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Acoustophoresis around an elastic scatterer in a standing wave field
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Acoustofluidic systems often employ prefabricated acoustic scatterers that perturb the imposed acoustic field
to realize the acoustophoresis of immersed microparticles. We present a numerical study to investigate the time-
averaged streaming and radiation force fields around a scatterer. Based on the streaming and radiation force field,
we obtain the trajectories of the immersed microparticles with varying sizes and identify a critical transition size
at which the motion of immersed microparticles in the vicinity of a prefabricated scatterer shifts from being
streaming dominated to radiation dominated. We consider a range of acoustic frequencies to reveal that the
critical transition size decreases with increasing frequencys; this result explains the choice of acoustic frequencies
in previously reported experimental studies. We also examine the impact of scatterer material and fluid properties
on the streaming and radiation force fields, as well as on the critical transition size. Our results demonstrate that
the critical transition size decreases with an increase in acoustic contrast factor: a nondimensional quantity that
depends on material properties of the scatterer and the fluid. Our results provide a pathway to realize radiation
force based manipulation of small particles by increasing the acoustic contrast factor of the scatterer, lowering

the kinematic viscosity of the fluid, and increasing the acoustic frequency.
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I. INTRODUCTION

The motion of particles under high-frequency acoustic
fields, referred to as acoustophoresis, has received renewed
attention due to the advent of microfluidic lab-on-a-chip
technologies [1-3]. In recent years, several microfluidic sys-
tems have been demonstrated that leverage high-frequency
acoustic waves for diverse applications, including fluid
mixing [4-9], droplet generation [10], particle separation
[11], trapping [12-15], patterning [16-20], and focusing
[11,21-23]. These systems leverage the nonlinear interaction
of an externally applied high-frequency acoustic field with
a viscous fluid, and the presence of an oscillating interface
[5,12,24-27]. These interactions lead to the generation of a
radiation force field and a streaming flow field, where the
latter owes its origin to the dissipation of acoustic energy in
a viscous fluid, either in the bulk fluid or within the boundary
layer region near a solid. The streaming and radiation fields
are, in turn, leveraged to control the acoustophoretic motion
of microparticles immersed within the viscous fluid.

Recently, several acoustofluidic devices have employed
prefabricated structures to focus the acoustic energy in their
vicinity and enable efficient fluid and particle manipulation
[5,12,13,28-40]. Here, the prefabricated structures act as
acoustic scatterers that perturb the externally applied acoustic
field and, consequently, alter the acoustic forces experienced
by the immersed microparticles around the scatterer. From
a physical perspective, both the prefabricated structures and
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the freely moving immersed microparticles in the fluid scatter
the incoming acoustic waves. However, in this article, we
distinguish between the prefabricated structure and the mi-
croparticles immersed in its vicinity by reserving the use of
the term “scatterer” to refer to the prefabricated structure. In
contrast, the freely moving particles immersed in the fluid are
referred to as “immersed microparticles” or “particles.”

In this work, we employ a numerical model to systemati-
cally investigate the streaming and radiation force field around
a scatterer placed in a standing acoustic field. We lever-
age our previously validated numerical framework [41-43]
and the recent advances by Baasch er al. [44] to investi-
gate the acoustophoretic motion of immersed microparticles
around the scatterer and elucidate the impact of the choice
of acoustic frequency, scatterer material, and fluid proper-
ties on this motion. To this end, we calculate the streaming
and radiation force fields around the scatterer and charac-
terize the critical transition size at which the motion of
immersed microparticles shifts from being streaming dom-
inated to being radiation dominated. We consider a range
of acoustic frequencies and different combinations of scat-
terer materials and surrounding fluid to reveal that a smaller
critical transition size can be achieved by increasing the
acoustic frequency, increasing the acoustic contrast factor of
the scatterer, and decreasing the fluid’s kinematic viscosity.
These results explain the previously reported experimental
results concerning particle trapping (or the absence thereof)
near acoustic scatterers in relation to the specific choices of
acoustic frequency, scatterer material, and surrounding fluid
employed in these studies [12,13]. The numerical model and
the results reported in this work will provide a better under-
standing of acoustophoresis around a scatterer and will inform
the optimal choice of design and operational parameters
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to achieve the desired acoustophoretic motion of immersed
microparticles.

II. THEORY
A. Governing equations
1. Equations for fluid

The motion of a linear viscous compressible fluid is gov-
erned by the conservation of mass and linear momentum,

% v (v =0, (1)
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where p is the mass density, v is the (Eulerian) fluid velocity,
and o is the Cauchy stress tensor,
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where I is the identity tensor, p is the fluid pressure, and n and
Ny are the shear and bulk viscosity, respectively. We remark
that the term (Vv)v is sometimes alternatively written as (v -
V)v. However, we use the former notation to indicate that this
term refers to the action of a second-order tensor, Vv on a
vector v. These equations are supplemented by a state relation
linking the density p and the pressure p,

p = p(p). 4

Equations (1)—(4), coupled with appropriate boundary condi-
tions, fully determine the fluid solution. However, the high
frequency of the imposed acoustic field results in a large
difference between the characteristic oscillation timescale and
characteristic streaming timescale; this renders a direct nu-
merical solution of these equations as impractical. Instead,
following prior works [27,41,43,45,46], we employ a pertur-
bation approach by expanding the primary unknown fields as
[A] = [A)o + [A]l; + [A]2 + - - -, where A represents the un-
known field (pressure, density, or velocity) and the subscripts
denote the order of the respective field. We assume the fluid
to be quiescent in the absence of acoustic actuation (i.e., at
the zeroth order). Substitution of the perturbation expansion
of the unknown fields into Eqs. (1)—(4) leads to the following
first-order system of equations:
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where ¢ is the speed of sound in the fluid. Repeating the
same procedure for the second-order terms, followed by time
averaging, results in a second-order system of equations,

0
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where (A) represents the time averaging of the quantity A over
the oscillation time period 7', (A) = % f r Adt. As noted later
in Sec. Il C, we seek steady solutions for the second-order
problem. Consequently, the second-order density o, drops out
of Eq. (9) and the state relation linking p, and p;, is not
needed at the second order. We defer the discussion of the ap-
propriate boundary conditions for the first- and second-order
equations to Sec. III B.

2. Equations for solid

We model the scatterer as a linear elastic solid. The balance
of linear momentum for a solid, in the absence of body forces,
is given as

9%u

psﬁ =V.oy (12)

where ps is the solid density, u is the displacement vector, and
o, is the Cauchy stress tensor. For a linear elastic solid, the
Cauchy stress tensor can be related to strain tensor & as

oy = As(tre)l + 2uqe, (13)
with
e=3[Vu+ (Vu)'], (14)

where A¢ and g are Lamé parameters that can be related to
the velocity of P and S waves in the solid as

A 2
cp = M’ cs = /ﬁ‘ (15)
Ps Ps

Therefore, the triplet (o5, cp, cs) defines the relevant material
properties for a linear elastic solid. These values are listed in
Table I for all the material choices considered in this work.

B. Background field

The scatterer and the surrounding fluid are subjected to
an incident (or background) acoustic field. Following the
interaction of this field with the scatterer, the immersed
microparticles in the vicinity of the scatterer experience a
composite field ¢, which is the sum of the background field
(¢2) and the scattered field (¢*°): ¢ = ¢ + ¢ [44,47,48].
We consider the background field as a one-dimensional plane
standing wave along the y direction as

e = %ik(e'“‘yw) — e rte)yivtg | (16)
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TABLE I. The material parameters for the immersed microparticles and the scatterer materials considered in this work [52]. The viscous
acoustic contrast factors are calculated using an acoustic frequency of 900 kHz. Viscous acoustic contrast factor @ = % Re[ fo] + % Re[fi]
[48]. The viscous acoustic contrast factor for a rigid solid is 0.923 and 1.432 in water and oil, respectively. Compressibility is calculated as

_ Py

Kp = 3(11+;“) (pl‘z); Poisson’s ratio is calculated as o}, = z(ﬂﬁ,)ﬁ [53].
PP 5T

Parameters Symbol PS Glass Ti Cu SiC Au Pt Unit
Density Pp 1050 2240 4480 8930 13800 19700 21400 kgm™3
Longitudinal speed of sound cp 2400 5100 6100 5010 6660 3240 3260 ms™!
Shear speed of sound cs 1150 2800 3100 2270 12802 1280 1730 ms~!
Viscous acoustic contrast factor in water Dyicc.water 0.176 0.557 0.720 0.813 0.852 0.869 0.872
Viscous acoustic contrast factor in oil Disc.0il 0.201 0.690 1.036 1.267 1.348 1.381 1.386

#This value was assumed to be the same as for Au, due to the lack of available experimental data.

where o is the angular frequency, k = 2 — «i is the wave
0

w’n o
2cgpo 1
cient, ¢ is the phase shift, e, is the unit vector along the y
direction, and v, is the velocity potential amplitude,
Pa
Va = —- , a7
! iwpo + (o + 31)k>2

where p, is the pressure amplitude.

number with « =

+ %) being the attenuation coeffi-

C. Acoustophoretic trajectory

To characterize the acoustophoretic motion of immersed
microparticles around the scatterer in relation to the choice
of acoustic frequency, scatterer material, and fluid proper-
ties, we implement a particle tracking strategy. In a typical
acoustofluidic setup, the particle motion is governed by the
acoustic radiation force and the drag force. In general, these
forces are dictated by the fluid-structure interactions that are
at play as the immersed microparticle moves through the
fluid domain. However, for small spherical particles that are
commonly employed in microfluidic experiments, the analysis
of particle motion can be greatly simplified by considering
semianalytical expressions for the radiation and drag forces.
Further, we consider immersed microparticles to be suspended
in a suspension dilute enough to neglect both the hydrody-
namic and acoustic particle-particle interactions. Noting this,
the acoustic radiation force experienced by a spherical particle
of radius a that is much smaller than the acoustic wavelength
A, mass density p,, and compressibility «, can be expressed
as [48]

2
F™ = —nd [ﬂ Re(f5piVp1) — poRe(fivf - Vvl)},

where § denotes the thickness of the viscous boundary layer.
We remark that as noted by Baasch er al. [44] and Pavlic
et al. [49], Eq. (18) does not account for the microstreaming
contributions to the acoustic radiation force. This results in
discrepancies from the true results when the thickness of the
viscous boundary layer is larger than the radius of the im-
mersed microparticle, 6/a > 1. Accordingly, this expression
should be used to obtain radiation force expression only for
cases when the particle size is greater than the viscous bound-
ary layer thickness. We remark that the current study aims to
understand the general trends in the acoustophoretic motion of
immersed microparticles with respect to the changes in scat-
terer material properties and acoustic frequency. A complete
analysis of the particle trajectories for the cases where parti-
cle size is smaller than the viscous boundary layer thickness
would require a numerical analysis with explicit modeling of
immersed microparticles, which is beyond the scope of the
current work. Nonetheless, in the current study, we have taken
care in choosing the material and operation parameters to be
always within the §/a < 1 regime.

In addition to the acoustic radiation force, the immersed
microparticles experience drag force. When the wall effects
and particle-particle interactions are negligible, the hydro-
dynamic drag force experienced by a spherical immersed
microparticle can be expressed as F¥ = 67 na((v,) — vp),
where v, is the particle velocity [27,50]. Given these forces,
the particle motion can be predicted via Newton’s second
law. Noting that the characteristic timescale of acceleration
is much smaller than the timescale characterizing the motion
of immersed beads, and following prior works [27,41], we ne-
glect the inertia of the particle to reduce the Newton’s second
law to a force balance between radiation and drag forces. This

3 yields the particle velocity as
(18)
where kg = 1/(pocj) is the compressibility of the fluid, A* . Frd 21
denotes the complex conjugate of the quantity A, and the vp = (v2) + 67na’ 1)

factors fy and f; are given as [48]

fo=1-22 £ 20=y)pp=p0) g D. Critical transition size
Ko 20p + po(1 —3y) . . :
) To investigate the acoustophoresis near the scatterer, we
with consider the trajectories of immersed polystyrene particles
3 s 2 that are commonly used in microfluidic experiments. We are
y = —5[1 +i(14+6)]6, 6= e 6= a)_po’ (20) interested in understanding whether the motion of an im-

mersed microparticle with a given size is dominated by the
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radiation force or streaming drag force, and the critical parti-
cle size at which this motion transitions from being streaming
dominated to being radiation dominated. We begin by using
Eq. (18) to rearrange Eq. (21) as

vy = (v) + @0, (22)

where v} denotes the value of the second term on the right-
hand side of Eq. (21), calculated for a reference particle of
size aref = 1 um, and @ = a/ags denotes the nondimensional
radius of the immersed microparticle. In Eq. (22), the first
term on the right-hand side represents the contribution of
the streaming to the particle velocity, while the second term
represents the contribution from the radiation force. Conse-
quently, following Barnkob et al. [51], we define the critical
transition size a. as the size of the immersed microparti-
cle at which (v,) = Zzgﬁtvﬁﬂn, where et = Gerit/drer TEfers
to the nondimensional critical transition size. We note that
both (v,) and vrffﬁn are vector-valued fields. Therefore, the
critical transition size depends on the particle location, and a
single value cannot be defined for the entire domain. Nonethe-
less, to understand the relative dominance of the streaming
and radiation forces on the motion of immersed micropar-
ticles, we define an instructive maximum critical transition

size by considering the maxima of individual components of

max((vs) )/max(vrl‘ifm ).

the vector-valued fields, i.e., dgj =
Therefore, the critical transition sizes reported in this article
should be viewed as being illustrative of the relative impact
of streaming and radiation forces on the motion of immersed

microparticles.

III. NUMERICAL MODEL

A. Computational domain

Acoustic scatterers of different shapes and materials have
been employed in microfluidic experiments for fluid and parti-
cle manipulation [5,12,13,30,49,56]. In this work, we consider
an illustrative cylindrical scatterer with radius as,s = 5 um,
which is subjected to a background standing acoustic field.
Referring to Fig. 1, the fluid domain around the scatterer is
modeled as being infinite by employing a perfectly matched
layer that absorbs all the outgoing waves. Further, the fluid
domain thickness is chosen to be large enough so as to avoid
the impact of outer boundaries on the streaming field around
the scatterer. A fluid domain thickness of 200 ay., was found
to be sufficient for this purpose, which agrees well with find-
ings reported in Pavlic et al. [49]. In this work, we consider
various choices for the scatterer material and the surrounding
fluid, with relevant material properties listed in Table I and
Table II, respectively.

B. Boundary conditions

In this section, we list the boundary conditions used
for solving the first- and second-order system of equations.
For the first-order problem, the boundary conditions at the
scatterer-fluid interface (I'*/) are given by the continuity of
velocity and traction as

v =v, om=om, on [ (23)

Y Perfectly Matched Layer (PML)

Scatterer-fluid interface (I'*f)
First-order: v1 = vs; o1 = osng
Second-order: (vy) = —((Vv1)&)

Fluid

Scatterer

Fluid-PML interface ( T'f#m)
First-order: Fluid-PML coupling
Second-order: (vo) = —((Vv1)&)

(r=m)

FIG. 1. Schematic illustration of the computational domain com-
prising an acoustic scatterer surrounded by a fluid domain, and a
perfectly matched layer. The entire computational domain is sub-
jected to a standing acoustic wave field along the y direction. The
corresponding boundary conditions for the first- and second-order
problems are also shown. Note that the figure is not drawn to
scale.

where v, represents the velocity of the solid, and nf and ng are
the unit normal vector to the scatterer-fluid interface pointing
outwards from the fluid and the solid domain, respectively.
Further, as shown in Fig. 1, the fluid domain is surrounded by
a perfectly matched layer domain that absorbs the incoming
waves and minimizes the reflections from the outer boundary
of the fluid domain.

For the second-order problem, we note that owing to the
linear elastic nature of the acoustic scatterer, there are no
second-order contributions within the solid domain. Conse-
quently, the second-order problem is solved only within the
fluid domain. Both the scatterer-fluid interface (I'*/) and the
outer fluid boundary (I'/>P"!) are assigned a Dirichlet bound-
ary condition on the second-order velocity as

(v2) = —((Vv)§)  on

where & = [ vdr represents the first-order approximation of
a lift field that is indicative of the true position of the particle
at a given time [42,44,57]. We note that the second-order

rsfurdem 24)

TABLE II. The material properties for the fluids considered in
this work [44,54,55]. The viscous boundary layer thickness is calcu-
lated using Eq. (20) for an acoustic frequency of 900 kHz.

Parameters Symbol Water Oil Unit
Density Po 998.2 922.6 kgm™3
Shear viscosity n 1.002 41.5 mPas
Bulk viscosity Mo 3.09 89.3 mPas
Speed of sound o 1482 1145 ms™!
Viscous BL thickness 1) 0.59 3.99 um
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TABLE III. Total number of mesh elements in the computational domain for different values of §/A.

8/h 0.24 0.48 0.6

1.19 1.79 2.38 3.58 4.77

No. mesh elements 9802 26452 36718

111814

222690 372882 728142 1338138

problem requires the specification of an additional pressure
constraint, which is enforced by specifying a constant pressure
value at an arbitrary point within the fluid domain.

C. Numerical scheme

As the first-order terms in the perturbation approach are
representative of the harmonic response of the fluid-solid sys-
tem to the acoustic actuation, the first-order fields are taken to
be harmonic in time, and we seek solutions of the form

vi(r,t) = D1(r)e', (25)
pi(r,1) = pi(r)e, (26)
pi(r,t) = pi(r)e, 27)

where ¥;(r) is a complex-valued vector function of space,
while p,(r) and p;(r) are complex-valued scalar functions
of space. Further, we seek a steady solution for the second-
order problem. The numerical solution is obtained via the
commercial finite element software COMSOL MULTIPHYSICS
6.0 [58]. For both the first- and second-order problems, we
use quadratic and linear elements for velocity and pressure,
respectively.

IV. RESULTS

A. Mesh convergence analysis

To ensure that we accurately capture the first- and second-
order fields near the scatterer, we perform a mesh convergence
analysis. Specifically, we investigate the behavior of the radi-
ation force field and the streaming field on a series of meshes
generated by progressively decreasing the mesh element size.
The different meshes are generated by varying a characteristic
mesh parameter % that dictates the mesh refinement in both
the fluid and solid domains. Specifically, the maximum ele-
ment sizes in the fluid and solid domains are prescribed as
R = 20h and h{™* = h, respectively.

We define a relative convergence function C(g) for a solu-
tion g with respect to a reference solution gf [27,41],

[ J(g—g)dxdy
Cg = W, (28)

where the reference solution g™ is obtained on the finest
mesh. Here, g and g*' refer to the solutions of the quantity
whose convergence is being assessed. Figure 2(a) shows the
results of mesh convergence analysis where the convergence
function C is plotted as a function of § /A for the four variables
that govern the acoustophoretic motion, namely, £, Fy“‘d, U,
and v, where u, and v, denote the x and y components of the
second-order velocity (v,). Eight different meshes are consid-
ered with §/h = 0.24,0.48, 0.6, 1.19, 1.79, 2.38, 3.58, and
4.77. Table III lists the corresponding number of total mesh

elements in the computational domain. We observe that all the
fields reach sufficient convergence with an error of less than
0.5%, for a mesh size corresponding to § /i = 2.4. We remark
that this threshold error criteria of 0.5% is chosen to achieve
a good compromise between the accuracy and computational
costs. To further confirm the mesh convergence of our results,
Fig. 2(b) plots the critical transition size obtained on different
meshes, including the finest mesh. As expected, the critical
transition shows a converging trend and yields differences of
less than 5nm for meshes finer than that corresponding to
8/h = 2.4. We refer the reader to the Supplemental Material
[61] for further results on mesh convergence.

B. Impact of acoustic frequency

Acoustofluidic devices have employed acoustic fields
with a broad range of frequencies [5,12,56]; however, the
consequences of the choice of acoustic frequency on the
acoustophoretic motion of immersed microparticles remain
largely unknown. In this section, we assess the impact of

(a)

Convergence function C

(b)

0]
)
)
)
o

Critical transition size (um)

5/h

FIG. 2. Mesh convergence analysis. (a) The relative convergence
parameter C, as given in Eq. (28). (b) The critical transition size for
different values of the ratio of viscous boundary layer thickness and
characteristic mesh size, §/h.
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FIG. 3. Impact of frequency on the radiation-dominated velocity (vﬁdm) and the streaming velocity (v,) around a 5 um copper scatterer
surrounded by water and placed between velocity node and antinode (¢ = 7 /4). (a)—(c) The radiation-dominated velocity (vﬂfm) for the

acoustic frequency of (a) 5 kHz, (b) 100 kHz, and (c) 1 MHz. (d)—(f) The corresponding streaming velocity field. Color legends indicate the

magnitude of the respective fields, while the numbers on the axes indicate distances in pm.

acoustic frequency on both the first- and second-order fields
around a scatterer, as well as on the critical transition size
defined in Sec. II D. We consider background acoustic wave
fields with three different frequencies: 5 kHz, 100 kHz, and
1 MHz. In each case, we consider a 5 wm copper scatterer,
placed between the velocity node and antinode of the back-
ground standing wave field (¢ = 7 /4). The surrounding fluid
is chosen to be water.

We begin by investigating the impact of acoustic fre-
quency on v’lfm and (v,), where the former is indicative of
the acoustic radiation force, while the latter represents the
streaming solution. Figures 3(a)-3(c) show a comparison
of the radiation-dominated velocity (vrf:fm) for the three fre-
quencies considered in our analysis, while Figs. 3(d)-3(f)
show the corresponding comparison for the streaming velocity
({v3)). It can be observed that both the radiation field and
the streaming field exhibit significant qualitative and quanti-
tative changes for different frequencies. In all cases, both the
radiation-dominated velocity and the streaming velocity are
characterized by counter-rotating vortices. However, increas-
ing the frequency reduces the spatial span of influence of both
the radiation and streaming fields. This can be attributed to the
fact that the acoustic field dissipates significantly within the

viscous boundary layer surrounding the scatterer and a higher
frequency results in a thinner viscous boundary layer, leading
to a reduced spatial span.

Further, for f = 5 kHz, the radiation-dominated velocity
is symmetric around the horizontal axis. However, this sym-
metry breaks down for increasing frequency: f = 100 kHz is
characterized by mild asymmetry, while f = 1 MHz results
in significant asymmetry around the horizontal axis. This
asymmetry can be attributed to the presence of a radiation
force field that arises solely due to the background standing
wave field, and points towards the nearest pressure node. As
the frequency increases, the contribution of the background
radiation force field to the total radiation force field progres-
sively increases. The reason behind the observed asymmetry
in the radiation-dominated velocity field is further confirmed
by our results that exhibit perfect symmetry for the case when
the scatterer is placed at the velocity antinode (shown later in
Fig. 6), where the contribution from the background radiation
force field is zero.

We further note that as the acoustic frequency is increased,
the maximum radiation-dominated velocity (and, hence, the
maximum radiation force) increases, while the maximum
streaming speed decreases. These results favor a choice of
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FIG. 4. Semilogarithmic plot of critical transition size as a func-
tion of acoustic frequency, obtained by considering a 5 um copper
scatterer surrounded by water and placed between velocity node and
antinode (¢ = m /4).

lower actuation frequency for applications that rely on stream-
ing phenomena, while higher frequencies should be used for
applications relying on an acoustic radiation force. This obser-
vation is in good agreement with prior experimental reports,
where low acoustic frequencies (in the range of 1-100 kHz)
have been used for fluid manipulation applications [5,14,30],
while higher frequencies (in the range of 500-1000 kHz)
have been used for particle trapping applications that rely on
radiation force [12]. Nonetheless, we note that these results
assess the individual impact of a change in acoustic frequency,
while all other relevant parameters remain the same. A change
in other parameters such as scatterer material, scatterer ge-
ometry, or the type of acoustic wave can be leveraged to
realize particle trapping at low frequencies or strong stream-
ing phenomena at high frequencies. Indeed, recent studies
showed that both attraction or strong streaming are possible
at high frequencies, depending on the geometry of the scat-
terer [59,60]. Similarly, particle trapping at frequencies below
100 kHz has also been experimentally demonstrated [62].
Next, we investigate the relationship between the acoustic
frequency and the critical transition size at which the particle
motion shifts from being streaming dominated to radiation
dominated. We again consider a 5 ym copper scatterer in
water placed between velocity node and antinode (¢ = 7 /4).
Figure 4 plots the critical transition size as a function of acous-
tic frequency. Our results reveal that the critical transition size
decreases with an increase in frequency, indicating that the rel-
ative dominance of the drag force over the acoustic radiation
force decreases with an increase in frequency. Our analysis
also indicates that the critical transition size at frequencies be-
low 100 kHz is in excess of @ = 10 um. We remark that given
the two-dimensional (2D) nature of simulations, the results
predicted from our analysis preclude the effect of microchan-
nel confinement. Specifically, typical microfluidic channels
have height of the order of 10-100 um. For immersed mi-
croparticles with sizes similar to microfluidic channel height,
the impact of microchannel confinement can be expected to

be significant, which necessitates a three-dimensional analy-
sis. Therefore, the critical transition size prediction from our
analysis for frequencies below 100 kHz should be viewed only
as being indicative of the general trend that the critical tran-
sition size increases with decrease in frequency. Nonetheless,
given that the typical size of immersed microparticles con-
sidered in microfluidic experiments ranges from a = 0.1 um
to a = 10 um, these results explain why no particle trapping
was observed in our prior experimental studies on sharp-
edge structures, which employed an actuation frequency of
5 kHz [30], while excellent particle trapping is observed in
a similar device operated at 900 kHz [12]. These results are
also in good agreement with our prior experimental report
where a relatively large C. elegans (with typical diameter of
100 um and length of 1 mm) could be trapped even at acoustic
frequencies lower than 100 kHz, albeit with a microbubble
scatterer [15].

To further understand the impact of acoustic frequency
on the acoustophoretic motion of immersed microparticles,
we study the motion of particles of two sizes: a = 1 um and
a = 5 um for three frequencies: 5 kHz, 100 kHz, and 1 MHz.
Based on the particle velocity given by Eq. (22), we expect
that for streaming-dominated motion, the second term on the
right-hand side is negligible compared to streaming velocity
(v,), and therefore the particle velocity should be independent
of the particle size. On the other hand, for radiation-dominated
motion, the particle velocity is dominated by the second
term on the right-hand side of Eq. (22); consequently, in the
limit of fully radiation dominated motion, the ratio of maxi-
mum particle velocity to vrfﬁn should be equal to the square
of the nondimensional particle size, a>. Figures 5(a)-5(c)
show the acoustophoretic trajectories of @ = 1 um particles
for different frequencies, while Figs. 5(d)-5(f) shows the
corresponding trajectories for a = 5 um particles. Referring
to Figs. 5(a) and 5(d), we observe that for low frequency
(f =5kHz), both a =1 um and a = 5 um particles follow
trajectories that are both qualitatively and quantitatively sim-
ilar to the streaming field, shown in Fig. 3(d), indicating
purely streaming-dominated motion for both particle sizes. As
the frequency is increased to f = 100 kHz, the trajectories
for a =1 ym and a = 5 um start to differ from each other.
For a = 1 um particles, the trajectories are similar to the
corresponding streaming field, shown in Fig. 3(e), indicating
purely streaming-dominated motion. However, as the particle
size is increased to @ = 5 um, the trajectories differ from the
streaming field, indicating the influence of radiation force on
particle trajectory.

As the frequency is further increased to f = 1 MHz, the
trajectories of the a = 1 um particles still show a qualita-
tive similarity to the corresponding streaming velocity field
[Fig. 3(f)], but quantitative differences are observed, indicat-
ing the moderate influence of radiation force. For a = 5 um
particles, the particle trajectories are completely dissimilar to
the corresponding streaming field and look qualitatively sim-
ilar to the corresponding radiation-dominated velocity field,
shown in Fig. 3(c). Further, the ratio of the maximum parti-
cle velocity to vﬁﬁn is observed to be (3.8 x 1073)/(1.22 x
10~%) & 31, which is close to the square of the nondimen-
sional particle size, a2 = 25; this indicates that the motion
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FIG. 5. Impact of acoustic frequency on trajectories of 157 evenly spaced immersed polystyrene particles around a copper scatter. (a)—
(c) The trajectories of 1 um particles for an acoustic frequency of (a) 5 kHz, (b) 100 kHz, and (c) 1 MHz. (d)—(f) The corresponding trajectories
of 5 um particles. The immersed microparticles are traced for 0.5, 3, and 25 ms for 5 kHz, 100 kHz, and 1 MHz, respectively. The colored disks
represent the final position of the immersed microparticles moving along colored lines. Color legends indicate the magnitude of the particle

velocity, while the numbers on the axes indicate distances in um.

of a =5 um particles at 1 MHz is significantly dominated
by the radiation force. Choosing an even bigger particle size
brings this ratio closer to the expected value of @, indicating
the motion to be purely radiation dominated. Therefore, our
results reveal that the motion of a given particle size (say,
a =5 um) can be tuned to be either streaming dominated
[Fig. 5(d)] or radiation dominated [Fig. 5(f)] by tuning the
actuation frequency.

C. Impact of scatterer material

In this section, we focus our attention on understanding the
impact of scatterer material on the acoustophoretic motion
of immersed microparticles. To this end, we consider four
different cases with the scatterer modeled as glass, titanium,
platinum, and a perfectly rigid material. In this article, we use
the term rigid material to refer to a material with compress-
ibility limiting towards zero, and density much larger than
that of the surrounding fluid (op/p00 >> 1). This corresponds
to fo =1 and f; & 1 — y for a rigid solid. In each case, the
fluid is taken to be water, the acoustic frequency is chosen
to be f = 900 kHz, the scatterer size iS dso¢ = 5 um, and the

scatterer is positioned at the velocity antinode of the standing
wave (¢ = m/2). Given the same choice of fluid in all cases,
a change in scatterer material properties results in a change in
the acoustic contrast factor, as noted in Table 1.

Figure 6 plots vrlfm and (v,) for each case. It can be ob-
served that the choice of scatterer material has a significant
impact on both the radiation force field (indicated by plots of
vrﬁfm) and the streaming field. Specifically, the radiation force
field for nonrigid scatterers [Figs. 6(a)-6(c)] is characterized
by two counter-rotating vortices. We note that these results are
seemingly surprising since the acoustic radiation force field
is typically understood as being a focusing force field that is
responsible for the trapping of particles at the scatterer-fluid
interface, while the vortical motion of immersed microparti-
cles is typically ascribed to the streaming flow. However, as
the contrast factor is increased, the center of these vortices
moves closer to the scatterer-fluid interface and disappears
completely in the limiting case of a rigid scatterer [Fig. 6(d)],
where we observe a typical focusing force field pattern that
moves the particles to the surface of the scatterer. These
results are in good agreement with prior experimental obser-
vations by Leibacher et al. [12], where particle trapping was
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fum) and the streaming velocity (v;) around a 5 um scatterer

surrounded by water and placed at the velocity antinode of the standing wave (¢ = 7 /2) with an acoustic frequency of 900 kHz. (a)—(d) The
radiation-dominated velocity (v?¢ ) for (a) glass, (b) titanium, (c) platinum, and (d) rigid scatterer. (e)—(h) The corresponding streaming

lum

velocity field. Color legends indicate the magnitude of the respective fields, while the numbers on the axes indicate distances in um.

observed on scatterers made of silicon, which can be reason-
ably approximated as a rigid material. Our results also agree
well with the theoretical analysis performed by Doinikov et al.
[60], where a focusing radiation force field was predicted
for rigid sharp edges. Overall, these results indicate that it
is not only the choice of low actuation frequency (=5 kHz),
but also the choice of polymer material (polydimethylsilox-
ane) with low acoustic contrast factor that contributes to
the absence of particle trapping in polymer-based sharp-edge
devices [5,30].

Figures 6(e)-6(h) shows the impact of scatterer material
on the streaming field. It can be observed that the streaming
field for nonrigid scatterer materials is characterized by three
pairs of counter-rotating vortices [Figs. 6(e)-6(g)]. Further,
as the acoustic contrast factor is increased, the innermost
vortices move closer to the scatterer-fluid interface, and in
the limiting case of a rigid scatterer [Fig. 6(h)], the streaming
field is characterized by only two pairs of counter-rotating
vortices.

Next, we assess the impact of scatterer material on the crit-
ical transition size. Specifically, we consider several scatterer
materials with increasing viscous acoustic contrast factors
relative to the surrounding fluid (water): glass (& = 0.557),
titanium (® = 0.720), copper (& = 0.813), silicon carbide
(® = 0.852), gold (¥ = 0.869), platinum (¥ = 0.872), and
rigid scatterer (® = 0.923), with the relevant material prop-

erties listed in Table I. In all cases, the acoustic frequency is
chosen as f = 900 kHz. Figure 7 plots the critical transition
size as a function of viscous acoustic contrast factor. It can
be observed that the critical transition size decreases with an

45 T T T T

35F -

Critical transition size (um)

2 1 1 1 1
0.6 0.7 0.8 0.9

Viscous acoustic contrast factor &

visc

FIG. 7. Plot of critical transition size as a function of viscous
acoustic contrast factor ®,;, obtained by considering different scat-
terer materials. In all cases, the fluid is taken to be water and the
acoustic frequency is chosen as f = 900 kHz.
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increase in viscous acoustic contrast factor, and the minimum
value of the critical transition size is reached in the limiting
case of a rigid scatterer. Further, for the choices of scatterer
materials and the surrounding fluid (water) considered in this
analysis, our results indicate a narrow range of critical transi-
tion size, ranging from 2.33 to 4.27.

We note that in the case of immersed microparticles sub-
jected to a purely standing wave field, the radiation force
in Eq. (18) can be shown to be directly proportional to the
viscous acoustic contrast factor, ;s [48]. Consequently, for
such cases, vrﬁﬂn X Dyisc; this further implies that the critical
transition size (agi) varies as dei; X \/% In contrast, the
immersed microparticles in our analysis are subjected to a
complex acoustic field comprised of the background standing
wave field and the scattered field due to the presence of a
scatterer. In such cases, the acoustic radiation force is no
longer linearly proportional to ®.;, but is rather dictated
by the terms in brackets on the right-hand side of Eq. (18),
which depends on the first-order pressure and velocity fields
in addition to the fluid-scatterer properties.

D. Impact of fluid properties

Next, we consider the impact of the properties of the
surrounding fluid on the radiation force and streaming field
around the scatterer by considering two different fluids, i.e.,
water and oil, with the relevant properties listed in Table II.
Figure 8 plots the radiation-dominated velocity (vrl":ﬁn) and
the streaming field ((v,)) around a platinum scatterer placed
at the velocity antinode of the background standing wave
field with frequency f = 900 kHz for the two choices of the
surrounding fluid. In both cases, the radiation force field is
characterized by counter-rotating vortices; however, the span
of these vortices is significantly larger in the case of oil. This
can be attributed to the fact that the viscous boundary layer
thickness in the case of oil (3.99 um) is significantly larger
than the viscous boundary layer thickness in the case of water
(0.59 um); therefore, the spatial span of viscous effects is
expected to be much larger for oil.

Further, the streaming field is characterized by three pairs
of counter-rotating vortices for water as the surrounding fluid,
while only two pairs of counter-rotating vortices are observed
when the surrounding fluid is taken as oil. This observation
can be understood by noting that the viscous acoustic contrast
factor for platinum-water and platinum-oil is 0.872 and 1.381,
respectively, and, as observed from Fig. 6, the innermost pair
of streaming vortices progressively diminishes as the acoustic
contrast factor is increased.

Similar to Fig. 7, we repeat our analysis to investigate
the critical transition size as a function of scatterer mate-
rial, but with the surrounding fluid as oil instead of water.
Again, we consider several scatterer materials with varying
viscous acoustic contrast factors relative to the surround-
ing fluid: glass (® = 0.690), titanium (P = 1.036), copper
(® = 1.267), silicon carbide (& = 1.348), gold (& = 1.381),
platinum (& = 1.386), and rigid scatterer (& = 1.432). Fig-
ure 9 plots the critical transition size as a function of viscous
acoustic contrast factor. Comparing Fig. 9 to Fig. 7, a similar
qualitative trend can be observed where the critical transition
size decreases with an increase in viscous acoustic contrast

(b)
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5 15

FIG. 8. Impact of fluid properties on the radiation-dominated ve-
locity (Uﬁtjm) and the streaming velocity (v,) around a 5 wm platinum
scatterer placed at the velocity antinode of the standing wave with
an acoustic frequency of 900 kHz. (a),(b) The radiation-dominated
velocity (vﬁa;'m) for (a) water and (b) oil. (c),(d) The corresponding
streaming velocity field. Color legends indicate the magnitude of the
respective fields, while the numbers on the axes indicate distances in

um.
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FIG. 9. Plot of critical transition size as a function of viscous
acoustic contrast factor ®,;, obtained by considering different scat-
terer materials. In all cases, the fluid is taken to be oil and the acoustic
frequency is chosen as f = 900 kHz.
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FIG. 10. Spatial analysis of critical transition size. (a)—(c) The spatial dominance of the streaming (v,) and radiation force (v'* ) field on

Tum

the motion of immersed particles of size 1, 3, and 5 um, respectively. The blue space represents the streaming-dominated field, while the white
represents the radiation-force-dominated field. The numbers on the axes indicate distances in um.

factor, and the minimum value of the critical transition size
is reached in the limiting case of a rigid scatterer. However,
we note that the range of both the critical transition size
and the acoustic contrast factor for the considered materials
is much larger in the case of oil. Further, if we compare
the glass-water combination (second point from the left in
Fig. 7) with the titanium-oil combination (first point from
the left in Fig. 9), we observe that the critical transition size
for these two cases is significantly different, despite having
a similar value of contrast factor. This difference in critical
transition size can be attributed to the difference in the kine-
matic viscosity of water and oil (Vyyer = 1 X 107%m?/s vs
Voil = 45 x 107%m?/s). Specifically, for immersed micropar-
ticles subjected to one-dimensional standing wave fields, the
theoretical analysis reported by Barnkob ef al. [51] predicts
that the critical transition size varies as dey X /v, for a
given acoustic frequency and contrast factor. In contrast to the
analysis by Barnkob et al. [51], the immersed microparticles
in our case are subjected to an acoustic field characterized
by the combination of a background standing acoustic field
and the scattered field; nonetheless, we observe a similar
trend in critical transition size, with the critical transition

size in oil being approximately /-l = 6.7 times that in

Vwater
water. Accordingly, a larger range of critical transition size
can be achieved in oil compared to that in water for a given
operational frequency. Further, these results demonstrate that
a smaller critical transition can be realized in scatterer-based
acoustofluidic systems by reducing the kinematic viscosity of
the surrounding fluid. Combined with the results reported in
Secs. IVB and IV C, our results reveal a potential pathway
to realize the manipulation of small particles by tuning the
acoustic frequency and the scatterer-fluid material properties.

E. Spatial analysis of critical transition size

Next, we investigate the spatial range of the effective dom-
inance of streaming field and radiation force field on the
motion of immersed particles in the vicinity of a scatterer.
We consider a copper scatterer of 5 um placed in between

the velocity node and antinode of a standing wave field with
an acoustic frequency of 1 MHz. For this configuration, we
consider the relative dominance of the streaming and radiation
force contributions to the particle velocity by considering
three sizes of immersed microparticles: 1, 3, and 5 um. As
indicated in Eq. (22), the particle velocity can be viewed as
the sum of a streaming contribution and a radiation force
contribution. Noting this, Figs. 10(a)-10(c) plot the areas (in
blue) where the streaming contribution to the particle velocity
is larger than the radiation force contribution. Conversely, the
areas where the radiation force contribution is larger than the
streaming contribution are shown in white. As expected, for
small microparticles (1 um), the particle velocity in most of
the regions is dominated by the streaming contributions. How-
ever, as the particle size increases to 3 um, the spatial extent
of the streaming-dominated areas decreases. Further increase
in particle size to 5 um results in the almost complete dis-
appearance of streaming-dominated regions, indicating that
the motion of particles of 5um is dominated by a radiation
force in most regions of the domain. These results for spatial
analysis of the critical transition size are in good agreement
with the critical transition size predicted based on maximum
values, which indicated a critical transition size of 3.44 um
for this case.

F. Directional dependence of the relative dominance of
streaming and radiation force contributions

Lastly, we investigate the directional dependence of the
relative dominance of the streaming and radiation force fields
on the motion of immersed microparticles. We consider the
same operating parameters as the previous section. Figure 11
plots the relative velocity magnitude due to streaming and
radiation force along different radial directions (i.e., along
radially drawn line segments with different angles relative
to the x axis). First, we consider variations of the streaming
and radiation force contributions along a radial line passing
through the center of the scatterer and drawn along the x axis
(i.e., at 0° relative to the x axis). In this case, the immersed

045102-11



KHEMRAJ GAUTAM KSHETRI AND NITESH NAMA

PHYSICAL REVIEW E 108, 045102 (2023)

—

o

velocity (m/s)
S S

o
~

e
B

velocity (m/s)

Normalized distance

(b) X
350407 : :
3rn T <’02>
1 e arad
@7
g il
= 2 I
R [
§ 1‘5'.; "\ T
(] ] M
> 1 !'_ \\\‘ i
i .
0.5F \‘\-.__________________________—
0 T T
1 2 3 4 5
Normalized distance
(d)
-3
3 X 10 | | |
254 — ()
- v,
il |
2150 N .
g i
— y \
2 O1F 3 .
\

Normalized distance

FIG. 11. Directional dependence of critical transition size. (a), (b) The streaming velocity (v,) and radiation-dominated velocity (v™?)
along a radial line segment passing through the center of the scatterer and drawn along the x axis for immersed particles of sizes 1 and 5 um,
respectively. (c), (d) The corresponding velocities along a radial line segment passing through the center of the scatterer and drawn at an angle
of 45° with the x axis. The distance is normalized with respect to the scatterer radius.

particles of size 1 um [Fig. 11(a)] are dominated mainly by
the streaming field. In proximity to the scatterer, there are
areas where the radiation force contributions are larger than
the streaming contributions. However, as the particle size is
increased to 5 um [Fig. 11(b)], the dominance of the radia-
tion force increases and the motion is completely dominated
by the radiation force. Figures 11(c) and 11(d) show the
corresponding plots for a radial line segment drawn at 45°
relative to the x axis. Comparing Figs. 11(a) and 11(c), one
can observe a strong directional dependence in the relative
dominance of streaming and radiation force. Specifically, in
contrast to Fig. 11(a), Fig. 11(c) indicates a more promi-
nent dominance of streaming contributions, even near the
scatterer. A similar trend is observed in the comparison of
Figs. 11(b) and 11(d), where the radiation force contributions
are dominant in both cases, but the relative dominance shows a
significant dependence on the direction. These results can be
explained by considering the spatial nature of the streaming
and radiation force fields, shown in Figs. 3, 6, 8. Specifically,
the streaming and radiation force fields vary along both the

radial and angular directions, leading to a spatial variation of
their relative contributions to the particle motion. Combined
with the analysis presented in Fig. 10, these results illustrate
that the critical transition size varies spatially both in the radial
and angular directions.

V. CONCLUSION

We investigated the radiation and streaming fields, and the
resulting acoustophoresis, around a scatterer by employing
a perturbation-approach-based numerical model. We studied
various combinations of the acoustic frequency, scatterer ma-
terial, and the surrounding fluid to elucidate their impact on
the acoustophoresis in the vicinity of a scatterer. We also
defined and investigated the critical transition size at which the
particle motion transitions from being streaming dominated to
being radiation dominated.

Our numerical results indicate that the choice of acoustic
frequency, scatterer material, and the surrounding fluid sig-
nificantly impacts the acoustophoresis around the scatterer.
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Specifically, for a given scatterer-fluid system, an increase
in acoustic frequency leads to an increase in the acoustic
radiation force and a decrease in the streaming velocity.
Accordingly, the critical transition size for a specific scatterer-
fluid system decreases with increasing frequency. In line with
this observation, we tracked the motion of 1 and 5 um parti-
cles to illustrate that the motion of particles of a specific size
can be dictated by the streaming field, the radiation field, or
both, depending on the actuation frequency. In other words,
the motion of particles of a specific size can be tuned to be
either streaming dominated or radiation dominated by tuning
the actuation frequency.

Our results also reveal significant differences in radiation
and streaming fields around scatterers with varying contrast
factors. The radiation force field for nonrigid scatterers is
characterized by the presence of counter-rotating vortices;
however, these vortices diminish in size with increasing con-
trast factor and vanish completely in the limiting case of a
perfectly rigid scatterer, resulting in a typical focusing force
field. Similarly, the streaming field for nonrigid scatterers
is characterized by three pairs of counter-rotating vortices;
however, the innermost pair of vortices becomes smaller with
increase in contrast factor, and disappears in the limiting case
of a perfectly rigid scatterer. Further, the critical transition size
decreases with an increase in acoustic contrast factor, with a
perfectly rigid scatterer yielding the lowest critical transition
size; these results favor the choice of scatterer materials with
large acoustic contrast factor for trapping small particles.

Next, we compared the radiation and streaming fields for
two different choices of surrounding fluid to assess the impact
of fluid properties. Since changing the surrounding fluid for a
specific scatterer material changes the acoustic contrast factor,
our results reveal a similar trend as observed for the analysis
of different scatterer materials for a specific fluid. In addition,
our results reveal that a wider range of critical transition size
can be achieved for a fluid with higher kinematic viscosity;
this observation is in good agreement with prior theoretical
analysis by Barnkob ez al. [51] for acoustophoresis of particles
subjected to a purely standing wave field.

Lastly, we performed a spatial analysis of the critical tran-
sition size by considering the relative contributions of the
streaming and radiation force to the total particle velocity
at different locations in the domain. As expected, small and
large particles are observed to be dominated by streaming
and radiation force, respectively, in most of the regions of the
domain. However, the particles with sizes near the transition
size may be dominated by streaming or radiation, depending
on the spatial location.

Overall, our results reveal that increasing the acoustic con-
trast factor, lowering the kinematic viscosity of the fluid,
and increasing the acoustic frequency offer the most promis-

ing path to realize the manipulation of small particles in
scatterer-based acoustofluidic systems. Our results system-
atically explain the previously reported observations from
several experimental reports concerning particle trapping, and
clarify the experimental results in relation to the choice of spe-
cific scatterer material and acoustic frequency; these choices
are seldom justified in experimental reports. Therefore, we
believe that the results reported in this article will not only
provide a better understanding of acoustophoresis around a
scatterer, but will also significantly aid in identifying the opti-
mal design and operational parameters for future experimental
studies.

We remark that the immersed microparticles, in general,
can experience significant acoustic interaction force that is
generated solely due to the presence of other particles in the
acoustic field. Recent works have explored the acoustic inter-
action force between two particles in a standing wave field,
while accounting for the microstreaming around the particles
[63,64]. Additionally, in the current work, we have considered
a two-dimensional setup with a cylindrical scatterer; this cor-
responds to a very long cylindrical scatterer with a very deep
fluid domain and precludes any variations along the vertical
direction. In contrast, typical acoustofluidic systems employ
microchannels with shallow depth, which introduces a vertical
dependence of the acoustic and flow fields in the microchannel
due to the no-slip boundary condition at the top and bottom of
the microchannel. While three-dimensional simulations can
be attempted to study these effects, they often necessitate
the use of additional simplifying assumptions to keep com-
putational costs tractable. Moreover, prior 2D simulations of
scatterer-based systems have provided good agreement with
experimental observations [12,57]. Nonetheless, pending the
availability of experimental validation data, the current results
should be viewed as instructive. We believe that the next
important step in understanding scatterer-based acoustofluidic
systems would be to obtain detailed experimental measure-
ments of particle trajectories and critical transition sizes in
these systems. Such experimental data will provide important
insights into the impact of the presence of channel walls and
multiparticle interactions and will facilitate further enhance-
ments of our numerical model.
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