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Interplay between entanglement and crosslinking in 
determining mechanical behaviors of polymer networks

Yuhao Liu*, Weikang Xian*, Jinlong He* and Ying Li*

Department of Mechanical Engineering, University of Wisconsin-Madison, Madison, WI, USA

ABSTRACT

In polymer physics, the concept of entanglement refers to the 
topological constraints between long polymer chains that are clo-
sely packed together. Both theory and experimentation suggest 
that entanglement has a significant influence on the mechanical 
properties of polymers. This indicates its promise for materials 
design across various applications. However, understanding the 
relationship between entanglement and mechanical properties is 
complex, especially due to challenges related to length scale con-
straints and the difficulties of direct experimental observation. This 
research delves into how the polymer network structure changes 
when deformed. We specifically examine the relationship between 
entanglement, crosslinked networks, and their roles in stretching 
both entangled and unentangled polymer systems. For unen-
tangled polymers, our findings underscore the pivotal role of cross-
linking bond strength in determining the system’s overall strength 
and resistance to deformation. As for entangled polymers, entan-
glement plays a pivotal role in load bearing during the initial 
stretching stage, preserving the integrity of the polymer network. 
As the stretching continues and entanglement diminishes, the 
responsibility for bearing the load increasingly shifts to the cross-
linking network, signifying a critical change in the system’s beha-
vior. We noted a linear correlation between the increase in 
entanglement and the rise in tensile stress during the initial stretch-
ing stage. Conversely, the destruction of the network correlates 
with a decrease in tensile stress in the later stage. The findings 
provide vital insights into the complex dynamics between entan-
glement and crosslinking in the stretching processes of polymer 
networks, offering valuable guidance for future manipulation and 
design of polymer materials to achieve desired mechanical 
properties.
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1. Introduction

Entanglement, in polymer physics, is defined as the topological constraint between 

sufficiently long polymer chains when they are close to each other. Discussions of the 

entanglement date back to 1940 in Treloar’s study of rubber elasticity [1]. The effects of 

the entanglement have been successfully conceptualized by the tube model that depicts 

the overall restriction from the bulk polymer on a single chain as a tube-like region [2]. 

Many models have been proposed [3–9] and the essence of these models is the quanti-

fication of the strength of the entanglement and how the entanglement affects the 

elasticity of the polymer network, under different magnitudes of deformation. In addition, 

entanglement is equivalently important in understanding the dynamics of amorphous 

linear, branched, and star polymers. The concept of reptation was initially introduced by 

de Gennes [10] and then further developed by Edwards and Doi [11]. The reptation model 

quantifies the one-dimensional thermal motion of a linear chain with molecular weight 

M in the tube-like region and predicts the relaxation time tau ~ M3, which is close to the 

relation of tau ~ M3.4 based on experimental observations [12]. It is worth noting that, the 

description mentioned above is applicable for polymer melt, not the solution.

While many constitutive models primarily address networks in their dry state, exploring 

the relationship between the mechanical properties of entangled networks and their 

various final preparation conditions is fascinating. A recent theoretical study revealed that 

versatile states of entanglement, and thus different mechanical properties of the networks, 

can be achieved by alternating the concentration of polymer in preparation and final 

conditions [13]. On the other hand, experimental studies have also demonstrated the 

interplay between the entanglement and the mechanical properties of the polymer net-

works. For example, vinyl-terminated polydimethylsiloxane (PDMS) crosslinked in solutions 

at low concentrations showed significant enhancement of the maximum stretch upon 

which the PDMS networks broke compared with those crosslinked in the bulk state [14]. 

However, recent studies have demonstrated that hydrogels prepared in higher concentra-

tions and thus more entangled states present improvement in both the modulus and the 
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toughness, compared with regular hydrogels that are usually prepared in dilute solution 

[15]. The nontrivial entanglement-mechanical properties correlation offers the possibility of 

developing new materials in a wide range of applications. Peptide-crosslinked hydrogels in 

highly entangled states can achieve even higher fracture toughness and fatigue resistance 

[16]. Protein-based hydrogels that harness the advantage of entanglement are promising 

candidates for biocompatible implants [17]. The entanglement with other reinforcement 

mechanisms can produce synergetic effects that further improve the mechanical properties 

of the networks or their composites. For instance, microspheres grafted with poly(acrylic 

acid) chains in gel state show improved strength because the acrylic acid chains can form 

an abundant amount of hydrogen bonds [18]. Inspired by the composite-like nature of 

cartilage, Soltanahmadi et al. grafted polyacrylamide into PDMS sponge and the gel- 

elastomer composite demonstrates load-bearing capabilities with improved energy dissi-

pations while maintaining its stiffness. Interestingly, the advantageous features of micro-

scopic entanglement can also be transferred to larger scales. Micro hydrogel strands 

fabricated by pressing bulk hydrogel through a sieve with micrometer pores tangled and 

intertwined to form stable gel-like materials, which not only demonstrated desirable 

mechanical properties but also led to rapid tissue maturation [19]. Fracture is an important 

failure mode in many applications. Efforts to understand the fracture properties of poly-

meric networks has been devoted for over a half of century after Lake and Thomas 

proposed the classic fracture model [20], although questions remain, especially with 

entangled networks. For example, the fracture toughness of entangled network is much 

higher than the intrinsic toughness predicted by the Lake-Thomas model, with the 

improvement attributed to the dissipative effect of the entanglement near the crack-tip 

[21]. The dissipation due to the entanglement can be captured theoretical models that 

consider the interplay between chain scission and entanglement evolution at different 

length scales [22] and in different directions [23]. Adopting microscopic models that 

describe the scission of the chains in the networks is necessary in developing the macro-

scopic models. But such microscopic models are also challenging to establish. For example, 

Lamont et al. described the micromechanics of slide-ring networks, that are similar the 

entangled networks, by using an extendable Langevin chain model [24]. But such a single- 

chain model may misinterpret the effect of the entanglement, which is essentially multi- 

chain interaction. In addition, the connection between the micro- and the mesoscopic 

structural evolution may become difficult to trace when one tries to integrate them and to 

establish multiscale models [25] because the macroscopic fractures of the networks are 

hierarchical processes, which involve different zones near the crack-tip [26].

It is also challenging to quantify the entanglement-mechanical properties corre-

lation because the entanglement is intrinsically constrained at a length scale of 

about tens of nanometer (orders of tube diameter app). Therefore, direct character-

ization of the entangled chains at atomistic or nanometer scales by experimental 

techniques is also nontrivial. Single-molecule fluorescence microscopy is used to 

closely observe tube-like constraints [27]. On the other hand, methods like rheo-

logical measurements [28], scattering-based techniques [29], and dielectric spectro-

scopy [30] are used more frequently. Molecular simulation is another important 

approach to study the entanglement-mechanical properties correlation because it 

can not only determine clearly the structures of the entanglement [31] but also 

track the corresponding evolution [32]. The tube-like region can be identified by 
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averaging time-dependent trajectories of the polymer chains [33], by minimizing 

the configurations of the chains with the uncrossability between different chains 

enforced [34], or by the geometric method that does not rely on energy minimiza-

tion [35,36]. With the structure and dynamics explicitly specified, the connection 

between the entanglement and the mechanical properties can be studied rigor-

ously. For example, the viscoelasticity of melts of linear polymer can be quantita-

tively predicted with the aid of molecular dynamics (MD) simulations [32,37]. MD 

simulations have been also used to establish the entanglement-mechanical proper-

ties relation. In the MD simulations by Silozberg et al. [38], it is shown that the 

entanglements trapped between crosslinks contribute the most to the fracture 

energy as the contribution from the crosslinks is very limited since the density of 

the crosslinks is low, which is recently further confirmed experimentally [15]. In 

addition, Umeno et al. studied the fracture process in polycarbonate via coarse- 

grained molecular dynamics (CGMD) simulations and found that the brittle-ductile 

failure mode transition is related to the molecular weight of change from unen-

tangled to entangled regime [39]. In the more complicated double network sys-

tems, the synergetic of the short and the long chains can be also elucidated by 

MD simulations. Higuchi et al. showed that the short components increase the 

elasticity, while the long chains improve the ductility [40]. However, the spatial 

scales in the simulations of these works are limited, such as the structure of the 

entanglements; thus, its relation to the mechanical properties of the networks is 

not fully elucidated. In this study, we offer a detailed analysis of the structural 

evolution of the unentangled and entangled networks under tensile deformation 

until complete fracture, by using MD simulations with up to over 4 million beads 

in the systems. The evolutions of microstructures are tracked to shed light on the 

mechanical responses of these polymer networks.

In this study, we explore the structural evolution of deformed polymer networks 

through molecular dynamics (MD) simulations, emphasizing the important role 

played by entanglements between polymer chains. Our research elucidates the 

role of the crosslinking network in unentangled polymer systems and the com-

bined roles of entanglement and crosslinking networks in entangled polymer 

systems, aiming to guide the future design of polymers with advanced mechanical 

properties, such as high strength and fatigue tolerance.

2. Methods

In this section, we introduce the computational model used in this work and the 

simulation protocol. Equilibrated melts were first generated and then end- 

crosslinked to form networks. A snapshot of one of the networks is shown in 

Figure 1(a). Trajectories from MD simulations were used to quantify the mechanical 

responses and the structure of the polymer networks. The Z1+ algorithm [36] was 

used to process the trajectories of the polymer networks to extract information on 

the entanglement. In this paper, all quantities are in reduced LJ units.
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2.1. FENE model

The finite extensible nonlinear elastic (FENE) model is essentially generic and coarse- 

grained and has been widely used to understand structural and dynamic properties of 

different polymeric systems like linear and branched polymer melts, polymer solutions, 

and networks. The potential setting for the FENE model includes Weeks-Chandler- 

Anderson (WCA) potential and FENE potential. The WCA potential, given by Eq. 1, is 

applied to all the possible pairs of beads in the system. The WCA potential is purely 

repulsive within the range of the assigned cutoff distance. 

In this model, a polymer chain is simplified as a string of beads that are connected by 

a nonlinear spring [41], represented by the FENE potential as given in Eq. 2, where k = 30 

and R = 1.5 are standard choices. The separation distance between two beads is r. The 

energy and length units ε and σ, together with the mass of bead mb, set the time unit 

as τ ¼ σL

ffiffiffiffiffiffiffiffiffiffiffi

mb=ε
p
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Figure 1. Simulation models of polymer networks: (a) the configuration of built polymer network is 
formed by end-crosslinking the linear polymer chains and cross-linkers. The zoom-in figure is 
a snapshot showing the network, and (b) three groups of quartic parameters values used in this paper.
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This standard choice of parameters results in the average bond length lb = 0.965 when the 

kBT is equal to 2. Although the addition of a bending interaction between two consecu-

tive bonds [42] enables correlating the FENE model to specific polymers, we did not 

include the angle potential since such angle potential is in contradiction to the imple-

mentation of the quartic potential defined later. The number density was chosen as the 

standard value for the FENE model from the reference [41]. The choice of the number 

density ensures that around 3 beads effectively represent a Kuhn segment. More impor-

tantly, the choice, together with other model parameters, ensures the correct entangle-

ment strands per entanglement volume. In addition, the dynamics of system is evolved 

according to the Langevin equation (Eq. 3): 

where updates of the positions of the beads, Rn, are based on the total of the given 

potentials U ¼ UWCA þ UFENE, the friction Γ = 0.5, and the stochastic force � that has 

statistics h�i ¼ 0 and �n tð Þ�m t0ð Þ ¼ 6εΓ=Δtδnmδ t � t0ð ÞI. Δt is the timestep set as 0.01. δ 

is the kronecker delta function. I is the unit tensor. The Velocity-Verlet time integration 

scheme is used to integrate the Langevin equation. All simulations were conducted in 

LAMMPS package [43]. NVE ensemble was used in generation and equilibration of the 

network, while NVT ensemble was used in the uniaxial tensile process. The temperature 

was set 1.0 in all NVT ensembles.

2.2. Simulation protocol

Systems with different chain lengths were built with the parameters detailed in 

Table 1 and the flowchart shown in Figure S1. In the first step, corresponding 

precursor melts were generated and equilibrated. Generation of the pre- 

Table 1. Simulated cross-linked polymer networks. N is the polymerization degree of the chain 
between two adjacent cross-linkers; nch and nck denote the number of polymer chains and cross- 
linkers, respectively, L is the simulation box side length, and ϕh i is the cross-linking functionality of 

the cross-linker. R
2
ee

� �1=2 
is the measured mean end-to-end distance of cross-linked chains. Lpp0 and 

app0 are the mean contour length of the primitive chain and tube diameter, respectively. < zkink > and 

zcoilh i characterize the number of entanglements per chain defined by the kink and coil assumptions, 
respectively.

N nch nck L <ϕ> R2
ee

� �1=2
Lpp0 app0 < zkink > < zcoil >

20 5000 2500 49.0 3.91 5.53 5.035 5.443 0. 197 0.107
30 3000 1500 47.3 3.91 6.52 5.971 6.211 0.532 0.292
50 2000 1000 49.0 3.89 9.10 1.191 8.621 0.874 0.468
100 400 200 36.1 3.80 13.08 17.830 9.587 2.230 1.351
200 600 300 52.1 3.85 19.50 31.610 1.511 4.568 2.483
300 600 300 59.6 3.87 23.35 45.691 11.064 7.535 3.834
800 500 250 77.8 3.81 37.85 107.430 11.738 15.832 8.652
1000 600 300 89.1 3.82 41.30 135.470 11.952 20.328 10.970
4204 1034 517 172.3 3.79 87.651 631.547 12.165 113.154 50.164
8408 517 259 172.3 3.82 124.334 1254.520 12.323 227.739 100.076
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equilibrated melts was achieved by placing random-walk chains in the simulation 

box with periodic boundary conditions in all three directions that were remained in 

all following simulations. A soft pairwise interaction was used to push overlapped 

beads off from each other to ensure the numerical stability of the following simula-

tions with WCA potential [44].

In the second step, the pushed-off configurations were relaxed, in a hybrid MD/MC 

way, using the bond swap algorithm [45]. It is worth noting that only the unentangled and 

slightly entangled were obtained by the described methods (N20-N1000). N is the poly-

merization degree of the chain between two adjacent cross-linkers. The equilibrated 

configurations for the highly entangled systems (N4204 and N8408) were obtained 

from work by Svaneborg and Everaers [46]. In the third step, networks were formed 

using a method that emulated end-crosslinking that maintains the chain lengths between 

crosslinkers. This means the crosslinking reaction could only occur at the chain-ends. 

While a free radical-like reaction is more effective at forming these networks, this 

approach results in a logarithmic distribution of chain lengths [47,48]. Stoichiometric 

amount of crosslinker beads with functionality ϕmax = 4 was added in the simulation 

boxes randomly, followed by short push-off runs to avoid overlap between beads and 

by relaxation runs to ensure the crosslinker are well-dispersed. The densities of the 

systems slightly changed after the inclusion of crosslinkers. But no change in the dimen-

sions of the simulation boxes was applied to compensate for the densities. The cross-

linking reactions were simulated according to a geometric criterion (Rcut = 1.5) and an 

assigned probability p = 0.5. A crosslinker is deactivated once it reacts with four chain 

ends and its crosslinking reaction can no longer happen. For the N50 systems, reactions 

that last 3.5 × 108 timesteps were sufficient to complete the crosslinking process with the 

functionalities over 3.8, as shown in Figure S2. For the systems with longer chains, another 

method was used to extend the crosslinking reaction because the successful rate of 

creating bonds drops significantly with longer chain and thus lower number density of 

the chain ends [47]. In Figure S2, the rate of bond creation drops significantly with the 

progression of the reaction because the number of available reactants decreases. 

Averaged number of bonds per crosslinker increased from 0 to 3.5 in about 0.5 × 106 

while it took 3.0 × 106 to increase the number from 3.5 to 3.8.

The extension consists of four steps, as shown in Figure 2. As the reaction pro-

gressed, unsaturated crosslinkers emerged as potential candidates for further reac-

tions. For each candidate, a search was conducted for available chain ends within 

a broader geometric range to identify possible partners (Rcut ¼ 0:1L). A certain number 

of partners with the shortest separation distances were picked according to the 

candidate’s availability. Harmonic bonds with soft potential are then created between 

the candidates and their partners. Then, relaxations were performed with the soft 

harmonic potential applied to the paired crosslinkers and chain ends to decrease the 

lengths of the harmonic bonds close to the equilibrium bond length of the FENE bond. 

Finally, the harmonic potential was then replaced by the FENE potential, followed by 

a short relaxation in FENE and WCA potential. The mean-squared internal distances 

(MSID) of the networks after the extended reaction is shown in Figure S3, which that 

the method does not alter the structure of the linear chain significantly. Finally, the 

FENE potential was replaced by the quartic potential, given in Equation 4, to simulate 

the bond breaking during the deformation process.
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The bond breakage and the overall mechanical properties of the polymer networks are 

highly dependent on the parameters of the quartic potential. A comparison of the quartic 

potentials based on different parameters is illustrated in Figure 1(b). Our choice of the 

parameters ensures a medium strength of the quartic potential. In the case of recom-

mended values by LAMMPS (K = 1200, Rc;Q = 1.3, B1=-0.55, B2 = 0.25,U0 = 34.6878), the 

bond breakage happens too easily suggesting that the strength is too weak, while the 

strength is too strong with the parameters proposed by Stevens (K = 1434.3, Rc;Q = 1.5, 

B1=-0.7589, B2 = 0,U0 = 62.2234) [49]. The scenarios were confirmed by the results of the 

simulations deforming the N = 20 network with the two sets of the parameters. As shown 

in Figure S4, when the potential parameter values recommended by Stevens are used, the 

polymer chain becomes very robust, and the polymer system does not break completely 

even when the system strain reaches 15. However, when using the potential parameter 

values recommended in LAMMPS, the system shows drastic fluctuations, and the entire 

system breaks completely shortly after the stretching begins. Therefore, to prevent the 

polymer system from being too strong or too fragile, we have fitted a new set of potential 

parameter values (K = 1434.3, Rc;Q = 1.5, B1=-0.72, B2=-0.23,U0 = 41) in this paper, which 

are located between the potential parameter values recommended by Stevens and 

LAMMPS, as shown in Figure 1(b). The detailed fitting process is described below. As 

given in Equation 4, the energy required for a bond breaking is closely related to the 

parameters of K; Rc;Q; B1; B2 and U0. Rc;Q is the cutoff distance for quartic bond and it is set 

equal to 1.5, the same as the stretch limit of the FENE bond. The value K = 1434.3 is 

adopted from Stevens [49]. The overall height of the energy landscape is dependent 

predominantly on U0, as shown in Figure S5 (a). The value of U0 = 41.0 is fixed to ensure 

that the energy landscape lies between the setting of Stevens parameter values and 

LAMMPS recommended parameter values. At the end, the values of B1 and B2 are tuned to 

ensure the energy minima is within 2% deviation from the setting of Stevens parameter 

values.

Figure 2. The flowchart showing processes to create highly cross-linked networks for long polymer 
chain with aid of a soft harmonic bond.
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2.3. Deformation

Uniaxial deformation was applied to the networks to determine their mechanical proper-

ties. The stretching rate used in this paper is 1 × 10−3. During the uniaxial tension process, 

a system was subjected stretch along the z direction with an assigned engineering strain 

rate, while the simulation box was shrunk along the other two directions accordingly. It is 

important to highlight that macroscopic fractures in the networks are typically depicted 

by a damage process where cracks propagate through mesoscopic tips, leading to the 

creation of voids and volume changes. However, the scale (both in terms of length and 

time) covered by the MD simulation is much more limited compared to the macroscopic 

damage process. As a result, the microcanonical (NVT) ensemble was employed to ensure 

the incompressibility of the networks, allowing us to concentrate on their structural 

evolution, such as bond breakages and alterations in the primitive path. The Irving- 

Kirkwood formula was used to calculate the stress components and the stresses were 

monitored during the tension process [50]. The nominal stress σNis defined by Eq. 5, 

calculated by the stress components in all three directions. 

2.4. Entanglement analysis

The Z1+ algorithm was used to obtain the entanglement information of the network [36]. 

The algorithm conducts geometric optimization to identify the primitive path of the 

entangled chains. In the optimization, all the ends of all polymer chains are frozen in 

space. The contours of the chains are then shrunk simultaneously into zigzag segments 

that resemble the original chain configuration, but without violating the uncrossability 

from the other chains, such as the average number of kinks, Zh i. Thus, Zh i formed by the 

zigzag segments can be defined and used to quantify numbers of entanglement. The tube 

diameter, a quantification of the constraining strength of the entanglement, is defined as 

app= < R2
ee > / Lpp

� �

where < R2
ee > and Lpp

� �

are the mean-squared end-to-end distance 

and mean contour length of the identified primitive paths, respectively. Accordingly, the 

degree of polymerization for an entanglement, <Ne > can be defined.

3. Results and discussion

Polymers can be classified as unentangled polymers and entangled polymers based on 

the presence or absence of entanglement [51]. In this study, our primary focus is under-

standing the factors influencing the mechanical properties of both unentangled and 

entangled polymers during various stretching stages. In Section 3.1, we delve into the 

role of the crosslinking network on the tensile behavior of unentangled polymers. 

Drawing from insights in Section 3.1, we then weaken the crosslinking bonds in 

Section 3.2. This helps us determine the extent to which the strength of these bonds 

influences the overall tensile properties, thereby deepening our grasp on their role during 

stretching. Subsequently, we analyze how the interplay of entanglements, and the cross-

linking network affects the tensile characteristics of entangled polymer systems. In section 
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3.4, we quantitatively present the roles of entanglement and the crosslinking network 

during the stretching process. Here, we extract specific parameters to better understand 

the impacts of both entanglements and the crosslinking network. The stress–strain curve 

is particularly illuminating, showcasing the relationship between the material’s stress 

(force per unit area) and strain (deformation). The number of broken bonds (nB) provides 

a side perspective on the integrity of the polymer system during stretching. The normal-

ized end-to-end distance (< Ree > ) helps to characterize the straightening status of the 

polymer chain during stretching, especially changes in the slope of the curve which 

indicate the resistance the polymer-chain encounters during the straightening process. 

Typically, for a linear unentangled polymer chain, the changes in the slope of the normal-

ized < Ree > are minimal when its transitions from a completely relaxed state to a fully 

straightened state [52]. This is due to the polymer chain experiencing uniform resistance 

during this process. The changes in the bond length of all bonds within system (lb) 

distribution can help to provides insight into the force distribution of all bonds within 

the polymer at various tensile moment, while the evolution of the mean bond length of all 

bonds within system (�lb) with the extensive strain can help to compare the force acting on 

the bonds at the different moments of the stretching process.

3.1. Stretching of unentangled polymer networks

Results in Figure 3 quantify the structural evolution of N = 20 network from the onset of 

extension to complete fracture (σ = 0) under two distinct potential function value combi-

nations. The parameter changes shown in Figure 3 (a-f) offer key insights into the system’s 
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Figure 3. The stretch of unentangled network (N20) with different potential parameters value setting 
for crosslinkers: (a) stress–strain curves for the stretched system with N=20 and different potential 
function value settings for crosslinking bonds, (b) the change of the number of broken bonds (nB) with 
the strain, (c) normalized end-to-end distance < Ree > vs. strain, (d) the bond length (lb) distribution 
(all bonds) with the change of strain for the potential setting Fitting/Stevens, (e) the bond length (lb) 
distribution (all bonds) with the change of strain for the potential setting Fitting/Fitting, and (f) the 

change of mean bond length (�lb) with strain.
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evolution during stretching, enhancing our comprehension of the crosslinking network’s 

role in the stretching of unentangled crosslinked polymers. From Figure 3, the potential 

setting combination Fitting/Fitting and the potential setting combination Fitting/Stevens 

show similar tendency but different values, we first use the potential setting combination 

of Fitting/Stevens (the black line in Figure 3) to show what the role of crosslinking network 

has played during the process of stretching for unentangled polymer systems.

Figure 3(a) displays the stress response of the crosslinked polymer through three clear 

stages as strain increases. Initially, from a strain of roughly 0 to 3, the stress rises almost 

linearly with strain. In the second stage, between strains of around 3 and 4, the stress 

remains relatively constant, even as the strain continues to increase. After this point, as 

the strain rises further, the stress begins to decline. As observed in Figure 3(b), almost no 

bonds break in the first stage, suggesting that the polymer network retains its integrity 

despite the deformation during this phase. However, when the deformation enters 

the second, the value of nB increases nearly linearly with the further stretching. 

Considering the uniform stretching of the polymer network throughout, the slope of 

the curve in this plot signifies the bond-breaking rate. This suggests that when deforma-

tion enters the second stage, the nB value in the unentangled polymer network decreases 

uniformly.

Figure 3(c) illustrates the changes in the normalized < Ree > with strain throughout the 

entire stretching process. During the first stage, the < Ree > of the polymer chains 

increases nearly linearly with the increase in deformation, suggesting that the chains 

follow affine deformation. As deformation progresses into the second stage, the increase 

in the polymer chain’s < Ree > begins to decelerate. The changes in nB and in < Ree > 
show that in this stage, parts of the chains are highly stretched to the limit suggested by 

the Langevin chain model. Chains in the highly stretched state are prone to breakage, if 

not already broken. But the network maintained its integrity in this stage because the 

number of broken chains is limited. When considering the material’s uniform stretching, it 

becomes evident that the polymer chains, behaving as Langevin chains, face heightened 

resistance during stretching compared to the initial stage. This aligns with observations 

from Figure 3(b), where bond breakage commences. This implies that some of the primary 

load-bearing bonds have reached their load limit and start to fracture. Yet, since few 

bonds break, the stress can maintain a relatively high level even with increased deforma-

tion. This limited change in stress, despite the strain, accounts for the near-stable stress- 

strain curve observed in the second stage of Figure 3(a). In the third stage, the value of 

< Ree > decrease after reaching a peak shown in the second stage because of the 

accumulated damage done to the network in the previous stage such that the load- 

bearing capacity of the network decrease.

As the bonds break, as shown on Figure 3(b), segments of chains are liberated from the 

bulk network. Since they are free, they tend to relax from the high-energy and stretched 

state back to the equilibrium state. Figure 3(d) depicts the distribution of lb during the 

stretching process. The mean of the distribution shifts rightward as deformation increases 

but shifts leftward afterward because of the network’s damage. The change of the mean 

bond length, �lb, of all bonds within the system is shown in Figure 3(f). The increase of �lb 

corresponds to the first and the second stage of the deformation, while the decrease 

represents the third stage.
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3.2. The change of the strength of the crosslinking bond

Many studies underscore the influence of the crosslinking density on the mechanical 

properties of the crosslinked system. It is widely accepted that, within specific bounds, 

amplifying the crosslinking density can increase the network’s modulus [53,54]. The 

Influence of the crosslinking bond’s strength on the tensile properties of the network is 

detailed in this section.

For a given polymer system with a constant crosslinking density, it is possible to form 

various types of crosslinking bonds between polymer chains. These bonds can be either 

covalent or ionic and can be formed either during the polymerization process or post- 

polymerization [55–57]. Typically, covalent bonds are stronger than ionic bonds. As 

a result, different crosslinking bond types can lead to networks with diverse mechanical 

properties, like overall strength and resilience. As the quartic potential function values 

fitted in this study are weaker than the potential function values used in the research of 

Stevens [49], we set the crosslinking bonds to be the potential function values used by 

Stevens and those fitted in this study, respectively, and compare their effect of the tensile 

process.

Figure 3(a) illustrates that by decreasing the strength of the crosslinking bond, there 

is a pronounced drop in the material’s peak stress, and the strain at which complete 

fracture occurs is significantly reduced. When comparing the evolutions in < Ree > in 

Figure 3(c), it is noticed that the network with stronger crosslinking bonds is less stretched 

than the network with weaker counterpart at the same applied strain. This infers that an 

increase in the strength of crosslinking bonds correspondingly enhances the strength of 

the network. The changes of the distribution lb under two sets of potential values are 

shown in Figures 3(d,e). The changes in �lb are shown in Figure 3(f). While the evolutions of 
�lb share similar trend, the peak values are significantly different showing that the weaker 

crosslinking bond indeed make the network easier to stretch. In addition, our analysis of 

the bond breakage location revealed that when potential function values proposed by 

Stevens are used for the crosslinking bond, all bond breaking occur at the chain’s internal 

bond. In contrast, when we use the potential function values we derived in this study for 

the crosslinking bond, about 10% of bond breakages occur at the crosslinking sites. 

Therefore, the analyses on strain-induced alterations in the networks, presented hereafter, 

are all with the combination of the Fitting/Stevens potential function values for the 

polymer chains and crosslinking bonds.

3.3. Stretch of entangled polymer networks

In sections 3.1 and 3.2, we investigated the role of crosslinking during the stretching of 

unentangled polymers. From this section onwards, we shift our focus to understanding 

the roles that both the crosslinking and entanglement play in the stretching process, 

using a polymer system with a chain length of N = 1000 as a case study. The stress–strain 

curve of the entangled system resembles the result of the unentangled case, although 

the second stage is notably short. For a precise definition of the second stage, it is 

determined that the polymer deformation enters this stage when the stress reaches 

90% of the maximum stress. As shown in Figure 4(a), during the first stage, the stress 

increases linearly with strain. Upon entering the second stage, the fluctuation in stress 
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values is minimal (maximum: 10%). As deformation progresses into the third stage, the 

stress response significantly reduces with increasing strain, though complete fracture (i.e. 

stress value reaching zero) is not observed within the simulated stretching range. The 

change of broken number of bonds nB in Figure 4(b) illustrates the network’s integrity 

throughout the stretching process. During the first stage of deformation, only a negligible 

number of bonds break as strain increases, indicating that the network integrity is largely 

preserved during this stage. Upon transitioning into the second stage, a significant 

increase in nB is noted as strain progresses. Unlike in the unentangled system, the slope 

of the curve during this stage steadily escalates, reflecting a gradual increase in the rate of 

bond breakage. At the junction of the second and third stages, nB almost linearly increases 

with strain. As the third stage approaches its end, the rate of bond breakage begins to 

taper off, resulting in a progressive flattening of the curve. Figure 4(c) presents the 

changes in normalized < Ree > as a function of the strain. The value of < Ree > incremen-

tally rises with strain, ultimately tending toward a constant value. On transitioning into 

the second stage, the curve’s slope progressively steepens, suggesting the polymer chains 

enter the highly stretch state during this phase. This is further evidenced by the shifting in 

lb distribution with strain (Figure 4(f)). From this figure, it is clear that during the first stage, 

lb remains relatively stable despite the strain increase, implying the bonds within the 

system are either forceless or subjected to negligible force. As the deformation enters 

the second stage, a discernible rightward shift in lb distribution is observed, reflecting that 

more bonds start to be subjected to force in the second stage. This may account for the 

progressive decrease in the < Ree > ‘s slope during this stage. Upon entering the third 

Figure 4. The stretch of entangled crosslinking polymer systems (N1000) using the potential setting of 
Fitting/Stevens for the chain’s inner bonds and crosslinking bonds respectively: (a) stress–strain curves 
for the stretched system, (b) the change of the number of broken bonds (nB) with the strain, (c) 
normalized end-to-end distance Ree vs. strain, (d) the number of entanglements with the change of 
strain, (e) the ratio of number of broken chains (nBC) to total chains (nTC), which includes the ratio of 
broken chain with entanglement and the ratio of broken with no entanglement, and (f) the change of 
bond length distribution with strain.
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stage, the < Ree > value stabilizes with strain increase. This differs from the previously 

studied unentangled polymer. This is primarily due to the negative correlation between 

entropic spring stiffness and polymer-chain length. As chain length increases, this value 

decreases, and the polymer chain scarcely retracts. Thus, as a substantial number of bonds 

break, < Ree > gradually reaches a constant value. The lb also decreases in this stage. The 

tendency for the change of lb occurring in the entangled polymer system is like the N20 

system. As shown in Figure 4(e), the integrity of the network has been destroyed severely 

in the third stage. Some chains therefore have no force acting on, which causes the 

decreasing of the lb.

Figure 4(d) depicts the change in the number of entanglements ( Zh i) throughout the 

stretching process. In the initial stage, the Zh i value rises notably with increasing strain. 

This is primarily because as the length of the simulation box along the stretch direction 

increases, the cross-sectional area of the simulation box contracts, resulting in closer 

proximity between polymer chains and an increase in their aggregation degree. This is 

corroborated by the local configuration changes in the polymer network from Figure 5(c, 

d). Furthermore, as illustrated by the red dashed line in Figure 5(d2), as some chains 

straighten during this process, their contact surface area with other chains grows. These 

two factors likely lead to an increase in system entanglements during this phase. As the 

system moves into the second stage, there is a marked reduction in the number of 

entanglements. This is because more bonds are subject to force during this process, 

and the polymer chain is gradually straightened, see Figure 5(e). From Figure 4(e), it is 

evident that during the first stage, nearly no chains break, and the fraction of broken 

chains in the system devoid of entanglements is also low. Hence, throughout this phase, 

entanglements maintain a minimal level. However, as the strain increases and the defor-

mation enters the second stage, the percentage of broken chains without entanglements 

(a)

(b)

(c1)

(d1)

(e1)

(f1)

(c2)

(d2)

(e2)

(f2)

Ini al

Ini al

strain=0

strain=4

strain=10

strain=15

Figure 5. The evolution of polymer’s configuration during the stretching process: (a) snapshot of initial 
polymer chains, (b) initial primitive paths (PPs), (c1) and (c2) the polymer chains configuration (left) 
and initial primitive paths (right) at the strain equal to 0, (d1) and (d2) strain=4, (e1) and (e2) 
strain=10, and (f1) and (f2) strain=15.
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grows, resulting in a notable decrease in the system’s overall entanglements. Upon 

reaching the third stage, the number of entanglements in the system slowly decreases 

because a considerable number of chains break. Significantly, there is a marked increase 

in the number of segments without entanglements as the deformation transits from 

the second to the third stage. This leads to a pronounced decline in the number of 

entanglements in this phase. As the strain increases in the third stage, the growth of 

chains lacking entanglements slows down, likely accounting for the tapering decrease in 

the system’s overall entanglement count. Such dynamics can also be visualized from 

Figure 5(f). In this stage, numerous chains break down into shorter chains, which sig-

nificantly curtails the system’s entanglement count.

The combined analysis sheds light on the roles of entanglement and crosslinking 

throughout the entangled polymer network’s stretching. In the initial stage, as high-

lighted in Figure 4(b), minimal bonds break, implying that the polymer network maintains 

a high level of integrity. Simultaneously, the number of entanglements markedly rises (see 

Figure 4(e)). However, no significant shifts occur in the material’s bond length suggesting 

that the elasticity of the network is still an entropic effect and that entanglement plays 

a pivotal role during this stage. Being the primary load-bearing mechanism, entangle-

ments first absorb the external load placed on the network during the initial stage, and 

determines the peak stress of the network. In the second stage, the number of entangle-

ments within the system dramatically drops, while the value of nB increases, indicating 

that the internal bonds of the system begin to react to external forces. The subsequent 

rightward shift in the bond length distribution highlights an elongation of these bonds. 

While some bonds start to fracture, their numbers remain limited, ensuring that the 

polymer network largely maintains its integrity.

Consequently, integrating the present analysis offers the understanding that as the 

deformation continues to increase, certain entanglements surpass their load-bearing 

threshold and begin to slip. This leads to the straightening of the polymer chain observed 

in Figure 5(e1). At this state, the load-bearing element within the system starts to transit 

toward the polymer bonds. As the nB continues to increase, the polymer network’s 

integrity is significantly compromised, leading the system’s transition into the third 

phase. This elucidates that our observation in the second stage, as represented in 

Figure 4(b), that a gradual incline in the curve’s slope. In the initial part of the second 

stage, the entanglements primarily absorb the applied stress, preventing the network 

bonds from experiencing direct external pressures. As a result, bond breakage occurs at 

a reduced pace. However, as strain increases and a significant number of entanglements 

decrease, more bonds directly bear the load, leading to a faster rate of bond breakage. In 

summary, the increase in entanglement quantity is the key factor keeping the entangled 

polymer system in the first stage. The reduction in entanglement numbers instigates the 

transition from the first to the second phase, while the network sustains the system within 

the second phase. Ultimately, the network’s disintegration triggers the system’s transition 

into the third stage. The research findings presented in this paper regarding the role of 

entanglements in crosslinked polymers validate the hypotheses put forth by Suo et al. 

[15]. In their work, they designed a polymer wherein the entanglement count notably 

surpasses that of cross-link, resulting in a pronounced enhancement in the network’s 

mechanical properties. They hypothesized that this might be because, during the stretch-

ing process, the entanglements enable the transfer of tensile forces acting on a polymer 
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chain to other chains, leading to a more uniform force distribution within the system. This 

finding aligns with the observations in our study, where the entanglements serve a load- 

bearing role in the initial stage of stretching.

Although the case N1000 shows the roles of the entanglement in the stretching 

process, the number of entanglements per chain in this system remains relatively modest 

(around 20 entanglements per chain). To validate these conclusions in highly entangled 

polymers, we have extracted data from a longer chain length of 8408 (227 entanglements 

per chain) in the entangled polymer and studied the variations of relevant parameters 

during the stretching process, as shown in Figure S6, where it can be observed that the 

information reflected is generally consistent with the information provided in Figure 4. 

Therefore, we believe that the conclusions drawn from the above analysis are generally 

applicable to highly entangled polymers.

3.4. The correlation of entanglement and crosslinking with tensile stress

The results shown in section 3.3 the roles of entanglement during the network tensile 

process, highlighting its strong interplay with tensile stress. To delve deeper into this 

connection, we normalized the alterations in the number of entanglements Δ Zh i, as well 

as the nB at the three stages, against the tensile stress (σ). These are visualized in Figure 6. 

Figure 6(a) demonstrates the correlation between the normalized augmentation in 

entanglement throughout the first stage of stretching and the maximum tensile stress 

in this stage (σmax;S1). We observe a positive linear relationship between the growth in 

entanglement and fluctuations in tensile stress. This observation is further corroborated 

by Figure 6(c), which indicates that the normalized number of broken chains (nBC) remains 

constant with increasing stress during the first stage. This underpins our prior conclusion 

Figure 6. The correlation between the entanglement as well as crosslinking network and the tensile 
stress: (a) the normalized change of entanglements number with the normalized tensile stress in stage 
1, (b) the normalized change of entanglements number with the normalized tensile stress in stage 2 
and stage 3, (c) the normalized tensile stress vs. normalized number of broken chains (nbc), (d) the 
initial elastic modulus (E) changes with the reciprocal of the chain length, (e) the change of tube 
diameter with the strain and (f) the normalized elastic modulus vs. normalized tube diameter.
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that entanglements operate as primary load-bearers in the first stage, and the quantity of 

entanglement within the system establishes the tensile stress of the entangled cross-

linking polymer during the elastic phase. Figure 6(b) illustrates the relationship between 

the normalized entanglement decrease during the second and third stretching stages and 

the maximum tensile stress in these stages. Considering this encompasses the second 

stage, the maximum tensile stress during this phase also signifies the material’s highest 

tensile stress over the entire stretching process. In Figure 6(c), it is shown that during 

the second stage, despite the decreasing number of entanglements and disruption of the 

network, stress value does not change much. From the discussions in Section 3.3, it 

is evident that the combined effects of reduced entanglements and the retained integrity 

of the crosslinking network leads to the emergence of the second stage. Therefore, it is 

not surprising that their respective correlations with tensile stress in the second stage are 

low. In the third stage, it is observed that the correlation between the normalized quantity 

of entanglements within the system and tensile stress is low, with no significant alteration 

accompanying an increase in tensile stress. However, there exists a negative correlation 

between the normalized nB and tensile stress, lending further confirmation of the finding 

in Section 3.3, suggesting that the damage of the crosslinking network contributes to 

a decline in tensile stress within the system during the third stage.

The microstructure of the entangled network has been analyzed. To quantify the 

macroscopic elastic property of the network, the Young’s modulus, E, is estimated from 

the slope of the stress–strain curves in Figures 3(a) and 4(a). The modulus E is defined by 

averaging the slopes up to 0.1 of strain.

We first explore the relationship between initial E with the chain length, as shown in 

Figure 6(d) and the relationship between E with the tube diameter app, as shown in 

Figure 6(f). In Figure 6(d), it is shown that the value of E displays a linear decline as the 

chain length changes from unentangled to entangled regime (from N20 to N100). The 

value remains stable once it enters the highly entangled regime, as there is almost no 

significant change in the initial E value when the chain length is over 1000. Longer 

polymer chains tend to have more conformational possibilities and greater flexibility 

[58]. When subjected to stress, these chains can uncoil and extend to accommodate the 

applied force, leading to a reduced E value because of their ability to deform more before 

breaking. In addition, longer chains can result in more entanglement of the polymer 

chains. This increased entanglement can lead to a decreased response to stress because 

the chains are less able to align in the direction of the stress [59]. We also have compared 

the estimated E value with the counterpart predicted by the Gaussian and the tube 

models. The comparison is shown in Figure 6(d). The modulus predicted by the 

Gaussian model is calculated according to the shear modulus Gx=ρckBT , where ρc is the 

number density of the chains. On the other hand, the entanglement modulus, Ge =  

0.0128, has been given in the work of Svaneborg et al. [47]. With the assumption of 

incompressibility, i.e. Poisson’s ratio ν = 0.5, the corresponding Young’s moduli are calcu-

lated according to Ex= 2Gx 1 þ νð Þand Ee= 2Ge 1 þ νð ÞIt is worth noting that the moduli 

estimated from our MD simulations are higher than the theoretical predictions because of 

the enthalpic (bond stretching) effect of the dynamic loading in the MD simulation. On 

the other hand, the Gaussian and the tube model only consider the entropic effect. The 

enthalpic effect is suggested by the change in the bond length, which is related to the 
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elongation and breakage of the quartic bonds. We have examined the change in the 

system’s tube diameter in response to strain as shown in Figure 6(e). The result reveals 

that for a constant polymer system, as the stretch length increases, the app value shows 

a trend of increasing first and then tending toward a constant value, where the increase in 

the app value occurs in the first stage. In addition, we have also extracted the change in 

app value with different chain lengths of the polymer system and found that as the chain 

length of the polymer system increases, the app value shows a trend of first increasing and 

then remaining unchanged, such as when the chain length increases to over 800, its app 

value remains consistent in spite of the increase in chain length. Finally, the relationship 

between app and E in the first stage is shown in Figure 6(f), which shows a strong 

correlation between app value and E value. Based on the analysis above, it is concluded 

that the chain length determines the initial E value, and the app makes the E increase with 

stretching.

The analysis and research results have shown how the crosslinking networks with and 

without entanglements present different tensile properties. In unentangled polymers, this 

research underscores the profound impact of crosslinking bond strength on the polymer 

system’s overall strength and resistance to deformation. The findings provide new 

thoughts for materials design to improve the tensile strength of the unentangled polymer 

systems. For entangled polymers, a notable discovery is the pivotal role of entanglement 

in load-bearing during the elastic stages of stretching. As stretching continues and 

entanglement decreases, the responsibility of load-bearing transfers to the network 

bonds. This provides direction for the design of highly stretchable polymers and more 

resilient materials. Overall, these findings highlight the interplay between entanglement 

and crosslinking in the stretching processes of highly entangled polymer networks. Such 

insights pave the way for advanced design strategies in polymeric materials, targeting 

specific mechanical properties.

4. Conclusions

In conclusion, this research sheds light on the pivotal roles that entanglement and the 

crosslinking network play during the stretching of entangled polymer systems. The 

comprehensive analysis demonstrates that the intricate interplay between the crosslink-

ing bond strength, entanglement, and their influence on the polymer system’s tensile 

stress. First, we analyze the stretching process of unentangled polymer system and show 

that the strength of the crosslinking bond is an important factor affecting the overall 

strength of the networks. A reduction in the strength of the crosslinking bond substan-

tially elevates the rate of bond breakage, decreasing the network’s load-bearing capacity. 

Then, in examining the stretching process of the entangled polymer system, it is shown 

that in the early phase of stretching, the entanglements serve as the primary load-bearing 

mechanism and determine the maximum stress the entangled network can endure 

during elastic deformation. As the stretching process progresses, we note a reduction in 

the number of entanglements, shifting the load-bearing role onto the individual bonds. 

This shifting is crucial for the transition of the system from the first to the second stage. 

Subsequently, the continued stretching process leads to the destruction of the polymer 

network, marking the system’s transition into the third stage which is characterized by an 
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accelerated rate of bond breakage, resulting in a severe disruption to the network’s 

integrity and a decrease in the system’s tensile strength. Furthermore, through normal-

ization, we have further confirmed the connections between the shifts in entanglement 

number, the breakdown of the crosslinking network, and the tensile stress within the 

entangled system. The increase in entanglement corresponds to the increase in tensile 

stress in the first stage, which exists a linear correlation between them, while the 

destruction of the network correlates with the decrease in tensile stress during the third 

stage. In summary, our research provides an understanding of the complex interplay 

between the entanglement and the elasticity of the network.
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