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n a recent paper in this journal (Chem. Mater. 2022, 34,

2545—2552)," Twyman et al. studied the environmental
stability of crystals using a greedy heuristic algorithm to
identify oxidation products that approximately minimize
reaction enthalpy. Reformulating their problem as a linear
optimization allows it to be solved exactly, with less code and a
comparable computational time. Use of the greedy heuristic
results in quantitative and qualitative errors in the oxidation
product prediction for 56.8% of the starting materials they
consider. Consideration of copper oxidation illustrates the
limitations of their underlying premise that thermodynamics
determines environmental stability.

1. Oxidation Product Prediction as a Thermodynamic
Minimization Problem. Twyman et al. posit that the
necessary conditions for self-passivation are the formation of
a thermodynamically stable oxide phase that is mechanically
matched with the parent material. They describe the
mechanical condition in terms of the Pilling—Bedworth ratio
and the thermodynamic condition in terms of the following
optimization problem: Given an oxygen-free reactant com-
pound M, and a set of all possible oxidation products {Q,, Q,,
.y Q,}, the most stable set of products will be those that
minimize the reaction enthalpy (alternatively, free energy) of
the oxidation reaction

M+ 90, = x,Q) + x,Q2, + ... + x,Q, (1)

where (x;, x5, ., xn) =X2>0 and y is an arbitrary non-
negative number as the system is open to oxygen.

Twyman et al. note that this problem has the form of a
continuous (or fractional) knapsack problem. Indeed, integer
knapsack problems (also known as 0/1 knapsack problems)
are NP-complete, and smaller problems are typically solved
through dynamic programming, whereas larger problems
require heuristics.” (A problem is in the nondeterministic
polynomial-time (NP) complexity class if a proposed solution
can be verified in polynomial time and a brute-force
enumeration of possible candidates will find the true solution.
An NP problem is NP-complete if all NP problems can be
converted to it in polynomial time. Practically, solving NP-
complete problems requires a time growing exponentially with
input size to enumerate the brute-force search space.’)
However, continuous knapsack problems can be solved exactly
as a linear optimization problem (also known as linear
programming, LP) in polynomial time (complexity class P).*
Essentially, one solves for a vector of products minimizing the
total formation enthalpy, subject to a set of stoichiometric
constraints, expressed in canonical form as
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T
minimize h X — h,
subjectto  sX =5,
i20 @

where } are the formation enthalpies of products in energy per
atom (h, is the enthalpy of formation of the starting
compound, M) and s = (5], ..., 5,) is a matrix whose column
vectors are the stoichiometric coefficients for the elements to
be conserved, divided by the total number of atoms (whether
conserved or not), for each compound. (The superscript T
indicates a transpose of the column vector to a row vector.)
The corresponding vector of normalized stoichiometric
coefficients for the starting compound, M, is denoted 5.
Only the stoichiometric constraints expressed by entries in s
are imposed, and by omitting the row corresponding to an
element (e.g., oxygen), no stoichiometric constraint is
imposed.

To illustrate this approach, consider the example used by
Twyman et al. in Figure 4 of their paper on the oxidation of a
hypothetical compound M = AB into possible oxide products
Q = {A,BO, AB,O, AO, BO}. The data for their example
corresponds to

X = (), x,, %3, %)
h=(-10, -9, -5, —2)
hy = —1

5 = (1/2, 1/2)

() ()

where formation enthalpies (h,, i;) are in eV/atom. Notice
how in s, only the A and B stoichiometries are described, not
the O stoichiometry. Solving the problem defined in eq 2
yields the optimal solution % = (0.667, 0.667, 0, 0), just as in
their example.
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Whereas the greedy algorithm is approximate, LP finds the
exact solution.” LP is simpler to implement because one can
use existing, highly efficient convex optimization software
packages. Excluding comments and formatting, Twyman’s
greedy heuristic requires 76 lines of Python code, whereas only
37 lines of Python code are needed to set up the problem and
call an external LP package. LP solvers are highly efficient:
Optimizing the stable oxidation products for 39,634 materials
requires only 52 s on a personal computer. Thus, LP has the
advantages of being exact, easier to implement, and fast.

The same mathematical structure can be used to minimize
the free energy by transforming the variables in eq 2, as the
reactants and products are either solids (with unit activity) or
gaseous oxygen at constant pressure, so there is no need to
include logarithmic terms in the free energy expression, and
the expression remains linear. Grand-canonical free energy
minimization problems, where the system is open to reservoirs
of one or more components, are routinely solved using LP in
OQMD*™" and pymatgen.”” The method implemented in
pymatgen constructs a convex hull defined by the thermody-
namic inequalities and then examines the vertices, which is
functionally equivalent to Dantzig’s simplex algorithm for
solving LP problems.

2. The Greedy Heuristic Gives Quantitative and
Qualitative Errors in Oxidation Product Prediction. We
repeated Twyman et al’s calculations determining the most
stable oxidation products for 39,634 starting materials from the
Materials Project'® using both their greedy algorithm
(AHS™) and a LP solution (AHS}) using Gurobi.'' The
greedy algorithm is suboptimal for 22,504 (56.8%) starting
materials; the remaining cases are the same. The distribution of
nonzero AHY — AHS™Y is shown in Figure 1. The error
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Figure 1. Distribution of nonzero (>107° eV/atom) values of AHLY —

AHGrY,

(difference between AHLY and AHS™¥) can be as large as
—1.480 eV/atom, and the mean absolute error of the greedy
approach is 0.119 eV/atom. In addition to quantitatively
suboptimal reaction enthalpies, the greedy algorithm gives
qualitatively incorrect predictions of the reaction products, i.e.,
it predicts products that are absent in the exact LP solution and
vice versa. In fact, a nonzero AH"® — AH®™Y value always
corresponds to a set of qualitatively wrong products predicted
for the greedy algorithm. As an example, Table 1 shows the
predicted products of SrysSeq,5Se2s (mp-1218707), the worst
prediction by the greedy algorithm. The greedy algorithm
predicts three binary oxides, whereas the exact calculation
predicts two ternary oxides. More examples can be found in

802

Table 1. Predicted Oxidation of Sry ;Se,5S,,5 (mp-
1218707) Predicted by the Greedy Approximation versus
the Exact Solution

B3
Method Products (eV/atom)
Greedy 1 X Sy550q75 (mp-2414) —5.968
+ 0.875 X Sep,5600714 (mp-27358)
+ 1.5 X 81933300467 (mp-2697)
LP 0.25 X 5167501670067 (mp-5285) —7.488

+ 0.25 X Sr0.1675€0.16700.667 (mp-4092)

»

the notebook “whygreedy.ipynb” in the repository (see Data
Availability section for access). Thus, the greedy algorithm
unreliably predicts the oxidation products, undermining
conclusions about environmental stability.

3. Copper Oxidation lllustrates the Limitations of the
Thermodynamic Approach to Self-Passivation and
Environmental Stability. Even with an exact calculation,
using computed oxidation enthalpies can result in unreason-
able predictions. Optimizing the oxidation reaction eq 1 using
computed enthalpies of formation from the Materials Project,
the oxidation product of pure copper is predicted to be Cu,O;
(mp-771359). Although computationally this compound is
predicted to be stable (in the convex hull of Cu—0), Cu,04
has never been observed experimentally. This illustrates
limitations inherent in using computed data and/or the
formation enthalpies at 0 K (as opposed to free energies at
finite temperature). Furthermore, oxidation reactions of
interest for environmental stability happen almost exclusively
at the solid—air interface and are, thus, subject to diffusion
mechanisms of all species involved. At room temperature, long-
term air exposure of copper film yields an inner layer of
cuprous oxide (Cu,O) and an outer layer of cupric oxide
(Cu0), and the latter only develops when the former is thick
enough such that Cu diffusion is partially blocked."”~"* Even a
thermodynamic optimization that limits the species to solely
Cu, CuO, and Cu,0O would predict only CuO formation, not
the intermediate Cu,O layer. Fortuitously CuO and Cu,O
have similar Pilling—Bedworth ratios with respect to copper, so
this would not change the environmental stability conclusion;
however, this is not generally the case. One potential solution
for such diffusion-limited oxidations is to solve eq 1 with a
gradually increasing y instead of an unbounded y (Figure 2),
which naively simulates the oxygen activity profile"> from bulk
copper to the outmost layer of copper oxide. This method
assumes there is only one reductant or only one clear winner in
the diffusion competition at the solid—air interface. For
complex alloys, diffusion rates are required to calculate relative
activities of reductants.

B CONCLUSION: WHY BE GREEDY WHEN YOU CAN
BE EXACT?

Greedy heuristics are a valuable algorithmic tool for finding
approximate solutions to challenging optimization problems.
However, for this problem, a greedy approximation is not only
unnecessary—the exact solution is of comparable computa-
tional cost and easier to implement—but also leads to
qualitative failures.

Our analysis was facilitated by open code availability. Full
disclosure of program code allowed us to closely examine their
algorithm, resolve narrative ambiguity about the implementa-
tion, and directly compare results and timings. This illustrates
the value of code sharing for advancing scientific discourse, and
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Figure 2. Predicted oxidation products for copper as a function of y in
eq 1, limiting the product species to CuO and Cu,O.

we hope it will encourage authors, editors, and publishers to
mandate complete dissemination of the code used for scientific
papers. A release of the source code can also be found at
https://doi.org/10.5281/zenodo.7504862.

Qianxiang Ai ® orcid.org/0000-0002-5487-2539

Joshua Schrier ® orcid.org/0000-0002-2071-1657
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Data Availability Statement

Python 3.9 source code used for all calculations, details
regarding the data set, and related documentation are available
at https://github.com/qai222/whygreedy.
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