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Abstract

We study the class of monotone, two-state, determin-
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‘infected’) by certain configurations of nearby infected
sites. These models have close connections to statistical
physics, and several specific examples have been exten-
sively studied in recent years by both mathematicians
and physicists. This general setting was first studied
only recently, however, by Bollobas, Smith and Uzzell,
who showed that the family of all such ‘bootstrap per-
colation’ models on Z? can be naturally partitioned
into three classes, which they termed subcritical, crit-
ical and supercritical. In this paper we determine the
order of the threshold for percolation (complete occu-
pation) for every critical bootstrap percolation model in
two dimensions. This ‘universality’ theorem includes as
special cases results of Aizenman and Lebowitz, Gravner
and Griffeath, Mountford and van Enter and Hulshof;
significantly strengthens bounds of Bollobads, Smith
and Uzzell; and complements recent work of Balister,
Bollobés, Przykucki and Smith on subcritical models.
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676 BOLLOBAS ET AL.

FIGURE & A u'-crossed u'-strip S together with a possible (2, y)-partition for § 1 A in which
a,=a,=a,=as;=1landa; =3

We can now define the deterministic structural property that we shall prove (in Lemma 8.21.
below) is implied by the event that S is u-crossed by A. The definition is illustrated in Figure 6.

Deﬁl'l_itiﬂn 8.20. Fix ﬁl,ﬁz ehi “"’ith ,6] = ﬁ_‘] <2+ 1, and let Ky = Kl}(ﬁl + ﬁ:). Letu € S.[’_I Bnd
y € N, and suppose that S is a u-strip. Let S, U+ U S,,,,, be a partition of § into u-strips. with §;
adjacentto S, foreachi € [m],

gy < w(S,u) = ?T(Sjv u) < diyy (46)

for each i, j € [m], and 7(S,,, {, u) < 4x,y.

A (u, y)-partition for S 1 A is a sequence (ay, ..., 4y, ) of positive integers with a; + --- + 4. = m,
such that for each 1 < j < k, setting t; = a; + -+ + a;, either
* a;=1and S, N A contains a u-weak y-cluster, or

* there exists an S;;-droplet D internally spanned by (S, gy Ul SjJ 1N A, where

D), h(D)} > =2
max {w(D), h(D)} > T

In the following lemma we need an upper bound on y when &(u) = co. For this purpose,
recalling (31), fix

A :=5a/n=50a’ (47)

throughout this section, and observe that
Kp(2) > plu.y) (48)
for every u € S/, and y € N such that y < min{@(u), }. Indeed, p(u, y) is bounded above by a

constant that depends only on 7" and the fixed directions u”, u, and u,, by Lemma 5.14, and 1,(2)
was chosen in (44) to be sufficiently large.
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FIGURE 7 The situation in the proof of Claim §.22 is depicted assuming z € Z. The size of the projection
|(D — ¥, u)| is at most the total length of the dashed line in the y-norm.

To bound the dimensions of D, let x € D n A \ Y, and observe that
[|lx = (1, Y|, > %y
by the definition of Y. Using (50), it follows that
[l = @, V2|, > 0 = plats 7).
and hence, by (42),

llx =@, V2, _ %0 —p.y)
2 e 2 '

|lx =, uZ)| >
However, by (51) and our choice of w, we also have
lw=H,v2)| < lw-z| <x.

Since x, w € D, it follows that

llw= x|  Jlx =, u2)|| - flw - @, v 2)|
2 * 2

max {w(D), (D)} =

5 Ko — p(u, y) — 2k s X

- 5

by the triangle inequality and (48), as required. il
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FIGURE 8 The figure depicts the application of Lemima §.26 in the proof of Lemma 8,25 assuming
a (u") = co. T is the minimal u-strip such that L ¢ T U H,(x), where o(u) = p'~7, and is u-crossed by A.

Then

P, (D is vertically crossed) < p‘w‘m” %

where 8' = &' (B, + B).

Before we can prove Lemma 8.25, we need one more technical lemma, which says that if a
droplet D is vertically crossed (that is, with help from both the u~-side and the (—u" )-side), then,
in a certain sense (which is made explicit in the lemma), the droplet is at least ‘half-crossed’ with
help from just one side. This will allow us to deduce that a vertically crossed droplet contains a
u-crossed u-strip, for an appropriate u. In Figure 8, we illustrate an application of this lemma.

Lemma 8.26. Let D be an Sy -droplet. If D is vertically crossed, then for some € {1, |} there exists
aset L C D such that

h(L) > h(D)/2—2x
and L U D" is a strongly connected component of |D* U (D n A)|.
Proof. For each =& {1, ]}, let us write Z* for the strongly connected component of [D* U (D n A)]
containing D", and note that Z* € D* U D, since D" U D is an S;-droplet. If the set Z' u Z! is
strongly connected, then set L™ := Z* n D for each =€ {1, |}, and observe that
h(L") + h(L') = h(D) — 3x,
as required.

So suppose that Z' UZ! is not strongly connected, and let Y be the collection of strongly
connected components of [(DNA)\ (Z' uZ!)]. Then Z* U Y is not strongly connected for any
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UNIVERSALITY FOR TWO-DIMENSIONAL CRITICAL CELLULAR AUTOMATA 684

FIGURE 9 Two possible configurations of the droplets in Lemma 5.25. The hatching indicates the sites that
would be assumed fo be present for the purposes of the event that 5 is u'-crossed. In the first example, the event
A(D, D') implies that §" is u"-crossed, but in the second it does not, for example, if A n [’ is the set of dots in 5"

somewhat delicate. We are grateful to the anonymous referee for pointing out errors in the first
two versions of this lemma.

Let " c D' be the unigue maximal u'-strip whose u"-side is equal to that of D’ and which
does not intersect D (S” may or may not be a subset of D', depending on the shapes and relative
positions of D and D'; see Figure 9). Define S' similarly on the u'-side of D’. The first step in the
proof of Lemma 8.28 is the following simple observation.

Observation 8.29. 1f D c D' are nested S;;-droplets, then
w(D") — w(D) = O(x(S", u") + (', u') + h(D") — h(D)),
where the implicit constant depends only on S;.

Proof Let D ¢ D" c D' be the S;,-droplet with h(D") = h(D) and (D")! = (D’)!, Now, simply
observe that w(D") — w(D) is at most a constant times (S, u") + 7(S'. u"), and w(D') — w(D")
is at most a constant times h(D') — h(D), where the constants depend on the angles between u',
u"and +u”. O

If h(D") — h(D) = Q(w(D") — w(D)), then we will apply Lemma .25 to bound the probability
that each of the droplets forming D" \ D" is vertically crossed. On the other hand, if 7(S",u") =
Q(w(D") — w(D)) (say), then we will use the following deterministic lemma. If D is an S;;-droplet,
then we will write sh(D) for the length of its shorter horizontal side.

Lemma 8.30. Ifthe event A(D, D) occurs, then either S" is u'-crossed or D' is internally spanned.
Moreover, if S" is not u”-crossed, then sh(D") < w(D') — w(D).

Proof. If the event A(D, D) occurs, that is, D' € (D U (D" n A)), then by Lemma 6.16 there exists
a strongly connected component L of [D U (D’ n A)] such that D’ is the smallest S;;-droplet con-
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