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Abstract

Robust Markov decision processes (MDPs) ad-
dress the challenge of model uncertainty by opti-
mizing the worst-case performance over an uncer-
tainty set of MDPs. In this paper, we focus on the
robust average-reward MDPs under the model-
free setting. We first theoretically characterize
the structure of solutions to the robust average-
reward Bellman equation, which is essential for
our later convergence analysis. We then design
two model-free algorithms, robust relative value
iteration (RVI) TD and robust RVI Q-learning,
and theoretically prove their convergence to the
optimal solution. We provide several widely used
uncertainty sets as examples, including those de-
fined by the contamination model, total variation,
Chi-squared divergence, Kullback-Leibler (KL)
divergence and Wasserstein distance.

1. Introduction

Reinforcement learning (RL) has demonstrated remarkable
success in applications like robotics, finance, and games.
However, RL often suffers from a severe performance degra-
dation when deployed in real-world environments, which is
often due to the model mismatch between the training and
testing environments. Such a model mismatch could be a
result of non-stationary conditions, modeling errors between
simulated and real systems, external perturbations and ad-
versarial attacks. To address this challenge, a framework
of robust MDPs and robust RL was developed in (Nilim &
El Ghaoui, 2004; Iyengar, 2005; Bagnell et al., 2001), where
an uncertainty set of MDPs is constructed, and a pessimistic
approach is adopted to optimize the worst-case performance
over the uncertainty set. Such a minimax approach guaran-
tees performance for all MDPs within the uncertainty set,
making it robust to model mismatch.
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Two performance criteria are commonly used for infinite-
horizon MDPs: 1) the discounted-reward setting, where
the reward is discounted exponentially with time; and 2)
the average-reward setting, where the long-term average-
reward over time is of interest. For systems that operate for
an extended period of time, e.g., queue control, inventory
management in supply chains, or communication networks,
it is more important to optimize the average-reward since
policies obtained from the discounted-reward setting may
be myopic and have poor long-term performance (Kazemi
et al., 2022). However, much of the work on robust MDPs
has focused on the discounted-reward setting, and robust
average-reward MDPs remain largely unexplored.

Robust MDPs under the two criteria are fundamentally dif-
ferent. Compared to the discounted-reward setting, the
average-reward setting places equal weight on immediate
and future rewards, thus depends on the limiting state-
action frequencies of the underlying MDPs. This makes it
more challenging to investigate than the discounted-reward
setting. For example, to establish a contraction in the
discounted-reward setting, it generally suffices to have a
discount factor strictly less than one, whereas in the average-
reward setting, convergence depends on the structure of the
MDP. Studies on robust average-reward MDPs are quite
limited in the literature, e.g., (Tewari & Bartlett, 2007; Lim
etal., 2013; Wang et al., 2023), and are model-based, where
the uncertainty set is fully known to the learner. However,
the more practical model-free setting, where only samples
from the nominal MDP (the centroid of the uncertainty set)
can be observed, has yet to be explored. Algorithms and
fundamental convergence guarantees in this setting have not
been established yet, which is the focus of this paper.

1.1. Challenges and Contributions

In this paper, we develop a fundamental characterization of
solutions to the robust average-reward Bellman equation,
design model-free algorithms with provable optimality guar-
antees, and construct an unbiased estimator of the robust
average-reward Bellman operator for various types of uncer-
tainty sets. Our results fill the gap in model-free algorithms
for robust average-reward RL, and are fundamentally differ-
ent from existing studies on robust discounted RL and robust
and non-robust average-reward MDPs. In the following, we
summarize the major challenges and our key contributions.
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We characterize the fundamental structure of solutions
to the robust average-reward Bellman equation. Value-
based approaches typically converge to a solution to the
(robust) Bellman equation. For example, TD and Q-learning
converge to the unique fixed-point that yields an optimal
solution to the Bellman equation in the discounted setting
(Sutton & Barto, 2018). However, in the (robust) average-
reward setting, solutions to the (robust) average-reward Bell-
man equation may not be unique (Puterman, 1994; Wang
et al., 2023), and the fundamental structure of the solution
space usually plays an important role in proving conver-
gence (e.g., (Wan et al., 2021; Abounadi et al., 2001; Tsit-
siklis & Van Roy, 1999)). In the non-robust average-reward
setting, the solution to the average-reward Bellman equa-
tion is unique up to an additive constant (Puterman, 1994).
This result is largely due to the nice linear structure of the
non-robust average-reward Bellman equation. However, in
the robust setting, where the worst-case performance is of
interest, the robust average-reward Bellman equation is non-
linear, which poses a significant challenge in characterizing
its solution. We demonstrate that the worst-case transition
kernel may not be unique and then show that any solution to
the robust average-reward Bellman equation is the relative
value function for some worst-case transition kernel (up to
an additive constant). We note that this structure is of key
importance later in our convergence analysis.

We develop model-free approaches for robust policy eval-
uation and optimal control. We then design model-free
algorithms for robust average-reward RL. To ensure stabil-
ity of the iterates, we adopt a similar idea as in the non-
robust average-reward setting (Puterman, 1994; Bertsekas,
2011), which is to subtract an offset function and design
robust RVI TD and Q-learning algorithms. Unlike the con-
vergence proof for model-free algorithms for non-robust
average-reward MDPs, e.g., (Wan et al., 2021; Abounadi
et al., 2001) and robust discounted MDPs, e.g., (Wang &
Zou, 2021; Liu et al., 2022), where the Bellman operator
is either linear or a contraction, our robust average-reward
Bellman operator is neither linear nor a contraction, which
makes the convergence analysis challenging. Nevertheless,
based on the solution structure of the robust average-reward
Bellman equation discussed above, we prove that our algo-
rithms converge to solutions to the robust average-reward
Bellman equations. Specifically, for robust RVI TD, its
output converges to the worst-case average-reward; and for
the robust RVI Q-learning, the greedy policy w.r.t. the Q-
function converges to an optimal robust policy.

We construct unbiased estimators with bounded vari-
ance for robust Bellman operators under various uncer-
tainty set models. One popular approach in RL is boot-
strapping, i.e., use H() as an estimate of the true Q)-function,
where H is the (robust) Bellman operator. In the non-robust
setting, an unbiased estimate of H can be easily derived

because H is linear in the transition kernel. This linearity,
however, does not hold in the robust setting since we mini-
mize over the transition kernel to account for the worst-case
and, therefore, directly plugging in the empirical transition
kernel results in a biased estimate. In this paper, we employ
the multi-level Monte-Carlo method (Blanchet & Glynn,
2015) and construct unbiased estimators for five popular un-
certainty models, including those defined by contamination
models, total variation, Chi-squared divergence, Kullback-
Leibler (KL) divergence, and Wasserstein distance. We then
prove that our estimator is unbiased and has a bounded vari-
ance. These properties play an important role in establishing
the convergence of our algorithms.

1.2. Related Work

Robust average-reward MDPs. Studies on robust average-
reward MDPs are quite limited in the literature. Model-
based robust average-reward MDPs were first studied in
(Tewari & Bartlett, 2007), where the authors showed the
existence of the Blackwell optimal policy for a specific
uncertainty set of bounded parameters. Results for general
uncertainty sets were developed in recent work (Wang et al.,
2023), following a fundamentally different approach from
(Tewari & Bartlett, 2007). However, these two methods are
model-based. The work of (Lim et al., 2013) designed a
model-free algorithm for the uncertainty set defined by total
variation and characterized its regret bound. However, their
method cannot be generalized to other uncertainty sets. In
this paper, we design the first model-free method for general
uncertainty sets and provide fundamental insights into the
model-free robust average-reward RL problem.

Robust discounted-reward MDPs. Model-based methods
for robust discounted MDPs were studied in (Iyengar, 2005;
Nilim & El Ghaoui, 2004; Bagnell et al., 2001; Satia &
Lave Jr, 1973; Wiesemann et al., 2013; Lim & Autef, 2019;
Xu & Mannor, 2010; Yu & Xu, 2015; Lim et al., 2013;
Tamar et al., 2014; Neufeld & Sester, 2022), where the un-
certainty set is assumed to be known, and the problem can be
solved using robust dynamic programming. Later, the stud-
ies were generalized to the model-free setting (Roy et al.,
2017; Badrinath & Kalathil, 2021; Wang & Zou, 2021; 2022;
Tessler et al., 2019; Liu et al., 2022; Zhou et al., 2021; Yang
et al., 2021; Panaganti & Kalathil, 2021; Goyal & Grand-
Clement, 2018; Kaufman & Schaefer, 2013; Ho et al., 2018;
2021). Our work focuses on the average-reward setting.
First, the robust average-reward Bellman operator does not
come with a simple contraction property like the one for
the discounted setting, and the average-reward depends on
the limiting behavior of the underlying MDP. Moreover, the
average-reward Bellman function is a function of two vari-
ables: the average-reward and the relative value function,
whereas its discounted-reward counterpart is a function of
only the value function. These challenges make the robust
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average-reward problem more intricate. Furthermore, exist-
ing studies mostly focus on a certain type of uncertainty set,
e.g., contamination (Wang & Zou, 2021) and total variation
(Panaganti et al., 2022); in this paper, our method can be
used to solve a wide range of uncertainty sets.

Non-robust average-reward MDPs. Early contributions
to non-robust average-reward MDPs include a fundamental
characterization of the problem and model-based methods
(Puterman, 1994; Bertsekas, 2011). Model-free methods in
the tabular setting, e.g., RVI Q-learning (Abounadi et al.,
2001) and differential Q-learning (Wan et al., 2021; Wan
& Sutton, 2022), were developed recently and are both
shown to converge to the optimal average-reward. There is
also work on average-reward RL with function approxima-
tion, e.g., (Zhang et al., 2021b; Tsitsiklis & Van Roy, 1999;
Zhang et al., 2021a; Yu & Bertsekas, 2009). In this paper,
we focus on the robust setting, where the key challenge lies
in the non-linearity of the robust average-reward Bellman
equation, whereas it is linear in the non-robust setting.

2. Preliminaries and Problem Formulation

Average-reward MDPs. An MDP (8, A, P, r) is specified
by: a state space S, an action space A, a transition kernel
P={P?ec A(8),a € A, s € 8}!, where P is the distribu-
tion of the next state over 8 upon taking action a in state s,
and a reward function r : § x A — [0, 1]. At each time step
t, the agent at state s; takes an action a;, the environment
then transitions to the next state s;y1 ~ P§?, and provides a
reward signal r, € [0, 1].

A stationary policy 7 : 8 — A(A) maps a state to a distri-
bution over A, following which the agent takes action a at
state s with probability 7(a|s). Under a transition kernel P,
the average-reward of 7 starting from s € § is defined as

T-1
_ 1
gp(s) = lim Erp [T > rilSo = 8} (0

n=0

The relative value function is defined to measure the cumu-
lative difference between the reward and gg:

VE(s) £ Brp {Zm — 6810 = } @

t=0

Then (g5, V{) satisfies the following Bellman equation
(Puterman, 1994):

VE(5) = Bre 1o ) ~ gB(6) 4 3 A ().

s'e8

' A(8) denotes the (|8] — 1)-dimensional probability simplex
on 8.

Robust average-reward MDPs. For robust MDPs, the tran-
sition kernel is assumed to be in some uncertainty set P. At
each time step, the environment transits to the next state ac-
cording to an arbitrary transition kernel P € P. In this paper,
we focus on the (s, a)-rectangular uncertainty set (Nilim &
El Ghaoui, 2004; Iyengar, 2005), i.e., P = ®S o P4, where
P2 C A(S). Popular uncertainty sets include those defined
by the contamination model (Huber, 1965; Wang & Zou,
2022), total variation (Lim et al., 2013), Chi-squared diver-
gence (Iyengar, 2005), Kullback-Leibler (KL) divergence
(Hu & Hong, 2013) and Wasserstein distance (Gao & Kley-
wegt, 2022). We will investigate these uncertainty sets in
detail in Section 5.

We investigate the worst-case average-reward over the uncer-
tainty set of MDPs. Specifically, define the robust average-
reward of a policy 7 as

min lim E, .

™ A
g5(s) = KE®, 2 P T—00

1 T-1
7 2 il% :s] . @

t=0

where £ = (Po,P1...) € Q,,~( P. It was shown in (Wang
et al., 2023) that the worst case under the time-varying
model is equivalent to the one under the stationary model:

1 T-1
= > rilSo = 5] NG

t=0

- N
s) =min lim E,p
95(5) PEP T—o0

Therefore, we limit our focus to the stationary model. We
refer to the minimizers of (5) as the worst-case transition
kernels for the policy 7, and denote the set of all possible
worst-case transition kernels by (27, i.e., Qg £ {Pe?:
gp = g5}. As shown in Example A.1 in the appendix, the
worst-case transition kernel may not be unique.

We focus on the model-free setting, where only samples
from the nominal MDP (centroid of the uncertainty set) are
available. We investigate two problems: 1) given a policy ,
estimate its robust average-reward g7, and 2) find an optimal
robust policy that optimizes the robust average-reward:

max g5 (s), forany s € 8. (6)

We denote by g4 (s) £ max;, g5(s) the optimal robust
average-reward.

3. Robust RVI TD for Policy Evaluation

In this section, we study the problem of policy evaluation,
which aims to estimate the robust average-reward g7, for a
fixed policy 7.

For technical convenience, we make the following assump-
tion to guarantee that the average-reward is independent of
the initial state (Abounadi et al., 2001; Wan et al., 2021;
Zhang et al., 2021a; Zhang & Ross, 2021; Chen et al., 2022;
Wang et al., 2023).
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Assumption 1. The Markov chain induced by 7 is a
unichain for all P € P.

In general, the average-reward depends on the initial state.
For example, imagine a policy that induces a multichain in
an MDP with two closed communicating classes. A learning
algorithm would be able to learn the average-reward for each
communicating class; however, the average-rewards for the
two classes may be different. To remove this complexity, it
is common and convenient to rule out this possibility. Under
Assumption 1, the average-reward w.r.t. any P € P is
identical for any start state, i.e., g5 (s) = g5 (s'),Vs, s’ € 8.

We first revisit the robust average-reward Bellman equa-
tion in (Wang et al., 2023), and further characterize the
structure of its solutions. For V € RISI, denote by
opa (V) £ minyepe pV, Py (s,a) £ argminycpe pV and
let Py = {Py(s,a),s € 8,a € A}.

Theorem 3.1 (Robust Bellman equation). If (g,V) is a
solution to the robust Bellman equation

V(s) =Y m(als)(r(s,a) — g + 0w (V). Vs, (D)
a
then 1) g = g5 (Wang et al., 2023); 2) Py € §27; 3)
V = Vg, + ce for some c € R, where e denotes the vector
(1,1,...,1) € RISI,

The robust Bellman equation in (7) was initially developed

in (Wang et al., 2023). The authors also defined a robust
relative value function:

Vi (s) & gﬂg E.p
€

Z(rn - g$)|50 = 5‘| 3 (8)

n=0

which is the worst-case relative value function, and showed
that (g%, V) is a solution to (7). However, conversely,
it may not be the case that any solution (g, V') to (7) can
be written as V' = Vi + ce for some ¢ € R. This is in
contrast to the results for the non-robust average-reward
setting, where the set of solutions to the non-robust average-
reward Bellman equation can be written as {(g5, V& + ce) :
¢ € R} (Puterman, 1994).

In Theorem 3.1, we show that for any solution (g, V) to
(7), the transition kernel Py, € 27, i.e., it is a worst-case
transition kernel for g7,. Moreover, any solution to (7) can
be written as V' = Vg + ce for some constant ¢. This
is different from the non-robust setting, as Vi, actually
depends on V. As will be seen later, this result is crucial to
establish the convergence of our robust RVI TD.

Theorem 3.1 also reveals the fundamental difference be-
tween the robust and the non-robust average-reward settings.
Under the non-robust setting, the solution set to the Bellman
equation can be written as {(¢g5, V&' + ce) : ¢ € R}. The
solution is uniquely determined by the transition kernel (up

to some constant vector ke). In contrast, in the robust set-
ting, the robust Bellman equation is no longer linear. Any
solution V' to (7) is a relative value function w.r.t. some
worst-case transition kernel P € 27 (up to some additive
constant vector), i.e., V € {VF +ce: P € 27 c € R}.

A natural question that arises is whether, for any P € (27,
(9%, V{) is a solution to (7)? Lemma 3.1 refutes this.

Lemma 3.1. There exists a robust MDP such that for some
P € 027, (g5, V§") is not a solution to (7).

Lemma 3.1 implies that the solution set to (7) is a subset
of {V§' + ce,P € 027, c € R}. Note that explicit charac-
terization of the solution set to (7) is challenging due to
its non-linear structure; however, result 3 in Theorem 3.1
suffices for the convergence proof (see appendix for proofs).

Motivated by the robust Bellman equation in (7), we pro-
pose a model-free robust RVI TD algorithm in Algorithm 1,
where T and function f will be discussed later.

Algorithm 1 Robust RVI TD
Input: V5, a,,n =0,1,...,. N—1
1: forn=0,1,.... N —1do
2: foralls e 8do

3: Vati(s) < Vn(s)+an(TVn(3)_f(Vn)_Vn(s))
4:  end for
5: end for

Note that (7) can be written as V = TV — g, where T
is the robust average-reward Bellman operator. Since in
the model-free setting P is unknown, in Algorithm 1, we
construct TV as an estimate of TV satisfying

E[TV] =TV, Var[TV(s)]<CQA+|[V]?), )

for some constant C' > 0. In this paper, if not specified, || - ||
denotes the infinity norm || - || so-

It is challenging to construct such T as T is non-linear in the
nominal transition kernel from which samples are generated.
In Section 5, we will present in detail how to construct such
T for various uncertainty set models.

To make the iterates stable, we follow the idea of RVI in
the non-robust setting and introduce an offset function f
satisfying the following assumption (Puterman, 1994).

Assumption 2. f : RISl — R is L ;-Lipschitz and satisfies
fle) =1, f(x+ce) = f(z) +c flex) = cf(2), Ve ER.

Assumption 2 can be easily satisfied, e.g., f(V) = V(so)
for some reference state sp € 8, and f(V) = ZTV‘(S)
(Abounadi et al., 2001). Compared with the discounted
setting, f is critical here. As we discussed above, in the

average-reward setting, the solution to the Bellman equation
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V' + ce can be arbitrarily large because c can be any real
number. This may lead to a non-convergent sequence V/,
(see, e.g., example 8.5.2 of (Puterman, 1994)). Hence, a
function f is introduced to "offset" V,, and keep the iterates
stable. Also, f(V,,) serves as an estimator of the average-
reward g7, as we shall see later.

We then assume the Robbins-Monro condition on the step-
size, and further show the convergence of robust RVI TD.

Assumption 3. The stepsize {a, }52 satisfies the Robbins-
Monro condition, i.e., Y oo s, =00, Do a2 < oo.

Theorem 3.2 (Convergence of robust RVITD). Under As-
sumptions 1,2,3, and if T satisfies (9), then almost surely,
(f(Vn), Vi) converges to a solution to (T) which may de-

pend on the initialization.

The result implies that f(V;,) — g7 a.s., which means our
robust RVI TD converges to the worst-case average-reward
for the given policy 7.

Remark 3.1. Our robust RVI TD algorithm is shown to
converge to a solution to (7). This model-free result is the
same as the model-based results in (Wang et al., 2023).
Though it was shown in (Wang et al., 2023) that (g7, V)
(defined in (8)) is a solution to (7), it is not guaranteed that
the convergence is to (g%, VF + ce) for some c.

Remark 3.2. As we discussed following the statement of
Theorem 3.1, result 3) of Theorem 3.1 is crucial to the con-
vergence proof of Theorem 3.2. Specifically, it is necessary
in order to characterize the equilibrium of the associated
ODE, and thus the limit of the iterates f(V},) — g7.

4. Robust RVI Q-Learning for Control

In this section, we study the problem of optimal control,
which aims to find a policy that optimizes the robust average-
reward: 7% = arg max. g;.

Similar to Assumption 1, we make the following assumption
to guarantee that the average-reward is independent of the
initial state (Abounadi et al., 2001; Li et al., 2022).

Assumption 4. The Markov chain induced by any P € P
and any 7 is a unichain.

We first revisit the optimal robust Bellman equation in
(Wang et al., 2023) and further present a characterization of
its solutions. Consider a @Q-function @ : 8 x A — R, and
define Vi (s) = max, Q(s,a),Vs € 8.

Lemma 4.1 (Optimal robust Bellman equation). If (g, Q)
is a solution to the optimal robust Bellman equation

Q(Saa) :r(s,a) —g-l-U(Pg(VQ),VS,CL, (10)

then 1) g = g3 (Wang et al., 2023); 2) the greedy policy
wrt. Q: mg(s) = argmax, Q(s, a) is an optimal robust
policy (Wang et al., 2023); 3) Vg = V;Q + ce for some
Pe2,%ceR.

According to result 2 in Lemma 4.1, finding a solution to
(10) is sufficient to get the optimal robust average-reward
and to derive the optimal robust policy. We note that a
complete characterization of the solution set to (10) can be
obtained similarly to the one in result 3 of Theorem 3.1.
Here, we only provide its structure to simplify the presen-
tation and avoid cumbersome notation. This structure as
outlined in Lemma 4.1 is sufficient for our convergence
analysis.

We hence present the following model-free robust RVI Q-
learning algorithm.

Algorithm 2 Robust RVI Q-learning
Input: Qo, v,
1: forn=0,... N —1do
2: forallse §,ac Ado R
3: Qni1(s,a) — Qn(s,a) + an(HQp(s,a) —
f(Qn) - Qn(sa a))
4:  end for
5. end for

Similar to the robust RVI TD algorithm, denote the optimal
robust Bellman operator by HQ(s, a) £ r(s, a)+op« (Vg),
and we construct an estimate H such that for some finite
constant C,

EHQ] = HQ, Var[HQ(s,a)] < C(1+|Q|?). (11)

In Section 5, we will present in detail how to construct such
H for various uncertainty set models.

The following theorem shows the convergence of the robust
RVI Q-learning to the optimal robust average-reward gz,
and the optimal robust policy 7*.

Theorem 4.1 (Convergence of robust RVI Q-learning).
Under Assumptions 2, 3 and 4, and if H satisfies (11),
then almost surely, (f(Qy),Qrn) converges to a solution
to (10), i.e., f(Qn) converges to g3, and the greedy pol-
icy g, (s) £ argmax, Q,(s,a) converges to an optimal
robust average-reward T*.

5. Case Studies

In the previous two sections, we showed that if an unbiased
estimator with bounded variance is available for the robust
Bellman operator, then both robust algorithms proposed con-
verge to the optimum. In this section, we present the design
of these estimators for various uncertainty set models.

The major challenge in designing the estimated operators
satisfying (9) and (11) lies in estimating the support function
opa (V') unbiasedly with bounded variance using samples
from the nominal transition kernel. However, the nominal
transition kernel P in general is different from the worst-case
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transition kernel, and the straightforward estimator is shown
to be biased. Specifically, if we centered at the empirical
transition kernel P and construct the uncertainty set ﬁ’, then
the estimator is biased: E[a,j)g (V)] # opa (V).

We consider several widely-used uncertainty models in-
cluding the contamination model, the total variation model,
the Chi-square model, the KL-divergence model, and the
Wasserstein distance model. We show that our estimators
are unbiased and have bounded variance in the following
theorem. We will present the design in later sections.

Theorem 5.1. For each uncertainty set, denote its corre-
sponding estimators by T and H as in Sections 5.1 and 5.2.
Then, there exists some constant C, such that (9) and (11)
hold.

In the following sections, we construct an operator Gpa to
estimate the support function opa, Vs € 8,a € A for each
uncertainty set. We further define the estimated robust Bell-
man operators as TV (s) 2 3" w(als)(r(s,a) + apa(V))
and HHQ(s,a) £ r(s,a) + 6. (V).

5.1. Linear Model: Contamination Uncertainty Set

The §-contamination uncertainty set is P¢ = {(1 — §)P% +
dq : q € A(S)}, where 0 < § < 1 is the radius. Under
this uncertainty set, the support function can be computed
as opa (V) = (1 = 0)P2V + dmin, V(s), and this is lin-
ear in the nominal transition kernel P¢. We hence use the
transition to the subsequent state to construct our estimator:

6pa(V)E (1 =67V (s')+dminV(z), (12)
where s’ is a subsequent state sample after (s, a).

5.2. Non-Linear Models

Unlike the §-contamination model, most uncertainty sets
result in a non-linear support function of the nominal tran-
sition kernel. We will employ the approach of multi-level
Monte-Carlo which is widely used in quantile estimation
under stochastic environments (Blanchet & Glynn, 2015;
Blanchet et al., 2019; Wang & Wang, 2022) to construct an
unbiased estimator with bounded variance.

For any s, a, we first generate N according to a geometric
distribution with parameter ¥ € (0, 1). Then, we take action
a at state s for 2V+1 times, and observe 7 (s, a) and the sub-
sequent state {s}},i = 1, ..., 2V 1. We divide these 2V +1
samples into two groups: samples with odd indices, and
samples with even indices. We then individually calculate
the empirical distribution of s’ using the even-index sam-

les, odd-index ones, all the samples, and the first sample:
p p p
pa.B 1 Zz” 1 pa.0 1 ZzN 1

s,N+1 — 3N 2uj=1 ‘s> s,N+1 = 2N Zui=1"sh; >
|f)a 2N+1

— 1 pal —
s,N+1 = 3N¥1 Dict 1y, Pgni1 = 1g. Then,

we use these estimated transition kernels as nominal

kernels to construct four estimated uncertainty sets
Ha,E pa,0 Da Da,l . .
PNt PNt P ni1 Po vy - The multi-level estima-

tor is then defined as
An(V)

Opa (V) = Uj}:,’zl\fﬂ V) + P (13)

where py = ¥(1 — )" and

(V) _ O-ﬁ);l:]€+1

V) + 045a,0 (V)

s,N+1
2

We note that in previous results of the multi-level Monte-
Carlo estimator (Blanchet & Glynn, 2015; Blanchet et al.,
2019; Wang & Wang, 2022), several assumptions are needed
to show that the estimator is unbiased. These assumptions,
however, do not hold in our cases. For example, the func-
tion o (V) is not continuously differentiable. Hence, their
analysis cannot be directly applied here.

AAN(VU éﬁU@

a
s,N+1

We then present four examples of non-linear uncertainty
sets. Under each example, a solution to the support function
op(V) is given, and by plugging it into (13) the unbiased
estimator can then be constructed. More details can be
found in Appendix D and Appendix E.

Total Variation Uncertainty Set. The total variation uncer-
tainty set is P? = {q € A(|8|) : |lg — P¢||s < 4}, and the
support function can be computed using its dual function
(Iyengar, 2005):

opa (V) = max (PY(V — p) — 6Span(V — p)).  (14)

n>0

Chi-square Uncertainty Set. The Chi-square uncertainty
set is P? = {q € A(|§]) : dc(P%,q) < 0}, where
2
de(q,p) = >, (p(g)p% Its support function can be
computed using its dua]) function (Iyengar, 2005):
O Ppa (V) =

s

max (PY(V — ) — /dVareg (V — u)). (15)

Kullback-Leibler (KL) Divergence Uncertainty Set. The
KL-divergence between two distributions p, ¢ is defined
as Dir(qllp) = >, q(s)log %, and the uncertainty set

defined via KL divergence is :
Ps ={q: Dkr(ql|P5) <0} ,Vs€8,ac A (16)

Its support function can be efficiently solved using the dual-
ity result in (Hu & Hong, 2013):

opa(V) =— azh(} (6a + alog (]Epg [e%])) )

The above estimator for the KL-divergence uncertainty set
has also been developed in (Liu et al., 2022) for robust dis-
counted MDPs. Its extension to our average-reward setting
is similar.
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Wasserstein Distance Uncertainty Sets. Consider the
metric space (8,d) by defining some distance metric d.
For some parameter | € [1,00) and two distributions
p,q € A(S), define the [-Wasserstein distance between
them as Wi(q,p) = inf,cr(p,q) [ld|l .0, where I'(p, q) de-
notes the distributions over 8§ x § with marginal distributions
p. g and ||d|| 0 = (E(x,vyop [d(X,Y)l])l/l. The Wasser-
stein distance uncertainty set is then defined as

P =A{q € A(S]) : Wi(P, q) < 0} (18)

To solve the support function w.r.t. the Wasserstein distance
set, we first prove the following duality lemma.

Lemma 5.1. It holds that

opa(V) = ?\up (—/\5l + Epa [irJlf (V(y) + Ad(S, y)l)]> .
>0 L
(19)

Thus, the support function can be solved using its dual form,
and the estimator can then be constructed following (13).

6. Experiments

We numerically verify our previous convergence results and
demonstrate the robustness of our algorithms. Additional
experiments can be found in Appendix G.

6.1. Convergence of Robust RVI TD and Q-Learning

We first verify the convergence of our robust RVI TD and
Q-learning algorithms under a Garnet problem §(30, 20)
(Archibald et al., 1995). There are 30 states and 20 actions.
The nominal transition kernel P = {P%,s € §,a € A}
is randomly generated by a normal distribution: P¢ ~
N(1,0%) and then normalized, and the reward function
r(s,a) ~ N(1,u?), where p%, 0% ~ Uniform|0, 100].
We set § = 04, a,, = 0.01, f(V) = Zslg/‘(s) and

(@) = % Due to the space limit, we only show
the results unc{er the Chi-square and Wasserstein Distance
models. The results under the other three uncertainty sets

are presented in Appendix G.

For policy evaluation, we evaluate the robust average-reward
of the uniform policy 7 (a|s) = %‘. We implement our
robust RVI TD algorithm under diftjerent uncertainty models.
We run the algorithm independently for 30 times and plot the
average value of f(V') over all 30 trajectories. We also plot
the 95th and 5th percentiles of the 30 curves as the upper
and lower envelopes of the curves. To compare, we plot the
true robust average-reward computed using the model-based
robust value iteration method in (Wang et al., 2023). It can
be seen from the results in Figure 1 that our robust RVI TD
algorithm converges to the true robust average-reward value.

Chi-Square Model Wasserstein Distance Model

Robust average-reward

—— Robust Average Reward
Robust RVI TD

—— Robust Average Reward
Robust RVI TD

Robust average-reward

) W wo w0 w0 100
Number of iteration Number of iteration

Figure 1: Robust RVI TD Algorithm.

We then consider policy optimization. We run our robust
RVI Q-learning independently for 30 times. The curves
in Figure 2 show the average value of f(Q) over 30 tra-
jectories, and the upper/lower envelopes are the 95/5 per-
centiles. We also plot the optimal robust average-reward gz,
computed by the model-based RVI method in (Wang et al.,
2023). Our robust RVI Q-learning converges to the optimal
robust average-reward gJ, under each uncertainty set, which
verifies our theoretical results.

Chi-Square Model Wasserstein Distance Model

8

B

—— Optimal Value
Robust RVI Q-Learning

—— Optimal Value
Robust RVI Q-Learning

Robust average-reward
Robust average-reward

% 10 1o 20 30 w0 B0 % w0 B %0 0 w0 # w0
Number of iteration Number of iteration

Figure 2: Robust RVI Q-Learning Algorithm.

6.2. Robustness of Robust RVI Q-Learning

We then demonstrate the robustness of our robust RVI Q-
learning by showing that our method achieves a higher
average-reward when there is model deviation between train-
ing and evaluation.

6.2.1. RECYCLING ROBOT

We first consider the recycling robot problem (Example
3.3 (Sutton & Barto, 2018)). A mobile robot running on
a rechargeable battery aims to collect empty soda cans. It
has 2 battery levels: low and high. The robot can either 1)
search for empty cans; 2) remain stationary and wait for
someone to bring it a can; 3) go back to its home base to
recharge. Under low (high) battery level, the robot finds
an empty can with probabilities « (/3), and remains at the
same battery level. If the robot goes out to search but finds
nothing, it will run out of its battery and can only be carried
back by human. More details can be found in (Sutton &
Barto, 2018).

In this experiment, the uncertainty lies in the probabili-
ties v, 8 of finding an empty can if the robot chooses the
action ‘search’. We set 6 = 0.4 and implement our al-
gorithms and vanilla Q-learning under the nominal envi-
ronment (o« = 8 = 0.5) with stepsize 0.01. To show the
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difference among the policies that the algorithms learned,
we plot the difference of () values at low battery level in
Figure 3(a). In the low battery level, the robust algorithms
find conservative policies which choose to wait instead of
search, whereas the vanilla Q-learning finds a policy that
chooses to search. To test the robustness of the obtained
policies, we evaluate the average-reward of the learned poli-
cies in perturbed environments. Specifically, let  denote
the amplitude of the perturbation. Then, we estimate the
worst performance of the two policies over the testing uncer-
tainty set (0.5 — x,0.5 + x), and plot them in Figure 3(b).
It can be seen that when the perturbation is small, the true
worst-case kernels (w.r.t. § during training) are far from the
testing environment, and hence the vanilla Q-learning has a
higher reward; however, as the perturbation level becomes
larger, the testing environment gets closer to the worst-case
kernels, and then our robust algorithms perform better. It
can be seen that the performance of Q-learning decreases
rapidly while our robust algorithm is stable and outperforms
the non-robust Q-learning. This implies that our algorithm
is robust to the model uncertainty.

Recycling Robot Recycling Robot

W L . \,\
. s g

1‘. )Ju‘ R
LR~ =4 \/

e Q-learning
Robust RVI Q-Learning

—— Q-Leamning
Contamination

—— Chi-Square

—— Total Variation

—— KL-Divergence

—— Wasserstein Distance

Average reward

Q(low, wait) — Q(low, search)

0 200 300 r B o = o o)
Number of iteration Perturbation of environment

(a) Q(low,wait)-Q(low,search)  (b) Perturbed environment

Figure 3: Recycling Robot.

6.2.2. INVENTORY CONTROL PROBLEM

We now consider the supply chain problem (Giannoccaro &
Pontrandolfo, 2002; Kemmer et al., 2018; Liu et al., 2022).
At the beginning of each month, the manager of a warehouse
inspects the current inventory of a product. Based on the
current stock, the manager decides whether or not to order
additional stock from a supplier. During this month, if the
customer demand is satisfied, the warehouse can make a
sale and obtain profits; but if not, the warehouse will obtain
a penalty associated with being unable to satisfy customer
demand for the product. The warehouse also needs to pay
the holding cost for the remaining stock and new items
ordered. The goal is to maximize the average profit.

We let s; denote the inventory at the beginning of the ¢-th
month, D, be a random demand during this month, and a;
be the number of units ordered by the manager. We assume
that D, follows some distribution and is independent over
time. When the agent takes action a;, the order cost is
at, and the holding cost is 3 - (s; + a;). If the demand
D, < sy + ay, then selling the item brings 5 - D; in total;
but if the demand D; > s; + a;, then there will not be

any sale and a penalty of —15 will be received. We set
8§ ={0,1,...,16} and A = {0, ..., 8}.

We first set 6 = 0.4 and oy = 0.01, and implement our
algorithms and vanilla Q-learning under the nominal envi-
ronment where D; ~ Uniform(0, 16) is generated follow-
ing the uniform distribution. To verify the robustness, we
test the obtained policies under different perturbed environ-
ments. More specifically, we perturb the distribution of the
demand to Dy ~ Uy, 1), Where

1 |S]—2
L4
Uy ) = { AN

T80 else.

, ifx e {m,m+ 1},

The results are plotted in Figure 4. We first fix m = 0
and plot the performance under different values of b in
Figure 4(a), then we fix b = 0.25 and plot the performance
under different values of m in Figure 4(b).

As the results show, when b is small, i.e., the perturbation of
the environment is small, the non-robust Q-learning obtains
higher reward than our robust methods; as b becomes larger,
the performance of the non-robust method decreases rapidly,
while our robust methods are more robust and outperform
the non-robust one. When b is fixed, our robust methods out-
perform the non-robust Q-learning, which also demonstrates
the robustness of our methods.

Inventory Control Inventory Control

5 2 A
N _
© - X s ‘
<4 S a0 3
5 © X
z =
@ O
L =
o —— Q-learning o ? —— Q-leamning
? Contamination g —\ Contamination
b} —— Chi-Square @ -4 —— Chi-Square
Z | —— Total Variation z —« Total Variation
-s{ —= KLDivergence —=— KLDivergence
—s— Wasserstein Distance e —+— Wasserstein Distance
10
o1 o2 B s 5 o1 1 3 % 5 %
b m

(@m=0 (b) b=0.25

Figure 4: Inventory Control.

7. Conclusion

In this paper, we developed the first model-free algorithms
with provable convergence and optimality guarantee for ro-
bust average-reward RL under a broad range of uncertainty
set models. We characterized the fundamental structure of
solutions to the robust average-reward Bellman equation,
which is crucial for the convergence analysis. We designed
model-free robust algorithms based on the ideas of relative
value iteration for non-robust average-reward MDPs and
the robust average-reward Bellman equation. We developed
concrete solutions to five popular uncertainty sets, where
we generalized the idea of multi-level Monte-Carlo and
constructed an unbiased estimate of the non-linear robust
average-reward Bellman operator.
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A. Proof of Lemma 3.1

We construct the following example.

Example A.1. Consider an MDP with 3 states (1,2,3) and only one action a, and set a (s, a)-rectangular uncertainty set
P =P QP Q Pg where P§ = {P¢,,P,}, P§ = {(0,0,1)T} and P§ = {(0,1,0) "}, where P§, = (0,1,0)",P{, =
(0,0,1) 7. Hence, the uncertainty set contains two transition kernels P = {Py, P5}. The reward of each state is set to be
r = (r1,7r2,73). The only stationary policy 7 in this example is 7(¢) = a, Vi.

Note that this robust MDP is a unichain and hence satisfies Assumption 1 with gg (1) = g§ (2) = g§,(3),95,(1) =
95,(2) = 95, (3).

Under both transition kernels Py, P2, the average-reward are identical: g5 = gp, = 0.572 + 0.5r3. Hence, both Py, P are
the worst-case transition kernels.

According to Section A.5 of (Puterman, 1994), the relative value functions w.r.t. Py, P2 can be computed as

. 103 1 1 1 1\
Ve, = TLT g2 T e g2 T T T2 s )

4 74 4 4 4

When r3 > 7y, only VP”1 is the solution to (7); and when ro > r3, only VP’; is the solution to (7). Hence, this proves
Lemma 3.1 and implies that not any relative value function w.r.t. a worst-case transition kernel is a solution to (7).

T
3 1 1 1 1 1
Ve, = (7”1 Tae T g e T g T2 + 7“3) .

B. Robust RVI TD Method for Policy Evaluation

We define the following notation:

B.1. Proof of Theorem 3.1

Theorem B.1 (Restatement of Theorem 3.1). If (g, V') is a solution to the robust Bellman equation

V(s) =Y m(als)(r(s,a) — g+ op:(V)), Vs, (20)

a

then 1) g = g5 (Wang et al., 2023); 2) Py € 27 3) V = Vg + ce for some ¢ € R.

Proof. 1). The robust Bellman equation in (20) can be rewritten as

g+ V(s)—ra(s) =09, (V),Vs €8. 21
From the definition, it follows that
op, (V) =Y _m(als) PIIlelrf; PV (22)

Hence, for any transition kernel P = (P{) € @, , P5,

g+ V(s)—r(s) — Z m(a|s)PeV < 0,Vs. (23)

a

12
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It can be further rewritten in matrix form as:
ge <r.+ (PT=1)V, (24)

where P™ is the state transition matrix induced by 7 and P, i.e., the s-th row of P is

> w(als)Pe. (25)

a

Note that P™ has non-negative components since it is a transition matrix. Multiplying by P™ on both sides, we have that
PTge = ge < PTr, + P™(P™ — 1)V,
ge < (P7)rs + (PT2(P™ — V.

ge < (PT)" lrp + (PT)"'(PT - I)V. (26)

Now, by summing up all these inequalities in (24) and (26), we have that

|
—

n

nge < ) (P")'rz + ((P)" = 1)V, 27
i=0
and hence,
n—1 i
—o (P™)rs PO -1V
go < S P)re (P 1)V o)
n n
Let n — oo, and we have that
n—1 i
o (P™)'ry pmr -1V
ge < lim 2zizo PTn (P = DV
n—00 n n—oo n
= gpe, (29)
where the last inequality is from the definition of g5 and the fact that lim,,_, W = 0. Hence, g < gf for any
Pe®..P:
Consider the worst-case transition kernel Py, of V. The robust Bellman equation can be equivalently rewritten as
ge=r.—V +PyV. (30)
This means that (g, V') is a solution to the non-robust Bellman equation for transition kernel Py, and policy 7
rxe=r.—Y +PyY. 3D
Thus, by Thm 8.2.6 from (Puterman, 1994),
9= 9p,> (32)
V = Vg, + ce, for some c € R. (33)
Howeyver, note that
T —g<gh=ming? < g% 34
gdpy, =9 > 39p glelggP > 9py> (34
thus,
9Py =9 =9p- (35)
2). From (35),
It then follows from the definition of (27 that Py € (27.
3). Since (g, V') is a solution to the non-robust Bellman equation
ze=r; —Y +PLY, (37)
the claim then follows from Theorem 8.2.6 in (Puterman, 1994). O]
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B.2. Proof of Theorem 3.2

Theorem B.2. (Restatement of Theorem 3.2) Under Assumptions 1,2,3, (f(V,.), Vi,) converges to a (possible sample path
dependent) solution to (7) a.s..

We first show the stability of the robust RVI TD algorithm in the following lemma.
Lemma B.1. Algorithm 1 remains bounded during the update, i.e.,

sup ||V,.|| < 00, a.s.. (38)

Proof. Denote by

V) Er:+op(V)— f(V)e—V. (39)
Then the update of robust RVI TD can be rewritten as

Va1 = Vo + an(h(Va) + M), (40)

where M, 1 2 TV,, — r, — op(V) is the noise term.
Further, define the limit function h:

hao(V) 2 Tim V) 1)

c—00 cC

Then, from opa (cV) = copa (V) and f(cV') = cf(V), it follows that

heo(V) = lim = + 0p(V) — f(V)e =V = o9(V) — f(V)e — V. 42)

c—o0 C

According to Section 2.1 and Section 3.2 of (Borkar, 2009), it suffices to verify the following assumptions:
(1). h is Lipschitz;
(2). Stepsize «, satisfies Assumption 3;

(3). Denoting by F,, the o-algebra generated by Vo, My, ..., M, then E[M,, 1|F,,] = 0, E[|| M, 11]2|Fn] < K(1+||Va|?)
for some constant K > 0.

(4). ho has the origin as its unique globally asymptotically stable equilibrium.

First, note that

[A(V1) — h(V2)|| = max

> wlals)(ope (Vi) = opa (Vo)) = (f(V2) = F(V2)) = (Vi(s) — Vz(S))’

a
< max{
S

<24 Lp)Vi = Vall, (43)

Y mlals)(ope (Vi) = owa (Vo) | + (£ (V1) = F(V2))] + |(Va(s) - Vz(S))}

a

where the last inequality follows from the fact that the support function o (-) is 1-Lipschitz and the assumptions on f in
Assumption 2. Thus, h is Lipschitz, which verifies (1).

It is straightforward that (3) is satisfied if E[TV,,|F,] = 7x + 09(V,,) and Var[TV,,|F,] < K(1+ ||[V,|?). As discussed
in Section 3, we assume the existence of an unbiased estimator T with bounded variance here, and we will construct the
estimator in Section 5.

Then, it suffices to verify condition (4), i.e., to show that the ODE

(1) = hoo(2(1)) (44)

14
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has 0 as its unique globally asymptotically stable equilibrium.
Define an operator To(V)(s) £ >, w(a|s)opas (V). Then, any equilibrium W of (44) satisfies
To(W) — f(W)e—W =0. (45)
This equation can be further rewritten as a set of equations:
W =To(W) — ge,
{ g =fW).

The equation in (46) is the robust Bellman equation for a zero-reward robust MDP. Hence, from Theorem 3.1, any solution
(9, W) to (46) satisfies

(46)

g=g5W =V + ce, 47)
where V' is the relative value function w.r.t. some worst-case transition kernel P (i.e., g5 = minpcp g§), and some c € R.
Hence, any equilibrium of (44) satisfies
W =Vg +ce, f(W) = g5. (43)
However, note that this robust Bellman equation is for a zero-reward robust MDP, hence for any P,

T-1

. Tt
5= lim E Ll = 4
g = lim Ep g;T 0, (49)
‘g:EPEXH_ﬁﬂ:Q (50)
t=0

thus g7 = 0 and W = ce for some ¢ € R. From (48), it follows that f(1V) = f(ce) = 0, for any equilibrium . From
Assumption 2, we have that f(ce) = cf(e) = ¢ = 0. This further implies that

W =Vg 4+ce=0. (51
Thus, the only equilibrium of (44) is 0.

We then show that 0 is globally asymptotically stable. Recall that the zero-reward robust Bellman operator

ToV(s) = > w(als)(ope (V). (52)

We further introduce two operators:
TV £ TV — f(V)e, (53)
Tov e T()V - gge (54)

Note that in the zero-reward robust MDP, g7, = 0 and ’i‘o = T, but we introduce this notation for future use.
Consider the ODEs w.r.t. these two operators:
& =Ty — =, (55)

y = Toy — . (56)

First, it can be easily shown that both T, and T, are Lipschitz with constants 1 + L and 1, respectively. Hence, both two
ODEs are well-posed. Also, it can be seen that (55) is the same as the ODE in (44).

Since the second equation (56) is a non-expansion (Lipschitz with parameter no larger than 1), Theorem 3.1 of (Borkar &
Soumyanatha, 1997) implies that any solution y(¢) to (56) converges to the set of equilibrium points, i.e.,

y(t) = {W W = TOW} L a.s.. (57)

15
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Similar to the discussion for T, our Theorem 3.1 implies that the set of equilibrium points of (56) is {W = ce : ¢ € R}.
Hence, for any solution y(t) to (56), y(t) — ce for some constant & that may depend on the initial value of y(t).

Now, consider the solution z(t) to (55). According to Lemma F.1 (note that T here is a special case of T in Lemma F.1
with r = 0), if the solutions z(¢), y(¢) have the same initial value (0) = y(0), then

x(t) = y(t) + r(t)e, (58)

where r(¢) is a solution to 7 (t) = —r(t) + g% — f(y(¢)),r(0) = 0.

Note that the solution 7(¢) with (0) = 0 can be written as

r(t) = / =9 (g5 — f(y(s)))ds (59)

0

by variation of constants formula (Abounadi et al., 2001). If we denote the limit of y(¢) by y™ = ce, then lim;_, o, 7(t) =
9% — f(y*) (Lemma B.4 in (Wan et al., 2021), Theorem 3.4 in (Abounadi et al., 2001)). Hence, z(t) = y(t) + r(t)e
converges to y* + (95 — f(y*))e, ie.,

x(t) — ce — f(ce)e = 0. (60)

Hence, any solution z(t) to (55) converges to 0, which is its unique equilibrium. This thus implies that O is the unique
globally asymptotically stable equilibrium. Together with Theorem 3.7 in (Borkar, 2009), it further implies the boundedness
of V,,, which completes the proof. O

We can readily prove Theorem B.2.

Proof. In Lemma B.1, we have shown that

sup || Vo, || < o0, a.s.. (61)

Thus, we have verified that conditions (A1-A3) and (A5) in (Borkar, 2009) are satisfied. Lemma 2.1 in (Borkar, 2009) thus
implies that it suffices to study the solution to the ODE % (t) = h(xz(t)).

For the robust Bellman operator TV = r, + o5(V'), define

TV 2TV — f(V)e, (62)
TV 2 TV — ghe. (63)

From Lemma F.1, we know that if z(t), y(¢) are the solutions to equations

=Tz -z, (64)
j=Ty—y, (65)
with the same initial value 2(0) = y(0), then
z(t) = y(t) +r(t)e, (66)
where r(t) satisfies
() = —r(t) + g5 — f(y(?)),(0) = 0. (67)
Thus, by the variation of constants formula,
t
)= [ e G - Flus))is (6%)
0

16
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Note that T is also non-expansive, hence y(t) converges to some equilibrium of (65) (Theorem 3.1 of (Borkar &
Soumyanatha, 1997)). The set of equilibrium points of (65) can be characterized as

{W LTW = W} — (W :W =TW — ghe} = {W L W(s) = wlals)(r(s,a) — gh + ope (W), Vs € s} . (69)

a

From Theorem 3.1, any equilibrium of (65) can be rewritten as
W = Vg +ce, forsome P € £27,c € R. (70)

Thus, y(t) converges to an equilibrium denoted by y*:

A

y(t) = y* = Vg + ce, for some P* € 27, c* € R. (71)

Similar to Lemma B.1, it can be showed that (t) — g5 — f(y*) (Lemma B.4 in (Wan et al., 2021), Theorem 3.4 in
(Abounadi et al., 2001)). This further implies that

z(t) = y* + (95 — f(y"))e=Vei + (" + g5 — f(y"))e, (72)

and we denote m* = ¢* + ¢gF — f(y*). Moreover, since f is continuous (because it is Lipschitz), we have that

fz@) = f(VE- + (c" + 95 — f(y"))e)
= f(VeL) +c* + 95 — f(y")
= f(VEL) +c" + g5 — f(VF. +c'e)
= f(VE) +c" +g5 — f(VE-) = ¢

= G- (73)

Hence, we show that
z(t) = Vg + m¥e, (714)
f@(t) = g5. (75)

Following Lemma 2.1 from (Borkar, 2009), we conclude that a.s.,

Vi, = VEL + me, (76)
(Vo) = g5, (77)
which completes the proof. O

C. Robust RVI Q-Learning
C.1. Proof of Lemma 4.1

Part of the following theorem is proved in (Wang et al., 2023), but we include the proof for completeness.

Theorem C.1 (Restatement of Lemma 4.1). If (g, Q) is a solution to the optimal robust Bellman equation
Q(s,a) =7(s,a) — g+ opa(Vg), Vs, a, (78)

then 1) g = g% (Wang et al., 2023); 2) the greedy policy w.rt. Q: mg(s) = argmax, Q(s, a) is an optimal robust policy
(Wang et al., 2023); 3) Vg = VPWQ + ce for some P € QZ,TQ,C eR.

Proof. Taking the maximum on both sides of (78) w.r.t. a, we have that

max Q(s,a) = max{r(s,a) — g+ opa(Vg)},Vs € 8. (79)

17
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This is equivalent to
Vo(s) = max{r(s,a) — g + o9 (Vg)}. Vs € . (30)

By Theorem 7 in (Wang et al., 2023), we can show that g = g3, which proves claim (1).

Recall that Vo (s) = max, Q(s,a). It can be also written as
Vo(s) =Y mo(als)Q(s, a). 81)

Here, we slightly abuse the notation of m¢, and use 7 (s) and 7 (a|s) interchangeably.

Then, the optimal robust Bellman equation in (79) can be rewritten as
Qs mg(5) = (5. 70(6)) — 9+ 0,00 ( S maa)2(a)). 82)
Moreover, if we denote by W (s) = Q(s,a) = Q(s, mg(s)) = max, Q(s, a), then the equation above is equivalent to
W(s) = mq(als)(r(s,a) — g+ aps (W)). (83)

Therefore, (W, g) is a solution to the robust Bellman equation for the policy 7¢ in Theorem 3.1. By Theorem 3.1, we have
that

9= 295", (84)
W = VPWQ + ce, (85)

for some P € 279 and ¢ € R.
Combining this with the claim (1) implies that 7 is an optimal robust policy. Claims (2) and (3) are thus proved. [

C.2. Proof of Theorem 4.1

Lemma C.1. If H satisfies that for any Q, s € 8,a € A, E[HQ(s, a)] = HQ(s, a) and Var(HQ(s,a)) < C(1 + ||Q||?)
for some constant C, then under Assumptions 2, 4 and 3, Algorithm 2 remains bounded during the update almost surely, i.e.,

sup |Qn || < 00, a.s.. (86)

Proof. Denote by

Q) 2 e+ op(Vg) — f(Q)e — Q. (87)

Then, the update of robust RVI Q-learning can be rewritten as
Qn+1 = Qn + an(M(Qn) + Mnt1), (88)

where M, £ HQ, — r — op(Vg) is the noise term.

Further, define the limit function A :

heo(Q) 2 lim hle@) (89)

c—00 c

Then, note that opa (Voq) = 0pe(cVg) = copa (V) for ¢ > 0 and f(cQ) = cf(Q). It then follows that

hoo(Q) = lim = + 55p(Vo) — F(Q)e — Q = op(Vo) — f(Q)e — Q. (90)

c—0o0 C
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Similar to the proof of Lemma B.1, it suffices to verify the following conditions:

(1). h is Lipschitz;

(2). Stepsize ., satisfies Assumption 3;

(3). E[M,,41]F,] = 0, and E[|| M, 41 ]1?|F] < K(1 + ||Qx]|?) for some constant K.
(4). hoo has the origin as its unique globally asymptotically stable equilibrium.
Clearly, (2) and (3) can be verified similarly to Lemma B.1. We then verify (1) and (4).

Firstly, it can be shown that

[h(Q1)(s,a) — h(Q2)(s

lo9e (Vig,) — f(Q1) — Q1(s,a) — opa (Vi) — [(Q2) — Qa(s,a)|
opa(Vig,) — o9e (V)| + [£(Q1) — f(Q2)] +1Q1(s,a) — Qa(s, )|
||VQ1 Vol + Ll Q1 — Q2| + Q1 — Q2]

2+ Lp)[Q1 — Q2

where the last inequality is from the fact that ||V, — Vo, || < ||Q1 — Q2||. This implies that h is Lipschitz.

IN AN

To verify (4), note that the stability equation is

X(t) = hoo(X (1) = 09(Vx () = F(X(t))e — X (1),
where Vx (t) is a |§|-dimensional vector with Vx (t)(s) = max, X (¢)(s, a).

Any equilibrium @) of the stability equation (92) satisfies that

Q(s,a) = 09a(Vo) = f(Q)e,

oD

92)

93)

which can be viewed as an optimal robust Bellman equation (10) with zero reward. Hence, by Lemma 4.1, it implies that

f(@)=g3=0,
Vo =Va @ + ceforsome P € 272, c € R.

In the zero-reward MDP, we have that VI = 0 for any 7, P, thus V5 (s) = max, Q(s,a) = cforany s € 8.

Note that from (93), @ satisfies that

Q(s,a) = opa (V) = opa(ce) = c.

Since f(Q) = 0, it implies that

Therefore,

Thus, 0 is the unique equilibrium of the stability equation.

We then show that 0 is globally asymptotically stable. Define the zero-reward optimal robust Bellman operator
HoQ(s,a) = 02 (Vo),

and further introduce two operators

0Q(s,0) = 032 (Vo) — f(Q);
HoQ(s,a) = o9 (Vo) — g5-

19
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It is straightforward to verify that H, is non-expansive. Hence by (Borkar & Soumyanatha, 1997), the solution y(t) to
equation

g=Hoy—y (103)
converges to the set of equilibrium points
{W:W(s,a) =op«(Viv) — g3}, a.s.. (104)

This again can be viewed as an optimal robust Bellman equation with zero-reward. Hence, any equilibrium W of (103)
satisfies

max W(s,a) = ¢, Vs. (105)

a

This together with (104) further implies that the equilibrium W of (103) satisfies
W(s,a) = opa(Viy) = opa(ce) = c, (106)
and hence y(t) converges to {ce : ¢ € R}. We denote its limit by y* = c*e.

Lemma F.6 implies the solution z(t) to the ODE & = H{,(x) — = can be decomposed as x(t) = y(t) + r(¢)e, where r(t)
satisfies 7(t) = —r(t) + g5 — f(y(t)),r(0) = 0.

Then, similar to Lemma B.1, Lemma B.4 in (Wan et al., 2021) and Theorem 3.4 in (Abounadi et al., 2001), it can be shown
that r(t) — g% — f(y(t)) = —c*. Hence,

z(t) — 0, (107)
which proves the asymptotic stability.

Thus, we conclude that 0 is the unique globally asymptotically stable equilibrium of the stability equation, which implies the
boundedness of {Q,, } together with results from Section 2.1 and 3.2 from (Borkar, 2009). O

Theorem C.2 (Restatement of Theorem 4.1). The sequence {Q,} generated by Algorithm 2 converges to a solution Q* to

the optimal robust Bellman equation a.s., and f(Q,,) converges to the optimal robust average-reward g% a.s..

Proof. According to Lemma 1 from (Borkar, 2009) and Theorem 3.5 from (Abounadi et al., 2001), the sequence {Q,, }
converge to the same limit as the solution z(t) to the ODE & = H'z — x. Hence the proof can be completed by showing
convergence of z(t) and f(x(t)).

For the optimal robust Bellman operator,

HQ(S,CL) = T(S,CL) +U?5(VQ)5 (108)

define two operators
H'Q £ HQ — f(Q)e, (109)
HQ £ HQ — ghe. (110)

From Lemma F.6, we know that if z(¢), y(t) are the solutions to equations

i=Hz -z, (111)
y=Hy -y, (112)
with the same initial value z(0) = y(0), then
x(t) = y(t) + r(t)e, (113)
where r(t) satisfies
H(t) = —r(t) + 95 — f(y(1)),r(0) = 0. (114)
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It can be easily verified that His non-expansive. Hence y(t) converges to the set of equilibrium points of of (112) (Theorem
3.1 of (Borkar & Soumyanatha, 1997)), which can be characterized as

{W CHW = W} ={W:W =HW — gjse} = {W : W(s,a) =r(s,a) — g5 + opa (Viv),Vs,a} . (115)
From Lemma 4.1, any equilibrium W satisfies
Viv = Vg + ce, for some P € 27", c € R, (116)

and 7y is robust optimal. We denote the limit of y(¢) by W*.
Similar to (72) to (76), it can be shown that r(t) — g3 — f(W*). This further implies that

x(t) = W* 4+ (g5 — fF(W*))e &= W* +m*e, (117)

where m* = g, — f(W™*). Note that W* 4 m*e is a solution to the optimal robust Bellman equation, hence x(t) converges
to a solution to (10). Moreover, since f is continuous (because it is Lipschitz), we have that

f(x(t) = f(W* +mTe)
= f(W") +g5 — f(W")
= g5 (118)

This completes the proof. O

D. Case Studies for Robust RVI TD

In this section, we provide the proof of the first part of Theorem 5.1, i.e., that T is unbiased and has bounded variance under
each uncertainty model.

We first show a lemma, by which the problem can be reduced to investigating whether 6pa is unbiased and has bounded
variance.

Lemma D.1. [f
E[6paV] = 0pa(V), Vs, a, (119)

and moreover, there exists a constant C, such that

Var(6p.V) < C(1+ |V]?), Vs, a, (120)

then
E[TV (s)] = TV (s), Vs, (121)

and
Var(TV (s)) < |A|C(1 + ||V]]?), Vs. (122)

Proof. From the definition, TV (s) = 3 m(als)(r(s,a) + opa V). Thus,

E[TV (s)] (r(s,a) + GpaV)

)
s,a) + opa(V)) = TV(s), (123)

E [ Z m(als)
Z m(als)(r(s,a) + E[opaV])
> mlals)(r(
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which shows that T is unbiased. On the other hand, we have that

Var(TV (s)) = E _(;ﬂas)(r(s,a) + 65 V) E[;W'5><r<s’a) * “’?”DQ]

E (ZW(MW(& a) + 59, V) = 3 m(als)(r(s,a) + E["“’f”ﬂ

- a

— 5| (X wlals)(o0;) - EforsV] )]

(%) E[Zw(as)(ﬁygv — E[C}TgVD2

a

|
— z@:w(a\s)]E [(c}?gv _ E[&Tgvzbg}

<> n(als)Var(6p. V)
< MCa+[viP), (124)
where (a) is because (E[X])? < E[X?], which completes the proof. O

This lemma implies that to prove Theorem 5.1, it suffices to show that 6. is unbiased and has bounded variance.

D.1. Contamination Uncertainty Set

Theorem D.1. T defined in (12) is unbiased and has bounded variance.

Proof. First, note that

Vit1(s) = Va(s) + an(r(s,a) + (1 = )V, (s') + 5mxin V(@) = f(Va) = Val(s))

=Vo(8) + an(TV,(s) — f(Vi) = Vi(s) + M,(s)), (125)
where
M, (s) =r(s,a) + (1 —§)V,(s') + 5mzin Vo (z) — TV, (s), (126)
and
TV, (s) :Zﬂ(a|s)< (s, ZP o Va(s") + S min V, ( )) (127)
Thus
E[M,(s)] = E[r(s,a) + (1 = 8)Va(s') + dmin V, (x)] —Zw(a|s)< (s, ZP Va(s") + 6 min Vy, (« ))

a

:ZW(Q)(( (1-96) ZPS,V +6m1nV()>
_Za:ﬂ(as)(r( (1-46 ZP wVals) +0min Vi, (z ))>

= 0. (128)

Hence, the operator is unbiased.
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We also have that
B = K’"(S’“) + (1= 0)Va(s) + Smin Vo (x) - Tvn(s)ﬂ

< 2E[(r(s, a) + (1= 6)V(s') +  min Vn<x))2] + 2E[(TV,(s))?]

—

a)

8 + 8[|Vl |?

<
< 8(1+ [|[Val?), (129)

where (a) is from the fact that E[((1 — 6)V;,(s") + 6 min, V,,(2))?] = E[|(1 = 6)Va(s) + 6 min,, V,,(2)]*] <E[(|(1 -
6)Vals")| + [0 ming Vo (@)])*] S E[((1 = 9)[[Vall + (B1Val)*] < IVall?

The proof is completed. U

D.2. Total Variation Uncertainty Set

The estimator under the total variation uncertainty set can be written as

. sa An(V
02 (V) = max (P4, (V = ) = oSpanV — ) + 2200, (130)

where

An(V) = max (P? 1 (V — p) — 8Span(V — 1))

n=>0
1 Da
— o max (PiN+1(V = ) — 6Span(V — p))
1 .
— 5 max (PZE,H(V — 1) — 6Span(V — p)). (131)

Theorem D.2. The estimated operator &g»g defined in (130) is unbiased, i.e.,

E[opaV] = opa(V). (132)
Proof. First, denote the dual function (14) by g:
95,0 (1) = PL(V — ) — 6Span(V — po), (133)
and denote its optimal solution by pZa:
e = argmax (PY(V — p) — 0Span(V — p)). (134)

Then, the support function opa (V) = gY, (1Y ). Similarly, define the empirical function

0¥ ans1() = P2y (V = p) — 8Span(V — p), (135)
0¥ ani1.0() =PLY 1 (V = p) — dSpan(V — p), (136)
9% ani1.m() =Py 1 (V — 1) — 6Span(V — pu), (137)

and their optimal solutions are denoted by 1), n 41, 1Y o N 41,00 Iy.aN+1,5- We have that

- _ 5a.1 An(V)
E[6p. V] =E max (Pen 41 (V — ) — 6Span(V — 1)) + S
An(V
— Bl gl + B[ 22
PN
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Bl o a0l + 3 p(N = n)E [AN( AW) ]

n=0 PN

= E[g)0.0(Hea0)] + D E[AL(V))
n=0

00 14 14 14 |4
g (u )ty (n )
v v % v :a,n+1,0\s,a,n+1,0 santl,EM7s.antl, B
= E[gs,a,O(:us,a,O)] + Z E |:gs,a,n+1(/1’s,a,n+1> — =5 nn 2 2o nen

n=0

E[gs a,0 :us a, O + Z |:gs a,n+1 /J's a n+1) g}q{a,n(usv,a7n):| ’ (138)

where the last inequality is from Lemma F.2. The last equation can be further rewritten as
o0
]E[a"?‘j V] = E[Q:a,O(M;{a,O)] + Z E |:g;/,a,n+1 (:u‘;/:a,n+l) - g;/,a,n (ILLZG.,’H,):|
n=0

n—oo

To show that &TS is unbiased, it suffices to prove that

n—o0

i B[ (0| = XL (140
For any arbitrary i.i.d. samples { X;} and its corresponding function g;/’a’n, together with Lemma F.3, we have that

198 an (Hean) = 9a(12a)]

- ‘osénvafuvnegsv’“(“) - osHénvaﬁ\V||eg“’v*“'”(”)|

< 1% v
S pep X 95,0 (1) = Gs.qm(10)]

2% PS(V — ) — 6Span(V — p) — P, (V — p) + dSpan(V —
oc o P(Vi= ) = 0Span(V = i) = PL, (V= o) + dSpan(V7 = p)|
= PV —pe (V —

0<#g\1/.;)_(”v“e| ( ) s,n( M)|
V — ull|Pe — P
<, _max V=[PPl

< 3|V|[|P: — P

nll1- (141)
Thus, by Hoeffding’s inequality and Theorem 3.7 from (Liu et al., 2022),

8
BloY (1) — a¥atil)) < 3V BT, (142)
which implies that
llm E[gsan(usan)] :g;/,a(/’[/;/a)’ (143)
n—oo
completing the proof. O

Theorem D.3. The estimated operator 693 defined in (130) has bounded variance, i.e., there exists a constant Cy, such that
Var(6pa V) < (14 18(1 4 26)* +2Co) ||V |1*. (144)
Proof. Similar to Theorem D.2, we have that

Var(Gpa V')
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=E[(69:V)?] = 092 (V)?

< EKg:a,o(uZa,O) n Agfvmﬂ + (o (V))?

< ZIEKgXa,o(uZa,o))Z] + QEKAJV(‘/))T + (ope(V))?

PN

< (14 18(1 4 26)? |V||2+2Z (145)

where the last inequality is from Lemma F.3. For any n > 1, we have that

g:a,n,E(M;{a,n,E) + gxa,mo(//‘“s/,a,n,o) ) 2:|
2

Bl AV = B | (00 a) -

g;/,a,n,E(M;/,a,n,E) + g;/,a,n,O(lu’;/,a,n,O) ) 2:|
2

2
g;/,'a,mE(:u;/:a,mE) + g;{am,O(l’[’}s/,a,n,O)) :|

=E |:<g;/,a,n(:u;/,a,n) - g;/,a(lj‘;/,a) + g;/,a(/‘L;/,a) -

< 2B[(9Y 0 (1Y am) — 9ra (1Y 0))?] + 2E Kgﬁ’,a(usv,a) - 5

(a)
= 2E[(g.¥:a,n(ﬂ’¥,a,n) - g;{a(lu’;/:a))Q] + 2E[(g;/}a,nfl(/1’;/,a,nfl) - g;{a(uza))g]

< 18|[VIPE[IPS — P&, 5] + 18|V IPE[IPS — Pt _4II3], (146)

where (a) is due to Lemma F.2 and the last inequality follows a similar argument to (141). Note that p,, = ¥(1 — &)" for
€ (0,0.5), thus similar to Theorem 3.7 of (Liu et al., 2022), we can show that there exists a constant Cy, such that

= E[(
Z V1 < ayvip. (147)
Thus,
Var(6:pa V) < (1+ 18(1 +20))[|V[|> 4+ 2Co | V||* = (1 4 18(1 + 26)* 4 2Co) |V ||* . (148)
0

D.3. Chi-Square Uncertainty Set

The estimator under the Chi-square uncertainty set can be written as

GpaV = max (P57N+1(V —p) — \/6vaI‘5§j11v+1(V — )

A
MELIUON (149)
PN
where
An(V) = max (Bpe IV =1l - \/5Var|5:,N+l (V —u)
! Es V- OV 1%
- 5 Iilg())( ( P(sl 13+1[ /J' \/ arPs N+1( B M))
1
— pmax (Bpor [V =yl = \[Varpez | (V= p)).
Theorem D.4. The estimated operator defined in (149) is unbiased, i.e.,
E[&?g V] = Opa (V). (150)
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Proof. Denote the dual function (15) by g:
9ia(p) = PLV — ) — /6 Varps (V — p),
and denote its optimal solution by Y :

i = argmax (PL(V — i) — /0Varps (V — ).

Then, the support function ope (V) = g¥, (1Y ). Similarly, define the empirical function

g;/,a,N+1( ) - Ps N+1(V - 1u‘) - \/(5V31'|5:=N+1(V - /J/)v
a,0
0 an+r0() = PUN (V=) = JoVargeo (V= p),

0 an1m() = PN (V =) = JoVarger (V= p),

and their optimal solutions are denoted by 1), n 41, 1Y o N 41,00 Iy.a.N+1,5- We have that
Blor: V] = BloY o o)l + E|

—Elg o0l + 3 p(N = m)E [“f;va)N - n]
n=0

= E[gXa,O(MZa,O)] + Z E[An]
n=0

0o \4 14 14 v
9s.a, +1,O(N ., +1,o)+9, mi1.8(Beani1E)
= ]E[g;/,a,O(MXa,O)] =+ Z E |:g;/,a,n+1(:u§/,a,n+l) — =R nan e 2

2
n=0

= E[Q;/,a,o(,“;/,a,o)] + Z E |:g;/,a,n+1(/1‘;/,a,n+1) - g;/,a,n(/u’;/,a,n):| ’
n=0

where the last inequality is from Lemma F.2. The last equation can be further rewritten as

00
]E[&?g V] = E[g;{a,O(MZa,O)] + Z E |:g}9/,a,n+1(:u}9/:a,n+l) - g;/,a,n(:us,a,n

n=0

n—oo

~ lim E[gmwm)]

To show that 6g>g is unbiased, it suffices to prove that

n—oo

lim E[gsan(usan)] = g4 (11 4)-

For any arbitrary i.i.d. samples {X;} and its corresponding function ggam, together with Lemma F.4, we have that

|g;/,a,n(:u’§/,a,n) - g;{a (HY,(L)‘

- |0§ugxl/af|\v\legs’a(u) ogug/aﬁwuegs,a,n(“”
< v
0<uLV Ve 1950(1) = Yan (1)

- PV — ) — PO JoVarp. [6Var,,
U<ugll/ai<\|v|\e s(V :U) 5n V /u < 4 arpa V :u 4 arP V N)’
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< PYV — 1) — P* (V —

< Ogﬂg‘lfaﬁw”e\ s(V=p) =P (V —p) o B L

(a) .

< V — ul||Pe — PO \/(W o(V — p) — 0Vars, (V —p)l, 159
= Oﬁuér\l/a-l)—ﬁ\\/ﬂe || :U’HH s s,n||1 + Oguér‘l/ai(”v”e ‘ arPs( /J) arPs,n( /1,)‘ ( )

where (a) is due to |\/z — \/y| < /|z — y|. Note that for any distribution p, ¢ € A(|8]) and any random variable X,

|Var, [X] — Vary[X]| = [Ep[X?] — Ep[X]* — Eg[X?] 4 E,[X]?|
< |Bp[X?] — By [X2)] + [(Ep[X] + Eq[X])(Ep[X] — E[X])]
< sup | X?[|lp — qll1 + 2(sup | X])?|Ip — g1 (160)

Hence,

JIVare (V = ) = oVarg, (V= )] < /360V = ul2|P2 — P 1. (161)

Thus, by Hoeffding’s inequality and Theorem 3.7 from (Liu et al., 2022),

Bl ) — 92l < 31V | BT 1 [BASEVE), (162

which implies that
lim_ E[g!,a,n(usv,a,n)] = 91a(15a); (163)
which completes the proof. O

Theorem D.5. The estimated operator &fpg defined in (149) has bounded variance, i.e., there exists a constant Cy, such that
Var(6p4 V) < (14 18(1 + v/26) + 2Cy) || V||%. (164)

Proof. We have that

Var(Gpa V')
= E[(69:V)’] - 02(V)’

<8[(stuattan) + 2) ]+ (o vy

<om [(gxa,owxa,o))?] +28 [(AN(V)H + (om(V)?

PN
< (1+18(1+@)2)|\V\|2+2iw, (165)

i=0 !

where the last inequality is from Lemma F.4. For any n > 1, we have that

\% \%4 14 \%4 2
gs,a,n,E(/“‘Ls,a,n,E) + gs,am,O(:us,am,O)
10 ()] = E| (L) - .

2

_ gXa,n,E(MZa,n,E) + g;/,a,n,O(p’Z,a,n,O) ) 2:|
2

14 \4 \4 14 2
Is.amEWsan i) T 9san0lsano)
= E{(Q:a,vn(uxa,n) - g;/,a(uga) + g;/,a(:uga) — =22 o nan nn

< 9E[(gY o (1 a) — 9V (1)) + 2E [(gzamXa)
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(a)
= 2E[(9;{a,n(u}s/,a,n) - g;/,a(lu’;/:a))Q] + QE[(g;/;a,nfl(/L\‘s/,a,nfl) - g;{a(uza))z]

< 18(1+ V30)?|VIPE[IPS — Pe,If + IPS — Pe..lu]
+18(1 + V38 [VIPE[IPS — P21 IF + IPE — Pe,, i), (166)

where (a) is due to Lemma F.2 and the last inequality follows a similar argument to (159). Note that p,, = ¥(1 — &)" for
Ve (O, 1-— g) Thus, similar to Theorem 3.7 of (Liu et al., 2022), we can show that there exists a constant Cj, such that

- El(4i(V))?)

< Go|v|*. (167)
i=0 i
Thus,
Var(6pa V) < (1+18(1 + v20)2)|[V[|2 + 2Co||[V]|*> = (1 + 18(1 + v26)? +2Co) |V || (168)
O

D.4. KL-Divergence Uncertainty Sets

The estimator under the KL-Divergence uncertainty set can be written as

A An(V
695Vé—min<6a+alog<e V;1>>+ it ),

a>0

where

An(V) = —min (5@ + alog (IEpg‘N+1 [e%}))

a>0

+ %212118 <5a + alog (]E@:,O [e%D)

JN+1
L in (5 log (E = 169
iy (o o (B [e])) 19
Theorem D.6. (Liu et al., 2022) The estimated operator &Tg is unbiased and has bounded variance, i.e., there exists a
constant Co, such that Var(6pa V') < Co(1 + [|V||?).
D.5. Wasserstein Distance Uncertainty Sets

To study the support function w.r.t. this uncertainty model, we first introduce some notation.
Definition D.1. For any function f : Z — R, A > 0 and « € Z, define the regularization operator

P\ z) £ inf (Ad(z,9)' + (). (170)

The growth rate « of function f and any distribution g over Z is defined as

kg 2 inf ()\ >0: ) qa)P(\x) > —oo). (171)
T€EZ
Lemma D.2. (Gao & Kleywegt, 2022) Consider the distributional robust optimization of a function f:
inf  Egq[f(2)], 172
ot e [£(a)] (172
and define its dual problem as
sup(—A0' + ) p(x) inf (f(y) + Ad(x,9)")). (173)
A0 z€Z vez
If kp, < 00, then the strong duality holds, i.e.,
inf Eg.o z)] = sup(=\&' + x) inf + Md(z,y)h). 174
b Bl (O] = 308+ 37 0(0) 1 (700) + Ml )) (174
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We first verify that this strong duality holds for our support function.
Lemma D.3. (Restatement of Equation (19)) It holds that

opa(V) = sup < pY Z PS 1nf ) + Ad(z, y)l)>~

A>0

Proof. In our case, the regularization operator is

S\, x) = ilelg()\d(s )+ V(s)).

Note that for any A > 0,

Z P (x)®( Z Pe(x 1nf (Md(s,2)' +V(s)) > =V > —oo.

€S €S

Hence, the growth rate spa = 0 < oc. Thus, the strong duality holds.

Then, the estimator under the Wasserstein distance uncertainty set can be constructed as

An(V)

02V 2 sup (= 30"+ inf (V) + 2ot 0)) ) + 25 4 r (s,
A>0 Y PN
where
An(V)
= sup ( A+ Eg, [inf(V(y) + Ad(S, y)l)})
A>0 s,N+1| y
—sup (=0 4 Bpug i (V(5) + (5.0
A>0 s,N+1 | y
— sup ( A+ Ega.z [inf(V(y) + Ad(S, y)l)} )
A>0 SN+ Y

Theorem D.7. The estimated operator defined in (178) is unbiased, i.e.,
E[&(ng} = O'(Ptsl (V)
Proof. Denote the dual function (19) by g:

95a(N) = =28 + Egope[inf (V(2) + Ad(S, 2)")],
and denote its optimal solution by )\Xa:

v o_ gl T !
Agq = AE max ( A" + Espa [;gg(V(m) + Ad(S,x) )])

(175)

(176)

177

(178)

179)

(180)

(181)

Then, the support function opa (V') = gi,(AY ). Similarly, define the empirical function gY, n 11,95 o N41.0+ 9% a.N+1.5>

and denote their optimal solutions by AY , v 1, AY 0 ni1.05 Ava N1, We have that

El69; V] = Elg)0 0 (A a0)] + E [AN(V)}

PN

—El0Y a0 (Wao)l + 3 p(N = m)E [AJ;LVNN - n]
n=0
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= E[g:a,O(AZa,O)] + Z ]E[A"

o 14
9% ant1,0Nsant1,0) T 9 ani1,6Neani1p)
_ E[gza’o()\ga 0 + Z E |:gsya_’n+1()\;/7a’n+1) s,a,n s,a,n s,a,n s,a,n
n=0

: |
= E[g;/,a,O(AZa,O)] + Z E |:g}9/,a,n+1()‘;/,a,n+1> - g;/,a,n()‘;/,a,n>:| ’ (182)
n=0
where the last inequality is from Lemma F.2. The last equation can be further rewritten as

E[UT‘;V] E[gsao saO + Z |:gsan+1 5an+1) g;/a n( Va,n):|

= lim E{gfanu!m)] (183)
n—oo K
To show that &?g is unbiased, it suffices to prove that

nlggo E |:g:a,n(>\}s/a n):| = g;/,a()‘v,a)'

(184)
For any arbitrary i.i.d. samples { X} and its corresponding function g\ , ,,, together with Lemma F.5, we have that
|g;/,a,n()‘;/a n) V,

= Vi) — Von(A
O<§riazwg a(N) 0<§n<azwg an (M)
<

ma‘;ﬁvu |gs,a( ) - g;/,an()‘”
OS/\ST

= max
2|V ||
o<a< 2yl

Esepe [inf (V(2) + M(S,2))] ~ Eg_py [inf (V (2) + Ad(S,2)")]
< max_[[P2—P¢ |y sup ([V(z) + Ad(S,2)"|)
0§A<M ’ z,5€8

2Dl a Sa
(1+ )|V|||P B I,

(185)
where the last inequality is from the bound on A and D is the diameter of the metric space (8, d)
By Hoeffding’s inequality and similar to the previous proofs, we have that

2D! S
9 W) = 020800 = (1425 ) (BT v
which implies that

(186)

lim E[g;/an(A;’a n)] =gV (A0
n— 00 " Y ’ ’

(187)
This completes the proof.

O

Theorem D.8. The estimated operator Gpa defined in (178) has bounded variance, i.e., there exists a constant Cy, such that
Var(6pa V')

< (3+2C0) |V
Proof. We first have that

(188)
Var(Gpa V')
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=E[(6p:V)?] — opa(V)?
SE[(gXa,o(Aon Al ) }HGW(V))Q

< 28| (gLo] )} [( V))2]+<os>g<V>>2

[(A(
<3HV||2+QZ (189)

V)

where the last inequality is from Lemma F.4. For any n > 1, we have that

g;/,a,n,E()\;/,a,n,E) + gZa,n,O(AZa,n,O) > 2:|

Bl A (V)2) = E | (800 Oa) - .

\% 14 14 \%4 2
gs,a,n,E(As,a,n,E) + gs,a,n,O()‘s,a,n,O)
=E |:(g;/,a,n()\‘9/:a,n) - g;/,a(AV ) + Gs, a()\v ) 2

14 14 14 |4 2
gsan (ASG/WA )+gsa’nO(AsanO)
< (0 (VL) ~ Ha AL+ 28 | (aFa(AL, ) - T ) P 0 P

(@)
= 2E’[(gs a n()‘;{a,n) - g;/,'a()‘;/,a))z] + QE[(gXamfl()‘Za,nfl) gs a()‘v ))2]

2D\ ? . 2D\ ?
<21+ 20 ) WIPEDP: - Pral+ 2(1+ 27 ) IVIPEIPS - P28 (190

where (a) is due to Lemma F.2 and the last inequality follows a similar argument to (186). Note that p,, = ¥(1 — &)" for
€ (O, 0.5), thus similar to Theorem 3.7 of (Liu et al., 2022), we can show that there exists a constant Cy, such that

= E[(
Z )] < Col[V||*. (191)
Thus, we have that
Var(694 V) < 3||V||> + 2Co |V [* = (3+ 2Co) |[V||>. (192)
O]

E. Case Studies for Robust RVI Q-Learning

In this section, we provide the proof of the second part of Theorem 5.1, i.e., H is bounded and unbiased under each
uncertainty model. We note that the proofs in this part can be easily derived by following the ones in Appendix D.

We first prove a lemma necessary to the proofs in this section.
Lemma E.1. It holds that

IVall < eIl (193)

Proof. From the definition of Vy, we have that
V!l = max|V(s)| = max | max Q(s, a)| £ |Q(s*,a")]. (194)

Clearly, |Q(s*, a*)| < max, q |Q(s,a)|, hence
Vell < 1€l (195)
O
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Similar to Appendix D, the propositions of H can be reduced to the ones of Gpa.

Lemma E.2. [fE[6p.V] = 09 (V), and moreover there exists a constant C, such that for any s, a, Var(Gp.V) <
C(1+ ||V|]?), then E[HQ(s, a)] = HQ(s, a), and Var(HQ(s,a)) < C(1 +||Q|]?).

Proof. First, we have that
E[HQ(s,a)] = E[r(s,a) + 69 Vo (s)] = r(s,a) + ope (Vo) = HQ(s, a). (196)

For boundedness, note that

Var(HQ(s,a)) = E|(HQ(s, a) — HQ(s, a))?

E[(654Vo(s) — opa(Vo))’]
C+(Val?)
ca+elP, (197)

<
<

where the last inequality is from Lemma E.1. O

This implies that the problem is reduced to verifying whether 6. is unbiased and has bounded variance, which is identical
to the results in Appendix D. We thus omit the proofs for this part.
F. Technical Lemmas

Lemma F.1. For a robust Bellman operator T, define

T'V 2TV — f(V)e, (198)
TV £ TV — gFe. (199)

Assume that x(t),y(t) are the solutions to equations

2=Tz -z, (200)
j=Ty-y, (201)
with the same initial value x(0) = y(0) = xo. Then,
z(t) = y(t) + r(t)e, (202)
where r(t) satisfies
i(t) = —r(t) + g5 — f(y(1)). (203)

Proof. Note that T'V = TV + (g5 — f(V))e, then from the variation of constants formula, we have that

z(t) = zoe! +/0 e_(t_s)’i‘(x(s))ds + </0 e—“—S)(gg; — f(x(s)))ds) e, (204)
y(t) = zoe" +/O e_(t_s)'i‘(y(s))ds. (205)

Hence, the maximal and minimal components of () — y(¢) can be bounded as:

m?x(xl-(t)fyi(t))g /O e (t=9) mlax('i‘i(x(s))f ))ds + /0 e — f(x(s)))ds,
min(z;(t) - i(t)) > /0 e~ min(T;(2(s)) — Ti(y(s)))ds + /0 e (g5 — f(w(s)))ds. (206)
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This hence implies that
t
Span(z(t) — y(t)) S/ e~ =*Span(T (x(s)) — T(y(s)))ds
0
t
< / e~ =*)Span(z(s) — y(s))ds, (207)
0

where the last inequality is because Tis non-expansive w.r.t. the span semi-norm (Wang et al., 2023).

Gronwall’s inequality implies that Span(z(t) — y(t)) < 0 - fot e~(t=%)ds = 0 for any t > 0. However, since Span is
non-negative, then Span(x(t) — y(t)) = 0. Hence, we have that 2:(t) = y(¢) + r(t)e for some r(t) satisfying r(0) = 0.

Also note that the differential of r(¢) can be written as

= (=r() + 95 — f(y(®))e, (208)
where the last equation is because
Ta(t) = T(y(t) +r(t)e) = T(y(t)) + r(t)e, (209)
F@(@®) = fy(t) +r(t)e) = f(y(8) +r(t). (210)
This completes the proof. O

Lemma F.2. For any function g : A(|8]) — R, assume there are 2"*! i.i.d. samples X; ~ q. Denote the empirical
distributions from samples {X; 1 i =1,..,2""1} {Xo; 1 :i=1,..,2"} {Xo; :i=1,..,2"} by Gui1, Gnr1.0, Gni1,E-
Then,

Elg(dn+1,0)] = Elg(Gn+1,2)] = E[g(dn)]. (211)
Proof. Note that

on
Zi:l ]1X2i—1:5

dni1,0(5) = S (212)
hence,
Elg(Gn11,0)] = > 9(P)P(Gn11.0 = D)
p=(p1,.--,p|s5])EA(IS])
n on
Z?: 1x i—1=8 Z': Ix i—1=8|¢
= > P<1251—p1,..-a S =l )e). @13)
p=(p1,--,p|5])EA(I8])
where 2"p; € N and Zgl p; = 1. On the other hand,
Efg(gn)] = > 9(p)P(d, = p)
p=(p1,..,p|s|)EA(I8])
n 2"
Zf: ]]-Xi:S Zl: ]lXi:S 8
= > P(gnl =pro s S = sl )9 (p). (214)
p=(p1,-...p|5])EA(|8])
Note that X are i.i.d., hence,
gn on on 2mn
= ]lXi:s Z': ]]-qu:S Zi: 1x i_1=851 Z‘: 1x i_1=58
1P’<Z S = T =gy ) = P S =, S = g g )

33



Model-Free Robust Average-Reward Reinforcement Learning

Thus,
Elg(Gn+1.0)] = Elg(gn)]- (215)
Similarly, E[¢(¢n+1,£)] = E[g(d,)] and hence it completes the proof. O

Lemma F.3. Under the total variation uncertainty model, the optimal solution and optimal value for
v oV 1% 1% ;
9s,a>9s,a,N+1+9s,a,N+1,E° Is,a,N+1,0 4r€ bounded. Specifically,

1Y 0 1Y o N 415 e a N1, e ans1.0 <V + Ve, (216)
s alls liesa nra b 1Y o v, 188 v+ 1,01 < 20V (217)
|g;/,a(:u}s/;a)‘7 ‘gXa,N+1(MZa,N+1)|? |g:a,N+1,0(M¥,a,N+1,0)|7 |QXQ,N+1,E(MZ¢1,N+1,E)‘ <3(1+ 25)||VH~ (218)

Proof. First we show the bounds on the optimal solutions. If we denote the minimal entry of V by w: w = min, V (s), then
W £V — we > 0. Note that,

e, = arg max (PY(W — p) — 6Span(W — p))
’ n=>0

= argmax (—w+ PV — p) — 6Span(V — p)), (219)

p>
which is because Span(V + ke) = Span(V') and P%(V + ke) = k + P2V Hence, p}", = pi¥,. Moreover note that W > 0,
hence 1.1, is bounded: 4.}, < W, this further implies that

It all = Il < W] < 2| V. (220)

The bounds on 1, 41, 1Y o N11.05 1y aN41, 2 €an be similarly derived.
We then consider the optimal value. Note that,
g;/,a(:usv,a) = Pg(v - Msv,a) - 5Span(v - /L;/,a)
<NV + llpsall + 6l max(V/(i) — 1. (0))] + 6 min(V (i) — 180 (0)]
<3|V + 26V + [l pe.all)
<3(1L+29)|V]. (221)

On the other hand,
0¥ (1Y0) = gY,(0) = P2V — 8Span(V) = P2V — Smax V(i) + 6 min V(i) (222)
Denote the maximal and minimal entries of V by V(M) and V' (m), then we have that
PV — 5m?x V(i)+6 miin V(4)

= P2 V(x)— V(M) + 6V (m)

> =V =26V, (223)

where the last inequality is from ||V|| > V(i) > —||V|| for any entry i. Thus, combining (222) and (223) implies that
~(1L+20)|IVII < 970 (1a) < 3(1+20)[V] (224)
Similarly, the bounds on g;/,mNH(u;/’a,NH), gXG,NH’O(,uXa,NH’O), gxa7N+1’E(uXa7N+l7E) can be derived. O

Lemma Fd4. Under the -chi-square uncertainty model, the optimal solution and optimal value for
v oV v v ;
9s.0>9s.a.N+1+9s,a.N+1,E Is.a.N+1,0 ar€ bounded. Specifically,

;Ua‘e/,aa:u’;/,a,NJrlvMZa,N+1,E7M¥,a,N+1,O <V +|[V]e, (225)
sl 1Y o nsa s 48 e v1, 2l 188 v 1,01 < 21V (226)
|9;/,a(/l;/,a)|a |gZa,N+1<MZa,N+1)|7 |9;{a,N+1,o(MKa,N+1,o)|7 |g;{a,N+1,E(u;/,a,N+l,E>| < 3(1 +V 25)“‘/”- (227)
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Proof. First, we show the bounds on the optimal solutions. If we denote the minimal entry of V by w: w = min, V (s),
then W £ V — we > 0. Note that,

w a
Ho = BXE MAX (PE(W — ) — /6 Varpa (W — p))
= arg max (—w+PYV —p) — y/6Varpa (V — p)), (228)

which is because Varpa (V' — p — we) = Varpa (V — p) + Varpa (we) — 2Covpa (V — p, we) = Varpa (V' — ). Hence
pl, = pY .. Moreover note that W > 0, hence 11!, is bounded: 1}, < W, this further implies that

I all = ludall < W] <2V (229)

The bounds on 1) , x4 15 LY o N41.00 e a N1, Can be similarly derived.

We then consider the optimal value. Note that,

19 ()| = [PA(V = ¥,,) = \[oVares (V — ¥,

< VI llesal + /200 = p¥a]?

<3|V +V28(IVI + [118a])

<3(1+vV29)|V]. (230)
Similarly, the bounds on gZa’NH(uZa,NH), gXa¢N+1’O(MZa$N+1’o), g;/,a,NH,E(/JXa,NH’E) can be derived. O

Lemma F.5. Under the Wasserstein distance uncertainty model, the optimal solution and optimal value for
v oV 1% 1% :
9s,a>9s,a,N+1+9s,a,N+1,E° Is,a,N+1,0 4€ bounded. Specifically,

2|V
A oM i Wm0 A < 250 @3
‘g;{a()‘;/:a)|7 ‘g;{a,n()‘;/,a,n)‘7 |g;/:a,n,0()‘;/:a,n,0)|7 |g;{a,n,E(>‘Za,n,E)| < ||V|| (232)

Proof. First, we show the bounds on the optimal solutions. Denote the optimal solution to maxy>g g;fa()\) by )\Ka.
Moreover, for each state y € § and any A > 0, denote s¥ = arg minges{\d(z,y)" + V(x)}. Hence,

gy a(N) = =A8" + Egope [Ad(S, s3)" + V(s3)]- (233)
Moreover, note that g, (AY ) = max>o g7, (), hence,

A8+ Esapa[A,d(S, 53y )+ V(s3y )] > 9,(0) = Espa[V(s5)] = min V(z), (234)

a

where the last equation is due to the fact that s5 = argmin,ecs{V(x)} = min, V(x). Now consider the inner problem
Espa[AY ,d(S,s3y ) + V(syy )]. Note that,

Es~pe[Ayqd(S,s3v )+ V(syy )]
=> Pt (W d(z, s5v )+ V(s3y )

(@)
< Y Pl (Wdx, ) + V(x))

= Ep. [V(S)], (235)

where (a) is because 57, = argminyes{\Y,d(z,y)" + V(y)} and hence AY ,d(z, 5, )+ V(syy ) < AV d(z,2)" +
V(z). ) )
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Combine (234) and (235), then we further have that

minV(z) < =A7,0" + Espa [ ,d(S, s3v ) + V(sy

x

)] < =AY 6" + Epa [V(S)). (236)

a

This implies that

Epa — min,
\ < pe [V (S)] — min, V() < 2||V||7 237)
s,a 51 6l
and hence )‘X,a is bounded.
On the other hand, note that g}, (A} ;) = o9« [V (S)], hence,
|95 < V- (238)

LI : 14 14 1% 14 14 |4 |4 1% 14
Same bound can be Slmllarly derived for As,a,n’ )‘s,a,n,OV As,a,n,E’ gs,a,n()‘s,a,n)7 gs,a,n,O()\s,a,n,O)Vgs,a,n,E()\s,a,n,E)'

Lemma F.6. For an optimal robust Bellman operator: HQ(s,a) = r(s,a) + opa(Vg), define

H'Q £ HQ - f(Q)e, (239)
HQ £ HQ — ghe. (240)

Assume that x(t),y(t) are the solutions to equations

t=Huz -z, (241)
y=Hy -y, (242)

with the same initial value x(0) = y(0). Then xz(t) = y(t) + r(t)e, where r(t) satisfies 7(t) = —r(t) + g5 — f(y(t)).

Proof. The proof follows exactly that of Lemma F.1 if we show that H is non-expansion w.r.t. the span semi-norm.

Following Theorem 17 of (Wang et al., 2023), it can be shown that

Span(H(Q1) — H(Q2)) < Span(Vg, — Vo). (243)
Let
s = arg max{max Q; (i, a) — max Q2 (i, a)}, (244)
t = arg Irziin{m:ax Q1(i,a) — mZaX Qa(i,a)}. (245)
Then,
Span(Vo, —Vo,) = (max Qi (s, a) —max @(s,a)) — (max Q1 (¢, a) — max Qs (t, a))
< Q1(s,as) — Qa2(s,as) — (Qu(t, ar) — Q2(t, ar))
< H;%X(Ql(af»b) = Q2(z,b)) — fg’ibﬂ(Ql(% b) — Q2(,b))
= Span(Q1 — Q2). (246)
where a; = arg max, Q1 (S, a) and a; = arg max, Qs(t, a). This completes the proof. 0
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G. Additional Experiments

In this section, we first show the additional experiments on the Garnet problem in Section 6.1. Then, we further verify our

theoretical results using some additional experiments.

G.1. Garnet Problem

We first verify the convergence of our robust RVI TD and robust RVI Q-learning under the Garnet problem with the same
setting as in Section 6.1. Our results show that both our algorithms converge to the (optimal) robust average-reward under

the other three uncertainty sets.
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G.2. Frozen-Lake Problem

We first verify our robust RVI TD algorithm and robust RVI Q-learning under the Frozen-Lake environment of OpenAl
(Brockman et al., 2016). We set the uncertainty radius § = 0.4, a;,, = 0.01 and plot the (optimal) robust average-reward
computed using model-based methods in (Wang et al., 2023) as the baseline. We evaluate the uniform policy for the
policy evaluation problem, plot the average value of f(V;) of 30 trajectories and plot the 95/5 percentile as the upper/lower
envelope. For the optimal control problem, we plot the average value of f(Q;) of 30 trajectories and plot the 95/5 percentile
as the upper/lower envelope. The results show that both algorithms converge to the (optimal) robust average-reward.
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Figure 7: Robust RVI TD Algorithm under Frozen-Lake environment.
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G.3. Robustness of Robust RVI Q-Learning

We further use the simple, yet widely-used problem, referred to as the one-loop task problem (Panaganti & Kalathil, 2021),
to verify the robustness of our robust RVI Q-learning. This environment is widely used to demonstrate that robust methods
can learn different optimal polices from the non-robust methods, which are more robust to model uncertainty. The one-loop
MDP contains 2 states s1, s2, and 2 actions a;, a, indicating going left or right.

The nominal environment is shown in the left of Figure 9, where at state s1, going left and right will result in a transition to
S1 or so; and at so, going left and right will result in a transition to s; or so.

(ll,o a,,,./72 Cl],() (lr7*2

C ' C '
S1 S2 S1 ) a;,0( S2
R HD

LL[,O Q.

Figure 9: One-Loop Task.

We implement our robust RVI Q-learning and vanilla non-robust Q-learning as the baseline in this environment. At each
time step ¢, we plot the difference between Q;(s1, a;) and Q+(s1,a,) in Figure 10(a). If Q:(s1,a;) — Q:(s1,a,) < 0, the
greedy policy will be going right; and if Q;(s1, a;) — Q¢(s1,a,) > 0, the policy will be going left. As the results show, the
vanilla Q-learning will finally learn a policy 7(s1) = a,., while our algorithms learn a policy 7(s1) = a;.

To verify the robustness of our method, we test the learned policies under a perturbed testing environment, shown on the
right of Figure 9. We plot the average-reward of policies 7; under this perturbed environment. The results are shown in
Figure 10(b).
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Figure 10: One-Loop Task.

As the results show, our robust RVI Q-learning learns a more robust policy under the nominal environment, which obtains a
higher reward in the perturbed environment; whereas the non-robust Q-learning learns a policy that is optimal w.r.t. the
nominal environment, but less robust when the environment is perturbed. This verifies that our algorithm is more robust than
the vanilla method.
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