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Bipolaronic superconductivity out of a Coulomb gas
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Employing an unbiased sign-problem-free quantum Monte Carlo approach, we investigate the effects
of long-range Coulomb forces on Bose-Einstein condensation of bipolarons using a model of bond
phonon-modulated electron hopping. In the absence of long-range repulsion, this model was recently shown
to give rise to small-size light-mass bipolarons that undergo a superfluid transition at high values of the critical
transition temperature Tc. We find that Tc in our model, even with the long-range Coulomb repulsion, remains
much larger than that of Holstein bipolarons and can be on the order of or greater than the typical upper bounds
on phonon-mediated Tc based on the Migdal-Eliashberg and McMillan approximations. Our work points to a
physically simple mechanism for superconductivity in the low-density regime that may be relevant to current
experiments on dilute superconductors.
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Introduction. Understanding the mechanisms of super-
conductivity in the dilute density regime is an active
theme of research, relevant to a large and growing list
of ultralow-carrier-density superconductors including polar
materials [1,2], doped topological insulators [3,4], transition-
metal dichalcogenides [5], moiré materials [6–11], and other
materials [12] where, as a matter of principle, the Fermi-
liquid/Migdal-Eliashberg paradigm must fail. Bose-Einstein
condensation (BEC) of preformed pairs (bipolarons) in princi-
ple offers a robust route to superconductivity at low densities.
However, in the low-density regime, the Coulomb repulsion is
weakly screened and thus the pairing “glue” required to bind
electron pairs into bound states must be strong enough to over-
come the Coulomb repulsion. A strong pairing interaction is
usually believed to result in heavy bound states, implying low
values of the critical transition temperature Tc [13,14]; how-
ever, we have recently shown [15] that electrons coupled to
phonons via bond phonon-modulated electron hopping form
small-size light-mass bipolarons [16,17] that undergo a super-
fluid (BEC) transition at values of Tc that, even in the presence
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of a large on-site Hubbard repulsion U , are much larger
than those obtained in density-coupled (Holstein) models
or from Migdal-Eliashberg theory. However, previous liter-
ature on bipolaronic (and other nonphononic BEC [18–22])
mechanisms for superconductivity deals only with short-range
interactions, neglecting the long-range part of the Coulomb
interaction, and so is not directly applicable to ungated two-
dimensional (2D) materials or 3D materials in which the
Coulomb repulsion cannot be screened by an external gate.

In this Letter, we study pairing and BEC of bond-coupled
bipolarons occurring in a dilute 3D Coulomb gas, showing
that its Tc is higher than that of density-coupled (Holstein)
bipolarons and in line with experimental values of Tc found
in 3D materials believed to be close to or in the low-density
regime (see Fig. 1). This subject has been treated using differ-
ent approximations [13,23,24] and the physics has remained
subject to debate. Our theory uses a numerically exact, unbi-
ased method that takes the long-ranged Coulomb interaction
into account and (i) demonstrates a realistic mechanism for
BEC formation at relatively high values of Tc and (ii) reveals
the properties of bipolarons, e.g., their mass and size, in three
dimensions.

Model. We consider the bond-Peierls [25] (or bond–Su-
Schrieffer-Heeger [26]) electron-phonon coupling on a 3D
cubic lattice. In this model the electronic hopping between
two sites is modulated by a single oscillator centered on the
bond connecting the two sites [15]. The Hamiltonian is

Ĥ = Ĥe + Ĥph + V̂e-ph. (1)
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FIG. 1. Estimates of Tc of the bond-Peierls (bP) bipolaronic su-
perconductor (closed squares, blue lines) for different t/� at U =
8t and Vr>0 = V/r, with V = U/10, as a function of λ computed
according to Eq. (3) from QMC simulations of the bipolaron ef-
fective mass m�

BP and its mean-square radius R2
BP, contrasted with

superconductivity of Holstein (H) bipolarons (open circles, orange
line) at t/� = 2 for the same values of U/t and V . Here we define
λ = α2/3�t for bond-Peierls bipolarons and λ = 0.85α2/6�t for
Holstein bipolarons. The doubly wavy symbol indicates the absence
of bipolarons in the Holstein model for λ � 0.91 where a crossover
from BEC to the BCS regime may occur.

Here the lattice Coulomb model for electrons with spin σ ∈
{↑,↓} is Ĥe = −t

∑
〈i, j〉,σ (ĉ†

i,σ ĉ j,σ + H.c.) +U
∑

i n̂i,↑n̂i,↓ +
1
2

∑
i �= j Vi, j n̂in̂ j , with nearest-neighbor (NN) hopping t , on-

site Hubbard repulsion U , NN repulsion V , and longer-range
repulsion Vi j = Va

|ri−r j | , where n̂i = n̂i,↑ + n̂i,↓, with n̂i,σ =
ĉ†
i,σ ĉi,σ at site ri, and a is the lattice constant (NN distance).

The notation 〈i, j〉 refers to NN sites. We estimate the on-
site U = e2/εaorb, with aorb the unit cell orbital size and
ε a background dielectric constant, the NN V = e2/εa ≈
Uaorb/a, and further-neighbor (distance r > a) Vr>a = Va/r.
We henceforth set the lattice constant a = 1. We model
distortions of the bonds connecting sites i and j as Ein-
stein oscillators with the Hamiltonian Ĥph = ∑

〈i, j〉(
1
2KX̂ 2

i, j +
P̂2
i, j/2M ) = �

∑
〈i, j〉 b̂

†
i, j b̂i, j with oscillator frequency (h̄ = 1)

� = √
K/M. The interaction between electrons and phonons

takes the form

V̂e-ph = α
√

2M�
∑

〈i, j〉,σ
(ĉ†

i,σ ĉ j,σ + H.c.)X̂i, j, (2)

describing the modulation of electron hopping by an oscillator
X̂i, j := 1√

2M�
(b̂†

i, j + b̂i, j ) associated with the bond connecting

sites i and j with coupling coefficient α
√

2M�. We set M =
1. The relevant parameters are a dimensionless coupling con-
stant λ = [(α

√
2�)2/K]/6t = α2/3�t , the ratio of the typical

polaronic energy scale to the free-electron energy scale, and
an adiabaticity parameter t/�. It is important to note that a
typical physical origin for this phonon-modulated hopping is
from interference of different hopping pathways [15]. This
means that the model remains valid even when the lattice dis-
placement is large enough that the electronic hopping changes
sign. This is different from other models of phonon-modulated
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FIG. 2. Estimates of Tc of the bond-Peierls bipolaronic supercon-
ductor for t/� = 2 as a function of λ = α2/3�t for (a) different
strengths of the Coulomb repulsion V at fixed on-site U/t = 8 and
(b) different strengths of the on-site U at fixed long-range repulsion
V = U/10, computed according to Eq. (3) from QMC simulations of
the bipolaron effective mass m�

BP and mean-square radius R2
BP.

hopping [16,27–31] in which an equation of the general form
of Eq. (2) applies only in the small-displacement regime
where the net change in hopping amplitude is small relative
to the bare hopping [32].

Method. Using a numerically exact sign-problem-free
quantum Monte Carlo (QMC) approach based on a path-
integral formulation of the electronic sector combined with
either a real-space diagrammatic or a Fock-space path-integral
representation of the phononic sector [17], we study singlet
bipolaron formation in the two-electron sector of the model.
Technical details about the QMC methodology can be found
in Refs. [15,17]. For reference, QMC methods were previ-
ously used to study the model at half filling in two dimensions
in a number of works [33–37]. Here we simulate the model
on a 3D cubic lattice with linear size L = 140 sites and
open boundary conditions. This system size is large enough
to access the thermodynamic limit and eliminate boundary
effects. We simulate the behavior of the model for two values
of t/� = 1, 2. Values of t/� larger than 2 present a computa-
tional challenge. Both of these values of � are much smaller
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FIG. 3. Bipolaron properties in the model (1) at t/� = 2 as a function of λ = α2/3�t for different V at fixed U/t = 8: (a) bipolaron
binding energy Tp, (b) bipolaron effective mass m�

BP in units of the mass of two free electrons m0 = 2me = 1/t , and (c) bipolaron square radius
R2

BP and, in the inset, its radial size probability density distribution PBP(R) (probability distribution of finding the two electrons within a bound
bipolaron at a distance R from their center-of-mass position) at large coupling for V = U/10. Error bars in PBP(R) correspond to statistical
errors smaller than the symbol size and therefore are not shown.

than the bare electronic bandwidth in three dimensions (12t),
thus serving as representative values for the adiabatic limit of
slow phonons. In what follows we focus primarily on results
for this value of t/� = 2; the t/� = 1 case is similar.

BEC of bipolarons. In three dimensions, a dilute system
of electrons, at strong enough electron-phonon coupling, is
unstable to the formation of bipolarons and thus forms a
gas of interacting bosons. Competing instabilities such as
phase separation [38] or Wigner crystallization [39] may oc-
cur only when the density is extremely low. Thus, based on
recent results on BEC out of a Coulomb Bose plasma [40],
bipolarons will undergo condensation into a BEC and super-
fluidity at a T � Tc, with Tc ≈ 3.2ρ

2/3
BP /m�

BP, where ρBP is the
density of bipolarons and m�

BP := {[∂2EBP(K )/∂K2]|K=0}−1

is the bipolaron effective mass, with EBP(K ) the bipolaron
dispersion and K the bipolaron momentum. This estimate
remains reliable in a broad density range up to the density
at which bipolarons overlap. The largest Tc from this mech-
anism is thus expected to arise around the density ρBP =
min[1/( 4

3πR3
BP), 1/( 4

3π )] at which the interparticle separation
becomes on the order of the bipolaron radial size RBP, which,
after lattice regularization, must be at least unity. This leads
to an estimate of Tc of the bipolaron superconductor at the
overlap density that depends only on the bipolaron properties
given by

Tc ≈
⎧⎨
⎩

1.2
m�

BPR
2
BP

if R2
BP � 1

1.2
m�

BP
otherwise,

(3)

where R2
BP := 〈�BP|R̂2|�BP〉 is the bipolaron mean-square ra-

dius, with �BP the bipolaron ground-state wave function.
Bipolaronic superconductivity out of a Coulomb gas. Fig-

ure 1 presents Tc/� computed from Eq. (3) using m�
BP and

R2
BP obtained from QMC simulations as a function of λ for

different t/� at U = 8t and V = U/10. Error bars in the
figures represent one standard deviation statistical errors in
QMC simulations. The reentrant behavior (increase and then
decrease) of the optimal Tc as a function of λ observed in
Fig. 1 results from a competition between the increase in mass

and decrease in radius of the bipolarons as λ is increased (see
Ref. [15]). Figure 1 shows that a sufficiently large value of λ is
needed in three dimensions in order to form bound states and
obtain an s-wave bipolaronic superconductor in the regime
of strong correlations. Our choice of U/t = 8 implies strong
competition between the on-site repulsion and the electronic
kinetic energy and the ratio V/U = 1/10 is a reasonable esti-
mate for most materials (e.g., transition-metal oxides), with
a roughly 10:1 ratio between the lattice constant (approxi-
mately 4 Å) and the orbital size (approximately 0.5 Å). Thus,
our results in Fig. 1 prove that bipolaronic superconductivity
is robust even in the presence of strong, poorly screened
Coulomb repulsion. To appreciate this result, we contrast in
Fig. 1 Tc/� with the superconducting transition-temperature
of Holstein bipolarons [41,42] (with electron-phonon cou-
pling V̂e-ph = α

√
2�

∑
i,σ ĉ

†
i,σ ĉi,σ X̂i), which is found to be

always smaller. The values of Tc/� of the bond bipolarons
also appear to be comparable to or greater than the upper
bound of 0.05 from McMillan’s phenomenological approach
to Migdal-Eliashberg theory in the adiabatic limit for mod-
erate values of λ � 1.1 In other words, our theory predicts
values of Tc in line with typical values found in experiments
on dilute superconductors.

Figure 2 presents the dependence of Tc/� on V/U at fixed
U/t [Fig. 2(a)] and on U/t at fixed V/U [Fig. 2(b)]. We
find long-range repulsion-induced reduction of Tc, but Tc/�

remains relatively large even for largeV = U/10. This reflects
the ability of the bipolaron wave function to spread itself
effectively over multiple sites in order to accommodate the
Coulomb repulsion [see the inset of Fig. 3(c)]. However, the
on-site repulsion can enhance Tc similarly to what we found
in 2D models with no long-range interaction [15]. This uncon-
ventional behavior follows from the ability of the bipolaron to
reduce its mass without significantly increasing its radius as

1The McMillan formula [43] Tc
�

= 1
1.45 exp(−1.04 1+λ

λ−μ� (1+0.62λ) )
(where μ� = 0.12 is the value of the Coulomb pseudopotential found
in many materials) predicts a typical upper bound of Tc/� ∼ 0.05 at
λ = 1.
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FIG. 4. Phase diagram in the T/�-λ space of the bond-Peierls
model in the adiabatic limit t/� = 2 with strong on-site U/t = 8
and Coulomb V = U/10 interactions. A BEC superconductor forms
at T � Tc (dark blue region). There is a large region at temperatures
Tc < T � Tp characterized by nonsuperconducting correlations and
phase fluctuations in a normal gas of bipolarons (light blue region).
Above Tp, the bipolarons unbind into a polaron gas (gray region).

U is increased. Our analysis proves that the bond bipolaronic
superconductivity is generally much less sensitive to Coulomb
repulsion than Holstein bipolarons and can in fact take advan-
tage of the local repulsion to increase Tc.

Phenomenology of bipolaronic superconductivity. Figure 3
details the features of bipolarons in the presence of long-
range Coulomb repulsion. A much sharper dependence on
the electron-phonon coupling becomes apparent for larger
values of V , as can be seen in the pairing temperature (bipo-
laron binding energy, i.e., energy of the two-electron bound
state relative to the lower-energy edge of the two-polaron
continuum) Tp [Fig. 3(a)], effective mass [Fig. 3(b)], and
square radius [Fig. 3(c)]. This behavior implies that break-
down of Fermi-liquid theory due to bipolaronic collapse
depends nontrivially on the interplay of electron-phonon and
electron-electron interactions and goes beyond the current
understanding of the breakdown of Migdal-Eliashberg theory
due to a first-order transition or crossover driven by bipolaron
formation [44–52]. Further, Fig. 3(b) demonstrates that mass
enhancement remains moderate. We can see from Figs. 3(b)
and 3(c) that small-size bipolarons with RBP < 3 exhibit rather
weak mass enhancement m�

BP < 10, explaining the large val-
ues of Tc at optimized λ despite the strong Coulomb repulsion.
The modest reduction in Tc found for V = U/10 means that
it remains relatively high compared to expectations based on
standard models, highlighting the ability of the bipolarons to
tolerate the long-range Coulomb repulsion.

In Fig. 4 we present the phase diagram of the bipolaronic
superconductor in the T -λ space in the adiabatic limit for
large Coulomb repulsion. There is an extended region at tem-
peratures Tc < T � Tp characterized by nonsuperconducting
correlations in a normal gas of bipolarons, which will give
rise to a large regime of phase fluctuations in experiment.
Above Tp, the bipolarons unbind into a polaron gas. Finally, in
Fig. 5 we discuss the crossover or phase transition occurring
as the density is increased into the BCS regime [53,54] in

Tc

TBEC(2mp)

2mp

mBP

3
2πR3

BP

n−1

FIG. 5. The heavy black line shows the superfluid transition tem-
perature Tc of the bipolaronic gas normalized to the BEC temperature
TBEC of a gas of bosons of density n and mass 2mp as a function of
the inverse density n−1 normalized to the effective bipolaron density
3/2πR3

BP. The black dashed line shows the proposed extrapolation of
Tc beyond the density at which the bipolarons overlap (black dot) and
the BEC picture breaks down. As the density enters the n > 3/2πR3

BP

BCS regime we expect, based on comparison to the unitary Fermi
gas (blue dashed line), that the decrease in mass associated with
unbinding of bipolarons into Fermi-liquid quasiparticles may drive
a further increase in Tc.

which bipolarons overlap. A useful analogy is provided by
the unitary Fermi gas (fermions in the continuum interacting
with attractive contact interaction) picture of the BCS-BEC
crossover [55,56], where in the dilute limit weakly bound
fermion pairs with mass twice the bare fermion mass condense
into a BEC and as the density is increased into the BCS
regime of overlapping pairs Tc drops only slowly. The basic
physics of the BCS-BEC crossover in the bipolaron system
should be similar to that for unitary fermions but with the
additional feature that the mass drops rapidly as the density
increases beyond the point at which bipolarons overlap and
unbind into polarons (with mass mp) and then into moderately
renormalized electrons. This density dependence of the mass,
not present in the unitary Fermi gas, may lead to a further
increase in Tc as the density is increased into the BCS regime.

Conclusion. We have shown that the local on-site Coulomb
repulsion enhances Tc while the nonlocal part reduces Tc,
which however remains relatively high. The key ingredient
of the combination of light mass and relatively small size
of bipolarons even in the presence of long-range Coulomb
repulsion explains the robustness of the mechanism and the
relatively large values of Tc found. The crossover or phase
transition to the BCS regime when bipolarons start to overlap
is an open question, but, in contrast to the unitary Fermi
gas [55,56], we cannot rule out that Tc may have a peak as
a function of carrier density in the crossover region where
bipolarons unbind into quasiparticles with much smaller mass,
which would imply even larger values of Tc on the BCS side.
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[25] S. Barišić, J. Labbé, and J. Friedel, Tight binding and transition-
metal superconductivity, Phys. Rev. Lett. 25, 919 (1970).

[26] W. P. Su, J. R. Schrieffer, and A. J. Heeger, Solitons in poly-
acetylene, Phys. Rev. Lett. 42, 1698 (1979).

[27] M. Capone, W. Stephan, and M. Grilli, Small-polaron formation
and optical absorption in Su-Schrieffer-Heeger and Holstein
models, Phys. Rev. B 56, 4484 (1997).

[28] C. A. Perroni, E. Piegari, M. Capone, and V. Cataudella, Polaron
formation for nonlocal electron-phonon coupling: A variational
wave-function study, Phys. Rev. B 69, 174301 (2004).

[29] D. J. J. Marchand, G. De Filippis, V. Cataudella, M.
Berciu, N. Nagaosa, N. V. Prokof’ev, A. S. Mishchenko, and
P. C. E. Stamp, Sharp transition for single polarons in the

L220502-5

https://doi.org/10.1103/PhysRevLett.12.474
https://doi.org/10.1016/j.aop.2020.168107
https://doi.org/10.1126/science.aar4642
https://doi.org/10.1126/science.aar4426
https://doi.org/10.1038/s41598-018-24736-x
https://doi.org/10.1038/nature26160
https://doi.org/10.1038/s41586-019-1695-0
https://doi.org/10.1126/science.aav1910
https://doi.org/10.1038/s41586-019-1393-y
https://doi.org/10.1038/s41586-021-03192-0
https://doi.org/10.1038/s41586-021-03926-0
https://doi.org/10.1126/science.abb9860
https://doi.org/10.1103/PhysRevLett.81.433
https://doi.org/10.1007/s10948-019-05254-x
https://doi.org/10.1103/PhysRevX.13.011010
https://doi.org/10.1103/PhysRevLett.121.247001
https://doi.org/10.1103/PhysRevB.105.L020501
https://doi.org/10.1038/s42254-021-00324-3
https://doi.org/10.1103/PhysRevB.102.235423
https://doi.org/10.1126/sciadv.abh2233
https://doi.org/10.1103/PhysRevB.105.094506
https://doi.org/10.1073/pnas.2117735119
https://doi.org/10.1103/PhysRevB.61.12315
https://doi.org/10.1103/PhysRevLett.98.037002
https://doi.org/10.1103/PhysRevLett.25.919
https://doi.org/10.1103/PhysRevLett.42.1698
https://doi.org/10.1103/PhysRevB.56.4484
https://doi.org/10.1103/PhysRevB.69.174301


J. SOUS et al. PHYSICAL REVIEW B 108, L220502 (2023)

one-dimensional Su-Schrieffer-Heeger model, Phys. Rev. Lett.
105, 266605 (2010).

[30] C. Zhang, N. V. Prokof’ev, and B. V. Svistunov, Peierls/Su-
Schrieffer-Heeger polarons in two dimensions, Phys. Rev. B
104, 035143 (2021).

[31] M. R. Carbone, A. J. Millis, D. R. Reichman, and J.
Sous, Bond-Peierls polaron: Moderate mass enhancement and
current-carrying ground state, Phys. Rev. B 104, L140307
(2021).

[32] N. V. Prokof’ev and B. V. Svistunov, Phonon modulated hop-
ping polarons: x-representation technique, Phys. Rev. B 106,
L041117 (2022).

[33] B. Xing, W.-T. Chiu, D. Poletti, R. T. Scalettar, and G. Batrouni,
Quantum Monte Carlo simulations of the 2D Su-Schrieffer-
Heeger model, Phys. Rev. Lett. 126, 017601 (2021).

[34] X. Cai, Z.-X. Li, and H. Yao, Antiferromagnetism induced by
bond Su-Schrieffer-Heeger electron-phonon coupling: A quan-
tum Monte Carlo study, Phys. Rev. Lett. 127, 247203 (2021).

[35] A. Götz, S. Beyl, M. Hohenadler, and F. F. Assaad, Valence-
bond solid to antiferromagnet transition in the two-dimensional
Su-Schrieffer-Heeger model by Langevin dynamics, Phys. Rev.
B 105, 085151 (2022).

[36] X. Cai, Z.-X. Li, and H. Yao, Robustness of antiferromagnetism
in the Su-Schrieffer-Heeger Hubbard model, Phys. Rev. B 106,
L081115 (2022).

[37] C. Feng, B. Xing, D. Poletti, R. Scalettar, and G. Batrouni,
Phase diagram of the Su-Schrieffer-Heeger-Hubbard model on
a square lattice, Phys. Rev. B 106, L081114 (2022).

[38] A. Nocera, J. Sous, A. E. Feiguin, and M. Berciu, Bipolaron
liquids at strong Peierls electron-phonon couplings, Phys. Rev.
B 104, L201109 (2021).

[39] B. Spivak and S. A. Kivelson, Phases intermediate between a
two-dimensional electron liquid and Wigner crystal, Phys. Rev.
B 70, 155114 (2004).

[40] C. Zhang, B. Capogrosso-Sansone, M. Boninsegni, N. V.
Prokof’ev, and B. V. Svistunov, Superconducting transition
temperature of the Bose one-component plasma, Phys. Rev.
Lett. 130, 236001 (2023).
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