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X  Y * tr a nsiti o ns r e pr es e nt  o n e  of t h e si  m pl est e x a  m pl es of  u n c o n v e nti o n al  q u a nt u  m criti c alit y, i n   w hi c h

fr a cti o n all y  c h ar g e d  e x cit ati o ns  c o n d e ns e  i nt o  a  s u p erfl ui d  a n d  dis pl a y  n o v el  f e at ur es  t h at  c o  m bi n e

q u a nt u  m  criti c alit y  a n d  fr a cti o n ali z ati o n.    N e v ert h el ess,  t h eir  e x p eri  m e nt al  r e ali z ati o n  is  c h all e n gi n g.

H er e   w e pr o p os e t o st u d y t h e   X  Y * tr a nsiti o n i n q u a nt u  m   H all bil a y ers at filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; 2

3 Þ w h er e t h e

e x cit o n  c o n d e ns at e  ( E  C)  p h as e  pl a ys  t h e  r ol e  of  t h e  s u p erfl ui d.  S u p p ort e d  b y  e x a ct  di a g o n ali z ati o n

c al c ul ati o n,   w e ar g u e t h at t h er e is a c o nti n u o u s tr a nsiti o n  b et  w e e n a n   E  C  p h as e at s  m all  bil a y er s e p ar ati o n

t o  a  p air  of  d e c o u pl e d  fr a cti o n al  q u a nt u  m    H all  st at e s  at  l ar g e  s e p ar ati o n.   T h e  tr a nsiti o n  is  dri v e n  b y

c o n d e ns ati o n  of  a  fr a cti o n al  e x cit o n,  a  b o u n d  st at e  of  a   L a u g hli n  q u asi p arti cl e  a n d  q u asi h ol e,  a n d is i n

t h e   X  Y *  u ni v ers alit y  cl ass.   T h e  fr a cti o n ali z ati o n  is    m a nif est e d  b y  u n us u al  pr o p erti es  i n cl u di n g  a  l ar g e

a n o  m al o us  e x p o n e nt  a n d fr a cti o n al  u ni v ers al  c o n d u cti vit y,   w hi c h  c a n  b e  c o n v e ni e ntl y   m e as ur e d t hr o u g h

i nt erl a y er t u n n eli n g a n d c o u nt erfl o  w tr a ns p ort, r es p e cti v el y.   We als o s h o  w t h at t h e e d g e is li k el y t o r e ali z e

t h e  n e  wl y  pr e di ct e d  e xtr a or di n ar y l o g  b o u n d ar y  criti c alit y.   O ur   w or k  hi g hli g hts t h e  pr o  mis e  of  q u a nt u  m

H all  bil a y ers  as  a n  i d e al  pl atf or  m  f or  e x pl ori n g  e x oti c  b ul k  a n d  b o u n d ar y  criti c al  b e h a vi ors  t h at  ar e

a  m e n a bl e t o i  m  m e di at e  e x p eri  m e nt al  e x pl or ati o n i n  d u al- g at e d  bil a y er  s yst e  ms.   T h e   X  Y *  criti c al t h e or y

c a n  b e  g e n er ali z e d t o  a  bil a y er  s yst e  m   wit h  a n  ar bitr ar y   A b eli a n  st at e i n  o n e l a y er  a n d its  p arti cl e- h ol e

p art n er i n  t h e  ot h er  l a y er.   T h er ef or e,   w e  a nti ci p at e    m a n y  disti n ct   X  Y *  tr a nsiti o ns  c orr es p o n di n g  t o  t h e

diff er e nt   L a u g hli n  st at es  a n d  J ai n  s e q u e n c es i n t h e  si n gl e-l a y er  c as e.
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I.  I  N  T  R  O  D  U  C  TI  O  N

T h e  st u d y  of  q u a nt u  m  p h as e  tr a nsiti o ns  a n d  u ni v ers al
criti c al  b e h a vi ors is  o n e  of t h e   m aj or f o c us es i n c o n d e ns e d
m att er   p h ysi cs  [ 1, 2].    Alt h o u g h    m a n y   q u a nt u  m   criti c al
p oi nts   (  Q  C Ps)   ar e   d es cri b e d   b y   t h e    w ell- est a blis h e d
L a n d a u-  Gi n z b ur g t h e or y,  e x c e pti o ns  aris e  d u e t o fr a cti o n-
ali z ati o n   b e y o n d   t h e   c o n v e nti o n al   s y  m  m etr y- br e a ki n g
or d er.    O n e  c at e g or y  is  t h e   d e c o nfi n e d   q u a nt u  m  criti c al
p oi nts (  D  Q  C Ps)  b et  w e e n t  w o  diff er e nt s y  m  m etr y- br e a ki n g
p h as es  [ 3].   A n ot h er  c at e g or y is  p h as e tr a nsiti o ns  b et  w e e n

o n e  p h as e   wit h  fr a cti o n ali z ati o n  or  t o p ol o gi c al  or d er  a n d
a n ot h er  c o n v e nti o n al  p h as e.    O n e  si  m pl e  e x a  m pl e  is  t h e
X  Y * tr a nsiti o n, i niti all y  dis c uss e d  b et  w e e n  a  Z 2 t o p ol o gi-
c all y   or d er e d  i ns ul at or  ( or   q u a nt u  m  s pi n  li q ui d)  a n d  a
s u p erfl ui d   ( or    X  Y   f err o  m a g n etis  m)   p h as e  [ 4– 7] .    T h e
criti c al t h e or y  of s u c h a tr a nsiti o n is   w ell  u n d erst o o d  [ 4, 7],
a n d  its  e xist e n c e  i n  l atti c e    m o d els  h as  b e e n  n u  m eri c all y
v erifi e d  [ 5, 8].    H o  w e v er,  e x p eri  m e nt al  o bs er v ati o n  of  t h e
X  Y * tr a nsiti o n is  still  el usi v e.   Gi v e n t h at  e v e n t h e  u n a  m-
bi g u o us  e x p eri  m e nt al r e ali z ati o n  of  a  Z 2 s pi n li q ui d  p h as e
is  a  gr e at  c h all e n g e,  a n d t h at  r e c e nt  pr o gr ess i n  s y nt h eti c
q u a nt u  m s yst e  ms t ar g ets t o p ol o gi c al or d er i n t h e a bs e n c e of
gl o b al   U( 1) s y  m  m etr y  [ 9– 1 1] , t h e e x p eri  m e nt al st u d y of a n
X  Y *   Q  C P a dj a c e nt t o a q u a nt u  m s pi n li q ui d p h as e r e  m ai ns
c h all e n gi n g  f or t h e  n e ar  f ut ur e.

H er e   w e t ur n t o  q u a nt u  m   H all  s yst e  ms,   w h er e fr a cti o n-
ali z ati o n  its elf   h as   b e e n    w ell   est a blis h e d   at   fr a cti o n al
filli n gs  [ 1 2].  It  is   n at ur al  t o  i  m a gi n e  t h at  e x p eri  m e nt al
r e ali z ati o n of a   Q  C P   wit h fr a cti o n ali z ati o n i n q u a nt u  m   H all
s yst e  ms  is  e asi er,  t h o u g h  s u c h  a  p ossi bilit y  h as  n ot  b e e n
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w ell  e x pl or e d  e x c e pt  o n  pl at e a u  tr a nsiti o ns  [ 2].    H er e   w e
c o nsi d er t h e q u a nt u  m   H all bil a y er s yst e  m   wit h t h e el e ctr o n
g as es  i n  t  w o  l a y ers  s e p ar at e d   b y  a n  i ns ul ati n g   b arri er,
gi vi n g ris e t o t  w o s e p ar at e   L a n d a u l e v els c o u pl e d t o g et h er
t hr o u g h t h e   C o ul o  m b r e p ulsi o n [ 1 3– 1 6] .   T h e filli n gs i n t h e
t  w o l a y ers ν 1 , ν 2 c a n  b e  c o ntr oll e d s e p ar at el y. I n  a d diti o n,
o n e  c a n  t u n e  d =l B e x p eri  m e nt all y  t o  st u d y  t h e  p ossi bl e
p h as e tr a nsiti o ns.   H er e,  d  is t h e  dist a n c e  b et  w e e n t h e t  w o
l a y ers  a n d lB is  t h e    m a g n eti c  l e n gt h.   At  s  m all  d =l B , it is
k n o  w n  t h at  t h e  gr o u n d  st at e  is  a n  e x cit o n  c o n d e ns ati o n
p h as e  [ 1 5– 2 0]  f or  t h e    w h ol e  li n e  of  ν 1 þ  ν 2 ¼  1 .   T h er e
h a v e  b e e n   m a n y t h e or eti c al  dis c ussi o ns  o n  ot h er  p ossi bl e
p h as es  at l ar g er  d =l B at  ðν 1 ; ν 2 Þ  ¼  ð 1

2 ; 1
2 Þ  [ 2 1– 3 8] .

R e c e ntl y,  t h e   e v ol uti o n   u n d er  t u ni n g  d =l B w as   e x-
p eri  m e nt all y  i n v esti g at e d  f or  t his  filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1

2 ; 1
2 Þ

[ 3 9].    T h er e,   o n e   fi n ds   o nl y   a   cr oss o v er   b et  w e e n
t h e    B os e- Ei nst ei n- c o n d e ns ati o n   (  B E  C)   r e gi  m e   t o   t h e
B ar d e e n-  C o o p er- S c hri eff er   (  B  C S)   r e gi  m e   all    wit hi n   a
si n gl e- e x cit o n- c o n d e ns ati o n  ( E  C)  p h as e.    T h er e  h as  b e e n
t h e or eti c al  dis c ussi o n  of  s u p erfl ui d-t o-i ns ul at or  tr a nsiti o n
at  ð1 = 2 ; 1 = 2 Þ  filli n g  [ 4 0],  b ut    w e  ar e  n ot  a  w ar e  of  a n y
e x p eri  m e nt al o bs er v ati o n s o f ar. I n c o ntr ast, f or filli n g  ð 1

3 ; 2
3 Þ

[ or r el at e dl y, ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; − 1

3 Þ,   w h er e  b y ν  <  0  w e   m e a n

t h e s yst e  m is  h ol e  d o p e d r el ati v e t o t h e  c h ar g e  n e utr alit y],
a  p h as e tr a nsiti o n is  b o u n d t o  h a p p e n.   At  s  m all  d =l B , t h e
gr o u n d  st at e is  still  a n  e x cit o n  c o n d e ns ati o n  p h as e. I n t h e
l ar g e-d =l B li  mit, t h e t  w o l a y ers  d e c o u pl e, a n d t h e t o p l a y er
is i n t h e ν  ¼ 1

3 L a u g hli n st at e  [ 4 1],   w hil e t h e b ott o  m l a y er is

i n  t h e  ν  ¼  − 1
3 ( or  ν  ¼ 2

3 )   L a u g hli n  st at e.   T his  l ar g e-d =l B

p h as e  c a n  b e  vi e  w e d  as  a  fr a cti o n al  q u a nt u  m  s pi n    H all
i ns ul at or ( F  Q S  H)   wit h a K  m atri x  K  ¼  ð 3

0
0

−  3 Þ if   w e vi e  w t h e

l a y er   as   a   ps e u d os pi n.    Gi v e n  t h e   r e c e nt   e x p eri  m e nt al
pr o gr ess  i n  t u ni n g  d =l B at  ðν 1 ; ν 2 Þ  ¼  ð 1

2 ; 1
2 Þ,  e x p eri  m e nt al

m e as ur e  m e nts  at  filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; − 1

3 Þ  or  ðν 1 ; ν 2 Þ  ¼

ð 1
3 ; 2

3 Þ  s h o ul d  b e  str ai g htf or  w ar d.   N ot e,   w hil e  c o n c e pt u all y

o n e  c a n t hi n k  of  c h a n gi n g t h e  s e p ar ati o n  d , i n  e x p eri  m e nt
o n e  c a n t u n e t h e r ati o  d =l B m or e  c o n v e ni e ntl y  b y si  m ult a-
n e o usl y c h a n gi n g t h e   m a g n eti c fi el d a n d d e nsit y t o k e e p t h e
filli n g  c o nst a nt.   T h us, t h e tr a nsiti o n is   w ell   wit hi n  e x p er-
i  m e nt al  r e a c h  [ 4 2].    A ct u all y,  t h er e  alr e a d y  e xists  s o  m e
e x p eri  m e nt al  e vi d e n c e  of  a  dir e ct  tr a nsiti o n  b et  w e e n  t h e
e x cit o n  s u p erfl ui d  a n d  F  Q S  H  p h as e  at  filli n g  ðν 1 ; ν 2 Þ  ¼

ð 1
3 ; 2

3 Þ  [ 4 3]  i n  a   G a  As  q u a nt u  m-  w ell  s yst e  m.   H o  w e v er, t h e

n at ur e  of t h e  p h as e tr a nsiti o n is  n ot cl e ar fr o  m t h e e xisti n g
e x p eri  m e nt al   d at a.    A   pr e vi o us  t h e or eti c al    w or k  alr e a d y
st u di e d  si  mil ar  tr a nsiti o n  i n   a    m o d el    wit h   a   h ar d- c or e
i nt er a cti o n   a n d   s u g g est e d  t h e  tr a nsiti o n  is  i n  t h e    X  Y
u ni v ers alit y cl ass  [ 4 4].   H er e   w e pr o vi d e n u  m eri c al e vi d e n c e
f or   a   c o nti n u o us   tr a nsiti o n   i n   a   r e alisti c    m o d el    wit h
C o ul o  m b  i nt er a cti o ns.    M or e  i  m p ort a ntl y,  t hr o u g h  a    m or e
c ar ef ul tr e at  m e nt of t h e gl o b al   U( 1) s y  m  m etr y,   w e p oi nt o ut
t h at t his criti c al p oi nt is a ct u all y a n   X  Y * tr a nsiti o n   wit h t h e
criti c al b os o n c arr yi n g a fr a cti o n al p h ysi c al c h ar g e a n d t h us

n ot  g a u g e  i n v ari a nt.    T h e  p h ysi c al  e x cit o n  o p er at or  is  a

c o  m p osit e o p er at or i n t h e criti c al t h e or y, a n i  m p ort a nt p oi nt
t h at is o v erl o o k e d i n   R ef. [ 4 4].   T h e fr a cti o n ali z e d n at ur e of
t h e   tr a nsiti o n   l e a ds   t o    m a n y   e x p eri  m e nt all y   v erifi a bl e
p h ysi c al c o ns e q u e n c es i n cl u di n g a l ar g e a n o  m al o us s c ali n g
di  m e nsi o n  a n d  fr a cti o n al  c o u nt erfl o  w  c o n d u cti vit y  c o  m-
p ar e d  t o  t h e  f a  mili ar  s u p erfl ui d-t o-  M ott  tr a nsiti o n  i n  t h e
us u al   X  Y  cl ass.

We   p erf or  m  e x a ct   di a g o n ali z ati o n  ( E  D)  [ 4 5]  f or  t h e
C o ul o  m b c o u pl e d q u a nt u  m   H all bil a y er at filli n g  ðν 1 ; ν 2 Þ  ¼

ð 1
3 ; 2

3 Þ  a n d  fi n d  a  dir e ct  tr a nsiti o n  b et  w e e n  t h e   E  C  p h as e

at  s  m all  d =l B a n d  t h e   F  Q S  H  p h as e  at  l ar g e  d =l B .    T h e
tr a nsiti o n  a p p e ars  c o nti n u o us i n t h e fi nit e-si z e  c al c ul ati o n,
s u g g esti n g t h e  p ossi bilit y  of  a  c o nti n u o us   Q  C P.   M oti v at e d
b y t h e  n u  m eri c al  c al c ul ati o n,   w e  pr o p os e  a  criti c al t h e or y
b et  w e e n t h e   E  C a n d  F  Q S  H  p h as es i n t h e  u ni v ers alit y cl ass
of    X  Y *  tr a nsiti o n.   St arti n g  fr o  m  t h e   F  Q S  H   p h as e,  t h e
L a u g hli n el e ctr o n a n d   L a u g hli n  h ol e i n t h e t  w o l a y ers  bi n d
t o f or  m  a fr a cti o n al  e x cit o n,   wit h  b os o ni c  st atisti cs   w h os e
c o n d e ns ati o n t h e n  c o nfi n es  all t h e  a n y o ns  a n d l e a ds t o t h e
E  C  p h as e at s  m all  d =l B .   T h e criti c al t h e or y is  d es cri b e d  b y
t h e s u p erfl ui d-t o-i ns ul at or tr a nsiti o n  of t h e fr a cti o n al  e x ci-
t o n,   w hi c h  c arri es  a n  e x cit o n  c h ar g e 1 = 3  c o  m p ar e d t o t h e
or di n ar y  e x cit o n.    We  als o  dis c uss  t h e  r e ali z ati o n  of  a n
e xtr a or di n ar y  b o u n d ar y  criti c alit y  [ 4 6]  i n t h e  e d g e  at t his
Q  C P.   T h e   X  Y * tr a nsiti o n  h er e c a n  b e e asil y  g e n er ali z e d t o
t h e c as e   wit h a n ar bitr ar y   A b eli a n F  Q  H E p h as e i n o n e l a y er
a n d  its  p arti cl e- h ol e  p art n er  i n  t h e  ot h er  l a y er.   T h us,    w e
a nti ci p at e   m a n y  diff er e nt   X  Y * tr a nsiti o ns i n t h e  ðD; d =l B Þ
p ar a  m et er s p a c e,   w h er e  D  is t h e  dis pl a c e  m e nt fi el d t o t u n e
t h e  e x cit o n  d e nsit y.

II.    M  O  D  E  L   A  N  D  S  Y  M  M  E  T  R  Y

We c o nsi d er t h e q u a nt u  m   H all bil a y er at filli n g  ðν 1 ; ν 2 Þ  ¼
ðx;  −  x Þ ill ustr at e d i n Fi g. 1 .  H er e, ν a ¼  ð  N e =  N Φ Þ ,  w h er e N Φ

is t h e  n u  m b er  of t h e   m a g n eti c fl u x i n t h e  s yst e  m. ν 2 ¼  −  x

FI  G.   1.   ( a)   Ill ustr ati o n   of   q u a nt u  m    H all   bil a y er,    wit h   a n
i ns ul ati n g l a y er ( bl u e) i n  b et  w e e n t h e t  w o  2  D E  Gs. ( b)  S c h e  m ati c
p h as e  di a gr a  m i n t er  m s  of  ðD; d  Þ  w hil e fi xi n g  ν 1 þ  ν 2 ¼  0 .   T h e
dis pl a c e  m e nt fi el d  D  is t h e  c h e  mi c al  p ot e nti al f or  e x cit o ns.   T h e
dist a n c e  d  t u n es i nt erl a y er   C o ul o  m b i nt er a cti o n str e n gt h.   We ar e
i nt er est e d i n t h e  q u a nt u  m  p h as e tr a nsiti o n (i n di c at e d  b y t h e  bl u e
arr o  w) t u n e d  b y  d  at fi x e d e x cit o n  d e nsit y  ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; − 1
3 Þ.  S F

d e n ot es  t h e  e x cit o n  c o n d e ns ati o n  p h as e    wit h  hc †
1 c 2 i  ≠  0 ,  a n d

F  Q S  H  d e n ot es t h e fr a cti o n al  q u a nt u  m s pi n   H all i ns ul at or f or  m e d
b y t  w o  d e c o u pl e d   L a u g hli n  st at es   wit h  o p p osit e  c hir aliti es.
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m e a ns t h at t h e  s yst e  m is  h ol e  d o p e d   wit h  h ol e  d e nsit y  at  x
p er fl u x.   We ar e   m ai nl y f o c us e d o n  x  ¼ 1

3 , b ut si  mil ar p h ysi cs

c a n   h a p p e n  f or   ot h er  r ati o n al  x  wit h  a n  i n c o  m pr essi bl e
A b eli a n  F  Q  H E  st at e i n t h e  d e c o u pli n g li  mit.  x  h er e  is  t h e
e x cit o n  d e nsit y  a n d  c a n  b e t u n e d t hr o u g h t h e  dis pl a c e  m e nt
fi el d D  ,   w hil e t h e t ot al filli n g ν 1 þ  ν 2 is fi x e d t o  b e  0.  U p t o a
st a c ki n g  of  a n  i nt e g er  q u a nt u  m   H all  st at e  at  l a y er  2,  it  is
als o  e q ui v al e nt t o  c o nsi d er  t h e  filli n g  ðν 1 ; ν 2 Þ  ¼  ðx;  1  −  x Þ
wit h  ν 1 þ  ν 2 ¼  1 .    T h us,    w e   als o   c o nsi d er   t h e   filli n g
ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; 2
3 Þ.

We  h a v e t h e   H a  milt o ni a n

H  ¼
1

2

X

a; b ¼  1 ;2

V a b ðq Þ∶  ρ a ðq Þρ b ð−  q Þ∶ ;  ð1 Þ

w h er e  ρ a ðq Þ  ¼
R

d 2 q ρ a ðr Þe
−  iq ·r ,  a n d  ρ a ð r Þ  is  t h e  c h ar g e

d e nsit y at l a y er  a  pr oj e ct e d t o t h e l o  w est   L a n d a u l e v el.   We
h a v e t h e   C o ul o  m b i nt er a cti o n  V 1 1 ðq Þ  ¼  V 2 2 ðq Þ  ¼  ðe 2 = ε q Þ
a n d  V 1 2 ðq Þ  ¼  V 2 1 ðq Þ  ¼  ðe 2 = ε q Þe −  q d .  d  r e pr es e nts   t h e
dist a n c e  b et  w e e n t  w o l a y ers i n t h e  u nit  of   m a g n eti c l e n gt h

lB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ c = e  B

p
.

T h e    H a  milt o ni a n  c o nsi d er e d  a b o v e  h as  a n  a nti u nit ar y
s y  m  m etr y  M C T  f or  t h e  q u a nt u  m    H all  bil a y er  at  filli n g
ðν 1 ; ν 2 Þ  ¼  ðx;  −  x Þ.   T h e s y  m  m etr y is a c o  m bi n ati o n of l a y er
e x c h a n g e  s y  m  m etr y  M  ,  c h ar g e  c o nj u g ati o n  C ,  a n d  ti  m e
r e v ers al T  .    We  d efi n e  el e ctr o n  o p er at ors i n l a y ers  1  a n d  2

as  c 1 ð r Þ  a n d  c 2 ð r Þ.   T h e  s y  m  m etr y M C T  a cts  as  c 1 ðr Þ  →

c †
2 ðr Þ;  c2 ðr Þ  →  c †

1 ð r Þ c o  m bi n e d   wit h c o  m pl e x c o nj u g at e  K  .
U n d er  M C T  ,  w e  h a v e  ρ 1 ð r Þ  →  −  ρ 2 ðr Þ  a n d  ρ 1 ðq Þ  →
−  ρ 2 ð−  q Þ.    O n e  c a n  c h e c k  t h at  t h e    H a  milt o ni a n  s atisfi es
t his s y  m  m etr y.   T h e M C T  c a n b e   w e a kl y br o k e n d u e t o t h e
as y  m  m etr y  of t h e t  w o l a y ers  s u c h  as  diff er e nt i nt er a cti o n
str e n gt hs.    We  dis c uss t h e  eff e ct  of   w e a k  M C T  s y  m  m etr y
br e a ki n g l at er.

III.   P  H  A S  E   DI  A  G  R  A  M

We  fi x  t h e  filli n g  t o  b e  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; 2

3 Þ  a n d  st u d y  t h e

p h as e  di a gr a  m  of t u ni n g  d =l B t hr o u g h   E  D.   At s  m all d =l B ,
t h e  s yst e  m  is  i n  a n  e x cit o n  c o n d e ns ati o n  p h as e    wit h  a n

or d er  p ar a  m et er  hc †
1 c 2 i  ≠  0 .   H er e, c 1 , c 2 ar e  a n ni hil ati o n

o p er at ors  of  el e ctr o ns  i n  l a y ers  1  a n d  2,  r es p e cti v el y.    At
l ar g e d =l B , t h e t  w o l a y ers  d e c o u pl e,  a n d   w e  h a v e  a  F  Q S  H
p h as e  ( u p  t o  st a c ki n g  a n  i nt e g er  q u a nt u  m    H all  st at e  at
l a y er 2) if vi e  wi n g l a y ers 1 a n d 2 as s pi n u p a n d s pi n d o  w n.
T h e q u esti o n is   w h et h er t h er e is a  dir e ct p h as e tr a nsiti o n or
a n i nt er  m e di at e  p h as e i n  b et  w e e n.

Fi g ur e  2( a)  s h o  ws  t h e  fl o  w  of  l o  w-l yi n g  e n er gi es   wit h
l a y er  dist a n c e  d =l B .  F or  si  m pli cit y,    w e  s et  lB ¼  1  i n  t h e
f oll o  wi n g  dis c ussi o n.    We  us e  a  t or us  g e o  m etr y  a n d  t h e
L a n d a u  g a u g e.   T h e  e v ol uti o n  of  e n er g y  s p e ctr a  i n di c at es
a   dir e ct  tr a nsiti o n   at  d c ≈  1 .7 .    W h e n  d  >  d c ,    w e   c a n
i d e ntif y a ni n ef ol d n e ar d e g e n er a c y e x p e ct e d f or d e c o u pl e d
ν  ¼  1 = 3  L a u g hli n   st at es   i n   t h e   t  w o   l a y ers.    W h e n
a p pr o a c hi n g  d c fr o  m  l ar g e  d ,  t h e  t o p ol o gi c al  or d er  i n di-
c at e d  b y t h e  gr o u n d-st at e  d e g e n er a c y  dis a p p e ars  at  d c .

T h e  p h as e  at  d  <  d c is  a n  e x cit o n s u p erfl ui d   wit h  or d er

p ar a  m et er  hS y ðr Þi ≠  0 ,   w h er e S y ðr Þ  ¼ i( c †
1 ðr Þc 2 ðr Þ −  H  :c :) .

I n t h e l o  w est   L a n d a u l e v el,   w e h a v e o p er at ors c 1; m a n d  c 2; m

w h er e  m  is  t h e    L a n d a u  i n d e x   a n d  l a b els  t h e   p ositi o n
al o n g  t h e  x  dir e cti o n  i n   o ur   g a u g e.   S o    w e  c a n   d efi n e

S y
m ¼  iðc †

1; m c 2; m −  H  :c :Þ,   w h er e m  ¼  1 ; 2 ; …  ;  NΦ .   T h e n   w e

c al c ul at e t h e c orr el ati o n f u n cti o n  hS y
i S

y
j i w hi c h is a f u n cti o n

of  ji −  j j. I n t h e i ns et  of  Fi g. 2( b) ,   w e s h o  w t h at hS y
i S

y
j i  is

al  m ost a  c o nst a nt   wit h  ji −  j j at s  m all  d ,  b ut  d e c a ys f ast at
l ar g e d . I n  p arti c ul ar,   w e c a n  us e hS y

i S
y
iþ  N Φ = 2 i  t o c h ar a ct er-

i z e  t h e  e x cit o n  c o n d e ns ati o n.  I n  Fi g.  2( b) ,  it  is  cl e ar  t h at
hS y

i S
y
iþ  N Φ = 2 i  is   n o n z er o   at  d  <  d c a n d   al  m ost   v a nis h es

at  d  >  d c .    W h e n   a p pr o a c hi n g  d c fr o  m   s  m all  d ,   t h e
e x cit o n c o n d e ns ati o n  or d er  p ar a  m et er  dis a p p e ars s  m o ot hl y
a cr oss  d c .
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FI  G.  2.   ( a)   T h e  l o  w-l yi n g  e n er g y  s p e ctr a  a s  a  f u n cti o n  of  t h e  l a y er  di st a n c e  d =l B f or  t h e  filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; − 1

3 Þ .  H er e  w e
s h o  w  o nl y t h e i n e q ui v al e nt   m o  m e nt u  m  s e ct or s.   T h er e  ar e  ni n ef ol d  d e g e n er at e  st at e s  at l ar g er  d =l B . ( b)   T h e  c orr el at or hS y

i S
y
iþ  N ϕ = 2 i

v er s u s l a y er  di st a n c e s  d =l B .   T h e i n s et  s h o  ws hS y
i S

y
j i  a s  a  f u n cti o n  of t h e  or bit al  di st a n c e  ji −  j j.   H er e, i; j ¼  1 ; …  ;  Nϕ ar e  or bit al

i n di c e s  a n d t h e  c orr e s p o n di n g  di st a n c e i s  ji −  j jL =  N ϕ .  Fr o  m t o p t o  b ott o  m, d =l B r a n g e s  fr o  m  0 t o  2. 4   wit h i nt er v al  0. 4.  ( c)   T h e
fi d elit y F  ðd;  Δ  d Þ  a s  a f u n cti o n  of t h e l a y er  di st a n c e s  d =l B t a ki n g  diff er e nt i nt er v al s  of  p ar a  m et er s Δ  d =l B .   N ot e t h at   wit h  d e cr e a s e d
Δ  d  t h e  di p  i s    w e a k e n e d.
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T o  f urt h er  pr o b e  t h e  n at ur e  of  t h e  tr a nsiti o n  at  d c ,  w e
c o  m p ut e t h e  gr o u n d-st at e fi d elit y,   w hi c h is  d efi n e d  b y t h e
w a v e-f u n cti o n  o v erl a p  b et  w e e n t h e  gr o u n d st at e  at  d  −  Δ  d
a n d  d ,  i. e., F  ðd;  Δ  d Þ  ¼ jhΨ  ðd  −  Δ  d ÞjΨ  ðd Þij.   T h e  fi d elit y
h as  b e e n  s h o  w n t o  b e  a  g o o d i n di c at or t o  disti n g uis h t h e
c o nti n u o us  tr a nsiti o n  fr o  m  t h e  first- or d er  tr a nsiti o n  f or
b ot h  s y  m  m etr y- br e a ki n g  a n d t o p ol o gi c al  p h as e tr a nsiti o ns
[ 4 7, 4 8].    As  s h o  w n  i n  Fi g.  2( c) ,  t h e  gr o u n d-st at e  fi d elit y
dis pl a ys a si n gl e   w e a k di p at t h e criti c al dist a n c e  d c i nst e a d
of  s h o  wi n g  a  s u d d e n j u  m p.    M e a n  w hil e, t h e  di p is  f urt h er
w e a k e n e d    wit h  t h e  d e cr e as e  of  Δ  d .   T h us,  t h e  n u  m eri c al
e vi d e n c e  i n di c at es  t h e  tr a nsiti o n    mi g ht   b e   c o nti n u o us,
t h o u g h  o n e  c a n n ot  r ul e  o ut  a    w e a k  first- or d er  tr a nsiti o n
i n  a fi nit e-si z e  c al c ul ati o n. I n t h e f oll o  wi n g,   w e  pr o p os e  a
criti c al t h e or y f or t his   Q  C P i n t h e u ni v ers alit y cl ass of   X  Y *.
T h e    X  Y *  tr a nsiti o n  is    w ell  est a blis h e d  t o  b e  c o nti n u o us
i n  ot h er  c o nt e xts,    w hi c h  f urt h er  s u p p orts  t h e  c o nti n u o us
tr a nsiti o n  s c e n ari o  of  t h e    Q  C P  at  d c fr o  m  t h e  t h e or eti-
c al  si d e.

I  V.   FI  E  L  D   T  H  E  O  R  Y   O F   A  N   X  Y *   T  R  A  N SI  TI  O  N

We  t ur n  t o  t h e  filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; − 1

3 Þ  f or  si  m pli cit y.

T h e  F  Q S  H  p h as e  at  t h e  l ar g e- d  li  mit  is  d es cri b e d  b y  t h e
f oll o  wi n g  eff e cti v e  fi el d t h e or y:

L  ¼  −
3

4 π
a 1 d a 1 þ

3

4 π
a 2 d a 2 þ

1

2 π
A 1 d a 1 −

1

2 π
A 2 d a 2 ;  ð2 Þ

w h er e  a d b  is a n a b br e vi ati o n  of ϵ μ ν σ a μ ∂ ν b σ .   H er e, a 1; μ a n d
a 2; μ ar e   e  m er g e nt   d y n a  mi c al   g a u g e   fi el ds,    w hil e  A 1; μ

a n d  A 2; μ ar e  pr o b e  fi el ds  of t h e t  w o l a y ers.  F or  e x a  m pl e,

 E a ¼  −  ∇
!

A a ; 0 −  ð∂  A a = ∂ tÞ  is  t h e  el e ctri c  fi el d  a p pli e d  t o

l a y er a .   N ot e i n t h e  e x p eri  m e nt,  o n e  c a n  a p pl y  E 1 a n d  E 2

s e p ar at el y a n d   m e as ur e c urr e nts i n a l a y er-r es ol v e d f as hi o n.
We  t h e n  d efi n e  p h ysi c al  c h ar g e  ðQ 1 ;  Q2 Þ  u n d er  ðA 1 ;  A2 Þ.
We   c a n   als o  l a b el   a n y o n   e x cit ati o ns  i n  t er  ms   of  t h eir
c h ar g es  l ¼  ð  l1 ; l2 Þ  u n d er  ða 1 ;  a2 Þ.    T h e   p h ysi c al  c h ar g e
of  t h e  a n y o n  l  is  ðQ 1 ;  Q2 Þ  ¼  ð 1

3 l1 ;
1
3 l2 Þ.  Its  st atisti cs  is

θ  ¼  ð  l21 −  l22 = 3 Þπ .    We   als o    m a k e   a   b asis   c h a n g e   t o
d efi n e  A c ;μ ¼  ð  A 1; μ þ  A 2; μ = 2 Þ  a n d  A s ;μ ¼  A 1; μ −  A 2; μ .   T h e
c orr es p o n di n g   c h ar g e   is  Q c ¼  Q 1 þ  Q 2 ,   a n d  Q s ¼
ðQ 1 −  Q 2 = 2 Þ.  Q s is  t h e  l a y er   ps e u d os pi n   vi e  w e d   as   a
s pi n  1 = 2 , S z .

T h e  el e  m e nt ar y  a n y o n  is  l ¼  ð  1 ; 0 Þ  a n d  l ¼  ð  0 ;  1 Þ
wit h  c h ar g e  1 = 3  at  e a c h l a y er.    W h e n   w e  d e cr e as e  d , t h e
i nt erl a y er   C o ul o  m b  i nt er a cti o n  i n cr e as es.   T h e n  a n  a n y o n
wit h c h ar g e  1 = 3  at l a y er 1 t e n ds t o bi n d   wit h a n a n y o n   wit h
c h ar g e  −  1 = 3  at l a y er  2 i nt o  a n  e x cit o n.    W h e n  d  is f urt h er
d e cr e as e d, t h e bi n di n g e n er g y i n cr e as es, a n d t his e x cit o n of
a n y o n  c a n  c o n d e ns e  a n d l e a d t o t h e  e x cit o n  c o n d e ns ati o n
p h as e  at  s  m all  d .    T his  fr a cti o n al  e x cit o n  is  l a b el e d  b y
l ¼  ð  1 ; −  1 Þ  wit h   p h ysi c al  c h ar g e  ðQ 1 ;  Q2 Þ  ¼  ð 1

3 ; − 1
3 Þ  or

Q c ¼  0 ;  Qs ¼ 1
3 .    We  l a b el  t h e  cr e ati o n   o p er at or   of  t his

fr a cti o n al e x cit o n as φ † .   T h e c o n d e ns ati o n  of φ  is c a pt ur e d
b y  t h e  f oll o  wi n g  criti c al  t h e or y  (s e e  t h e    A p p e n di x  f or
d eri v ati o n):

L c ¼ ∂ μ −  i
1

3
A s ;μ φ

2

−  s jφ j2 −  g jφ j4 þ
1

6 π
A c d A s :  ð3 Þ

W h e n  s  <  0 ,  t his  is  a  s u p erfl ui d  p h as e  of  A s .    W h e n
s  >  0 ,   w e h a v e t h e c orr e ct r es p o ns e of ð1 = 6 π ÞA c d A s f or t h e
F  Q S  H  p h as e.  I n  pri n ci pl e,  φ  is  als o  c o u pl e d  t o  a  g a u g e
fi el d,   w hi c h, h o  w e v er, d o es n ot aff e ct t h e criti c al pr o p erti es
w e   dis c uss   h er e   d u e  t o  a    C h er n- Si  m o ns  t er  m  (s e e  t h e
A p p e n di x).   N ot e f urt h er t h at t u ni n g t h e tr a nsiti o n  at fi x e d
l a y er d e nsit y eli  mi n at es t h e si n gl e-ti  m e- d eri v ati v e c h e  mi c al
p ot e nti al  t er  m  φ i∂ tφ .    N ot e  t h at  t his  is  u nr el at e d  t o  t h e
M C T  s y  m  m etr y   w hi c h   m a ps  φ  t o −  φ .    We  n e e d t o  fi n e-
t u n e  t o  t h e  ti p  of  t h e  p ar a b ol a  i n  Fi g.  1  t o  g et  a  criti c al
t h e or y    wit h  d y n a  mi c al  e x p o n e nt  z  ¼  1 ,  a  f e at ur e  s h ar e d
wit h t h e f a  mili ar   B os e-  H u b b ar d   m o d el.  F ort u n at el y,   w e s e e
t h at  c o ntr ol  o v er  g at e  v olt a g es   m a k es t his t u ni n g f e asi bl e.
φ  m a y  f e el  a  b a c k gr o u n d  fl u x  d A s ðr Þ  ¼  B 1 ðr Þ −  B 2 ðr Þ,
w h er e  B a ðr Þ  is  t h e    m a g n eti c  fi el d  i n  t h e  l a y er  a  ¼  1 ,  2
al o n g  t h e  z  dir e cti o n.  I n  r e al   e x p eri  m e nts,    w e   e x p e ct
B 1 ðr Þ  ¼  B 2 ðr Þ  gi v e n   t h e   s  m all   i nt erl a y er   dist a n c e  d .
T h er ef or e,    w e   c o n cl u d e   t h at  φ  d o es   n ot   f e el   a n y
b a c k gr o u n d   m a g n eti c fl u x. It is t h e n  cl e ar t h at t h e  criti c al
t h e or y is t h e us u al “ r el ati visti c”  X  Y tr a nsiti o n dri v e n b y t h e
c o n d e ns ati o n of a b os o n   w hi c h c arri es c h ar g e  1 = 3  u n d er  A s .
A  c o u nt eri nt uiti v e  f e at ur e  t h at  is  s h ar e d    wit h  ot h er    X  Y *
tr a nsiti o ns is t h at  d es pit e t h e c o n d e ns ati o n  of a fr a cti o n all y
c h ar g e d  b os o n,  t h e  s u p erfl ui d  its elf  is  c o n v e nti o n al.    O n e
c a n   r e a dil y   c h e c k  t h at  t h e   o nl y   g a u g e-i n v ari a nt   or d er
p ar a  m et er  is  t h e   us u al   o n e  f or  i nt e g er   c h ar g e,   a n d   all
a n y o ns ar e c o nfi n e d.   Alt er n ati v el y, o n e c a n s h o  w t h e v ort e x
q u a nti z ati o n is t h e  c o n v e nti o n al  o n e  d es pit e t h e fr a cti o n al
c h ar g e, as a r es ult of att a c hi n g a n a n y o n t o t h e f u n d a  m e nt al
v ort e x  [ 4 9].

O n e   c a n   als o   d es cri b e  t h e  tr a nsiti o n   usi n g   a   v ort e x
fi el d  t hr o u g h  t h e  f a  mili ar  p arti cl e- v ort e x  d u alit y.  I n  t h e
A p p e n di x,   w e  d eri v e t h e  d u al t h e or y t o  b e

L  ¼ jð  ∂ μ −  i3 a μ Þ φ̃ j
2 −  r jφ̃ j2 − g̃ jφ̃ j4

þ
1

e 2
f μ ν f

μ ν þ
1

2 π
A s d a  þ

1

6 π
A s d A c ;  ð4 Þ

w h er e φ̃  i s t h e v ort e x fi el d  of t h e s u p erfl ui d  p h a s e a n d a μ

i s  a n i nt er n al   U( 1)  g a u g e fi el d   wit h f μ ν ¼  ∂ μ a ν −  ∂ ν a μ a s
it s   fl u x.    O n e   i  m p ort a nt   di sti n cti o n   fr o  m   t h e   t h e or y
d eri v e d  i n  R ef.  [ 4 4]  i s  t h at  t h e  criti c al  v ort e x  fi el d φ̃
c arri e s  c h ar g e  3  u n d er  t h e    U( 1)  g a u g e  fi el d  a  i n  o ur
t h e or y,   w hil e t h e c h ar g e i s  1 i n   R ef. [ 4 4].   N ot e t hi s f a ct or
of 3 c a n n ot  b e r e  m o v e d b y a n ai v e r e d efi niti o n  a μ → 1

3 a μ ,
w hi c h   will l e a d t o a fr a cti o n al   m ut u al   C h er n- Si  m o n s t er  m
ð1 = 6 π ÞA s d a .    H er e    w e  al  w a y s  fi x  t h e  c o effi ci e nt  of  t h e
m ut u al   C h er n- Si  m o n s t er  m s o t h at t h e   m o n o p ol e o p er at or
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of  a μ c arri e s c h ar g e 1 u n d er  A s a n d c a n b e i d e ntifi e d a s t h e
el e  m e nt ar y  p h y si c al  e x cit o n  o p er at or.   A s  a r e s ult, φ̃  s e e s
t h e  p h y si c al  e x cit o n  (  m o n o p ol e  of  a )  a s  a  6 π  fl u x  a n d
n e e d s  t o  b e  i d e ntifi e d  a s  a  tri pl e  v ort e x  i n st e a d  of  a n
el e  m e nt ar y  v ort e x i n t h e  s u p erfl ui d  p h a s e. I n  c o ntr a st t o
R ef.  [ 4 4], o ur tr e at  m e nt i n cl u d e s t h e pr o b e fi el d A s w hi c h
all o  ws  u s t o  c ar ef ull y tr e at  c h ar g e  q u a nti z ati o n  a n d  n ot e
t hi s i  m p ort a nt  p oi nt. I n t h e  d u al  vi e  w p oi nt, st arti n g fr o  m
t h e  s u p erfl ui d  p h a s e,  t h e  tri pl e  v ort e x  b e c o  m e s  g a pl e s s
a n d c o n d e n s e s, l e a di n g t o a fr a cti o n al i n s ul at or.   H o  w e v er,
t h e  el e  m e nt ar y  v ort e x  of  t h e  s u p erfl ui d  p h a s e  r e  m ai n s
g a p p e d  a cr o s s  t h e    Q  C P  a n d  b e c o  m e s  t h e  a n y o n  i n  t h e
F  Q S  H  p h a s e.

V.   E  X P  E  RI  M  E  N  T  A  L  SI  G  N  A  T  U  R  E S

We t h e n   m o v e t o t h e p ossi bl e e x p eri  m e nt al si g n at ur es of
t his  u n us u al   Q  C P.  I n  t er  ms  of  φ ,   E q. ( 3)  is  t h e  st a n d ar d
criti c al t h e or y f or t h e   X  Y tr a nsiti o n  d es cri bi n g i nt er a cti o n
t u n e d  s u p erfl ui d  t o    M ott  i ns ul at or  tr a nsiti o n.   T h e  criti c al
e x p o n e nts f or t h er  m o d y n a  mi c q u a ntiti es ar e t h e s a  m e as t h e
X  Y  tr a nsiti o n.    H o  w e v er,  t h e  criti c al  b os o n  φ  h er e  is  a
n o nl o c al fi el d  a n d  d o es  n ot  c orr es p o n d t o t h e   mi cr os c o pi c
or d er p ar a  m et er.   H e n c e, t h e tr a nsiti o n is us u all y c all e d   X  Y *
t o   hi g hli g ht   its   diff er e n c e   fr o  m   t h e   c o n v e nti o n al    X  Y
tr a nsiti o n,   w hi c h   will  b e   m a nif est e d i n  e x cit o n  c orr el ati o n
f u n cti o ns  a n d  c o n d u cti vit y.

A.   E x cit o n  c o r r el ati o n  f u n cti o n

First,  at  t h e    Q  C P,  t h e  criti c al  b os o n  h as  a  p o  w er-l a  w
c orr el ati o n   f u n cti o n:  hφ † ðx Þφ ðy Þi ∼  ð1 = jx  −  y j1 þ  η Þ  wit h
η  ≈  0 .0 3 8 .   H o  w e v er,  t h e  fr a cti o n al  e x cit o n  or d er φ  is  n ot
m e as ur a bl e.   T h e  p h ysi c al  or d er  p ar a  m et er  is  t h e  c o n v e n-

ti o n al e x cit o n o p er at or Φ † ¼  c †
1 c 2 . It is a c o  m p osit e o p er at or

i n t h e  criti c al t h e or y: Φ  ¼  φ 3 a n d its  c orr el ati o n  f u n cti o n
h as   a  l ar g e   d e c a yi n g   e x p o n e nt  hΦ † ð x ÞΦ  ðy Þi ∼  ð1 = jx  −
y j1 þ  η Þ wit h  η  ≈  3 .2  esti  m at e d fr o  m t h e s c ali n g  di  m e nsi o n
of t h e  φ 3 m o d e  of t h e  3  D   X  Y u ni v ers alit y  cl ass  [ 5 0].   T h e
s a  m e  e x p o n e nt  a p p e ars  i n  t h e  c orr el ati o n  f u n cti o n  al o n g
t h e  ti  m e  dir e cti o n,    w hi c h  l e a ds  t o  hΦ † ð r ; ω  ÞΦ  ðr ; −  ω  Þi ∼
ω η at  p ositi o n  r .

I nt er esti n gl y, t his  e x p o n e nt  c a n  b e   m e as ur e d t hr o u g h  a
l o c al   i nt erl a y er   t u n n eli n g   e x p eri  m e nt   at   p ositi o n  r .
C o nsi d eri n g   a   l o c al   t u n n eli n g   t er  m  H 0 ¼  Γ

R
d 2 r δ ðr Þ ×

c †
1 ðr Þc 2 ðr Þ  þ H  :c :,   li n e ar   r es p o ns e   t h e or y   d eri v es  I  ¼

2 e Γ 2 I  mχ R ðω  ¼  e V;  r Þ  wit h  I  a n d  V  as  t h e  c urr e nt  a n d
v olt a g e  i n  t h e  z  dir e cti o n.  χ R ðω  ; r Þ  is  t h e  F o uri er  tr a ns-
f or  m ati o n  of  χ R ðt; r Þ  ¼  −  iθ ðtÞh½Φ † ðr ; tÞ; Φ  ðr ; 0 Þ  i  i n  t h e
ti  m e  dir e cti o n [ 5 1].  S o   w e  e x p e ct t h at ðdI = d V Þ ∼  V η  −  1 ≈
V 2 .2 a n d is n o nli n e ar t o  V  at z er o t e  m p er at ur e at  d  ¼  d c .  O n
t h e  ot h er  h a n d,   w h e n d  <  d c ,   w e  e x p e ct dI = d V  t o  h a v e  a
z er o  bi as  p e a k  [ 5 2],  a n d    w h e n  d  >  d c ,  it  s h o ul d  h a v e  a
t hr es h ol d  g a p.    A  n o nli n e ar  I -V  c ur v e  is  e x p e ct e d  at  t h e
e d g e  of t h e  F  Q  H E  p h as e   wit h fr a cti o n al  c h ar g e  [ 5 1].   H er e

w e  off er  a n  e x a  m pl e  of  t h e  b ul k  t u n n eli n g  at  t h e    Q  C P,
a n d t h e l ar g e e x p o n e nt η is a   m a nif est ati o n of t h e fr a cti o n al
c h ar g e   c arri e d   b y  t h e   criti c al   b os o n.   S o  m eti  m es  it  is
m or e  c o n v e ni e nt t o   m e as ur e  a  gl o b al t u n n eli n g  [ 5 3]  fr o  m

t h e  t er  m  H 0 ¼  Γ
R

d 2 r c †
1 ðr Þc 2 ðr Þ  þ H  :c :  I n  t his  c as e,    w e

e x p e ct  I  ¼  2 e Γ 2 I  mχ R ð ω  ¼  e V;  q  ¼  0 Þ  [ 5 4, 5 5].  We  h a v e
ðdI = d V Þ ∼  V η  −  3 ≈  V 0 .2 at t h e  criti c al  p oi nt.

B.   U ni v e rs al  c o n d u cti vit y

T h e    X  Y   criti c alit y  is   k n o  w n  t o   e x hi bit   a   u ni v ers al
c o n d u cti vit y.  F or  o ur  s yst e  m,    w e  d efi n e  a  4  ×  4  c o n d u c-
ti vit y  t e ns or  i n  t h e   dir e ct- c urr e nt  li  mit  as  σ  ¼  ð σ x x

−  σ x y

σ x y

σ x x
Þ ,

w h er e  σ x x a n d  σ x y ar e  b ot h  a  s y  m  m etri c  2  ×  2  m atri x  i n
l a y er s p a c e. σ x x ;a b ¼  ð  J x ;a =  E x ;b Þ,   w h er e a , b  ¼  1 ,  2 l a b els
t h e t  w o l a y ers  a n d σ x y ;a b is  d efi n e d  si  mil arl y.

Fr o  m   E q.  ( 3),   w e g et t h e l o n git u di n al c o n d u cti vit y t e ns or
at t h e   Q  C P t o  b e

σ x x ¼
σ b

9

e 2

h

1  −  1

−  1  1
; ð5 Þ

w h er e  σ b is t h e  u ni v ers al c o n d u cti vit y f or t h e  or di n ar y   X  Y
tr a nsiti o n,  a  n u  m b er  of  or d er  o n e  i n  u nits  of  e 2 = h .   T h e
f a ct or  of 1

9 is  b e c a us e t h e criti c al  b os o n c arri es  o nl y 1 = 3  of

t h e  or di n ar y  e x cit o n.   T h us,  t h e  c o n d u cti vit y  at  t his    X  Y *
tr a nsiti o n  is   of   or d er  a p pr o xi  m at el y  0 .1 ðe 2 = h Þ.   F urt h er,
σ x y is  p ur el y  fr o  m t h e  b a c k gr o u n d   C h er n- Si  m o ns t er  m i n

E q.  ( 3).  F or  t h e  filli n g ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; − 1

3 Þ,   w e  h a v e σ x y ¼

ð
1
3
0

0
− 1

3
Þ ðe 2 = h Þ.  F or ðν 1 ;ν 2 Þ  ¼ ð

1
3 ;2

3 Þ,   w e  h a v e σ x y ¼ ð
1
3
0

0
2
3
Þ ðe 2 = h Þ.

T h e i n v ers e of  σ  gi v es t h e r esisti vit y t e ns or  ρ  ¼  ð ρ x x
ρ y x

−  ρ y x

ρ x x
Þ.

F or  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; − 1

3 Þ,    w e  h a v e  ρ x x ¼  ð  h = e 2 Þ σ b ð
1
1

1
1 Þ  a n d

ρ y x ¼  ð  h = e 2 Þð 3
0

0
−  3 Þ.  F or  ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; 2
3 Þ,  w e  h a v e  ρ x x ¼

ðh = e 2 Þð1 = 4  þ  σ 2
b Þð

4 σ b
−  2 σ b

−  2 σ b
σ b

Þ a n d  ρ y x ¼  ð  h = e 2 Þð1 = 4  þ  σ 2
b Þ×

ð
1 2 þ  σ 2

b
σ 2

b

σ 2
b

6 þ  σ 2
b
Þ .

T h e  a b o v e  di s c u s si o n  i s  e x a ctl y  at t h e   Q  C P  a n d  z er o
t e  m p er at ur e.   I n   pr a cti c e,  t h e   e x p eri  m e nt s   ar e   al  w a y s
at  fi nit e  t e  m p er at ur e,  a n d   o n e  e x p e ct s  criti c al  s c ali n g
ρ ðT;  δ Þ  ¼  F  ðT = δ ν z Þ,  w h er e F  i s  a  u ni v er s al  f u n cti o n  a n d
δ  ¼  d  −  d c i s   t h e   d e vi ati o n   fr o  m   t h e   criti c al   p oi nt.
We   h a v e  z  ¼  1  a n d  ν  ≈  0 .6 7  a s   t h e   k n o  w n   criti c al
e x p o n e nt s  f or  t h e    X  Y  tr a n siti o n.   Fr o  m  c oll a p si n g  t h e
d at a  of  ðT;  d  −  d c Þ,  o n e  c a n  e xtr a p ol at e t h e  e x p o n e nt ν z
a n d   t h e   u ni v er s al   c o n d u cti vit y.   S u c h   a   s c ali n g   h a s
b e e n   p erf or  m e d   f or   t h e   s u p er c o n d u ct or-t o-i n s ul at or
tr a n siti o n s [ 8, 5 6– 6 0] .

VI.   E  X  T  R  A  O  R  DI  N  A  R  Y   L  O  G   B  O  U  N  D  A  R  Y
C  RI  TI  C  A  LI  T  Y

F or  t h e  F  Q S  H  p h as e  at  d  >  d c ,  t h er e  ar e  h eli c al  e d g e
m o d es.   At  d  <  d c , t h e  h eli c al  e d g e   m o d es   will  b e  g a p p e d
o ut  b y t h e l o n g-r a n g e e x cit o n  or d er.   H er e l et  us  d e ci d e t h e

X  Y *   T  R  A  N SI TI  O  N   A  N  D   E  X T  R  A  O  R  DI  N  A  R Y   B  O  U  N  D  A  R Y  … P  H  Y S.   R E  V.   X  1 3,  0 3 1 0 2 3  ( 2 0 2 3)
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f at e  of  t h es e  e d g e    m o d es  at  t h e  criti c al  p oi nt.   T h e  e d g e
t h e or y  of t h e  F  Q S  H  p h as e is

S 0 ¼

Z

dt d x
1

2 π υ̃ F λ
½ð∂ t θ̃ Þ

2 − υ̃ 2
F ð ∂ x θ̃ Þ

2 ;  ð6 Þ

w h er e θ̃  r e pr es e nts  t h e  h eli c al  e d g e    m o d es  of  t h e  F  Q S  H

p h as e.   H er e,  e iθ̃ cr e at es a fr a cti o n al e x cit o n   wit h c h ar g e  1 = 3
u n d er  A s at  t h e  e d g e.  λ  ¼ 4

3 i n  t h e  d e c o u pli n g  li  mit  a n d
b e c o  m es  s  m all er    w h e n  i n cl u di n g  i nt erl a y er  r e p ulsi n g  at
fi nit e d , s o   w e h a v e λ  < 4

3 .   At t h e   Q  C P, it is f urt h er c o u pl e d
t o t h e  b ul k  criti c al  b os o n t hr o u g h

S b o u n d ar y ¼  S 0 −  s

Z

d x dt ðe iθ̃ φ  þ  e −  iθ̃ φ Þ:  ð7 Þ

We  ass u  m e  t h e  a nti u nit ar y  l a y er  e x c h a n g e  s y  m  m etr y

M C T  t o   g u ar a nt e e   t h at  e iθ̃ c arri es   z er o    m o  m e nt u  m.
Wit h o ut  t h e  M C T  s y  m  m etr y,  t h e  a b o v e  t er  m  is  a bs e nt
d u e  t o    m o  m e nt u  m    mis  m at c h  a n d   dis or d er   n e e ds  t o   b e
i n v ol v e d,   w hi c h   w e l e a v e t o  f ut ur e  a n al ysis.

T h e   s c ali n g   di  m e nsi o n   of   t h e   c o u pli n g  s  is  ½s  ¼
2  −  Δ φ − 1

4 λ  ≈  0 .7 8  − 1
4 λ  >  0 ,    w h er e    w e   us e  Δ ϕ ¼  1 .2 2

as t h e  b o u n d ar y s c ali n g  di  m e nsi o n  of t h e  or d er  p ar a  m et er,
s o  t h e  c o u pli n g  is  r el e v a nt  a n d  fl o  ws  t o  i nfi nit y  (s e e  t h e
A p p e n di x).  It  is  t h us   v er y  li k el y  t h at  it  fl o  ws  t o  t h e
e xtr a or di n ar y-l o g- b o u n d ar y   criti c al   p oi nt  [ 4 6]  r e c e ntl y
pr o p os e d  f or  t h e  3  D    X  Y  tr a nsiti o n.    At  t his  fi x e d  p oi nt,
t h e e x cit o n  or d er is al  m ost l o n g-r a n g e  or d er e d at t h e e d g e:
hΦ † ðx ÞΦ  ðy Þi ∼  ½1 =  l o gðjx  −  y jÞq̃ .   T his is i n c o ntr ast t o t h e
l ar g e   p o  w er-l a  w   d e c a yi n g   e x p o n e nt  f or  t h e   c orr el ati o n
f u n cti o n i n t h e  b ul k,   m a nif est e d i n t h e i nt erl a y er t u n n eli n g
I -V  c ur v es  as ill ustr at e d i n  Fi g.  3( a) .   B esi d es, t h e  e x cit o n
tr a ns p ort  at t h e  e d g e is  still  s u p erfl ui dli k e   wit h  a n i nfi nit e
c o n d u ct a n c e  G  ¼  ð  1 = 9 λ Þ  [ 6 1],   w hi c h s h o ul d  b e i nfi nit e  at

z er o t e  m p er at ur e,  dr a  m ati c all y  diff er e nt  fr o  m t h e   m et alli c
b ul k tr a ns p ort.   As a r es ult, tr a ns p ort   m e as ur e  m e nts i n   H all
b ar   g e o  m etr y    wit h   e d g e   a n d  i n  t h e    C or bi n o   g e o  m etr y
wit h o ut e d g e ar e v er y diff er e nt at t h e   Q  C P.   T h e fl o  w of  1 = λ
t o  z er o  is  o nl y  l o g arit h  mi c,  s o  at  fi nit e  t e  m p er at ur e    w e
e x p e ct  G  ∼  l o gð1 = T Þ,   w hi c h   m a y  b e t est e d i n  e x p eri  m e nt.

S o f ar,   w e h a v e f o c us e d o n t h e filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; − 1

3 Þ.

F or  t h e   filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; 2

3 Þ,   t h e   b ul k   b e h a vi or  i s

e x a ctl y  t h e  s a  m e.   B ut  t h er e  i s  a n  a d diti o n al  e d g e    m o d e
fr o  m t h e i nt e g er q u a nt u  m   H all eff e ct.   At t h e cl e a n s a  m pl e
or    w e a k   di s or d er   r e gi  m e,   t hi s   i nt e g er   q u a nt u  m    H all
e d g e    m o d el  c a n n ot  b e  h y bri di z e d    wit h  t h e  F  Q S  H  e d g e
m o d e s  a n d  c a n  b e  i g n or e d.   T h u s,    w e  e x p e ct  t h e  s a  m e
e xtr a or di n ar y  criti c al  b e h a vi or.   F or  e x a  m pl e,  at  filli n g
ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; 2
3 Þ,  w e  s h o  w t h at ρ y x

1 1 a n d  ρ y x
2 1 i n t h e  b ul k  ar e

at  c ert ai n  fr a cti o n al  v al u e s  d e p e n di n g  o n  t h e  u ni v er s al
c o n d u cti vit y  σ b .    H o  w e v er,  b e c a u s e  of  t h e  e xtr a or di n ar y
b o u n d ar y  b e h a vi or,   w e  e x p e ct  ρ y x

1 1 ¼  ρ y x
2 1 ¼  1  i n t h e   H all

b ar    m e a s ur e  m e nt,  a s  ill u str at e d  i n   Fi g.  3( b) .    T h e  di s-
ti n cti o n  b et  w e e n  e d g e  a n d  b ul k tr a n s p ort  c a n  b e  a  dir e ct
v erifi c ati o n   of   t h e   pr o p o s e d   e xtr a or di n ar y   b o u n d ar y
criti c alit y.  If t h er e i s  str o n g  di s or d er, t h e n t h e t  w o  e d g e
m o d e s i n l a y er 2   m a y b e c o u pl e d t o g et h er a n d fl o  w t o t h e
K a n e- Fi s h er- P ol c hi n s ki  fi x e d  p oi nt  [ 6 2]  f or  t h e  filli n g
ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; 2
3 Þ. If t hi s  h a p p e n s,   w e  e x p e ct t h e  c o u pli n g

of  t h e  b ul k  e x cit o n  or d er  p ar a  m et er  t o  t h e  e d g e  t o  b e
irr el e v a nt,  a n d    w e   h a v e  a n   or di n ar y   b o u n d ar y  criti c al
b e h a vi or  [ 4 6].  It  i s  i nt er e sti n g  t o  st u d y  t h e  tr a n siti o n
b et  w e e n  e xtr a or di n ar y  b o u n d a r y  criti c alit y  a n d t h e  or di-
n ar y  b o u n d ar y  criti c alit y t u n e d  b y t h e  di s or d er  str e n gt h,
w hi c h   w e l e a v e t o  f ut ur e   w or k.

VII.   X  Y *   T  R  A  N SI  TI  O  N   F  O  R   G  E  N  E  R  A  L
A  B  E  LI  A  N  S  T  A  T  E S

I n   t h e   pr e vi o us   s e cti o ns    w e   f o c us   o n   t h e   filli n g
ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; − 1
3 Þ.   H er e   w e  p oi nt  o ut  t h at  t h e   X  Y *  tr a n-

siti o n  e xists  f or  a n y  r ati o n al  filli n g  ðν 1 ; ν 2 Þ  ¼  ðx;  −  x Þ  as
l o n g  as t h er e is  a n   A b eli a n  F  Q  H E  p h as e  at t h e  filli n g  x .

L et us c o nsi d er a bil a y er   wit h a n ar bitr ar y   A b eli a n  F  Q  H E
st at e i n  o n e  l a y er  a n d  its  p arti cl e- h ol e  p art n er  i n  t h e  ot h er
l a y er.   We still h a v e t h e M C T  s y  m  m etr y.   A n y   A b eli a n F  Q  H E
p h as e  c a n  b e  c a pt ur e d  b y  a  K  m atri x    wit h  di  m e nsi o n  N  .
T h e l o  w- e n er g y t h e or y i n t h e  d e c o u pl e d li  mit is

L  ¼  −
1

4 π
a T

1 K  d a 1 þ
1

4 π
a T

2 K  d a 2

þ
1

2 π
A 1 q

T d a 1 −
1

2 π
A 2 q

T d a 2 ;  ð8 Þ

w h er e  K  is a n N  ×  N  m atri x.  q  is a n N  ×  1  v e ct or. Si  mil arl y,
a 1 ; a 2 ar e e  m er g e nt   U( 1) g a u g e fi el ds   wit h  N  c o  m p o n e nts i n
t h e t  w o l a y ers.   As  b ef or e, A 1 , A 2 ar e  pr o b e fi el ds i n t h e t  w o
l a y ers   wit h o nl y o n e c o  m p o n e nt.   A n   A b eli a n F  Q  H E p h as e is

FI  G.  3.   ( a)  Ill ustr ati o n  of  t h e  diff er e nt  b e h a vi ors  of i nt erl a y er
t u n n eli n g  I -V  c ur v es  b et  w e e n  t h e  b ul k  a n d  e d g e  at  t h e  criti c al
p oi nt.  ( b)   H all  r esisti vit y  R x y

1 1 a n d  R x y
2 1 (i n  u nits  of  h = e 2 )  i n  t h e

H all   b ar   g e o  m etr y   as  t u ni n g  t h e   dist a n c e  d  f or  t h e   filli n g
ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; 2
3 Þ .  At d c ,  b e c a us e  of  t h e  e xtr a or di n ar y  b o u n d ar y

criti c alit y, t h e  e x cit o n still  b e h a v es li k e  a s u p erfl ui d  at t h e  e d g e,
w hi c h g u ar a nt e es t h at  R y x

1 1 ¼  R y x
1 2 ¼  1 .   T his is v er y diff er e nt fr o  m

t h e  b ul k  v al u es R y x
1 1 ¼  ð  1 2  þ  σ 2

b = 4  þ  σ 2
b Þ  a n d  R y x

1 2 ¼  ð  σ 2
b = 4  þ  σ 2

b Þ
at t h e   Q  C P,   w hi c h ar e at i nt er  m e di at e  v al u es  b et  w e e n t h e  d  <  d c

a n d  d  >  d c p h as es.
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s p e cifi e d  b y  K  a n d  q .   T h e  a n al ysis  b el o  w  a p pli es  t o  a n y
A b eli a n  F  Q  H E  p h as e.

T h e  M C T  tr a nsf or  ms  i n  t h e  f oll o  wi n g    w a y:  ½a 0
1 ð t; r Þ;

 a 1 ð t; r Þ  →  ½−  a 0
2 ð −  t; r Þ;  a 2 ð−  t; r Þ  ,  ½A 0

1 ðt; r Þ;
 A 1 ð t; r Þ  →

½−  A 0
2 ð−  t; r Þ;

 A 2 ð−  t; r Þ  .

T h e n    w e   r e d efi n e  A c ¼ 1
2 ðA 1 þ  A 2 Þ ;  As ¼  A 1 −  A 2 ,

a c ¼  a 1 þ  a 2 , a s ¼  a 1 −  a 2 ,  t h e  a cti o n  f or  t h e  d e c o u pl e d
p h as e is

L  ¼  −
1

4 π
a T

1 K  d a 1 þ
1

4 π
a T

2 K  d a 2

þ
1

2 π
A c q

T d a s þ
1

4 π
A s q

T d a c :  ð9 Þ

S u p p os e  t h e  l o  w est  c h ar g e d  e x cit ati o n  at  e a c h  l a y er  is
g e n er at e d b y t h e v e ct or  l0 .   T h e n, l ¼  ð  l0 ; −  l0 Þ

T g e n er at es a
b os o n   wit h  Q c ¼  0  a n d  Q s ¼  q T K −  1 l0 .   L et  us  l a b el  t his
b os o n  as  φ , t h e n t h e  criti c al t h e or y is

L  ¼ jð  ∂ μ −  ilT0 ( a 1; μ −  a 2; μ Þ ) φ j
2 −  s jφ j2 −  g jφ j4

−
1

4 π
a T

1 K  d a 1 þ
1

4 π
a T

2 K  d a 2

þ
1

2 π
A c q

T d a s þ
1

4 π
A s q

T d a c ; ð1 0 Þ

w hi c h  c a n  b e  r e  writt e n  as

L  ¼ j½  ∂ μ −  ilT0 a s ;μ Þ  φ j
2 −  s jφ j2 −  g jφ j4

−
1

4 π
a T

c K  d a s þ
1

2 π
A c q

T d a s þ
1

4 π
A s q

T d a c :  ð1 1 Þ

Wit h t h e ass u  m pti o n t h at d et  K  ≠  0 ,   w e c a n i nt e gr at e a c ,
w hi c h l o c ks  a s ¼  K −  1 q A s .   T h e n t h e fi n al criti c al t h e or y is

L  ¼ j½  ∂ μ −  i  Qs A s ;μ Þ  φ j
2 −  s jφ j2 −  g jφ j4 þ

σ c s
x y

2 π
A c d A s ;  ð1 2 Þ

w h er e  Q s ¼  q T K −  1 l0 . σ
c s
x y ¼  q T K −  1 q .

T h e a b o v e a cti o n cl e arl y d es cri b es a n   X  Y * tr a nsiti o n   wit h
a  c o n d e ns ati o n  of  a  fr a cti o n al  e x cit o n  of  e x cit o n  c h ar g e
Q s ¼  q T K −  1 l0 .   Si  mil ar  t o   o ur   dis c ussi o n  f or  ðν 1 ; ν 2 Þ  ¼
ð 1
3 ; − 1

3 Þ, t h er e is  a fr a cti o n al  c o u nt erfl o  w  c o n d u cti vit y:

σ x x ¼  Q 2
s σ b

e 2

h

1  1

1  1
;  ð1 3 Þ

w h er e  σ b is  a g ai n  t h e  u ni v ers al  c o n d u cti vit y  of  t h e  us u al
X  Y tr a nsiti o n.

O n e  si  m pl e  e x a  m pl e  is  ðν 1 ; ν 2 Þ  ¼  ð 1
5 ; − 1

5 Þ.   T h e n  t h e K

m atri x  is  o n e  di  m e nsi o n al   wit h  K  ¼  5 , l ¼  1 , q  ¼  1 .  We
si  m pl y  r e a c h  t h at  Q s ¼ 1

5 ,  i n di c ati n g  a  fr a cti o n al  e x cit o n

wit h  1 = 5  e x cit o n  c h ar g e  at  t h e    X  Y *  tr a nsiti o n.    A    m or e
n o ntri vi al  e x a  m pl e  is  t o  c o nsi d er  ðν 1 ; ν 2 Þ  ¼  ð 2

5 ; − 2
5 Þ,  or

e q ui v al e ntl y,  ð 2
5 ; 3

5 Þ.   N o  w i n t h e d e c o u pl e d  p h as e,   w e s h o ul d

us e  K  ¼  ð 3
1

1
2 Þ  a n d  q  ¼  ð  1 ; 0 Þ

T .   T h e s  m all est c h ar g e d a n y o n

is  g e n er at e d  b y l0 ¼  ð  1 ; 1 Þ T ,   wit h  c h ar g e 1 = 5  a n d  st atisti cs
3
5 π . I n t h e  bil a y er  s et u p, l ¼  ð  l0 ; −  l0 Þ

T g e n er at es  a  b os o ni c

fr a cti o n al  e x cit o n   wit h  c h ar g e Q s ¼ 1
5 .   A g ai n,   w e  e x p e ct  a n

X  Y *  tr a nsiti o n    wit h  Q s ¼ 1
5 .  I n  b ot h  of  t h es e  c as es,  t h e

u ni v ers al  c o u nt erfl o  w  c o n d u cti vit y is 1
2 5 σ b e

2 = h .   T h e  p h ysi-

c al  e x cit o n  or d er  p ar a  m et er is  Φ  ¼  φ 5 a n d  s h o ul d  h a v e  a n
e v e n l ar g er a n o  m al o us s c ali n g di  m e nsi o n t h a n t h e  ðν 1 ; ν 2 Þ  ¼

ð 1
3 ; 2

3 Þ c as e. F or t his c as e, a fi nit e i nt erl a y er t u n n eli n g d estr o ys

t h e  s u p erfl ui d  p h as e,  b ut  t h e    X  Y *    Q C P  is  st a bl e  b e c a us e
−  φ 5 −  H  :c : is  k n o  w n t o  b e irr el e v a nt f or t h e   X  Y tr a nsiti o n.
I n  c o ntr ast,  f or  t h e  filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; 2
3 Þ ,  a n  i nt erl a y er

t u n n eli n g t er  m a cts  as −  φ 3 −  H  :c : at l o  w  e n er g y a n d  dri v es
t h e   Q  C P t o  b e  a first- or d er tr a nsiti o n.

O n e  pi e c e  of  dir e ct  e vi d e n c e  of t h e fr a cti o n al  e x cit o n i n
t h e    X  Y *  tr a nsiti o n  is  a  fr a cti o n al  u ni v ers al  c o n d u cti vit y.
H o  w e v er,   t his   r e q uir es   t h e   v al u e   of  σ b ,   t h e   u ni v ers al
c o n d u cti vit y  of  t h e  or di n ar y   X  Y  tr a nsiti o n.   U nf ort u n at el y,
t h er e is n o   m e as ur e  m e nt or   w ell- est a blis h e d pr e di cti o n of t h e
u ni v ers al c o n d u cti vit y  σ b s o f ar d es pit e s o  m e t h e or eti c al a n d
n u  m eri c al   c al c ul ati o ns  [ 6 3, 6 4].  H o  w e v er,  i n  a  q u a nt u  m
H all  bil a y er   w e c a n fi n d   X  Y * tr a nsiti o ns at  diff er e nt filli n gs
ðx;  −  x Þ  t o  i n d e p e n d e ntl y    m e as ur e   b ot h  σ b a n d  Q s .  F or
e x a  m pl e,  t h er e  is  a n    X  Y *  tr a nsiti o n  at  filli n g  ðν 1 ; ν 2 Þ  ¼

ð 1
3 ; − 1

3 Þ  wit h  Q s ¼ 1
3 ,  a n d  a n ot h er   X  Y * tr a nsiti o n  at  filli n g

ðν 1 ; ν 2 Þ  ¼  ð 2
5 ; − 2

5 Þ wit h  Q s ¼ 1
5 .   A cl e ar pr e di cti o n is t h at t h e

r ati o  of t h e  u ni v ers al  c o u nt erfl o  w  c o n d u cti vit y  at t h e   Q  C P
of  t h es e  t  w o  filli n gs  s h o ul d  b e 2 5

9 .   T h er e  s h o ul d  b e    m a n y

diff er e nt   X  Y * tr a nsiti o ns c orr es p o n di n g t o  diff er e nt r ati o n al
filli n gs x  ¼  ð  m =  2 p  m  1 Þ wit h t h e c h ar g e  of t h e el e  m e nt ar y
a n y o n  k n o  w n  fr o  m    w ell- est a blis h e d  t h e or y;  t h us,  o n e  c a n
e v e n  d o s c ali n g  b et  w e e n t h e c o u nt erfl o  w c o n d u cti vit y at t h e
Q  C P a n d t h e e x p e ct e d v al u e of  Q s t o t est t h e pi ct ur e t h at t h e
criti c al  e x cit o n  b os o n is  f or  m e d  b y  a  p air  of  a n y o ns.

VIII.   DI S  C  U S SI  O  N

H er e   w e  dis c uss  t h e  i  m pli c ati o ns  of  as y  m  m etr y  i n  t h e
l a y er  s p a c e,  dis or d er,  a n d  i nt erl a y er  t u n n eli n g    w hi c h  ar e
n e gl e ct e d i n  o ur  a n al ysis  of t h e i d e al   m o d el.

First,  t h e  M C T  s y  m  m etr y  c a n  b e    w e a kl y  br o k e n  b y
as y  m  m etr y i n  t h e t  w o l a y ers.  F or  e x a  m pl e,  diff er e nt  g at e
diff er e n c es   c a n   l e a d   t o   diff er e nt   i ntr al a y er   i nt er a cti o n
str e n gt hs.    H o  w e v er,  t h e  st a bilit y   of  t h e    X  Y *  tr a nsiti o n
d o es n ot r e all y n e e d t h e  M C T  s y  m  m etr y,   w hi c h   m a ps φ  t o
−  φ  i n  o ur  criti c al  t h e or y.    T h e  r el ati visti c  n at ur e  of  o ur
t h e or y   r eli es   o n   a n   e  m er g e nt   p arti cl e- h ol e   s y  m  m etr y
φ  →  φ † ,   w hi c h is  d u e t o t h e  a bs e n c e  of t h e iφ  ∂ tφ  t er  m.
T his is  p ur el y  fr o  m  fi n e-t u ni n g t o  t h e ti p  of t h e  p ar a b ol a
p h as e  b o u n d ar y i n  Fi g.  1  a n d  d o es  n ot r el y  o n t h e  M C T
s y  m  m etr y.   T h e o nl y   w orr y   w e h a v e is t h e as y  m  m etr y of t h e
m a g n eti c  fi el ds  i n  t h e  t  w o  l a y ers    w hi c h  c a n  l e a d  t o  a n

X  Y *   T  R  A  N SI TI  O  N   A  N  D   E  X T  R  A  O  R  DI  N  A  R Y   B  O  U  N  D  A  R Y  … P  H  Y S.   R E  V.   X  1 3,  0 3 1 0 2 3  ( 2 0 2 3)
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eff e cti v e   b a c k gr o u n d  fl u x   f or  φ .    H o  w e v er,    w e   e x p e ct
t h at  t h e   diff er e n c e   of  t h e    m a g n eti c  fi el d   b et  w e e n  t h e
t  w o  l a y ers  is   n e gli gi bl e  i n   e x p eri  m e nts   gi v e n   a   s  m all
i nt erl a y er  dist a n c e d .   A ct u all y, if   w e  ass u  m e t h e   m a g n eti c
fi el d  is  al  w a ys  al o n g  t h e  z  dir e cti o n  i n  t h e  e x p eri  m e nt al

s et u p,  t h e n  t h e  f a  mili ar    G a uss  l a  w  ∇  · B  ðr Þ  ¼  0  l e a ds  t o
B 1 ðr Þ −  B 2 ðr Þ  ¼  0 .   H e n c e,   w e  d o  n ot  n e e d t o   w orr y a b o ut
t h e eff e cti v e fl u x  of t h e criti c al  b os o n φ .   We c o n cl u d e t h at
t h e    X  Y *  tr a nsiti o n  is  st a bl e  t o  ot h er  M C T  as y  m  m etri es
u nl ess t h er e is a gr a di e nt of   m a g n eti c fi el d b et  w e e n t h e t  w o
l a y ers.    H o  w e v er,  it  is  i  m p ort a nt  t o  t u n e  t h e  tr a nsiti o n  at
fi x e d e x cit o n d e nsit y.   A w a y fr o  m t his fi n e-t u ni n g p oi nt, t h e
c h e  mi c al- p ot e nti al-i n d u c e d  tr a nsiti o n  is  n o nr el ati visti c  as
i n t h e f a  mili ar b os o n   H u b b ar d   m o d el. F ort u n at el y, it is e as y
t o  t u n e   b ot h  t h e  i nt erl a y er   dist a n c e  d =l B a n d   e x cit o n
c h e  mi c al  p ot e nti al  D  (s e e  Fi g.  1 )  i n  t h e  e x p eri  m e nt,  s o
t h er e is  n o  o bst a cl e t o t u n e t o t h e   X  Y * tr a nsiti o n.

As  f or  dis or d er,  it  is  k n o  w n  t h at  t h e    X  Y  tr a nsiti o n  is
u nst a bl e t o dis or d er a n d   m ust fl o  w t o a n e  w fi x e d p oi nt   wit h
diff er e nt  e x p o n e nts    wit h  p ossi bl y  a    B os e  gl ass  p h as e  i n
b et  w e e n  [ 6 5, 6 6].   It  is   n at ur al  t o   c o nj e ct ur e  t h at    wit h
dis or d er   o ur    X  Y *   criti c al   p oi nt  fl o  ws  t o   a   dis or d er e d
v ersi o n  of  a n    X  Y *  fi x e d  p oi nt.    T h e or eti c al  a n al ysis  of
s u c h  a  fi x e d  p oi nt is  c h all e n gi n g  a n d l eft t o  f ut ur e   w or k.

T h e n   w e t ur n t o i nt erl a y er t u n n eli n g.   O b vi o usl y, it   will
d estr o y  t h e  s u p erfl ui d  p h as e  b e c a us e  n o  w  t h e   U( 1)  s y  m-
m etr y  c orr es p o n di n g t o t h e l a y er  ps e u d os pi n  S z r ot ati o n is
e x pli citl y  br o k e n.   H o  w e v er, t h e   X  Y *  criti c al  p oi nt  c a n  b e
st a bl e  d e p e n di n g  o n t h e filli n g.  F or  ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; − 1
3 Þ, t h e

i nt erl a y er t u n n eli n g i ntr o d u c es a t er  m λ φ 3 þ  H  :c :,   w hi c h is
k n o  w n t o b e r el e v a nt a n d   will dri v e t h e tr a nsiti o n t o b e first
or d er.  I n  c o ntr ast,  f or  filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1

5 ; − 1
5 Þ,  t h e  pr es-

e n c e of   w e a k i nt erl a y er t u n n eli n g is e x p e ct e d t o i ntr o d u c e a
ðλ φ 5 þ  H  :c :Þ  a nis otr o p y   w hi c h  is  e x p e ct e d  t o  b e  d a n g er-
o usl y irr el e v a nt  [ 6 7].   H e n c e, t h e   X  Y * criti c al p oi nt r e  m ai ns
st a bl e, t h o u g h n o  w it is b et  w e e n a F  Q S  H p h as e a n d a tri vi al
i ns ul at or   wit h o ut  a n y  s y  m  m etr y  br e a ki n g.

I  X.  S  U  M  M  A  R  Y

I n c o n cl usi o n,   w e  pr o p os e a r o ut e t o a c c essi n g t h e   X  Y *
Q  C P  b y t u ni n g   m a g n eti c fi el d ( a n d  h e n c e, t h e  d =l B r ati o)
w hil e   k e e pi n g  t h e  filli n g  fi x e d  at  ðν 1 ; ν 2 Þ  ¼  ð 1

3 ; − 1
3 Þ  or

ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; 2

3 Þ i n a  q u a nt u  m   H all  bil a y er.   At s u c h a   Q  C P,
t  w o a n y o ns fr o  m t h e F  Q S  H p h as e i n t h e d  >  d c si d e f or  m a
fr a cti o n al  e x cit o n  a n d  c o n d e ns e,  l e a di n g  t o  t h e  e x cit o n
c o n d e ns ati o n   p h as e  i n  t h e  d  <  d c si d e.    T h e  fr a cti o n al
c h ar g e  of t h e  e x cit o n is   m a nif est e d i n t h e l ar g e  a n o  m al o us
e x p o n e nt  of  t h e  e x cit o n  c orr el ati o n  f u n cti o n  a n d  a  1 = 9
f a ct or i n t h e  u ni v ers al  c o n d u cti vit y.    We  als o  ar g u e t h at t h e
e d g e  at t his   X  Y * tr a nsiti o n  s h o  ws  e xtr a or di n ar y  b o u n d ar y
criti c alit y b e h a vi or.   At criti c alit y, t h e e x cit o n b e h a v es li k e a
s u p erfl ui d at t h e e d g e  d es pit e it s h o  wi n g   m et alli c tr a ns p ort
i n t h e  b ul k.   T h e r el ati o n b et  w e e n a n y o ns i n t h e t o p ol o gi c al
p h as e  a n d  v orti cit y  o n  t h e  or d er e d  si d e  h as  l e d  t o  t h e

pr o p os al   of   i nt er esti n g  “ m e  m or y  ”  eff e cts   i n   ot h er
c o nt e xts  [ 6 8]  w hi c h   c a n   als o   b e   e x pl or e d   h er e.    T h es e
dir e cti o ns    will   b e    w ort h   e x pl ori n g   i n   t h e   f ut ur e.   I n
s u  m  m ar y,  o ur   w or k  s u g g ests  a  n e  w  a p pr o a c h t o  st u d yi n g
e x oti c q u a nt u  m p h as e tr a nsiti o ns   wit h fr a cti o n ali z ati o n a n d
u n us u al  b o u n d ar y  criti c al  b e h a vi ors i n t h e  hi g hl y t u n a bl e
q u a nt u  m   H all  bil a y er  s yst e  ms.

A  C  K  N  O  W  L  E  D  G  M  E  N  T S

We t h a n k   M a x   M etlits ki f or i nsi g htf ul  c o  m  m e nts  o n t h e
m a n us cri pt.   Y.   H.  Z. t h a n ks   C or y   D e a n, Ji a   Li, a n d   Yi h a n g
Z e n g  f or  dis c ussi o ns  o n  r el at e d  e x p eri  m e nts  i n  q u a nt u  m
H all  bil a y er.   Z.  Z.  t h a n ks   Zl at k o  P a pi  ć  a n d  S o n g y a n g  P u
f or   h el pf ul   dis c ussi o ns.    Y.   H.  Z.    w as  s u p p ort e d   b y  t h e
N ati o n al   S ci e n c e   F o u n d ati o n   u n d er    Gr a nt    N o.    D  M  R-
2 2 3 7 0 3 1.    Z.  Z.    w as  s u p p ort e d   b y  t h e    N ati o n al    N at ur al
S ci e n c e  F o u n d ati o n  of   C hi n a  (  Gr a nt   N o.  1 2 0 7 4 3 7 5),  t h e
F u n d a  m e nt al   R es e ar c h  F u n ds f or t h e   C e ntr al   U ni v ersiti es,
a n d t h e  Str at e gi c  Pri orit y   R es e ar c h  Pr o gr a  m of   C  A S (  Gr a nt
N o.   X  D  B 3 3 0 0 0 0 0 0).   A.   V.   w as  s u p p ort e d  b y t h e  Si  m o ns
C oll a b or ati o n  o n   Ultr a-  Q u a nt u  m    M att er,   w hi c h is  a  gr a nt
fr o  m t h e  Si  m o ns  F o u n d ati o n (  Gr a nt   N o.  6 5 1 4 4 0) a n d fr o  m
Gr a nt   N o.   N S F-  D  M  R  2 2 2 0 7 0 3.

N ot e   a d d e d.  —  R e c e ntl y,    w e   b e c a  m e   a  w ar e   of   a n ot h er
pr e pri nt  [ 6 9]  dis c ussi n g  c o nti n u o us  q u a nt u  m  p h as e  tr a n-
siti o n i n  a  q u a nt u  m   H all  bil a y er  s yst e  m  b ut i n  a  diff er e nt
s et u p   wit h  diff er e nt  p h ysi cs.

A P P  E  N  DI  X   A:   N  U  M  E  RI  C  A  L   D  E  T  AI  L S

We   c o nsi d er  ν T ¼  1 = 3  þ  2 = 3  q u a nt u  m    H all   bil a y ers
s u bj e ct  t o   a   p er p e n di c ul ar    m a g n eti c   fi el d   o n   a  t or us,
w hi c h is  s p a n n e d  b y l e n gt h  v e ct ors  L x a n d  L y ,  a n d t h us,
t h e  or bit al  n u  m b er  ( or  fl u x  n u  m b er)  i n  e a c h  l a y er  N ϕ is
d et er  mi n e d  b y t h e  ar e a  of t h e t or us, i. e.,

jL x ×  L y j  ¼ 2 π N ϕ : ðA 1  Þ

H er e, t h e   m a g n eti c l e n gt h  lB ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ c = e  B

p
≡  1  (t h e  u nit  of

l e n gt h).    We   c h o os e   t h e    L a n d a u   g a u g e  A  ¼  ð  B y;  0 ; 0 Þ
a n d  c o nsi d er  t h e  t or us    wit h  as p e ct  r ati o  t o   b e   1.    T h e
si n gl e- p arti cl e   w a v e f u n cti o ns i n t h e l o  w est   L a n d a u l e v el as
b asis  r e a ds

ψ k ðx; y Þ  ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffi
L x

ffiffiffi
π

pp
Xþ  ∞

n ¼  −  ∞

e ½iðk þ  n L y Þx −  ðy þ  n L y þ  k Þ
2 = 2 ;  ðA 2  Þ

w h er e  k  ≡  2 π j = L x wit h  j  ¼  0 ; 1 ; …  ;  Nϕ −  1  d u e  t o  t h e
p eri o di c al  b o u n d ar y  c o n diti o n  al o n g  t h e  x  dir e cti o n.   T h e
si n gl e- p arti cl e  st at es  ψ k ar e  c e nt er e d  at  y  ¼  −  k  wit h  a
dist a n c e  2 π = L x a p art  al o n g t h e  y  dir e cti o n,   w hil e t h e y  ar e
e xt e n d e d  i n  t h e  x  dir e cti o n.   T h e n,  t h e  N ϕ st at es  c a n  b e
m a p p e d i nt o  a  o n e- di  m e nsi o n al ( 1  D) l atti c e   wit h  e a c h sit e

Z  H  A  N  G,   Z  H  U,  a n d   VI S  H  W A  N  A T  H P  H  Y S.   R E  V.   X  1 3,  0 3 1 0 2 3  ( 2 0 2 3)
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r e pr es e nti n g   a  si n gl e- p arti cl e   or bit al  ψ k .    O n e   c a n  t h e n
p erf or  m   n u  m eri c al  si  m ul ati o n   o n  s u c h   a   1  D  l atti c e  i n
m o  m e nt u  m  s p a c e    wit h  t h e  n u  m b er  of  sit es  e q u al  t o  t h e
n u  m b er of or bit als.   T h e r el ati o ns hi p b et  w e e n t h e ar e a of t h e
t or us  a n d t h e si z e  of  1  D l atti c e is  d et er  mi n e d  b y   E q. (  A 1).
I n or d er t o r e ali z e t h e n u  m eri c al di a g o n ali z ati o n o n a l ar g er
s yst e  m  si z e,  o n e  n e e ds  t o  r e d u c e  t h e  di  m e nsi o n  of  t h e
H a  milt o ni a n  bl o c k  b y t a ki n g  a d v a nt a g e  of   m a g n eti c tr a ns-
l ati o n al  s y  m  m etri es  al o n g  t h e  x  a n d/ or  y  dir e cti o ns.   T h e
s y  m  m etr y a n al ysis   w as first pr o vi d e d b y   H al d a n e  [ 4 5] wit h
i ntr o d u ci n g  t  w o  tr a nsl ati o n  o p er at ors  T α (α  ¼  1 ,  2)    wit h
ei g e n v al u es  e 2 π i  Kλ =  N ϕ (λ  ¼  x ,  y  a n d  K λ ¼  0 ; …  ;  Nϕ −  1 ).
T 1 c orr es p o n ds   t o   t h e    m a g n eti c   tr a nsl ati o n   i n   t h e  x

dir e cti o n,    w h er e  K x ¼
P N ϕ −  1

k ¼  0 k n k (  m o d  N ϕ )  is  t h e  t ot al
m o  m e nt u  m  (i n  t h e   u nit   of  2 π = L x )   of   el e ctr o ns  t a k e n
m o d ul o  N ϕ .  T 2 tr a nsl at es  t h e  e ntir e  l atti c e  c o nfi g ur ati o n
o n e st e p  L y =  N ϕ ¼  2 π = L x t o t h e ri g ht al o n g t h e y  dir e cti o n.
Ta ki n g  a d v a nt a g e   of   o n e   or   b ot h  s y  m  m etri es,   o n e  c a n
n u  m eri c all y   di a g o n ali z e   t h e    H a  milt o ni a n   effi ci e ntl y.
Diff er e nt  fr o  m  t h e  s p h er e  g e o  m etr y,  t h er e  is  n o  or bit al
n u  m b er  s hift   o n  t h e  t or us,  a n d  t h e  st at es  ar e   u ni q u el y
d et er  mi n e d  b y t h eir  filli n g  f a ct or.

I n  t h e  pr es e nt   w or k,   w e  c o nsi d er  t h e  p h ysi c al  s yst e  ms
wit h  t  w o  i d e nti c al   2  D  l a y ers  (  wit h   z er o    wi dt h)  i n  t h e
a bs e n c e   of  el e ctr o n  i nt erl a y er  t u n n eli n g    w hil e  s pi ns   of

el e ctr o ns  ar e f ull y  p ol ari z e d  d u e t o str o n g   m a g n eti c fi el ds.
S u c h   a   s yst e  m   c a n   b e   d es cri b e d   b y   t h e   pr oj e ct e d
C o ul o  m b i nt er a cti o n,

V  ¼
1

N ϕ

X

i  < j;α ;β

X

q ;q ≠  0

V α β ðq Þe − q 2

2 L 2
n

q 2

2
e iq ·ðR α ;i−  R β ; jÞ :  ðA 3  Þ

H er e,  α ðβ Þ  ¼  1 ,  2  d e n ot e t  w o l a y ers  or,  e q ui v al e ntl y, t  w o

c o  m p o n e nts   of  a   ps e u d os pi n- 1 = 2 .  q  ¼ j  q j  ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q 2

x þ  q 2
y

q
,

V 1 1 ðq Þ  ¼  V 2 2 ðq Þ  ¼  e 2 = ðε q Þ,   a n d  V 1 2 ðq Þ  ¼  V 2 1 ðq Þ  ¼
e 2 = ðε q Þe −  q d ar e  t h e  F o uri er  tr a nsf or  m ati o ns  of  t h e  i ntr a-
l a y er  a n d i nt erl a y er   C o ul o  m b i nt er a cti o ns,  r es p e cti v el y.  d
r e pr es e nts  t h e  dist a n c e  b et  w e e n  t  w o  l a y ers  i n  t h e  u nit  of
m a g n eti c l e n gt h  lB . L n ðx Þ  is t h e   L a g u err e  p ol y n o  mi al   wit h
L a n d a u-l e v el  i n d e x  n ,   a n d  R α ;i is  t h e   g ui di n g   c e nt er
c o or di n at e  of t h e  it h  el e ctr o n i n l a y er α .   H er e   w e  c o nsi d er
r e ct a n g ul ar  u nit  c ells   wit h  L x ¼  L y ¼  L  a n d  s et   m a g n eti c

l e n gt h lB ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ c = e  B

p
as t h e u nit of l e n gt h a n d  e 2 = ε lB as t h e

u nit  of  e n er g y.   N u  m eri c all y,  o n e  n e e ds t o  us e t h e  s e c o n d-
q u a nti z ati o n  f or  m

V  ¼
X

j 1 j 2 j 3 j 4

V α β
j 1 j 2 j 3 j 4

c †
j 1

c †
j 2

c j 3
c j 4

;  ðA 4  Þ

wit h

V α β
j 1 j 2 j 3 j 4

¼  δ 0
j 1 þ  j 2 ; j3 þ  j 4

1

4 π N ϕ

X

q ;q ≠  0

δ 0
j 1 −  j 4 ; qy L y = 2 π V α β ðq Þ  e x p ½−  q 2 = 2  −  iðj 1 −  j 3 Þq x L x =  N ϕ L 2

n ¼  0 ½−  q
2 = 2  :  ðA 5  Þ

H er e,  t h e   Kr o n e c k er  d elt a   wit h  t h e  pri  m e    m e a ns  t h at  t h e
e q u ati o n is d efi n e d   m o d ul o  N ϕ .   We als o c o nsi d er a u nif or  m
a n d   p ositi v e   b a c k gr o u n d   c h ar g e   s o  t h at  t h e    C o ul o  m b
i nt er a cti o n  at q  ¼  0  is  c a n c el e d  o ut.

A P P  E  N  DI  X   B:  S  Y  M  M  E  T  R  Y   O F   T  H  E    M  O  D  E  L

I n t his a p p e n di x,   w e p oi nt o ut a s y  m  m etr y M C T  f or t h e
q u a nt u  m    H all  bil a y er  at  filli n g  ðν 1 ; ν 2 Þ  ¼  ðx;  −  x Þ.    H er e,

ν a ¼  ð  N e =  N Φ Þ,   w h er e N Φ is t h e  n u  m b er  of t h e   m a g n eti c
fl u x  i n  t h e  s yst e  m.  ν 2 <  0  m e a ns  t h at  t h e  s yst e  m  is  h ol e
d o p e d    wit h   h ol e  d e nsit y  at  x  p er  fl u x.    We  ar e    m ai nl y
i nt er est e d i n t h e x  ¼  1 = 3  p oi nt.

We  d efi n e  t h e  el e ctr o n  o p er at ors  i n  l a y ers  1  a n d  2  as
c 1 ðr Þ  a n d  c 2 ð r Þ.    B e c a us e  l a y er   2  is   h ol e   d o p e d,  it  is

c o n v e ni e nt  t o  us e  t h e  h ol e  o p er at or  h 2 ðr Þ  ¼  c †
2 ðr Þ.    T h e

H a  milt o ni a n is

H  ¼

Z

d 2 r c †
1 ðr Þ

ð−  i  ∇  −  e  A 1 Þ
2

2 m
c 1 ðr Þ  þ

Z

d 2 r h †
2 ð r Þ

ð−  i  ∇  þ  e  A 2 Þ
2

2 m
h 2 ðr Þ −  D

Z

d 2 r ( c †
1 ðr Þc 1 ð r Þ  þ h †

2 ðr Þh 2 ðr Þ)  þ  H i nt;

ðB 1  Þ

w h er e  e  is t h e el e ctr o n c h ar g e,   w hi c h is n e g ati v e.  A 1 ðr Þ a n d
 A 2 ðr Þ  ar e  v e ct or fi el ds i n t h e t  w o l a y ers.  F or t h e  q u a nt u  m
H all   bil a y er   s yst e  m,    w e   h a v e   t h e    m a g n eti c   fi el d
 A a ðr Þ  ¼ 1

2 B  ̂z  ×  r  þ  δ  A a ð r Þ.    H er e,  δ  A a ðr Þ  is  t h e   pr o bi n g
fi el d i n  e a c h l a y er  a p pli e d t o   m e as ur e t h e r es p o ns e  of t h e
s yst e  m.  D  is t h e  dis pl a c e  m e nt fi el d  a n d  c a n  b e  vi e  w e d  as
t h e  c h e  mi c al  p ot e nti al t o t u n e t h e  e x cit o n  d e nsit y x .

T h e i nt er a cti o n t er  m is

H i nt ¼
1

2

Z

d 2 r

Z

d 2 r 0V a b ðjr  −  r
0jÞ∶  ρ a ðr Þρ b ðr

0Þ ∶ ;  ðB 2  Þ

w h er e

X  Y *   T  R  A  N SI TI  O  N   A  N  D   E  X T  R  A  O  R  DI  N  A  R Y   B  O  U  N  D  A  R Y  … P  H  Y S.   R E  V.   X  1 3,  0 3 1 0 2 3  ( 2 0 2 3)
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ρ 1 ðr Þ  ¼  e c †
1 ðr Þc 1 ðr Þ ðB 3  Þ

a n d

ρ 2 ð r Þ  ¼  −  e h †
2 ðr Þh 2 ðr Þ: ðB 4  Þ

T h e    C o ul o  m b   i nt er a cti o n   is   i n   t h e   f or  m  V a b ðr Þ  ¼

½1 = ð2 π Þ 2
R

d 2 q V a b ðq Þe
iq ·r wit h  V 1 1 ðq Þ  ¼  V 2 2 ðq Þ  ¼

ðe 2 = ε q Þ a n d  V 1 2 ðq Þ  ¼  V 2 1 ðq Þ  ¼  ðe 2 = ε q Þe −  q d . d  r e pr es e nts
t h e  dist a n c e  b et  w e e n  t  w o  l a y ers  i n  t h e  u nit  of    m a g n eti c

l e n gt h lB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ c = e  B

p
.

L et  us  i g n or e  t h e  pr o bi n g  fi el d  δ  A a ðr Þ  f or  n o  w.   T h e n,
t h e    H a  milt o ni a n   h as   t h e   f oll o  wi n g  M C T  a nti u nit ar y
s y  m  m etr y:

M C T  ∶  c 1 ðr Þ  ↔  h 2 ðr Þ:  ðB 5  Þ

N ot e t h at t his is  a n  a nti u nit ar y,  a n d   w e  n e e d t o i n cl u d e  a
c o  m pl e x  c o nj u g at e  K  .   U n d er M C T  , ρ 1 ðr Þ  →  −  ρ 2 ð r Þ  a n d
ρ 1 ðq Þ  →  −  ρ 2 ð −  q Þ.   U n d er M C T  ,  a n  el e ctr o n i n l a y er  1 is
tr a nsf or  m e d t o  a  h ol e i n l a y er  2.    We  c a n  als o i n cl u d e t h e

v e ct or  p ot e nti al  δ  A a ðr Þ  a n d  als o t h e  el e ctri c  p ot e nti al t er  m
δ H  ¼  −  ρ 1 ðr ÞA

0
1 ð r Þ −  ρ 2 ðr ÞA

0
2 ðr Þ.   T h us,  u n d er  M C T  ,  w e

h a v e  A 0
1 ðr Þ  →  −  A 0

2 ðr Þ a n d  δ
 A 1 ðr Þ  →  δ  A 2 ðr Þ. I n t h e f oll o  w-

i n g,    w e   us e  A a ðr Þ  t o   d e n ot e  δ  A a ðr Þ.    T h e   s p a c eti  m e
c o or di n at es tr a nsf or  m  as  ðt; r Þ  →  ð−  t; r Þ  u n d er  M C T  .

O n e  c a n  di a g o n ali z e  t h e  ki n eti c  p art  a n d  pr oj e ct  t h e
i nt er a cti o n i n t h e l o  w est   L a n d a u l e v els.    Wit hi n t h e l o  w est
L a n d a u l e v el, t h e   H a  milt o ni a n is

H  ¼
1

2

X

a; b ¼  1 ;2

V a b ðq Þ∶  ρ a ðq Þρ a ð−  q Þ∶ :  ðB 6  Þ

H er e,

ρ a ðq Þ  ¼

Z

d 2 q ρ a ðr Þe
−  iq ·r ðB 7  Þ

wit h  ρ a ðr Þ  as t h e  c h ar g e- d e nsit y  o p er at or  pr oj e ct e d t o t h e
l o  w est   L a n d a u l e v el:

ρ 1 ðr Þ  ¼  e
X

m; n

c †
1; m c 1; n φ þ  ;m ðr Þφ þ  ;n ðr Þ  ðB 8  Þ

a n d

ρ 2 ðr Þ  ¼  −  e
X

m; n

h †
2; m h 2; n φ −  ;m ð r Þφ −  ;n ðr Þ:  ðB 9  Þ

I n t h e  a b o v e,  φ þ  ;  mðr Þ  a n d  φ −  ;m ar e t h e   w a v e  f u n cti o ns
of t h e st at e l a b el e d  b y t h e   L a n d a u i n d e x  m  f or t h e el e ctr o n
a n d  h ol e,  r es p e cti v el y.    We  h a v e  φ −  ;m ðr Þ  ¼  φ þ  ;m ð r Þ  .

U n d er  t h e  s y  m  m etr y  M C T  ,  c 1; m →  h 2; m a n d  ρ 1 ðr Þ  →
−  ρ 2 ðr Þ still h ol d i n t h e   H a  milt o ni a n pr oj e ct e d t o t h e l o  w est
L a n d a u l e v el.

A P P  E  N  DI  X   C:   R  E  L  A  TI  O  N   T  O   T  H  E   F  Q S  H
T  O   P  AI  R  E  D- S  U P  E  R F  L  UI  D   T  R  A  N SI  TI  O  N

A  N  D   A  N   E S  TI  M  A  T  E   F  O  R  d c

T h u s  f ar,    w e   h a v e   p hr a s e d  t h e   dis c u s si o n  i n  t er  ms
of   e x cit o n   c o n d e n s ati o n   o n   t h e  ðν 1 ; ν 2 Þ  ¼  ð1 = 3 ; 2 = 3 Þ
i n s ul at or.    N o  w,    w e  c o n si d er  p erf or  mi n g  a  p arti cl e- h ol e
c o nj u g ati o n  o n l a y er  2,  a s  d e s cri b e d  a b o v e, i. e.,  h 2 ðr Þ  ¼

c †
2 ðr Þ.   T hi s l e a d s t o t h e t  w o l a y er s  n o  w  h a vi n g t h e  s a  m e

d e n sit y  b ut  e x p eri e n ci n g  o p p o sit e    m a g n eti c  fi el d s  a s  i n
E q.  (  B 1).   T hi s i s  n ot hi n g  b ut t h e fr a cti o n al  v er si o n  of t h e
F  Q S  H  [ 7 0].  F urt h er  m or e,  a s  a  r e s ult  of t h e  p arti cl e- h ol e
tr a n sf or  m ati o n i n t h e b ott o  m l a y er, t h e r e p ul si v e i nt erl a y er
i nt er a cti o n   n o  w   b e c o  m es   a n   attr a cti v e  i nt er a cti o n   a n d
l e a ds t o t h e f or  m ati o n  of  b o u n d st at e s  b et  w e e n t h e l a y er s
of   L a u g hli n  q u a si p arti cl e s, i. e.,   L a u g hli n-  C o o p er  p air s  of
c h ar g e  2 e = 3 .   T h e c o n d e n s ati o n of t h e s e fr a cti o n al   C o o p er
p air s  l e a d s  t o  a   p air e d  s u p er c o n d u ct or  [ 7 1]  (  w hi c h  i s
s  m o ot hl y  c o n n e ct e d  t o  t h e   p air e d  c o n d e n s at e   of  el e c-
tr o n s).    N ot e,  t h e    L a u g hli n-  C o o p er  p air  i s  a  b o s o n  a n d
h a s    m ut u al  st ati sti c s    wit h  all  t h e   ot h er   a n y o n s  i n  t h e
pr o bl e  m;  h e n c e, it s  c o n d e n s ati o n l e a d s t o  a  c o n v e nti o n al
s u p er c o n d u ct or.

T h e   f oll o  wi n g   si  m pl e   e n er g eti c   ar g u  m e nt   gi v es   a n
esti  m at e  f or  t h e  criti c al  dist a n c e  d c .    C o nsi d er  cr e ati n g  a
L a u g hli n   q u asi el e ctr o n  þ  q u asi h ol e  i n   o n e  l a y er   a n d   a
c orr es p o n di n g   p air  i n  t h e   ot h er  l a y er.    T h e   e n er g y  f or
e a c h   p air  is  j ust  t h e   g a p:  Δ 1 = 3 ≈  0 .1 e 2 = ϵ lB [ 7 2].  N o  w
c o nsi d er t h e  str e n gt h  of t h e  attr a cti v e i nt er a cti o n  b et  w e e n
t h e  q u asi p arti cl e  a n d  q u asi h ol e  i n  t h e  t  w o  l a y ers  Δ  E  ¼
e 2 = ϵ d ,   w h er e e  ¼  e = 3 .   A si  m pl e  esti  m at e f or t h e  criti c al
p oi nt  is    w h e n  t h e  bi n di n g  e n er g y  o v er c o  m es  t h e  c ost  of
cr e ati n g  t h e  q u asi p arti cl es  a n d  h e n c e,  e 2 = ϵ d  ¼  Δ 1 = 3 or
ðd c =l B Þ  ¼  1 .1 .   I n   pr a cti c e,   t h e   e x cit o ns    will   h a v e   a
dis p ersi o n t h at  f urt h er l o  w ers t h eir  e n er g y,  a n d   w e   w o ul d
e x p e ct t h at t h e tr u e tr a nsiti o n  o c c urs  e arli er, i. e.,  d c >  d c .
O ur  n u  m eri c al  c al c ul ati o ns  gi v e  d c ≈  1 .7 .  Si  mil arl y,  o n e
c a n   esti  m at e   t h e   criti c al   dist a n c e   f or   t h e  ðν 1 ; ν 2 Þ  ¼
ð1 = 5 ; 4 = 5 Þ  usi n g  Δ 5 ¼  0 .0 2 4 e 2 =l B [ 7 3]  a n d  e  ¼  e = 5 .

A P P  E  N  DI  X   D:   C  RI  TI  C  A  L   T  H  E  O  R  Y

We  c o nsi d er t h e filli n g  ðν 1 ; ν 2 Þ  ¼  ð 1
3 ; − 1

3 Þ. I n t h e  F  Q S  H
p h as e  at  l ar g e  d =l B ,  t h e  eff e cti v e  l o  w- e n er g y  t h e or y  is
c a pt ur e d  b y  a    C h er n- Si  m o ns  t h e or y    wit h  K  m atri x  K  ¼
ð 3
0

0
−  3 Þ.   T h er e ar e t  w o e  m er g e nt g a u g e fi el ds a 1; μ ;  a2; μ w h os e

c h ar g es ar e l a b el e d as  l ¼  ð  l1 ; l2 Þ.   We c o nsi d er a fr a cti o n al
e x cit o n  l a b el e d  b y  l ¼  ð  1 ; 1 Þ.  It  c arri es  p h ysi c al  c h ar g e
Q c ¼  0  a n d  p h ysi c al  s pi n  Q s ¼ 1

3 .   T h e tr a nsiti o n  b et  w e e n
t h e  F  Q S  H  p h as e  a n d  t h e  e x cit o n  c o n d e ns ati o n  p h as e  is
d es cri b e d  b y  t h e  c o n d e ns ati o n  of  t his  fr a cti o n al  e x cit o n
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w h os e cr e ati o n  o p er at or is l a b el e d as  φ † .   T h e n, t h e  criti c al
t h e or y is

L  ¼ j½  ∂ μ −  iða 1; μ −  a 2; μ Þ  φ j
2 −  s jφ j2 −  g jφ j4

−
3

4 π
a 1 d a 1 þ

3

4 π
a 2 d a 2 þ

1

2 π
A c d ða 1 −  a 2 Þ

þ
1

4 π
A s d ða 1 þ  a 2 Þ; ðD 1  Þ

w h er e  s  is t h e t u ni n g  p ar a  m et er. A c ;μ a n d  A s ;μ ar e  pr o bi n g
fi el ds  c o u pl e d t o t h e t ot al  c h ar g e  a n d t h e s pi n.   T h e  M C T

s y  m  m etr y  r e q uir es  t h at  A s ¼  0 .  P h ysi c all y,  t h e    m a g n eti c
fi el ds  of t h e t  w o l a y ers  ar e t h e s a  m e,  a n d t h e  e x cit o n  d o es
n ot  f e el  a n y  n et   m a g n eti c  fi el d.  Fr o  m  s y  m  m etr y  a n al ysis,
o n e  c a n, i n  pri n ci pl e, i n cl u d e  a t er  m  φ ði∂ t −  A s ; 0Þφ .   T his
t er  m is fi n e-t u n e d t o b e z er o b e c a us e   w e ar e c o nsi d eri n g a n
i nt er a cti o n- dri v e n tr a nsiti o n t hr o u g h d =l B at fi x e d  e x cit o n
d e nsit y.   O n t h e ot h er h a n d, o n e c a n als o t u n e a F  Q S  H-t o- S F
tr a nsiti o n  t hr o u g h  t u ni n g  t h e   dis pl a c e  m e nt  fi el d,    w hi c h
c orr es p o n ds  t o  a  c h e  mi c al- p ot e nti al-t u n e d  tr a nsiti o n.   T h e
d y n a  mi c al e x p o n e nt f or s u c h a tr a nsiti o n   will  b e  z  ¼  2  a n d
is  n ot  o ur i nt er est.

We t h e n   m a k e  a  r e d efi niti o n:  a c ¼  a 1 þ  a 2 ; as ¼  a 1 −  a 2 .
T h e  a b o v e  a cti o ns  c h a n g e t o

L  ¼ jð  ∂ μ −  i as ;μ Þ φ j
2 −  s jφ j2 −  g jφ j4 −

3

4 π
a c d a s

þ
1

2 π
A c d a s þ

1

4 π
A s d a c : ðD 2  Þ

T h e  r e d efi niti o n  of  t h e  g a u g e  fi el d  c h a n g es  t h e  c h ar g e
q u a nti z ati o n r ul es.   T h e c h ar g e u n d er  a c is l a b el e d as q c a n d
t h e  c h ar g e  of a s is q s .    We  h a v e t h e  c h ar g e tr a nsf or  m ati o n
q c ¼  ð  q 1 þ  q 2 = 2 Þ  a n d  q s ¼  ð  q 1 −  q 2 = 2 Þ,   w h er e q 1 , q 2 ar e
c h ar g es  u n d er  a 1 , a 2 .   T h e el e  m e nt ar y c h ar g e c o nfi g ur ati o n
is  ðq 1 ;  q2 Þ  ¼  ð  1 ; 0 Þ; ð0 ;  1 Þ.   T h us,  i n  t er  ms  of  ðq c ;  qs Þ,
t h e   el e  m e nt ar y   c h ar g e   is  ðq c ;  qs Þ  ¼  ð 1

2 ; 1
2 Þ .   I n   t h e

F  Q S  H  p h as e   wit h  φ  g a p p e d,  o n e  c a n  c h e c k  t h at  f or  t h e
e x cit ati o n  ðq c ; qs Þ  ¼ ð

1
2 ; 1

2 Þ, it h as st atisti cs θ  ¼  ðπ = 3 Þ,

p h ysi c al  c h ar g e  Q c ¼ 1
3 ,  a n d  p h ysi c al  s pi n  Q s ¼ 1

6 .

T his is e x a ctl y t h e el e  m e nt ar y a n y o n o n l a y er 1 or l a y er 2 i n
t h e  F  Q S  H p h as e.   W h e n φ  is c o n d e ns e d, a s is   Hi g gs e d, a n d
w e ar e l eft   wit h t h e s u p erfl ui d a cti o n  L S F ¼  ð  1 = 4 π ÞA s d a c .
We  c a n  s e e t h at t h e  v ort e x  c h ar g e  q v of t h e  s u p erfl ui d is
q v ¼  2 q c .    T h e n,  t h e   el e  m e nt ar y  a n y o n    wit h  ðq c ;  qs Þ  ¼

ð 1
2 ; 1

2 Þ  i n  t h e  F  Q S  H  p h as e  n o  w  b e c o  m es  t h e  el e  m e nt ar y
v ort e x    wit h  q v ¼  1  i n  t h e  s u p erfl ui d  p h as e.    Of  c o urs e,
n o  w  it  c osts  i nfi nit e  e n er g y  d u e  t o  t h e  c o u pli n g  t o  t h e
g a pl ess   g a u g e  fi el d  a c w hi c h  r e pr es e nts  t h e    G ol dst o n e
m o d e of t h e s u p erfl ui d.  Fr o  m t his a n al ysis, o n e c a n s e e t h at
t h e  el e  m e nt ar y  a n y o n  i n  t h e   F  Q S  H  p h as e  b e c o  m es  t h e
v ort e x  of t h e s u p erfl ui d i n t h e   E  C  p h as e. Its  e n er g y  c ost is
i nfi nit e i n t h e   E  C p h as e a n d fi nit e i n t h e F  Q S  H p h as e, b ut it
r e  m ai ns g a p p e d a cr oss t h e p h as e tr a nsiti o n. It is k n o  w n t h at

t h e el e  m e nt ar y  v ort e x  b e c o  m e  g a pl ess a n d t h e n c o n d e ns e d
i n t h e  us u al  s u p erfl ui d-t o-i ns ul at or tr a nsiti o n.   L at er i n t h e
d u al  t h e or y,    w e  s e e  t h at  at  t h e    X  Y *  criti c al  p oi nt,    w h at
b e c o  m es  g a pl ess is  a tri pl e  v ort e x,   w hil e t h e  v ort e x es   wit h
jq v j  ¼ 1 ,  2  r e  m ai n  g a p p e d.

At  t h e  criti c al   p oi nt,  t h e  t o p ol o gi c al   pr o p ert y   of  t h e
a n y o n   d o es   n ot    m att er,  s o    w e  c a n  i nt e gr at e  a c ,    w hi c h
si  m pl y  l o c ks  a s ¼ 1

3 A s .   T h e n    w e  r e a c h  t h e  fi n al  criti c al

t h e or y:

L c ¼ ∂ μ −  i
1

3
A s ;μ φ

2

−  s jφ j2 −  g jφ j4 þ
1

6 π
A c d A s :

ðD 3  Þ

W h e n  s  <  0 ,  t his  is  a  s u p erfl ui d  p h as e  of  A s .    W h e n
s  >  0 ,   w e h a v e t h e c orr e ct r es p o ns e of ð1 = 6 π ÞA c d A s f or t h e
F  Q S  H  p h as e,  t h o u g h   w e  h a v e  l ost  t h e  i nf or  m ati o n  a b o ut
t h e  a n y o ns  b y i nt e gr ati n g a c .

1.   D u al  t h e o r y

It is k n o  w n t h at t h e   X  Y criti c al t h e or y s u c h as i n   E q. (  D 3)
h as  a  d u al t h e or y.   H er e   w e  d eri v e t h e  d u al  criti c al t h e or y.
We  st art  fr o  m   E q.  (  D 2)  a n d  a p pl y  t h e  st a n d ar d  p arti cl e-
v ort e x  d u alit y  f or  φ ,  a n d  t h e n    w e  o bt ai n  a  d u al  criti c al
t h e or y  as

L  ¼ jð  ∂ μ −  i bμ Þ φ̃ j
2 −  r jφ̃ j2 − g̃ jφ̃ j4 þ

1

e 2
c

f c ;μ ν f
c ;μ ν

þ
1

e 2
s

f s ;μ ν f
s ;μ ν −

3

4 π
a s d a c þ

1

2 π
b d a s

þ
1

2 π
A c d a s þ

1

4 π
A s d a c ; ðD 4  Þ

w h er e  f c ;μ ν ¼  ∂ μ a c ;ν −  ∂ ν a c ;μ is  t h e  fi el d  str e n gt h  f or  a c ,
a n d  si  mil arl y,  f s ;μ ν is t h e  fi el d  of a s .

I nt e gr ati n g  a s ,   w e  l o c k b  ¼
3
2 a c −  A c .    Wit h  a  r e d efi ni-

ti o n a  ¼ 1
2 a c − 1

3 A c ,   w e  g et

L  ¼ jð  ∂ μ −  i3 a μ Þ φ̃ j
2 −  r jφ̃ j2 − g̃ jφ̃ j4 þ

1

e 2
f μ ν f

μ ν

þ
1

2 π
A s d a  þ

1

6 π
A s d A c ; ðD 5  Þ

w hi c h  is   e x a ctl y  t h e   d u al  t h e or y   of    E q.  (  D 3).    H er e,
f μ ν ¼  ∂ μ a ν −  ∂ ν a μ . e

2 ¼  e 2
c = 4 .    We  c h o os e  t h e  n or  m ali z a-

ti o n  of  t h e  g a u g e  fi el d  a  s o   w e  h a v e  t h e  us u al  c o u pli n g
ð1 = 2 π ÞA s d a .    H e n c e,  t h e    m o n o p ol e  o p er at or  of  a  c arri es
c h ar g e  1  u n d er  A s a n d  c a n  b e  i d e ntifi e d  as  t h e  cr e ati o n

o p er at or of t h e p h ysi c al e x cit o n  c †
1 c 2 .   W h e n φ̃  is  g a p p e d i n

t h e r  >  0  si d e, t his d es cri b es a s u p erfl ui d p h as e of A s .   H er e,
φ̃  h er e c arri es v ort e x c h ar g e  q v ¼  3  of t h e s u p erfl ui d p h as e.
T h er ef or e,  at  t h e    Q  C P  t h e  tri pl e   v ort e x  i nst e a d   of  t h e
el e  m e nt ar y   v ort e x   of   t h e   s u p erfl ui d   b e c o  m es   g a pl ess.
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C o n d e ns ati o n of t his tri pl e v ort e x kills t h e s u p erfl ui d p h as e
a n d l e a ds  t o  a n  i ns ul at or.   T h e  el e  m e nt ar y  v ort e x  r e  m ai ns
g a p p e d  a cr oss t h e   Q  C P  a n d   will  b e c o  m e t h e  a n y o n i n t h e
F  Q  H E i ns ul at or  aft er t h e  s u p erfl ui d is  g o n e.

A P P  E  N  DI  X   E:   E  X  T  R  A  O  R  DI  N  A  R  Y   B  O  U  N  D  A  R  Y
C  RI  TI  C  A  LI  T  Y

We  st art  fr o  m  t h e  e d g e  t h e or y  f or  t h e  F  Q S  H  p h as e  at
d  >  d c .   F or   n o  w,  l et   us   c o nsi d er  t h e  filli n g  ðν 1 ; ν 2 Þ  ¼
ð 1
3 ; − 1

3 Þ.  Fr o  m t h e K  m atri x  K  ¼  ð 3
0

0
−  3 Þ,   w e c a n   writ e  d o  w n

t h e  eff e cti v e  a cti o n  f or t h e  h eli c al  e d g e   m o d es:

S  ¼

Z

dt d x
3

4 π
∂ tφ 1 ∂ x φ 1 −

3

4 π
∂ tφ 2 ∂ x φ 2 −

3

4 π
υ F ð∂ x φ 1 Þ

2

−
3

4 π
υ F ð∂ x φ 2 Þ

2 −  g
3

2 π
υ F ð∂ x φ 1 Þð∂ x φ 2 Þ;  ðE 1 Þ

w h er e  φ 1 a n d  φ 2 r e pr es e nt t h e e d g e   m o d e i n l a y ers 1 a n d 2,
r es p e cti v el y.   T h e  g  <  0  t er  m is  fr o  m i nt erl a y er  r e p ulsi o n.
N ot e  i n  o ur  c urr e nt  c o n v e nti o n  t h e  d e nsit y  o p er at ors  ar e
ρ 1 ¼  e ð1 = 2 π Þ∂ x φ 1 a n d  ρ 2 ¼  −  e ð1 = 2 π Þ∂ x φ 2 .

We  h a v e t h e  c o  m  m ut ati o n  r el ati o ns

½φ 1 ð x Þ; ∂ y φ 1 ðy Þ  ¼  i
2 π

3
δ ðx  −  y Þ  ðE 2 Þ

a n d

½φ 2 ðx Þ; ∂ y φ 2 ð y Þ  ¼  −  i
2 π

3
δ ðx  −  y Þ:  ðE 3 Þ

N e xt,   w e  d o  a li n e ar  c o  m bi n ati o n  a n d  d efi n e

φ 1 ð x Þ  ¼
1
ffiffiffi
3

p ½ϕ ðx Þ  þ θ ðx Þ  ;

φ 2 ð x Þ  ¼
1
ffiffiffi
3

p ½ϕ ðx Þ −  θ ðx Þ  ;  ðE 4 Þ

s o

½θ ðx Þ; ∂ y φ ðy Þ  ¼  iπ δ ðx  −  y Þ:  ðE 5 Þ

T his l e a ds t o t h e  a cti o n

S  ¼

Z

dt d x
1

π
∂ tϕ ∂ x θ  −

υ̃ F

2 π
K  ð∂ x θ Þ

2 þ
1

K
ð∂ x ϕ Þ

2 ;  ðE 6 Þ

w h er e υ̃ F ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1  −  g 2

p
υ F a n d  K  ¼  ð  1  −  g = 1  þ  g Þ.  S o  w e

h a v e  K  >  1 .
We  c a n  als o i nt e gr at e  ϕ  t o  r e a c h

S  ¼

Z

dt d x
K

2 π υ̃ F

½ð∂ tθ Þ
2 − υ̃ 2

F ð∂ x θ Þ
2 :  ðE 7 Þ

T his  is  t h e  st a n d ar d   a cti o n  f or  t h e    L utti n g er  li q ui d,
b ut  t h e  o p er at or    m a p pi n g  is  diff er e nt.  I n  p arti c ul ar,  t h e
fr a cti o n al  e x cit o n  l ¼  ð  1 ; −  1 Þ  n o  w  c orr es p o n ds  t o  ψ † ∼

e iφ R e −  iφ L ¼  e
i 2ffiffi

3
p θ ðx Þ

. Its  s c ali n g  di  m e nsi o n is ½ψ  ¼ 1
3 K < 1

3 .

We  c a n   m a k e  a  r e d efi niti o n θ̃  ¼ 2ffiffi
3

p θ ,  s o t h e  a cti o n is

S 0 ¼

Z

dt d x
1

2 π υ̃ F λ
½ð∂ t θ̃ Þ

2 − υ̃ 2
F ð ∂ x θ̃ Þ

2 ðE 8 Þ

wit h  λ  ¼  ð  4 = 3 K  Þ. I n t his c o n v e nti o n, e iθ̃ cr e at es a fr a cti o n al
e x cit o n   wit h  c h ar g e  1 = 3  u n d er  A s .

At t h e   Q  C P, t h e  b o u n d ar y is  d es cri b e d  b y t h e f oll o  wi n g
a cti o n:

S b o u n d ar y ¼

Z

dt d x
1

2 π υ̃ F λ
½ð∂ t θ̃ Þ

2 − υ̃ 2
F ð ∂ x θ̃ Þ

2

−  s

Z

d x dt ðe iθ̃ φ  þ  e −  iθ̃ φ Þ:  ðE 9 Þ

F oll o  wi n g   R ef.  [ 4 6],   w e  o bt ai n t h e r e n or  m ali z ati o n fl o  w
e q u ati o n

d s

dl
¼  2  −  Δ φ −

1

4
λ  s;

d λ

dl
¼  −  π 2 s 2 λ 2 : ðE 1 0 Þ

Gi v e n t h at  Δ φ ≈  1 .2 1 9  a n d i niti all y λ  < 4
3,   w e h a v e s fl o  w

t o i nfi nit y  a n d λ  fl o  ws t o  z er o   w h e n t h e  r e n or  m ali z ati o n-
gr o u p  fl o  w  l  a p pr o a c h es i nfi nit y.

T h e   or di n ar y  e x cit o n   or d er  cr e ati o n   o p er at or  is  e i3 θ̃ .
I n t h e  F  Q S  H  p h as e, its  c orr el ati o n  f u n cti o n is

he i3 θ̃ ðx Þ e −  i3 θ̃ ðy Þ i ∼
1

jx  −  y j9 λ
:  ðE 1 1 Þ

T h er ef or e,  at  t h e    Q  C P,   b e c a us e  λ  fl o  ws  t o  z er o,  t h e
e x p o n e nt   of  t h e   a b o v e   c orr el ati o n  f u n cti o n   als o  fl o  ws
t o  z er o.  I n  pr a cti c e,  it  s h o ul d  h a v e  a  l o g  si n g ul arit y  [ 4 6]
at t h e   Q  C P:

he i3 θ̃ ðx Þ e −  i3 θ̃ ð0 Þ i ∼
1

ðl o g x Þ q ;  x →  ∞  :  ðE 1 2 Þ

T his is t h e s o- c all e d  e xtr a or di n ar y-l o g- b o u n d ar y  criti c al
b e h a vi or.   O n e  c a n s e e t h at t h e  e x cit o n  or d er  h as a n  al  m ost
l o n g-r a n g e or d er at t h e e d g e, d es pit e its c orr el ati o n f u n cti o n
h a vi n g  a l ar g e  d e c a yi n g  e x p o n e nt i n t h e  b ul k.

T h e  e x cit o n  c urr e nt  A s c o u pl es  i n  t h e  f oll o  wi n g    w a y:

∂ μ θ̃  →  ð∂ μ −  i 1
3 A s ;μ Þ θ̃ . I n t h e  F  Q S  H p h as e, it is k n o  w n t h at

t h e c o n d u ct a n c e u n d er A s is G  ¼ 1
9 ð1 = λ Þðe 2 = h Þ [ 6 1].   At t h e
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Q  C P,  t h e  c o n d u ct a n c e  G  t h e n  fl o  ws  t o  i nfi nit y.    T his  is
e x p e ct e d  b e c a us e t h e  e x cit o n  h as  al  m ost l o n g-r a n g e  or d er,
s o its tr a ns p ort  s h o ul d  still  b e  s u p erfl ui dli k e.

We  als o   w a nt t o  c o  m  m e nt  o n t h e l o c al  d e nsit y  of  st at es
of   o n e  l a y er   pr o b e d   b y  t h e  s c a n ni n g  t u n n eli n g    mi cr o-
s c o p e   ( S T  M).    C o nsi d er   l a y er   1,   t h e   si n gl e- el e ctr o n

cr e ati o n  o p er at or  is  c †
1 ðx Þ ∼  e

i3 φ 1 ðx Þ ¼  e i
ffiffi
3

p
½ϕ ðx Þ  þθ ðx Þ .   T h e n

w e e x p e ct t h at t h e  S T  M  of l a y er  1  h as  ðdI = d V Þ ∼  V α wit h
α  ¼ 3

2 ½K  þ ð  1 =  K Þ  −  1 .  I n  t h e   d e c o u pl e d   p h as e  at  l ar g e
d =l b ,  w e  h a v e α  ≈  2  as  K  ≈  1 .   H o  w e v er, at t h e   Q  C P, α  g o es
t o i nfi nit y i n t h e  e xtr a or di n ar y  criti c alit y.

[ 1]  S u bir  S a c h d e v,  Q u a nt u  m   P h as e  Tr a nsiti o n s  ,  P h ys.    W orl d
1 2 ,  3 3  ( 1 9 9 9).

[ 2]  S hi v aji    L al   S o n d hi,   S.   M.    Gir vi n,  J. P.    C ari ni,  a n d    D a n
S h a h ar,  C o nti n u o us   Q u a nt u  m   P h as e Tr a nsiti o n s  , R e v.   M o d.
P h ys.  6 9 ,  3 1 5  ( 1 9 9 7).

[ 3]   T o d a dri  S e nt hil,   As h vi n   Vis h  w a n at h,   L e o n   B al e nt s,  S u bir
S a c h d e v,  a n d    M att h e  w  P.   A.  Fis h er,  D e c o nfi n e d    Q u a nt u  m
Criti c al   P oi nts  , S ci e n c e  3 0 3 ,  1 4 9 0  ( 2 0 0 4).

[ 4]    A n dr e y    V.    C h u b u k o v,    T.   S e nt hil,   a n d   S u bir   S a c h d e v,
U ni v ers al    M a g n eti c    Pr o p erti es   of    Fr ustr at e d    Q u a nt u  m
A ntif err o  m a g n ets  i n   T  w o    Di  m e nsi o n s ,  P h ys.    R e v.    L ett.
7 2 ,  2 0 8 9  ( 1 9 9 4).

[ 5]  S er g ei    V.   Is a k o v,    R o g er    G.    M el k o,   a n d    M att h e  w    B.
H asti n gs,  U ni v ers al  Si g n at ur es  of   Fr a cti o n ali z e d   Q u a nt u  m
Criti c al   P oi nts  , S ci e n c e  3 3 5 ,  1 9 3  ( 2 0 1 2).

[ 6]    Ya n-  C h e n g   Wa n g,   M e n g   C h e n g,   Willi a  m   Wit c z a k-  Kr e  m p a,
a n d    Zi    Ya n g    M e n g,  Fr a cti o n aliz e d    C o n d u cti vit y   a n d
E  m er g e nt  S elf-  D u alit y n e ar  T o p ol o gi c al   P h as e  Tr a nsiti o n s ,
N at.   C o  m  m u n.  1 2 ,  1  ( 2 0 2 1).

[ 7]    Mi c h a el   S c h ul er,    L o uis- P a ul    H e nr y,    Y u a n-  Mi n g    L u,  a n d
A n dr e as    M.    L ä u c hli,  E  m er g e nt    X Y *   Tr a nsiti o n    Dri v e n
b y  S y  m  m etr y   Fr a cti o n aliz ati o n  a n d   A n y o n   C o n d e ns ati o n ,
S ci P ost  P h ys.  1 4 ,  0 0 1  ( 2 0 2 3).

[ 8]  F a n g    Wa n g,   J o h a n    Bis c ar as,    A n dr e a s    Er b,   a n d    A b h a y
S h u kl a,  S u p er c o n d u ct or-I ns ul at or   Tr a nsiti o n   i n   S p a c e
C h ar g e    D o p e d    O n e    U nit    C ell  Bi 2 .1 Sr 1 .9 C a  C u 2 O 8 þ  x ,
N at.   C o  m  m u n.  1 2 ,  1  ( 2 0 2 1).

[ 9]    R u b e n    Verr es e n,    Mi k h ail    D.    L u ki n,   a n d    As h vi n
Vis h  w a n at h,  Pr e di cti o n  of  T ori c   C o d e  T o p ol o gi c al   Or d er
fr o  m   R y d b er g   Bl o c k a d e, P h ys.   R e v.   X  1 1 ,  0 3 1 0 0 5 ( 2 0 2 1).

[ 1 0]    K. J.   S at zi n g er  et   al. ,  R e alizi n g   T o p ol o gi c all y    Or d er e d
St at es  o n  a   Q u a nt u  m   Pr o c ess or , S ci e n c e  3 7 4 ,  1 2 3 7 ( 2 0 2 1).

[ 1 1]    G. S e  m e g hi ni,   H.   L e vi n e,   A.   K e esli n g, S.   E b a di,   T.   T.   Wa n g,
D.   Bl u vst ei n,   R.    Verr es e n,    H.  Pi c hl er,    M.    K ali n o  ws ki,   R.
S a  m aj d ar,    A.    O  mr a n,   S.   S a c h d e v,    A.    Vis h  w a n at h,    M.
Gr ei n er,   V.   V ul eti  ć ,  a n d   M.   D.   L u ki n, Pr o bi n g  T o p ol o gi c al
S pi n   Li q ui ds   o n   a    Pr o gr a  m  m a bl e    Q u a nt u  m   Si  m ul at or ,
S ci e n c e  3 7 4 ,  1 2 4 2  ( 2 0 2 1).

[ 1 2]    H orst   L.  St or  m er,   D a ni el   C.   Ts ui,  a n d   Art h ur   C.   G oss ar d,
T h e   Fr a cti o n al   Q u a nt u  m   H all   Eff e ct , R e v.    M o d.  P h ys.  7 1 ,
S 2 9 8  ( 1 9 9 9) .

[ 1 3]  S a n k ar    D as   S ar  m a   a n d    Ar o n   Pi n c z u k,  P ers p e cti v es  i n
Q u a nt u  m    H all    Eff e cts:    N o v el    Q u a nt u  m   Li q ui ds  i n   L o  w-
Di  m e nsi o n al   S e  mi c o n d u ct or   Str u ct ur es  (J o h n    Wil e y    &
S o ns,   N e  w   Y or k,  2 0 0 8).

[ 1 4]    B ertr a n d  I.    H al p eri n,  T h e or y  of  t h e    Q u a ntiz e d    H all    C o n-
d u ct a n c e ,   H el v.  P h ys.   A ct a 5 6 ,  7 5  ( 1 9 8 3).

[ 1 5]  J. P.   Eis e nst ei n  a n d   A.   H.    M a c  D o n al d,  B os e- Ei nst ei n   C o n-
d e ns ati o n  of   E x cit o ns i n   Bil a y er   El e ctr o n  S yst e  m s , N at ur e
( L o n d o n)  4 3 2 ,  6 9 1  ( 2 0 0 4).

[ 1 6]  J. P.   Eis e nst ei n,  E x cit o n   C o n d e ns ati o n i n   Bil a y er   Q u a nt u  m
H all  S yst e  m s  ,  A n n u.    R e v.    C o n d e ns.    M att er  P h ys.  5 ,  1 5 9
( 2 0 1 4).

[ 1 7]    K.    M o o n,    H.    M ori,    K u n    Ya n g,   S.   M.    Gir vi n,    A.   H.
M a c  D o n al d,    L.    Z h e n g,    D.    Y o s hi o k a,  a n d   S h o u-  C h e n g
Z h a n g,  S p o nt a n e o u s  I nt e rl a y e r    C o h e r e n c e  i n    D o u bl e-
L a y e r    Q u a nt u  m    H all   S y st e  m s:    C h a r g e d    V o rti c e s   a n d
K o st e rlit z- T h o ul e s s   P h a s e  T r a n siti o n s  , P h y s.  R e v.  B  5 1 ,
5 1 3 8  ( 1 9 9 5) .

[ 1 8]    K u n   Ya n g,   K.   M o o n,   L otfi   B el k hir,   H.   M ori,  S.   M.   Gir vi n,
A.   H.   M a c  D o n al d,   L.   Z h e n g, a n d   D.   Y os hi o k a,  S p o nt a n e o us
I nt erl a y er    C o h er e n c e   i n    D o u bl e- L a y er    Q u a nt u  m    H all
S yst e  ms:  S y  m  m etr y- Br e a ki n g I nt er a cti o ns, I n- Pl a n e   Fi el ds,
a n d   P h as e  S olit o ns , P h ys.   R e v.   B  5 4 ,  1 1 6 4 4  ( 1 9 9 6).

[ 1 9]    Xi a o  m e n g    Li u,    K e nji    Wat a n a b e,    Ta k as hi    Ta ni g u c hi,
B ertr a n d I.   H al p eri n,  a n d  P hili p   Ki  m,  Q u a nt u  m   H all   Dr a g
of   E x cit o n    C o n d e ns at e  i n    Gr a p h e n e ,  N at.  P h ys.  1 3 ,  7 4 6
( 2 0 1 7).

[ 2 0] J. I.   A.   Li,   T.   Ta ni g u c hi,   K.    Wat a n a b e,  J.   H o n e,  a n d   C.   R.
D e a n,  E x cit o ni c   S u p erfl ui d    P h as e   i n    D o u bl e    Bil a y er
Gr a p h e n e  , N at.  P h ys.  1 3 ,  7 5 1  ( 2 0 1 7).

[ 2 1]    N.  E.    B o n e st e el,  I.   A.    M c  D o n al d,  a n d    C.    N a y a k,  G a u g e
Fi el ds  a n d    P airi n g  i n    D o u bl e- L a y er    C o  m p osit e    F er  mi o n
M et als  , P h ys.   R e v.   L ett.  7 7 ,  3 0 0 9  ( 1 9 9 6).

[ 2 2]    Y.   B.    Ki  m,    C.    N a y a k,    E.    D e  ml er,    N.    R e a d,  a n d   S.    D as
S ar  m a,  Bil a y er   P air e d   Q u a nt u  m   H all  St at es  a n d   C o ul o  m b
Dr a g  , P h ys.   R e v.   B  6 3 ,  2 0 5 3 1 5  ( 2 0 0 1).

[ 2 3]  J.  S c hli e  m a n n,  S.   M.   Gir vi n, a n d   A.   H.   M a c  D o n al d, Str o n g
C orr el ati o n   t o    W e a k    C orr el ati o n    P h as e   Tr a nsiti o n   i n
Bil a y er   Q u a nt u  m   H all  S yst e  m s , P h ys.   R e v.   L ett.  8 6 ,  1 8 4 9
( 2 0 0 1).

[ 2 4]    A.  St er n  a n d   B. I.   H al p eri n,  Str o n g   E n h a n c e  m e nt  of   Dr a g
a n d    Di ssi p ati o n   at  t h e    W e a k-t o   Str o n g-  C o u pli n g    P h as e
Tr a nsiti o n  i n  a   Bil a y er  S yst e  m  at  a  T ot al  L a n d a u  L e v el
Filli n g  ν  ¼  1 , P h ys.   R e v.   L ett.  8 8 ,  1 0 6 8 0 1  ( 2 0 0 2).

[ 2 5]  S.   H.   Si  m o n,    E.   H.    R e z a yi,  a n d    M.   V.    Mil o v a n o vi c,  C o-
e xist e n c e  of   C o  m p osit e   B os o ns  a n d   C o  m p osit e   F er  mi o ns i n
ν  ¼  1 = 2  þ  1 = 2  Q u a nt u  m   H all   Bil a y ers  , P h ys.   R e v.   L ett.  9 1 ,
0 4 6 8 0 3  ( 2 0 0 3) .

[ 2 6]    D.   N.  S h e n g,   L.   B al e nts,  a n d   Z.    Wa n g,  P h as e   Di a gr a  m f or
Q u a nt u  m    H all    Bil a y ers   at  ν  ¼  1 ,  P h ys.    R e v.    L ett.  9 1 ,
1 1 6 8 0 2  ( 2 0 0 3) .

[ 2 7]    K.   P ar k,  S p o nt a n e o us    Ps e u d os pi n   S pir al    Or d er   i n
Bil a y er   Q u a nt u  m   H all  S yst e  ms , P h ys.   R e v.   B  6 9 ,  0 4 5 3 1 9
( 2 0 0 4).

[ 2 8]    N a o k a z u  S hi b at a  a n d    D aijir o    Y os hi o k a,  Gr o u n d  St at e  of
ν  ¼  1  Bil a y er   Q u a nt u  m   H all S yst e  ms , J.  P h ys.  S o c. J p n. 7 5 ,
0 4 3 7 1 2  ( 2 0 0 6) .

[ 2 9]    G u n n ar    M öll er,  St e v e n   H.  Si  m o n,  a n d   E d  w ar d   H.   R e z a yi,
P air e d C o  m p osit e    F er  mi o n    P h as e   of    Q u a nt u  m    H all
Bil a y ers  at  ν  ¼  1 = 2  þ  1 = 2 ,  P h ys.   R e v.   L ett.  1 0 1 ,  1 7 6 8 0 3
( 2 0 0 8).

[ 3 0]    G u n n ar    M öll er,  St e v e n   H.  Si  m o n,  a n d   E d  w ar d   H.   R e z a yi,
Tri al    W a v e    F u n cti o ns  f or  ν  ¼  1 = 2  þ  1 = 2  Q u a nt u  m    H all
Bil a y ers , P h ys.   R e v.   B  7 9 ,  1 2 5 1 0 6  ( 2 0 0 9).

X  Y *   T  R  A  N SI TI  O  N   A  N  D   E  X T  R  A  O  R  DI  N  A  R Y   B  O  U  N  D  A  R Y  … P  H  Y S.   R E  V.   X  1 3,  0 3 1 0 2 3  ( 2 0 2 3)

0 3 1 0 2 3- 1 3

https://doi.org/10.1088/2058-7058/12/4/23
https://doi.org/10.1088/2058-7058/12/4/23
https://doi.org/10.1103/RevModPhys.69.315
https://doi.org/10.1103/RevModPhys.69.315
https://doi.org/10.1126/science.1091806
https://doi.org/10.1103/PhysRevLett.72.2089
https://doi.org/10.1103/PhysRevLett.72.2089
https://doi.org/10.1126/science.1212207
https://doi.org/10.1038/s41467-020-20314-w
https://doi.org/10.21468/SciPostPhys.14.1.001
https://doi.org/10.1038/s41467-020-20314-w
https://doi.org/10.1103/PhysRevX.11.031005
https://doi.org/10.1126/science.abi8378
https://doi.org/10.1126/science.abi8794
https://doi.org/10.1103/RevModPhys.71.S298
https://doi.org/10.1103/RevModPhys.71.S298
https://doi.org/10.1038/nature03081
https://doi.org/10.1038/nature03081
https://doi.org/10.1146/annurev-conmatphys-031113-133832
https://doi.org/10.1146/annurev-conmatphys-031113-133832
https://doi.org/10.1103/PhysRevB.51.5138
https://doi.org/10.1103/PhysRevB.51.5138
https://doi.org/10.1103/PhysRevB.54.11644
https://doi.org/10.1038/nphys4116
https://doi.org/10.1038/nphys4116
https://doi.org/10.1038/nphys4140
https://doi.org/10.1103/PhysRevLett.77.3009
https://doi.org/10.1103/PhysRevB.63.205315
https://doi.org/10.1103/PhysRevLett.86.1849
https://doi.org/10.1103/PhysRevLett.86.1849
https://doi.org/10.1103/PhysRevLett.88.106801
https://doi.org/10.1103/PhysRevLett.91.046803
https://doi.org/10.1103/PhysRevLett.91.046803
https://doi.org/10.1103/PhysRevLett.91.116802
https://doi.org/10.1103/PhysRevLett.91.116802
https://doi.org/10.1103/PhysRevB.69.045319
https://doi.org/10.1103/PhysRevB.69.045319
https://doi.org/10.1143/JPSJ.75.043712
https://doi.org/10.1143/JPSJ.75.043712
https://doi.org/10.1103/PhysRevLett.101.176803
https://doi.org/10.1103/PhysRevLett.101.176803
https://doi.org/10.1103/PhysRevB.79.125106


[ 3 1]    M.   V.   Mil o v a n o vić a n d   Z. P a pi ć , N o n p ert ur b ati v e   A p pr o a c h
t o  t h e    Q u a nt u  m    H all    Bil a y er,  P h ys.    R e v.    B  7 9 ,  1 1 5 3 1 9
( 2 0 0 9).

[ 3 2]  J.   Ali c e a,   O. I.    M otr u ni c h,   G.   R ef a el,  a n d    M. P.   A.  Fis h er,
I nt erl a y er    C o h er e nt    C o  m p osit e    F er  mi   Li q ui d    P h as e  i n
Q u a nt u  m    H all    Bil a y ers  ,  P h ys.    R e v.    L ett.  1 0 3 ,   2 5 6 4 0 3
( 2 0 0 9).

[ 3 3]   Z.  P a pić  a n d   M.   V.   Mil o v a n o vi ć , Dis or d eri n g  of t h e   C orr e-
l at e d  St at e  of t h e   Q u a nt u  m   H all   Bil a y er  at   Filli n g   F a ct or
ν  ¼  1 , M o d.  P h ys.   L ett.   B  2 6 ,  1 2 5 0 1 3 4  ( 2 0 1 2).

[ 3 4]  I nti S o d e  m a n n, It a  m ar   Ki  m c hi,   C h o n g   Wa n g, a n d  T. S e nt hil,
C o  m p osit e    F er  mi o n    D u alit y   f or    H alf- Fill e d    M ulti-
c o  m p o n e nt   L a n d a u   L e v els ,  P h ys.    R e v.    B  9 5 ,   0 8 5 1 3 5
( 2 0 1 7).

[ 3 5]    Hir o ki Is o b e  a n d   Li a n g  F u, I nt erl a y e r   P airi n g  S y  m  m etr y  of
C o  m p osit e   F er  mi o ns i n   Q u a nt u  m   H all   Bil a y ers  , P h ys.   R e v.
L ett.  1 1 8 ,  1 6 6 4 0 1  ( 2 0 1 7).

[ 3 6]   Z.    Z h u,    L.   F u,   a n d    D.   N.   S h e n g,  N u  m eri c al   St u d y   of
Q u a nt u  m    H all    Bil a y ers   at   T ot al    Filli n g  ν t ¼  1 :    A    N e  w
P h as e  at  I nt er  m e di at e  L a y er    Dist a n c es ,  P h ys.    R e v.    L ett.
1 1 9 ,  1 7 7 6 0 1  ( 2 0 1 7).

[ 3 7]    Bi a o    Li a n  a n d   S h o u-  C h e n g    Z h a n g,  W a v e    F u n cti o n  a n d
E  m er g e nt   S  U( 2)   S y  m  m etr y  i n  t h e  ν t ¼  1  Q u a nt u  m    H all
Bil a y er , P h ys.   R e v.   L ett.  1 2 0 ,  0 7 7 6 0 1  ( 2 0 1 8).

[ 3 8]    Gl e n n    Wa g n er,    D u n g    X.    N g u y e n,  St e v e n    H.  Si  m o n,  a n d
B ertr a n d  I.    H al p eri n,  S -  W a v e    P air e d    El e ctr o n  a n d    H ol e
C o  m p osit e   F er  mi o n  Tri al  St at e f or   Q u a nt u  m   H all   Bil a y ers
wit h  ν  ¼  1 , P h ys.   R e v.   L ett.  1 2 7 ,  2 4 6 8 0 3  ( 2 0 2 1).

[ 3 9]    Xi a o  m e n g    Li u,   J. I.   A.    Li,    K e nji    Wat a n a b e,    Ta k as hi
Ta ni g u c hi,  J a  m es   H o n e,   B ertr a n d  I.   H al p eri n,  P hili p   Ki  m,
a n d   C or y    R.    D e a n,  Cr oss o v e r  b et  w e e n  Str o n gl y    C o u pl e d
a n d   W e a kl y   C o u pl e d   E x cit o n  S u p erfl ui ds , S ci e n c e  3 7 5 ,  2 0 5
( 2 0 2 2).

[ 4 0]    K u n    Ya n g,  Di p ol ar   E x cit o ns,  S p o nt a n e o us   P h as e    C o h er-
e n c e,  a n d  S u p erfl ui d-I ns ul at o r  Tr a nsiti o n i n   Bil a y er   Q u a n-
t u  m    H all  S yst e  m s  at  ν  ¼  1 ,  P h ys.    R e v.   L ett.  8 7 ,  0 5 6 8 0 2
( 2 0 0 1).

[ 4 1]    R o b ert   B.   L a u g hli n,  A n o  m al o us   Q u a nt u  m   H all   Eff e ct:   A n
I n c o  m pr essi bl e   Q u a nt u  m   Fl ui d   wit h   Fr a cti o n all y   C h ar g e d
E x cit ati o ns , P h ys.   R e v.   L ett.  5 0 ,  1 3 9 5  ( 1 9 8 3).

[ 4 2]    Yi h a n g   Z e n g, St u d y  of  T  w o-  Di  m e nsi o n al   C orr el at e d   Q u a n-
t u  m   Fl ui d  i n    M ulti- L a y er    Gr a p h e n e  S yst e  m,  P h.  D.  t h esis,
C ol u  m bi a   U ni v ersit y,  2 0 2 1.

[ 4 3]    A.   R.    C h a  m p a g n e,    A.   D.   K.   Fi n c k,  J. P.    Eis e nst ei n,    L.   N.
Pf eiff er,  a n d    K.   W.    West,  C h ar g e  I  m b al a n c e  a n d   Bil a y er
T  w o-  Di  m e nsi o n al   El e ctr o n  S yst e  m s  at  ν t ¼  1 , P h ys.   R e v.   B
7 8 ,  2 0 5 3 1 0  ( 2 0 0 8).

[ 4 4]    H u a    C h e n   a n d    K u n    Ya n g,  I nt er a cti o n-  Dri v e n    Q u a nt u  m
P h as e   Tr a nsiti o n s  i n    Fr a cti o n al   T o p ol o gi c al  I ns ul at ors ,
P h ys.   R e v.   B  8 5 ,  1 9 5 1 1 3  ( 2 0 1 2).

[ 4 5]  F.   D.   M.   H al d a n e, M a n y- P arti cl e  Tr a nsl ati o n al  S y  m  m etri e s
of  T  w o-  Di  m e nsi o n al    El e ctr o n s  at    R ati o n al  L a n d a u- L e v el
Filli n g , P h ys.   R e v.   L ett.  5 5 ,  2 0 9 5  ( 1 9 8 5).

[ 4 6]    M a x    M etlits ki,  B o u n d ar y   Criti c alit y  of t h e  O  ðN  Þ  M o d el i n
d  ¼  3  Criti c all y   R e visit e d  , S ci P ost  P h ys.  1 2 ,  1 3 1  ( 2 0 2 2).

[ 4 7]  P a ol o   Z a n ar di a n d   Ni k ol a P a u n k o vić , Gr o u n d St at e   O v erl a p
a n d   Q u a nt u  m   P h as e  Tr a nsiti o n s , P h ys.   R e v.   E  7 4 ,  0 3 1 1 2 3
( 2 0 0 6).

[ 4 8]  S hi-Ji a n    G u,  Fi d elit y    A p pr o a c h   t o    Q u a nt u  m    P h as e
Tr a nsiti o n s , I nt.  J.    M o d.  P h ys.   B  2 4 ,  4 3 7 1  ( 2 0 1 0).

[ 4 9]  S.   A.   Ki v els o n,   D. S.   R o k hs ar, a n d J. P. S et h n a, 2 e  or n ot  2 e :
Fl u x   Q u a ntiz ati o n  i n  t h e   R es o n ati n g   V al e n c e   B o n d  St at e ,
E ur o p h ys.   L ett.  6 ,  3 5 3  ( 1 9 8 8).

[ 5 0]    M arti n   H as e n b us c h  a n d   Ett or e   Vi c ari,  A nis otr o pi c   P ert ur-
b ati o ns   i n   T hr e e-  Di  m e nsi o n al  O  ðN  Þ- S y  m  m et ri c    V e ct or
M o d els  , P h ys.   R e v.   B  8 4 ,  1 2 5 1 3 6  ( 2 0 1 1).

[ 5 1]    X.   G.    We n,  E d g e   E x cit ati o ns  i n  t h e   Fr a cti o n al    Q u a nt u  m
H all St at es at   G e n er al   Filli n g   Fr a cti o ns  , M o d. P h ys.   L ett.   B
0 5 ,  3 9  ( 1 9 9 1).

[ 5 2]  J. P.   Eis e nst ei n,  E x cit o n    C o n d e ns ati o n  i n   Bil a y er    Q u a nt u  m
H all S yst e  ms  ,A n n u.  R e v.  C o n d e ns.  M att er  P h ys.  5 , 1 5 9 ( 2 0 1 4).

[ 5 3]  I.   B.  S pi el  m a n,  J. P.    Eis e nst ei n,    L.   N.  Pf eiff er,  a n d    K.   W.
W est,  O bs er v ati o n   of   a   Li n e arl y    Dis p ersi n g    C oll e cti v e
M o d e  i n  a    Q u a nt u  m    H all   F err o  m a g n et  ,  P h ys.    R e v.   L ett.
8 7 ,  0 3 6 8 0 3  ( 2 0 0 1).

[ 5 4]    A d y St er n, St e v e n   M.   Gir vi n,   All a n   H.   M a c  D o n al d, a n d   Ni n g
M a,  T h e or y of I nt erl a y er  T u n n eli n g i n   Bil a y er   Q u a nt u  m   H all
F err o  m a g n ets , P h ys.   R e v.   L ett.  8 6 ,  1 8 2 9 ( 2 0 0 1).

[ 5 5]  I n t his c as e, it is i  m p ort a nt t o ali g n t h e t  w o  gr a p h e n e l a y er s
s o t h e i nt erl a y er t u n n eli n g  pr o b es t h e s p e ctr al   w ei g ht  of t h e
e x cit o n  or d er  p ar a  m et er  at    m o  m e nt u  m  q  ¼  0  a n d  e n er g y
ω  ¼  e V .

[ 5 6]    A. F.    H e b ar d  a n d    M.   A.  P a al a n e n,  M a g n eti c- Fi el d- T u n e d
S u p er c o n d u ct or-I ns ul at or  Tr a nsiti o n  i n  T  w o-  Di  m e nsi o n al
Fil  ms , P h ys.   R e v.   L ett.  6 5 ,  9 2 7  ( 1 9 9 0).

[ 5 7]    Ali    Ya z d a ni   a n d    A h ar o n    K a pit ul ni k,  S u p er c o n d u cti n g-
I ns ul ati n g   Tr a nsiti o n  i n   T  w o-  Di  m e nsi o n al  a -  M o  G e   T hi n
Fil  ms , P h ys.   R e v.   L ett.  7 4 ,  3 0 3 7  ( 1 9 9 5).

[ 5 8]    N.    M ar k o vić ,    C.    C hristi a ns e n,   a n d    A.   M.    G ol d  m a n,
T hi c k n ess – M a g n eti c    Fi el d    P h as e    Di a gr a  m   at   t h e
S u p er c o n d u ct or-I ns ul at or   Tr a nsiti o n  i n   2  D ,  P h ys.    R e v.
L ett.  8 1 ,  5 2 1 7  ( 1 9 9 8).

[ 5 9]   E.   Bi el ej e c  a n d    We n h a o    W u, Fi el d- T u n e d  S u p er c o n d u ct or-
I ns ul at or  Tr a nsiti o n   wit h  a n d   wit h o ut   C urr e nt   Bi as, P h ys.
R e v.   L ett.  8 8 ,  2 0 6 8 0 2  ( 2 0 0 2).

[ 6 0]    B ar    H e n,    Xi n y a n g    Z h a n g,    Vi ct or   S h el u k hi n,    A h ar o n
K a pit ul ni k,   a n d    Al e x a n d er   P al e vs ki,  S u p er c o n d u ct or-
I ns ul at or  Tr a nsiti o n  i n  T  w o-  Di  m e nsi o n al  I n di u  m– I n di u  m-
O xi d e    C o  m p osit e  ,  Pr o c.    N atl.    A c a d.   S ci.    U. S.  A.  1 1 8 ,
e 2 0 1 5 9 7 0 1 1 8  ( 2 0 2 1) .

[ 6 1]   T hi err y    Gi a  m ar c hi,  Q u a nt u  m    P h ysi cs  i n    O n e    Di  m e nsi o n
(  Cl ar e n d o n  Pr ess,   O xf or d,  2 0 0 3),   Vol.  1 2 1.

[ 6 2]    C.   L.   K a n e,   M. P.   A.  Fis h er, a n d J.  P ol c hi ns ki, R a n d o  m n ess
at t h e   E d g e:  T h e or y  of   Q u a nt u  m   H all  Tr a ns p ort  at   Filli n g
ν  ¼  2 = 3 , P h ys.   R e v.   L ett.  7 2 ,  4 1 2 9  ( 1 9 9 4).

[ 6 3]    W.   C h e n,   M. P.   A.  Fis h er, a n d   Y.- S.    W u, M ott  Tr a nsiti o n i n
a n   A n y o n   G as , P h ys. R e v.   B  4 8 ,  1 3 7 4 9  ( 1 9 9 3).

[ 6 4]    Willi a  m    Wit c z a k-  Kr e  m p a,    Eri k   S.   S ør e ns e n,   a n d   S u bir
S a c h d e v,  T h e    D y n a  mi cs  of    Q u a nt u  m    Criti c alit y   R e v e al e d
b y   Q u a nt u  m   M o nt e   C arl o  a n d   H ol o gr a p h y , N at.  P h ys.  1 0 ,
3 6 1  ( 2 0 1 4) .

[ 6 5]    M.    Walli n,   E. S.  S or e ns e n,  S.   M.   Gir vi n,  a n d   A. P.   Y o u n g,
S u p er c o n d u ct or-I ns ul at or  Tr a nsiti o n  i n  T  w o-  Di  m e nsi o n al
Dirt y   B os o n  S yst e  m s  , P h ys.   R e v.   B  4 9 ,  1 2 1 1 5  ( 1 9 9 4).

[ 6 6]  I g or  F.   H er b ut,  D u al  S u p erfl ui d- B os e-  Gl ass   Criti c al   P oi nt
i n  T  w o   Di  m e nsi o ns  a n d t h e   U ni v ers al   C o n d u cti vit y, P h ys.
R e v.   L ett.  7 9 ,  3 5 0 2  ( 1 9 9 7).

[ 6 7]  Ji e   L o u,   A n d ers   W.  S a n d vi k, a n d   L e o n   B al e nts, E  m er g e n c e
of   U( 1)  S y  m  m etr y i n t h e  3  D  X Y  M o d el   wit h  Z q A nis otr o p y ,
P h ys.   R e v.   L ett.  9 9 ,  2 0 7 2 0 3  ( 2 0 0 7).

Z  H  A  N  G,   Z  H  U,  a n d   VI S  H  W A  N  A T  H P  H  Y S.   R E  V.   X  1 3,  0 3 1 0 2 3  ( 2 0 2 3)

0 3 1 0 2 3- 1 4

https://doi.org/10.1103/PhysRevB.79.115319
https://doi.org/10.1103/PhysRevB.79.115319
https://doi.org/10.1103/PhysRevLett.103.256403
https://doi.org/10.1103/PhysRevLett.103.256403
https://doi.org/10.1142/S0217984912501345
https://doi.org/10.1103/PhysRevB.95.085135
https://doi.org/10.1103/PhysRevB.95.085135
https://doi.org/10.1103/PhysRevLett.118.166401
https://doi.org/10.1103/PhysRevLett.118.166401
https://doi.org/10.1103/PhysRevLett.119.177601
https://doi.org/10.1103/PhysRevLett.119.177601
https://doi.org/10.1103/PhysRevLett.120.077601
https://doi.org/10.1103/PhysRevLett.127.246803
https://doi.org/10.1126/science.abg1110
https://doi.org/10.1126/science.abg1110
https://doi.org/10.1103/PhysRevLett.87.056802
https://doi.org/10.1103/PhysRevLett.87.056802
https://doi.org/10.1103/PhysRevLett.50.1395
https://doi.org/10.1103/PhysRevB.78.205310
https://doi.org/10.1103/PhysRevB.78.205310
https://doi.org/10.1103/PhysRevB.85.195113
https://doi.org/10.1103/PhysRevLett.55.2095
https://doi.org/10.21468/SciPostPhys.12.4.131
https://doi.org/10.1103/PhysRevE.74.031123
https://doi.org/10.1103/PhysRevE.74.031123
https://doi.org/10.1142/S0217979210056335
https://doi.org/10.1209/0295-5075/6/4/013
https://doi.org/10.1103/PhysRevB.84.125136
https://doi.org/10.1142/S0217984991000058
https://doi.org/10.1142/S0217984991000058
https://doi.org/10.1146/annurev-conmatphys-031113-133832
https://doi.org/10.1103/PhysRevLett.87.036803
https://doi.org/10.1103/PhysRevLett.87.036803
https://doi.org/10.1103/PhysRevLett.86.1829
https://doi.org/10.1103/PhysRevLett.65.927
https://doi.org/10.1103/PhysRevLett.74.3037
https://doi.org/10.1103/PhysRevLett.81.5217
https://doi.org/10.1103/PhysRevLett.81.5217
https://doi.org/10.1103/PhysRevLett.88.206802
https://doi.org/10.1103/PhysRevLett.88.206802
https://doi.org/10.1073/pnas.2015970118
https://doi.org/10.1073/pnas.2015970118
https://doi.org/10.1103/PhysRevLett.72.4129
https://doi.org/10.1103/PhysRevB.48.13749
https://doi.org/10.1038/nphys2913
https://doi.org/10.1038/nphys2913
https://doi.org/10.1103/PhysRevB.49.12115
https://doi.org/10.1103/PhysRevLett.79.3502
https://doi.org/10.1103/PhysRevLett.79.3502
https://doi.org/10.1103/PhysRevLett.99.207203


[ 6 8]   T. S e nt hil a n d   M att h e  w P.   A. Fis h er, Fr a cti o n ali z ati o n i n t h e
C u pr at es:   D et e cti n g t h e T o p ol o gi c al   Or d er  , P h ys.   R e v.   L ett.
8 6 ,  2 9 2  ( 2 0 0 1).

[ 6 9]    Yi n g-  H ai   W u,   H o n g-  H a o   T u, a n d   M e n g   C h e n g, C o nti n u o us
P h as e  Tr a nsiti o ns b et  w e e n   Fr a cti o n al   Q u a nt u  m   H all St at es
a n d   S y  m  m etr y- P r ot e ct e d   T o p ol o gi c al   St at es ,  ar  Xi v: 2 3 0 2
. 0 6 5 0 1.

[ 7 0]    Mi c h a el    L e vi n   a n d    A d y   St er n,  Fr a cti o n al
T o p ol o gi c al   I ns ul at ors ,  P h ys.    R e v.    L ett.  1 0 3 ,   1 9 6 8 0 3
( 2 0 0 9).
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