable
DERs all reach their upper limits. This is because feed-in tariff
of renewable DER is smaller than electricity price of the main
grid and operation cost of conventional DERs, and in turn
utilities prefer to dispatch as much renewables as possible
without violating system constraints. Indeed, as more
renewable DERs would impact system voltage profiles,
further adjusting VR tap ratios could help facilitate a deeper
utilization of available active power energy from renewable
DERs. The impact of VRs for accommodating more
renewables DERs is further studied. We adopt the same
network configuration result from Case 2, while enlarging
Pst and S7*%* of renewable DER GB to 1800kW and
2000k VA respectively and rerunning the Rec-d model. Result
is compared with Rec-d of Case 2 in Table VI. It can be seen
that the objective value decreases because more renewable
energy are accommodated. However, in order to mitigate the
impact of increased renewable DER injection to voltage
profiles, VR [(6,7) acts as a step-down transformer and VR
[(19,20) works as a step-up transformer with a higher tap
ratio of 1/0.9625, which together help raise the voltage profile
of branch 19-17-18.

TABLE VI IMPACT OF VRS TO ACCEPTED RENEWABLES

Objective (§)___L2P Ratio Fg 6W)
67 (19200 a b <
Case 2 174097  1.0125 09875 1250 1250 1250
Enlarged GB Case  1680.57  0.9625  0.9625 1800 1800 1800

Case 3: This case studies the impact of CILs on the network
reconfiguration and system optimal operaiton. Two three-
phase pure resistive CILs are added at buses 9 and 26, with
40kW capacity per phase at the nominal voltage. Rec-c and
Rec-d are completed in 70 seconds and 184 seconds,
respectively. All variable matrices corresponding to switched-
on lines are rank one and condition (18) is also satisfied in
both models for original problem (9)’s solution recovery.
Solutions of the two models are compared in Table VII.
TABLE VII RESULTS IN CASE 3

. . Objective Tap Ratio (p.u.)
Switched-Off Line ) (6-7) (19-20)
Rec-c 16-17,17-31,26-27,32-33 1766.62 0.9500 0.9500
Rec-d 16-17,17-31,26-27,32-33 1766.62 0.9500 0.9500

It is observed that Rec-c and Rec-d derive exactly the same
solution. Network topology configuration results from these
two models are also same as those in Case 2, while the most
prominent difference exists in the tap ratio of transformer
[(6,7) . Considering a CIL’s power consumption is
proportional to the squared terminal voltage magnitude, a
higher voltage magnitude will lead to a larger active power
consumption and thus a higher operation cost. In Case 3, the
system voltage profile is optimally regulated for the best
tradeoff between reduced line losses and increased active
power consumptions of CILs, since a higher voltage profile
generally implies lower line losses but higher power
consumptions of CILs and vice versa. Ideal transformer
[(19,20) works as a step-up transformer with the tap ratio of
1/0.9500, while bus 20 is reconfigured as the upstream of bus



19. While VR [(6,7) acts as a step-down transformer, and its
tap ratio reaches the lower bound for reducing CILs’ power
consumptions.

C. Impact of Maximum Meshed Sub-Network Strategy

Computational impact of applying the maximum meshed
sub-network strategy is studied in this section. Rec-c models
of modified IEEE 34-bus and IEEE 123-bus systems are
recalculated without considering the maximum meshed sub-
network strategy. Results are shown in Table VIIL It is
observed that numbers of binary variables and continuous
variables W are both reduced after the maximum meshed sub-
network strategy is applied. Indeed, a smaller number of
binary variables could reduce number of nodes being searched
by the branch-and-bound algorism, and a smaller number of
continuous variables would reduce computational time of each
SDP node of an MISDP problem, which both provide direct
time saving in solving MISDP models. Consequently,
computational performance after applying the maximum
meshed sub-network strategy has been improved to certain
extend in various system studies.

TABLE VIII COMPARISON WITH AND WITHOUT CONSIDERING MAXIMUM
MESHED SUB-NETWORK STRATEGY
With Maximum

Without Maximum

Meshed Sub-network Meshed Sub-

Strategy network Strategy
Computation| Case 1 31 74
IEEE time Case 2 12 28
34-  (second) Case 3 70 71
bus # of card(I) 63 93
#of W 240 348
IEEE Computation time (second) 328 430
123- # of card(I) 144 207
bus #of W 564 816

D. The Modified 392-Bus System

A 392-bus system [27], which is modified based on an
IEEE 8500-node system, is further studied to illustrate the
computational performance of the proposed model on large-
scale distribution systems. The IEEE 8500-node system is
modified by combining adjacent short line segments, so that
all lines in the resulting system are no shorter than 250 meters.
The reason for such a system modification is that line
admittances in the original IEEE 8500-node system differ in
several orders of magnitude, which introduces significant
numerical issues when solving the MISDP model. Besides
combining ultra-short lines, rescaling voltage and power bases
is also adopted to further resolve the numerical issue.

Two cases with three and four switchable tie-lines are
studied and compared, as illustrated in Table IX. Threshold of
the BAB relative gap is set as 0.05%. Specifically, when the
number of switchable tie-lines increases from 3 to 4, more
than 43.75% switchable distribution lines are included in
meshed sub-networks, which significantly increases the
number of nodes to be explored and the computational time. In
turn, for large-scale systems with more switchable tie-lines,
solving MISDP models to a small BAB relative gap in a
reasonable time remains a challenging issue to be addressed.

TABLE IX COMPUTATIONAL PERFORMANCE FOR THE 392-BUS SYSTEM

# of Maximum

# of Tie- # of Switch- # of Nodes bjective Time
Lines Meshed Sub- abIeSLines Model Explored © J($) (s)
Networks
3 | 1 Rec-c 314 1104.08 186
Rec-d 1718 1104.26 1032
4 5 46 Rec-c 2208 1101.24 1406
Rec-d 11326 1101.95 8734

Indeed, two main factors would impact computational
performance of the proposed MISDP-based unbalanced
distribution system network reconfiguration approach: (i) the
number of switchable lines, i.e., the number of binary
variables, which may impact the efficiency of the BAB
procedure, and (ii) the scale of distribution systems, which
would impact the computational time of each SDP node in the
BAB tree. The maximum meshed sub-network concept and
the chordal relaxation approach proposed in this paper intend
to handle these two challenges. It is observed that SDP models
have been widely used in various areas, while the use of
MISDP models is still very limited due to the lack of high
performance commercial solvers. It is expected that with the
development of effective algorithms specifically aiming at
MISDP problems [30], the application of MISDP models for
solving distribution system operation problems could become
more flourish in the future. Furthermore, the following
strategies are explored to further improve the computational
performance of the proposed approach:

e Solve Rec-c and Rec-d sequentially: With extra binary
variables to indicate tap positions, Rec-d model can accurately
represent physical operation behaviors of VRs, at the cost of
high computational burden. Indeed, Table IX shows that the
computational time of Rec-d could be 9 times longer than that
of Rec-c on a large system. On the other hand, case study
results of several systems including modified IEEE 34-bus,
modified IEEE 123-bus [27] and 392-bus systems show that
these two models derive same or very similar network
topology configuration results. Considering this fact, a
sequential strategy can be adopted for large distribution
systems. First solve Rec-c to obtain the optimal network
topology configurations, and then solve Rec-d with fixed
network topology configuration, namely fixing I in Rec-d with
results from Rec-c to determine the final tap positions of VRs
and optimal dispatches of DERs.

e Handle Degree-two bus with zero injections: Degree-two
buses with zero power injections are those connected by two
lines without any other system assets, which are commonly
seen in distribution systems, such as buses 1, 10, and 15 in
Fig. 3. If such a bus is contained in a maximum meshed sub-
network, bus 15 in Fig. 3 for instance, switching off either line
13-15 or 15-16 will have very similar impacts on final
operation solutions, since the current flowing through the
remaining switched ON line is close to 0. Thus, one of the two
connected lines of a degree-two bus with zero power
injections can be modeled as un-switchable, so Reduced-
complexity semidefinite as to further reduce the number of
binary variables.

V. CONCLUSION



This paper proposes an optimal network reconfiguration
model for unbalanced distribution systems, while considering
co-optimized operations of voltage regulation devices and
different types of DERs with unbalanced three-phase AC
power flow constraints. The network reconfiguration problem
is formulated as an MISDP model for the first time, in which
the distribution network topology structure is explored to
reduce the problem dimension, and chordal relaxation is
adopted to improve solution performance. Numerical results
illustrate that network reconfiguration could significantly
reduce distribution system operation cost, especially when
coordinated with optimal dispatches of DERs and voltage
regulation devices. Two VR models with continuous and
discrete tap ratios are compared in terms of effectiveness and
performances. Considering the computational burden with
increased number of switchable lines and the practical scale of
distribution systems, acceleration strategies are explored to
enhance the computational performance of the proposed
network reconfiguration approach for DSOs to optimally
derive operation strategies of emerging distributions systems.
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