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Collectives of actively moving particles can spontaneously separate into dilute and dense phases—a
fascinating phenomenon known as motility-induced phase separation (MIPS). MIPS is well-studied for
randomly moving particles with no directional bias. However, many forms of active matter exhibit
collective chemotaxis, directed motion along a chemical gradient that the constituent particles can generate
themselves. Here, using theory and simulations, we demonstrate that collective chemotaxis strongly
competes with MIPS—in some cases, arresting or completely suppressing phase separation, or in other
cases, generating fundamentally new dynamic instabilities. We establish principles describing this
competition, thereby helping to reveal and clarify the rich physics underlying active matter systems that

perform chemotaxis, ranging from cells to robots.
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The thermodynamics of active matter—collections of
agents that consume energy to move or exert forces—has
been studied extensively due to its fundamental richness as
well as its importance to diverse applications [1,2]. One
prominent class of active matter is that composed of self-
propelled agents, ranging from enzymes [3—5] and cells [6—
9] to synthetic microswimmers and robots [10—12]. These
forms of active matter can often be modeled as collections
of active Brownian particles (ABPs), each of which self-
propels with a velocity of magnitude U, and a direction that
is continually reoriented by random thermal fluctuations,
eventually decorrelating over a timescale zz. The persist-
ence length of an ABP trajectory is then given by ~Uq7g;
the directedness of a particle of radius a can there-
fore be described by the reorientation Péclet number
PCR = Cl/(UoTR).

Studies of this canonical model have led to fascinating
insights into the thermodynamics of active matter. For
example, phase separation in passive equilibrium systems
typically requires attractive interactions between constitu-
ents; in stark contrast, for small Pez, ABPs undergo
motility-induced phase separation (MIPS) into dense and
dilute phases without attractive interactions [13-18].
Remarkably, this nonequilibrium process can often be
described using models inspired by the phase separation
of thermally equilibrated passive systems [15,19-22].

This prior work focused on ABPs that move randomly,
with no preferred direction. However, many forms of active
matter exhibit collective chemotaxis—directed motion in
response to an external chemical gradient that can be
generated collectively by the agents themselves. In biology,
this phenomenon enables populations of cells to escape
from harmful environments, colonize new terrain, and
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migrate as groups [6,23-32]; at the subcellular level,
enzymes may also perform chemotaxis [3-5]. Synthetic
active materials that can perform chemotaxis have also
been developed, often exhibiting new surprises in their
phase behavior—e.g., unusual clustering and oscillatory
density fluctuations [10,11,33-42]. However, despite these
hints that chemotaxis can influence the physics of active
matter, a broader understanding of how exactly chemotaxis
alters MIPS remains lacking.

Here, we address this gap in knowledge by developing a
theoretical model that combines both MIPS and chemo-
taxis, which are usually studied in isolation. We find that
collective chemotaxis can dramatically suppress MIPS,
arrest phase separation, or engender new complex phase
separation dynamics reminiscent of other pattern-forming
systems [43-59], but that arise due to completely different
physics—in this case, due to the competition between
MIPS, which drives ABPs to cluster into dense phases, and
chemotaxis, which instead drives them to disperse away.

Governing equations.—Building on existing continuum
models of MIPS [15,19-22], we describe the time evolution
of the volume fraction ¢ of chemotactic ABPs via the
continuity equation

9% _

o -V (1)

J = MoV (fi, (¢, Peg) — kV?¢) + 1oV f(E), (2)
——

MIPS chemotaxis

where 7 is time and J is the flux of particles. This flux has
two contributions, as indicated by the underbraces in
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Eq. (2). The first reflects active Brownian motion, as
established by the classical “model B”; in future work, it
would be interesting to explore other models of MIPS that
treat additional complexities [20]. As detailed in Sec. 1 of
[60], My = 0.5U31y is the active diffusivity reflecting the
random undirected motion of the particles, fi;, is the bulk
chemical potential nondimensionalized by the energy scale
0.5¢ U%TR with drag coefficient ¢, and the characteristic
length scale /k ~ Uyzy sets the width of the interface
between the dense and dilute phases in MIPS [15,19].

The second term in Eq. (2) represents a new addition of
chemotaxis to this classical model of MIPS. This term is
widely used to describe the chemotaxis of microorganisms
[6,24-32,77] as well as many synthetic forms of active
matter [4,34,78,79]; indeed, it can be directly derived from
an explicit microscopic description of chemotactic ABPs as
detailed in Sec. 2 of [60], based on [34]. Here, ¢ is the
concentration, nondimensionalized by a fixed characteristic
concentration, of a diffusible chemical signal (the “chemo-
attractant”) that the particles sense and direct their motion
in response to. The monotonically increasing function f(¢)
describes the ability of the particles to sense the chemo-
attractant; we take f(¢) = ¢ as an illustrative example
[80,81]. The chemotactic coefficient y, describes the ability
of the particles to move up the sensed chemoattractant
gradient. Thus, y(Vf(¢) describes the chemotactic veloc-
ity, and when multiplied by ¢ describes the chemotactic
flux [82,83]. Hence, we define a new chemotactic Péclet
number Pe. = y,/M, to describe the competition between
directed chemotaxis and undirected active diffusion.

Chemoattractants (e.g., nutrients) are often taken up by
the particles themselves—thereby collectively generating a
local chemoattractant gradient that the particles bias their
motion in response to [24-26,28,34,37,39,40,84-88].
Thus, we describe the chemoattractant via

% = D .V?¢ — kepg(¢) + S, (3)

where D, is the chemoattractant diffusivity, k& is the
characteristic volumetric rate of chemoattractant uptake,
and ¢(¢) describes how uptake rate increases with ¢; we use
the linearized ¢(¢) = ¢ for simplicity. Finally, S represents
the rate at which chemoattractant is externally supplied,
taken to be constant and spatially uniform as an illustrative
example.

Chemotaxis suppresses MIPS.—First, we establish the
conventional case of MIPS as a baseline, described by our
governing Eqs. (1)—(3) with Pe- = 0. To do so, we choose
a functional form for fi,,(¢, Peg), given by Eq. (S4) of [60],
that derives from a previously established ABP equation of
state [16,89]. The homogeneous state with constant, spa-
tially uniform ¢(x) = ¢y, where x denotes position,
becomes unstable to fluctuations in ¢ when the free energy
is nonconvex (dyp, < 0). Therefore, the spinodal curve

demarcating the limit of stability is given by dyji, = 0,
shown by the black curves in Fig. 1; ¢ represents the ABP
volume fraction averaged over the entire system. Above
this spinodal curve, the homogeneous state is linearly
stable. Below the spinodal, ABPs spontaneously separate
into dense and dilute phases, initially forming domains with

a most unstable wavelength NqS‘pl = /—2x/0yf1;, that
coarsen over time via spinodal decomposition (Movie
S1) as established previously [19,89].

How do the features of MIPS change upon the introduc-
tion of chemotaxis (Pe- > 0)? Given a constant and uniform
S, the homogeneous state is now described by spatially
uniform ABP and chemoattractant profiles, ¢(x) = ¢, and
¢(x) = &g, where ¢ is given by the steady-state solution to
Eq. (3), ¢y = S/(k¢y). By perturbing this steady state with
small-amplitude fluctuations d¢p = 5(}5e"‘1'x+‘”’ and o¢ =
dee'*+@! of spatial wave vector ¢ and growth rate @, we
obtain the dispersion relation w(g), given by Eq. (S33) of
[60], where ¢ = |q| is the wave number of a given mode. The
homogeneous state is linearly stable if Re w < 0, which is
always true when dyfi, > 0. We therefore focus our sub-
sequent analysis on the spinodal region of nonchemotactic
MIPS where 9y, < 0, and nondimensionalize ¢ and o
by the characteristic nonchemotactic MIPS quantities g,
and wg, = (g, Pec = 0).

As detailed in Sec. 3 of [60], the dispersion relation
for chemotactic MIPS [Eq. (S37)] solely depends on three
dimensionless parameters: a = —M$o0yil;,/D., which
compares the collective ABP diffusivity —Mypo0yft;, to
that of the chemoattractant; the Damkohler number Da=
keo/(2D.q3,) = —xkepy/ (D 04fi), which compares the
rates of chemoattractant uptake and diffusion over the length
scale q;,l /+/2; and the reduced chemotactic Péclet number
Pe. = yoCo/(—=MohoOyfiy ). Because the MIPS phase dia-
gram is conventionally parametrized by ¢, and Peg, which
together set dyfi;, [Eq. (S5)], we also define versions of the
three dimensionless parameters that are independent of these
variables: ay = M,/D,, Day = xk/D,, and Pe, given ear-
lier, such that @ = —ay¢y0,fiy, Da = —Dayy/0d4fi;, and
Pe. = —Pec - S/ (kpj04fi;). Furthermore, because the pro-
portionality between Pe(. and Pe is scaled by S/k, without
loss of generality, we fix the chemoattractant supply rate
S/k = 1. Chemotactic MIPS is then parametrized by a total
of five governing parameters: {¢y, Peg, ap, Dag, Pec}, as
summarized in Table S1. Thus, to examine how chemotaxis
influences MIPS, we first investigate how the conventional
¢o — Pey phase diagram of MIPS changes upon varying ),
Da,, and Pe.

As detailed in Sec. 3 of [60] and summarized in
Appendix A, our first main result from the linear stability
analysis is that phase separation is suppressed by chemo-
taxis, but only when two criteria are simultaneously satis-
fied: (i) Pel. > Pe,, and (i) a < a.;, where Pe ;=
(1+min{Da,1})?/(4-min{Da,1}) and a.; = 1 + 2 - Da+
24/Da(1 + Da). We therefore designate the limits given by
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Chemotaxis suppresses MIPS. (a),(c).(e) Phase diagram determined by linear stability analysis for different Day and ay; ¢,

rve shows the limit of stability without chemotaxis, below which is

conventional MIPS. The colored solid and red dotted curves show Boundaries 1 and 2, defined in the main text; different colors indicate
different Pe-. Boundary 2 is below the horizontal axis in (a). The region above both boundaries is stable (ABPs in the homogeneous
state), while the region below either boundary is unstable. The different instability types—finite (F) or unbounded (U), stationary (S) or
oscillatory (O)—are denoted by the shaded, unshaded, nonhashed, and hashed regions, respectively. Dash-dotted and dashed
curves indicate the boundaries between F/U and S/O instabilities, respectively. The predictions are corroborated by simulations
(Movies S2-S4), snapshots of which are shown in (b),(d),(f), which focus on the gray boxed regions shown in (a),(c),(e). Snapshots in (b)

and (d) correspond to Pe- = 1, while Pe. = 0.35 in (f).

Pe,. =Pe(;, and a = a.; as “Boundary 1” and “Boundary
2”—shown in the Pep — ¢ phase diagrams (Fig. 1) by the
solid and red dotted curves, respectively. Boundary 1 is
colored by the different values of Pe-. Boundary 2 does not
depend on Pe. Criteria (i) and (ii) correspond to the regions
above Boundaries 1 and 2, respectively; hence, the region
above both boundaries represents the stable regime in which
the ABPs are in the homogeneous state, while conversely,
the region below either Boundary 1 or 2 represents the
unstable regime in which the ABPs phase separate.

As a starting example, we consider Day = 0.2 and
ap = 1, shown in Fig. 1(a). In this case, Boundary 2 is
below the horizontal axis; hence, the system is linearly stable
above Boundary 1 and unstable below it. Boundary 1 shifts
to lower Pey and a narrower range of ¢, with increasing Pe.
That s, the region of instability shrinks and phase separation
is suppressed when chemotaxis is stronger. Numerical
simulations at Pec = 1 confirm this linear stability result:
ABPs are in the homogeneous state above Boundary 1, but

phase separate below it, as shown in Fig. 1(b). Intriguingly,
the features of this phase separation appear to be funda-
mentally distinct from the spinodal decomposition observed
in conventional nonchemotactic MIPS. For example, as
shown in Movie S2, ABPs phase separate into finite-sized
domains that remain stationary and do not subsequently
coarsen—unlike in conventional MIPS.

Next, upon increasing o to 4, Boundary 1 remains un-
altered, but Boundary 2 shifts upward, as shown in Fig. 1(c).
As aresult, for the case of Pe. = 1, Boundary 2 rises above
Boundary 1, which is omitted since Boundary 2 now
corresponds to the limit of stability, as confirmed by
numerical simulations shown in Fig. 1(d). As shown in
Movie S3, ABPs phase separate into finite-sized domains
and bands that form traveling waves, a feature that is
fundamentally distinct both from conventional MIPS and
Fig. 1(b).

Finally, to highlight yet another distinct form of phase
separation, we then increase both a, and Da,, in Fig. 1(e),

118301-3



PHYSICAL REVIEW LETTERS 131, 118301 (2023)

where Boundary 1 shifts downward while Boundary 2
shifts upward, part of which becomes the limit of stability
for Pe- = 0.35, confirmed by simulations in Fig. 1(f).
Strikingly, we find that throughout the unstable region,
the patterns vary from traveling bands that are exten-
ded (shaded green + hashed region) or less extended
(unshaded + hashed region) to domains that stretch, rotate,
and translate (unshaded region below the green dashed
curve), as shown in Movie S4.

Taken altogether, these results demonstrate that MIPS is
suppressed when (1) the strength of chemotaxis, as quan-
tified by Pec, and (2) chemoattractant diffusivity relative to
that of the ABPs, as quantified by aj’, are sufficiently high.
Moreover, our simulations reveal that the features of phase
separation are dramatically altered by chemotaxis—with
separated domains that initially can either be finite-sized or
unbounded in space, and can either be stationary or exhibit
complex oscillatory dynamics in time, depending on the
values of {¢, Peg,ay, Day, Pec}. We summarize these
results in the ay — Pe- phase diagram shown in Fig. 2,
holding ¢y, Peg, and Da, fixed, and show the region of
stability (which lies above Boundary 1 and to the left of
Boundary 2 in the oy — Pe, plane shown) and snapshots of
these different types of instability (animated in Movie SS5)
that we now seek to categorize.

1
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FIG. 2. Chemotaxis arrests phase separation and generates
dynamic instabilities. Phase diagram is parametrized by «, and
Pe., holding ¢y = 0.8, Peg = 1073, and Da,, = 0.5 fixed. Differ-
ent instability types predicted by our linear stability analysis are
indicated using the same labels as in Fig. 1, again corroborated by
simulations (Movie S5), snapshots of which are shown. Arrows
show the local velocity field u relative to the characteristic
velocity uy = My/+/k ~ Up; |u| < 0.005u, vectors are omitted
for clarity.

Chemotaxis arrests phase separation.—We first classify
the instabilities by their distinct spatial characteristics. In
particular, depending on the range of initially unstable wave
numbers g_ < ¢ < g, in the dispersion relation (q)
[Eq. (S33)] derived using our linear stability analysis,
we differentiate instabilities as being either finite wave-
length (F) when the unstable modes are spatially bounded
(g_ > 0), and therefore phase-separated domains do not
coarsen, or unbounded (U) when the unstable modes can
instead extend indefinitely in space (g_ = 0) [90]. While
conventional MIPS is a Type U instability [19,43,89], our
second main result is that chemotaxis can give rise to Type
F instabilities as well—as shown by the domains that do
not coarsen in, e.g., Movies S2 and S3 noted earlier.
Comparing the ABP (Movies S2 and S3) and chemo-
attractant (Movies S6 and S7) profiles reveals the under-
lying reason: ABPs in an extended, dense domain
collectively establish a strong local chemoattractant gra-
dient through uptake—which in turn causes them to bias
their motion up the gradient and disperse away, arresting
phase separation.

This behavior is also reflected in the simulations shown
in Fig. 2 and Movie S5. For the example of oy = 2 (left of
Boundary 2), as Pe. increases, the coarsening slows and
eventually becomes arrested (Sec. 6 of [60]), forming
finite-sized domains and stripes—ultimately reaching the
homogeneous state at the largest Pe- above Boundary 1.
Examining the dispersion relations corroborates this obser-
vation (see Appendix B). Indeed, determining ¢_ directly
from the dispersion relation yields the criterion that Type F
is Pe. > 1 (shaded regions in Fig. 1), while Type U is given
by Pe,. < 1 (unshaded). The boundary between the two,
given by Pe. = 1 [Eq. (S68)], is represented by the dash-
dotted curves in Figs. 1 and 2. In all cases, our predictions
agree well with the simulations, as detailed in Sec. 7 of [60]
—thereby providing a description of how chemotaxis can
arrest MIPS. Indeed, as described in Sec. 9 of [60], this
description may help to rationalize previous observations of
bacterial populations [7,91].

Chemotaxis engenders complex oscillatory dynamics.—
We further classify the instabilities by their distinct tem-
poral characteristics [43]: “Stationary” (S) if all unstable
modes are nonoscillatory with Im@ = 0, or “Oscillatory”
(O) if there exist unstable and oscillatory modes with
Rew(q) > 0 and Im w(g) # 0. While conventional MIPS
is a Type S instability, our third main result is that
chemotaxis can give rise to Type O instabilities as well
—e.g., Movies S3 and S4 noted earlier. This behavior is
also reflected in Fig. 2 and Movie S5, and is again
corroborated by examining the dispersion relations for
the example of oy, = 8 (Appendix B). In this case, at large
Pec, chemotaxis proceeds more rapidly and the diffusing
chemoattractant cannot equilibrate fast enough. As a result,
variations in ¢(x) lag behind ¢(x) (Appendix B), driving
sustained large-scale motion of the phase-separated
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domains [92,93], e.g., through stretching, rotating, and
translating, as indicated by the arrows in Fig. 2 showing the
local velocity field u.

The dispersion relation again yields a criterion for the
Type O instability, shown as the hashed regions in Fig. 1.
The Type S/O boundary [Eq. (S60)] is represented using
the dashed curves in Figs. 1(e), 1(f) and 2; in Fig. 1(c) and
1(d), this boundary coincides with Boundary 2. We again
observe good agreement between the predicted Type S/O
boundary and the simulations [94]. Thus, our analysis
provides a key first step toward explaining how the inter-
play between chemotaxis and chemoattractant diffusion
can generate more complex phase separation dynamics
than in conventional MIPS. Indeed, as described in Sec. 9
of [60], our results may help guide new experiments using
synthetic materials [12,95-101] to explore these rich
physics. Our simulations also show other complex features,
e.g., the quasiordered lattices in Fig. 2, whose description
will require nonlinearities to be explicitly incorporated in
the analysis; moreover, while here we examined a specific
type of chemotaxis and MIPS, our theoretical framework
can be readily extended to other forms of taxis and phase
separation. We further describe these useful directions for
future work in Sec. 10 of [60].

We acknowledge support from NSF Grants No. CBET-
1941716, No. DMR-2011750, and No. EF-2124863, the
Camille Dreyfus Teacher-Scholar Program, the Pew Bio-
medical Scholars Program, and a Princeton Bioengineering
Initiative (PBI?) Postdoctoral Fellowship.

Appendix A: Linear stability analysis.—Here, we pro-
vide a summary of the linear stability analysis in Sec. 3
of [60]. Substituting the small-amplitude perturbations
0¢ and o¢ into linearized Egs. (1), (2), and (3) yields

wdp= —Mooq* (0yfin +xq%)3p+ oo’ f (Co)de,  (Al)

08¢ = —=D..q*5¢ — k(9(Z0)5¢ + dog (20)52).  (A2)
Section 3E of [60] shows that the system is always
linearly stable outside the spinodal region dyji;, > 0.
Therefore, we analyze the linear stability when d,fi;, < 0
below. Nondimensionalizing the wave number ¢ and
growth rate @ via ¢ = q/(\/iqsp) and @ = w/(4wy,),
we obtain the following quadratic equation for @:

I D
@+ [(}4— (1 ——)t}2+—a]&)
a a

+-((@*=1)(z* +Da) + Da-Pe[) =0. (A3)

R[S

The stability condition is that the two solutions to the
equation satisfy Re@.(g) <0 for all g, or equivalently
o, @0_>0and @, +a&_ <0.

Since

@.@_=-—((G*—1)(g*> +Da) +Da-Pe), (A4)

R[S

whenDa < 1,a§ 2@, @_ > Da- (Pel. — 1). WhenDa > 1,

ag @, @_>—|(1+Da)?*/4]+Da-Pe. Therefore, @, @_>0

for all g is equivalent to criterion (i) (Pe > Pe;,).
Since

1\, D
b, + ="+ (1 —5>512—7&,

(AS)
when a<1, &, +&_<-Da/a<0. When a>1,
@, +a@_ < (1 —a')?/4—Da/a. Therefore, @, +a_<0
for all g is equivalent to criterion (ii) (@ < atq)-

In the main text, we define Type U instability to be when
the lower bound of the unstable wave number ¢g_ is zero. As
shown in Sec. 3C of [60], this condition is equivalent to
requiring that the second order derivative of @, at g = 0 is
positive, that is, @’ (§ = 0) = 2(1 — Pe}.) > 0, or Pe}. < 1.

Oscillatory instability emerges when there exists g for
which Reo(g) >0 and Imo(g) #0, or equivalently
@, @_ >0 and the discriminant of Eq. (A3) is negative.
The first condition requires that criterion (ii) is not satisfied
(¢ > a.)- For the second condition, because the discrimi-
nant is

1 Da]? 4Da- Pe/
A:[q“_(l_k_)gf__a} _ﬂqzy (A6)
a a a
A becomes negative when Pe[. is sufficiently large. Sec. 3D
of [60] derives the expression for the critical Pel. above

which both conditions are met.

Appendix B: The role of chemotaxis in arresting
phase separation and generating complex dynamics.—
As shown in Fig. 2 and Movie S5, for the example of
ag =2 (left of Boundary 2), chemotaxis arrests phase
separation with increasing Pe.. Examining the dispersion
relations in Fig. 3(a) corroborates this observation. At
low nonzero Pe., the unstable modes extend to g_ =0
(blue to green curves), indicating a Type U instability. By
contrast, for the larger Pe. = 0.75, g_ > 0 (chartreuse
curve), indicating a Type F instability.

Also as shown in Fig. 2 and Movie S5, for the example of
ag = 8 (right of Boundary 2), chemotaxis arrests phase
separation with increasing Pe.. Examining the dispersion
relations in Fig. 3(b) corroborates this observation. At low
Pec- (blue and cyan curves), all unstable modes (with
Rew > 0) are stationary (having Im w = 0), indicating a
Type S instability; by contrast, at higher Pe- (green to
orange curves), some unstable modes have Imw # 0,
indicating a Type O instability.
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(a) q Dispersion relation (c)

(I/qsp :I)/lg
Pe¢ — 0 — 0.15 — 0.35 — 0.55

FIG. 3. (a),(b) Dispersion relations w(q) corresponding to oy =
2 and ay = 8 in Fig. 2; solid (dashed) lines show the Real
(Imaginary) components. Insets show long wavelengths. (c) Mag-
nified contours of ¢ = ¢, and & = & (the spatial average of &) for
the dashed rectangles in the snapshots of Fig. 2 at ay = 8.
Different colors in (a)—(c) show the different Pe. corresponding
to the simulations shown in Fig. 2.

Comparing the ABP and chemoattractant profiles, ¢(x)
and ¢(x) respectively, sheds light on the physics underlying
these complex dynamics at large Pe.- and «. Figure 3(c)
shows the illustrative case of oy = 8 for the five different
Pe. shown in (a). For the lowest two Pe., chemotaxis is
weak, enabling ¢(x) to equilibrate in response to changes in
¢(x). Consequently, the phase-separated patterns remain
stationary, reflective of a Type S instability. For larger Pe,
however, chemotaxis proceeds more rapidly and the dif-
fusing chemoattractant cannot equilibrate fast enough. As a
result, variations in ¢(x) lag behind ¢(x), driving directed
large-scale motion of the phase-separated domains [92,93],
reflective of a Type O instability.
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